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Abstract. We prove the Sato-Tate conjecture for Hilbert modular forms.

More precisely, we prove the natural generalisation of the Sato-Tate conjecture
for regular algebraic cuspidal automorphic representations of GL2(AF ), F a

totally real field, which are not of CM type. The argument is based on the

potential automorphy techniques developed by Taylor et. al., but makes use of
automorphy lifting theorems over ramified fields, together with a “topological”

argument with local deformation rings. In particular, we give a new proof

of the conjecture for modular forms, which does not make use of potential
automorphy theorems for non-ordinary n-dimensional Galois representations.
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1. Introduction

1.1. In this paper we prove the Sato-Tate conjecture for Hilbert modular forms.
More precisely, we prove the natural generalisation of the Sato-Tate conjecture for
regular algebraic cuspidal automorphic representations of GL2(AF ), F a totally
real field, which are not of CM type.

Several special cases of this result were proved in the last few years. The papers
[HSBT10] and [Tay08] prove the result for elliptic curves over totally real fields
which have potentially multiplicative reduction at some place, and it is straightfor-
ward to extend this result to the case of cuspidal automorphic representations of
weight 0 (i.e. those corresponding to Hilbert modular forms of parallel weight 2)
which are a twist of the Steinberg representation at some finite place. The case of
modular forms (over Q) of weight 3 whose corresponding automorphic representa-
tions are a twist of the Steinberg representation at some finite place was treated in
[Gee09], via an argument that depends on the existence of infinitely many ordinary
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places. The case of modular forms (again over Q) was proved in [BLGHT09] (with
no assumption on the existence of a Steinberg place). The main new features of
the arguments of [BLGHT09] were the use of an idea of Harris ([Har07]) to ensure
that potential automorphy need only be proved in weight 0, together with a new
potential automorphy theorem for n-dimensional Galois representations which are
symmetric powers of those attached to non-ordinary modular forms. Recent devel-
opments in the theory of the trace formula remove the need for an assumption of
the existence of a Steinberg place in both this theorem and in the case of elliptic
curves over totally real fields.

In summary, the Sato-Tate conjecture has been proved for modular forms and
for elliptic curves over totally real fields, but is not known in any non-trivial case for
Hilbert modular forms not of parallel weight 2 over any field other than Q. It seems
to be hard to extend the arguments of either [Gee09] or [BLGHT09] to the general
case; in the former case one has no way of establishing the existence of infinitely
many ordinary places (although it is conjectured that the set of such places should
be of density one), and in the latter case one has no control over the mixture of
ordinary and supersingular places over any rational prime. In this paper, we adopt
a new approach: we combine the approach of [Gee09], which is based on taking
congruences to representations of GL2(AF ) of weight 0, with the twisting argument
of [Har07] (or rather the version of this argument used in [BLGHT09]). These
techniques do not in themselves suffice to prove the result, as one has to prove a
automorphy lifting theorem for non-ordinary representations over a ramified base
field. No such theorems are known for representations of dimension greater than
two. The chief innovation of this paper is a new technique for proving such results.

Our new automorphy lifting theorem uses the usual Taylor-Wiles-Kisin patching
techniques, but rather than identifying an entire deformation ring with a Hecke
algebra, we prove that certain global Galois representations, whose restrictions
to decomposition groups lie on certain components of the local lifting rings, are
automorphic. That this is the “natural” output of the Taylor-Wiles-Kisin method
is at least implicit in the work of Kisin, cf. section 2.3 of [Kis07]. One has to
be somewhat careful in making this precise, because it is necessary to use fixed
lattices in the global Galois representations one considers, and to work with lifting
rings rather than deformation rings. In particular, it is not clear that the set of
irreducible components of a local lifting ring containing a particular OK-valued
point, K a finite extension of Ql, is determined by the equivalence class of the
corresponding K-representation. This necessitates a good deal of care to work with
OK-liftings throughout the paper.

Effectively (modulo the remarks about lattices in the previous paragraph) the
automorphy lifting theorem that we prove tells us that if we are given two congru-
ent n-dimensional l-adic regular crystalline essentially self dual representations of
GF (the absolute Galois group of a totally real field F ) with the same l-adic Hodge
types, with “the same ramification properties”, and satisfying a standard assump-
tion on the size of the mod l image, then if one of them is automorphic, so is the
other. By “the same ramification properties”, we mean that they are ramified at
the same set of places, and that the points determined by the two representations
on the corresponding local lifting rings lie on the same components. For example,
we require that the two representations have unipotent ramification at exactly the
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same set of places; we do not know how to adapt Taylor’s techniques for avoiding
Ihara’s lemma ([Tay08]) to this more general setting.

The local deformation rings for places not dividing l are reasonably well-understood,
so that it is possible to verify that this condition holds at such places in concrete
examples. On the other hand, the components of the crystalline deformation rings
of fixed weight are not at all understood if l ramifies in F , unless n = 2 and the
representations are Barsotti-Tate, when there are at most two components, cor-
responding to ordinary and non-ordinary representations. This might appear to
prevent us from being able to apply our theorem to any representations at all. We
get around this problem by making use of the few cases where the components are
known. Specifically, we use the cases where n = 2 and either the representations
are Barsotti-Tate; or F is unramified in l, and the representations are crystalline
of low weight. To explain how we are able to bootstrap from these two cases, we
now explain the main argument.

We begin with a regular algebraic cuspidal representation π of GL2(AF ), as-
sumed not to be of CM type. By a standard analytic argument, it suffices to prove
that for each n ≥ 1 the (n − 1)-st symmetric power of π is potentially automor-
phic, in the sense that there is a finite Galois extension F ′′/F of totally real fields
and an automorphic representation πn of GLn(AF ′′) whose L-function is equal to
that of the base change to F ′′ of the (n − 1)-st symmetric power L-function of π.
Equivalently, if we fix a prime l, then it suffices to prove that the (n − 1)-st sym-
metric power of an l-adic Galois representation corresponding to π is potentially
automorphic, i.e. that its restriction to GF ′′ is automorphic. This is what we prove.

We choose l to be large and to split completely in F , and such that πv is unram-
ified at all places v of F lying over l. We begin by making a preliminary solvable
base change to a totally real field F ′/F , such that the base change πF ′ of π to F ′

is either unramified or an unramified twist of the Steinberg representation at each
finite place of F ′. We then choose an automorphic representation π′ of GL2(AF ′)
of weight 0 which is congruent to π, which for any place v - l is unramified (re-
spectively an unramified twist of the Steinberg representation) if and only if π is,
and which is a principal series representation (possibly ramified) or a supercuspidal
representation for all v|l. Furthermore we choose π′ so that for places v|l, πv is
ordinary if and only if π′v is ordinary.

We now prove that the (n− 1)-st symmetric power of π′ is potentially automor-
phic over some finite Galois extension F ′′ of F . This is straightforward, although
it is not quite in the literature. This is the only place that we need to make use of
a potential automorphy theorem for an n-dimensional Galois representation, and
the theorems of [HSBT10] (or rather the versions of them which are now available
thanks to improvements in our knowledge of the trace formula, which remove the
need for discrete series hypotheses) would suffice, but for the convenience of the
reader we use a theorem from [BLGHT09] (which, for instance, already include
the improvements made possible by our enhanced understanding of the trace for-
mula) instead. This also allows us to avoid having to make an argument with
Rankin-Selberg convolutions as in [HSBT10]. We note that the theorem we use
from [BLGHT09] is for ordinary representations, rather than the far more technical
result for supersingular representations that is also proved in [BLGHT09].
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We now wish to deduce the potential automorphy of the (n − 1)-st symmetric
power of π, or rather the automorphy of the corresponding l-adic Galois representa-
tion r : GF ′′ → GLn(Ql), from the automorphy of the l-adic Galois representation
r′ : GF ′′ → GLn(Ql) corresponding to the (n−1)-st symmetric power of π′. We can-
not directly apply our automorphy lifting theorem, because the Hodge-Tate weights
of r′ and r are different. Instead, we employ an argument of Harris ([Har07]), and
tensor both r and r′ with representations obtained by the automorphic induction of
algebraic characters of a certain CM field. The choice of the field and the characters
is somewhat delicate, in order to preserve various technical assumptions for the au-
tomorphy lifting theorem, in particular the assumption of big residual image. The
two characters are chosen so that the resulting Galois representations r′′ and r′′′

are potentially crystalline with the same Hodge-Tate weights. The representation
r′′′ is automorphic, by standard results on automorphic induction. We then apply
our automorphy lifting theorem to deduce the automorphy of r′′. The automorphy
of r then follows by an argument as in [Har07] (although we employ a version of
this which is very similar to that used in [BLGHT09]).

In order to apply our automorphy lifting theorem, we need to check the local
hypotheses. At places not dividing l, these essentially follow from the construc-
tion of π′, together with a path-connectedness argument, and a check (using the
Ramanujan conjecture) that a certain point on a local lifting ring is smooth. At
the places dividing l the argument is rather more involved. At the places where
π is ordinary the hypothesis can be verified (after a suitable base change) using
the results of [Ger09]. At the non-ordinary places we proceed more indirectly. For
each non-ordinary v|l we choose two local 2-dimensional l-adic representations ρ
and ρ′ of GFv which are induced from characters of quadratic extensions. The
representations ρ and ρ′ are chosen to be congruent to the local Galois represen-
tations attached to π, π′ respectively, with ρ crystalline of the same Hodge-Tate
weights as the local representation attached to π, and ρ′ non-ordinary and poten-
tially Barsotti-Tate. Then ρ is on the same component of the local crystalline lifting
ring as the local representation attached to π, and a similar statement is true for
ρ′ and π′ after a base change to make it crystalline (using the knowledge of the
components of Barsotti-Tate lifting rings mentioned above). Since the image of
an irreducible component under a continuous map is irreducible, a straightforward
argument shows that we need only check that the Galois representations corre-
sponding to the (n − 1)-st symmetric powers of ρ and ρ′, when tensored with the
Galois representations obtained from the characters induced from the CM field, lie
on a common component of a crystalline deformation ring (possibly after a base
change). We ensure this by choosing our characters so that the two Galois represen-
tations are both direct sums of unramified twists of the same crystalline characters,
and making a path-connectedness argument.

We should note that we have suppressed some technical details in the above
outline of our argument; we need to take considerable care to ensure that the
hypotheses relating to residual Galois representations having big image are satisfied.
In addition, as mentioned above, rather than working with Galois representations
valued in fields it is essential to work with fixed lattices throughout. We remark
that in the forthcoming paper [BLGGT10] we remove the need to consider lattices,
and generalise the arguments of this paper to prove potential automorphy theorems
for a broad class of Galois representations.
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We now outline the structure of the paper. In section 2 we recall some basic
notation and definitions from previous papers on automorphy lifting theorems. The
automorphy lifting theorem is proved in section 3, together with some results on
the behaviour of local lifting rings under conjugation and functorialities. The most
technical section of the paper is section 4, where we construct the characters of
CM fields that we need in the main argument. In section 5 we recall various
standard results on base change and automorphic induction, and give an exposition
of Harris’s trick in the level of generality we require. In section 6 we prove a
potential automorphy theorem in weight 0; the precise result we require is not in
the literature, and while it is presumably clear to the experts how to prove it, we
provide the details. Finally, in section 7 we carry out the strategy described above,
and deduce the Sato-Tate conjecture.

We would like to thank Richard Taylor for some helpful discussions related to
the content of this paper. We would also like to thank Florian Herzig and Sug Woo
Shin for their helpful comments on an earlier draft.

2. Notation

If M is a field, we let GM denote its absolute Galois group. We write all matrix
transposes on the left; so tA is the transpose of A. Let ε denote the l-adic or mod
l cyclotomic character. If M is a finite extension of Qp for some p, we write IM for
the inertia subgroup of GM . If R is a local ring we write mR for the maximal ideal
of R.

We fix an algebraic closure Q of Q, and regard all algebraic extensions of Q as
subfields of Q. For each prime p we fix an algebraic closure Qp of Qp, and we fix

an embedding Q ↪→ Qp. In this way, if v is a finite place of a number field F , we
have a homomorphism GFv ↪→ GF .

We will use some of the notation and definitions of [CHT08] without comment.
In particular, we will use the notions of RACSDC (regular, algebraic, conjugate
self-dual, cuspidal) and RAESDC (regular, algebraic, essentially self-dual, cuspidal)
automorphic representations, for which see sections 4.2 and 4.3 of [CHT08]. We will
also use the notion of a RAECSDC (regular, algebraic, essentially conjugate self-
dual, cuspidal) automorphic representation, for which see section 1 of [BLGHT09].
If π is a RAESDC automorphic representation of GLn(AF ), F a totally real field,

and ι : Ql
∼−→ C, then we let rl,ι(π) : GF → GLn(Ql) denote the corresponding

Galois representation. Similarly, if π is a RAECSDC or RACSDC automorphic
representation of GLn(AF ), F a CM field (in this paper, all CM fields are totally

imaginary), and ι : Ql
∼−→ C, then we let rl,ι(π) : GF → GLn(Ql) denote the

corresponding Galois representation. For the properties of rl,ι(π), see Theorems 1.1
and 1.2 of [BLGHT09]. If K is a finite extension of Qp for some p, we will let recK be
the local Langlands correspondence of [HT01], so that if π is an irreducible complex
admissible representation of GLn(K), then recK(π) is a Weil-Deligne representation
of the Weil group WK . If K is an archimedean local field, we write recK for the
local Langlands correspondence of [Lan89]. We will write rec for recK when the
choice of K is clear.

3. An automorphy lifting theorem

3.1. The group Gn. Let n be a positive integer, and let Gn be the group scheme
over Z which is the semidirect product of GLn×GL1 by the group {1, j}, which
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acts on GLn×GL1 by

j(g, µ)j−1 = (µtg−1, µ).

There is a homomorphism ν : Gn → GL1 sending (g, µ) to µ and j to −1. Write g0
n

for the trace zero subspace of the Lie algebra of GLn, regarded as a Lie subalgebra
of the Lie algebra of Gn.

Suppose that F is an imaginary CM field with totally real subfield F+. If R is a
ring and r : GF+ → Gn(R) is a homomorphism with r−1(GLn(R)×GL1(R)) = GF ,
we will make a slight abuse of notation and write r|GF (respectively r|GFw for w
a place of F ) to mean r|GF (respectively r|GFw ) composed with the projection
GLn(R)×GL1(R)→ GLn(R).

3.2. l-adic automorphic forms on unitary groups. Let F+ denote a totally
real number field and n a positive integer. Let F/F+ be a totally imaginary qua-
dratic extension of F+ and let c denote the non-trivial element of Gal(F/F+).
Suppose that the extension F/F+ is unramified at all finite places. Assume that
n[F+ : Q] is divisible by 4. Under this assumption, we can find a reductive algebraic
group G over F+ with the following properties:

• G is an outer form of GLn with G/F ∼= GLn/F ;

• for every finite place v of F+, G is quasi-split at v;
• for every infinite place v of F+, G(F+

v ) ∼= Un(R).

We can and do fix a model for G over the ring of integers OF+ of F+ as in section
2.1 of [Ger09]. For each place v of F+ which splits as wwc in F there is a natural
isomorphism

ιw : G(F+
v )

∼−→ GLn(Fw)

which restricts to an isomorphism between G(OF+
v

) and GLn(OFw). If v is a place

of F+ split over F and w is a place of F dividing v, then we let

• Iw(w) denote the subgroup of GLn(OFw) consisting of matrices which re-
duce to an upper triangular matrix modulo w;

• U0(w) denote the subgroup of GLn(OFw) consisting of matrices whose last
row is congruent to (0, . . . , 0, ∗) modulo w;

• U1(w) denote the subgroup of U0(w) consisting of matrices whose last row
is congruent to (0, . . . , 0, 1) modulo w.

Let l > n be a prime number with the property that every place of F+ dividing l
splits in F . Let Sl denote the set of places of F+ dividing l. Let K be an algebraic
extension of Ql in Ql such that every embedding F ↪→ Ql has image contained in
K. Let O denote the ring of integers in K and k the residue field. Let Sl denote
the set of places of F+ dividing l and for each v ∈ Sl, let ṽ be a place of F over v.

Let W be an O-module with an action of G(OF+,l). Let V ⊂ G(A∞F+) be a
compact open subgroup with vl ∈ G(OF+,l) for all v ∈ V , where vl denotes the

projection of v to G(F+
l ). We let S(V,W ) denote the space of l-adic automorphic

forms on G of weight W and level V , that is, the space of functions

f : G(F+)\G(A∞F+)→W

with f(gv) = v−1
l f(g) for all v ∈ V .

Let Ĩl denote the set of embeddings F ↪→ K giving rise to one of the places

ṽ. Let (Zn+)Ĩl denote the set of λ ∈ (Zn)Ĩl with λτ,1 ≥ λτ,2 ≥ . . . ≥ λτ,n for all

embeddings τ ∈ Ĩl. To each λ ∈ (Zn+)Ĩl we associate a finite free O-module Mλ with
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a continuous action of G(OF+,l) as in Definition 2.2.3 of [Ger09]. The representation

Mλ is the tensor product over τ ∈ Ĩl of the irreducible algebraic representations of
GLn of highest weights given by the λτ . We write Sλ(V,O) instead of S(V,Mλ)
and similarly for any O-module A, we write Sλ(V,A) for S(V,Mλ ⊗O A).

Assume from now on that K is a finite extension of Ql. Let l denote the product
of all places in Sl. Let R and Sa denote finite sets of finite places of F+ disjoint
from each other and from Sl and consisting only of places which split in F . Assume
that each v ∈ Sa is unramified over a rational prime p with [F (ζp) : F ] > n. Let
T = Sl

∐
R
∐
Sa. For each v ∈ T fix a place ṽ of F dividing v, extending the choice

of ṽ for v ∈ Sl. Let U =
∏
v Uv be a compact open subgroup of G(A∞F+) such that

• Uv = G(OF+
v

) if v 6∈ R ∪ Sa splits in F ;

• Uv = ι−1
ṽ ker(GLn(OFṽ )→ GLn(k(ṽ))) if v ∈ Sa;

• Uv is a hyperspecial maximal compact subgroup of G(F+
v ) if v is inert in

F .

(At this stage we impose no restrictions on Uv for places v ∈ R.) We note that
if Sa is non-empty then U is sufficiently small (which means that its projection
to G(F+

v ) for some place v ∈ F+ contains no finite order elements other than the
identity).

For any O-algebra A, the space Sλ(U,A) is acted upon by the Hecke operators

T (j)
w := ι−1

w

([
GLn(OFw)

(
$w1j 0

0 1n−j

)
GLn(OFw)

])
for w a place of F , split over F+ and not lying over T , j = 1, . . . , n and $w

a uniformizer in OFw . We let TTλ (U,A) be the A-subalgebra of EndA(Sλ(U,A))

generated by these operators and the operators (T
(n)
w )−1.

To any maximal ideal m of TTλ (U,O) one can associate a continuous representa-
tion

r̄m : GF → GLn(TTλ (U,O)/m)

characterised by the following properties:

(1) r̄cm
∼= r̄∨mε

1−n;
(2) r̄m is unramified outside T . If v 6∈ T is a place of F+ which splits as

wwc in F and Frobw is the geometric Frobenius element of GFw/IFw , then
r̄m(Frobw) has characteristic polynomial

Xn + . . .+ (−1)j(Nw)j(j−1)/2T (j)
w Xn−j + . . .+ (−1)n(Nw)n(n−1)/2T (n)

w .

The maximal ideal m is said to be non-Eisenstein if r̄m is absolutely irreducible.
In this case, r̄m can be extended to a homomorphism r̄m : GF+ → Gn(TTλ (U,O)/m)
(in the sense that r̄m|GF = (r̄m, ε

1−n)) with r̄−1
m ((GLn×GL1)(TTλ (U,O)/m)) = GF .

Also, any such extension has a continuous lifting

rm : GF+ → Gn(TTλ (U,O)m)

with the following properties:

(0) r−1
m ((GLn×GL1)(TTλ (U,O)m)) = GF .

(1) ν ◦ rm = ε1−nδµm

F/F+ where δF/F+ is the non-trivial character of Gal(F/F+)

and µm ∈ Z/2Z.
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(2) rm is unramified outside T . If v 6∈ T is a place of F+ which splits as
wwc in F and Frobw is the geometric Frobenius element of GFw/IFw , then
rm(Frobw) has characteristic polynomial

Xn + . . .+ (−1)j(Nw)j(j−1)/2T (j)
w Xn−j + . . .+ (−1)n(Nw)n(n−1)/2T (n)

w .

(3) If v ∈ Sl, and ζ : TTλ (U,O) → Ql is a homomorphism of O-algebras, then
ζ ◦ rm|GFṽ is crystalline of l-adic Hodge type vλṽ (in the sense of Definition

3.3.4 below).

3.3. Local deformation rings. Let l be a prime number and K be a finite exten-
sion of Ql with residue field k and ring of integers O, and write mO for the maximal
ideal of O. Let CO be the category of complete local Noetherian O-algebras with
residue field isomorphic to k via the structural homomorphism. As in section 3 of
[BLGHT09], we consider an object R of CO to be geometrically integral if for all
finite extensions K ′/K, the algebra R⊗O OK′ is an integral domain.

Let M be a finite extension of Qp for some prime p possibly equal to l and let
ρ : GM → GLn(k) be a continuous homomorphism. Then the functor from CO to
Sets which takes A ∈ CO to the set of continuous liftings ρ : GM → GLn(A) of
ρ is represented by a complete local Noetherian O-algebra R�

ρ . We call this ring

the universal O-lifting ring of ρ. We write ρ� : GM → GLn(R�
ρ ) for the universal

lifting.
The following definitions will prove to be useful later.

Definition 3.3.1. Suppose ρ : GM → GL2(O) is a representation. We can think
of this as putting a GM -action on the vector space K2 (=V , say), in a way that
stabilizes the lattice generated by the standard basis {e0, e1}, where e0 = 〈1, 0〉,
e1 = 〈0, 1〉. Considering Symn−1 ρ as a quotient of V ⊗(n−1), we have an ordered

basis {g0, . . . , gn−1} of Symn−1 V , where gi is the image of e
⊗(n−1−i)
0 ⊗e⊗i1 . We call

this the O-basis of Symn−1 V inherited from our original basis in ρ.

Definition 3.3.2. Suppose ρ : GM → GLn(O), ρ′ : GM → GLn′(O) are represen-
tations, which we think of as putting GM -actions on the vector spaces Vρ = Kn,

V ′ρ = Kn′ in a way that stabilizes the lattices generated by the standard bases of
each. In this situation we have an ordered O-basis on Vρ⊗O V ′ρ given by the vectors
ej ⊗ fk, ordered lexicographically, where the ej are the standard O-basis in Vρ and
the fk are the standard basis in V ′ρ . We call this the O-basis of ρ ⊗O ρ′ inherited
from our original bases.

3.3.1. Local deformations (p = l case). Suppose that p = l. In this section we will
define an equivalence relation on crystalline lifts of ρ. For this, we need to consider
certain quotients of R�

ρ . Assume that K contains the image of every embedding

M ↪→ K.

Definition 3.3.3. Let (Zn+)Hom(M,K) denote the subset of (Zn)Hom(M,K) consisting
of elements λ which satisfy

λτ,1 ≥ λτ,2 ≥ . . . ≥ λτ,n
for every embedding τ .

Let λ be an element of (Zn+)Hom(M,K). We associate to λ an l-adic Hodge type
vλ in the sense of section 2.6 of [Kis08] as follows. Let DK denote the vector space
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Kn. Let DK,M = DK ⊗Ql M . For each embedding τ : M ↪→ K, we let DK,τ =
DK,M ⊗K⊗M,1⊗τ K so that DK,M = ⊕τDK,τ . For each τ choose a decreasing

filtration FiliDK,τ of DK,τ so that dimK griDK,τ = 0 unless i = (j− 1) +λτ,n−j+1

for some j = 1, . . . , n in which case dimK griDK,τ = 1. We define a decreasing
filtration of DK,M by K ⊗Ql M -submodules by setting

FiliDK,M = ⊕τ FiliDK,τ .

Let vλ = {DK ,FiliDK,M}.
We now recall some results of Kisin. Let λ be an element of (Zn+)Hom(M,K) and

let vλ be the associated l-adic Hodge type.

Definition 3.3.4. If B is a finite K-algebra and VB is a free B-module of rank
n with a continuous action of GM that makes VB into a de Rham representation,
then we say that VB is of l-adic Hodge type vλ if for each i there is an isomorphism
of B ⊗Ql M -modules

gri(VB ⊗Ql BdR)GM →̃(griDK,M )⊗K B.

Corollary 2.7.7 of [Kis08] implies that there is a unique l-torsion free quotient
Rvλ,cr
ρ of R�

ρ with the property that for any finite K-algebra B, a homomor-

phism of O-algebras ζ : R�
ρ → B factors through Rvλ,cr

ρ if and only if ζ ◦ ρ�
is crystalline of l-adic Hodge type vλ. Moreover, Theorem 3.3.8 of [Kis08] implies
that SpecRvλ,cr

ρ [1/l] is formally smooth over K and equidimensional of dimension

n2 + 1
2n(n− 1)[M : Ql].

By Lemma 3.3.3 of [Ger09] there is a quotient R4λ,crρ of Rvλ,cr
ρ corresponding

to a union of irreducible components such that for any finite extension E of K, a

homomorphism of O-algebras ζ : Rvλ,cr
ρ → E factors through R4λ,crρ if and only if

ζ ◦ ρ� is crystalline and ordinary of weight λ.
We now introduce an equivalence relation on continuous representations GM →

GLn(O) lifting ρ.

Definition 3.3.5. Suppose that ρ1, ρ2 : GM → GLn(O) are two continuous lifts of
ρ. Then we say that ρ1 ∼ ρ2 if the following hold.

(1) There is a λ ∈ (Zn+)Hom(M,K) such that ρ1 and ρ2 both correspond to points
of Rvλ,cr

ρ (that is, ρ1⊗OK and ρ2⊗OK are both crystalline of l-adic Hodge

type vλ).
(2) For every minimal prime ideal ℘ of Rvλ,cr

ρ , the quotient Rvλ,cr
ρ /℘ is geo-

metrically integral.
(3) ρ1 and ρ2 give rise to closed points on a common irreducible component of

SpecRvλ,cr
ρ [1/l].

In (3) above, note that the irreducible component is uniquely determined by
either of ρ1, ρ2 because SpecRvλ,cr

ρ [1/l] is formally smooth. Note also that we can

always ensure that (2) holds by replacing O with the ring of integers in a finite
extension of K.

Suppose that ρ1 ∼ ρ2 as above and let M ′/M be a finite extension. Assume
that K contains the image of every embedding M ′ ↪→ K. Then we claim that
ρ1|GM′ ∼ ρ2|GM′ . Indeed, let λ be such that ρ1 and ρ2 have l-adic Hodge type vλ.

Define λ′ ∈ (Zn+)Hom(M ′,K) by λ′τ = λτ |M for all τ : M ′ ↪→ K. Then restriction

to GM ′ gives rise to an O-algebra homomorphism R�
ρ|G

M′
→ Rvλ,cr

ρ which factors
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through R
vλ′ ,cr
ρ|G

M′
(using the fact that Rvλ,cr

ρ is reduced and l-torsion free). The

result now follows from the formal smoothness of SpecR
vλ′ ,cr
ρ|G

M′
[1/l], which implies

that the image of any irreducible component of SpecRvλ,cr
ρ [1/l] is contained in a

unique irreducible component of SpecR
vλ′ ,cr
ρ|G

M′
[1/l].

In a similar vein, it follows that if n = 2 and ρ1 ∼ ρ2, then Symk−1 ρ1 ∼
Symk−1 ρ2 for all k ≥ 1, where we take the O-basis on the Symk−1 ρi inherited
from the bases we have on the ρi, in the sense of Definition 3.3.1. [The same is true
if n > 2, with an appropriate modification of Definition 3.3.1.]

We will make one final variation on this theme. Suppose ρ′ : GM → GLm(O) is
crystalline of l-adic Hodge type vλ′ for some m and some λ′ ∈ (Zm+ )Hom(M,K), and
ρ1 ∼ ρ2 are as above. (Note n need no longer be 2.) Then ρ1⊗Oρ′ ∼ ρ2⊗Oρ′, where
we take as O-basis on the ρi ⊗O ρ′ the inherited bases in the sense of Definition
3.3.2.

Lemma 3.3.6. Let ρ : GM → GLn(k) be a continuous homomorphism. Suppose
ρ1, ρ2 : GM → GLn(O) are two lifts of ρ with ρ1 ∼ ρ2. If O′ denotes the ring of
integers in a finite extension of K with residue field k′, then ρ1 ∼ ρ2, regarded as
lifts of ρ⊗k k′ to GLn(O′).

Proof. Let λ ∈ (Zn+)Hom(M,K) be such that ρ1 and ρ2 have l-adic Hodge type vλ.
Let R = Rvλ,cr

ρ and R′ = R ⊗O O′. We need to show that ρ1 and ρ2 give rise

to closed points of SpecR′[1/l] lying on a common component. Note that if C′
is an irreducible component of SpecR′[1/l], then the image of C′ in SpecR[1/l]
is an irreducible component. Indeed, the image of C′ in SpecR[1/l] is irreducible
and closed (as R → R′ is finite). If x′ is a closed point of SpecR′[1/l] lying in
C′ with image x in SpecR[1/l], then the completed local rings of SpecR′[1/l] and
SpecR[1/l] at x′ and x respectively are isomorphic. We deduce that the image of
C′ has the same dimension as C′ and hence is an irreducible component.

Now, let x1 and x2 denote the closed points of SpecR[1/l] corresponding to ρ1

and ρ2 and let C denote the irreducible component of SpecR[1/l] containing x1 and
x2. Then we claim that the preimage of C in SpecR′[1/l] is irreducible. Indeed,
suppose there are two distinct irreducible components C′ and C′′ of SpecR′[1/l]
mapping to C. Then there are points x′1 and x′′1 of C′ and C′′ respectively mapping
to x1. However, the preimage of x1 in SpecR′[1/l] consists of a single point (let
m denote the maximal ideal of R[1/l] corresponding to x1. Then the fibre over
x1 is given by the spectrum of (R[1/l]/m) ⊗O O′ ∼= K ⊗O O′ ∼= K ′.) Thus x′1 =
x′′1 lies in the intersection of C′ and C′′, contradicting the formal smoothness of
SpecR′[1/l]. �

3.3.2. Local deformations (p 6= l case). Suppose now that p 6= l. By Theorem
2.1.6 of [Gee10], SpecR�

ρ [1/l] is equidimensional of dimension n2.

Definition 3.3.7. Let ρ1, ρ2 : GM → GLn(O) be two lifts of ρ. We say that
ρ1  O ρ2 if the following hold.

(1) For each minimal prime ideal ℘ of R�, the quotient R�/℘ is geometrically
irreducible.

(2) ρ1 corresponds to a closed point of SpecR�
ρ [1/l] which is contained in a

unique irreducible component and this irreducible component also contains
the closed point corresponding to ρ2.
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We remark that, we can always replace O by the ring of integers in a finite
extension of K so that condition (1) above holds. Also, condition (1) ensures that
if ρ1  O ρ2 and ifO′ is the ring of integers in a finite extension ofK then ρ1  O′ ρ2.

3.4. Properties of  O and ∼.

Lemma 3.4.1. ∼ is an equivalence relation.

Proof. This follows immediately from the definitions. �

Lemma 3.4.2. Let M be a finite extension of Qp for some prime p. Let ρ : GM →
GLn(k) be a continuous homomorphism. If p 6= l, let R = R�

ρ . If p = l, assume

that K contains the image of each embedding M ↪→ Ql and let R = Rvλ,cr
ρ for

some λ ∈ (Zn+)Hom(M,K). Let O′ denote the ring of integers in a finite extension of
K. Let ρ and ρ′ be two lifts of ρ to O′ giving rise to closed points of SpecR[1/l].
Suppose that after conjugation by an element of ker(GLn(O′) → GLn(O′/mO′))
they differ by an unramified twist. Then an irreducible component of SpecR[1/l]
contains ρ if and only if it contains ρ′.

Proof. The universal unramified O-lifting ring of the trivial character GM → k× is
given by O[[Y ]] where the universal lift χ� sends FrobM to 1 + Y . Let R[[Y,X]] =
R[[Y ]][[Xij : 1 ≤ i, j ≤ n]]. Let ρ� denote the universal lift of ρ to R. Consider

the lift (1n + (Xij))ρ
�(1n + (Xij))

−1 ⊗ χ� of ρ to R[[Y,X]]. This lift gives rise

to a homomorphism R�
ρ → R[[Y,X]] which factors through R. Let α denote the

resulting O-algebra homomorphism R → R[[Y,X]]. Let ι : R → R[[Y,X]] be the
standard R-algebra structure on R[[Y,X]].

The minimal prime ideals of R[[Y,X]] and R are in natural bijection (if ℘ is
a minimal prime of R then ι(℘) generates a minimal prime of R[[Y,X]]). Let
℘ be a minimal prime of R. We claim that the kernel of the map β : R →
R[[Y,X]]/ι(℘) = (R/℘)[[Y,X]] induced by α is ℘. Indeed, the R-algebra homo-
morphism (with R[[Y,X]] considered as an R-algebra via ι) γ : R[[Y,X]] → R
which sends Y and each Xij to 0 is a section to the map β. The composition

R
β→ (R/℘)[[Y,X]]

γ→ R/℘ is thus the natural reduction map. In particular its
kernel is ℘. Since ker(β) ⊂ ker(γ ◦β) = ℘ and ℘ is minimal, we deduce ker(β) = ℘.
The lemma follows. �

Lemma 3.4.3. Let M be a finite extension of Ql. Let ρ : GM → GLn(k) be the
trivial representation, and let ρ and ρ′ : GM → GLn(O) be two crystalline lifts of
ρ of l-adic Hodge type vλ which are GLn(O)-conjugate. Then ρ ∼ ρ′.
Proof. Take g ∈ GLn(O) with ρ′ = gρg−1. Let A = O〈Xij , Y 〉/(Y det(Xij) − 1)
where O〈Xij , Y 〉 is the mO-adic completion of O[Xij , Y ]. Let ρA : GM → GLn(A)
be given by XρX−1, where X is the matrix (Xij). By Lemma 3.3.1 of [Ger09],

there is a continuous homomorphism R�
ρ → A such that ρA is the push-forward

of the universal lifting ρ� : GM → GLn(R�
ρ ). Now, for any Ql-point of A, the

corresponding specialisation of ρA is a Ql-conjugate of ρ, and is thus crystalline of
l-adic Hodge type vλ, so corresponds to a Ql-point of Rvλ,cr

ρ . Since the Ql-points

of A are dense in SpecA, we conclude that the homomorphism R�
ρ → A factors

through Rvλ,cr
ρ .

Now, SpecA is irreducible, and the points x and x′ of SpecRvλ,cr
ρ corresponding

to ρ and ρ′ respectively are in the image of the map SpecA→ SpecRvλ,cr
ρ , because
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they correspond to specialising the matrix X to the matrices 1n and g respectively.
The result follows. �

Corollary 3.4.4. Let M be a finite extension of Ql. Let ρ : GM → GLn(k) be
the trivial representation, and let ρ, ρ′ : GM → GLn(O) be two crystalline lifts of ρ
which are both GLn(O)-conjugate to direct sums of unramified twists of a common
set of crystalline characters. Then ρ ∼ ρ′.

Proof. After applying Lemma 3.4.3, we may assume that

ρ = ⊕ni=1ρi

and

ρ′ = ⊕ni=1ρ
′
i

where ρ′i and ρi are crystalline characters GM → O× which differ by an unramified
twist for each i and reduce to the trivial character modulo mO. It suffices to check
that the corresponding points x and x′ of Rvλ,cr

ρ are path-connected.
As in the proof of Lemma 3.4.2, the universal unramified O-lifting ring of the

trivial character GM → k× is given by O[[Y ]] with the universal lifting χ� sending
FrobM to 1 + Y . Taking n copies of this character, we obtain a lifting

⊕ni=1ρi ⊗ χ�
i

of ρ toO[[Y1, . . . , Yn]], and thus a continuous map SpecO[[Y1, . . . , Yn]]→ SpecRvλ,cr
ρ .

Both x and x′ are in the image of this map, so the result follows. �

The following is Lemma 3.4.3 of [Ger09] (recall that the ring R4λ,crρ is defined

below Definition 3.3.4, and is universal for crystalline ordinary lifts of weight λ).

Lemma 3.4.5. Suppose M is a finite extension of Ql and ρ : GM → GLn(k) is

the trivial representation. If the ring R4λ,crρ is non-zero, then it is irreducible.

Lemma 3.4.6. Let M be a finite extension of Qp for some prime p and let ρ :
GM → GLn(k) be a continuous homomorphism. Let ρ1, ρ2 : GM → GLn(O) be
two lifts of ρ. If p 6= l, suppose that ρ1  O ρ2 and ρ2  O ρ1. (Equivalently,
assume that for each minimal prime p of R� the quotient R�/p is geometrically
irreducible, and ρ1, ρ2 each correspond to closed points contained in a common
irreducible component of SpecR�

ρ [1/l], and neither point is contained in any other

irreducible component.) If p = l, assume that ρ1 ∼ ρ2. Let χ1, χ2 : GM → O×
be continuous characters with χ1 = χ2 and χ1|IM = χ2|IM . Suppose in addition
that if p = l then χ1 and χ2 are crystalline. Then χ1ρ1  O χ2ρ2 if p 6= l and
χ1ρ1 ∼ χ2ρ2 if p = l.

Proof. We treat the case p 6= l, the other case being similar. Let χ = χ1 = χ2.
Then the operation of twisting by χ1 defines an isomorphism of the lifting problems
of ρ and χρ. It therefore defines an isomorphism R�

χρ
∼−→ R�

ρ . It follows that

χ1ρ1  O χ1ρ2 and that χ1ρ2 gives rise to a closed point of SpecR�
χρ[1/l] lying

on a unique irreducible component. Since χ1 and χ2 differ by a residually trivial
unramified twist, an easy argument shows that this component also contains χ2ρ2

(c.f. the proof of Corollary 3.4.4). It follows that χ1ρ1  O χ2ρ2. �
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3.5. Global deformation rings. Let F/F+ be a totally imaginary quadratic ex-
tension of a totally real field F+. Let c denote the non-trivial element of Gal(F/F+).
Let k denote a finite field of characteristic l and K a finite extension of Ql, inside
our fixed algebraic closure Ql, with ring of integers O and residue field k. Assume
that K contains the image of every embedding F ↪→ Ql and that the prime l is
odd. Assume that every place in F+ dividing l splits in F . Let S denote a finite
set of finite places of F+ which split in F , and assume that S contains every place
dividing l. Let Sl denote the set of places of F+ lying over l. Let F (S) denote
the maximal extension of F unramified away from S. Let GF+,S = Gal(F (S)/F+)
and GF,S = Gal(F (S)/F ). For each v ∈ S choose a place ṽ of F lying over v and

let S̃ denote the set of ṽ for v ∈ S. For each place v|∞ of F+ we let cv denote a
choice of a complex conjugation at v in GF+,S . For each place w of F we have a
GF,S-conjugacy class of homomorphisms GFw → GF,S . For v ∈ S we fix a choice
of homomorphism GFṽ → GF,S .

Fix a continuous homomorphism

r̄ : GF+,S → Gn(k)

such thatGF,S = r̄−1(GLn(k)×GL1(k)) and fix a continuous character χ : GF+,S →
O× such that ν ◦ r̄ = χ. Assume that r̄|GF,S is absolutely irreducible. As in
Definition 1.2.1 of [CHT08], we define

• a lifting of r̄ to an object A of CO to be a continuous homomorphism
r : GF+,S → Gn(A) lifting r̄ and with ν ◦ r = χ;
• two liftings r, r′ of r̄ to A to be equivalent if they are conjugate by an

element of ker(GLn(A)→ GLn(k));
• a deformation of r̄ to an object A of CO to be an equivalence class of liftings.

Similarly, if T ⊂ S, we define

• a T -framed lifting of r̄ to A to be a tuple (r, {αv}v∈T ) where r is a lifting
of r̄ and αv ∈ ker(GLn(A)→ GLn(k)) for v ∈ T ;
• two T -framed liftings (r, {αv}v∈T ), (r′, {α′v}v∈T ) to be equivalent if there

is an element β ∈ ker(GLn(A)→ GLn(k)) with r′ = βrβ−1 and α′v = βαv
for v ∈ T ;
• a T -framed deformation of r̄ to be an equivalence class of T -framed liftings.

For each place v ∈ S, let R�
r̄|GFṽ

denote the universal O-lifting ring of r̄|GFṽ and

let Rṽ denote a quotient of R�
r̄|GFṽ

which satisfies the following property:

(*) let A be an object of CO and let ζ, ζ ′ : R�
r̄|GFṽ

→ A be homomorphisms

corresponding to two lifts r and r′ of r̄|GFṽ which are conjugate by an

element of ker(GLn(A)→ GLn(k)). Then ζ factors through Rṽ if and only
if ζ ′ does.

We consider the deformation problem

S = (F/F+, S, S̃,O, r̄, χ, {Rṽ}v∈S)

(see sections 2.2 and 2.3 of [CHT08] for this terminology). We say that a lifting r :
GF+,S → Gn(A) is of type S if for each place v ∈ S, the homomorphism R�

r̄|GFṽ
→ A

corresponding to r|GFṽ factors through Rṽ. We also define deformations of type S
in the same way.
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Let DefS be the functor CO → Sets which sends an algebra A to the set of

deformations of r̄ to A of type S. Similarly, if T ⊂ S, let Def�TS be the functor
CO → Sets which sends an algebra A to the set of T -framed liftings of r̄ to A which
are of type S. By Proposition 2.2.9 of [CHT08] these functors are represented by

objects Runiv
S and R�T

S respectively of CO.

Lemma 3.5.1. Let M be a finite extension of Qp for some prime p. Let ρ : GM →
GLn(k) be a continuous homomorphism. If p 6= l, let R be the maximal l-torsion
free quotient of R�

ρ . If p = l, assume that K contains the image of each embedding

M ↪→ Ql and let R = Rvλ,cr
ρ for some λ ∈ (Zn+)Hom(M,K). Then R satisfies property

(∗) above.

Proof. This can be proved in exactly the same way as Lemma 3.4.2. �

3.6. Automorphy lifting.

3.6.1. CM Fields.

Theorem 3.6.1. Let F be an imaginary CM field with totally real subfield F+ and
let c be the non-trivial element of Gal(F/F+). Let n ∈ Z≥1 and let l > n be a

prime. Let K ⊂ Ql denote a finite extension of Ql with ring of integers O and
residue field k. Assume that K contains the image of every embedding F ↪→ Ql.
Let

ρ : GF → GLn(O)

be a continuous representation and let ρ = ρ mod mO. Suppose that ρ enjoys the
following properties:

(1) ρc ∼= ρ∨ε1−n.
(2) The reduction ρ is absolutely irreducible and ρ(GF (ζl)) ⊂ GLn(k) is big (see

Definition 4.1.1).
(3) (F )ker ad ρ does not contain ζl.
(4) There is a continuous representation ρ′ : GF → GLn(O), a RACSDC au-

tomorphic representation π of GLn(AF ) which is unramified above l and

ι : Ql
∼−→ C such that

(a) ρ′ ⊗O Ql ∼= rl,ι(π) : GF → GLn(Ql).
(b) ρ = ρ′.
(c) For all places v - l of F , either

• ρ|GFv and πv are both unramified, or
• ρ′|GFv  O ρ|GFv .

(d) For all places v|l, ρ|GFv ∼ ρ
′|GFv .

Then ρ is automorphic.

Proof. Choose a place v1 of F not dividing l such that

• v1 is unramified over a rational prime p with [F (ζp) : F ] > n;
• v1 does not split completely in F (ζl);
• ρ and π are unramified at v1;
• ad ρ(Frobv1) = 1.

Extending O if necessary, choose an imaginary CM field L/F such that:

• L/F is solvable;

• L is linearly disjoint from F
ker r̄

(ζl) over F ;
• 4|[L+ : F+] where L+ denotes the maximal totally real subfield of L;
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• L/L+ is unramified at all finite places;
• Every prime of L dividing l is split over L+ and every prime where ρ|GL or
πL ramifies is split over L+ (here πL denotes the base change of π to L);
• Every place of L over v1 or cv1 is split over L+. Moreover, v1 and cv1 split

completely in L;
• Every place v|l of F splits completely in L;
• If v - l is a place of F and at least one of ρ|GFv or πv is ramified, then v

splits completely in L.

Let G/OL+
be an algebraic group as in section 3.2 (with F/F+ replaced by

L/L+). By Théorème 5.4 and Corollaire 5.3 of [Lab09] there exists an automorphic
representation Π of G(AL+) such that πL is a strong base change of Π. Let Sl
denote the set of places of L+ dividing l and let R denote the set of places of L+

not dividing l and lying under a place of L where ρ or πL is ramified. Let Sa denote
the set of places of L+ lying over the restriction of v1 to F+. Let T = Sl

∐
R
∐
Sa.

For each place v ∈ T , choose a place ṽ of L lying over it and let T̃ denote the set
of ṽ for v ∈ T . Let U =

∏
v Uv ⊂ G(A∞L+) be a compact open subgroup such that

• Uv = G(OL+
v

) for v ∈ Sl and for v 6∈ T split in L;

• Uv is a hyperspecial maximal compact subgroup of G(L+
v ) for each v inert

in L;
• Uv is such that ΠUv

v 6= {0} for v ∈ R;
• Uv = ker(G(OL+

v
)→ G(kv)) for v ∈ Sa.

Extend K if necessary so that it contains the image of every embedding L ↪→ Ql.
For each v ∈ Sl, let λṽ be the element of (Zn+)Hom(Lṽ,K) with the property that ρ|GLṽ
and ρ′|GLṽ have l-adic Hodge type vλṽ . Let Ĩl denote the set of embeddings L ↪→ K

giving rise to one of the places ṽ. Let λ = (λṽ)v∈Sl regarded as an element of (Zn+)Ĩl

in the evident way and let Sλ(U,O) be the space of l-adic automorphic forms on G of
weight λ introduced above. Let TTλ (U,O) be the O-subalgebra of EndO(Sλ(U,O))

generated by the Hecke operators T
(j)
w , (T

(n)
w )−1 for w a place of L split over L+, not

lying over T and j = 1, . . . , n. The eigenvalues of the operators T
(j)
w on the space

(ι−1Π∞)U give rise to a homomorphism of O-algebras TTλ (U,O)→ Ql. Extending
K if necessary, we can and do assume that this homomorphism takes values in O.
Let m denote the unique maximal ideal of TTλ (U,O) containing the kernel of this
homomorphism.

Let δL/L+ be the quadratic character of GL+ corresponding to L. By Lemma
2.1.4 of [CHT08] we can and do extend ρ and ρ′ to homomorphisms r, r′ : GL+ →
Gn(O) with r⊗k = r′⊗k : GL+ → Gn(k), r|GL = (ρ|GL , ε1−n), r′|GL = (ρ′|GL , ε1−n)
and ν ◦ r = ν ◦ r′ = ε1−nδµL/L+ for some µ ∈ (Z/2Z). Let r̄ = r⊗ k : GL+ → Gn(k).

For v ∈ R∪Sa, let R
�
r̄|GLṽ

denote the maximal l-torsion free quotient of R�
r̄|GLṽ

.

Note that R�
r̄|GLṽ

is formally smooth over O for v ∈ Sa by Lemma 2.4.9 of [CHT08]

so R
�
r̄|GLṽ

= R�
r̄|GLṽ

. Consider the deformation problem

S :=

(
L/L+, T, T̃ ,O, r̄, ε1−nδµL/L+ , {R

vλṽ ,cr

r̄|GLṽ
}v∈Sl ∪ {R

�
r̄|GLṽ

}v∈R∪Sa
)
.
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By Lemma 3.5.1, the rings R
vλṽ ,cr

r̄|GLṽ
for v ∈ Sl and R

�
r̄|GLṽ

for v ∈ R satisfy the

property (*) of section 3.5. Let Runiv
S be the object representing the corresponding

deformation functor. Note that r̄|GL is GLn(k)-conjugate to r̄m where r̄m is the
representation associated to the maximal ideal m of TTλ (U,O) in section 3.2. After
conjugating we can and do assume that r̄|GL = r̄m. Since m is non-Eisenstein, we
have as above a continuous lift

rm : GL+ → Gn(TTλ (U,O)m)

of r̄. Properties (0)-(3) of rm and the fact that TTλ (U,O)m is l-torsion free and
reduced imply that rm is of type S. Hence rm gives rise to an O-algebra homomor-
phism

Runiv
S � TTλ (U,O)m

(which is surjective by property (2) of rm). To prove the theorem it suffices to show
that the homomorphism Runiv

S → O corresponding to r factors through TTλ (U,O)m.
We define

Rloc :=

(
⊗̂v∈SlR

vλṽ ,cr

r̄|GLṽ

)
⊗̂
(
⊗̂v∈R∪SaR

�
r̄|GLṽ

)
where all completed tensor products are taken over O. Note that Rloc is equidimen-
sional of dimension 1 + n2#T + [L+ : Q]n(n− 1)/2 by Lemma 3.3 of [BLGHT09].

Sublemma. There are integers q, g ∈ Z≥0 with

1 + q + n2#T = dimRloc + g

and a moduleM∞ for bothR∞ := Rloc[[x1, . . . , xg]] and S∞ := O[[z1, . . . , zn2#T , y1, . . . , yq]]
such that:

(1) M∞ is finite and free over S∞.
(2) M∞/(zi, yj) ∼= Sλ(U,O)m.
(3) The action of S∞ on M∞ can be factored through an O-algebra homomor-

phism S∞ → R∞.
(4) There is a surjection R∞ � Runiv

S whose kernel contains all the zi and yj
which is compatible with the actions ofR∞/(zi, yj) andRuniv

S onM∞/(zi, yj) ∼=
Sλ(U,O)m. Moreover, there is a lift runiv

S : GL+ → Gn(Runiv
S ) of r̄ repre-

senting the universal deformation so that for each v ∈ T , the composite
R�
r̄|GLṽ

→ Rloc → R∞ � Runiv
S arises from the lift runiv

S |GLṽ .

Assuming the sublemma for now, let us finish the proof of the theorem. Since
R∞ is equidimensional of dimension dimRloc+g, it follows from (1) and (3) that the
support of M∞ in R∞ is a union of irreducible components. (Indeed by Lemma 2.3
of [Tay08] it is enough to check that the mR∞ -depth of M∞ is equal to dimR∞ =
dimS∞. By (3) it is enough to check the same statement for the mS∞ -depth, and
this is immediate from (1)). The conjugacy class of r′ determines a homomorphism
ζ ′ : Runiv

S → O so that r′ is ker(GLn(O) → GLn(k))-conjugate to ζ ′ ◦ runiv
S . By

the choice of L, for each v ∈ R, r′|GLṽ lies on a unique irreducible component Cṽ of

SpecR
�
r̄|GLṽ

[1/l]. By Lemma 3.4.2, Cṽ is also the unique irreducible component of

SpecR
�
r̄|GLṽ

containing ζ ′ ◦ runiv
S |GLṽ . For v|l, a similar argument shows that ζ ′ ◦

runiv
S |GLṽ and r′|GLṽ lie on the same irreducible component Cṽ of SpecR

vλṽ ,cr

r̄|GLṽ
[1/l].



SATO-TATE 17

The conjugacy class of r determines a homomorphism ζ : Runiv
S → O so that

r is ker(GLn(O) → GLn(k))-conjugate to ζ ◦ runiv
S . By Lemma 3.4.2, the set of

irreducible components of SpecR
�
r̄|GLṽ

[1/l] containing ζ ◦ runiv
S |GLṽ is equal to the

set of components containing r|GLṽ . By the choice of L it follows that Cṽ contains

ζ ◦ runiv
S |GLṽ . A similar argument, using part (d) of assumption (4) of the theorem,

shows that Cṽ contains ζ ◦ runiv
S |GLṽ for v|l.

By part 5 of Lemma 3.3 of [BLGHT09] the irreducible components Cṽ for v ∈
Sl ∪ R determine an irreducible component Cr′ of SpecR∞ (as mentioned above,
R�
r̄|GLṽ

is formally smooth over O for v ∈ Sa). Moreover, ζ ′ composed with the

surjection R∞ � Runiv
S of part (4) of the sublemma gives rise to a closed point of

SpecR∞[1/l] which is in the support of M∞ and which lies in Cr′ but does not lie in
any other irreducible component of SpecR∞. We deduce that Cr′ is in the support
of M∞. Since the closed point of SpecR∞[1/l] corresponding to ζ lies in Cr′ it is
also in the support of M∞ and we are done by assertion (4) of the sublemma.

Proof of sublemma. We apply the Taylor-Wiles-Kisin patching method. Let

q0 = [L+ : Q]n(n− 1)/2 + [L+ : Q]n(1− (−1)µ−n)/2.

If (Q, Q̃, {ψṽ}v∈Q) is a triple where

• Q is a finite set of places of L+ disjoint from T and consisting of places
which split in L;

• Q̃ consists of one place ṽ of L over each place v ∈ Q;
• for each v ∈ Q, r̄|GLṽ

∼= ψṽ⊕sṽ where dimψṽ = 1 and ψṽ is not isomorphic
to any subquotient of sṽ;

then for each v ∈ Q, let R
ψṽ
r̄|GLṽ

denote the quotient of R�
r̄|GLṽ

corresponding to lifts

r : GLṽ → GLn(A) which are ker(GLn(A) → GLn(k))-conjugate to a lift of the

form ψ ⊕ s where ψ lifts ψṽ and s is an unramified lift of sṽ. We then introduce
the deformation problem

SQ =

(
L/L+, T ∪Q, T̃ ∪ Q̃,O, r̄, ε1−nδµL/L+ , {R

vλṽ ,cr

r̄|GLṽ
}v∈Sl ∪ {R

�
r̄|GLṽ

}v∈R∪Sa ∪ {R
ψṽ
r̄|GLṽ

}v∈Q
)
.

We define deformations (resp. T -framed deformations) of r̄ of type SQ in the evident

manner and let Runiv
SQ (resp. R�T

SQ ) denote the universal deformation ring (resp. T -

framed deformation ring) of type SQ.
By Proposition 2.5.9 of [CHT08] we can and do choose an integer q ≥ q0 and for

each N ∈ Z≥1 a tuple (QN , Q̃N , {ψṽ}v∈QN ) as above with the following additional
properties:

• #QN = q for all N ;
• Nv ≡ 1 mod lN for v ∈ QN ;

• the ring R�T
SQN

can be topologically generated over Rloc by

q − q0 = q − [L+ : Q]n(n− 1)/2− [L+ : Q]n(1− (−1)µ−n)/2

elements.

For each N ≥ 1, let U1(QN ) =
∏
v U1(QN )v and U0(QN ) =

∏
v U0(QN )v be the

compact open subgroups of G(A∞L+) with Ui(QN )v = Uv for v 6∈ QN , i = 0, 1 and
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Ui(QN )v = ι−1
ṽ Ui(ṽ) for v ∈ QN , i = 0, 1. Note that we have natural maps

TT∪QNλ (U1(QN ),O)� TT∪QNλ (U0(QN ),O)� TT∪QNλ (U,O) ↪→ TTλ (U,O).

Thus m determines maximal ideals of the first three algebras in this sequence
which we denote by mQN for the first two and m for the third. Note also that

TT∪QNλ (U,O)m = TTλ (U,O)m by the proof of Corollary 3.4.5 of [CHT08].
For each v ∈ QN choose an element φṽ ∈ GLṽ lifting geometric Frobenius

and let $ṽ ∈ OLṽ be the uniformiser with ArtLṽ $ṽ = φṽ|Lab
ṽ

. Let Pṽ(X) ∈
TT∪QNλ (U1(QN ),O)mQN [X] denote the characteristic polynomial of rmQN (φṽ). By

Hensel’s lemma, we can factor Pṽ(X) = (X − Aṽ)Qṽ(X) where Aṽ lifts ψṽ(φṽ)

and Qṽ(Aṽ) is a unit in TT∪QNλ (U1(QN ),O)mQN . For i = 0, 1 and α ∈ Lṽ of
non-negative valuation, consider the Hecke operator

Vα := ι−1
ṽ

([
Ui(ṽ)

(
1n−1 0

0 α

)
Ui(ṽ)

])
on Sλ(Ui(QN ),O)mQN . Let GQN = U0(QN )/U1(QN ) and let ∆QN denote the max-
imal l-power order quotient of GQN . Let aQN denote the kernel of the augmentation
map O[∆QN ]→ O. For i = 0, 1, let

Hi,QN =
∏
v∈QN

Qṽ(V$ṽ )Sλ(Ui(QN ),O)mQN .

and let Ti,QN denote the image of TT∪QNλ (Ui(QN ),O) in EndO(Hi,QN ). Let H =
Sλ(U,O)m. We claim that the following hold:

(1) For each N , the map∏
v∈QN

Qṽ(V$ṽ ) : H → H0,QN

is an isomorphism.
(2) For each N , H1,QN is free over O[∆QN ] with

H1,QN /aQN
∼−→ H0,QN .

(3) For each N and each v ∈ QN , there is a character with open kernel Vṽ :
L×ṽ → T×1,QN so that

(a) for each α ∈ Lṽ of non-negative valuation, Vα = Vṽ(α) on H1,QN ;

(b) (rmQN ⊗ T1,QN )|WLṽ

∼= s ⊕ (Vṽ ◦ Art−1
Lṽ

) with s unramified, lifting sṽ

and (Vṽ ◦Art−1
Lṽ

) lifting ψṽ.

To see this, note that Lemmas 3.1.3 and 3.1.5 of [CHT08] imply that Pṽ(V$ṽ ) = 0
on Sλ(U1(QN ),O)mQN . Property (1) now follows from Lemma 3.2.2 of [CHT08] to-

gether with Lemma 3.1.5 of [CHT08] and the fact that TT∪QNλ (U,O)m = TTλ (U,O)m.
Property (3) follows exactly as in the proof of part 8 of Proposition 3.4.4 of
[CHT08]. Note that H1,QN is a TTλ (U1(QN ),O)mQN [GQN ]-direct summand of

Sλ(U1(QN ),O)mQN . Moreover, it follows from the fact that U is sufficiently small

(see Lemma 3.3.1 of [CHT08]) that Sλ(U1(QN ),O)mQN is finite free over O[GQN ]

with GQN -coinvariants isomorphic to Sλ(U0(QN ),O)mQN via the trace map trGQN .
It follows that H1,QN has GQN -coinvariants isomorphic to H0,QN via trGQN . Fi-

nally, note that by (3) the action of α = (αṽ)v∈QN ∈ GQN on H1,QN is given by
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v∈QN Vṽ(αṽ). Since each ψṽ is unramified, the action of GQN on H1,QN must

factor through ∆QN and (2) follows.
For each N , the lift rmQN ⊗ T1,QN of r̄ is of type SQN and gives rise to a

surjection Runiv
SQN

� T1,QN . Thinking of ∆QN as the maximal l-power quotient of∏
v∈QN ILṽ , the determinant of any choice of universal deformation runiv

SQN
gives rise

to a homomorphism ∆QN → (Runiv
SQN

)×. We thus have homomorphisms O[∆QN ]→
Runiv
SQN

→ R�T
SQN

and natural isomorphisms Runiv
SQN

/aQN
∼= Runiv

S and R�T
SQN

/aQN
∼=

R�T
S .
Let

T = O[[Xv,i,j : v ∈ T, i, j = 1, . . . , n]].

Choose a lift runiv
S : GL+ → Gn(Runiv

S ) representing the universal deformation. The
tuple (runiv

S , (1n +Xv,i,j)v∈T ) gives rise to an isomorphism

R�T
S

∼−→ Runiv
S ⊗̂OT .

For each N , choose a lift runiv
SQN

: GL+ → Gn(Runiv
SQN

) representing the universal defor-

mation with runiv
SQN

mod aQN = runiv
S . This gives rise to an isomorphism R�T

SQN
∼−→

Runiv
SQN
⊗̂OT which reduces modulo aQN to the isomorphism R�T

S
∼−→ Runiv

S ⊗̂OT .

We let

H�T = H ⊗Runiv
S

R�T
S

H�T
1,QN

= H1,QN ⊗Runiv
SQN

R�T
SQN

T�T
1,QN

= T1,QN ⊗Runiv
SQN

R�T
SQN

.

Then H�T
1,QN

is a finite free T [∆QN ]-module with H�T
1,QN

/aQN
∼= H�T , compatible

with the isomorphism R�T
SQN

/aQN
∼= R�T

S .

Let g = q − q0 and let

∆∞ = Zql
R∞ = Rloc[[x1, . . . , xg]]

S∞ = T [[∆∞]]

and let a denote the kernel of the O-algebra homomorphism S∞ → O which sends
each Xv,i,j to 0 and each element of ∆∞ to 1. Note that S∞ is a formally smooth
over O of relative dimension q+n2#T . For each N , choose a surjection ∆∞ � ∆QN

and let cN denote the kernel of the corresponding homomorphism S∞ � T [∆QN ].
For each N ≥ 1, choose a surjection of Rloc-algebras

R∞ � R�T
SQN

.

We regard each R�T
SQN

as an S∞-algebra via S∞ � T [∆QN ]→ R�T
SQN

. In particular,

R�T
SQN

/a ∼= Runiv
S .

Choose a sequence of open ideals (bN )N≥1 of S∞ with

• bN ⊃ cN
• bN ⊃ bN+1

• ∩NbN = (0).
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Let T = Tλ(U,O)m. Choose a sequence of open ideals (dN )N≥1 of Runiv
S with the

following properties:

• bNR
univ
S + ker(Runiv

S � T) ⊃ dN ⊃ bNR
univ
S

• dN ⊃ dN+1

• ∩NdN = (0).

In the first bullet point S∞ acts on Runiv
S via the quotient S∞/a = O. In what

follows, we also consider S∞ acting on T and H via the quotient S∞/a.
For each N ≥ 1, define a ‘patching datum of level N ’ to consist of a tuple

(φ,M, ψ) where

• φ is a surjective homomorphism of O-algebras

φ : R∞ � Runiv
S /dN .

• M is a module over R∞⊗̂OS∞ which is finite free over S∞/bN .
• ψ is an isomorphism of O-modules

ψ :M/a
∼−→ H/bN

compatible with the action of R∞ onM/a, the action of Runiv
S /dN on H/bN

(via Runiv
S /dN � T/bN ) and the homomorphism φ.

We consider two such patching data of level N (φ,M, ψ) and (φ′,M′, ψ′) to be
equivalent if φ = φ′ and there is an isomorphism M ∼= M′ of R∞⊗̂OS∞-modules
which is compatible with ψ and ψ′ when reduced modulo a. Note that there are
only finitely many patching data of level N up to equivalence. Note also that given
N ′ ≥ N ≥ 1 and a patching datum of level N ′, we can obtain a patching datum of
level N in an obvious fashion.

For each M ≥ N ≥ 1, let D(M,N) be the patching datum of level N consisting
of

• the surjective homomorphism

R∞ � R�T
SQM

� R�T
SQM

/a = Runiv
S � Runiv

S /dN

• the module H�T
1,QM

/bN which is finite free over S∞/bN and acted upon by

R∞ via R∞ � R�T
SQM

� T�
1,QM

.

• the isomorphism

H�T
1,QM

/(a + bN ) ∼= H/bN

which is compatible with the homomorphism R∞ � R�T
SQM

� Runiv
S /dN .

Since there are only finitely many patching data of each level N , we can and do
choose a sequence of pairs of integers (Mi, Ni)i≥1 with Mi+1 > Mi, Ni+1 > Ni
and Mi ≥ Ni for all i such that D(Mi+1, Ni+1) reduced to level Ni is equivalent to
D(Mi, Ni). In other words

• for each i, the homomorphism

φi+1 : R∞ � R�T
SQMi+1

� R�T
SQMi+1

/a = Runiv
S � Runiv

S /dNi+1
,

when reduced modulo dNi is equal to the homomorphism

φi : R∞ � R�T
SQMi

� R�T
SQMi

/a = Runiv
S � Runiv

S /dNi .
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• for each i, we can and do choose an isomorphism of R∞⊗̂OS∞-modules

γi : H�T
1,QMi+1

/bNi
∼= H�T

1,QMi
/bNi .

Taking the inverse limit of the φi gives rise to a surjection

R∞ � Runiv
S .

Define

H�T
∞ := lim←−

i

H�T
1,QMi

/bNi

where the limit is taken with respect to the γi. Then H�T
∞ is a module for R∞⊗̂OS∞

which is finite free over S∞. Note that the image of S∞ in EndS∞(H�T
∞ ) is contained

in the image of R∞ (indeed, the image of R∞ is closed and the corresponding

statement is true for each H�T
1,QMi

/bNi). Since S∞ is formally smooth over O, we

can and do factor the action of S∞ on H�T
∞ through R∞ (note that it suffices to

define the factorisation on a set of topological generators of S∞ over O). Note that
we have

H�T
∞ /a ∼= H

compatible with the surjection R∞ � Runiv
S . Since R∞ is equidimensional of

dimension

1 +n2#T + [L+ : Q]n(n−1)/2 + q− q0 = 1 + q+n2#T − [L+ : Q]n(1− (−1)µ−n)/2

and H�T
∞ has mR∞ -depth at least

1 + q + n2#T

(the dimension of S∞) we deduce from Lemma 2.3 of [Tay08] that µ ≡ n mod 2.
Hence

1 + q + n2#T = dimRloc + g

and taking M∞ = H�T
∞ , the sublemma is proved. �

Since proving the sublemma was our only remaining task, the automorphy lifting
theorem is proven. �

3.6.2. Totally real fields.

Theorem 3.6.2. Let F+ be a totally real field. Let l > n be a prime and let K ⊂ Ql
denote a finite extension of Ql with ring of integers O and residue field k. Assume
that K contains the image of every embedding F+ ↪→ Ql. Let

ρ : GF+ → GLn(O)

be a continuous representation and let ρ = ρ mod mO. Suppose that ρ enjoys the
following properties:

(1) ρ∨ ∼= ρεn−1χ for some character χ : GF+ → O× with χ(cv) independent of
v|∞ (where cv denotes a complex conjugation at v).

(2) The reduction ρ is absolutely irreducible and ρ(GF+(ζl)) ⊂ GLn(k) is big
(see Definition 4.1.1).

(3) (F+)ker ad ρ does not contain ζl.
(4) There is a continuous representation ρ′ : GF+ → GLn(O), a RAESDC

automorphic representation π of GLn(AF+) which is unramified above l

and ι : Ql
∼−→ C such that
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(a) ρ′ ⊗O Ql ∼= rl,ι(π) : GF+ → GLn(Ql) and (ρ′)∨ ∼= ρ′εn−1χ′ for some
character χ′ : GF+ → O× with χ′ = χ.

(b) ρ = ρ′.
(c) For all places v - l of F+, either ρ|G

F
+
v

and πv are both unramified, or

the following both hold:
• ρ′|G

F
+
v

 O ρ|G
F

+
v

and ρ|G
F

+
v

 O ρ′|G
F

+
v

.

• χ|I
F

+
v

= χ′|I
F

+
v

.

(d) For all places v|l, ρ|GFv ∼ ρ
′|GFv .

Then ρ is automorphic.

Proof. Extending O if necessary, choose a quadratic CM extension F of F+ and
algebraic characters ψ,ψ′ : GF → O× such that the following hold.

(i) F is linearly disjoint from F+
ker r̄

(ζl) over F+.
(ii) Each place of F+ lying over l and each place at which ρ or π is ramified splits

completely in F .
(iii) ψψc = χ|GF .
(iv) ψ and ψ′ are crystalline above l.
(v) ψ′(ψ′)c = χ′|GF .
(vi) Let S denote the set of places of F which divide l or which lie over a place of

F+ where ρ or π ramifies. Then for all w ∈ S, we have ψ′|ILw = ψ|ILw .

(vii) ψ = ψ
′
.

(Take F to be a quadratic CM extension of F+ satisfying (i) and (ii). Use Lemma
4.1.5 of [CHT08] to construct a ψ which satisfies (iii) and (iv). Note that χ and χ′

are crystalline characters of GF+ with the same Hodge-Tate weights. In particular,
for each place v|l of F+ we have χ|I

F
+
v

= χ′|I
F

+
v

. We can therefore apply Lemma

4.1.6 of [CHT08] to find a ψ′ satisfying (v), (vi) and (vii).)
Let r = ψρ|GF and r′ = ψ′ρ′|GF . Then r̄ = r̄′, rc ∼= r∨ε1−n and (r′)c ∼=

(r′)∨ε1−n. For w ∈ S, Lemma 3.4.6 implies that r|GFw ∼ r′|GFw if v|l and both
r|GFw  O r

′|GFw and r′|GFw  O r|GFw otherwise.
The theorem now follows from Theorem 3.6.1 applied to r|GF and r′|GF , together

with Lemma 1.5 of [BLGHT09]. �

3.6.3. Finiteness of a deformation ring. We now deduce a result on the finiteness
of a universal deformation ring. This result is not needed for the main theorem, so
this section may be skipped by readers interested only in the Sato-Tate conjecture.
However, we believe that it is of independent interest, and it will prove useful to us
in future work.

Let F be an imaginary CM field with totally real subfield F+ and let c be the
non-trivial element of Gal(F/F+). Let n ∈ Z≥1 and let l > n be a prime. Let

K ⊂ Ql denote a finite extension of Ql with ring of integers O and residue field
k. Assume that K contains the image of every embedding F ↪→ Ql. Suppose in
addition that each place of F+ dividing l splits in F . Let

ρ : GF → GLn(k)

be a continuous homomorphism and suppose

ρ′ : GF → GLn(O)
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is a continuous lift of ρ which is automorphic of level prime to l. In particular,
(ρ′)c ∼= (ρ′)∨ε1−n. By definition, there is an RACSDC automorphic representation

π of GLn(AF ) (which is unramified above l) and an isomorphism ι : Ql
∼−→ C

such that ρ′ ⊗ Ql ∼= rl,ι(π) : GF → GLn(Ql). Suppose that every finite place of
F at which π is ramified is split over F+. Let Sl denote the set of places of F+

lying above l. Let R denote a finite set of finite places of F+ disjoint from Sl and
containing the restriction to F+ of every finite place of F where π is ramified.

Let δF/F+ be the quadratic character of GF+ corresponding to F . By Lemma
2.1.4 of [CHT08] we can and do extend ρ and ρ′ to homomorphisms r̄ : GF+ →
Gn(k) and r′ : GF+ → Gn(O) with r′⊗k = r̄, r̄|GF = (ρ, ε1−n), r′|GF = (ρ′|GF , ε1−n)
and ν ◦ r′ = ε1−nδµF/F+ for some µ ∈ (Z/2Z) (which is independent of the choice of

r′).

For each v ∈ R ∪ Sl choose once and for all a place ṽ of F lying above v. Let R̃

and S̃l denote the set of ṽ for v in R and S respectively. For each v ∈ R, let R�
r̄|GFṽ

denote the universal O-lifting ring of r̄|GFṽ . Suppose that for each v ∈ R and each

minimal prime ideal ℘ of R�
r̄|GFṽ

, the quotient R�
r̄|GFṽ

/℘ is geometrically integral.

Note that this can always be achieved by replacing O with the ring of integers in
a finite extension of K. Suppose that the lift r′|GFṽ corresponds to a closed point

of SpecR�
r̄|GFṽ

[1/l] which lies on only one irreducible component. Let Rṽ denote

the quotient of R�
r̄|GFṽ

by the minimal prime ideal corresponding to this irreducible

component.
For v ∈ Sl, let λṽ be the element of (Zn+)Hom(Fṽ,K) with the property that r′|GFṽ

has l-adic Hodge type vλṽ . Suppose that for each minimal prime ideal ℘ of R
vλṽ ,cr

r̄|GFṽ
,

the quotient R
vλṽ ,cr

r̄|GFṽ
/℘ is geometrically integral. Let Rṽ be the quotient of R

vλṽ ,cr

r̄|GFṽ
by the minimal prime ideal corresponding to the (necessarily unique) irreducible

component of SpecR
vλṽ ,cr

r̄|GFṽ
[1/l] containing r′|GFṽ .

Consider the deformation problem

Sr′ :=
(
F/F+, R ∪ Sl, R̃ ∪ S̃l,O, r̄, ε1−nδµF/F+ , {Rṽ}v∈R∪Sl

)
.

By Lemma 3.5.1, the rings Rṽ for v ∈ Sl ∪R satisfy the property (*) of section 3.5.
Let Runiv

Sr′ be the object of CO representing the corresponding deformation functor.

Proposition 3.6.3. Maintain the assumptions made above. Suppose in addition
that

(i) ρ(GF (ζl)) ⊂ GLn(k) is big, and

(ii) F
ker ad ρ

does not contain ζl.

Then

(1) Runiv
Sr′ is a finite O-algebra.

(2) Any Ql-point of Runiv
Sr′ gives rise to a representation GF → GLn(Ql) which

is automorphic of level prime to l.
(3) µ ≡ n mod 2.

Proof. Choose a place v1 of F not lying over l and such that

• v1 is unramified over a rational prime p with [F (ζp) : F ] > n;
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• v1 does not split completely in F (ζl);
• ρ and π are unramified at v1;
• ad ρ(Frobv1) = 1.

Choose an imaginary CM field L/F such that:

• L/F is solvable;

• L is linearly disjoint from F
ker r̄

(ζl) over F ;
• 4|[L+ : F+] where L+ denotes the maximal totally real subfield of L;
• L/L+ is unramified at all finite places;
• Every place of L over v1 or cv1 is split over L+. Moreover, v1 and cv1 split

completely in L;
• The places v ∈ R ∪ Sl split completely in L+.

Let SL,l denote the set of places of L+ dividing l and let RL denote the set of places

of L+ lying over R. Similarly, let S̃L,l and R̃L denote the sets of places of L lying

over S̃l and R̃ respectively. Let SL,a denote the set of places of L+ lying over the

restriction of v1 to F+. Let S̃L,a denote the set of places of L lying over v1. Let

T = SL,l
∐
RL
∐
SL,a and let T̃ = S̃L,l

∐
R̃L
∐
S̃L,a so that T̃ consists of one place

ṽ for each place v ∈ T .
For v ∈ RL ∪ SL,l, let Rṽ = Rṽ|F regarded as a quotient of R�

r̄|GLṽ
(note that

Fṽ|F
∼−→ Lṽ by the choice of L). For v ∈ RL ∪ SL,a, let R

�
r̄|GLṽ

be the maximal l-

torsion free quotient of R�
r̄|GLṽ

. For v ∈ SL,a, R�
r̄|GLṽ

is formally smooth over O and

we let Rṽ = R�
r̄|GLṽ

= R
�
r̄|GLṽ

. For each v ∈ SL,l, let λṽ = λṽ|F ∈ (Zn+)Hom(Lṽ,K).

Consider the deformation problems

SL :=

(
L/L+, T, T̃ ,O, r̄|GL+ , ε

1−nδµL/L+ , {R
vλṽ ,cr

r̄|GLṽ
}v∈SL,l ∪ {R

�
r̄|GLṽ

}v∈RL∪SL,a
)

SL,r′ :=
(
L/L+, T, T̃ ,O, r̄|GL+ , ε

1−nδµL/L+ , {Rṽ}v∈T
)
.

By Lemma 3.5.1, the rings R
vλṽ ,cr

r̄|GLṽ
, Rṽ for v ∈ SL,l, R

�
r̄|GLṽ

, Rṽ for v ∈ RL and

R
�
r̄|GLṽ

for v ∈ SL,a satisfy the property (*) of section 3.5. Let Runiv
SL and Runiv

SL,r′
be the objects of CO representing the corresponding deformation functors. Note
that there is a natural surjection Runiv

SL � Runiv
SL,r′ . Note also that there is a natural

homomorphism of O-algebras Runiv
SL,r′ → Runiv

Sr′ which is obtained by restricting the

universal deformation of type Sr′ to GL+ . This map is finite by an argument of
Khare and Wintenberger (cf. Lemma 3.2.5 of [GG09]) and hence it suffices to show
that Runiv

SL,r′ is finite over O.

Let G/OL+
be an algebraic group as in section 3.2 (with F/F+ replaced by

L/L+). By Théorème 5.4 and Corollaire 5.3 of [Lab09] there exists an automorphic
representation Π of G(AL+) such that πL is a strong base change of Π. Let U =∏
v Uv ⊂ G(A∞L+) be a compact open subgroup such that

• Uv = G(OL+
v

) for v ∈ SL,l and for v 6∈ T split in L;

• Uv is a hyperspecial maximal compact subgroup of G(L+
v ) for each v inert

in L;
• Uv is such that ΠUv

v 6= {0} for v ∈ RL;
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• Uv = ker(G(OL+
v

)→ G(kv)) for v ∈ SL,a.

Let Ĩl denote the set of embeddings L ↪→ K giving rise to one of the places

ṽ ∈ S̃L,l. Let λ = (λṽ)v∈SL,l regarded as an element of (Zn+)Ĩl in the evident way and
let Sλ(U,O) be the space of l-adic automorphic forms on G of weight λ introduced
above. Let TTλ (U,O) be the O-subalgebra of EndO(Sλ(U,O)) generated by the

Hecke operators T
(j)
w , (T

(n)
w )−1 for w a place of L split over L+, not lying over T

and j = 1, . . . , n. The eigenvalues of the operators T
(j)
w on the space (ι−1Π∞)U give

rise to a homomorphism of O-algebras TTλ (U,O)→ Ql. Extending K if necessary,
we can and do assume that this homomorphism takes values in O. Let m denote
the unique maximal ideal of TTλ (U,O) containing the kernel of this homomorphism.

Note that r̄|GL is GLn(k)-conjugate to r̄m where r̄m is the representation associ-
ated to the maximal ideal m of TTλ (U,O) in section 3.2. After conjugating we can
and do assume that r̄|GL = r̄m. Since m is non-Eisenstein we have a continuous lift

rm : GL+ → Gn(TTλ (U,O)m)

of r̄. Properties (0)-(3) of rm and the fact that TTλ (U,O)m is l-torsion free and
reduced imply that rm is of type SL. Hence rm gives rise to an O-algebra homo-
morphism

Runiv
SL � TTλ (U,O)m

(which is surjective by property (2) of rm).
We define

Rloc :=

(
⊗̂v∈SL,lR

vλṽ ,cr

r̄|GLṽ

)
⊗̂
(
⊗̂v∈RL∪SL,aR

�
r̄|GLṽ

)
where all completed tensor products are taken over O. Note that Rloc is equidimen-
sional of dimension 1 + n2#T + [L+ : Q]n(n− 1)/2 by Lemma 3.3 of [BLGHT09].

Sublemma. There are integers q, g ∈ Z≥0 with

1 + q + n2#T = dimRloc + g

and a moduleM∞ for bothR∞ := Rloc[[x1, . . . , xg]] and S∞ := O[[z1, . . . , zn2#T , y1, . . . , yq]]
such that:

(1) M∞ is finite and free over S∞.
(2) M∞/(zi, yj) ∼= Sλ(U,O)m.
(3) The action of S∞ on M∞ can be factored through an O-algebra homomor-

phism S∞ → R∞.
(4) There is a surjection R∞ � Runiv

SL whose kernel contains all the zi and yj
which is compatible with the actions ofR∞/(zi, yj) andRuniv

SL onM∞/(zi, yj) ∼=
Sλ(U,O)m. Moreover, there is a lift runiv

SL : GL+ → Gn(Runiv
SL ) of r̄ repre-

senting the universal deformation so that for each v ∈ T , the composite
R�
r̄|GLṽ

→ Rloc → R∞ � Runiv
SL arises from the lift runiv

SL |GLṽ .

Moreover, µ ≡ n mod 2.

This is proved in exactly the same way as the sublemma in the proof of Theorem
3.6.1 (for the fact that µ ≡ n mod 2, see the penultimate sentence of loc. cit.).
Points (1) and (3) tell us that the support ofM∞ in SpecR∞ is a union of irreducible
components. Let

Rloc
r′ = ⊗̂v∈TRṽ.
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Then Rloc
r′ is a quotient of Rloc corresponding to an irreducible component (see

part 5 of Lemma 3.3 of [BLGHT09]). Let R∞,r′ = R∞ ⊗Rloc Rloc
r′ . Again R∞,r′

is a quotient of R∞ corresponding to an irreducible component. The lift r′|GL+

of r̄|GL+ gives rise to a closed point of SpecR∞[1/l] which lies in the support of
M∞ and which lies in SpecR∞,r′ [1/l] but in no other irreducible component of
SpecR∞[1/l]. We deduce that SpecR∞,r′ is contained in the support of M∞. In
other words, in the terminology of section 2 of [Tay08], M∞ ⊗R∞ R∞,r′ is a nearly
faithful R∞,r′ -module. It follows (by Lemma 2.2 of [Tay08]) that M∞ ⊗R∞ Runiv

SL,r′
is a nearly faithful Runiv

SL,r′ -module. Note that M∞⊗R∞ Runiv
SL,r′ is a finite O-module,

being a quotient of Sλ(U,O)m. Let I denote the annihilator of M∞ ⊗R∞ Runiv
SL,r′ in

Runiv
SL,r′ . Then Runiv

SL,r′/I is finite over O. The same is true of (Runiv
SL,r′ )

red since I is

nilpotent. It follows that Runiv
SL,r′/mO is Artinian (being Noetherian of dimension 0)

and hence Runiv
SL,r′ is finite over O by the topological version of Nakayama’s lemma.

We have established parts (1) and (3) of the proposition. For part (2), it is
clear from the above that any Ql-point of Runiv

S gives rise to a representation

GF → GLn(Ql) which becomes automorphic upon restriction to GL and hence
is automorphic by Lemma 1.4 of [BLGHT09] (since L/F is solvable). �

4. A character building exercise

4.1. The main purpose of this section is to prove a lemma allowing us to construct
Galois characters with certain properties. Before we do so, we must discuss the no-
tion of bigness and prove a result which will allow us to deduce that representations
are ‘big’ in certain circumstances.

We begin by recalling the definition of m-big from [BLGHT09].

Definition 4.1.1. Let k/Fl be algebraic and m a positive integer. We say that a
subgroup H ⊂ GLn(k) of GLn(k) is m-big if the following conditions are satisfied.

• H has no l-power order quotient.
• H0(H, sln(k)) = (0).
• H1(H, sln(k)) = (0).
• For all irreducible k[H]-submodules W of gln(k) we can find h ∈ H and
α ∈ k such that:

– α is a simple root of the characteristic polynomial of h, and if β is any
other root then αm 6= βm.

– Let πh,α (respectively ih,α) denote the h-equivariant projection from
kn to the α-eigenspace of h (respectively the h-equivariant injection
from the α-eigenspace of h to kn). Then πh,α ◦W ◦ ih,α 6= 0.

We simply write “big” for 1-big. If r̄ is a representation of some group valued in
GLn(k), then we say that r̄ has m-big image if the image of r̄ is m-big. If K is
an algebraic extension of Ql with residue field k and r is a representation of some
group valued in GLn(K), then we say that r has m-big image if r̄ has m-big image,
where r̄ is the semisimplification of the reduction mod l of r.

The following lemma is essentially implicit in the proof of Theorem 7.6 of [BLGHT09],
but it is hard to extract by reference the material we need from the proof there, so
we will give a self-contained statement and proof.
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Lemma 4.1.2. Suppose that F is a totally real field, l is a rational prime, m∗ is
a positive even integer not divisible by l, n is a positive integer with l > 2n − 2,
r : GF → GLn(Zl) is a continuous l-adic Galois representation, and M is a cyclic
CM extension of F of degree m∗ such that:

• M is linearly disjoint from F̄ ker r̄(ζl) over F , and
• every prime v of F above l is unramified in M .

Suppose also that θ′ : GM → Z×l is a continuous character.

(1) Suppose [F
ker ad r̄

(ζl) : F
ker ad r̄

] > m∗. Then the fixed field of the kernel of

the representation ad(r̄ ⊗ IndGFGM θ̄′) does not contain ζl.

(2) Suppose that r|GF (ζl)
has m∗-big image and that (θ

′
)(θ
′
)c can be extended

to GF . Suppose further that there is a prime Q of M lying above a prime
q of F lying in turn above a rational prime q, such that:
• r is unramified at all primes above q,
• q 6= l,
• q splits completely in M ,
• q is unramified in F̄ ker r̄(ζl),
• q − 1 > 2n,
• (θ′)(θ′)c is unramified at primes above q, and
• q|#θ′(IQ) (and so q|#θ′(IQc)), and θ′ is unramified at all primes above
q except Q and Qc.

Then (r ⊗ IndGFGM θ′)|GF (ζl)
has big image.

Proof. We will begin by proving the first part; so suppose that r has the property as-

sumed there. By the given assumption, there is an element of Gal(F
ker ad r̄

(ζl)/F
ker ad r̄

)

of order larger than m∗; using the assumption that M and F
ker r̄

(ζl) ⊃ F
ker ad r̄

(ζl)

are linearly disjoint over F , we can consider this as an element of Gal(MF
ker ad r̄

(ζl)/F
ker ad r̄

M)

with the same property, and lift this to an element σ of Gal(F/MF
ker ad r̄

). (This
element will have the property that εl(σ) has order > m∗.) Let τ be a generator of
Gal(M/F ). Then lift τ to an element τ̃ of GF ; let

σ′ =

m∗−1∏
i=0

τ̃−iστ̃ i

and notice that ad(r̄ ⊗ IndGFGM θ̄′) is trivial on σ′, while εl(σ
′) = εl(σ)m

∗ 6= 1. This
proves (1).

We now turn to proving the second part; so let us assume that we have k, q, q,Q
with the properties stipulated there. We will follow the proof of Theorem 7.6 of
[BLGHT09] very closely. Since l > 2n − 2, the main result of [Ser94] shows that
ad r̄|GF (ζl)

is semisimple, and we may write

(4.1.1) ad r̄|GF (ζl)
= V ⊕m0

0 ⊕ V ⊕m1
1 ⊕ · · · ⊕ V ⊕mss

where the Vi are pairwise non-isomorphic, irreducible Fl[GF (ζl)]-modules and the
mi are positive integers. Let V0 = 1. By the assumption that r|GF (ζl)

has m∗-big

image, m0 = 1. Adopting r′ as an abbreviated name for IndGFGM θ′, let us choose
e0, . . . , em∗−1 a basis for r′ as follows. First, choose τ̃ ∈ GF a lifting of τ ∈
Gal(M/F ). Then, choose a non-zero primitive vector e0 in r′ such that r′(σ)e0 =
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θ′(σ)e0 for all σ ∈ GM , and set ei = r′(τ̃ i)e0 for i = 1, . . . ,m∗ − 1. Note that this

means that GM acts on ei via the character θ′
τ̃−i

. Moreover,

r′(τ̃)(em∗−1) = r′(τ̃m
∗
)e0 = θ′(τ̃m

∗
)e0

Now let f0, . . . , fm∗−1 be the basis of Hom(r′,Zl) dual to e0, . . . , em∗−1. Let us
quickly establish a sublemma:

Sublemma. Suppose there is some character ψ : GM → F×l which is unramified at

primes above q such that θ̄′/θ̄′
τ̃k

= θ̄′
τ̃ l

/θ̄′
τ̃m

ψ (or equivalently θ̄′θ̄′
τ̃m

= θ̄′
τ̃ l

θ̄′
τ̃k

ψ);
then either k = m and l = 0, k = 0 and l = m, or l = (m∗/2) + k and m = m∗/2.

Conversely, if k = m and l = 0, then θ̄′/θ̄′
τ̃k

= θ̄′
τ̃ l

/θ̄′
τ̃m

and the same is true if
k = 0 and l = m, or if l = (m∗/2) + k and m = m∗/2.

Proof. For the first part, we consider the action of inertia above q on each side of

θ̄′θ̄′
τ̃m

= θ̄′
τ̃ l

θ̄′
τ̃k

.
We first set up some notation. Let ιIQ denote the inclusion of IQ into GM , and

let δ := θ̄′ ◦ ιIQ . (Note that δ is not trivial, by our assumption that q|#θ′(IQ).)
For i an integer, let cτ̃ i : GM → GM denote the ‘conjugation by τ̃ i’ map, and let
δi := θ̄′ ◦ cτ̃ i ◦ ιIQ . Observe that δ0 = δ, that δi is trivial for i 6= 0,m∗/2 (by the
assumption that θ′ is unramified at all primes above q except Q and Qc), and that

δm∗/2 = δ−1 (since δm∗/2 = (θ̄′ ◦ cτ̃m∗/2 ◦ ιIQ) = (θ̄′
τ̃m
∗/2

◦ ιIQ) = (θ̄′
c
) ◦ ιIQ) =

(1/θ̄′) ◦ ιIQ) = 1/δ, where the penultimate equality is by our assumption that
(θ′)(θ′)c is unramified at primes above q).

Now let us consider the maps βi := (θ̄′θ̄′
τ̃m

) ◦ cτ̃ i ◦ ιIQ for each i. These maps
are clearly trivial unless i = 0, m∗/2, m or m + (m∗/2) (considering i mod m∗).
Let us split into cases:

• We have m 6= (m∗/2), 0. In this case, it is easy to see that the values i = 0,
m∗/2, m or m+ (m∗/2) mod m∗ are distinct. It is also easy to see that βi
for these i values are (respectively) δ, δ−1, δ, δ−1, where δ is some character.

On the other hand, consider β′i := (θ̄′
τ̃ l

θ̄′
τ̃k

ψ) ◦ cτ̃ i ◦ ιIQ . For these
maps to be nontrivial for 4 distinct values of i mod m∗, as they must, we
need l 6= k, k + (m∗/2); then it will be nontrivial for i = l, l + (m∗/2),
k, k + (m∗/2), for which values of i we get δ, δ−1, δ, δ−1 respectively; and
comparing, we conclude that l = 0 and k = m or l = m and k = 0 (since
δ 6= δ−1).

• We have m = 0. In this case, βi is nontrivial for i = 0 or i = m∗/2 (mod
m∗), which are distinct, and the corresponding βi are (respectively) δ2, δ−2.

Now consider β′i := (θ̄′
τ̃ l

θ̄′
τ̃k

ψ) ◦ cτ̃ i ◦ ιIQ . For these maps to be nontrivial
for at most two values of i we need l = k or l = k + (m∗/2), and in the
latter case we see that all β′i are in fact trivial. Thus we must have l = k.
Comparing the i for which βi and β′i are nontrivial, we see that l = 0.

• We have m = m∗/2. In this case, it is easy to see that all βi are trivial.

Now, considering β′i := (θ̄′
τ̃ l

θ̄′
τ̃k

ψ) ◦ cτ̃ i ◦ ιIQ , we see that for these maps to
be nontrivial for at most two values of i (as they must be) we need l = k or
l = k + (m∗/2), and we see that only in the latter case is it in fact trivial
for all values of i.
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For the converse, if k = m and l = 0, the fact that θ̄′/θ̄′
τ̃k

= θ̄′/θ̄′
τ̃k

is trivial.

Similarly, if k = 0 and l = m, we need to prove that θ̄′/θ̄′ = θ̄′
τ̃m

/θ̄′
τ̃m

, which is
also trivial. Finally, if l = (m∗/2) + k and m = m∗/2, it remains to show that

(θ̄′)(θ̄′)c = ((θ̄′)(θ̄′)c)τ̃
k

(where we write c for complex conjugation), which is true
since one of our hypotheses is that (θ̄′)(θ̄′)c can be extended to GF . �

We can now decompose:

(4.1.2) ad r̄′|GF (ζl)
=

 ⊕
χ∈Hom(Gal(M(ζl)/F (ζl)),F

×
l )

Wχ

⊕(m∗−1⊕
i=1

Wi

)

where

• Wχ is the span of
∑m∗−1
i=0 χ−1(τ i)ei ⊗ fi, so Wχ

∼= Fl(χ).

• Wi is the span of {ej ⊗ fi+j}j=0,...,m∗−1, so Wi
∼= Ind

GF (ζl)

GM(ζl)
(θ̄′/θ̄′

τ̃−i

).

From this we turn to study r̄ ⊗ r̄′, which we will abbreviate r̄′′. We can decom-
pose:
(4.1.3)

ad r̄′′|GF (ζl)
=

 s⊕
j=0

⊕
χ∈Hom(Gal(M(ζl)/F (ζl)),F

×
l )

Vj(χ)mj

⊕
 s⊕
j=0

m∗−1⊕
i=1

(Vj ⊗Wi)
mj


We then have the following straightforward lemma:

Lemma. The decomposition 4.1.3 enjoys the following properties:

(1) Each Vj(χ) is irreducible.
(2) We have Vj(χ) 6≡ Vj′(χ′) unless χ = χ′ and j = j′.

(3) Each Vj ⊗Wi
∼= Ind

GF (ζl)

GM(ζl)
(Vj ⊗ θ̄′/θ̄′

τ̃ i

) is irreducible; moreover, we have

Ind
GF (ζl)

GM(ζl)
(Vj ⊗ θ̄′/θ̄′

τ̃ i

) 6∼= Ind
GF (ζl)

GM(ζl)
(Vj′ ⊗ θ̄′/θ̄′

τ̃ i
′

) unless j = j′ and i ∈
{i′,m∗ − i′}.

(4) Vj(χ) 6∼= Ind
GF (ζl)

GM(ζl)
(Vj′ ⊗ θ̄′/θ̄′

τ̃ i
′

) for all χ, i′, j, j′.

Proof. For part 1, see equation 4.1.1 and the remarks immediately following it.
Part 2 is clear, because M is linearly disjoint from F̄ ker r̄(ζl) over F . Both of the
assertions in part 3 follow from (a) the fact that the only cases where GM(ζl) acts
via the same character on e0 ⊗ fk and el ⊗ fm are when k = m and l = 0, k = 0
and l = m, or l = (m∗/2) + k and m = m∗/2 (this fact is our sublemma) and (b)
from examining the action of inertia above q. Finally, part 4 again follows from a
consideration of the action of inertia above q. �

It is immediate (since there are no terms in the decomposition of ad r̄′′|GF (ζl)

isomorphic to 1 other than V0(1)m0) that

H0((ad r̄′′)(GF (ζl)), ad0 r̄′′) = (0).

Let H (resp. H ′, resp. H ′′) denote the image (ad r̄)(GF (ζl)) (resp. (ad r̄′)(GF (ζl)),
resp. (ad r̄′′)(GF (ζl))). We note that the only element of H which is a scalar when
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thought of as an element of Aut ad r̄ is the identity1; and the same is true for H ′,
so that

H×H ′ ↪→ Aut(ad r̄′′) and ker ad r̄′′|GF (ζl)
= ker ad r̄|GF (ζl)

∩ker ad r̄′|GF (ζl)
(=K∩, say)

Thus, if we define K∪ = 〈(ker ad r̄|GF (ζl)
), (ker ad r̄′|GF (ζl)

)〉 / GF (ζl), and H =

GF (ζl)/K∪, we have maps

π : H =
GF (ζl)

ker ad r̄|GF (ζl)

�
GF (ζl)

K∪
= H and π′ : H ′ =

GF (ζl)

ker ad r̄′|GF (ζl)

�
GF (ζl)

K∪
= H

such that GF (ζl) � {(h, h′) ∈ H ×H ′|π(h) = π′(h′)}. (This is surjective; it suffices
to show a) that for each h ∈ H, the image contains (h, x) for some x, and b) that
the image contains (e, h′) for each h′ in the kernel of π′, both of which are clear.)

Finally,

ker(GF (ζl) � {(h, h
′) ∈ H ×H ′|π(h) = π′(h′)}) = ker(GF (ζl) → H ×H ′)

= ker(GF (ζl) → H) ∩ ker(GF (ζl) → H ′) = K∩ = ker ad r̄′′|GF (ζl)

and hence there is an isomorphism H ′′ ∼= GF (ζl)/ ker ad r̄′′|GF (ζl)
∼= {(h, h′) ∈ H ×

H ′|π(h) = π′(h′)}.
Let K ′ denote the kernel of π′. It is the case that:

• The image of the inertia group at any prime above q in H ′ is contained in
K ′ (as r̄ is unramified above q).
• K ′ ↪→ H ′ � Gal(M(ζl)/F (ζl)) is surjective (since M is linearly disjoint

from F
ker r̄

(ζl) over F ).

From this we easily see that (ad r̄′′)K
′

= ad r̄ (use the decomposition (4.1.3)),
and hence (by inflation-restriction, using the fact that l - #K ′, so that the group
H1(K ′, ad0 r̄′′) vanishes, and the assumption that r̄|GF (ζl)

has big image) that:

(0) = H1(H, ad0 r̄) = H1(H ′′/K ′, (ad0 r̄′′)K
′
)
∼→ H1(H ′′, ad0 r̄′′).

All that still remains is to show the non-group-cohomology-related part of the
definition of ‘big image’. To this end, let us fix a copy Vj ⊂ ad r̄. (Note that every
copy of Vj(χ) ⊂ ad r̄′′ will be of the form Vj ⊗Wχ for some copy of Vj ⊂ ad r̄;
this uses our analysis, above, of the conditions under which terms in the direct
sum (4.1.3) are isomorphic.) Since r|GF (ζl)

has m∗-big image, hence big image, and

M is linearly disjoint from F
ker r̄

(ζl) over F , we see that r|GM(ζl)
has big image.

Thus we can find a σ ∈ GM(ζl) and a simple root α of the characteristic polynomial
det(X − r̄(σ)) such that πr̄(σ),αVjir̄(σ),α 6= (0). Altering σ by elements of inertia

subgroups at primes above q (which does not affect r̄(σ)), we can assume2 that

for i = 1, . . . ,m∗ − 1 the ratio (θ̄′/θ̄′
τ̃ i

)(σ) does not equal α′/α for any root α′

1In case it will help avoid confusion, let us spell this out a little more. The representation r̄

can equivalently be thought of as a vector space Vr̄ on which the Galois group acts; similarly, we
can think of the representation ad r̄ as a vector space Vad r̄ with an action of the Galois group; the

underlying vector space of Vad r̄ is just the vector space EndVectSpc Vr̄ of endomorphisms of the

underlying vector space of Vr̄. Each element h of H determines an element of AutVectSpc Vad r̄;

this is what we mean by h ‘thought of as an element of Aut ad r̄’.

2In particular, we note that we can alter the quantities θ̄′
τ̃i

(σ) for 1 ≤ i ≤ (m∗/2)−1 indepen-

dently of each other, and of θ̄′(σ), since altering σ by inertia at a prime Qτ
i

will only affect θ̄′
τ̃i

(σ)

and θ̄′
τ̃i+(m∗/2)

(σ). Moreover, since (θ̄′/θ̄′
τ̃i

)(σ) and (θ̄′/θ̄′
τ̃i+(m∗/2)

)(σ) are related via the fact
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(including α) of the characteristic polynomial det(X − r̄(σ)). (That this is possible
relies on the fact that q > 2n+1.) Thus αθ̄′(σ) is a simple root of the characteristic
polynomial of r̄′′(σ) and, for each χ,

πr̄′′(σ),αθ̄′(σ) ◦ Vj(χ) ◦ ir̄′′(σ),αθ̄′(σ)

= (πr̄(σ),α ◦ Vj ◦ ir̄(σ),α)

(
πr̄′(σ),θ̄′(σ) ◦

(
m∗−1∑
i=0

χ−1(τ i)ei ⊗ fi

)
◦ ir̄′(σ),θ̄′(σ)

)
= πr̄(σ),α ◦ Vj ◦ ir̄(σ),α 6= (0)

Next, let us fix j ∈ {0, . . . , s} and i ∈ {1, . . . ,m∗/2}, and let γ : Wi
∼→ Wm∗−i

be the isomorphism such that γ(e0⊗ fi) = e(m∗/2)+i⊗ f(m∗/2). (In the special case
2i = m∗, γ will happen to be the identity; we will in fact not make use of γ in this
case.) We can write any submodule of ad r̄′′|GF (ζl)

which is isomorphic to Vj ⊗Wi

as:

{η1(v)⊗ w + η2(v)⊗ γ(w) : v ∈ Vj , w ∈Wi}

where η1, η2 are embeddings Vj ↪→ ad r̄, and where we suppress the second term
in the sum if 2i = m∗. (This uses our analysis, above, of the conditions under
which terms in the direct sum 4.1.3 are isomorphic.) Using the fact that r|GF (ζl)

is

m∗-big, we can find a σ ∈ GF (ζl) and a root α of det(X − r̄(σ)) such that:

• πr̄(σ),α ◦ Vj ◦ ir̄(σ),α 6= (0).

• No other root of det(X − r̄(σ)) has m∗th power equal to αm
∗
.

Since M is linearly disjoint from F
ker r̄

(ζl) over F , we may additionally assume:

• σ maps to the generator τ of Gal(M(ζl)/F (ζl)).

Define β0, . . . βm∗−1 by:

r̄′(σ)ei = βiei+1

(where we take subscripts modulo m∗). The roots of the characteristic polynomial
of r̄′(σ) are exactly the m∗th roots of β0β1 . . . βm∗−1. If β is such a root, so
βm
∗

= β0β1 . . . βm∗−1, then a corresponding eigenvector is:

vβ := e0 +
β0

β
e1 +

β0β1

β2
e2 + · · ·+ β0 . . . βm∗−2

βm∗−1
em∗−1

and the corresponding equivariant projection is

πr̄′(σ),βej =
βj

m∗β0β1 . . . βj−1
vβ

that (θ̄′)(θ̄′)c is unramified at all places of M above q, we may ensure that (θ̄′/θ̄′
τ̃i+(m∗/2)

)(σ)

avoids taking the value α′/α by ensuring that θ̄′
τ̃i

(σ) avoids the value (α′(θ̄′θ̄′
c
)(σ))/(θ̄′(σ)α).
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We see that αβ is a simple root of the characteristic polynomial det(X − r̄′′(σ)),
and that for v ∈ Vj
πr̄′′(σ),αβ ◦ (η1(v)⊗ e0 ⊗ fi + η2(v)⊗ e(m∗/2)+i ⊗ f(m∗/2)) ◦ ir̄′′(σ),αβ

= (πr̄(σ),α ◦ η1(v) ◦ ir̄(σ),α)(πr̄′(σ),β ◦ (e0 ⊗ fi) ◦ ir̄′(σ),β)

+ (πr̄(σ),α ◦ η2(v) ◦ ir̄(σ),α)(πr̄′(σ),β ◦ (e(m∗/2)+i ⊗ f(m∗/2)) ◦ ir̄′(σ),β)

= (πr̄(σ),α ◦ η1(v) ◦ ir̄(σ),α)
1

m∗
β0 . . . βi−1

βi

+ (πr̄(σ),α ◦ η2(v) ◦ ir̄(σ),α)
βm
∗/2+i

m∗β0 . . . βm∗/2+i−1

β0 . . . βm∗/2−1

βm∗/2

=
1

m∗

(
(πr̄(σ),α ◦ η1(v) ◦ ir̄(σ),α)

β0 . . . βi−1

βi
+ (πr̄(σ),α ◦ η2(v) ◦ ir̄(σ),α)

βi

βm∗/2 . . . βm∗/2+i−1

)
.

This will be nonzero for some choice of β and v.
Since all terms in the sum (4.1.3) are isomorphic either to a Vj(χ) or a Wi ⊗ Vj ,

the only remaining point is to check that r̄′′(GF (ζl)) has no quotients of l-power
order. It suffices to prove that H ′′ = (ad r̄′′)(GF (ζl)) has no quotients of l-power

order (because the group of scalar matrices in GLnm∗(Fl) has no elements of order
divisible by l). Since m∗ is not divisible by l, H ′ has order prime to l, and we
see that any quotient of H ′′ of l-power order would also be a quotient of H. Since
r|GF (ζl)

has m∗-big image, H has no quotients of l-power order, and we are done. �

4.2. We now return to the main business of section: constructing characters. For
the entire remainder of this section, we will be working with the following combi-
natorial data in the background:

Situation 4.2.1. Suppose that F is a totally real field, l is a rational prime which
splits completely in F , and that we are given the following data:

• A partition of the set of primes above l into two subsets Sord and Sss,
• For each prime v above l, integers av and bv, and
• A set T of places of F , not containing places above l.

such that the sum −2av + bv takes some fixed value, w say, independent of v.

(It may be helpful to the reader if we remark that this combinatorial data is
intended to be related to the automorphic representation π of GL2(AF ) with which
we will eventually be working in the following manner: the sets Sord, Sss reflect the
places above l where π is ordinary and where it is supersingular; π is thought of as
being associated to a Galois representation having Hodge-Tate numbers {−av, bv−
av} at the place v; and the set T contains the places away from l where π is
ramified.)

We define a certain integer m∗, dependent on the set of bv’s of Situation 4.2.1,
but not on the prime l itself.

Definition 4.2.2. Let B = {bv|v a prime of F above l}, considered as a set with-
out multiplicity. We define the integer m∗ to be the least common multiple of the
integers in the set {2} ∪B.

We have seen in the previous section that our lifting theorems require us to
maintain careful control of the lattices with which we work. We therefore single
out certain lattices which will be important in the sequel.
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Definition 4.2.3. Suppose we are in the situation of Situation 4.2.1. We make the
following definitions:

(1) Suppose that v ∈ Sss is a place of F above l, and let L be the quadratic
unramified extension of Fv in F v (so that L is isomorphic to Ql2). Let
K be a finite extension of Ql with ring of integers O, and suppose that
χ : GL → O× is a de Rham character. Finally suppose we have chosen
σ ∈ GFv mapping to a generator of Gal(L/Fv). Then we can consider the

ordered O-basis {f0, f1} of Ind
GFv
GL

χ where fi : GFv → O is the function

supported on σiGL and taking the value 1 on σi. We call this the σ-standard

basis for Ind
GFv
GL

χ.
(2) Continue the assumptions of the previous point. We get an ordered ba-

sis {g0, . . . , gn−1} of Symn−1 Ind
GFv
GL

χ inherited (in the sense of Definition

3.3.1) from the σ-standard basis on Ind
GFv
GL

χ defined in the previous part.

We call this the σ-standard basis of Symn−1 Ind
GFv
GL

χ. (Concretely, consid-

ering Symn−1 Ind
GFv
GL

χ as a quotient of (Ind
GFv
GL

χ)⊗(n−1), gi is the image

of f
⊗(n−1−i)
0 ⊗ f⊗i1 .)

(3) Suppose M/F is a cyclic degree m∗ extension with F totally real and M
CM, K is a finite extension of Ql with ring of integers O, τ̃ ∈ GF an
element mapping to a generator τ ∈ Gal(M/F ), and θ : GM → O× is a

character. We consider the ordered O-basis {e0, . . . , em∗−1} of IndGFGM θ,

where ei : GF → O is the function supported on τ̃ iGM with value 1 on τ̃ i,
and call this the τ̃ -standard basis for IndGFGM θ.

(4) If v, L,K,M,χ, θ, σ, τ̃ are as above, then we consider Symn−1 Ind
GFv
GL

χ ⊗
IndGFGM θ, which is a representation of GFv , and has an ordered basis inher-
ited (in the sense of Definition 3.3.2) from the σ-standard and τ̃ -standard

bases on Symn−1 Ind
GFv
GL

χ and IndGFGM θ already defined. We call this the

(σ, τ̃)-standard basis of Symn−1 Ind
GFv
GL

χ⊗ IndGFGM θ.

We are now in a position to construct the characters we will need.

Lemma 4.2.4. Suppose we are in the situation described in Situation 4.2.1, and
we have fixed an integer n and an extension F (bad) of F . Assume that l - m∗ and
l > 2n − 2. Then we can find a degree m∗ cyclic CM extension M of F , linearly
disjoint from F (bad) over F , and continuous characters

θ, θ′ : GM → Z×l ,

which are de Rham at all primes above l, and which enjoy the following further
properties:

(1) θ, θ′ are congruent (mod l).
(2) Suppose that v ∈ Sss is a place of F above l, and let L be the quadratic

unramified extension of Fv in F v (so that L is isomorphic to Ql2). Suppose

that χ, χ′ : GL → Q×l are de Rham characters with χ = χ′. Suppose
furthermore that the Hodge-Tate weights of χ are −av and bv − av, while
those of χ′ are 0 and 1.

Let K ⊂ Ql be a finite extension of Ql with ring of integers O, and
suppose that K is large enough that θ, θ′, χ and χ′ are all valued in O. Let
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σ ∈ GFv be an element mapping to a generator of Gal(L/Fv), and τ̃ ∈ GF
an element mapping to a generator τ ∈ Gal(M/F ).

Let L′ be a finite extension of L in F v such that χ|GL′ , χ
′
GL′

, θ|GL′ , and

θ′|GL′ are all crystalline. Let

ρχ = (Symn−1 Ind
GFv
GL

χ)|GL′ ⊗ (IndGFGM θ)|GL′ ,

and ρχ′ = (Symn−1 Ind
GFv
GL

χ′)|GL′ ⊗ (IndGFGM θ′)|GL′ ,
regarded as representations GL′ → GLnm∗(O) with respect to their (σ, τ̃)-
standard bases. Note ρχ and ρ′χ′ become equal after composition with the

homomorphism GLnm∗(O) → GLnm∗(k). Assume in fact that L′ has been
chosen so that this common composite is the trivial representation.

Then ρχ ∼ ρχ′ (in the sense of Definition 3.3.5).

(3) For any r : Gal(F/F ) → GLn(Zl), a continuous Galois representation

ramified only at primes in T and above l, which satisfies F
ker r̄

(ζl) ⊂ F (bad):

• If r|GF (ζl)
has m∗-big image, then (r⊗IndGFGM θ)|GF (ζl)

and (r⊗IndGFGM θ′)|GF (ζl)

have big image.

• If [F
ker ad r̄

(ζl) : F
ker ad r̄

] > m∗ then neither the fixed field of the kernel

of ad(r̄ ⊗ IndGFGM θ̄) nor that of ad(r̄ ⊗ IndGFGM θ̄′) will contain ζl.

(4) We can put a perfect pairing on IndGFGM θ satisfying
(a) 〈v1, v2〉 = (−1)n〈v2, v1〉.
(b) For σ ∈ GF , we have

〈σv1, σv2〉 = εl(σ)−m
∗n+1−(1−n)wω̃(σ)−(w−1)(n−1)〈v1, v2〉

where ω̃ is the Teichmüller lift of the mod l cyclotomic character.
Thus, in particular,

(IndGFGM θ)∨ ∼= (IndGFGM θ)⊗ εm
∗n−1+(1−n)w

l ω̃(w−1)(n−1).

(Note that the character on the right hand side takes the value (−1)n on
complex conjugations.)

(5) Similarly, we can put a perfect pairing on IndGFGM θ′ satisfying
(a) 〈v1, v2〉 = (−1)n〈v2, v1〉.
(b) For σ ∈ GF , we have 〈σv1, σv2〉 = εl(σ)−(m∗−1)n〈v1, v2〉.

Thus, in particular, (IndGFGM θ′)∨ ∼= (IndGFGM θ′)⊗ ε(m
∗−1)n

l .
(Again the character on the right hand side is (−1)n on complex conjuga-
tions.)

(6) Suppose r : Gal(F/F ) → GL2(Zl) is a continuous representation with
Hodge-Tate weights {−av, bv − av} at v for each place v of F above l; then

Symn−1 r ⊗ IndGFGM θ has the following Hodge-Tate weights at v:

{0, 1, 2, . . . ,m∗n− 2,m∗n− 1}

(for each v). In particular, Symn r ⊗ IndGFGM θ is regular.

(7) Suppose r′ : Gal(F/F ) → GL2(Zl) is a continuous representation with
Hodge-Tate weights {0, 1} at v for each place v of F above l; then Symn−1 r′⊗
IndGFGM θ′ also has the following Hodge-Tate weights at v:

{0, 1, 2, . . . ,m∗n− 2,m∗n− 1}

(for each v). In particular, Symn r′ ⊗ IndGFGM θ′ is regular.
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Proof. Step 1: Finding a suitable field M . We claim that there exists a surjective
character χ : Gal(F/F )→ µm∗ (where µm∗ is the group of m∗-th roots of unity in

Q×) such that

• χ is unramified at all places of F above l.
• χ(Frobv) = 1 for all v ∈ Sord.
• χ(Frobv) = −1 for all v ∈ Sss.
• χ(cv) = −1 for each infinite place v (where cv denotes a complex conjuga-

tion at v).

• F kerχ
is linearly disjoint from F (bad) over F .

We construct the character χ as follows. First, we find using weak approximation
a totally negative element α ∈ F× which is a v-adic unit for each v|l, and which is
congruent to a quadratic residue mod each v ∈ Sord and a quadratic non-residue
mod each v ∈ Sss. Let χ0 be the quadratic character associated to the extension
we get by adjoining the square root of this element. Then:

• χ0 is unramified at all places of F above l.
• χ0(Frobv) = 1 for all v ∈ Sord.
• χ0(Frobv) = −1 for all v ∈ Sss.
• χ0(cv) = −1 for each infinite place v (where cv denotes a complex conjuga-

tion at v).

Now choose (for example by Theorem 6 of chapter 10 of [AT09]) a cyclic totally
real extension M1/Q of degree m∗ such that:

• M1/Q is unramified at all the rational primes where F
kerχ0

F (bad)/Q is
ramified.
• l splits completely in M1.

Since F
kerχ0

F (bad)/Q and M1/Q ramify at disjoint sets of primes, they are linearly

disjoint, and we can find a rational prime p which splits completely in F (bad)F
kerχ0

but such that Frobp generates Gal(M1/Q). Since M1/Q is cyclic, we may pick an
isomorphism between Gal(M1/Q) and µm∗ , and we can think of M1 as determining
a character χ1 : GQ → µm∗ such that:

• χ1 is trivial on GQl .
• χ1 is trivial on complex conjugation.
• χ1(Frobp) = ζm∗ , a primitive m∗th root of unity.

Then, set χ = (χ1|GF )χ0. Note that this maps onto µm∗ , even when we restrict to
GF (bad) (since p splits completely in F (bad) and if ℘ is a place of F (bad) over p, we
have χ0(Frob℘) = 1 while χ1(Frob℘) = ζm∗). The remaining properties are clear.

Having shown χ exists, we set M = F
kerχ

; note that this is a CM field, and a
cyclic extension of F of degree m∗. Write τ for a generator of Gal(M/F ). Write
M+ for the maximal totally real subfield of M .

Step 2: Defining certain sequences of numbers. We now will now define certain
sequences of numbers. The reason for introducing them is that the characters θ and
θ′ will be engineered such that their Hodge-Tate numbers at the primes above l in
M will be given according to the sequences we are about to construct, and many
of the formulae we use in defining θ and θ′ will require explicit mention of these
numbers. Thus it will be helpful to have introduced notation for them.
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In particular, for each prime v of F above l, we define m∗-tuples of integers
(hv,0, . . . , hv,m∗−1) and (h′v,0, . . . , h

′
v,m∗−1) by putting:

(hv,0, . . . , hv,m∗−1) = (av(n− 1), 1 + av(n− 1), 2 + av(n− 1), . . . , bv − 1 + av(n− 1),

bvn+ av(n− 1), bvn+ 1 + av(n− 1), . . . , bvn+ (bv − 1) + av(n− 1),

. . . ,

(m∗ − bv)n+ av(n− 1), (m∗ − bv)n+ 1 + av(n− 1),

. . . , (m∗ − bv)n+ bv − 1 + av(n− 1))

(h′v,0, . . . , h
′
v,m∗−1) = (0, n, 2n, . . . , (m∗ − 1)n).

We note that, so defined, h and h′ satisfy, for each i:

hv,i + hv,m∗−i−1 = (m∗ − bv)n+ bv − 1 + 2av(n− 1) = m∗n− 1 + (1− n)w

(4.2.1)

h′v,i + h′v,m∗−i−1 = (m∗ − 1)n

(4.2.2)

(The characters θ and θ′ will be engineered to have these Hodge-Tate numbers at
the primes above l in M .)

Step 3: An auxiliary prime q. Choose a rational prime q such that

• no prime of T lies above q,
• q 6= l,
• q splits completely in M ,
• q is unramified in F (bad), and
• q − 1 > 2n.

Also choose a prime q of F above q, and a prime Q of M above q.

Step 4: Defining certain algebraic characters φ, φ′ : A×M → (M ′)×. For each
prime v of F above l, let us choose a prime wv of M above v. We now have a
convenient notation for all the primes above v; if v ∈ Sord there are m∗ of them,
τ jwv for j = 0, . . . ,m∗ − 1; and if v ∈ Sss there are m∗/2 of them, τ jwv for
j = 0, . . . , (m∗/2) − 1. Also, choose ιv to be an embedding M → Ql attached to
the prime wv (in case v ∈ Sord there is only one choice; in case v ∈ Sss there are
two).

We are now forced into a slight notational ugliness. Write M̃ for the Galois
closure of M over Q. (Thus Gal(M̃/Q) is in bijection with embeddings M̃ → Q.)

Let us fix ι∗, an embedding of M̃ into Ql, and write v∗ for the prime of M below
this.3 Given any embedding ι′ of M into Ql, we can choose an element σι′ in
Gal(M̃/Q) such that ι′ = ι∗ ◦ σι′ .

We claim that there exists an extension M ′ of M , and a character φ : A×M →
(M ′)× with open kernel such that:

• For α ∈M×,

φ(α) =
∏

v∈Sord∪Sss

(m∗/2)−1∏
j=0

(σιv◦τ−j (α))hv,j (σιv◦τ−j−(m∗/2)(α))hv,m∗−1−j

3The choice of this ι∗ will affect the choice of the algebraic characters φ, φ′ below, but will
be cancelled out—at least concerning the properties we care about—when we pass to the l-adic

characters θ, θ′ below.
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• For α ∈ (AM+)×, we have

φ(α) = (
∏
v6 |∞

|αv|
∏
v|∞

sgnv(αv)δM/M+(ArtM+(α)))−m
∗n+1−(1−n)w,

where δM/M+ is the quadratic character of GM+ associated to M . (Note
that, in the right hand side, we really think of α as an element of AM+ , not
just as an element of AM which happens to lie in AM+ ; so for instance v
runs over places of M+, and the local norms are appropriately normalized
to reflect us thinking of them as places of M+.)
• φ is unramified at l.

This is an immediate consequence of Lemma 2.2 of [HSBT10]; we must simply
verify that the conditions in the bullet points are compatible; the only difficult part
is comparing the first and second, where equation 4.2.1 gives us what we need4.

Similarly, we construct a character φ′ : (AM )× → (M ′)× (enlarging M ′ if neces-
sary) with open kernel such that:

• For α ∈M×,

φ′(α) =
∏

v∈Sord∪Sss

(m∗/2)−1∏
j=0

(σιv◦τ−j (α))h
′
v,j (σιv◦τ−j−(m∗/2)(α))h

′
v,m∗−1−j

• For α ∈ (AM+)×, we have

φ′(α) = (
∏
v6 |∞

|αv|
∏
v|∞

sgnv(αv)δM/M+(ArtM+(α)))−(m∗−1)n.

(Again, we think of α in the right hand side as a bona fide member of
AM+ .)
• φ′ is unramified at l.
• q|#φ′(O×M,Q), but φ′ is unramified at primes above q other than Q and Qc

Again, this follows from Lemma 2.2 of [HSBT10], now using equation 4.2.2.

Step 5: Defining the characters θ, θ′ : Gal(M/M)→ Z×l . Write M̃ ′ for the Galois

closure of M ′ over Q, and extend ι∗ : M̃ → Ql to an embedding ι∗∗ : M̃ ′ → Ql.
Define l-adic characters θ0, θ

′ : Gal(M/M)→ Z×l by:

θ0(Artα) = ι∗∗(φ(α))
∏
v|l

(m∗/2)−1∏
j=0

(ιv ◦ τ−j)(ατjwv )−hv,j (ιv ◦ τ−j−(m∗/2))(ατ(m∗/2)+jwv )−hv,m∗−1−j

θ′(Artα) = ι∗∗(φ′(α))
∏
v|l

(m∗/2)−1∏
j=0

(ιv ◦ τ−j)(ατjwv )−h
′
v,j (ιv ◦ τ−j−(m∗/2))(ατ(m∗/2)+jwv )−h

′
v,m∗−1−j

where v runs over places of F dividing l. (It is easy to check that the expressions
on the right hand sides are unaffected when α is multiplied by an element of M×.)
Observe then that they enjoy the following properties:

• θ′◦VM/M+ = (εlδM/M+)−(m∗−1)n where VM/M+ is the transfer mapGab
M+ →

Gab
M . In particular, θ′θ′c = ε

−(m∗−1)n
l .

4We also use the fact that, if we fix a complex embedding ιC of M , ιC ◦σιv◦τj will run through
all other complex embeddings as v runs through primes above l and j runs from 0 to m∗ − 1, as

may be seen by taking a field isomorphism C ∼= Ql
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• θ0◦VM/M+ = (εlδM/M+)−m
∗n+1−(1−n)w and hence , θ0θ

c
0 = ε

−m∗n+1−(1−n)w
l .

• For v ∈ Sord and 0 ≤ j ≤ (m∗/2)− 1, the Hodge-Tate weight of θ0|GM
τjwv

is hv,j , and the Hodge-Tate weight of θ0|GM
τj+m

∗/2wv
is hv,m∗−1−j .

• For v ∈ Sss and 0 ≤ j ≤ (m∗/2)− 1, the Hodge-Tate weights of θ0|GM
τjwv

are hv,j and hv,m∗−1−j .
• For v ∈ Sord and 0 ≤ j ≤ (m∗/2)− 1, the Hodge-Tate weight of θ′|GM

τjwv

is h′v,j , and the Hodge-Tate weight of θ′|GM
τj+m

∗/2wv
is h′v,m∗−1−j .

• For v ∈ Sss and 0 ≤ j ≤ (m∗/2)− 1, the Hodge-Tate weights of θ′|GM
τjwv

are h′v,j and h′v,m∗−1−j .
• q|#θ′(IQ), but θ′ is unramified at all primes above q except Q,Qc.

We now define θ = θ0(θ̃′/θ̃0)—where θ̃0 (resp θ̃′) denotes the Teichmuller lift of the
reduction mod l of θ0 (resp θ′)—and observe that:

• θ (mod l) = θ′ (mod l).

• θθc = ε
−m∗n+1−(1−n)w
l ω̃−(w−1)(n−1).

Step 6: Properties of IndGFGM θ and IndGFGM θ′. We begin by addressing point 4.

We define a pairing on IndGFGM θ by the formula

〈λ, λ′〉 =
∑

σ∈Gal(M/M)\Gal(M/F )

εl(σ)m
∗n−1+(1−n)wω̃(σ)(w−1)(n−1)λ(σ)λ′(cσ)

where c is any complex conjugation. One easily checks that this is well defined and
perfect, and that the properties (a) and (b) hold.

We can address point 5 in a similar manner, defining:

〈λ, λ′〉 =
∑

σ∈Gal(M/M)\Gal(M/F )

εl(σ)(m∗−1)nλ(σ)λ′(cσ)

and checking the required properties.
Next, we address point 6. We will use the following notation: if S, T are multisets

of integers, we will write S⊕T for the ‘union with multiplicity’ of S and T (so that
{1}⊕{1} = {1, 1}), and S⊗T for the convolution of S and T (i.e. {s+t|s ∈ S, t ∈ T}
with appropriate multiplicities). Finally, for r : GF → GLk(Zl) a de Rham Galois
representation and v a prime above l, we will write HTv(r) for the multiset of
Hodge-Tate numbers of r at the place v. (Note that l splits completely, so this is
well defined.)

Now, supposing r : Gal(F/F ) → GL2(Zl) to be a continuous representation
with HTv(r) = {−av, bv − av} for each place v of F above l, we can calculate

HTv(Symn−1 r ⊗ IndGFGM θ) and show it has the required value; see Figure 1.

Next we address point 7, in a similar manner. Supposing r : Gal(F/F ) →
GL2(Zl) to be a continuous representation with HTv(r) = {0, 1} for each place v
of F above l, we can calculate:

HTv(Symn−1 r ⊗ IndGFGM θ) = HTv(Symn−1 r)⊗HTv(IndGFGM θ)

= {0, 1, . . . , n− 1} ⊗ {h′v,0, . . . , h′v,m∗−1}
= {0, 1, . . . , n− 1} ⊗ {0, n, 2n, . . . , (m∗ − 1)n}
= {0, 1, . . . ,m∗n− 1}



SATO-TATE 39

HTv( Symn−1 r ⊗ IndGFGM θ) =

= HTv(Symn−1 r)⊗HTv(IndGFGM θ)

={−(n− 1)av,−(n− 2)av + (bv − av), . . . , (n− 1)(bv − av)}
⊗ {hv,0, . . . , hv,m∗−1}

={0, bv, . . . , (n− 1)bv} ⊗ ({−(n− 1)av} ⊗ {hv,0, . . . , hv,m∗−1})
={0, bv, . . . , (n− 1)bv}

⊗
(
{0, 1, 2, . . . , bv − 1} ⊕ {nbv, nbv + 1, . . . , nbv + (bv − 1)}⊕
· · · ⊕ {(m∗ − bv)n, (m∗ − bv)n+ 1, . . . , (m∗ − bv)n+ bv − 1}

)
={0, bv, . . . , (n− 1)bv} ⊗ {0, 1, 2, . . . , bv − 1}
⊕ {0, bv, . . . , (n− 1)bv} ⊗ {nbv, nbv + 1, . . . , nbv + (bv − 1)}
⊕ . . .
⊕ {0, bv, . . . , (n− 1)bv}

⊗ {(m∗ − bv)n, (m∗ − bv)n+ 1, . . . , (m∗ − bv)n+ bv − 1}
={0, 1, . . . , nbv − 1} ⊕ {nbv, nbv + 1, . . . , 2nbv − 1}

⊕ · · · ⊕ {n(m∗ − bv), n(m∗ − bv) + 1, . . . , nm∗ − 1}
={0, 1, . . . ,m∗n− 1}

Figure 1. Computation of HTv(Symn−1 r ⊗ IndGFGM θ)

Next, we address point 2. Let v ∈ Sss. The assumption that L′ contains L
means that the representations ρχ and ρχ′ are both GLnm∗(O)-conjugate to direct
sums of characters, and the other assumptions on L′ ensure that these characters
are all crystalline. The Hodge-Tate weights of these characters with respect to any
embedding i : L′ ↪→ Ql are determined by the restriction of i to L, so we may
think of each character as having two Hodge-Tate weights in the obvious way. For
both ρχ and ρχ′ , the set of ordered pairs of Hodge-Tate weights, running over all
the characters, is exactly the set of ordered pairs of non-negative integers with sum
nm∗ − 1 (this follows from the calculations establishing points 6 and 7). Since
two crystalline characters with the same Hodge-Tate weights must differ by an
unramified twist, the result follows from Corollary 3.4.4.

Step 7: Establishing the big image/avoid ζl properties. All that remains is to
prove the big image and avoiding ζl properties; that is, point (3). We will just show

the stated properties concerning IndGFGM θ′; the statement for IndGFGM θ then follow
since θ and θ′ are congruent.

Let r be a continuous l-adic Galois representation with m∗-big image, such that
the following properties hold:

• r is ramified only at primes of T and above l, and
• we have F̄ ker r̄(ζl) ⊂ F (bad).

We may now apply Lemma 4.1.2. Applying part 2 of that Lemma will give that
(r ⊗ IndGFGM θ′)|GF (ζl)

has big image, (the first part of point (3) to be proved) and
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applying part 1 will give the fact that we avoid ζl (the second part of point (3)).
All that remains is to check the hypotheses of Lemma 4.1.2.

The fact that M is linearly disjoint from F
ker r̄

(ζl) (common to both parts) comes

from the fact that F
ker r̄

(ζl) ⊂ F (bad) and M was chosen to be linearly disjoint from
F (bad).

We turn now to the particular hypotheses of the second part. That r|GF (ζl)

has m∗-big image is by assumption. The properties we require of q follow directly
from the bullet points established in Step 3, the properties of r just above, and
the first and last bullet points (concerning θ′θ′c and #θ′(IQ) respectively) in the
list of properties of θ′ given immediately after θ′ is introduced in step 5. The fact
that (θ̄′)(θ̄′)c can be extended to GF comes from the fact that it is a power of the
cyclotomic character. �

Finally, we will prove that, when we have applied this lemma, it is in fact possible
to strengthen point 2 a little.

Lemma 4.2.5. Suppose that we are in the situation of Lemma 4.2.4, and suppose
that v, L, L′, χ, χ′, σ,K,O are as in point (2) of that Lemma. Using σ-standard

bases, we can consider Ind
GFv
GL

χ as a representation rχ : GFv → GL2(O), and do
the same for rχ′ .

Suppose further that r, r′ : GFv → GL2(O) are Galois representations, and that
there is a matrix A ∈ GL2(O) such that r = ArχA

−1, r′ = Arχ′A
−1. Let

ρr = (Symn−1 r)|GL′ ⊗ (IndGFGM θ)|GL′ ,

and ρr′ = (Symn−1 r′)|GL′ ⊗ (IndGFGM θ′)|GL′ .

We have a given basis of r, from which we inherit a basis on Symn−1 r using
Definition 3.3.1; we have the τ−standard basis on IndGFGM θ; and thus we inherit a
natural basis on ρr and can consider it as a representation into GLnm∗(O). The
same is true of ρr′ .

Then ρr and ρr′ are congruent, and moreover ρr ∼ ρr′ in the sense of Definition
3.3.5.

Proof. The matrix A gives rise to a matrix An := Symn−1A, and (abbreviating
Symn−1 r as rn, Symn−1 r′ as r′n, Symn−1 rχ as rχ,n and Symn−1 rχ′ as rχ′,n),
rn = Anrχ,nA

−1
n , r′n = Anrχ′,nA

−1
n .

Then we can define an element B of GLnm∗(O) by putting B := An⊗ id, and see
that ρr = BρχB

−1 (where ρχ is as defined in point (2) of lemma 4.2.4); similarly
ρr′ = Bρχ′B

−1.
Since point (2) of Lemma 4.2.4 tells us ρχ = ρχ′ , we have:

ρr = BρχB−1 = Bρχ′B−1 = ρr′ .

Moreover, since ρχ ∼ ρχ′ (again from point (2)), we can deduce that

ρr = BρχB
−1 ∼ Bρχ′B−1 = ρr′

(since conjugation by B defines a natural isomorphism between the lifting problems

for ρ̄χ and for BρχB−1, and hence a natural isomorphism between all the relevant
universal lifting rings), as required. �
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5. Twisting and untwisting

5.1. Twisting. In this section we establish some basic results about automorphic
induction and Galois representations, which are presumably well-known but for
which we lack a reference. If K is a number field, we say that an automorphic
representation π of GLn(AK) is regular if πv is regular for all v|∞, in the sense
of section 7 of [BLGHT09]. We caution the reader that while “regular algebraic”
(which is also defined in section 7 of [BLGHT09]) implies “regular”, the two notions
are not equivalent.

Lemma 5.1.1. Suppose that L/K is a cyclic extension of number fields. Let κ
be a generator of Gal(L/K)∨. Let π be a cuspidal automorphic representation of
GLn(AK), and suppose that π 6∼= π ⊗ (κi ◦ ArtK ◦ det) for any 1 ≤ i ≤ [L : K]− 1.
Then there is a cuspidal automorphic representation Π of GLn(AL) such that for
all places w of L lying over a place v of K we have

rec(Πw) = rec(πv)|WLw
.

Proof. By induction on [L : K] we may reduce to the case that L/K is cyclic of
prime degree. The result then follows from Theorems 3.4.2 and 3.5.1 of [AC89],
together with Lemma VII.2.6 of [HT01] and the main result of [Clo82]. �

We will write BCL/K(π) for Π.

Lemma 5.1.2. Suppose that L/K is a cyclic extension of number fields of degree
m. Let π be a regular cuspidal automorphic representation of GLn(AL). Let σ be

a generator of Gal(L/K). Assume that π 6∼= πσ
i

for any 1 ≤ i ≤ m − 1. Suppose

further that IndK∞L∞ π∞ (the local automorphic induction) is regular. Then there is
a regular cuspidal automorphic representation Π of GLmn(AK) such that for all
places v of K we have

(5.1.1) rec(Πv) = ⊕w|v Ind
WKv

WLw
rec(πw)

(the sum being over places w of L dividing v).

Proof. The case that m is prime follows from Theorem 3.5.1 and Lemma 3.6.4 of
[AC89], together with Lemma VII.2.6 of [HT01] and the main result of [Clo82] (the

assumption that IndK∞L∞ π∞ is regular is of course equivalent to the statement that Π
is regular). For the general case we use induction. Suppose that L ⊃ L2 ⊃ L1 ⊃ K
with L2/L1 cyclic of prime degree, and suppose that we have found a regular
cuspidal automorphic representation ΠL2

of GL[L:L2]n(AL2
) satisfying the analogue

of (5.1.1). The result will follow for L1 provided we know that ΠL2
6∼= Πσ[L1:K]i

L2
for

any 1 ≤ i ≤ [L2 : L1]− 1; but if this fails to hold then it is easy to see that

IndK∞L∞ π∞ = IndK∞(L2)∞
(Ind

(L2)∞
L∞

π∞) = IndK∞(L2)∞
(ΠL2)∞

cannot be regular, a contradiction. �

We will write IndKL π for Π.
Let F be a totally real field and let M be an imaginary CM field which is a

cyclic Galois extension of F of degree m. Fix ι : Ql
∼−→ C. Let π be an RAESDC

automorphic representation of GLn(AF ), and let χ be an algebraic character of
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M×\A×M , chosen so that the Galois representation IndGFGM rl,ι(χ) is essentially self-
dual. Then the Galois representation

rl,ι(π)⊗ IndGFGM rl,ι(χ) : GF → GLnm(Ql)

is also essentially-self dual. We have the following result.

Proposition 5.1.3. Assume that

π∞ � IndF∞M∞ χ∞

is regular; equivalently, rl,ι(π) ⊗ IndGFGM rl,ι(χ) is regular. Assume also that if κ

is a generator of Gal(M/F )∨, then π 6∼= π ⊗ (κi ◦ ArtK ◦ det) for any 1 ≤ i ≤
[M : F ]− 1. Then the representation rl,ι(π)⊗ IndGFGM rl,ι(χ) is automorphic. More
precisely, there is an RAESDC automorphic representation Π of GLnm(AF ) with

rl,ι(Π) ∼= rl,ι(π)⊗ IndGFGM rl,ι(χ). In fact, for every place v of F , we have

rec(Πv| · |(1−mn)/2) = rec(πv| · |(1−n)/2)⊗ (⊕w|v Ind
WFv

WMw
rec(χw))

(the sum being over places w of M dividing v).

Proof. It is enough to prove that there is a regular cuspidal automorphic repre-
sentation Π of GLmn(AF ) satisfying the final assertion (Π is then algebraic by the
conditions at the infinite places, and is automatically essentially self-dual by the
strong multiplicity one theorem and the conditions at the finite places, and thus
has a Galois representation rl,ι(Π) associated to it, which satisfies the required
condition by the Tchebotarev density theorem).

By Lemma 5.1.1 and Lemma 5.1.2 we have a regular cuspidal automorphic rep-
resentation

Π := (IndFM (BCM/F (π| · |(1−n)/2)⊗ χ))| · |(mn−1)/2

(note that BCM/F (π| · |(1−n)/2)⊗χ satisfies the hypotheses of Lemma 5.1.2 by the

assumption that π∞� IndF∞M∞ χ∞ is regular). By definition this choice of Π satisfies

rec(Πv| · |(1−mn)/2) = ⊕w|v Ind
WFv

WMw
(rec(πv| · |(1−n)/2)|WMw

⊗ rec(χw))

for each place v of F , and the result follows. �

5.2. Untwisting. In this section we explain a kind of converse to Proposition
5.1.3, following an idea of Harris ([Har07], although our exposition is extremely
similar to that found in the proof of Theorems 7.5 and 7.6 of [BLGHT09]).

Suppose that F is a totally real field and that M is an imaginary CM field which
is a cyclic extension of F of degree m. Suppose that θ is an algebraic character of
M×\A×M and that Π is a RAESDC representation of GLmn(AF ) for some n. Let

ι : Ql
∼−→ C.

Proposition 5.2.1. Assume that there is a continuous irreducible representation
r : GF → GLn(Ql) such that r|GM is irreducible and

rl,ι(Π) ∼= r ⊗ IndGFGM rl,ι(θ).

Then r is automorphic.
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Proof. Let σ denote a generator of Gal(M/F ), and κ a generator of Gal(M/F )∨.
Then we have

rl,ι(Π⊗ (κ ◦ArtF ◦ det)) = rl,ι(Π)⊗ rl,ι(κ ◦ArtF )

∼= r ⊗ (rl,ι(κ ◦ArtF )⊗ IndGFGM rl,ι(θ))

∼= r ⊗ IndGFGM (rl,ι(κ ◦ArtF )|GM ⊗ rl,ι(θ))
∼= r ⊗ IndGFGM rl,ι(θ)

∼= rl,ι(Π),

so that Π⊗ (κ ◦ArtF ◦ det) ∼= Π.
We claim that for each intermediate field M ⊃ N ⊃ F there is a regular cuspidal

automorphic representation ΠN of GLn[M :N ] such that

ΠN ⊗ (κ ◦ArtN ◦ det) ∼= ΠN

and BCN/F (Π) is equivalent to

ΠN �Πσ
N � · · ·�Πσ[N:F ]−1

N

in the sense that for all places v of N , the base change from Fv|F to Nv of Πv|F is

ΠN,v �Πσ
N,v � · · ·�Πσ[N:F ]−1

N,v .

We prove this claim by induction on [N : F ]. Suppose that M ⊃ M2 ⊃ M1 ⊃ F
with M2/M1 cyclic of prime degree, and that we have already proved the result for
M1. Since

ΠM1 ⊗ (κ ◦ArtM1 ◦ det) ∼= ΠM1

we see from Theorems 3.4.2 and 3.5.1 of [AC89] (together with Lemma VII.2.6
of [HT01] and the main result of [Clo82]) that there is a cuspidal automorphic
representation ΠM2 of GLn[M :M2] such that BCM2/F (Π) is equivalent to

ΠM2
�Πσ

M2
� · · ·�Πσ[M2:F ]−1

M2
.

Since Π is regular, ΠM2 is regular. The representation ΠM2 ⊗ (κ ◦ ArtM2 ◦det)
satisfies the same properties (because Π ⊗ (κ ◦ ArtF ◦ det) ∼= Π), so we see (by
strong multiplicity one for isobaric representations) that we must have

ΠM2 ⊗ (κ ◦ArtM2 ◦ det) ∼= Πσi

M2

for some 0 ≤ i ≤ [M : M2]− 1. If i > 0 then

ΠM2
�Πσ

M2
� · · ·�Πσ[M2:F ]−1

M2

cannot be regular (note that of course κ is a character of finite order), a contradic-
tion, so in fact we must have i = 0. Thus

ΠM2 ⊗ (κ ◦ArtM2 ◦ det) ∼= ΠM2

and the claim follows.
Let π := ΠM . Note that the representations πσ

i

for 0 ≤ i ≤ m− 1 are pairwise
non-isomorphic (because Π is regular). Note also that π⊗ | det |(n−nm)/2 is regular
algebraic (again, because Π is regular algebraic).
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Since Π is RAESDC, there is an algebraic character χ of F×\A×F such that
Π∨ ∼= Π⊗(χ◦det). It follows (by strong multiplicity one for isobaric representations)
that for some 0 ≤ i ≤ m− 1 we have

π∨ ∼= πσ
i

⊗ (χ ◦NM/F ◦ det).

Then we have

π ∼= (π∨)∨

∼= (πσ
i

⊗ (χ ◦NM/F ◦ det))∨

∼= (π∨)σ
i

⊗ (χ−1 ◦NM/F ◦ det))

∼= (πσ
i

⊗ (χ ◦NM/F ◦ det))σ
i

⊗ (χ−1 ◦NM/F ◦ det))

∼= πσ
2i

so that either i = 0 or i = m/2. We wish to rule out the former possibility. Assume
for the sake of contradiction that

π∨ ∼= π ⊗ (χ ◦NM/F ◦ det).

Since F is totally real, there is an integer w such that χ| · |−w has finite image. Then
π|det |w/2 has unitary central character, so is itself unitary. Since π⊗|det |(n−nm)/2

is regular algebraic, we see that for places v|∞ of M the conditions of Lemma 7.1

of [BLGHT09] are satisfied for πv|det |w/2v , so that

πv � π
c
v
∼= πv � ((πv ⊗ | det |w/2)c ⊗ (| · |−w/2 ◦ det))

∼= πv � ((πv ⊗ | det |w/2)∨ ⊗ (| · |−w/2 ◦ det))

∼= πv � (π∨v ⊗ (| · |−w ◦ det))

∼= πv � (πv ⊗ (χ| · |−w ◦NM/F ◦ det))

which contradicts the regularity of Πv|F . Thus we have i = m/2, so that

π∨ ∼= πc ⊗ (χ ◦NM/F ◦ det).

Thus π ⊗ |det |(n−nm)/2 is a RAECSDC representation, so that we have a Galois
representation rl,ι(π⊗|det |(n−nm)/2). The condition that BCM/F (Π) is equivalent
to

π � πσ � · · ·� πσ
m−1

translates to the fact that

rl,ι(Π)|GM ∼= rl,ι(π ⊗ | det |(n−nm)/2)⊕ · · · ⊕ rl,ι(π ⊗ | det |(n−nm)/2)σ
m−1

.

By hypothesis, we also have

rl,ι(Π)|GM ∼= (r|GM ⊗ rl,ι(θ))⊕ · · · ⊕ (r|GM ⊗ rl,ι(θ)σ
m−1

).

Since r|GM is irreducible, there must be an i such that

r|GM ∼= rl,ι(π ⊗ | det |(n−nm)/2)⊗ rl,ι(θ)σ
−i
,

so that r|GM is automorphic. The result now follows from Lemmas 1.4 and 1.5 of
[BLGHT09]. �
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6. Potential automorphy in weight 0

6.1. In our final arguments, we will need to rely on certain potential automorphy
results for symmetric powers of Galois representations with Hodge-Tate numbers
{0, 1} at every place. The fact that such results are immediately available given
the techniques in the literature is well known to the experts, but because we were
unable to locate a reference which states the precise results we will need, we will
give very brief derivations of them here. We hope that providing a written reference
for these results may prove useful to other authors.

Lemma 6.1.1. Suppose that l > 2(n − 1)m + 1 is a prime; that k is an algebraic
extension of Fl; that k′ ⊆ k is a finite field and that H ⊂ GLn(k). Suppose that

k× Symn−1 GL2(k′) ⊇ H ⊇ Symn−1 SL2(k′)

Then H is m-big.

Proof. This may be deduced from Lemma 7.3 of [BLGHT09] as Corollary 2.5.4 of
[CHT08] is deduced from Lemma 2.5.2 of loc. cit. �

Lemma 6.1.2. Suppose that m is a positive integer, that k is an algebraic extension
of Fl, that k′ ⊆ k is a finite field and that that F is a totally real field. Suppose that
l is a prime such that [F (ζl) : F ] > 2m, and that r̄ : Gal(F̄ /F )→ GL2(k) has

k×GL2(k′) ⊇ r̄(GF ) ⊇ SL2(k′).

Then, for any n, [F̄ ker ad Symn−1 r̄(ζl) : F̄ ker ad Symn−1 r̄] > m. In particular, the
conclusion holds if l is unramified in F and l > 2m+ 1.

Proof. We have

PSL2(k′) ⊂ (ad Symn−1 r̄)(GF ) ⊂ PGL2(k′),

PGL2(k′)/PSL2(k′) has order 2, and PSL2(k′) is simple. Thus the intersection of

F̄ ad Symn−1 r̄ and F (ζl) has degree at most 2 over F . Since [F (ζl) : F ] > 2m, the
result follows (for the final part, note that if l is unramified in F then [F (ζl) : F ] =
l − 1). �

Proposition 6.1.3. Let F be a totally real field, F (avoid) a finite extension of F ,
L a finite set of primes of F , n a positive integer, and l > 4(n − 1) + 1 a prime
which is unramified in F . Suppose that

r : GF → GL2(Zl)

is a continuous representation which is unramified at all but finitely many primes,
and enjoys the following properties:

(1) det r = ε−1
l .

(2) r̄(GF ) ⊃ SL2(Fl).
(3) For each prime v|l of F , r|GFv is crystalline for all τ ∈ Hom(F,Ql), and

we have

dimQl gri(r ⊗τ,Fv BdR)GFv =

{
1 i = 0, 1

0 (otherwise)

(4) L does not contain primes above l, and r is unramified at places in L.
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Then there is a Galois totally real extension F ′′ of F , linearly disjoint from F (avoid)

over F such that (Symn−1 r)|GF ′′ is automorphic of weight 0 and level prime to l,
and no prime of L ∪ {v|v a prime of F , v|l} ramifies in F ′′.

Proof. We will deduce this result from Theorem 7.5 of [BLGHT09] in the same
way that Theorem 3.2 of [HSBT10] is deduced from Theorem 3.1 of [HSBT10],
following the proof of Theorem 3.2 of [HSBT10] very closely. Our argument is in
fact simpler, because we need no longer maintain a Steinberg place, and so when
we apply the Theorem of Moret-Bailly (Proposition 2.1 of [HSBT10]), we do not
impose any local condition at auxiliary primes vq, vq′ , unlike in [HSBT10]. Thus
all arguments earlier on in the proof concerning these primes become unnecessary.

In particular, we copy the argument up to the application of Proposition 2.1 of
[HSBT10] almost verbatim, with only the following changes:

• The character εl det r is trivial, so the field F1 is simply F , and in particular,
F1 is linearly disjoint from F (avoid) over F .
• Rather than choosing l′ > C(n), n, we take l′ > 4(n − 1) + 1, l′ > 5 and
l′ 6∈ L.
• When we choose E1 in the application of Proposition 2.1 of [HSBT10], we

choose it to have good reduction at primes of L.
• As mentioned above, we no longer impose any local condition at the primes
vq, vq′ since we no longer need the conclusion, after the application of Propo-
sition 2.1 of [HSBT10], that E has split multiplicative reduction at auxiliary
primes vq, vq′ .
• In the application of Proposition 2.1 of [HSBT10], we may also assume that

the field F ′ is linearly disjoint from F (avoid) (this is easy, as Proposition 2.1
of [HSBT10] allows us to avoid any fixed field.) We also impose a local
condition to ask that F not ramify at primes of L; we must then check
that we can find some elliptic curve whose mod ll′ cohomology agrees with
H1(E1 × F,Z/l′Z) × r̄ when restricted to inertia at primes of L. E1 itself
fills this role, all the representations involved being trivial in this case.

As in [HSBT10], the result of all this is the construction of an elliptic curve E over
a finite Galois extension F ′ of F , which together have the following properties:

• F ′ is linearly disjoint from F (avoid)F̄ ker(r̄×r̄1), where r̄1 is the Galois repre-
sentation H1(E1 × F̄ ,Z/l′Z) attached to a certain elliptic curve E1 chosen
earlier in the portion of the proof we followed from [HSBT10], as mentioned
above.
• In particular, since E1 was chosen such that GF � AutH1(E1× F̄ ,Z/l′Z),

we also have GF ′ � AutH1(E1 × F̄ ,Z/l′Z). (A1)
• F ′ is totally real.
• All primes above ll′ and the primes of L are unramified in F ′.
• E has good reduction at all places above ll′ and the primes of L.
• H1(E × F̄ ,Z/lZ) ∼= r|GF ′
• E has good ordinary reduction at l′ (note that l′ is unramified in F , that
E has good reduction at l′, and that its l′ torsion is isomorphic to the l′

torsion of E1, which was chosen to be ordinary at l′). (A2)
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We then apply Theorem 7.5 of [BLGHT09]5 to the Galois representation Symn−1H1(E×
F̄ ,Zl′), which we will call r′n for brevity. Let us check the conditions of this theorem
in turn. We have two unnumbered conditions: first that r′n is almost everywhere
unramified (which is obvious, as it comes from geometry), and second that there
is a perfect, Galois equivariant, pairing on r′n towards Zl(µ), for some character µ
(such a pairing on H1(E × F,Zl′) is furnished by Poincaré duality, going towards
Zl(−1); thus we get such a pairing on r′n with µ = ε1−nl ). Now we address the
numbered conditions:

1: The sign of µ on complex conjugations agrees with the parity of the pairing.
Poincare duality on H1(E × F,Zl′) will be an alternating pairing, so the
pairing on r′n will satisfy 〈u, v〉 = (−1)1−n〈v, u〉 and µ = ε1−nl is (−1)1−n

on complex conjugations.
2: We have [F̄ ker ad r̄′n(ζl) : F̄ ker ad r̄′n ] > 2. We can use the fact that the Galois

representation on the l′ torsion of E is surjective (since it agrees with the
action on the l′ torsion of E1, and using point (A1) above), and Lemma
6.1.2 (using the fact that l′ > 5).

3: We have that r̄′n(GF (ζl)) is 2-big. Again we use the fact that the Galois
representation on the l′ torsion of E is surjective, this time together with
the simplicity of PSL2(k), and Lemma 6.1.1 (using l′ > 4(n− 1) + 1).

4: r′n is ordinary of regular weight. This is immediate given point (A2) above.

We immediately deduce that there exists an extension F ′′/F ′, with Symn−1H1(E×
F,Zl′)|GF ′′ automorphic of weight 0 and level prime to l, and such that

• F ′′/F is Galois.
• Primes above l and l′ are unramified in F ′′, as are the primes of L.
• F ′′ is linearly disjoint from F (avoid)F ′F̄ ker ad r̄F̄ ker ad r̄′n over F ′ (and hence

linearly disjoint from F (avoid)F̄ ker ad r̄ over F ). (A3)

We now apply Theorem 5.2 of [Gue09] to the Galois representation Symn−1 r|GF ′′ ,
which we call rn for brevity. Let us check the conditions of this theorem in turn:

1: rn|GF ′′ is essentially self dual. r acquires a perfect symplectic pairing with
cyclotomic multiplier from the determinant; from this rn|GF ′′ inherits a
perfect pairing with the desired properties.

2: rn|GF ′′ is almost everywhere unramified. This is trivial, since we assume r
has this property.

3: rn|GF ′′ is crystalline at each place above l. This too is trivial, since we
assume r has this property (condition 3 of the theorem being proved).

4: rn|GF ′′ is regular with Hodge-Tate weights lying in the Fontaine-Laffaille
range. It follows from condition 3 of the theorem being proved that the
Hodge-Tate weights of rn|GF ′′ are {0, 1, . . . , n− 1}; this suffices, as l > n.

5: F̄ ker ad r̄n does not contain ζl. This follows by condition 2 of the theorem
being proved, the fact l > 3, and point A3 above, using Lemma 6.1.2.

6: r̄n|GF ′′(ζl) has big image. This is true by condition 2 of the theorem being

proved, the simplicity of PSL2(Fl), and point A3 above, as we can see by
applying Lemma 6.1.1.

5In fact, we need a slight extension incorporating a set of primes L where we do not want our

extension to ramify, and a fixed field from which we want our extension to be linearly disjoint.
Adding this is a routine modification of the proof of Theorem 6.3 of [BLGHT09], in the same

spirit as the modifications above of the arguments of [HSBT10].
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7: r̄n is automorphic, with the right weight. We know r and H1(E×F,Zl) are
congruent, and manifestly Symn−1H1(E × F,Zl) has Hodge-Tate weights
{0, 1, . . . , n− 1}, which is indeed the required weight as we saw in verifying
hypothesis 4 above.

We conclude that Symn−1 r is automorphic over F ′′ of weight 0 and level prime to
l, as required. �

7. Hilbert modular forms

7.1. Let π be a regular algebraic cuspidal automorphic representation of GL2(AF ),
where F is a totally real field. Assume that π is not of CM type. Let the weight of
π be λ ∈ (Z2

+)Hom(F,C). Let m∗ be the least common multiple of 2 and the values
λv,1 − λv,2 + 1. Let n > 1 be a positive integer. Choose a prime l > 5, and fix an

isomorphism ι : Ql
∼−→ C. We choose l so that:

• l splits completely in F .
• πv is unramified for all v|l.
• The residual representation r̄l,ι(π) : GF → GL2(Fl) has large image, in the

sense that there are finite fields Fl ⊂ k ⊂ k′ with

SL2(k) ⊂ r̄l,ι(π)(GF ) ⊂ k′×GL2(k).

(Note that this is automatically the case for all sufficiently large l by Propo-
sition 0.1 of [Dim05].) (B1)
• l > 2(n− 1)m∗ + 1. (B2)

Note that, as a consequence of points B1 and B2, the simplicity of PSL2(Fl), and
Lemmas 6.1.1 and 6.1.2, it follows that:

• Symn−1 rl,ι(π) has m∗-big image. (B3)

• [F̄ ker ad Symn−1 r̄l,ι(π)(ζl) : F̄ ker ad Symn−1 r̄l,ι(π)] > m∗. (B4)

Choose a solvable extension F ′/F of totally real fields such that

• l splits completely in F ′.

• F ′ is linearly disjoint from F
ker r̄l,ι(π)

over F .
• At each place w of F ′, πF ′,w is either unramified or an unramified twist of

the Steinberg representation (here we let πF ′ denote the base change of π
to F ′).
• [F ′ : Q] is even.

That such an extension exists follows exactly as in the proof of Theorem 3.5.5 of
[Kis09]. After a further quadratic base change if necessary, we may also assume
that

• πF ′ is ramified at an even number of places.

Proposition 7.1.1. There is a cuspidal algebraic automorphic representation π′

of GL2(AF ′) such that

(1) π′ has weight 0.
(2) r̄l,ι(π

′) ∼= r̄l,ι(π)|GF ′ .
(3) if w - l is a place of F ′, then π′w is ramified if and only if πF ′,w is, in which

case it is also an unramified twist of the Steinberg representation.
(4) rl,ι(π

′)|GF ′v is potentially Barsotti-Tate for all v|l, and is ordinary if and

only if rl,ι(π)|GF ′v is ordinary.



SATO-TATE 49

Proof. Choose a quaternion algebra B with centre F ′ which is ramified at precisely
the infinite places and the set Σ of finite places at which πF ′ is ramified. We
will use Lemma 3.1.4 of [Kis09] and the Jacquet-Langlands correspondence to find
π′. Let v ∈ Σ and let ρ be an irreducible representation of B×v corresponding
to the irreducible admissible representation JL(ρ) of GL2(F ′v) under the Jacquet-

Langlands correspondence. We recall that ρO
×
B,v is non-zero if and only if JL(ρ)

is an unramified twist of the Steinberg representation. We now introduce l-adic
automorphic forms on B×. Let K be a finite extension of Ql inside Ql with ring
of integers O and residue field k, and assume that K contains the images of all
embeddings F ′ ↪→ Ql. Fix a maximal order OB in B and for each finite place v 6∈ Σ

of F ′ fix an isomorphism iv : OB,v
∼−→ M2(OF ′v ). Since l splits completely in F ′,

we can and do identify embeddings F ′ ↪→ Ql with primes of F ′ dividing l. For each
place v|l we let ιv denote the real place of F ′ corresponding to the embedding ι ◦ v.
Similarly, if σ : F ′ ↪→ R is an embedding we let ι−1σ denote the corresponding
place of F ′ dividing l.

For each λ′ ∈ (Z2
+)Hom(F ′,Ql) and v|l consider the algebraic representation

Wλ′v
:= Symλ′v,1−λ

′
v,2 O2 ⊗O (det)λ

′
v,2

of GL2(O). We consider it as a representation of O×B,v via O×B,v
iv−→ GL2(OF ′v )

v
↪→

GL2(O). Let Wλ′ = ⊗v|lWλ′v
considered as a representation of GL2(OF ′,l). For

each v|l let τv denote a smooth representation of GL2(OF ′v ) on a finite freeO-module
Wτv . Let τ denote the representation ⊗v|lτv of GL2(OF ′,l) on Wτ := ⊗v|lWτv . We

let Wλ′,τ = Wλ′ ⊗O Wτ . Suppose that ψ′ : (F ′)×\(A∞F ′)× → O× is a continuous
character so that for each prime v|l, the action of the centre O×F ′v of O×B,v on

Wλ′v
⊗O Wτv is given by (ψ′)−1|O×

F ′v
. The existence of such a character implies

that there exists an integer w′ such that w′ = λ′v,1 + λ′v,2 + 1 for each v|l.
Let U =

∏
v Uv ⊂ (B ⊗Q A∞)× be a compact open subgroup with Uv ⊂ O×B,v

for all v and Uv = O×B,v for v|l. We let Sλ′,τ,ψ′(U,O) denote the space of functions

f : B×\(B ⊗Q A∞)× →Wλ′,τ

with f(gu) = (λ′ ⊗ τ)(ul)
−1f(g) and f(gz) = ψ′(z)f(g) for all u ∈ U , z ∈ (A∞F ′)×

and g ∈ (B ⊗Q A∞)×. Writing U = U l × Ul, we let

Sλ′,τ,ψ′(Ul,O) = lim−→
U l

Sλ′,τ,ψ′(U
l × Ul,O)

and we let (B ⊗Q Al,∞)× act on this space by right translation.
Let ψ′C : (F ′)×\A×F ′ → C× be the algebraic Hecke character defined by

z 7→ NF ′/Q(z∞)1−w′ · ι
(
NF ′/Q(zl)

w′−1ψ′(z∞)
)
.

Let Wτ,C = Wτ ⊗O,ι C. We have an isomorphism of (B ⊗Q Al,∞)×-modules

(7.1.1) Sλ′,τ,ψ′(Ul,O)⊗O,ι C
∼−→
⊕

Π

HomO×B,l
(W∨τ,C,Πl)⊗Π∞,l

where the sum is over all automorphic representations Π of (B ⊗Q A)× of weight

ι∗λ
′ := (λ′ι−1σ)σ ∈ (Z2

+)Hom(F ′,C) and central character ψ′C (see for instance the
proof of Lemma 1.3 of [Tay06]).
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Let U be as above and let R denote a finite set of places of F ′ containing all
those places v where Uv 6= O×B,v. Let TΣ∪R denote the polynomial algebra O[Tv, Sv]

where v runs over all places of F ′ away from l, R and Σ. For such v we let Tv and
Sv act on Sλ′,τ,ψ′(U,O) via the double coset operators[

Ui−1
v

(
$v 0
0 1

)
U

]
and

[
Ui−1

v

(
$v 0
0 $v

)
U

]
respectively, where $v is a uniformizer in OF ′v .

Let π̃ denote the automorphic representation of (B ⊗Q A)× of weight λF ′ :=

(λσ|F )σ ∈ (Z2
+)Hom(F ′,C) corresponding to πF ′ under the Jacquet-Langlands corre-

spondence. Let ι∗λ = ((λF ′)ιv)v ∈ (Z2
+)Hom(F ′,Ql). Let U =

∏
v Uv ⊂ (B ⊗Q A∞)×

be the compact open subgroup with Uv = O×B,v for all v. Then the space π̃U

is non-zero. Let χ : Gab
F ′ → Q×l denote the character εdet rl,ι(π)|GF ′ and let

ψ = χ ◦ArtF ′ : A×F ′/(F ′∞)×>0(F ′)× → Ql. Note that χ is totally even and hence we

may regard ψ as a character of (A∞F ′)×/(F ′)×
∼−→ A×F ′/(F ′∞)×(F ′)×. Extending K

if necessary, we can and do assume that ψ is valued in O×. Further extending K if
necessary, choose a TΣ∪R-eigenform f in Sλ,1,ψ(U,O) corresponding to an element
of (π̃∞)U under the isomorphism (7.1.1). The TΣ∪R-eigenvalues on f give rise to
an O-algebra homomorphism TΣ∪R → O and reducing this modulo mO gives rise
to a maximal ideal m of TΣ∪R.

Let χ̃ : Gab
F ′ → O× denote the Teichmüller lift of the reduction of χ. Let

ψ′ = χ̃ ◦ArtF ′ , which we can regard as a character (A∞F ′)×/(F ′)× → O×. Let v be
a place of F ′ dividing l.

• If rl,ι(π)|GF ′v is ordinary and ι∗λv,1 6= ι∗λv,2, let χ1, χ2 : F×l → Q×l be the

characters given by χ1(x) = x̃ι
∗λv,1 and χ2(x) = x̃ι

∗λv,2 where x̃ denotes
the Teichmüller lift of x. Then let τv denote the representation

I(χ1, χ2) := Ind
GL2(Fl)
B(Fl) (χ1 ⊗ χ2)

of GL2(Fl) where B is the Borel subgroup of upper triangular matrices in
GL2.
• If rl,ι(π)|GF ′v is ordinary and ι∗λv,1 = ι∗λv,2, let χ : F×l → Q×l be the char-

acter χ(x) = x̃ι
∗λv,2 . Let τv denote the representation χ ◦ det of GL2(Fl).

• If rl,ι(π)|GF ′v is not ordinary, let χ : Fl2 → Q×l2 be the character given by

χ(x) = x̃ι
∗λv,1−ι∗λv,2+2+(l+1)(ι∗λv,2−1). Let τv be the Ql-representation of

GL2(Fl) denoted Θ(χ) in section 3 of [CDT99] (note that χl 6= χ since
0 < ι∗λv,1 − ι∗λv,2 + 2 < l + 1 ).

Extending K if necessary, we can and do fix a model for τv on a finite free O-module

Wτv . We also view Wτv as a smooth Uv = O×B,v-module via Uv
iv−→ GL2(OF ′v )

v−→
GL2(Zl) � GL2(Fl). By Lemma 3.1.1 of [CDT99], Wλv ⊗O k is a Jordan-Hölder
constituent of Wτv ⊗O k.

It follows that Wλ⊗Ok is a Jordan-Hölder constituent of the Ul-module Wτ⊗Ok.
Also, since l > 3 and l is unramified in F ′, B× contains no elements of exact order
l and hence the group U satisfies hypothesis 3.1.2 of [Kis09] (with l replacing p).
We can therefore apply Lemma 3.1.4 of [Kis09] to deduce that m is in the sup-
port of S0,τ,ψ′(U,O). Let Π′ denote the automorphic representation of (B ⊗Q A)×

corresponding to any non-zero TΣ∪R-eigenform in S0,τ,ψ′(U,O)m ⊗O,ι C under the



SATO-TATE 51

isomorphism (7.1.1). Let π′ be the automorphic representation of GL2(AF ′) cor-
responding to Π′ under the Jacquet-Langlands correspondence. Then π′ is regular
algebraic and of weight 0 by construction. The choice of m ensures that property
(2) of the theorem holds and hence that π′ is cuspidal. Property (3) holds by the
choice of U .

It remains to show that π′ satisfies property (4). Let v be a place of F ′ dividing
l and suppose firstly that rl,ι(π)|GF ′v is non-ordinary. Then by the choice of τv
and part (3) of Lemma 4.2.4 of [CDT99] we see that rl,ι(π

′)|GF ′v is potentially

Barsotti-Tate and moreover

WD(rl,ι(π
′)|GF ′v )|IF ′v

∼= ω̃
−ι∗λv,1−lι∗λv,2+l−1
2 ⊕ ω̃−lι

∗λv,1−ι∗λv,2+1−l
2

where ω2 is a fundamental character of niveau 2. We deduce that rl,ι(π
′)|GF ′v

only becomes Barsotti-Tate over a non-abelian extension of GF ′v and hence is non-
ordinary. Now suppose that rl,ι(π)|GF ′v is ordinary. Then by the choice of τv and

parts (1) and (2) of Lemma 4.2.4 of [CDT99] we see that rl,ι(π
′)|GF ′v is potentially

Barsotti-Tate and moreover

WD(rl,ι(π
′)|GF ′v )|IF ′v

∼= ω̃−ι
∗λv,1 ⊕ ω̃−ι

∗λv,2

where ω is the mod l cyclotomic character. Since r̄l,ι(π)|GF ′v is reducible, it follows

from Theorem 6.11(3) of [Sav05] that rl,ι(π
′)|GF ′v is either decomposable (in which

case it is easy to see that it must be ordinary), or it corresponds to a potentially crys-
talline representation as in Proposition 2.17 of [Sav05], with vl(x1) = 1 or vl(x2) = 1
(because if neither of these hold, then by Theorem 6.11(3) of [Sav05] the represen-
tation r̄l,ι(π

′)|GF ′v = r̄l,ι(π)|GF ′v would be irreducible, a contradiction). In either

case the representation is ordinary (for example by Lemma 2.2 of [BLGHT09]). �

We would like to thank Richard Taylor for pointing out the following lemma to
us.

Lemma 7.1.2. Let F be a totally real field, and let π be a RAESDC representation
of GLn(AF ). Let l be a prime number, and fix an isomorphism ι : Ql → C. Suppose
that for some place v - l of F , the Galois representation rl,ι(π)|GFv is pure. Then
we have

WD(rl,ι(π)|GFv )F−ss = ι−1(rec(πv)⊗ |Art−1
Fv
|(1−n)/2
Fv

),

where WD(rl,ι(π)|GFv ) denotes the Weil-Deligne representation associated to rl,ι(π)|GFv .

Proof. By Theorem 1.1 of [BLGHT09], the claimed equality holds on the Weil group
(but we do not necessarily know that the monodromy is the same on each side).
However, πv is generic (because π is cuspidal) and rec−1(WD(rl,ι(π)|GFv )F−ss)
is also generic (because it is tempered, by Lemma 1.4(3) of [TY07], and thus a
subquotient of a unitary induction of a square-integrable representation of a Levi
subgroup, by Theorem 2.3 of [BW00]. Any such induction is irreducible (cf. page
72 of [DKV84]), and the result follows from Theorem 9.7 of [Zel80].) The claimed
equality follows (because a generic representation is determined by its supercuspidal
support - this follows easily from the results of Zelevinsky recalled on page 36 of
[HT01]). �

Theorem 7.1.3. Continue using the setup at the beginning of this section, and
let π′ be as in Proposition 7.1.1. Let N/F ′ be a finite extension of number fields.
There is a finite Galois extension of totally real fields F ′′/F ′ such that
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(1) F ′′ is linearly disjoint from F
ker r̄l,ι(π

′)
(ζl)N over F ′.

(2) There is a RAESDC automorphic representation π′n of GLn(AF ′′) of weight
0 and level prime to l such that rl,ι(π

′
n) ∼= Symn−1 rl,ι(π

′)|GF ′′ .

Proof. The central character ωπ′ of π′ has finite order and is trivial at the infinite
places, so we can choose a quadratic totally real extension F1 of F ′ linearly disjoint

from NF
ker r̄l,ι(π

′)
(ζl) (which we will henceforth call F (avoid)) over F ′, such that

if π′F1
= BCF1/F (π′), then ωπ′F1

has a square root (note that the obstruction to

taking a square root is in the 2-torsion of the Brauer group of F ′). Say χ2 = ωπ′F1
,

and write π′′ = π′F1
⊗ (χ−1 ◦ det). Making a further solvable base change (and

keeping F1 linearly disjoint from F (avoid) over F ′), we may assume in addition that
π′′ has level prime to l (that this is possible follows from local-global compatibility
and Proposition 7.1.1(4)).

Then choose a rational prime l′ 6= l and an isomorphism ι′ : Ql′
∼−→ C such that:

• π′′v is unramified for all v|l′.
• l′ is unramified in F1.
• l′ > 4(n− 1) + 1.
• l′ splits completely in the field of coefficients of π′′.
• The residual representation r̄l′,ι′(π

′′) : GF1
→ GL2(Fl′) has large image, in

the sense that there are finite fields Fl′ ⊂ k ⊂ k′ with

SL2(k) ⊂ r̄l′,ι′(π′′)(GF1
) ⊂ k′×GL2(k).

(Note that this is automatically the case for all sufficiently large l′ by Propo-
sition 0.1 of [Dim05].) Coupled with the previous point, this in fact means
that:

SL2(Fl′) ⊂ r̄l′,ι′(π′′)(GF1) ⊂ GL2(Fl′).
Since π′′ has trivial central character, det rl′,ι′(π

′′) = ε−1
l , and we can apply

Proposition 6.1.3 to find a Galois extension F2/F1, linearly disjoint from F (avoid)

over F ′, such that Symn−1 rl′,ι′(π
′′) is automorphic over F2 of weight 0. That it

is in fact automorphic of level prime to l follows from Lemma 7.1.2 (note that
Symn−1 rl′,ι′(π

′′)|GF2
is pure, because rl′,ι′(π

′′) is pure, for example by the main

result of [Bla06], and Symn−1 rl′,ι′(π
′′)|GF2

is unramified at all places dividing l by

the choice of F2). Replacing F2 by a further solvable base change, also disjoint from
F (avoid) over F ′, if necessary, we may assume that χ is unramified at all places of
F2 lying over l. We are then done, taking F ′′ = F2 (because Symn−1 rl′,ι′(π

′)|GF2
=

rl′,ι′(χ)n−1|GF2
⊗ Symn−1 rl′,ι′(π

′′)|GF2
). �

Theorem 7.1.4. Let F be a totally real field, and let π be a non-CM regular
algebraic cuspidal automorphic representation of GL2(AF ). Then there is a prime

l, an isomorphism Ql
∼−→ C, a finite Galois extension of totally real fields F ′′/F

and an RAESDC automorphic representation πn of GLn(AF ′′) such that rl,ι(πn) ∼=
Symn−1 rl,ι(π)|GF ′′ .

Proof. We continue to use the notation established above, and in particular we will
fix l and ι as above, and make use of F ′ and π′. F ′′ will be as in the conclusion
of Theorem 7.1.3, which we will apply with a particular choice of field N , to be
determined below. We can and do assume that rl,ι(π) and rl,ι(π

′) both take values

in GLn(O) where O is the ring of integers in a finite extension K of Ql inside Ql.
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Let k denote the residue field of K. We can and do further assume that rl,ι(π)|GF ′
and rl,ι(π

′) are equal (as homomorphisms) when composed with the natural map
GLn(O)→ GLn(k). Write r̄l,ι(π)|GF ′ = r̄l,ι(π

′) for this composition.

We write r = Symn−1 rl,ι(π)|GF ′ and r′ = Symn−1 rl,ι(π
′), thought of as repre-

sentations valued in GLn(O) via the bases specified in Definition 3.3.1. We begin
by applying Lemma 4.2.4 in the following situation (where the field F of Lemma
4.2.4 is F ′):

• Sord is the set of places of F ′ dividing l lying over a place for which π is
ordinary with respect to ι.
• For each v|l, thought of as an embedding F ′ ↪→ Ql, av = −λι◦v|F ,2 and
bv = λι◦v|F ,1 − λι◦v|F ,2 + 1.
• T is the set of places away from l at which π′ is ramified.

• (F ′)(bad) = F
ker r̄

(ζl).

We deduce that (after possibly extending K) there is a CM extension M of F ′ of
degree m∗, and de Rham characters

θ, θ′ : GM → O×,

satisfying various properties that we will now describe. We can fix an element

τ̃ ∈ GF ′ mapping to a generator τ ∈ Gal(M/F ′), and we regard Ind
GF ′
GM

θ and

Ind
GF ′
GM

θ′ as representations valued in GLm∗(O) via their τ̃ -standard bases β =
{e0, . . . , em∗−1} and β′ = {e′0, . . . , e′m∗−1} respectively, in the sense of Definition
4.2.3. Note that these two representations become equal when composed with the
homomorphism GLm∗(O) → GLm∗(k). Then, by the conclusions of Lemma 4.2.4,
the following hold:

• θ̄ = θ̄′.
• (r ⊗ Ind

GF ′
GM

θ)|GF ′(ζl) has big image.

• F̄ (ker ad(r̄⊗Ind
G
F ′

GM
θ))

does not contain ζl.

• r ⊗ Ind
GF ′
GM

θ and r′ ⊗ Ind
GF ′
GM

θ′ are both de Rham, and have the same
Hodge-Tate weights at each place of F ′ dividing l.

• r′′ := r ⊗ Ind
GF ′
GM

θ is essentially self-dual; that is, there is a character

χ : GF ′ → Q×l with χ(cv) independent of v|∞ (where cv denotes a complex
conjugation at v) such that (r′′)∨ ∼= r′′χ.

• Ind
GF ′
GM

θ′ is essentially self-dual.

Applying Theorem 7.1.3 with N = M̄ker θ̄, we find a totally real field F ′′/F ′ with
r′|GF ′′ automorphic of level prime to l. By Proposition 5.1.3, the representation

(r′ ⊗ Ind
GF ′
GM

θ′)|GF ′′ is automorphic. We now choose a solvable extension F+/F ′′

of totally real fields such that

• F+ is linearly disjoint from F̄ ker ad r̄′′(ζl)M over F ′.

• r′′|GF+ = (r ⊗ Ind
GF ′
GM

θ)|GF+ and (r′ ⊗ Ind
GF ′
GM

θ′)|GF+ are both crystalline
at all places dividing l.

• (r′ ⊗ Ind
GF ′
GM

θ′)|GF+ is automorphic of level prime to l (note that r′|GF ′′ is
automorphic of level prime to l, so this is easily achieved by Lemma 5.1.1
and Proposition 5.1.3).
• The extension F+M/F+ is unramified at all finite places, and is split com-

pletely at all places of F+ lying over places in T .
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• θ|GF+M
and θ′|GF+M

are both unramified at all places not dividing l.

• If v|l is a place of F+, then F+
v contains the unramified quadratic extension

of F ′v, and r̄′′|G
F

+
v

is trivial.

Write ρ := r′′|GF+ = (r ⊗ Ind
GF ′
GM

θ)|GF+ , ρ′ := (r′ ⊗ Ind
GF ′
GM

θ′)|GF+ : GF+ →
GLnm∗(O), so that ρ′ is automorphic of level prime to l.

Sublemma. For each place w|l of F+, ρ|G
F

+
w

∼ ρ′|G
F

+
w

.

Proof. If w lies over a place of Sord, this follows from Lemma 3.4.5. Otherwise, w
lies over a place v in Sss. Let L be the unramified quadratic extension of F ′v in

F
′
v. Then r̄l,ι(π)|GF ′v

∼= Ind
GF ′v
GL

χ for some character χ : GL → k× (see for example

Théorème 3.2.1(1) of [Ber10]). We can and do (after possibly extending K) choose
a crystalline lift χ : GL → O× of χ with Hodge-Tate weights −av and bv−av (recall
that l splits completely in F ′). We can also (again, extending K if necessary) choose
a de Rham character χ′ : GL → O× lifting χ with Hodge-Tate weights 0 and 1,
which becomes crystalline over F+

w (we can do this by the assumption that r′′|G
F

+
w

is trivial).
Choose an element σ ∈ GF ′v mapping to a generator of Gal(L/F ′v), and fix

the σ-standard (in the sense of Definition 4.2.3) bases of Ind
GF ′v
GL

χ , Ind
GF ′v
GL

χ′,

Symn−1 Ind
GF ′v
GL

χ, and Symn−1 Ind
GF ′v
GL

χ′.

Choose a matrix A ∈ GLn(O) with A(Ind
GF ′v
GL

χ)A−1 = r̄l,ι(π)|GF ′v , and write

rχ = A(Ind
GF ′v
GL

χ)A−1. We have rχ ∼ rl,ι(π)|GF ′v , because both liftings are crys-

talline of the same weight, Fv is unramified, and the common weight is in the
Fontaine-Laffaille range (see e.g. Lemma 2.4.1 of [CHT08] which shows that the
appropriate lifting ring is formally smooth over O). Then by the remarks fol-
lowing Definition 3.3.5, we have (rχ)|G

F
+
w

∼ rl,ι(π)|G
F

+
w

, and Symn−1(rχ)|G
F

+
w

∼
Symn−1 rl,ι(π)|G

F
+
w

, so that (with the inherited bases)

(Symn−1(rχ)|G
F

+
w

)⊗ (Ind
GF ′
GM

θ)|G
F

+
w

∼ (Symn−1 rl,ι(π)|G
F

+
w

)⊗ (Ind
GF ′
GM

θ)|G
F

+
w

.

Similarly, write rχ′ = A(Ind
GF ′v
GL

χ′)A−1. Then rχ′ |G
F

+
w

∼ rl,ι(π
′)|G

F
+
w

, because

both representations are Barsotti-Tate and non-ordinary (see Proposition 2.3 of
[Gee06] which shows that all non-ordinary points lie on the same component of the
appropriate lifting ring). Then Symn−1(rχ′)|G

F
+
w

∼ Symn−1 rl,ι(π
′)|G

F
+
w

, and

(Symn−1(rχ′)|G
F

+
w

)⊗ (Ind
GF ′
GM

θ′)|G
F

+
w

∼ (Symn−1 rl,ι(π
′)|G

F
+
w

)⊗ (Ind
GF ′
GM

θ′)|G
F

+
w

.

By Lemma 4.2.5, we have

(Symn−1(rχ′)|G
F

+
w

)⊗ (Ind
GF ′
GM

θ′)|G
F

+
w

∼ (Symn−1(rχ)|G
F

+
w

)⊗ (Ind
GF ′
GM

θ)|G
F

+
w

.

Since

ρ|G
F

+
w

= (Symn−1 rl,ι(π)|G
F

+
w

)⊗ (Ind
GF ′
GM

θ)|G
F

+
w

,

ρ′|G
F

+
w

= (Symn−1 rl,ι(π
′)|G

F
+
w

)⊗ (Ind
GF ′
GM

θ′)|G
F

+
w

,

the result follows from the transitivity of ∼. �
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For v a place of F+, let R�
ρ|G

F
+
v

denote the universal O-lifting ring of ρ|G
F

+
v

.

Extending O if necessary, we can and do assume that if v is such that at least one ρ
or ρ′ is ramified at v, then for each minimal prime ideal ℘ of R�

ρ|G
F

+
v

, the quotient

R�
ρ|G

F
+
v

/℘ is geometrically integral.

Sublemma. For all places v - l of F+, either

• ρ|G
F

+
v

and ρ′|G
F

+
v

are both unramified, or

• each of the following conditions hold:
– ρ′|G

F
+
v

 O ρ|G
F

+
v

(see Definition 3.3.7),

– ρ|G
F

+
v

 O ρ′|G
F

+
v

, and

– the similitude characters of ρ and ρ′ agree on inertia at v.

Proof. If v does not lie over a place in T then there is nothing to prove, so we
may suppose that v lies over a place of T . The condition on similitude characters
is immediate since ρ and ρ′ are both unipotent on inertia at v. Let us then turn
to checking the condition that ρ′|G

F
+
v

 O ρ|G
F

+
v

. By assumption, condition (1)

in Definition 3.3.7 is satisfied so we just need to check condition (2). Let ρv =
rl,ι(π)|G

F
+
v

and ρ′v = rl,ι(π
′)|G

F
+
v

. Then ρv and ρ′v are both lifts of the same

reduction ρv : GF+
v
→ GL2(k). It follows easily from Corollary 2.6.7 of [Kis09]

that there is a quotient RSt
ρv

of R�
ρv

corresponding to lifts which are extensions of

an unramified character γ by γε, and furthermore that the ring RSt
ρv

is an integral

domain of dimension 5. Let ρ�v denote the universal lift to RSt
ρv

. Then ρv and ρ′v
arise as specialisations of this lift at closed points of RSt

ρv
[1/l]; let us call these points

x and x′.
Note that (Ind

GF ′
GM

θ)|G
F

+
v

= ⊕m
∗−1

i=0 (θτ
i |G

F
+
v

)ei and similarly (Ind
GF ′
GM

θ′)|G
F

+
v

=

⊕m
∗−1

i=0 (θ′τ
i |G

F
+
v

)e′i. For i = 0, . . . ,m∗ − 1, let θ̃i : GF+
v
→ O× denote the Te-

ichmüller lift of θ
τ i |G

F
+
v

. If R is an object of CO and r ∈ R×, we let λ(r) : GF+
v
→

R× denote the unramified character sending FrobF+
v

to r.

Let R = R�
ρ|G

F
+
v

and let S = RSt
ρv

[[X0, . . . , Xm∗−1]]. The lift

Symn−1 ρ�v ⊗
(
⊕m

∗−1
i=0 θ̃iλ(1 +Xi)

)
ei

of ρ|G
F

+
v

gives rise to a map SpecS → SpecR. Since S is a domain, the image of

this map must be contained in an irreducible component of SpecR. We deduce that
ρ|GF+ and ρ′|GF+ are contained in a common irreducible component of SpecR[1/l].

To prove that x′ is contained in a unique irreducible component, it then suffices
to prove that x′ is a smooth point of SpecR[1/l]. Since the completed local ring R∧x′
at x′ is the universal K-lifting ring of (ρ′|G

F
+
v

)⊗O K, a standard argument shows

that R∧x′ is smooth if H2(GF+
v
, ad ρ′|G

F
+
v

) = 0. By Tate local duality, it suffices to

show that H0(GF+
v
, ad ρ′|G

F
+
v

(1)) = 0, i.e. that HomG
F

+
v

(ρ′|G
F

+
v

, ρ′|G
F

+
v

(1)) = 0.

Let Stv denote the n-dimensional representation of GF+
v

corresponding to the

Steinberg representation. Then ρ′|G
F

+
v

is GLn(K)-conjugate to an unramified twist
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of

⊕m
∗−1

i=0 Stv ⊗θ′τ
i

|G
F

+
v

.

We may therefore assume that ρ′|G
F

+
v

is equal to this representation. It is easy to

check (for example by considering the corresponding Weil-Deligne representation)
that the representation Stv contains a unique j-dimensional subrepresentation for
each j. Then a nonzero element of HomG

F
+
v

(ρ′|G
F

+
v

, ρ′|G
F

+
v

(1)) would have to give

a non-zero map from the unique j-dimensional quotient of Stv ⊗θ′τ
i |G

F
+
v

to the

unique j-dimensional subrepresentation of Stv ⊗θ′τ
i′

(1)|G
F

+
v

for some i, i′ and j.

This implies that (θ′τ
i′

/θ′τ
i

)|G
F

+
v

is a nonzero power of the cyclotomic character,

which is impossible, because θ′τ
i′

/θ′τ
i

is a ratio of algebraic characters of the same
weight, and is thus pure of weight 0.

Finally, we can see that ρ|G
F

+
v

 O ρ′|G
F

+
v

using the same argument. �

By Theorem 3.6.2, ρ is automorphic (the conditions on the image of ρ follow
from Lemma 4.2.4 and the choice of F+, and the remaining conditions follow by
construction and the two sublemmas just proved). Since F+/F ′′ is solvable and
ρ = r′′|GF+ , r′′|GF ′′ is automorphic by Lemma 1.3 of [BLGHT09]. But r′′|GF ′′ =

(Symn−1 rl,ι(π))|GF ′′⊗(IndGFGM θ)|GF ′′ = (Symn−1 rl,ι(π))|GF ′′⊗(Ind
GF ′′
GMF ′′

(θ|GMF ′′ )),
so by Proposition 5.2.1 (Symn−1 rl,ι(π))|GF ′′ is automorphic, as required. �

Corollary 7.1.5. Suppose that F is a totally real field and that π is a non-CM
regular algebraic cuspidal automorphic representation of GL2(AF ) of weight λ, and
let wπ be the common value of the numbers λv,1 + λv,2, v|∞. Suppose that n is a
positive integer and that ψ : F×\A×F → C× is a finite order character. Then there

is a meromorphic function L(Symn−1 π × ψ, s) on the whole complex plane such
that:

• For any prime l and any isomorphism ι : Ql
∼−→ C we have L(Symn−1 π×

ψ, s) = L(ι(Symn−1 rl,ι(π)⊗ rl,ι(ψ)), s).

• The expected functional equation holds between L(Symn−1 π × ψ, s) and
L(Symn−1(π∨|det |−wπ )× ψ, 1 + (n− 1)wπ − s).
• If n > 1 or ψ 6= 1 then L(Symn−1 π×ψ, s) is holomorphic and non-zero in
<s ≥ 1 + (n− 1)wπ/2.

Proof. This follows from Theorem 7.1.4, as in the proof of Theorem 4.2 of [HSBT10].
We give the details. The L-function L(ι(Symn−1 rl,ι(π)⊗rl,ι(ψ)), s) is independent
of the choice of l, ι by definition, so it is enough to prove the result for the l, ι fixed
throughout this section. Let πn, F ′′ be as in the conclusion of Theorem 7.1.4.

We claim that rec(πn,v) = (Symn−1 rec(πv))|WF ′′v
for all places v of F ′′. If

v - l, this follows from Lemma 7.1.2 and the purity of rl,ι(π) (which follows
from the main result of [Bla06]). If v|l, then we choose a prime p 6= l and

an isomorphism ι′ : Qp
∼−→ C. By the Tchebotarev density theorem we have

rp,ι′(πn) = (Symn−1 rp,ι′(π))|GF ′′ , and we may argue as before.
By Lemma 1.3 of [BLGHT09], for any intermediate field F ⊂ Fj ⊂ F ′′ with

F ′′/Fj soluble, there is an automorphic representation πj of GLn(AFj ) with rl,ι(π
j) =
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(Symn−1 rl,ι(π))|GFj . By Brauer’s theorem, we can write

1 =
∑
j

aj IndGFGFj
χj

with aj ∈ Z and χj : GFj → C× a homomorphism. Then by the above discussion

(applied to the representations πj), we have

L(ι(Symn−1 rl,ι(π)⊗ rl,ι(ψ)), s) =
∏
j

L(πj ⊗ (χj ◦ArtFj )⊗ ψ, s)aj .

The result follows. �

We now deduce the Sato-Tate conjecture for π, following the formulation of
[Gee09] (see also section 8 of [BLGHT09]). Recall wπ is the common value of the
λv,1 + λv,2, v|∞. Let ψ be the product of the central character of π with | · |wπ ,
so that ψ has finite order. Let a denote the order of ψ, and let U(2)a denote the
subgroup of U(2) consisting of those matrices g ∈ U(2) with det(g)a = 1. Let
U(2)a/ ∼ denote the set of conjugacy classes of U(2)a. By “the Haar measure on
U(2)a/ ∼” we mean the push forward of the Haar measure on U(2)a with total
measure 1.

The Ramanujan conjecture is known to hold at all finite places of π (see [Bla06]),
so for all v for which πv is unramified, the matrix (Nv)−wπ/2 rec(πv)(Frobv) lies in
U(2)a. Let [πv] denote its conjugacy class in U(2)a/ ∼.

Theorem 7.1.6. Suppose that F is a totally real field, and that π is a non-CM
regular algebraic cuspidal automorphic representation of GL2(AF ). Then the classes
[πv] are equidistributed with respect to the Haar measure on U(2)a/ ∼.

Proof. This follows from Corollary 7.1.5, together with the corollary to Theorem
I.A.2 of [Ser68] (note that the irreducible representations of U(2)a are the repre-

sentations detc⊗Symd C2 for 0 ≤ c < a, d ≥ 0). �

This may be reformulated in a somewhat more explicit fashion as follows. Note
that the space U(2)a/ ∼ is disconnected if a 6= 1, so that to make an explicit
statement we choose a connected component, which amounts to choosing ζ as in
the statement below (of course, one may replace ζ by −ζ, and it is only the choice
of ζ2 which determines a component).

Corollary 7.1.7. Suppose that F is a totally real field, and that π is a non-CM
regular algebraic cuspidal automorphic representation of GL2(AF ). Let ψ be the
product of the central character of π with | · |wπ , so that ψ is a finite order character.
Let ζ be a root of unity with ζ2 in the image of ψ. For any place v of F such that
πv is unramified, let tv denote the eigenvalue of the Hecke operator[

GL2(OFv )

(
$v 0
0 1

)
GL2(OFv )

]
(where $v is a uniformiser of OFv) on π

GL2(OFv )
v . Note that if ψv($v) = ζ2 then

tv/(2(Nv)(1+wπ)/2ζ) ∈ [−1, 1] ⊂ R.
Then as v ranges over the places of F with πv unramified and ψv($v) = ζ2, the

values tv/(2(Nv)(1+wπ)/2ζ) are equidistributed in [−1, 1] with respect to the measure

(2/π)
√

1− t2dt.
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