REDUCTION MODULO p OF CRYSTALLINE GALOIS
REPRESENTATIONS VIA (,-EQUIVARIANCE

BHARGAV BHATT, TOBY GEE, AND MARK KISIN

ABSTRACT. For a crystalline representation of Gal(Q,,/Qp), with given Hodge-
Tate weights, we obtain new constraints on the inertial weights of its mod
p reduction. This allows us to formulate an explicit Serre weight conjecture,
in the generality of L-parameters for unramified connected reductive groups
over Qp, and to prove the elimination direction of this conjecture. The proof
uses prismatic techniques to show that the reductions modulo p of the Breuil—
Kisin modules attached to crystalline representations of Gal(Qp /Qp) acquire a
natural pp-equivariant structure. Combining this with results on the geometry

of the up-fixed points of affine Grassmannians leads to our new constraint.
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1. INTRODUCTION

The main theorem. Write Galg for the absolute Galois group of Q, and let p be a
prime. The weight part of Serre’s conjecture [Ser87] predicts the weights of mod p
modular forms giving rise to a modular Galois representation

p: GalQ — GLQ(Fp)

This has been generalized to reductive groups G other than GLy and general number
fields F; see in particular Herzig’s thesis [Her09] and [GHS18] (the introduction to
which gives a brief overview of the history of this problem with further references
to the literature). For simplicity of exposition we mostly stick to the case F' = Q
and G = GL,, in this introduction; the results and proofs are formulated uniformly
for L-groups of unramified connected reductive groups G over Q,, as explained
below. This may then be applied to the weight part of Serre’s conjecture for any
such G, and F/Q unramified at all primes v|p.

The form of these conjectures is that the set of predicted weights depends only
on the restriction ﬁ|Ga1QP, or even on p| Ia,: where Iq, is the inertia subgroup at p.
This is a form of local-global compatibility for the Galois representations associated
to mod p automorphic forms. It is closely related to the reduction modulo p of the
corresponding statements in characteristic zero, and thus to the following question.
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Question 1.1. Let 7 : Galg, — GL,(F,) be a continuous representation. What are
the possible Hodge-Tate weights of crystalline representations p : Galg, — GL.(Z;)
such that the mod p reduction p of p satisfies p >~ 77

Turning the question around, we may reformulate this as asking for all the
representations 7 : Galg, — GL,(F)) such that 7 arises as the reduction modulo p
of a crystalline representation p with given Hodge—Tate weights. The main result
of this paper is the following necessary condition on the restriction to Iq, of the

semisimplification of 7.

Theorem 1.2 (Theorem 5.5.6). Let p: Galg, — GL,(Z,) be a crystalline repre-
sentation with Hodge—Tate weights . Then there exist A 1 p and w € S, such that
pSS‘IQp = T()\,w).

Let us explain the notation in the theorem. Firstly, A = (A1,...,A,) and p =
(41, ..., pn) are tuples of integers with Ay > Ao > -+~ > A\, and g1 > po > -+ > wy,.
The relation A T p is the one which appears in the theory of mod p representations
of reductive groups. It means (see Definition 2.3.1, and Figure 2.3.4 for the example
of GLj3) that there is a sequence of reflections s, ..., s, in the p-dilated affine Weyl
group of G = GL,, such that

A<s1(A) <s981(A) <+ < spnlas1(N) =,

where < denotes the usual dominance order.

The representation 7(\,w) is an explicit semisimple representation of Iq,. Such
a representation is a sum of powers of fundamental characters and, roughly speaking,
A determines the “p-adic digits” which appear in the exponents; see 5.3.9 below. For
example, suppose that n = 2 and A = (a,b). Then if w = 1 = Id, we have

D) =wew?,
where w is the mod p cyclotomic character, while if w = wg = (12), we have

(A wo) = wy T @ wy T,
where ws is a fundamental character of niveau 2.

Continuing to assume that n = 2, suppose that p is crystalline with Hodge—Tate
weights 1 = (k,0) with p < k < 2p; our convention in this paper is that the
Hodge—Tate weight of the cyclotomic character is —1. Then A 1 p implies that
A = (k,0) or (p, k —p), and Theorem 1.2 gives four possibilities for (p| 14, )**, namely

((k,0),1) =w @1, 7(p.k—p),1) =w ' @w *P

2
T((p, k — p), wo) = wy PHPETP) @ o B2 (10, w0) = wiF @ wy "

(note that some of these possibilities coincide for particular values of k). A result
of Berger—Breuil (see e.g. [Berl0, Thm. 3.2.1]) asserts that all 4 cases occur as the
reduction of a crystalline representation of weights 0, k.

In general the condition A 1 p is not sufficient to guarantee that there is a
crystalline p with Hodge—Tate weights p and reduction 7(X\, w). However we con-
jecture that this is true when the Hodge—Tate weights are p-restricted in the sense
that p; — pip1 < p for i = 1,...,n — 1, which is the case relevant for Serre’s
conjecture; see Conjecture 6.3.4 below.
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Breuil-Kisin modules. We now begin the discussion of the proof of Theorem 1.2.
To simplify notation we assume that the crystalline representation p takes values
in GL,(Z,). Then associated to p one has its corresponding Breuil-Kisin module,
which is a finite free Z,[u]-module M, equipped with an isomorphism
wmrw*(im)[ ! }'zﬁﬁ[ ! }
u—=p u—=p

where ¢ is the endomorphism of Z, [u] given by u ~ u?. We set M = M @ F,, with
its induced Frobenius og;.

Now fix a Z,[u]-basis for 9t. Then gy may be viewed as an element of the group
GL,(Qp((u — p))), and the Iwasawa decomposition, applied over the local field
Q,((u — p)), associates to @o a tuple agm = (a1, ...q,) of integers ag > -+ > ay,.
Similarly, there is a tuple ag; associated to g;. It is known that asy = p, the
Hodge-Tate weights of p, and that ag; < as = p, cf. [LW20] (here < is again the
usual dominance order). It turns out that this can be upgraded to

Proposition 1.3 (Corollary 4.2.6). We have aggz T aon = pu.

Hp-equivariance. The proof of Proposition 1.3 relies on one of the key observations
of this paper, which is that Breuil-Kisin modules coming from crystalline represen-
tations enjoy a pp-equivariance property. The scheme Spec Z,[u] is equipped with
an action of the scheme p, of p'i-roots of unity, given by “loop rotation”; ¢ € u,
acts by u + ¢ - u. The Frobenius ¢ : Spec Z,,[u] — Spec Z,[u] is p,-equivariant for
the trivial pp,-action on the target, so ¢*(—) always produces p,-equivariant objects.
In terms of this structure, we show:

Proposition 1.4 (Theorem 4.2.3). There exists a p,-equivariant finite free Z,[u]-
module N, a py-equivariant isomorphism e : @*M[1/u] ~ N[1/u], and an F,[u]-
linear isomorphism M := N/p ~ M = M/p such that the diagram

P M1 /] ~s N1 /1]

.

P ML /u] 2 M[1 /]

commutes (where the right-hand vertical arrow is the composite of reduction mod-
ulo p and the isomorphism 9 ~ 9); in particular, the Breuil-Kisin module (9, yg;)
acquires a natural p,-equivariant structure. Moreover, under the Iwasawa decompo-
sition over Q,((w)), ¥, corresponds to cn.

Roughly, 15 realizes DM as a modification of o*9 along {u = 0}, and is constructed
using the Hodge filtration on the associated filtered Q,-vector space; in fact, the
subset of Z/p determined by the support of the p,-equivariant structure on 9 (and
thus also on 9 ~ M by Proposition 1.4) is exactly given by (the image in Z/p of)
the Hodge—Tate weights of the underlying Galois representation (Remark 4.2.8).
Such a characteristic 0 modification can in fact be constructed for any Breuil-Kisin
module; the key consequence of crystallinity is the congruence of ¥y = pon modulo
p. We offer two constructions of 91, one relying on the prismatization [BL22b] that
minimally proves Proposition 1.4, the other using the syntomification [Dri24; Bha22]
that characterizes 21 in classical terms along the lines of the opening sentence of
this paragraph. We do not know a proof using more classical p-adic Hodge theory.
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For the first construction recall that, by [BS23], a Breuil-Kisin module 9t
associated to a crystalline representation arises from a prismatic F-crystal £. By
[BL22b], £ may in turn be regarded as a vector bundle with Frobenius structure on

the prismatization Z,, ; in this perspective, the module 90 is simply the pullback of £
along the map psia : Spf(Z,[u]) — Z, classifying the Breuil-Kisin prism. We realize
91 as the pullback of £ along a new map p; : Spf(Z,[u]) — Z, (Proposition 4.4.1).
The map p; is congruent to psta modulo p, but does not come from a prism structure
on Z,[u] integrally. Moreover, the p,-equivariance of M is a reflection of the
pp-equivariance of the map p; itself.

For the second construction, recall that the Nygaard filtration on ¢*(99t) induces
the Hodge filtration on D = (¢*(9M)/(u — p)¢*(M))[1/p]. On the other hand,
parallel transport along Frobenius allows us to identify ¢* (M) ®z [, Qp[u] with
D®q, Qp[u]. Thus the Rees module, with Rees parameter u, of the Hodge filtration
on D gives a modification of ¢* (M) @z, [4] Qp[u] along {u = 0}. By Beauville-Laszlo
glueing and purity for vector bundles on SpecZ,[u], this extends uniquely to a
modification 91 of ¢*(M) along {u = 0}. It is not hard to see that M has all the
properties in the proposition except for the isomorphism 91/p9t ~ 9M. The proof of
this last, crucial, property (Theorem 4.5.12) uses essentially that if 9t corresponds
to a crystalline representation, then it arises from an F-gauge £5", which is a
reflexive coherent sheaf on the stack Z5™ [Dri24; Bha22], extending the crystal £

from the previous paragraph from the open substack Z, C Zﬁyn.

Up-fized points in the affine Grassmannian. To explain how to deduce Proposition
1.3 from Proposition 1.4, it is useful to reformulate the invariants asy and agg in
terms of orbits on the affine Grassmannian Gr for GL,,. Recall that this is defined
as a quotient L GL,, /Lt GL,,, where for any ring R, L GL,(R) = GL,(R((u))) and
LT GL,(R) = GL,(R[u]).

Write T for the usual maximal torus of GL,, given by the diagonal matrices, write
X, (T)* for the set of tuples of integers A = (Aq,..., A,) with Ay > Ao > -+ >\,
and write u* = diag(u*!,...,u*) € LGL,. Then the orbits of L* GL,, on Gr
are precisely the L™ GL, -u#, and in particular are indexed by X, (T)"; this is a
geometric reformulation of the Iwasawa decomposition. The closure relation on
orbits is given by the dominance order. Thus one may view agy and ag; as points of
L* GL,, \Gr, and the closure relations imply that ag < asy. More geometrically, the
quotient LT GL, \Gr parameterizes modifications of vector bundles on Spec R[[u]],
and agy (respectively agy) is given by the modification pgn (respectively @gy).

Now p, acts on Gr and Lt GL,, by loop rotation. In particular we can consider
the u,-fixed points Gr**. Define the subgroup L, GL,, C Lt GL, by L} GL,(R) =
GL, (R[uP]). Using Proposition 1.4, one may promote asy and ogy to points of
L} GL, \Gr"#. By a result of Riche-Williamson [RW22], the orbits of L} GL,, on
Gr#? are also indexed by X.(7T)", but the closure relations between the orbits
L; GL, -u* in Gr*» are different from those between the corresponding orbits
Lt GL,, -u” in Gr. We show

Proposition 1.5 (Proposition 2.4.10). For A\, u € X.(T)*, the orbit L;‘ GL, -u* C
Gr*? is contained in the closure of L;‘ GL,, -u* if and only if A 1 u.

Now gy is a specialization of agy, so we obtain ag; T am = p.
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Semisimple Galois representations and Breuil-Kisin modules. Identify the Weyl
group S,, of T with the group of permutation matrices, so that Nar,, (T) =T % S,,.
It is easy to show (using the explicit description of the tame inertia subgroup
of Iq,) that any semisimple representation 7 : Galg, — GL,(F,) is conjugate to a
representation 7 : Galg, — N, (T')(F,) with 7(Iq,) C T(F,).

We now return to the proof of Theorem 1.2. First suppose that p® is conjugate
to a representation Galg, — T' (Fp), which we continue to denote by p*. Then it
is straightforward to show that we may semisimplify 9 to obtain a Breuil-Kisin
module M with az== represented by a diagonal matrix in some choice of basis.
The semisimplification procedure exhibits M~ as a specialization of 9 (in an
appropriate moduli stack of Breuil-Kisin modules), and it follows easily that m>
is pp-equivariant, and agyp= is a specialization in L;r GL,, Gr*? of agy. Setting
A = gy, we deduce from Propositions 1.3, 1.4 and 1.5 that A T u, while it is easy
to see that after a possible further change of basis, g5 is given by the diagonal

matrix diag(t;u, ... t,u? ) for some t; € F . From this one can read off that
ﬁSS\IQP >~ r(\1) = w_/\l D Duw completlng the proof in this case. More
generally, if pgz= happens to be conjugate to a matrix in Ngr,, (T'), then it is easy
to see that after a change of basis, it is of the form

diag(tiu™, ... tyu™) - w

for some ¢; € F; and w € S,, where A = ag;. One then checks that we have
P*l1q, = 7(A,w) (indeed, this is essentially our definition of 7(A, w)).

When p is irreducible, we do not expect that oz can always be conjugated into
Ngr,, (T). Instead we use an idea from a paper of Chen—Nie [CN22]. Firstly, we
show that after a change of basis, gy is of the form (see (5.5.5))

z - diag(tyu™, ... tyut) - w

where z is a conjugate of a matrix in GL,,(F,[u]) (in fact, a matrix in the Iwahori
subgroup) by a diagonal matrix diag(u**,...,u”"). Since x need not be integral, it
is not necessarily the case that agy = A\. However, to prove Theorem 1.2 it suffices
to show that A 1 agy, which we are able to deduce from Proposition 1.5 by making
a specialization argument in L} GL,, \Gr".

In the general case that p® neither factors through a torus nor is irreducible, we
combine the methods above: we first semisimplify, and then pass to a Levi subgroup
to reduce to the case that p is irreducible.

L-groups. The statements and proofs above are not special to GL,,. In the body
of the paper we work with L-groups of arbitrary unramified connected reductive
groups. Thus if G is such a group over Z,, with (unramified) splitting field L, dual

group @, and dual torus TA“, we consider
LG = G % Gal(L/Qy),

and L-parameters Galg, — LG compatible with the projection to Gal(L/Q,); see
Section 5.2. The role of S, is played by the Weyl group W of CA? and HodgeTate
Welghts are dominant cocharacters of 7. In particular, for any connected reductlve
group G over Zp, we can choose G to be the split form of the dual group of G in
which case LG = G.
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In this generality we prove Theorem 5.5.6: if p : Galq, — “G(Z,) is crystalline
with Hodge—Tate cocharacter p(p), then there are A and w € W such that Agom T p(p)
and

psshqp = T()‘vw);
here Aqom denotes the unique dominant element of the orbit W A. The formulation
in terms of L-groups also gives, by restriction of scalars, the corresponding theorem

for crystalline L-parameters of Galy for any finite unramified extension K/Q,; see
Theorem 5.6.2.

The weight part of Serre’s conjecture. We now explain the connection with Serre
weights more precisely. In Section 6, under the usual hypotheses on an unramified
group G/Z, recalled there, the Serre weights are the irreducible F,-representations
of G(F,), parameterized as Fj_, for suitable p-restricted highest weights A and a
fixed twisting element 7).

For a semisimple L-parameter p : Galg, — “G(F,) we define two sets of Serre
weights. The set Wes(p) consists of the weights F)_, for which p admits a
crystalline lift with HodgeTate cocharacter A. The set We*Plicit(5) consists of the
weights F_, for which there are A’ T XA and w € W with

phqp = T()‘/a w)'
Theorem 6.3.3 gives the inclusion
Wcris (ﬁ) C Wexplicit (ﬁ)
= )
and therefore gives a weight elimination result whenever the expected inclusion

from the true Serre weight set W (p) into W°s(p) is known. We make the following
optimistic conjecture.

Conjecture 1.6 (Conjecture 6.3.4). Suppose that p is semisimple. Then
W(ﬁ) _ Wcris (ﬁ) _ chplicit (p)

This gives a uniform candidate set of Serre weights, with no genericity assumptions,
and a corresponding weight elimination result, for general unramified reductive
groups.

We also show that our results are compatible with the existing literature on
the weight part of Serre’s conjecture. In particular, for generic p, we compare
our set WPl (5) with the predicted set WHe(p) of Gee Herzig-Savitt, which
generalizes Florian Herzig’s conjectural set for GL,,. Proposition 6.4.6 proves that
Wexplicit (5) — J7Her(5) under an explicit genericity hypothesis. Combined with
standard local-global compatibility, this improves existing weight elimination results
for automorphic forms on unitary groups; see Remark 6.4.10. Note also the key
structural theorem in the proof of the Buzzard-Diamond—Jarvis conjecture [GLS14]
is an immediate corollary of our results (see Corollary 5.2.11).

A brief history of this paper. The project began as joint work of T.G. and M.K., and
the earliest version of the results of this paper was announced in T.G.’s talk [Gee23]
in November 2023. At that time we had a slightly weaker version of Proposition 1.3
(see Corollary 4.10.5), proved by a different argument with the stack Zzs,yn, with the
help of Jacob Lurie. This argument is presented in Section 4.10, which uses these
earlier techniques to give a complete proof of Proposition 1.3 for G = GL,,. Inspired
by T.G.’s talk [Gee23], Tong Liu proved a statement related to Corollary 4.10.5 in
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his paper [Liu24]. Further proofs of Liu’s result were given by Gao-Liu [GL24] and
Pham [Pha24].

We attempted to deduce Theorem 1.2 directly from the aforementioned version
of Proposition 1.3, but did not succeed in doing so. At that point, B.B. joined the
collaboration. By late summer 2024, we realized that the p,-equivariance statement
for M in Proposition 1.4 appeared to be true, and that this, together with the
ideas of Chen—Nie [CN22], would give a proof of Theorem 1.2 for general reductive
groups. We initially imagined that the j,-equivariance property would hold for any
prism, and were confused by the lack of any structure in Zgyn that would enable
us to prove this. Once we realized that we should only be trying to prove it for
a Breuil-Kisin prism, we obtained our first complete proof of Theorem 1.2 in the
fall of 2024. This first proof of p,-equivariance, which uses Z, , is described in
Section 4.4; Proposition 1.4 was found later, in the course of writing this paper. In
late 2024 Robin Bartlett (personal communication) independently suggested that
a pp-equivariant structure on Breuil-Kisin modules could give another proof of
Proposition 1.3; we thank him for bringing the reference [RW22] to our attention,
which saved us a good deal of work in writing Section 2.

1.7. A brief guide to the paper. Section 2 studies the p,-fixed locus in affine
Grassmannians. The main results are the comparison between the 1 order and
Bruhat order in Proposition 2.3.12, the orbit-closure description in Proposition 2.4.10,
and the integral specialization result Corollary 2.7.4.

Section 3 recalls the Rees-stack formalism used to package relative positions of
modifications and their specializations. Section 4 proves the main structural theorem
for crystalline Breuil-Kisin modules, Theorem 4.2.3, including the p,-equivariant
specialization in Corollary 4.2.5 and the numerical consequence Corollary 4.2.6. It
also proves the corresponding statements for G-valued crystalline representations.

Section 5 applies these results to Galois representations. It recalls L-groups and
the inertial representations 7(\, w), proves the shape bound Theorem 5.2.9, and
proves our main result on inertial weights, Theorem 5.5.6.

Section 6 formulates Conjecture 6.3.4 on the weight part of Serre’s conjecture,
and proves Proposition 6.4.6 which compares our explicit set of weights with the
Herzig/Gee-Herzig—Savitt predicted set in the generic case.

Finally, Appendix A recalls some material on the Tannakian formalism which we
use in the body of the paper.

1.8. Acknowledgements. We are all grateful to Jacob Lurie for many helpful
conversations about this work. In particular, T.G. and M.K. wish to acknowledge
his assistance in the early stages of this project, on the material recorded in
Section 4.10. T.G. thanks George Boxer for many helpful conversations about
Breuil-Kisin modules, the weight part of Serre’s conjecture, and related topics over
the last ten years. We thank Simon Riche and Geordie Williamson for answering
a question about [RW22], and in addition we are grateful to Riche for his helpful
comments on an earlier version of section 2 below. We would like to thank Robin
Bartlett, Florian Herzig, Hui Gao, Dan Le, Bao Le Hung, Tong Liu and Dat Pham
for conversations about this work. We would also like to thank Robin Bartlett,
Matt Emerton, Brandon Levin and Dat Pham for their comments on an earlier
draft of this paper. The proof of Proposition 4.10.13 was found with assistance from
ChatGPT-5.4 Pro. ChatGPT also produced Figure 2.3.4.
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2. Hp-FIXED POINTS IN AFFINE GRASSMANNIANS

Our main aim in this section is to prove some results about the p,-fixed lo-
cus for the loop rotation action on the affine Grassmannian. We first establish
Proposition 2.3.12, a combinatorial result which we then combine with results of
Riche-Williamson [RW22] to study the closure relations in this p,-fixed locus. We
have made an effort to give a self-contained treatment of this material, recalling
some standard results along the way.

2.1. Coxeter groups. We briefly recall some more or less well-known results about
Coxeter groups (see [Bou02; Hum90]). Let (Wg, S) be a Coxeter system, with S
finite. Write ¢ for the length function on Wy, i.e. for the length of a minimal
expression of an element in terms of elements of S. We write <g,, for the Bruhat
(partial) order on Wy, so that w <p,, w’ if and only if some (not necessarily
consecutive) substring of some (equivalently every) reduced expression for v’ is a
reduced expression for w. We have the following useful lemma.

Lemma 2.1.1. Suppose that a,b,c € Wg with ¢(ac) = l(a) + £(c) and {(bc) =
£(b) + (c). Then a <y, b if and only if ac <pyy, be.

Proof. By induction on ¢(c), this follows easily from the lifting property of the
Bruhat order; see [BWS88, Lem. 2.2]. O

2.1.2. For any subset I C S, we write (Wj,I) for the corresponding Coxeter
system; the restriction of ¢ to W; agrees with the length function on W7y, and Wi is
called a standard parabolic subgroup of Wg. The set

W= {we Ws|w< ws for all s € I}

is the set of minimal length representatives of Ws /W7, so that each element w € Wg
has a unique expression as w = w!w; with w! € W' and w; € W;. Furthermore,
we have £(w) = £(w!) + f(w;). The set TW = (WI)~! is the set of minimal
representatives for Wi\Wg. If W is finite, then it has a longest element wq ;. If
I C J, then W N W has a unique longest element, namely w()"]woi}. We will be
interested in representatives for double cosets W;\Ws /W7, for which a convenient
reference is [EK23|. In particular we have the following result.

Proposition 2.1.3. Suppose that Wi, W; are finite. Then:

(1) Let w € Wy\Wg/W;. Then the subset w C Wg is an interval in the Bruhat
order; i.e. there are elements u, u € Wg such that

u = {.’E € WS | % <Bru T <Bru E}
We say that w is the minimal representative of u, and u is its maximal
representative.
(2) The set of minimal elements {u : u € W;\Ws/W;} is equal to "W N W1,
(8) For each u, the map
(W™ W) x W —s u
(z,y) — zuy

is a bijection, and furthermore we have €(xuy) = £(z) + €(u) + L(y). In
particular, we have

— -1
(2.1.4) U = Wo,7 Wy jryry—1 LWO,I-
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(4) The set unW? contains a unique element yu' of mazimal length; furthermore
we have

(2.1.5) gul = wo, s w(;}]myﬂ,l u.
Proof. The first three parts are part of [EK23, Lem. 2.12]. For the fourth part,

note that by part (3), the set u N WY is equal to the set of elements zu with
z € W/Nulu™ n W, and we have ((zu) = ((z) + £(u) for all z € W/Mulu™" )y,
Since WJ/Nulu™" A W has a unique longest element, namely wo,_]wgbmqtlu,l, we

obtain (2.1.5). O

The following result is well-known, but for lack of a reference we give a proof.

Proposition 2.1.6. Assume that Wi, W; are finite, and let u,v € W;\Wg/Wj.
Then the following conditions are equivalent:

(1) There exist x € u and y € v with © <gp, Y.
(2) u SBru .

(3) u SBru v.

(4) sju’ <ppu g’

Proof. Conditions (1)—(3) are equivalent by [Dou90, Lem. 2.2]. By (2.1.4) and (2.1.5
we have u = julwg, © = jvlwg s, where (u) = ((;ul) + €(wo ;) and £(v) =
(yvT) + €(wo ;). Tt follows from Lemma 2.1.1 that (3) implies (4). Finally (4)
trivially implies (1). O

~

2.2. The affine Weyl group. We now recall some standard material on affine
Weyl groups; see for example [Bou02, Ch. VI, §2] for any facts for which we do not
give an explicit reference.

2.2.1. Let (X*(T),®, X.(T),®") be the root system attached to a split connected
reductive group G and a choice of maximal torus ' C G. We write (-,-) : X*(T) x
X.(T) — Z for the natural pairing, and A C X*(T), AV C X, (T) for the root and
coroot lattices, respectively. For any ring S we write X, (T)s = X.(T) ®z S.

Now fix a Borel subgroup B C G containing 7. Let ®* C ® and &Vt Cc &V
denote the positive roots and coroots, respectively. We let X* (7)™ and X, (T)"
denote the dominant characters and dominant cocharacters, respectively, so that in
particular X, (T)* is the set of cocharacters u such that {a, ) > 0 for all a € ®+.

We denote the Weyl group of G by W¢, or by W if the choice of G is clear.
We let W act on the left on X*(T") and on X, (T), so that for w € W, x € X*(T)
and t € T we have (w(x))(t) = x(w™'tw), while for u € X, (T) we have (w(u))(z) =
wp(z)w™!. In particular, the pairing (-, -) is W-equivariant (for the trivial action
of Won Z). For any A € X..(T), we write Agom for the unique dominant element of
the orbit WA.

2.2.2. Write W for the extended affine Weyl group X, (T) x W, and Wag for its
normal subgroup, the affine Weyl group AV x W. These both act naturally on X, (7T)
(with X, (T') acting by the usual addition of cocharacters), and we often view Wag
as a group of automorphisms of X, (T)r. We embed X, (T") into G(R((u))) (where u
is a formal variable) via

A= u? = ).
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Accordingly, we will frequently write elements of W as @ = v’ with A € X, (T)
and w € W, so that v = wurw=!. We fix a lift of each w € W to an element
w € Ng(T)(F,), so that we have an embedding (of sets) of W into G(R((w))).

For each & € ® and n € Z we have a hyperplane in X, (T)gr given by the equation
(o, v) = n. We write s,y for the affine reflection in this hyperplane, given by

San(V) = v — ((a,v) —n)a’ = s5,(v) + na”.

In particular s, = sq,0 has its usual meaning in the finite Weyl group W, and in
the notation above, s, is given by une’ Sq. The s, , generate Wag (note that
SaSan(A) =X —na).

We write W, := pAY x W for the p-dilated affine Weyl group, which is the
subgroup of Wag generated by the reflections sq pp.

Definition 2.2.3. A facet is an equivalence class of elements of X, (T)gr for the
equivalence relation given by x ~ y if and only if for each o € ® and n € Z, either
(o, ) = (o, y) = mp, or (o, z), (o, y) < np or (a,z), (o, y) > np. An alcove is a
facet of maximal dimension, and a wall of an alcove is a codimension-one facet
which lies in the closure of the alcove.

2.2.4. The group W, acts simply transitively on the set of alcoves. We say that
an alcove A is dominant if (o, z) > 0 for all « € T,z € A.
We write A, for the alcove

Ay ={ve X (T)r:0< (a,v) <pVaedt}.

The closure A, of A, is a fundamental domain for the action of W, on X, (T)g.
Thus given any A € X, (T), we can write A = (uP*w)\g = pv + who for some
unique \g € A, N X, (T) (and some w € W and v € AV, which are not in general
uniquely determined).

The alcove A, determines a Coxeter system (W,,S), where S is the set of
reflections in the walls of A,. We write <g,, for the Bruhat order on W), and we
write £(v) for the length of v € W),

By [Ric13, (1.9)] (a formula which goes back to Iwahori-Matsumoto [IM65]), for
any v € AV and w € W we have

(2.2.5) (Wrw)= > [+ D ey 1.

acedTNw(dT) aedtNw(P®-)

For each Ao € A, N X,.(T), we write W0 < W), for the stabilizer of Ag. This is a
finite standard parabolic subgroup of W), generated by the reflections in the walls
of A, which contain Ag.

Proposition 2.2.6. Suppose that A € X.(T)*t, and write A = v(X\g), where \g €
A, N X.(T), and v € W, is chosen so that v is the element of minimal length in
oWpo. Write v = u?’w with v € A and w € W. Then:

(1) ve X (T)", and if B € T with (3,v) =0, then w=(3) € +.

(2) vA, is dominant.

(3) v = is the unique minimal representative of the double coset WUW];\D.

Proof. We begin by noting that for any w’ € W we can write w/u?’w = u?* " w'w,
so that by (2.2.5) we have
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lwo)y= Y Haw'@N+ Y Haw' () -1

acedtNuw/w(dt) acedtNuw' w(®—)
(2.2.7) = Y (@) tanl+ Y @) ) — 1
acedtNuw/w(Pt) acdtNuw/ w(P—)
= > (e, v)] + > [{a,v) =11,
ac(w’)~1(d+H)Nw(®+) ac(w')~1(&+)Nw ()

Comparing (2.2.5) and (2.2.7), we obtain

(2.2.8) L(w'v) — (v) = > (I, v) + 1] = [{a, )]

acedtN(w )1 (P~ )Nw(PT)

+ > (I{er, )| = I{or,v) = 1)

aedtN(w)~H (P )Nw(®~)
First note that for any o € ®* and any = € A, we have
(2.2.9) (o, vx) = (o, pv + wz) = pla, v) + (w™ (), z).

To establish part (1), we take x = Ao in (2.2.9). Since [{(w~!(a), \o)| < p, and
A = v()\o) is dominant, we see that (a,v) > —1 for all « € ®*. Suppose for the
sake of contradiction that v is not dominant, so that there exists a € ®* with
(a,v) = —1. Writing « as a sum of simple roots, we see that there must in fact
be a simple root  with (8,v) = —1. Note that by (2.2.9) we must also have
(w=(B), Xo) = p, so that (by the definition of A,) we have w=!(8) € ®*. Since
(w™(B), Xo) = p we have s,-1() ,(Ao) = Ao, s0 that s,-1(5), € W).

We claim that £(vs,-1(g),) = £(v) — 1, which contradicts the assumption that v
is of minimal length in vWé\O. To see this, note that since (5,v) = —1 we have
sg(v) = v+ (Y, and an easy calculation shows that

VSy-1(8),p = uP* Vs gw = sguP’w = sgo.

We can therefore compute using (2.2.8) with w’ = sg. Since § is assumed simple,
we have T N sgl(fIf) = {B}, and since we have already seen that w=1(3) € &+,
we deduce from (2.2.8) that

Usw—1(g)p) = £(v) = L(spv) = L(v) = [(B,v) + 1| = [{B,v)| = 1,

as claimed. Thus v is indeed dominant.

To complete the proof of (1), we assume for the sake of contradiction that there
exists 8 € ®F with (3,v) = 0 and w™(8) € ®~. Writing 3 as a sum of simple
roots, and using that v is dominant, we see that we may furthermore assume that g
is simple. By the definition of A,, we have (w=!(8), ) < 0, and comparing
to (2.2.9) we see that in fact (w™'(8), Ao) = 0, so that s,,-1(5 € W;°. Again, we
may assume that 3 is simple, and to obtain a contradiction it suffices to show that
L(v8y-1()) = £(v) — 1. Since (B,v) = 0 we have sgv = v, so that

vSy-1(8) = UV sgw = spv,

and we can again compute using (2.2.8) with w’ = sg. Since § is assumed simple, we
again have &1 N 351@_) = {8}, but this time we are assuming that w=*(3) € ®~.
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Since (B,v) = 0, it follows from (2.2.8) that

t(vsw-1(s) = £(v) = L(spv) — L(v) = |(B, V)| = [{B,v) = 1| = -
as claimed. This completes the proof of part (1).

We now turn to proving (2). We need to show that if z € A, and a € &+, then
(o, vw} > 0. To do this, we use (2.2.9); if (o, v) > 0, then p{a, 1/) + (w™(a),z) >
p—p = 0, and otherwise (a,v) = 0, in which case w™!(a) € ®T, and p(a,v) +
(w™

( ), z) = (w™H(a),2) > 0.
It remains to prove part (3). By Proposition 2.1.3 (2) and our assumption that v
is minimal in vW;‘O, it suffices to show that v is of minimal length in Wov. Using
part (1), it follows easily from (2.2.8) that for any w’ € W we have

fw'v) — €(v) = [8* 0 (')~} (@7)] = £(u),

and the result follows immediately. O

Corollary 2.2.10. Let \g € A, N X, (T), and let v € W, be an element which is
minimal in UW;‘O. Then the following are equivalent:

(1) v is minimal in Wo.

(2) v is minimal in WoWo.

(8) v(Xo) is dominant.
Proof. The equivalence of (1) and (2) follows from Proposition 2.1.3 (2), while (3)
implies (2) by Pr0p051t10n 2.2.6 (3 ) To see that (2) implies (3), let v’ be any element
of WUWZ;\O. Replacing v' by wv’ for some w € W if necessary, we may assume
that v/()\g) is dominant. Replacing v’ by the element of v’ W)‘O of minimal length,
it follows from Proposition 2.2.6 (3) that v’ = v, so in partlcular v' (M) = v(No) is
dominant, as required. ([l

2.3. The 1 partial order. We define partial orderings <,1 on X, (7') as follows;
see Figure 2.3.4 for an illustration for G = GL3.

Definition 2.3.1. We say that 4 < AN if A —p € Z>o®V>+. We say that 1 X if and
only if 4 = A, or there exist reflections s; = sq, pn, € Wp, ¢ =1,...,7, such that
(2.3.2) p < s1(p) < (s2s1)(p) <o < sy s1) (1) = A

Note in particular that if g 1 A, then g < X and p € WA,

Remark 2.3.3. By Corollary 2.3.11 below, if u, A are dominant, then one can always
take the (s;---s1)u in (2.3.2) to be dominant.

We will sometimes make use of the following basic lemma.
Lemma 2.3.5. For each A\ € X.(T) and w € W we have wA 1T Adom-

Proof. This may be proved by a straightforward induction on the length of w;
see [Jan03, 11.6.4 (5)]. O

We have the following related definition for alcoves.

Definition 2.3.6. Suppose that A is an alcove, that o € ®* and that n € Z.
Then either («,z) < np for all x € A, in which case we say that A 1T s4 pA; or
(a, ) > np for all € A, in which case we say that sqnp,A T A. We then say that
A1 A’ if and only if A = A/, or there are reflections s; = So, pn; € Wp, i =1,...,71,
such that

AT s1A T sas1AT T (s 081)A = AL
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T2 — I3

(a+p, b+p,c—2p) |

(a+p, ctp, b—2p)

(b+p, c+p; a—2p) (c+2p, a,b—2p)

&
e
AN
VB
N
\B
%ax igba !
(c+p, a,b—p) (a+p, b, c—p) (b+2p ¢, a—2p) \

(a,b,) (b+p ¢, a—p) L+2p a—p, b )

/‘b N / N o a%
(a+2p,b—p, c—p) *|

T — T2

FIGURE 2.3.4. The 1 partial order on dominant coweights
(1,22, x3) for GL3. The highlighted alcove is A,,.

The following theorem of Wang will be crucial below.

Theorem 2.3.7. Suppose that u,v € Wy are such that uA, and vA, are both
dominant. Then the following conditions are equivalent:

(1) ul, T vA,.

(2) u <ppy v.
Proof. This is [Wan23, Thm. 4.2], which was originally proved in [Wan87]. See
also [GHS18, App. A] for an exposition of some points of the proof. O

Definitions 2.3.1 and 2.3.6 are related as follows.

Lemma 2.3.8. Suppose that A1 A’ and that p € AN X.(T). Let \ be the unique
element of AN Wyp. Then 1 .

Proof. By induction, we can assume that A’ = s, ,,A for some «,n, so that
A = Sa,pn(p). Since A 1A', we have (o, z) < np for all z € A, so that (o, u) < np.
Then A — = (np — {a, u))a¥ >0, so p 1 A, as required. O

Remark 2.3.9. Our definitions differ in two ways from the definition of 1 used in the
representation theory of reductive groups in finite characteristic, as in [Jan03, 11.6.4].
Firstly, our definitions are for coweights, rather than weights; this is harmless, as one
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can pass between the two cases by exchanging a root datum with its dual. Secondly,
the definition in [Jan03, I1.6.4] uses the “dotted” action of the affine Weyl group,
which is defined as follows (after passing to the dual root datum): for v € W, and
we X, (T), we let
v-p=o(p+p’)—pY,

where p¥ = £ 3 4+ a”. Then the definition of 1 in [Jan03, 11.6.4] differs from
ours in that in (2.3.2), the s; act via the dotted action.

It follows that g 1 A in our sense if and only if (1 — p¥) T (A — p¥) in the sense
of [Jan03, I1.6.4] (where strictly speaking we have now extended the definition of 1
to X.(T)z[1/2). Similarly, the definition of “alcove” in [Jan03, I1.6.2| differs from
our definition by the same translation by p¥. Accordingly, we will freely use the
results of [Jan03, IL.6] below.

The converse implication in Lemma 2.3.8 holds if p € AN X, (T), but it fails in
general (consider the case = A = 0). However we still have the following weaker
statement.

Lemma 2.3.10. Suppose that u, A € X.(T)" are in the same Wy-orbit. Then the
following are equivalent:

(1) 1A
(2) There exist dominant alcoves A, A’ such that p € A, X € A/, and A1 A’

Proof. By Lemma 2.3.8, the second statement implies the first. For the converse,
we follow the proof of [GHS18, Cor. A.1.2]. We may assume that p # X. We let F
denote the unique facet containing p, and we let A(u) be the alcove denoted C'*(F)
in [Jan03, I1.6.11], which is defined as follows: for each oo € &, there is a unique
integer m,, such that
map < (@, 1) < (ma +1)p,
and we set
A(p) = {v € Xu(T)R : map < {a,v) < (My + 1)p Va € &1}

Since p is dominant, so is A(u). By [Jan03, I1.6.11(3)], A(g) is maximal with respect
to T; more precisely, if A is an alcove whose closure contains p, then A 1 A(p).
We define A(\) in the same way. Since p 1 A, we can write

< si(p) < (s2s1)(p) <+ <(sn---s1)(p) = A
for some reflections s1,...,s,, where we have replaced the inequalities in (2.3.2)
by strict inequalities, by discarding any reflections giving equalities. Using the
strictness of these inequalities, it follows from Definition 2.3.6 that

Ap) T s1A(k) T s2s1A) T 1 (50 51)A(R).
By the maximality of A(X), we have (s, ---s1)A(u) T A(M). Thus A(p) T A(N), and
since A(u) and A()A) are dominant, we are done. O

We note the following corollary, which is [GHS18, Cor. A.1.2(ii)] (with the same
proof).
Corollary 2.3.11. If u, A € X.(T)" are such that p 1 A, then there exists a
sequence of dominant coweights
B=o Tt A = A
and reflections s; € W, such that A\; = s;(Ai—1) for all .
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Proof. By Lemma 2.3.10, there are dominant alcoves A, A’ such that € A, A € A/,
and A T A’. By [Wan23, Thm. 2.7] there exists a sequence of dominant alcoves

A=Ayt 1A, =A

and reflections s; € W), such that A; = s;A,_; for all i. Taking \; :== (s;---s1)L,
the result follows as in the proof of Lemma 2.3.8. O

The following is the main combinatorial result of this section; under an additional
regularity assumption (which is irrelevant for applications to the representation
theory of reductive groups, but would be insufficient for our applications in p-adic
Hodge theory) it was earlier proved by Riche [Ric, Prop. 2.35].

Proposition 2.3.12. Suppose that p, A € X.(T)*. Then the following are equiva-
lent:

(1) w1t A
(2) There exist u,v € W, with u <pp, v, and g € A, N X, (T), such that u(Ap)
and v(Ap) are dominant, ;1 = u(Xg), and A =v(Xg).

Proof. First assume that p 1 A. Then by Lemma 2.3.10 we can find dominant
alcoves A + A’ such that g € A and A € A7. Write A = uA,, A’ = vA,, for (unique)
elements u,v € W,,. Since A, A’ are dominant, it follows from Theorem 2.3.7 that
u <pry v. As we are assuming that ;o T A, we in particular have p € W), - A, whence
we have u™!(p) = v71(A\) =: A\g € A,, as required.

Now suppose that (2) holds. Since uA, and vA, are dominant, Theorem 2.3.7
gives uA, 1T vA,, whence Lemma 2.3.8 implies that p 1 A, as required. O

2.4. Affine flag varieties. Let A be a ring and let G be a smooth affine group
scheme over A. We recall the definitions of the loop groups and the affine Grass-
mannian associated to G, for which [Ces25] is a general reference; see also [Hai25]
and [RS20].

2.4.1. We write L,G, L} G for the nth loop and arc groups, so that for any A-
algebra R we have L,G(R) = G(R((u"))) and L} G(R) = G(R[u"]). When n =1
we drop it from the notation. We define the affine Grassmannian Grg as the étale
sheafification of the presheaf LG/LTG. By [Ces25, Prop. 7], Grg(R) is in natural
bijection with the isomorphism classes of pairs (£,t) consisting of a G-bundle &
over R[u] and a trivialization ¢ : €| g((u)) — E°|r((u)) of € over R((u)) (where £°
denotes the trivial G-bundle). We sometimes write Grg 4 for Grg when the ring
A may not be clear from the context. When G is a Chevalley group, i.e. a split
reductive group, then Grg is representable by an Ind-projective Ind-scheme.

The multiplicative group G, acts on LG, LT G and Grg by “loop rotation”. That
is, z € R* sends f = f(u) € G(R((u))) to f(uz). In particular, we have the action
of the subgroup p, C Gy, on Grg. We will write (Grg)*» C Grg for the fixed
points of fi,,.

2.4.2. Now suppose that G is a Chevalley group, equipped with a Borel subgroup
B C G and a maximal torus T'C B. For A € X, (T)" we write Gré’\ for the image
of the orbit map LTG — Grg sending f to f - . This is a projective A-scheme,
which contains a unique open, fiberwise dense LG orbit Gr’c\;. The Ind-scheme
Grg admits a stratification by the disjoint union of the Grg.



REDUCTION MOD p AND pu,-EQUIVARIANCE 17

2.4.3. We continue to assume that G is a Chevalley group. To any facet f (in the
sense of Definition 2.2.3), Bruhat-Tits theory associates a parahoric group scheme Pg
over A[t], which is a smooth affine group scheme over A[t] with connected geometric
fibres such that Pp x 4p;p A((t)) = G xa A((t)). See [Hai25, Lem. 11.1] for the case
A = Z, which implies the general case.

As in [RW22, §4], for R an A-algebra, set L} Pr(R) = Pr(R[u”]). Here we view
R[u”] as an A[t] -algebra via ¢t — wu”. This defines a subgroup L} P C L,G.
We denote by ffg 4= Ly,G/ L;Pf the associated affine flag variety. It is an Ind-
projective Ind-scheme. We sometimes write F¢§ when the base is clear.

For each v € W, we have the Schubert scheme fﬁ?:%v, which is by definition
([RS20, Defn. 4.3.4] or [Hai25, 11.2.3]) the scheme-theoretic image of the map

LG — FU{ 4, g+ gv, and its open subscheme JF/{", which by definition is the
étale sheaf-theoretic image LG -v C F Ei’:i”.

By [RS20, Lem. 4.3.7] and [Hai25, Lem. 11.8], fﬁ?:f’ is a projective faithfully
flat A-scheme with geometrically integral fibres, while F¢{"} is smooth, fiberwise

geometrically connected, and fiberwise dense in F. Kzf’:iv.

2.4.4. We now take A = F an algebraically closed field, and assume that G is
a Chevalley group. We recall some results from [RW22, §4].! Write Iw for the
Iwahori subgroup of G(F[u]) given by the preimage of B~ (F) under the natural
map G(F[u]) — G(F), where B~ is opposite to B. Write Iw, = Iw"? for the
corresponding subgroup of G(F[u”]).

Lemma 2.4.5. For each A € X,.(T)" we have
(Groy)tr = LG - u.
Proof. This can be deduced from the results of [RW22, §4.4] as follows. We have
(2.4.6) Gry = [[ Tw-u,
HEWX
and by [RW22, Lem. 4.4] we have
(2.4.7) (Iw - u?)#» = Tw,, - Ut

We certainly have L; G-u* C (Gr’c\;)“P, so we only need to prove the opposite
inclusion. By (2.4.6) and (2.4.7), it suffices to show that for each w € W we have
u?®) ¢ L;G -u; this follows from writing M = wurw™! (where as usual we
have chosen a lift of w to Ng(T)(F)). O

2.4.8. We continue to assume that A = F is an algebraically closed field. We
now explain the relationship between affine flag varieties and the p,-fixed points
(GI‘G)MP .

Assume from now on that the facet f is contained in Zp; then Pa, C P, and
Pp, is the Iwahori subgroup given by the inverse image of the opposite Borel B~
under evaluation at t = 0. If we let Wlf < W, be the pointwise stabilizer of f, then

Pf: H PAPUPAP7
veWwt

n [RW22, §4] F is assumed to be of positive characteristic, but this assumption is never used.
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where we regard v € W, as an element of G(F((u?))) via the embedding of W
into G(F((u))) defined in Section 2.2. For example, we see that for o, :=0 € X, (T)
we have P, = Gg[ur]- (Note that some of our formulas differ from those found
in [RW22, §4], due to our differing conventions on signs; see [Hai26, §2] for a helpful
discussion of the possible conventions.)

The connected components of the affine flag variety F¢§ are indexed by m (G) =
X.(T)/AY via the Kottwitz homomorphism; concretely, each connected component
of (Flf)req is stratified by the orbits L G -u* for A in the corresponding coset of AY.
We write F¢£° for the neutral component (for which A € AY).

For each \g € A, N X.(T), we write f\, C A, for the unique facet containing Ao.
Then the morphism L,G — Grg, g — gu?® induces a morphism

fﬂg’z — Gré” .
By [RW22, Prop. 4.7], these morphisms induce an isomorphism of ind-schemes

(2.4.9) 11 Fly? = Grel.
Xo€ALNX, (T)

Proposition 2.4.10. Suppose that A =F is an algebraically closed field. Then for
each A € X,.(T)", the Zariski closure Gré”’ﬂ of (Grp)H» in Grly is given (on the
level of underlying sets) by the disjoint union of the (Gr)c‘;,)”l’ where N € X, (T)*
and N 1A,

Proof. Let A\g € A,N X, (T) be the unique element with X € W,\g. Write A = v(Ao)
for some v € W,. By Lemma 2.4.5 we have (Gryy)#r = LG -u?, which is identified

with the orbit L;FG - v in F/'° via the isomorphism (2.4.9); so Gr‘é”’T’\ is identified
0
with the affine Schubert variety ]-"Z?f” (i.e. the Zariski closure of LF G - v in ]-"ﬂf’;z )-

By [Ricl3, Prop. 2.8] and Proposition 2.1.6 above (with Wg = W, W; = Wp)‘%

and W; = W), the closure of this orbit in ]:ng is the disjoint union of the orbits
L;G - v/, where v/ runs over those minimal length representatives in W, of the
elements of I/V\V[/},/I/VpAO which satisfy v/ <g,q .

Using (2.4.9) again, we see that the closure of (Gryy)#» is the disjoint union of the
L;G -2 (%) | By Corollary 2.2.10 and Proposition 2.3.12, the cocharacters v'(Ao)
with v/ <g,, v are exactly the dominant cocharacters p with p 1 A, as required. [

Remark 2.4.11. Proposition 2.4.10 implies that the inclusion Gr’ép — Grg induces
a bijection Lt G\Gr? — LTG\Grg on orbit sets”, with both being identified with
X.(T)*. However, the closure relations on the right are given by the standard
dominance order on X, (7)™, while those on the left are given by the more restrictive
T relation.

In the proof of Theorem 5.5.6 we will need to compare the 1 order for a group
and a Levi subgroup. To this end, let L be a standard Levi subgroup of G, and
write 11,7 for the 1 orders on X, (7T') for L,G respectively. If A € X.(T), we
continue to write Aqom for the G-dominant representative of W - A.

2In the forthcoming §2.7, we shall give a functor of points description of the corresponding
quotient stacks.
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Lemma 2.4.12. Let L be a standard Levi subgroup of G, and suppose that A\, u €
X«(T) are L-dominant cocharacters with 1, A\. Then pidgom T Adom-

Proof. By Proposition 2.4.10, the hypothesis that u T A is equivalent to the
statement that u* € Gr‘LL”’M
to the statement that utdem € Grép’“‘d““‘, and thus to the statement that u* €
Gr’ép’“‘d“’“. By [Ricl9, Prop. 3.6] and [Alpl4, Cor. 9.7.7], the inclusion L — G
induces a closed immersion Gry, < Grg, so that Gri"’ﬂ - Gré‘”“d"m, as required.
(Here we implicitly use that the inclusion of the p,-fixed locus is a closed immersion,
see [SGA3, Tome 1, Expose VIII, Example 6.5 (e)].)

Alternatively, we may proceed directly from the definitions as follows. By the

, while the conclusion that ptgom T Adom 1S equivalent

assumption that g Tp A, we may fix «o; € @z and n; € Z for i = 1,...,r such that
the reflections s; = sq, pn, satisfy
(2.4.13) p=w<m < Sv=)  w=silvi) 1<i<n),

Choose w € W of minimal length such that wy = pgom; then since p is L-
dominant, we see that w(®}) C ®*. For each i set s} = ws;w™! = sya, pn;-
Then
(2.4.14) w(v;) = si(w(vi—)) (1<i<r).

Using that w(®}) C &, it follows from (2.4.13) and (2.4.14) that
wh < sy (wp) < (sh8))(wp) < -0 < (500 87) (wp) = wA,
i.e. that pgom = wp T wA. The result follows from Lemma 2.3.5. ]

2.4.15. The switched affine Grassmannian. It will be convenient in much of the rest
of the paper to use the switched version Grg’ = LT G\ LG of the affine Grassmannian,
where we quotient by LTG on the left; this is isomorphic to Grg as an ind-scheme
(via the inversion map on LG and L*G), so all statements we have made about Grg
can be translated to statements about Grg;” at the expense of taking inverses. In
particular, using the fact that we have p 1 A if and only if —wo(p) T —wo(N) (see
e.g. [Jan03, I1.6.4 (6)]), we see that the statement of Proposition 2.4.10 goes over
unchanged to the switched affine Grassmannian.

2.5. An orbit closure. We continue to let F be an algebraically closed field.
Write Iw; for the unipotent radical of Iw, i.e. the preimage of U~ (F) under the
natural map G(F[u]) — G(F). For each oo € ® choose a parametrization u, :
G, — U, of the corresponding root subgroup of G, and for each n € Z we write
Uqtrn for the affine root subgroup of LG, which is the image of the homomorphism
Uan : Gq = LG with ug o (x) = ue(zu™).

For any p € X, (T) we have

(251) U“Ua-i-nu_'u = YVatn+{a,u)>

and we set

(2.5.2) =11 I  Uatns
a€P 5, <n<do+{(a,u)

where

5a:{1 if a € B+,

0 faecd.
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Here the product over n in (2.5.2) is understood to be empty if (o, u) < 0. It
follows from (2.5.1) (see [CHL18, Prop. 3.7.4]; this gives the two factors below in
the opposite order, and applying inversion gives the statement written here) that

(2.5.3) Iw; = (Iwy NutIwiu™") - Uy,

The following proposition was suggested by the proof of [CN22, Prop. 2.4]; its
proof relies on a standard G,,-orbit closure technique for studying the intersections
of semi-infinite orbits with affine Schubert varieties (see e.g. [MV07, Thm. 3.2]).

Proposition 2.5.4. Suppose that \,h € X.(T) with h dominant, and that there
exist v € Iwy and p € X (T') such that

— A sw,pp,Th
(uFzut)ut € Grg ',
Then Agom T h.

Proof. We claim that u® € Gréw’””’Th. Granting this, it then follows that for
any w € W, we have «*™ = wurw™! € Grgw’“”’Th (recall that we have chosen
a lift of w to Ng(T') C L G, and that Gréw’””’Th is stable under the right action
of LTG). In particular, if we choose w so that w(\) = Agom, then Proposition 2.4.10
p
implies that Agom T h-
We now show the claim. By (2.5.3), we may write = yz where u™#yut € Tw;
and z € U,. Then
(u™Pzu)u® = (uPyut) (u™Hzut)u,
so since (by assumption) (u™Fzut)u € Grzw’””’Th, and u Hyu* € Iwy C LTG, we
have
(u™Hzut)u € Grgw’“’“%.
By (2.5.2) the group U, is a product of affine root groups Uy, with (a, p) > 0.
u + H
Choose an order for this product, and write

z = H Ua,n (Gayn,)-
a,n

Noting that thug,(a)t™ = ua’n(t@"“)a), we see that the morphism G,, —

GrSGw’”p’Th given by
t— (t”uf”zu“f“)u)‘
extends to a morphism A! — Grgw’“p’Th sending 0 to u*. Indeed, the displayed

point is obtained from (u~*zu*)u* by left multiplication by ¢* (which is invisible
in Grg’ = LYG\LG) and by the right action of t™# € L' G, so it lies in Grgw’“p’m
for ¢ # 0; and the preceding root-subgroup calculation shows that the first factor

tends to 1 as t — 0. In particular we have u* € Grsc';w’””’Th, as required. (I

2.6. An integral version. In this subsection, let k£ be an algebraically closed field
of characteristic p, K an algebraic closure of W (k)[1/p], and O the ring of integers
of K. We let G be a Chevalley group over O.

Lemma 2.6.1. For each A € X..(T)*, Grgfjg’\, defined as the closure of (Gr’c\;?o)”P
in (Grg,0)*», coincides with the scheme-theoretic image of the map

L;G — Gré’:o; g gu.
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Proof. The map in the lemma factors through a map L;fG — (Grg,o)“P, and this
map is surjective, as by Lemma 2.4.5 it is surjective over each point of Spec O. The
lemma follows. O

Proposition 2.6.2. If F =k or K, then the natural closed immersion
Gré”lj)‘ s (Gr“”’“ X Fred
s an isomorphism.

Proof. As in the proof of Proposition 2.4.10, we write A = v(Xg) with v € W,
Ao € A, N X.(T). The obvious commutative diagram

+
LiG
g—rgv g—rgu’

g—>gu’0

14
F& o

induces a natural morphism
A
]:éfA 0 (Grg,0)'r,
which is surjective by Lemma 2.4.5. Hence the induced map
(2.6.3) Fl=n = G,

is scheme-theoretically surjective by the definitions of each side as a scheme-theoretic
closure. As (2.6.3) is a map of projective schemes over O, this implies that it is
surjective.

We therefore have a commutative diagram

Fl=% —= (FEZH %0 Frea

| l

Grﬂva)\ (Grl‘vaA X0 F)rcd

where the left-hand vertical isomorphism was noted in the proof of Proposition 2.4.10,
and the top horizontal map is an isomorphism by [RS20, Lem. 4.3.6] or [Hai25,

Cor. 11.15]. The right-hand vertical map is surjective (since (2.6.3) is), so the closed

immersion GrépFT > (Gr“” A X0 F)red s also surjective, and thus an isomorphism,

as claimed. O

2.7. A functor of points interpretation. Let G be a smooth affine group scheme
over a ring A, as in 2.4.1. For later use, it will be convenient to record the geometric
perspective on the quotient stack (Grg’)#»/L} G in terms of the standard one for
the Hecke stack Grg’/LTG.

In what follows, all quotients are interpreted as sheaves of groupoids for the étale®
topology on A-algebras. Starting with the (switched) affine Grassmannian Grg’ of

3It would be more natural to use the pro-étale topology when forming quotients by the pro-
(smooth affine) group scheme L*G. However, since LG — G is surjective with a kernel that
has vanishing higher pro-étale cohomology on affines, étale and pro-étale LT G-torsors on affines
coincide, so it suffices to work with the étale topology.
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G and its natural py-action (considered in §2.4), we obtain three stacks over A:
Hkg = Gry’ /LG, (Hkg)"», and p-Hkg = (Gr‘é}”)“”/L;G,

where, for a stack X equipped with an action of a group scheme pu, the fixed point
stack X'* is, by definition, the stack of sections of X'/u — Bu. There are natural
maps
p—HkG — ('Hkg)uf’ — Hkeg.

Our goal is to describe the functor of points of these stacks (especially p-Hk¢). For a
test A-algebra R, write Dg = Spec(R[u]) and Dg, = Spec(R[u?]) for the p-speed
disc, so there is a natural degree p map ¢,r : Dgp — Dg 5, which factors through
the stack quotient Dg/p,. Write D, = Spec(R((u))) C Dg for the punctured
disc, and similarly D%, C Dpg) for the p-speed version. The map ¢, induces an
identification D/, ~ Dg . By [Ces25, Prop. 7], the set Griy’(R) is naturally
identified with the (discrete) groupoid of pairs (M, ¢) consisting of a G-torsor M over
D and a trivialization ¢« : M°|ps — M|pe of M over D%, (where M? denotes the
trivial G-torsor); this has a natural LG(R)-action on the right via automorphisms
of M°. From this description, we obtain the following description of Hkg, (Hkg)*»
and p-Hkg:

Proposition 2.7.1. Fiz a test ring R.

(1) Hka(R) is naturally (in R) identified with the groupoid Ci(R) of triples
(M1, Mo, 7), where the M; are G-torsors on D and 7 : Ml\D% ~ M2|DoR
s an isomorphism of torsors.

(2) (Hkg)"r(R) is naturally (in R) identified with the groupoid Co(R) of triples
(My, My, T), where the M; are p,-equivariant G-torsors on Dg and 7 :
M1|D% ~ M2|D% is a [ip-equivariant isomorphism of torsors.

(3) p-Hka(R) is naturally (in R) identified with the groupoid Cs(R) of triples
(My, My, T), where My is a G-torsor on Dg,, My is a pp-equivariant G-
torsor on Dg, and T : (;S’;R]\/[1|D?2 = M2|D% is o pp-equivariant isomor-
phism of torsors.

Proof. For (1), the functor of points description of Grg’ recalled above gives rise
to a natural LTG(R)-equivariant map Grg’(R) — Ci(R) simply by forgetting
the canonical trivialization on the trivial G-bundle on Dg. The resulting map
Grg’(R)/LTG(R) — C1(R) is fully faithful by construction, with essential image
being exactly those triples (M7, Ma,7) where M; admits a trivialization. It then
suffices to show that for any triple (M7, Ms, 7) € C1(R), after replacing R with an
étale cover, we can find a trivialization of M;. By smoothness of G, a G-torsor on
Dp, is trivial if and only if its fibre over the origin Spec(R) C Dp is trivial; as the
latter can be achieved étale locally on R by smoothness of G, this gives the result.

The description in (2) follows formally from (1) by unwinding the definition of
pp-fixed points.

Finally, for (3), note that (Grg")#»(R) can be viewed as the groupoid of pairs
(M, 1), where M is a p,-equivariant G-bundle on Dg, and ¢ : ¢7(Mo)|ps, — M|ps,
is a pp-equivariant isomorphism, where My denotes the trivial G-bundle on Dg .
One then argues as in (1) above. O

Remark 2.7.2 (Comparing p-Hkg with (Hkg)#?). Fix a test ring R. As pullback
along the map Dg/p, — Dg, is fully faithful on quasi-coherent sheaves, the
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natural map p-Hkg(R) — (Hkg)*?(R) is fully faithful. However, it is not essentially
surjective, even when R = k is an algebraically closed field. Indeed, using linear
reductivity of u, and deformation theory, one can verify that a point (My, Ma,T) €
Ca(k) = (Hkg)"» (k) lies in (p-Hkeg)(k) exactly when the induced pu,-equivariant
G-torsor 0*M; on the O-section 0 : Spec(k) — Dy is py,-equivariantly trivial;
noting that p,-equivariant G-torsors on Spec(k) are given by (conjugacy classes
of) representations p, — G, it is easy to find examples where 0*M; is not -
equivariantly trivial, showing strictness of the containment p-Hkg (k) — (Hkg)H» (k).

Lemma 2.7.3. Let R be a local Henselian A-algebra, and suppose that either the
residue field k of R is separably closed or that G is connected, and k is finite. Then

Hka(R) = Gre¥ (R)/LYG(R) and p-Hkg(R) = (Crgl)*r (R)/ L G(R).

In particular, if R = k is separably closed and G is connected reductive, then we
have

lp-Hka (k)| = [Hke (k)| = X.(T)*

where T C G®k is a maximal torus, and | — | denotes the set of isomorphism classes
of objects.

Proof. As L;G ~ LTG abstractly, the first claim in the lemma follows from the
vanishing of H!(Spec(R), L*G). To see that this group is trivial, write LTG as
an inverse limit of extensions of G by iterated extensions of vector groups. Then
this reduces to the corresponding vanishing claim for the smooth group G itself,
which follows from Lang’s theorem in the finite residue field case and is clear in the
separably closed residue field case.

The second claim now follows from Remark 2.4.11. O

Corollary 2.7.4. Let O be as in 2.0, and let G be a connected reductive group
over O. Let 8 € p-Hkg(O), and write 5(K) € p-Hka(K) and B(k) € p-Hkg (k) for
the images of 8. Then

Bk) T B(K) € X (T)".

Proof. By Lemma 2.7.3, (k) and B(K) can be regarded as elements of X, (7).
The result now follows from Proposition 2.4.10 and Proposition 2.6.2. O

3. REES STACKS AND QUASI-COHERENT SHEAVES

In this section, let B be a commutative ring equipped with an invertible ideal
J C B. Given a triple (M, N,v) consisting of finite projective B-modules M and
N with an isomorphism v : M[1/J] ~ N[1/J] over B[1/J], we obtain a Z-graded
B/J-module given in degree i by

(JINOM)/(JTINOM+ J(J7IN N M)).

The first goal of this section is to describe a geometric construction of this graded
module via the Rees construction for J-adically filtered B-modules, in order to make
certain base change properties evident; see §3.5. The geometric formulation also
makes sense when the input datum Spec(B/.J) C Spec(B) has been replaced by a
suitable morphism of formal stacks (see §3.6), and will be used in the sequel for
the closed immersion W (k)!T C W (k) . For our applications, we shall also need a
certain “p-speed” variant of the preceding geometric constructions, discussed in §3.4.
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For any scheme S, we write Vect(S) for the category of vector bundles on S. For
a commutative ring A, we write Vect(A) for Vect(Spec A), which we shall often
identify with the category of finite projective A-modules.

A recent more comprehensive account of the Rees construction and its uses in
related contexts can be found in [VWC25].

3.1. Rees stacks for filtered rings. There is a Z>g-indexed filtration J*B on
B given by powers of J, and its extended Rees algebra is defined as the graded
BJt]-subalgebra

Rees(J*B) = @ J">0¢~" ¢ B1/J,t,t7],
i€Z
where ¢ has degree 1. In relating this expression to objects more familiar in p-adic
Hodge theory, it might be helpful rewrite the right hand side above as
FilO(Jmax(.’O)B ®5 toB[til])

where t® B[t*1] denotes the Z-indexed filtration on B[t*1] given by powers of ¢, the
object J™ax(*0) B is the evident displayed Z-filtered ring, and the tensor product is
endowed with the natural ®-product Z-indexed filtration.

Ezample 3.1.1. Say J = (d) is principal. Then

Rees(J*B) = B[d,t]/(dt — d),
where d has degree —1. Note that the elements ¢ and d form a regular sequence of
length 2.

Viewing gradings as G,,-actions, we can define:

Definition 3.1.2. The Rees stack of J*B is the quotient stack
X = Spec(Rees(J*B)) /G,
regarded as an Artin stack over Spec(B).

The functor of points of X is described as follows, generalizing Example 3.1.1.
For a B-algebra R, a point of X (R) is determined by an invertible R-module L as
well as a factorization

JopRSLLR
of the tautological map J ®p R — R. In particular, the identity map X — X
corresponds to a universal factorization

J®p Ox i} Ox(—l) i> Ox,
where the second map is the datum defining the map to A'/G,,, = Spec(B[t])/G,,

coming from the Rees parameter. From now on, we use the symbols d and t to
refer to the maps appearing above, viewed as sections of suitable line bundles on X.
For future reference, note that the elements ¢t and d, locally on X, form a regular
sequence of length 2 by Example 3.1.1.

The functor of points description then gives the following description of certain

associated substacks of X:

Lemma 3.1.3.

(1) The open substacks X;1q, Xizo of X both map isomorphically to Spec(B)
via the structure map.
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(2) The intersection Xixo N X 4 is the open subscheme Spec(B[1/J]) in either
copy of Spec(B) in the isomorphisms from (1).
(3) The closed substack X,_;_, C X is identified with Spec(B/J) x BGy,.

Write X°© := X0 U Xd~750 for the open substack of X where at least one of ¢ or

dis invertible, and let j : X° — X be the corresponding open immersion.

Remark 3.1.4. For future reference, let us note that the restriction to Spec(B) =
X gz of the tautological section ¢ : Ox(—1) — Ox coincides with the inclusion
J C B under our identifications.

3.2. Sheaves on Rees stacks. Let us describe quasi-coherent sheaves on X° and
X in linear algebraic terms. For X°, we need the category of isogenies:

Definition 3.2.1. The category Isog(B, J) of J-isogenies is the category of triples
(M, N,), where M, N € Vect(B) and ¢ : M[1/J] ~ N[1/J] is an isomorphism of
B[1/J]-modules.

The relevance of this category to current considerations is:

Lemma 3.2.2. The category Vect(X°®) of vector bundles on the open substack
j:X° C X is naturally identified with Isog(B, J).

Proof. Lemma 3.1.3 shows that X° is the union of two open copies of Spec(B)
glued along the common open Spec(B[1/J]) in either copy. The lemma then follows
immediately from gluing considerations. O

Remark 3.2.3. There are two natural choices for the equivalence in Lemma 3.2.2,
depending on which copy of Spec(B) inside X carries M; in this paper, we always
follow the convention that the vector bundle corresponding to (M, N, 1) € Isog(B, J)
recovers M over X;.o and N over Xd~¢0.

Next, passing to X, we have the following:

Lemma 3.2.4. The following categories are equivalent:

(1) The category of t-torsion-free quasi-coherent sheaves on X .
(2) The category of Z-filtered modules F'* M over the filtered ring J*B.

It might also be helpful to note that the ¢-torsionfree condition in (1) corresponds
to having an honest filtration in (2); we leave it to the reader to formulate a version
of the above equivalence dropping these conditions.

Proof. This result is standard, so we simply explain the functors in either direction.
Given a t-torsion-free quasi-coherent sheaf F' on X, we obtain a Z-filtered J*®B-
module F*M via F'M = I'(X,F ® Ox(—i)), with the transition maps coming
from multiplication by ¢. Conversely, given F'*M as in (2) above, consider its Rees
module
Rees(F*M) :=Fil’(F*M ®p t*B[t,t7']) = @ F Mt ~".

This is naturally a graded ¢-torsion-free Rees(J®B)-module, and hence defines an
object of (1). O

Remark 3.2.5. Under the equivalence in Lemma 3.2.4, forgetting the filtration
corresponds to restriction to Spec(B) = Xz, while passage to the associated
graded corresponds to restriction to X;—g = A}B/J{l}/Gm, where A}B/J{l} =
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Spec(Symp, ;(J/J?)) is the normal bundle of Spec(B/J) C Spec(B) and the Gy,-
action has weight —1 (as the element d locally has degree —-1).

Remark 3.2.6. Fix a t-torsion-free quasi-coherent sheaf F' on X corresponding to a
filtered J®B-module F*M via Lemma 3.2.4. One then obtains two B-modules via
restriction to the open substacks X;.o and X, (see Lemma 3.1.3); the former is
simply the underlying unfiltered module
M= lm F'M
i——00
with the obvious transition maps (as mentioned in Remark 3.2.5), while the latter
is given by
N = lim FIM®J"
with (increasing) transition maps coming from the natural maps J @ F* — Fit1,
When J = (d) and M is d-torsion-free, this is simply ;- F*Md~" C M[1/d].

Finally, we have:

Lemma 3.2.7. The category of quasi-coherent sheaves on X,_;_ identifies with
the category of Z-graded B/J-modules.

Proof. This follows from the identification (3) in Lemma 3.1.3 and the standard
identification of G,,-actions with gradings. O

3.3. Extending sheaves from X° to X. In our applications, we will *-extend
vector bundles along 7 : X° — X. Let us describe the concrete meaning of this
operation in terms of the equivalences above.

Lemma 3.3.1. Fiz (M, N,) € Isog(B, J) corresponding to V € Vect(X°) under
the equivalence in Lemma 3.2.2.

(1) The filtered J®B-module corresponding to j.V under Lemma 5.2.4 has
underlying module M, with filtration given by F*M = M N J'N (where the
intersection takes place inside M[1/J] £ N[1/J]).

(2) The sections (d,t) form a Koszul-reqular sequence of length 2 on j,V, so
the restriction (j.V)|x,_,_, coincides with the derived pullback of j.V along
Spec(B/J) x BG,,, — X.

(8) The graded B/J-module corresponding to the restriction (j.V)|x,_,_, under
Lemma 3.2.7 is given, in degree i, by the B/J-module

gr (M) /dgr &1 (M) = FIM/(F*'M + JF= ).
Here d denotes the coordinate on Xy—o = A}B/J{l}/Gm with the G, -action
having weight —1 (see Remark 3.2.5).

In the sequel, we shall refer to (j.V)|x, . , € QCoh(Spec(B/J) x BG,) as the
residual sheaf of the isogeny (M, N, ).

Proof of Lemma 3.3.1. For (1), we need to show that I'(X, 7,V (—i)) = T'(X°, V(—1))
equals M N J'N inside M([1/J]. Computing global sections via the cover X° =
Xizo U Xi;éo shows that

[(X%, V(=) = D(Xizo, V(=1)) NT(X g0, V(=)
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inside T'(Xy20 N X g4, V(—1)). Now I'(Xi0, V(—4)) = M via Remark 3.2.5 (whence
I'( X0 N Xizo V(—i)) = M[1/J]), while F(X#O, V(—i)) = J'N via Remark 3.1.4;
we leave the identification of the maps to the reader.

The transversality assertion in (2) translates under the Rees equivalence of
Lemma 3.2.4 to the statement that F'*M is a genuine filtration and that the natural
maps J ® gri-M — gr i;lM are injective; the first is clear, while the second follows
from the definition of F*M as a saturated filtration.

The claim in (3) is clear from the discussion in the proof of (2) above: (j5.V)/t
identifies with gr %M, and further quotienting by d amounts to passage to the
cokernel of J @ gr% 'M — gr$. M. O

Under rather mild conditions, one can turn the above into an equivalence of
categories:

Proposition 3.3.2. Assume B is excellent. Then the following categories are
equivalent:
(1) The category Isog(B, J) of J-isogenies.
(2) The category Vect(X°) of vector bundles on X°.
(8) The subcategory of Coh(X) spanned by coherent sheaves that are vector
bundles over X° and are (d,t)-regular.
(4) The category Vect(X) provided B/J is a field.
(5) The category Coh™ (X)) of reflexive coherent sheaves on X provided B/J is
a DVR.

The functors relating (2) and (3) are x-extension and restriction, while those relating
(3), (4), and (5) are the identity functor.

Proof. The equivalence of (1) and (2) was already shown in Lemma 3.2.2. The
equivalence of (2) and (3) follows from Lemma 3.3.1 since the *-extension procedure
produces coherent sheaves by [Stacks, Tag 0AWA]. For the equivalence of (3) and
(4), assume B/J is a field, so J is a maximal ideal. We must show that every
coherent sheaf on X satisfying the assumptions in (3) is in fact a vector bundle
on X. The statement is local on Spec(B) and clear after inverting J, so we can
assume B is local with maximal ideal J, and thus a DVR. Then the stack X admits
a faithfully flat cover by a 2-dimensional noetherian scheme Spec(Rees(J®B)) which
is regular and graded-local with d and t as regular parameters; as vector bundles
coincide with depth 2 coherent sheaves on such schemes, the equivalence of (3) and
(4) follows. A similar argument also gives the equivalence of (3) and (5). O

3.4. A p-twisted variant. In our applications, we shall also need a twisted version
of the above discussion for the “J in degree p filtration”. Thus, consider the graded
Blt]-algebra

Rees(J1*/P1) = @B Jmax(i/p100=4 ¢ Bl1/J,t,¢7]
i€Z
where ¢ has degree 1. Write Y = Spec(Rees(J*/?1))/G,,; it comes equipped with a
projection map to Spec(B) and a Rees map to A'/G,, = Spec(B[t])/Gn.
Ezample 3.4.1. If J = (d) is principal, then we can write
Rees(J1*/%1) = B[y, 1]/(yt* — d),
where y = dt—P € Jt~P C Rees(J[*/?1) and deg(y) = —p.
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Note that Y can also be described as the fibre product of

—_\p
x B At 5 AYG,,
with the Rees map for Y corresponding to the map from the fibre product to A'/G,,
appearing on the right. Consequently, for a test ring R, the groupoid Y (R) is the
groupoid of generalized Cartier divisors ¢’ : O(—1) — R together with a factorization
’ N\p
J®p RL O(—p) & R of the canonical map. In particular, there is a universal
factorization
p
J®p Oy i) O(—p) t—) Oy

over Y, where y and t are sections of suitable line bundles over Y. To describe
the geometry of Y, recall the notion of a p-th root stack: given any scheme (or
stack) W with a Cartier divisor D C W, the p-th root stack W[/D] — W is the

pullback of the p-power endomorphism A!/G,, LNy /G, along the classifying

map W — A'/G,, of the divisor D. Explicitly, W[{/D] — W is the space of p-th
roots of the effective Cartier divisor O(—D) C Ow. In particular, the structure
map W[¥/D] — W is an isomorphism if D is empty.

Using the above notion, we have:

Lemma 3.4.2.
(1) The open substack Yio maps isomorphically to Spec(B) via the projection.
(2) The open substack Y,»o identifies with the p-th root stack Spec(B)[{/V (J)]
of the divisor V(J) C Spec(B) wvia the projection.
(3) The intersection Y;£0NYy1o identifies with the open substack Spec(B[1/J]) C
Yizo and with the open substack Spec(B[1/J]) = Spec(B[1/J])[{/V (J)] C
Yyz0.
Proof. (1) is straightforward, while (2) and (3) follow from the functor of points
description of Y given above. O

Using the above, we can describe sheaves on Y and its open substacks concretely,
as in Proposition 3.3.2:

Proposition 3.4.3. Consider the open substack Y° = YUY 20 C Y. Then the
following categories are equivalent:

(1) The category Vect(Y°) of vector bundles on Y°.
(2) The category of triples (M, N, 1), where M is a vector bundle on Spec(B),
N is a vector bundle on the root stack Spec(B)[X/V (J)], and

¥ s Mlspec(B(1/.)) ~ N|spec(3[1/J])[{/V(J)]
s an isomorphism over the natural identification
Spec(B[1/J]) = Spec(B[1/J])[{/V (])].

(3) The category Vect(Y') provided B is excellent and B/J is a field.
(4) The category Cohreﬂ(Y) of reflexive coherent sheaves on'Y provided B is
excellent and B/J is a DVR.

Proof. As in the untwisted case, the identification between (1) and (2) arises by
describing sheaves on Y° in terms of the open cover Y;oU Yo using Lemma 3.4.2.
The functor relating the category in (1) with either (3) or (4) is given by *-extension,
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with inverse given by restriction. To prove these are equivalences, as in the untwisted
case, we may assume B is local with J inside the maximal ideal. Then the graded
coordinate ring Rees(J fe/ p]) of Y is regular and graded-local of dimension 2 in
case (3) (whence Vect(Y) ~ Vect(Y°)) and of dimension 3 in case (4) (whence
Coh™(Y") ~ Vect(Y®) via restriction and -extension). O

Remark 3.4.4 (Quasi-coherent sheaves on root stacks for principal divisors). Assume
J = (d) is principal. Then the root stack Spec(B)[{/V(J)] admits a concrete
quotient description as Spec(B[{/d])/u,, where B[{/d] = B[t]/(t* — d) and the
Hp-action is the standard one, giving ¢t weight 1. In particular, quasi-coherent
sheaves on Spec(B)[{/V (J)] can be identified as p,-equivariant B[{/d]-modules or
equivalently Z/p-graded modules M = @;cz/,M; over the Z/p-graded B-algebra
B[t]/(t? — d). Note that when d is invertible, then so is ¢, in which case M is
determined uniquely by the B-module Mj; this is the concrete manifestation, at
the level of quasi-coherent sheaves, of the isomorphism Spec(B)[{/V (J)] =~ Spec(B)
in the case of the empty divisor.

Let us specialize the above discussion to a case of relevance in the sequel:

Ezample 3.4.5. Fix a ground ring K, and let B = K[u] with J = (u). Then there
is a K-algebra endomorphism ¢,k : K[u] — K[u] given by u — P, which realizes
the target as the algebra of p-th roots of u € B on the source. In particular, there is
a pp-action on the target K[u] giving the variable u degree 1. Passing to schemes
and quotients, we obtain a factorization

Spec(K[ul) <% Spec(Kul) /sty > Spec(K[ul)

of p,/k. By Remark 3.4.4, the map 7 is naturally identified with the root stack
map Spec(K[u])[/V ((u))] — Spec(K[u]). Consequently, by the description of the
quasi-coherent sheaves on the root stack in Remark 3.4.4, vector bundles on Y°
are identified with triples (M, N,v), where M is a vector bundle on Spec(K[u]),
N is a pp-equivariant vector bundle on Spec(K[u]), and 4 is a p,-equivariant
isomorphism ga’;KM[l/u] ~ N[1/u] on Spec(K ((u))) (or equivalently an isomorphism
7 M(1/u] = N[1/u] on Spec(K ((u)))/np = Spec(K ((u)))).
Remark 3.4.6. Assume B is excellent and B/J is a field. Fix a triple (M, N, )
as in Proposition 3.4.3 (2). This corresponds to a vector bundle £ € Vect(Y)
by Proposition 3.4.3; one recovers M and N by restricting £ to Yo and Y,
respectively. In this situation, let us explain how to read off certain numerical
invariants for N in terms of £.

First, from N, we obtain a p,-representation, or equivalently a Z/p-graded vector
bundle, over Spec(B/J) via pullback along the natural map

Spec(B/J) x By, = (Spec(B)[ V(J)]))J:O = Spee(B)/V )]

Tracking ranks of the graded pieces determines a multisubset Sy of Z/p. On the
other hand, from &, one obtains a Z-graded vector bundle over B/J corresponding
to Ely,_y.,_o € Vect(Spec(B/J)/G,); as before, determines a multisubset Sy of
Z. These two multisets are related in the natural way: the projection of S5 to
a multisubset Sy of Z/p agrees with S;. To prove this, observe that Y;—o ~
Spec(B/J[y])/Gm, where y has weight p. Pulling back £ along the composition

Spec(B/Jy]) x By, — Spec(B/J[y])/Gm =Yi=0 = Y
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and evaluating at y = 1 and y = 0 gives the multisets S; and S, respectively. But
then the coincidence is clear: taking the fibral rank of a vector bundle is a locally
constant function on Spec(B/J[y]).

3.5. Numerical invariants. In this subsection, we extract numerical invariants
from isogenies. It will be convenient to make the following definition:

Definition 3.5.1. An isogeny (M, N, ) € Isog(B, J) corresponding to a vector
bundle V on X° is called good if the quasi-coherent sheaf j,V on the Rees stack X
is a perfect complex. Write Isog8°°d(B, J) for the full subcategory of good isogenies.

While good isogenies need not be stable under arbitrary pullback, they are
stable under flat pullback as the formation of j, commutes with flat pullback. This
observation, coupled with the following example, provides an abundant supply of
good isogenies (and, in particular, covers all cases we need).

Ezample 3.5.2. If B is excellent and B/J is regular, any isogeny is good. Indeed,
by [Stacks, Tag 0AWA], the sheaf j.V is coherent. To check perfectness of j.V, it
suffices to do so after derived pullback to X° and X,_; , separately; the former is
clear (as 7.V|xo is a vector bundle), while the latter follows from regularity of B/J
and Lemma 3.3.1 (2).

A good isogeny has a naturally attached numerical invariant:

Definition 3.5.3. Fix a good isogeny (M, N,v) € Isog(B,J) corresponding to
a vector bundle V, so the residual sheaf (j.V)|x,_, = is a perfect complex on
Spec(B/J)x BGyy,. Let fy be the function X*(G,,) = Z — Z™0(5pec(B/))) recording
the fibrewise Euler characteristic of the graded pieces; thanks to the formula in
Lemma 3.3.1 (3), this is concretely given by

fo(@) = xap (F'M/(F M + JFIM)) .
We call fy the relative position of the good isogeny 1.

As xab(—) can be computed by taking the rank of the argument at generic points,
the values of f,, are always non-negative. Moreover, as the formation of j, commutes
with flat pullback, the assignment

(354) (M, N, ) € Isog=(B, J) — f, € Map(Z, Z3 7B/

is compatible with flat pullback. In particular, if B — C is a flat map such that
Spec(C/JC) — Spec(B/JB) is a bijection on connected components, then f,, agrees
with fy ®p C.

Fzample 3.5.5 (Relative position of lattices). Assume B =V is an excellent discrete
valuation ring and J = m is the maximal ideal. Given two finite projective V-
modules M, N and an isomorphism ¢ : M[1/m] ~ N[1/m], by (3.5.4), we obtain a
function fy : Z — Z. This function is called the relative position of the modification
¥. For example, if M =V and N = J* for some integer a (and v is the obvious
identification), then one computes that fy has value 1 at —a and is 0 otherwise.

For a modification of lattices over V' = k[t], we now have two potential definitions
of relative position: one via the affine Grassmannian, and the stack-theoretic one in
Definition 3.6.3. Unsurprisingly, the two coincide:
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Remark 3.5.6. Fix a field k. Consider the special case of Example 3.5.5 where
V = k[t] and we have fixed a framing M = V%" for M. Then an isomorphism
¥ : M[1/t] =~ NJ[1/t] can be viewed as a k-point of the affine Grassmannian
GrgL, = LGL,, /L* GL,; the L™ GL,-orbit of this point therefore has parameter
given by a dominant cocharacter A\(¢)) € X.(T)* = (Z™)* of GL,, (which is often
called the relative position of the lattices M and N with respect to ¢ classically).
Recall that there is a standard embedding 7 : X,(T)" C Map(Z,Z) carrying
an n-tuple A := (A1,...,\,) € (Z™)" to the function 7(\) where 7(\)(a) is the
multiplicity of a in the multiset A. Using the calculation in Example 3.5.5, one
verifies that 7(A(¢)) = fy, so the notion of relative position in Definition 3.5.3 is
indeed a generalization of the classical notion of relative position for lattices.

3.6. Generalization to stacks. In this subsection, we observe that the assignment
(3.5.4) generalizes to certain formal stacks; we have written what we need, and have
not explored the natural generality of the constructions.

Fix a closed immersion D C Y of fpqc stacks on p-nilpotent rings satisfying the
following condition:

() There exists a representable affine flat cover 7 : Spf(B) — Y, where B is
a Noetherian ring with I := 7*Ip C B an invertible ideal, and such that
(p,Ip) is an ideal of definition for B.

The following observation will be used repeatedly to ensure that the completions
coming from formal algebraic geometry do not cause significant problems.

Lemma 3.6.1. For a flat cover Spf(B) — Y as in (%), write Spf(B*) for its Cech
nerve. Then each face map B = B — B is faithfully flat.

Proof. By assumption, B is (p, Ig)-adically complete and the face maps B — B’ are
(p, I)-completely flat. It is then enough to note that over a Noetherian complete
ring, complete flatness implies genuine flatness; see [Bha22, page 116, footnote 70]
for an elaboration of this argument that also explains that ¥ admits a good notion
of coherent sheaves compatible with pullback to any such Spf(B). O

Using Lemma 3.6.1, one checks that Y is complete along D with Ip C Oy being
an invertible ideal sheaf.

Definition 3.6.2. The category Isog(Y, D) consists of triples (M, N,), where
M, N € Vect(Y) and 1 is an Ip-isogeny”, i.e., an isomorphism {I55 " ® M },>0 ~
{I5™™ ® N},>0 of ind-objects in Vect(Y).

It is straightforward to check that when Y = Spf(A) is affine, the category
Isog(Y, D) defined above agrees with Isog(A, Ip).

Definition 3.6.3. The full subcategory Isog8°°? (Y, D) C Isog(Y, D) of good iso-
genies consists of those isogenies which become good after pullback to some (or,
equivalently, any”) flat cover Spf(B) — Y as in (k).

4As Y is Ip-formal, the locus Y — D is empty, so we cannot simply define isogenies of vector
bundles as isomorphisms of their restrictions to Y — D.

5As *-extension from a quasi-compact open commutes with flat pullback, and because perfectness
can be detected after faithfully flat pullback, this equivalence follows from the following observation:
if Spf(B) — Y and Spf(B’) — Y are two flat covers as in (*), then their fibre product is Spf(C) — Y
for a (possibly non-Noetherian) ring C that is faithfully flat over both B and B’'.



32 B. BHATT, T. GEE, AND M. KISIN

If there exists a flat cover Spf(B) — Y as in (x) with B excellent and B/Ip
regular, then every isogeny is good by Example 3.5.2; this will be the case in our main

application. The main result in this subsection is an extension of the construction
(3.5.4) to (Y, D):

Lemma 3.6.4. There is a unique assignment
Isog=™*!(Y, D) — Map(Z, 225"
compatible with pullback to any Spf(B) =Y as in (x).

Proof. Granting existence, the uniqueness is clear as my(Spec(B/Ip)) — mo(D) is
surjective for any Spf(B) — Y as in (x).

For existence, fix a good isogeny (M, N,v) over Y. We will construct a perfect
complex K over D x BG,, whose pullback to any Spf(B) — Y as in (x) yields the
residual coherent sheaf (as in Lemma 3.3.1) for the pullback of the good isogeny
(M, N,v) to B; once such a K is constructed, taking fibrewise Euler characteristic
yields the desired assignment.

To construct K, fix Spf(B) — Y as in (%) with Cech nerve Spf(B*). Then
pullback of (M, N,1) yields a compatible system of good isogenies on (B®,Ige).
By Lemma 3.6.1, forming the residual sheaf termwise then yields an object K of
lima Perf(Spec(B®/Ips) X BG,,) thanks to the flat pullback compatibility of the
formation of the residual sheaf of a good isogeny in the case of rings. But we have

liglPerf(Spec(B'/IB-) X BGy,) ~ lignPerf(Spf(BVIB-) x BGyy,)
~ Perf(D x BG,,),

so K can be viewed as a perfect complex on D x BG,,. The function associated to K
clearly descends the function associated to the pullback of (M, N, 1) to Spf(B) — Y.
To finish, it is thus enough to check that K is independent of the cover Spf(B) — Y
used to construct it; this follows by comparing the Cech nerves associated to two
different covers as in Footnote 5. (]

4. STRUCTURES ON CRYSTALLINE BREUIL-KISIN MODULES

Fix a perfect field k of characteristic p. In this section, our main goal is to record
why the Breuil-Kisin modules attached to prismatic F-crystals over W (k) enjoy
some additional structures related to the natural p,-action on a Breuil-Kisin prism,
see Theorem 4.2.3, Proposition 4.2.7, Theorem 4.5.12, and Corollary 4.9.3.

4.1. Notation: the Breuil-Kisin prism and its p,-action. We will write
K = W(k)[1/p]; note that this is a change of notation from Section 2, where K
denoted an algebraically closed field. Fix a uniformizer 7 € K, so 7 = pz for
some unit z € W(k)*. This choice determines the Breuil-Kisin prism (S, (F)),
where & = W(k)[u], given the unique J-structure where d(u) = 0 (or equivalently
o(u) = uP), and E = E(u) = u — 7 = u — pz is the minimal polynomial of 7.
Unless otherwise specified, & is endowed with the (p, u)-adic topology for which
it is complete. Write w : & — W(&) for the map associated to the J-structure,
so w(u) = [u] while w|y () endows W (&) with a W (k)-algebra structure. For any
d-ring /space X, we shall write ¢ x for the associated Frobenius lift (or simply ¢ if
there is no risk of confusion).

There is a natural W (k)-linear p,-action on Spec(&) giving v weight 1. Equipping
p with its usual d-structure (where the Frobenius lift kills the group scheme), this
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action is compatible with the d-structure: indeed, this p,-action on Spec(&) is
simply induced from the scaling G.,-action on A! = Spec(Wu]) restricting the
group and by completing the ring. In particular, there is an induced J-structure
on Spec S/ u, such that the canonical map p : Spec& — Spec &/pu, is a J-map.
Moreover, as ¢ : & — & has image inside the invariant subring &#» C &, the map
@ : Spec & — Spec & factors as

(4.1.1) Spec & & Spec S/ 95 Spec &

where ¢ is a §-map that is linear over ¢ on W (k). Completing all structures for
the (p, u)-adic topology on & yields similar statements with Spec(—) replaced by
Spf(—). The following simple consequence of this discussion will be used repeatedly:

Lemma 4.1.2. For any M € Coh(6), the pullback ©*IM is naturally p,-equivariant.

Proof. This follows immediately from the factorization in (4.1.1). O

In the sequel, we shall implicitly use Lemma 4.1.2 to ¢-pullbacks of objects on
Spec & with a p,-equivariant structure.

4.2. Canonical modifications of crystalline Breuil-Kisin modules. Recall
that a Breuil-Kisin module is a pair (9, psn) where 9 is a finite projective &-
module and @gy : *M[1/E] ~ M[1/E] is an isomorphism of G[1/E]-modules. We
write Vect? (&) for the category of Breuil-Kisin modules. This category receives
a natural fully faithful functor from the category of Galg-stable Z,-lattices in
crystalline Galg-representations by the main result of [Kis06]. We denote the
essential image of this functor by Vect? (&).,s; its objects are dubbed crystalline
Breuil-Kisin modules.

The goal of this subsection is to formulate Theorem 4.2.3, which gives a new
structure enjoyed by crystalline Breuil-Kisin modules.

4.2.1. Denote by K[E] the completion of &[1/p] at the ideal E(u). Recall that the
double cosets GL,, (K[E])\ GL,(K[E][1/E])/ GL,(K[E]) are indexed by unordered
n-tuples of integers, or equivalently by dominant cocharacters of GL,, .

Let M in Vect?(&)ais be of rank n. As ¢*(9M)[1/E] ~ M[1/E], the relative
position of p* (M) ®e K[E] and Mg K[E] in p*M e K((E)) ~ Ms K((F))
corresponds to a dominant cocharacter which we denote by pon.

If 9 arises from a lattice L in a crystalline representation V, then gy agrees
with the Hodge—Tate cocharacter of V.

4.2.2. Let D denote the category of tuples 0t = (N, Na, ¥), where N; is a finite free
GS-module, N, is a finite free p,-equivariant G-module, and 1) : p*N [1/u] ~ Na[1/u]
is a pp-equivariant isomorphism (see Lemma 4.1.2 for the p,-action on the left hand
side). In the notation of §2.7 (or the forthcoming §4.5.1), the underlying groupoid of
D coincides with p-Hk(W (k)) == | |,, »-Hkecr, (W (k)). For any i = (N1, N2, v) € D,
we denote by py the dominant cocharacter of GL,, determined by the attached
point of p-Hk(K), i.e., by the relative position of the K[u]-lattices ¢*I; ®g K[u]
and My @ K[u] inside ¢*MN; @ K((u)) ~ Ne ®s K((u)), where n is the rank of
N;.

Our main result is that any crystalline Breuil-Kisin module has an attached
object in D whose generic and special fibres have predictable relative positions:
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Theorem 4.2.3. There is an exvact tensor functor
Vect?(G)eris = D1 MM — N(M) = (M, N, )
such that

(1) Specializability: There is a &/p-linear identification 7 : N/pIN ~ M/pIN
fitting into a commutative diagram

(" () /pe™ (M) [1/u] —2— (/) [1/]
(o () /pip* () [1/u] —22s (900 /pAR) (1 /]

of &/p[l/u]-modules. (Note that such a T is unique if it exists.)
(2) Generic relative position: We have pion = figon)-

We shall give two proofs of Theorem 4.2.3: a shorter one via the prismatization
in §4.4, and a slightly more conceptual longer one via the syntomification in §4.8.

Remark 4.2.4. There is an asymmetry in parts (1) and (2) of Theorem 4.2.3: the
former identifies the isogeny 1 ®g k[u] uniquely, while the latter only pins down the
relative position of 1) ®g K[u]. The proof via the syntomification mentioned above
upgrades (2) to a more precise assertion: in fact, the isogeny v is itself intrinsically
described in terms of (9, pon) (see Proposition 4.5.6 and Theorem 4.5.12).

In the rest of this subsection, we record some consequences. First, one has the
following pp-equivariance of mod p reductions of crystalline Breuil-Kisin modules:

Corollary 4.2.5. Let (M, pon) € Vect?(S)eris. Then M/pIN has a unique p,-
equivariant structure compatible with the map @*(OM/pIN)[1/u] ~ M/pIN[1/u] in-
duced by poy .

Proof. The existence follows from Theorem 4.2.3 (1). For uniqueness: a p,-
equivariant structure on 9t/p9M corresponds to a Z/p-grading (with some properties),
so it is determined by the induced structure on 90t/pMi[1/u], and the latter is unique
(if it exists) thanks to its compatibility with @gy. O

Secondly, one has the following numerical consequence:

Corollary 4.2.6. Let (M, pon) € Vect?(6)eris. Let pon and pigg be the relative
positions of the isogenies over K[E| and k[E] defined by @om. Then

g T Hom
in X.(T)", where n = rank(?M) and T C GL,, is the mazimal torus.

Proof. Consider the u-isogeny 1 : *IM[1/u] ~ N*[1/u] provided by Theorem 4.2.3.
As this isogeny is p,-equivariant, via Proposition 2.7.1, it defines a point By ) €
p-Hkar, (W(k)). The induced points Sz and S5 over the geometric generic and
special points of Spec(W (k)) can be viewed as elements of X, (7)" by Lemma 2.7.3.
These elements satisfy

Br T Pr

by Corollary 2.7.4. By Theorem 4.2.3 (1) and (2) respectively, we also know that
By = pgy and Bz = pgn, so the claim follows. O
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Our methods also naturally give the following Frobenius-descent property enjoyed
by crystalline Breuil-Kisin modules (which is not used in the sequel).

Proposition 4.2.7. Let (M, pon) be the Breuil-Kisin module attached to a crys-
talline Galois representation of Galy . Consider the two filtrations on (¢*9M)/p, given
by (*MNE*IM)/p C p*M/p and o*(M/p)NE*M/p C ©*M/p. Both these filtered
(u)*& /p-modules descend naturally along the Frobenius (u)/*/P16&/p — (u)*&/p.

The proof is given at the end of §4.7. The descent along the Frobenius for the
second filtration ¢*(M/p) N E*M/p considered above is essentially equivalent to
Corollary 4.2.5 and was also independently established by Gao-Liu [GL24] via
slightly more classical techniques in integral p-adic Hodge theory. We are not aware
of a classical argument for the first filtration.

The reader interested only in the statements about Breuil-Kisin modules should
feel free to skip ahead to §5 at this point.

Remark 4.2.8. Let (9, pon) be a crystalline Breuil-Kisin module. By Theorem 4.5.12,
we obtain a u,-equivariant G-module 9 and an isomorphism v : @*M[1/u] ~ N[1/u]
whose relative position is given by uon, the Hodge—Tate cocharacter of 9t. On the
other hand, by p,-equivariance, the mod w reduction of 9 determines a Z/p-graded
finite free W (k)-module, and thus a multisubset S C Z/p by tracking ranks of
graded pieces. It follows from Remark 3.4.6 that S is determined by the Hodge—Tate
weights of 91 regard the latter as a multisubset of Z and project to Z/p. Informally,
we may simply say that the p,-weights of 91/u1 (and thus also M /uIN) coincide
with the mod p reduction of the Hodge-Tate weights of 91.

4.3. Recollections on the prismatization of Spf(W(k)). In this subsection, we
recall (without proof) some definitions and results surrounding the prismatization
of W (k) that are relevant to this paper; see [BL22a; BL22b; Dri24| for more.

All our geometric objects are regarded as p-adic formal objects over W (k), i.e.,
presheaves on p-nilpotent W (k)-algebras; in fact, we shall only work with fpqc
sheaves in practice.

4.3.1. The stack W(k) . Write W(—) (or just W) for the ring scheme of p-
typical Witt vectors; it is pro-smooth over W (k). Write F' : W — W for the Witt
vector Frobenius. Let Wyt C W be the subfunctor parameterizing distinguished
elements, i.e., d = (do,d1,ds,...) € W(R) with dy nilpotent and d; invertible. By
construction, Wy;s is the formal completion of a quasi-compact open subscheme
over W along a Cartier divisor, and it is easily seen to be stable under multiplication
by the group scheme W* of units in W.

Definition 4.3.2. The prismatization of W (k) is defined to be the quotient
W(k) = Waist/W™,

regarded as an fpqc stack on p-nilpotent W (k)-algebras.

Remark 4.3.3 (W (k) via Cartier-Witt divisors). There is an implicit fpqc sheafifi-

cation involved in Definition 4.3.2. While this can be problematic in general, there

is no issue above as one can identify the functor of points W (k) : for a p-nilpotent

W (k)-algebra R, the groupoid W (k) (R) is the groupoid of maps I % W (R), where

I is an invertible W (R)-module, and « is a map of W (R)-modules such that the
image of I is, Zariski locally on Spec(R), generated by a distinguished element, see
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[BL22a, Proposition 3.2.3]. We prefer to emphasize the above quotient presentation
as it is directly relevant for our main new geometric result (Proposition 4.4.1) about
the prismatization.

The stack W (k) carries a Frobenius lift ¢ determined by the Witt vector
Frobenius F' on Wyist (and its compatibility with the action of W*) and ¢ on W (k)

itself. In fact, as W (k) admits a flat cover by the Spf(Z,)-flat scheme W, it follows
that this Frobenius lift ¢ underlies a (unique) d-structure on W(k) .

Remark 4.3.4 (Comparison with relative prismatization). The papers [BL22a; Dri24]
concern the prismatization of Spf(Z,) itself (which agrees with the above for
k = F,), while [BL22b]| provides a general definition of the prismatization X

of any bounded p-adic formal scheme X. It is easy to see, from deformation theory,
that X =~ X xgpz,) Spf(Z,) when X/Z, is formally étale (i.e., Lx/z, = 0);

~

here the projection map to X arises from the natural identifications X (R) <—
X(W(R)) = X(W(R)/I) for a test p-nilpotent ring R and Cartier- Witt divisor
(I = W(R)) € Z, (R). As the formal étaleness holds true for X = Spf(W (k)), we
have simply defined W (k) as Spf(Z,) xspe(z,) Spf(W (k)) above. Note that this
would not be the case if we replaced W (k) with a ramified extension.

4.3.5. The Hodge-Tate locus in W (k) . There is a divisor W (k)HT c W (k)
determined by the W*-stable divisor Wayist,do=0 C Waist; write Iy C (’)W( I for the
corresponding ideal sheaf. This divisor is called the Hodge—Tate divisor. To describe
it explicitly, note that there is a point pur : Spf(W(k)) — W (k)BT c W (k)
determined by the distinguished element V(1) € W(W (k)). This point is called the
Hodge—Tate point. Calculating its stabilizer in W* and using the surjectivity of F'
on W, one shows that

Spf(W (k)/W*[F] = W (k)"

where W*[F] C W* is the subgroup scheme determined by the kernel of F on
W* (see [BL22a, Theorem 3.4.13]). Note that p, C W*[F] via the Teichmiiller
map. In fact, one can show that projection to the 0-th component induces an
identification W*[F] ~ G¥ | where G is the PD-hull of the identity in G, (see
[BL22a, Proposition 3.4.13]).

4.3.6. Some points of W (k) from bounded prisms. Fix a é-ring B over W (k) and

a nonzerodivisor d € B. Assume that B is (p,d)-complete, that 6(d) € B*, and
B/(d) has bounded p-power torsion (i.e., (B, (d)) is a bounded prism in the sense of
[BS22, Definition 1.4].) Then the image of d under the natural é-map B — W (DB)
classifying the J-structure on B gives a point of Wayst (Spf(B)), where B is given
the (p, d)-adic topology. This yields a map

(4.3.7) p(B,(a) : SPE(B) — W(k) ,

which is a d-map and in particular intertwines the maps labelled ¢ on both the
source and the target. It has the following crucial property:

Lemma 4.3.8 (Flat covers of W (k) from prisms). With (B, (d)) as above, assume
that B/(d) is p-torsion-free (i.e., (B, (d)) is a transversal prism) and nonzero. Then
P(B,(d)) 5 faithfully flat, representable and affine.
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Proof. This is [BL22a, Corollaries 3.2.9 and 3.2.10]. O

We shall use the above map frequently for the Breuil-Kisin prism (&, (E)), so
let us give it the name

(4.3.9) Pstd = p(s (B)) * SPE(S) — W (k) .
It is faithfully flat by Lemma 4.3.8, and p%  (Iur) = (E) as ideals in &.

4.4. The canonical modification via the prismatization. In this subsection,
we give our first proof of Theorem 4.2.3, via the prismatization. The main geometric
innovation is the following natural map Spf(&) — W (k) that does not come from
a prism structure via the construction in §4.3.6. More precisely:

Proposition 4.4.1. There is a natural W (k)-linear map

pt : SPE(S)/pp — W(E)
with the following features:

(1) The composition Spf(&) 2 Spf(&)/u, 2L W(k) is determined by the
distinguished element [u] — 2V (1) € W(S). In particular, the pullback of
the Hodge—Tate divisor on W (k) along pt is the p,-equivariant divisor
V((u)) C Spf(6).

(2) We have an identification ¢ o p; ~ psa © q of maps Spf(&)/p, — W (k)
(both of which are linear over ¢ on W(k)).

(3) The mod p reductions of the maps p; o o and psa are naturally identified

(as maps Spf(&/p) — W(k) Xspez,) Spec(Fy)).
(4) The map p; is faithfully flat.

We warn the reader that the map p; does not come from a prism structure on &:
if it did, it would commute with ¢, but p; does not (see Remark 4.4.2).

Proof. In this proof, we interpret geometry on Spf(&)/p, as pp-equivariant geometry
on Spf(6), e.g., to check if two Spf(&)/u,-valued points of a stack F' are identified,
it is necessary and sufficient to identify the corresponding Spf(&)-valued points
Hp-equivariantly.

For the existence of p; satisfying (1), we shall use the quotient presentation in
Definition 4.3.2. Note that [u] — 2V (1) € Waist (Spf(S)). Now, for any G-algebra R
equipped with ¢ € p,(R), we have the equality

(€] - (fu] = 2V (1)) = [qu] = [¢]zV (1) = [Qu] = 2V(F[C]) = [Cu] — 2V(1)
in W(R). Consequently, the map Spf(&) — Wys classifying [u] — 2V (1) intertwines
the pp-action on the source given by rescaling u € & with the action of the subgroup

p c!> W* on the target. Passing to quotients gives the map p+ in (1). To obtain the
description of the Hodge—Tate locus, we simply note that the 0th Witt component
of ul —2V(1) =[u] - V(Fz)isu € 6.

Part (2) follows from noting that ¢ on Wyst /W™ is obtained from F on the Witt
vectors (and ¢ on W), coupled with the calculation

F[u] = 2V(1)) = [u]” — (2)p = w(p(u = p2)).
Part (3) is immediate from the construction of p; since p = V(1) in W(F,).
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For part (4), the faithful flatness modulo p follows from part (3) by Lemma 4.3.8.
As both Spf(&) and W (k) are Spf(Z,)-flat, part (4) then follows from local flatness

criterion: if a map A — B of p-complete and p-torsion-free rings is (faithfully) flat
modulo p, then A/p" — B/p" is (faithfully) flat for all n. O

Remark 4.4.2. Even though the source and target of p; admit natural -structures,
the map py is not a 6-map. Indeed, even ignoring the p,-equivariance, the map in
Proposition 4.4.1 (1) is not a d-map: if it were, then [u] — 2V (1) = w(u) — V(¢(2))
would have to lie in w(&) C W(&), which is clearly not the case, since w(B) N
VW (B) = 0 for any d-ring B. Concretely, the G-point underlying p; o ¢ is given by
[uP] — ¢(2)V (1), while the G-point underlying ¢ o p; is given by w(p(u — pz)) =
[uP] = ¢(2)p.

Let us also record a consequence of the discussion in §3.6 in relation to the map
Pt

Ezxample 4.4.3 (Relative position over W(k) ). Consider the closed immersion
W(k)ET ¢ W(k) , so mo(W(k)®T) = {x}. The analysis of Section 3.6 applies
to this closed immersion. The Breuil-Kisin prism provides a flat cover pstq :
Spf(&) — W(k) with & excellent and &/p% (Int) ~ 6/(E(u)) = Ok being
regular, so every Iyr-isogeny over W (k) is good in the sense of Definition 3.6.3.

In particular, given an Iyr-isogeny ¢ between E, F' € Vect(W (k) ), we obtain a
function fy : Z — Z>(. This function can be computed by first pulling back i to

any flat cover 7 : Spf(B) — W (k) where B is excellent and B/n*(IyT) is regular
and connected, and then applying (3.5.4). In particular, taking 7 to be either pstq
or pt shows that the relative positions of pf4(1) and pj(+) agree.

Let us use Proposition 4.4.1 to prove Theorem 4.2.3.

Proof of Theorem 4.2.5. Since (M, por) is crystalline, it is (uniquely) the pullback
of a prismatic F-crystal (£, ¢¢) along the map pgq; more general statements are
recalled in the forthcoming Theorem 4.7.1. Let 9 := p"pi€, regarded as a -
equivariant vector bundle on &. Note that there is a p,-equivariant identification

PIPTPTE 2 "M
by Proposition 4.4.1 (2) and (4.1.1). Moreover, the pullback of the Hodge—Tate
divisor W (k)HT ¢ W(k) along p; is simply {u = 0} C Spf(&)/u, by Proposi-
tion 4.4.1 (1). Consequently, the isogeny ¢¢ pulls back along p; to a p,-equivariant
identification v : *9M[1/u] ~ N[1/u]. The assignment carrying (9, por) to the
triple (901,91, 4) then defines a functor

N(—) : Vect?(S)eris — D.

As the construction of 91(—) only involves pullbacks (and the ®-equivalence between
prismatic F-crystals and crystalline Breuil-Kisin modules), it is clearly a ®-functor.
To finish proving Theorem 4.2.3, it suffices to verify (1) and (2) in the theorem, and
show exactness of 9(—).

Part (1) is immediate from Proposition 4.4.1 (3) and the construction of 9.

For (2), we need to show that the relative positions pon and g oy of the isogenies
defined by @y over K[E] and ¢ over K[u] agree; this follows from Example 4.4.3.
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Finally, it remains to prove exactness. As exactness in D can be detected after
reduction modulo p, the claim follows formally from the functorial identification
M/ pIt >~ N/pI constructed in the proof of (1) above. O

Remark 4.4.4 (pp-equivariance for mod p F-crystals). There is an evident notion

of a prismatic F-crystal in vector bundles on (W (k) )p=o. Given such a crystal
(€, pg) with Breuil-Kisin realization (9, ¢g7) over Spf(&/p), the proof of Theorem

4.2.3 (and ultimately the isomorphism of Proposition 4.4.1 (2)) shows that (9, vgy)
is naturally p,-equivariant.

At this point, we have given our first proof of Theorem 4.2.3. The reader interested
only in applications of this statement to Galois representations should feel free to
skip ahead to §5 at this point (possibly after looking at the statements for G-valued
representations in §4.9).

4.5. Specializable Breuil-Kisin modules. The main goal of this subsection is to
formulate Theorem 4.5.12, which isolates an algebraic property — specializability —
enjoyed by crystalline Breuil-Kisin modules (Definition 4.5.10); this formally implies
Theorem 4.2.3, as we explain after Theorem 4.5.12. The specializability property
concerns the reduction modulo p of a certain canonical y,-equivariant modification
of any Breuil-Kisin module, which is constructed in Proposition 4.5.6. For the latter
construction, it is convenient to use the formalism of the p-Hecke stack from §2.7,
so we recall some surrounding notation in §4.5.1.

4.5.1. Recollections on the Hecke stacks. It will be convenient to use the stacks from
§2.7. Since we change notation nominally® let us simply give the definition.

Let Hk be the stack on W (k)-algebras sending a W (k)-algebra R to the groupoid
of triples (M, Mo, 7), where M; € Vect(R[u]) and 7 : My [1/u] ~ My[1/u] is an
isomorphism over R((u)).

Similarly, p-Hk is the stack sending R to the groupoid of triples (9t1, My, ¥),
where 9 is a vector bundle on R[u], Ms is a p,-equivariant vector bundle on R[u],
and 1 : 7 I [1/u] ~ My[1/u] is a pip-equivariant isomorphism over R((u)), where
¢/r : R[u] — R[u] is the R-algebra map sending u to u”.

There is a natural map p-Hk — Hk given by sending (9, M2, ) € p-Hk(R) to
(¢7Rm1, Mo, ) € Hk(R). This map fits into a commutative diagram

p-Hk(R) —— Hk(R)

Vect(R[u]) & Vect(R[u])

where the vertical maps remember the first component bundle from the functor of
points description.

Given a W (k)-algebra R and a vector bundle 9t € Vect(R[u]), write p-Hk(R)om
(resp. Hk(R)am) for the (groupoid-theoretic) fibre of the left vertical map (resp.
right vertical map) over 9% on the bottom left (resp. bottom right) in the diagram

6More precisely, for compatibility with standard notation for Breuil-Kisin modules, the relative
Frobenius is now viewed as an R-algebra endomorphism R[u]] — R[u] sending u to uP, rather
than the inclusion R[uP] C R[u] as in §2.7. Moreover, we stick to the case of GLy, in which case
we can reformulate statements in terms of vector bundles, leaving the rank unspecified.
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above. In this situation, given an R-algebra S, we shall often abuse notation and
write Hk(S)om for Hk(S)mers (and similarly for the p-Hk variant).

Given a W (k)-algebra R and a vector bundle 9t € Vect(R[u]), the displayed
diagram above induces a natural map p-Hk(R)omm — Hk(R)@;Rgﬁ by passing to

fibres. After fixing a basis of 91 (when it exists, always achievable locally) and using
the induced basis of gp’; eI, this map agrees with the obvious map Gr’é”Ln (R) —
GI‘GL” (R)

4.5.2. Canonical p,-equivariant modifications. Fix a Breuil-Kisin module (9, o).
We shall construct a canonical p,-equivariant modification of 91 supported at
{u =0} C Spec(6) using the Hodge filtration of the associated F-crystal (Proposi-
tion 4.5.6).

Let us first recall some basic constructions from [Kis06]. Write

(D, ¢p) = ¢" (M, pm) ®s &/ (u)[1/p]
for the associated F-isocrystal over W (k). The open unit disc D[0,1) can be
viewed as the generic fibre of the (non p-adic) formal scheme Spf(&), so finitely
generated G-modules give coherent sheaves on D[0, 1) via M +— M ®g Opo,1). Write
DI[0,r) C D[0, 1) for the smaller open unit disc of radius some fixed r € (|p|, |p|*/P).
By [Kis06, Lemma 1.2.6], there is a unique @-equivariant isomorphism
(4.5.3) D @k Opjo,r) =~ ¢* M ®e Opjo,r)

whose reduction modulo u is the identity. In particular, as r > |p|, we can also
identify D with (¢*0/(E)e*9M)[1/p]. On the other hand, we have the relative
“Nygaard filtration”
(4.5.4) Fil' 0" = (E)'9M N o M
on *M. Inverting p and taking its image under the map
@ M[1/p] = (" M/(E)p™M)[1/p] = D
then defines a filtration F*D that we call the Hodge filtration on D.
Remark 4.5.5. If (9N, pon) comes from a crystalline Galois representation T, then

D = Dgys(T) and F*D agrees with the classical Hodge filtration on Deyys(T') =~
Dar(T) (by the construction of the equivalence in [Kis06, Theorem 1.2.15]).

Observe that @™ is naturally a p,-equivariant vector bundle on Spec(&) with
respect to the scaling j1,-action on &. Thanks to the factorization

P = P/W(k) CPW (k) = PW(k) ©P/W(k)

of the Frobenius on & in terms of the Frobenius ¢y () on W (k) and the relative
Frobenius ¢ /vy (1), for any W (k)-algebra R, the groupoid p—”Hk(R)%V(k)m from §4.5.1
is simply the groupoid of pairs (9, ) consisting of a p,-equivariant Ru]-module
N and a pp-equivariant isomorphism ¢*IM @g R((uw)) ~ MNM[1/u]. The promised
canonical modification of 9t is a natural point of this groupoid:
Proposition 4.5.6. There is a unique pair (N", ") € p-Hk(W (k))
whose image in p-Hk(K)%V(k)gm is the pp-equivariant modification of

Wx*/v(k)im

Dk K[u] = (M) e K[ul = ¢y (&M ©e K[u])
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given by the Rees module of the Hodge filtration F*D, i.e., by the u-adic comple-
tion of the graded K [u]-module ®;F*Du~" (see Lemma 3.2./) or equivalently as
Fil’(F*D @ u® K ((u))).

Proof. Note that the “first component” map p-Hk — Vect is an ind-proper morphism
of stacks: indeed, locally on the base, it is a Gré’in—bundle. In particular, by the
valuative criterion, the natural map

p-Hk(W (k)) m — p-Hk(K)

PWw (k) P
is an isomorphism. The claim then follows as the Rees construction indeed gives a
pp-equivariant modification” of *M ®e K[u] ~ D @k K[u]. O

Examining the construction shows that the assignment
(4.5.7) (O, pom) > (DI, MET 4He)

gives a ®-functor from Breuil-Kisin modules to the category D defined in 4.2.2. We
warn the reader that, since the construction of 91*" involves *-extension of vector
bundles across punctured spectra (via the proof of the valuative criterion invoked in
Proposition 4.5.6), the functor (9, wor) — N is not exact in general.

Remark 4.5.8 (Geometric realization of the canonical modification). Consider the
graded ring Rx = K[u][y, t]/(yt? —u). Fix a finite projective K [u]-module M, so its
base change ¢7 ;M under the K-algebra map ¢, : K[u] KNy e [u] is naturally
pp-equivariant. By Example 3.4.5 (see also Proposition 3.4.3), the category of p,-
equivariant modifications of cpj M supported at {u = 0} is naturally identified with
the category of vector bundles F on Spec(Rk)/G, equipped with an identification
of Eyzo € Vectg, (Ri[1/t]) =~ Vect(K[u]) with M. Taking M = D @k K[u] (so
M ~ gp’;KM), the output of Proposition 4.5.6 then yields such a bundle E. This
bundle can be described geometrically as follows: the Rees module of F'*D defines
a vector bundle E’ € Vectg, (K[t]), and the bundle E is simply the pullback of E’
along the evident map rx : Spec(Rk)/G — Spec(K[t])/Gm.-

4.5.9. The main theorem on specializability. Let (9N, pon) be a Breuil-Kisin module.
Let us write 9 = 91/p9N, and similarly for mod p reductions of other objects.
In Proposition 4.5.6, we constructed a p,-equivariant modification " of ¢*IM
supported at {u = 0}. On the other hand, tautologically, g is a modification
of p*M supported at {E = 0}. Since E = u mod p&, both ¢ and gy give
modifications of ¢*9M supported at {u = 0} on Spec(S/p).

Definition 4.5.10. The Breuil-Kisin module (9, p9n) is called specializable if
Nean and M are equal as submodules of @*IN[1/u] via 1°» and Poy respectively.

Write Vect?(&)g, C Vect?(S) for the full subcategory spanned by specializable
Breuil-Kisin modules.

Using the functoriality of the canonical modification, one checks that the inclusion
Vect?(S)sp C Vect?(6) is a ®-subcategory. Moreover, on this subcategory, the
functor (4.5.7) is actually exact: indeed, the right exactness of (9, por) — N
can be checked modulo p, and then follows from the agreement of " with ©gy.

"In fact, the natural pp-equivariant structure on ¢*9t upgrades to a Gy,-equivariant structure
on ¢*M Qg K[u] thanks to the isomorphism (4.5.3). The Rees modification, by construction, is
even G,-equivariant. However, this G,-equivariant structure does not spread out to Spec(&), so
we can only talk about pp-equivariance integrally.
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Remark 4.5.11. The canonical modification is defined using the isomorphism (4.5.3),
which is closely related to the canonical (meromorphic) connection Ny on M Qg
Objo,1) (see [Kis06, Corollary 1.3.15]); from this optic, the “specializability” condition
can be regarded as an integrality constraint on Ny.

The main existence theorem about such specializable objects is the following
theorem, whose proof uses prismatic F-gauges, and will be given at the end of §4.8.

Theorem 4.5.12. Crystalline Breuil-Kisin modules are specializable.

The proof of Theorem 4.5.12 uses some new results on the syntomification. Given
the relatively classical nature of the statement, it would be quite interesting to
have a more direct proof. For now, let us simply prove Theorem 4.2.3 assuming
Theorem 4.5.12:

Proof of Theorem 4.2.3 via specializability. We shall show that the conclusion of
Theorem 4.2.3 holds true with the category Vect?(&)s, replacing Vect? (&)cris;
this gives the desired result by Theorem 4.5.12. Moreover, we already observed
in (4.5.7) that the assignment (90, por) — (I, N1 ") yields an exact @-functor
Vect?(S)sp — D, so it remains to verify that (1) and (2) from Theorem 4.2.3
hold true for this functor. But (2) holds true by construction of the canonical
modification, while (1) is exactly the specializability condition, so we win. ([l

4.6. The Nygaard stack. In this subsection, we study the compactification of
W (k) provided by the Nygaard stack W (k) (see [Dri24; Bha22]). Quasi-coherent
sheaves on W (k)N also called gauges over Spf(W (k)), encode the Nygaard filtration
(whose Breuil-Kisin realization already appeared earlier in (4.5.4)) on a prismatic
crystal.

4.6.1. A “divisorial” description of Zﬁf : As we saw in §4.3, the stack Z,, parametrizes
generalized Cartier divisors in the ring scheme W of Witt vectors. Drinfeld con-
structed an enlargement Zﬁf of Z, (or, more precisely, of zZ, U Zp) as a moduli
space of certain (non-invertible) quasi-ideal schemes in W, phrased in terms of
“admissible W-module schemes”, see [Dri24]|. The notes [Bha22] gave an alternate
perspective on Zﬁf via quasi-syntomic descent. While we do not recall either perspec-
tive here, we shall offer an alternative, and perhaps more conceptual, description of
W (k)N entirely in terms of generalized Cartier divisors. It relies on the Teichmiiller
construction [-], regarded as a ®-functor from the category of invertible modules
over a ring R to the category of invertible W (R)-modules; this functor is right
inverse to the obvious base change functor in the other direction, and, due to the
identity [zP] = F([z]) € W(R) for « € R, carries the p-power operation on invertible
R-modules to F* on invertible W (R)-modules.

Proposition 4.6.2. For a p-nilpotent ring R, the groupoid ZQ[(R) identifies with
the groupoid of the following triples:
(1) (d: 1 — W(R)) is a Cartier—Witt divisor over Spec(R), i.e., a point of
Z,(R);
(2) (t: O(—=1) — R) is a generalized Cartier divisor over Spec(R), i.e., a
point of A'/G,(R);
(3) I/p L [O(=p)]/p 1, W(R)/p is a factorization, in invertible W (R)/p-
modules, of the mod p reduction of d, where [t] : [O(—1)] — W(R) is the
Teichmaller lift of t.
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Moreover, for any perfect F,-algebra k, the map® W (k)N — Z?f X spt(z,) SPE(W (k))
is an isomorphism, so we obtain a similar description for W (k)

As the preceding description of Z;}[ is in terms of invertible modules (over W,
G, and W/p), we shall refer to it informally as the divisorial description.

In the proof below, we shall write W for the ring scheme of p-typical Witt vectors,
and F : W — W for the Witt vector Frobenius. To emphasize W-linearity, we
shall write F,W to indicate the group scheme W, endowed with the W-module
structure via F'; thus, the Frobenius itself is a W-module map W — F,W, while
the Verschiebung is a W-module map V : F,.W — W, etc.

Proof of Proposition /.6.2. The last part is standard from deformation theory, so
we focus on the first part. Fix a test p-nilpotent ring R. We have a natural map
o ZQ/(R) — Z, (R) x A'/G,,(R) given by remembering the underlying Cartier—
Witt divisor on the first component and the Rees map on the second component;
these maps are labelled 7 and ¢ in [Bha22, Construction 5.3.3]. Fix a pair (d,t) as in
(1) and (2) above, regarded as a map Spec(R) = Z, (R) x A'/G,,(R). It suffices
to identify the fibre F of « over the point (d,t) with the groupoid of factorizations
as in (3) above. By definition (|Bha22, Definition 5.3.1]), F is the groupoid of pairs
(M,J), where M is an extension of F,I by V(O(—1))* (in a necessarily unique
fashion, see [Bha22, Remark 5.2.5]), and d: M — W is a morphism of W-module
schemes such that the diagram

0 —— V(O(-1)) M F.I 0
lt JJ JF*d
0 G! w——Ls ERwW 0

commutes (and thus gives a map of short exact sequences). As with any morphism
of short exact sequences, this diagram can be enlarged into a diagram

(4.6.3) 0—— V(O(-1)) M F.I 0
I

0 G M’ F.I 0

0 Gt (NG o 7 0,

where the second row is both the pushout of the first row along the map ¢, and
the pullback of the last row along the map F.d. Conversely, specifying such an
isomorphism of the respective pullback and pushouts uniquely determines d. It

8 This isomorphism is normalized as follows: the Zé\/ component of this map is the obvious one,
while the Spf(W (k)) component is induced by the projection W (k)N — W (k) and the natural
W (k)-structure on the target. In particular, this is not the W (k)-structure on W (k)" induced by
the universal ring stack Gja\/, but rather the composition of the latter with the Frobenius on W (k).
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follows that F is also the fibre product of

T

|

Eth(F*VV, Gﬁa)

F.d

Extw (F.1, V(O(~1))f) — " Exty (F.I, GY)
where 7 denotes the tautological extension appearing in the last row of (4.6.3). But
now recall that Exty (F,W,GE) = F,W/p with 1 on the right corresponding to
7 on the left (see [Bha22, Proposition 5.2.1 and Corollary 2.6.8]). Twisting, this
implies that for any pair of invertible W-modules M and N, we have a natural
identification

Exty (F.M,N @w Gi) ~ N @w F.(M" /p) ~ F, (M /p ®w,, F*N/p) .

Applying this with M =T and N = [O(—1)] or N = W, we can rewrite the above
fibre product as

1

|

F.W/p

F*dl
P [7)=[1)

F (1Y /p @wyp [O(—p)]/p) F.IY/p

As all the linear maps appearing are actually F,W/p-linear, this simplifies to the
fibre product of

1

/|
Homuy /(I /p, [O(—p))/p) ——— Homy, (I /p, W/p)

which is exactly what the groupoid of data in (3) records. O

Remark 4.6.4. In [Dri24, Remark 7.2.3], Drinfeld noted that the explicit quotient
presentation of Zﬁf in [Dri24, §7.2.1-7.2.2] showed a slightly mysterious descent
property: the Rees map Zﬁf — A'/G,, descends’ along the p-power map A'/G,,, —
A'/G,,. The divisorial description in Proposition 4.6.2 makes this descent more
transparent: the Rees parameter ¢ only appears via its p-th power in part (3) of the
description.

Remark 4.6.5. We were led to the divisorial description of ZQ/ quite directly by
the applications of this paper. Specifically, the most natural way to geometrically
realize the canonical modification from §4.5.2 from the data of an F-gauge is via

9Howevelr, he also observed that this descent property is not shared by the universal ring stack
G/ over Zﬁ/’; this can also be seen from our description of G as a fibre product of a diagram
(4.6.7) whose last term requires the knowledge of ¢ (and not just tP).
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pullback along a map f:Y — Zﬁf (as we do in §4.8). In constructing this map, the
form of the co-ordinate ring of Y (see (4.6.14)) almost immediately led us to the
divisorial description of ZIJ)\[ . But an essentially equivalent form of Proposition 4.6.2
in fact appeared earlier in [GM24, §6.4]; as they stress, the divisorial description
adapts straightforwardly to the derived setting.

4.6.6. Reinterpreting classical structures via the divisorial description. It is a rather
pleasant exercise to understand structures over Zé)\[ in terms of its divisorial descrip-
tion. To carry this out, let us name some universal objects over ZQ/ coming from
Proposition 4.6.2: we have a universal Cartier-Witt divisor d"™V : I{}I}‘i" - W, a
universal Cartier divisor t""V : O(—1) — Ozé\r, and a universal factorization
v yuniv [tuuiv]p
" /p —— [O(=p)l/p —— W/p

of "™V mod p. Using these, we explain how to recover some geometric statements
about Zﬁf :

(1) The universal ring stack: We have a diagram of animated W-algebra stacks

(4.6.7) FW)Tgniv

J

F.W/(p. Zip™)

J

Ga/o(il) — F*W/(pa [O(fp)])

where all quotients are interpreted in the Koszul sense, the first vertical map is the
obvious one, the second vertical map is induced by "™V, and the horizontal map is
induced by Frobenius G, = W/VW EiN F,W/p. The fibre product of this diagram
is the universal W-algebra stack GV.

(2) The universal ideal: Recall that [Dri24] defines sz}/ as a moduli stack of
pairs (M, d), where M is an “admissible W-module scheme” and d : M — W is a
“primitive” map. In particular, there is a universal such map @™V : MV — 1/
over Zﬁf itself. In the ring stack picture, d"™ is simply the fibre of the structure
map W — Gé\/ . Thus, part (1) already contains a description of d"™V implicitly.
But the proof of Proposition 4.6.2 actually gives a much more direct description of
MUY: the section "™V classifies M"Y in the sense that M"Y is the pullback of
the tautological extension

O(-1)®a, (0= GE = G, - GIF ~ EW/p — 0)
along the map F.I"™ — F.[O(-p)]/p ~ O(~1) ®q, F.W/p induced by y"*.
(3) The two open copies of Z, nside Z]fj\[: The de Rham open copy jar : Z, —

Zﬁf from [Bha22, Construction 5.3.5] is simply the open locus (Zﬁf

Rees map resulting from Proposition 4.6.2 is the usual Rees map for Zﬁf. On the

)tuniv ;éo, as the

other hand, the Hodge-Tate open copy jur : Z, — Zé,v from [Bha22, Construction
5.3.2], which is the locus where the universal admissible module M"Y is invertible,
is the open substack (Zﬁf )yunivzo: indeed, it follows from (2) above that y"™V exactly
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classifies the failure of the universal admissible module to be invertible. For future
use, let us give an explicit construction of this isomorphism in both directions. Fix
a test ring R.

For the forward direction, given a test ring R, fix a point (d : I — W(R)) € Z,, (R).
Denoting base change along the projection W(R) — R with a subscript of 0, the
point jur(d) € ZQ/(R) is given by the triple

(F*d CF T = W(R),t =do : Io — R, F*T/p £ [(10)%7)/p s W(R)/p)

under the divisorial description, where the isomorphism ¥ in the third entry is the
effect on invertible modules of the identity F(z) = zf, mod pW(R) for z € W(R)
(and can also be seen more formally from the square just below).

Conversely, since F'V = p on W, we have a fibre square

w—*" rw

I

W/VW ~ G —— F.W/p

of animated W-algebra stacks: indeed, the induced map on vertical fibres is the
tautological isomorphism VW ~ F,W. Applying Vect(—) to the value of this square
on our test ring R yields a fibre square of categories by Milnor glueing [Lurls,
Theorem 16.2.0.2]. In particular, the groupoid Z, (R) of Cartier-Witt divisors
I — W(R) is identified, via pullback along the maps appearing above, with the
groupoid of triples (d : J — W(R),7 : L — R,§), where d : J — W(R) is a
Cartier—Witt divisor, 7 : L — R is a generalized Cartier divisor, and

& (I/p > W(R)/p) = (ILFF - W(R)/p)
is an identification of the generalized Cartier divisors over W(R)/p; this latter

groupoid is exactly (Zﬁf)yumio(R), so Z, ~ (Zé\/)y.m;v#) via this construction.

Remark 4.6.8. The argument in the last paragraph above is particularly transparent
when all line bundles appearing are trivial. Indeed, it is tantamount to the following
elementary fact: if R is a test ring and d € W(R) is an element of the form
d = [t]? + pz for some t € R and z € W(R), then d has a preferred Frobenius root

given by [t] + Vz.

Remark 4.6.9. Our choice of the W (k)-structure on W (k)" (see Footnote 8) ensures
that the composition W(k) 2% W (k)N — W(k) is the identity (and hence
W (k)-linear), while the composition W (k) 2% W (k)N — W (k) is the Frobenius
(and hence @y (1)-linear).

(4) The Hodge—Tate divisor: The divisor (Zé\/ )guniv—g C Z;\/ is identified with the
total space of O(—1) ®q, G./Gi = V(O(-1))/V(O(-1))* over BG,,. This was
proven directly in [Bha22, Proposition 5.3.7]. Let us deduce from the divisorial
description. In the latter, given a test p-nilpotent ring R, a point of (ZQ[ )guniv—g (R)
is given by a Cartier—Witt divisor d : I — W(R), a line bundle O(—1) € Pic(R),
a W/p-module map y : I/p — [O(—p)]/p, and a trivialization'" h of the map

104 “trivialization” here means an identification of the mod p reduction of d with 0 in groupoid
of W(R)/p-module maps I/p — W (R)/p.
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I/p — W(R)/p induced by d. Note that y does not interact with d or A in this
description. The trivialization h yields a map (I 4 W(R)) — (W(R) 2, W(R))
of generalized Cartier divisors in W(R), which must be an isomorphism by the
irreducibility lemma for distinguished elements (see [BS22, Lemma 3.5] or [Bha22,
Lem. 5.1.5]). Conversely, any such isomorphism certainly yields a trivialization h
of d modulo p. Thus, we learn that (Zﬁf )guniv—g (R) is simply the groupoid of line
bundles O(—1) € Pic(R) equipped with a section of [O(—p)]/p. The groupoid of
such pairs is exactly O(—1) ®q, G./G¥, over BG,,, as wanted.

(5) The filtered de Rham point: Consider the space (ZQ/ )y
of y"™V, regarded as a section of an invertible W/p-module over ZQ/ . As W/pis
a sheaf of animated rings, the structure map (ZQ/ )yumiv=g —* ZQ/ is not a closed
immersion'!. This morphism turns out to be an important one for cohomological
purposes:

univ—q Of trivializations

univ

Corollary 4.6.10 (The filtered de Rham point). The filtered de Rham map iqR :
Al)G,, — Zﬁf from [Bha22, Construction 5.3.4] is identified with the structure
map (Z.I/y')yunivzo — Zﬁf,

Proof. Note that the pullback of the universal admissible module along i4g is the
split extension F,W @ V(O(—1))* by construction. As y""V classifies the extension
determined by the universal admissible module, it follows that the map iqr factors
naturally as A'/G,, — (Zﬁ/’)yuniv:o — Z;}/. We must show the first map is an
isomorphism. As iqr has a left inverse given by Rees map, it suffices to show that the
composition (le)\[)yunivzo — ZQ/ — Al/G,, with the Rees map is an isomorphism.
Given a test p-nilpotent ring R, the fibre F of (Zév)y\m;v:o (R) — A'/G,,(R) over
a point (t: O(—1) = R) € A'/G,,(R) is the groupoid of Cartier-Witt divisors
d: I — W(R) equipped with a trivialization of I/p — W(R)/p. As in (4) above,
by the irreducibility lemma for distinguished elements, the trivialization promotes
uniquely to an identification (d : I — W(R)) =~ (p: W(R) — W(R)) of Cartier-Witt
divisors, so F is contractible, as wanted. ([l

4.6.11. A new chart of W(k)". Let us use the divisorial description to construct
some charts for W (k). First, we reconstruct a standard chart attached to any
transversal prism, see [Bha22, Remark 5.5.19].

Ezample 4.6.12 (Standard charts of ZP{\[ from prisms). Let (A, (d)) be an oriented

prism with A/(d) a p-torsion-free W (k)-algebra. Consider the (p, d)-completed Rees

stack X (4,(ay) of the (d)-adic filtration on A, so X4 (ay) = Spf(R(a,(a)))/Gm, where
R4,y = Rees(d*A)" = Az, t]"/(xt — d),

where the topology and completion are (p,d)-adic, the element ¢ has degree 1 and
x has degree —1. Note that X4 (4)) has a natural map to Spf(A) and hence a
W (k)-structure. We will construct a faithfully flat ¢y ()-linear map

Pﬁ,(d)) X (a ) — WEN

U1y fact, locally on Zi)\/, the map (Z'y)yuniv:o — Z{,\/ is the base change of the O-section
Spf(Zp) RN W/p. As W/p ~ G4 X BGY, in characteristic p, the fibres of (Z'{)\/)yunivzo — Zﬁ/‘ over

geometric points are either empty or given by Gg.
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using the divisorial description. Since our prism is oriented, all line bundles that
appear will be naturally trivial, up to grading shifts.

Via the isomorphism W (k)N ~ Spf(W (k)) x Zﬁ/, it suffices to specify the maps to
each factor separately. The first component map X4, (q)) — Spf(W (k)) is uniquely
determined by demanding it be gy (1): it must agree with the postcomposition
of the canonical map X4 (a)) — Spf(A4) — Spf(W(k)) with o). The divisorial
components of the second component X4 (qy) — Zﬁf are given by:

e The underlying Cartier—Witt divisor: This is given by the image of the distin-
guished element w(¢(d)) € W(A) under the natural map W(A) — W (R4 a)))-

e The underlying Cartier divisor: This is simply given by the element t € R4, (a))-

e The factorization: Note that w(d) = [d] + Vd; for some d; € W(A), so

w(p(d)) = F(w(d)) = [d]? + pdy. Consequently, w(o(d)) = [d]? mod pW (A) and
hence the same holds for its image in W (R4, q))); taking z to be the image of
[z]? € W(R(4,a))) then provides the needed factorization since [z]P[t]’ = [d]? in
W(R(a,(ay)-
By construction, pj(\g’(d)) restricts to ¢ o p(4,(ay) on the de Rham open point (recall
that p(a,(a)) was defined in (4.3.7)); in fact, this desideratum dictated the choice of
the map to Spf(W (k)) made above. By inspection, one also checks pJX () Tecovers
p(A,(a)) at the Hodge-Tate open point. Using this, as well as the p-torsion-freeness
of source and target of P?ﬁx,( d))> One checks that Pé\,{x,( ) is faithfully flat by checking
it on the stratification of (Zﬁf)pzo with strata given by the de Rham open point,
the Hodge-Tate locus of the Hodge—Tate open point, and the Hodge point; we omit
the details here.

As the special case of the Breuil-Kisin prism is important for the sequel, let us
give it a short name: write

X=Xem) and (9:X > WEN) =05 )

for the resulting @y (x)-linear map. It turns out that one can obtain a “more
efficient”'? chart for W(k)N than the one provided by g, and this is critical for our
applications.

Ezample 4.6.13 (A “more efficient” approximation of ZQ/). Let Y be the (p,u)-
completed Rees stack of the “u in degree p” filtration on & (which is also the ¢-
preimage of the u-adic filtration on &); see §3.4 for more on such stacks. Explicitly,
Y = Spf(R)/G,,, where

(4.6.14) R = Rees((u)[*/P16)" = &y, t]|"/(yt? — u),

where the completion/topology is (p, u)-adic, the Rees parameter ¢ has degree 1 and
the element y has degree —p (and corresponds to u living in filtration degree p).
There are natural structure maps Y — Spf(&) — Spf(W(k)). We now construct a
W (k)-linear map
fY s wkN

using the divisorial description of the target, and establish some of its proper-
ties. Again, by the W (k)-linearity requirement, it suffices to specify the divisorial
components of the induced map to Zﬁf , and these are given by:

12More precisely, the chart g realizes ¢ o pgiq over the de Rham open point W (k) C W (k)V,
while the chart f:Y — W(k)N in Example 4.6.13 realizes pgiq itself.
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e The underlying Cartier—Witt divisor: This is given by the image of the distin-
guished element w(E) = [u] —pw(z) € W(A) under the natural map W(A) - W(R).
e The underlying Cartier divisor: This is simply given by the element t € R.

e The factorization: Note that w(E) = u mod pW (A) by design. Consequently,
the factorization yt? = u in R yields the desired factorization [y][t]? of w(E) in
W(R)/p.

By construction, the restriction of f to the open substack jag : W (k) < W (k)N
agrees with the map pgiq-

We now study the geometry of the map f constructed above. Our first goal is
to show it is faithfully flat; this will be deduced from its compatibility with pg,
in a suitable way. Since E = u mod p&, the Frobenius on &/p carries the “u in
degree p filtration” to the u-adic filtration on &/p, and hence induces a natural map
Xp=o — Yp—o over A'/G,,. Explicitly, on co-ordinate rings, this is induced by the
graded F,[t]-algebra map

&/ply, t]/(yt” —u) — &/plz,t]/(xt — u)

determined by Frobenius on &/p and y — zP. This map is faithfully flat by
inspection. Moreover, we have:

Proposition 4.6.15. The composition X,—o — Yp=o Jr=o, W (k)AL is simply the

p=0
map gp—o. In particular, f is faithfully flat.
Proof. The first part is clear from the construction in terms of divisorial components,

while the second part follows from the first part by a suitable 2-out-of-3 property
for faithfully flat maps, and the Z,-flatness of the source and target of f. ([l

Secondly, we explain the relationship of f to the map p; from Proposition 4.4.1:

Proposition 4.6.16. The restriction of f to the open substack jur : W(k) <
W (kYN agrees with the map pt from Proposition 4.4.1

Proof. We shall construct a stack Y; with a p,-action and a map Yi/u, — Y

inducing an isomorphism over jgr : W (k) < W(k)"; this reduces the question
from Y to Y7 /pp, where it is more tractable.
Let

Ry = Rees(u*®)" = &y, 1"/ (y1t — u),
where deg(y1) = —1 and the completion is (p,u)-adic. The Frobenius on & then
induces a morphism
R =&y, t]"/(yt? —u) = Ry = Sy1,t]"/(y1t — u)
of graded Z,[t]-algebras linear over ¢ : & — & and sending y to y}. Passing to the
corresponding quotient stacks yields a pg-linear faithfully flat map

h:Y1 =Y

of stacks over A!/G,,. Moreover, the natural y,-action on ¢ : Spf(&) — Spf(&)
extends to a pp-action on Y7 over Y, where u,y; € R; have weight 1. The map h;-g
identifies with ¢ : Spf(&) — Spf(&). On the other hand, since (Y7),,0 ~ Spf(S)
via the projection map Y7 — Spf(&), the map hyzo induces a map h : Spf(&)/u, —
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Yy that one checks to be an isomorphism. These constructions are summarized in
the following commutative diagram:

h,~ fy#0
#0 . (W( y;éO A W

E

<

Spf(& /N;n = Yl yl;ﬁO/ﬂp

‘[ f
Y / :“p I
Spf(& /pp — s Spf(6) — 24—
where the squares relating the first two rows are Cartesian and have open immersions

as vertical maps, while the vertical maps relating the second and third rows are the
structure maps. Our task is then to identify the map

fy
Spf(&)/ LN Y20 RRiaAN W (k)

with p;. We first observe that the above commutative diagram gives a natural
identification ¢ o fyz0 0 h =~ psa o ¢ (as in Proposition 4.4.1 (2)): both sides
correspond to paths from the top left to the bottom right in the diagram above.
This compatibility also shows that f,.o o h is W (k)-linear. It is now a pleasant

exercise in unwinding the isomorphism W (k) =~ (W(k)N)yumV?go (see item (3) at
the start of §4.6.6) to show that f,o o h agrees with p;. ]

Remark 4.6.17. The proof above shows that the Frobenius on Spf(&) induces an
isomorphism
Spt(&)/pp = Y,

We can therefore rewrite the conclusion of Proposition 3.4.3 (in the current special
case) as follows: the category of reflexive coherent sheaves on Y identifies with the
category of triples (9,9, 4), where 9 is a vector bundle on Spf(&), M is a p,-
equivariant vector bundle on Spf(&), and 1 : ¢*IM[1/u] ~ N[1/u] is a u,-equivariant
isomorphism. (In fact, we are simply imitating what we said in Remark 4.5.8,
replacing K with W and the relative Frobenius ¢,k with the absolute Frobenius ¢
on 6.)

4.7. The syntomic stack and Galois representations. The syntomic stack
W (k)SY™ from [Dri24; Bha22] is obtained by gluing the two disjoint opens jyT, jdr :
W(k) — W) in W(k)" to each other via the identity. Coherent sheaves on
W (k)Y are closely related to coherent sheaves on W (k) equipped with a Frobenius
structure, and the latter are closely related to Galk-representations. More precisely,
putting together some recent results, we obtain the following geometric perspective
on crystalline Galois representations that will be critical in this paper:

Theorem 4.7.1 (Crystalline Galois representations via prismatic F-crystals). The
following categories are naturally equivalent:

(1) The category of reflevive coherent sheaves on W (k)S¥™.

(2) The category Vect? (W (k) ) of pairs (€, ¢s), where £ is a vector bundle on
W(k) , and pg is an Igr-isogeny between *E and &, i.e., an identification
{157 0" E ns0 = {Ir" ® E}nso of ind-objects.
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(3) The category Vect¥ (W (k) ) of prismatic F-crystals in the sense of [BS23].
(4) The category of crystalline representations of Galx on finite free Z,-modules.

Proof. The equivalence of (3) and (4) is the main result of [BS23|, while the
equivalence of (2) and (3) follows from the identification of crystals of vector bundles
on prismatic site W (k) with vector bundles on the stack W (k) , see [BL22b,

Proposition 8.15]. The equivalence of (1) and (2) is explained in [Bha22, Theorem
6.6.13]. O

Remark 4.7.2. We remark that the equivalence between (2) and (3) in Theorem 4.7.1
is realized by the construction of 4.3.6. In the sequel, we shall often abuse notation
and refer to objects of the category appearing in either (2) or (3) as prismatic
F-crystals.

Remark 4.7.3. The functors in the directions (1) = (2) < (3) = (4) are essentially
all obtained by localization and are exact for the evident exact structures on each
of the categories. On the other hand, the functors in the direction (4) = (3) and
(2) = (1) involve x-extensions of vector bundles, and are not exact.

Ezample 4.7.4 (Breuil-Kisin modules from crystalline Galois representations). Fix
a crystalline Galois representation p : Galg — GL,,(Z,). By Theorem 4.7.1, this
corresponds to a rank n prismatic F-crystal (£, ¢g). Consider the map pg (g :
Spf(&) — W(k) coming from the Breuil-Kisin prism. As this map is compatible
with Frobenius, pullback yields a Breuil-Kisin module (91, poi) = p*&( ) (&, pg) of
rank n. In fact, this is simply the classical Breuil-Kisin module attached to p in
[Kis06].

Let us end this subsection by giving a proof of the Frobenius-descent property
promised in §4.2.

Proof of Proposition 4.2.7. We shall use the Rees stack charts g : X — W(k)N and
f:Y = W(k)N constructed in §4.6.11. Let (€, ¢¢) denote the prismatic F-crystal
in vector bundles lifting (9, o) via Theorem 4.7.1. This F-crystal determines two
coherent sheaves on (W (k)V),—o: either first take a reflexive hull (see [Bha22, §6.6])
and then reduce modulo p, or do the operations in the reverse order. Pulling back
the preceding two coherent sheaves along the map gp—o : Xp=0 — (W (kN )p=0, and
translating back from quasi-coherent sheaves on Rees stacks to filtered modules,
then yields the two filtered objects considered in the Proposition. But g,—¢ factors
as
G0+ Xpmo = Yo L% (W (R0

by Proposition 4.6.15. As X,—o — Y,=0 is exactly the map on Rees stacks attached
to the Frobenius (u)/*/?1&/p — (u)*&/p on filtered rings, one obtains the desired
descent. (]

4.8. Crystalline Breuil-Kisin modules are specializable. The goal of this
subsection is to prove our main result (Theorem 4.5.12) on specializability of
crystalline Breuil-Kisin modules (9, ¢or). We shall use the ingredients discussed
in the previous subsections. Let us sketch the key ideas informally right away.
First, using the map f from Example 4.6.13, we construct an alternate candidate
(M, 1) for the canonical modification (M°", )" ) from §4.5.2; the pair (91, ¢) visibly
satisfies the specializability constraint that 9 = 9 as submodules of *M[1/u].
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To finish, we need to identify the modifications (91" ) and (M, ) of *IM.
By the characterization in Proposition 4.5.6, this amounts to understanding the
behaviour of (91,1) after base change along W (k) — K, i.e., after allowing some
denominators. The latter is accomplished by a geometric argument that, roughly,
requires understanding the “crystallization” of the map f used to construct (91,).
To carry out the last step, we shall need the following abstract lemma:

Lemma 4.8.1. Let R be a p-nilpotent animated commutative ring and y € R be an
element. Then the pullback of

Spec(R) LN W/p L Spf(Z,)
is Spec(S), where S is obtained by freely adjoining y/p and its divided powers to R.
Proof. Write A = Z,[y]" for the free p-complete J-ring on a rank 1 element y. The
map Spec(R) b, W /p classifying [y] € W(R)/p factors as
Spec(R) — Spec(A) — W — W/p,

where the first map is the one determined by sending y € A to y € R, the second map
is a 0-map corresponding to the element y € A (where we recall that the coordinate
ring of W is the free p-complete §-ring on one generator), and the last map is the

obvious one. Pullback along Spf(Z,) LN W /p gives a commutative diagram

Spec(S) — Spf(B) —— W —— Spf(Z,)

[ A
Spec(R) —— Spf(A) W W/p

where the third vertical map is multiplication by p, and all squares are pullbacks
(so B and S are defined this way). It suffices to show that B is obtained from A by
freely adjoining y/p and its divided powers, i.e., B is the p-complete PD-polynomial
ring on y/p. But the middle vertical square is a fibre square in p-complete d-schemes,
so (from the d-freeness of the coordinate ring of W) we learn that B = A{y/p},
i.e., B is obtained by freely adjoining y/p in p-complete d-rings to A. It remains to
show that this is the p-completion of the subring of A[l/p] generated by y/p and its
divided powers.

Consider the p,-cover A — A’ = Z,[y'/?]", where A’ is endowed with the unique
S-structure where y'/? has rank 1. While this map is not a ip-torsor, we still have
A = (A")geg=0, where degrees are taken with respect to the Z/p-grading induced
by the pp-action. Then [BS22, Corollary 2.39| shows that A'{y/p} is exactly the
p-complete PD-polynomial ring on y'/?, so A{y/p} is the p-complete graded subring
spanned by the terms of degree divisible by p, which identifies with the p-complete
PD-polynomial ring on y/p by the Legendre formula for valuation of factorials, as
wanted. |

We can now give the proof of Theorem 4.5.12.

Proof of Theorem /.5.12. Fix a crystalline Breuil-Kisin module (90, gy ); this nec-
essarily arises from a unique reflexive coherent sheaf & on W (k)™ (Theorem 4.7.1).
We shall give an alternate description of (91" 1)") in terms of &; in this alternate
description, the specializability will become obvious.

Write &V and £ for the restriction of £ to W (k)" and W (k) respectively.
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First, let us recall how to reconstruct (9, pon) from £. We have the faithfully
flat map g : X — W(k)N from Example 4.6.12. Via pullback, g*&V gives a
reflexive coherent sheaf on X. Such sheaves identify with triples (9%, M2, 7), where
M; € Vect(S) and 7 : My [1/E] ~ My[1/E] is an isomorphism (Proposition 3.3.2).
The descent of the sheaf EN on W (k) to the sheaf £ on W (k)S™ then additionally
supplies an identification *Ms ~ My. Taking M = M, thus yields the Breuil-Kisin
module attached to &£.

Next, consider the faithfully flat map f : Y — W (k)N from Example 4.6.13.
Again, pullback gives a reflexive coherent sheaf f*£ on Y. Such sheaves can
be identified with triples (90,91, ), where 91 is a finite projective G-module, I
is a finite projective p,-equivariant G-module, and ¥ : *M[1/u] ~ N[1/u] is a
Hp-equivariant isomorphism (see Proposition 3.4.3 and Remark 4.6.17). In particular,
we obtain a candidate pair (9,¢). We then claim:

(%) There is a natural identification (D, )) ~ (D", 2n),

Note that (*) implies the theorem: to show that the modifications ¢ and gy of
@*IM agree, one combines the compatibility in the first sentence of Proposition 4.6.15
with the observation that the map X,—¢ — Y,—¢ induces the tautological map
Spf(&/p) — Spt(S/p)/p over the open Y, 420 C Yp—o.

It remains to prove (k). By the characterization given in Proposition 4.5.6, it
suffices to construct such an identification after base change to K, i.e., to match
the modifications of ¢*IM ®@g K[u] determined by ¢ and . Now Remark 4.5.8
describes the target in geometric terms, while the former was already described in
geometric terms. We will finish the proof by matching these geometric descriptions.

(1) Description of the vector bundle encoding ¥ via EN': We reformulate
Remark 4.5.8, giving the description of the modification of ¢*IM ®g K[u] arising
from 9", in terms of the gauge V. Recall from Remark 4.5.8 that Ry is the
graded K[u]-algebra K[u][y,t]/(yt? — u). Consider the diagram of natural maps

Spec(Ri)/Gm —— AL coiw(k))/ Gm = Spec(W ()[t])/Gm

T

W (k)N Ny — Agoiw (i) / Gm = SPE(W (K)[t]") /G

where the completion on the bottom right is p-adic, the right vertical map is the
tautological map, and igR is the filtered de Rham map. Pullback along the right
vertical map induces an equivalence on Perf(—); write (—)*2 for its inverse. On the
other hand, (igr)*&V is exactly the Rees module of the Hodge filtration on (the
integral form of) D. Consequently, the vector bundle on Spec(Rg)/G,, attached
to the modification ¥°*" is simply rj, ((idR)*f,’N) ole,

(2) Description of the vector bundle encoding 1 via EV: Recall that ¥ =
Spf(R)/G,, where R = G[y,t]"/(yt? — u) with the completion and the topol-
ogy being (p, u)-adic. Write R*® = &[y,t]/(yt? — u) for the obvious algebraization,
so there is a natural map R*& — Ry of graded rings. This gives a diagram of stacks

Y = Spf(R)/Go — Spec(R™%) /Gy, < Spec(Ri)/Gom

where the first map is the obvious (p, u)-completion map; pullback along this map
induces an equivalence on Perf(—), and we again write (—)*® for its inverse. The
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modification arising from v, realized as a vector bundle on Spec(Rk)/Gy, is then
simply j* (/€N ).

(3) The key compatibility: To relate the above descriptions, we need to understand
the relationship of f and i4gr, so let us compute their fibre product. Consider the

ring

R = R[{ya(y/p)}n=1]" = W (k) (y/p)[t]",
obtained by adjoining % and its divided powers to R in the p-complete world; note
that R’ is (p,u)-complete since u = yt? = p(y/p)t?. As y is homogeneous, R’
inherits a grading from R in the p-complete sense. Set Y/ = Spf(R')/G,,, so there
is a natural map Y’ — Y. We claim this fits into a Cartesian diagram

(4.8.2) Y — Y

| b

Al/G,, s W (k)N

where the left vertical map is the Rees map, and the bottom horizontal map is
the filtered de Rham point. Indeed, since the bottom horizontal map is the space
of trivializations of the section y"™V of the invertible W/p-module (ZuV)®~! @y,
[O(=p)]/p over W (k)N by Corollary 4.6.10, the claim follows from Lemma 4.8.1.

(4) End of proof: To simplify life and avoid divided powers we pass to the
rational localization where y becomes divisible by p?, i.e. we consider the ring
S = W (k)[ya,t]", where the completion is (p, yot)-adic. Regard S as an R’-algebra
(and thus also as an R-algebra) via y/p = py2 € pS (so y2 = y/p?); let S8 =
W (k)[uz][y2,t]/ (y2t? — uz), so the (p, uz)-adic completion of S*& gives S. There is a
natural grading on S*!¢ where deg(t) = 1 and deg(y2) = —p; this induces a grading
on S in the (p,us)-complete sense. Observe that the map j : Spec(Rk)/Gn —
Spec(R#)/G.,,, factors naturally over the map Spec(52#)/G,,, — Spec(R#)/G.,,
indeed, we have an obvious factorization

R¥e = Sale = Ry =
— —

W (k) [ully, t]/(yt? — u) W (k) [u2]ly2, t]/ (y2t? — us2) Kully, t]/(yt" —u)
of maps of graded W (k)-algebras where the maps are determined by u = uzp? and

y = yop°. This factorization, combined with our previous constructions, leads to
the following commutative diagram

Spec(Rk)/G

Adpec(w i/ Gm SpeC<ST)/Gm s Spec(RT)/Gm

Rees

Adoiw )y Gm ¢+ 5pf(5) /Gy, —————Y = Spf(R)/G,

\/

where the commutative (but not fibre!) square determined by the third and fourth
rows comes from the commutative square (4.8.2) by mapping R’ to S, the vertical
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maps relating the second and third rows are all the evident completion maps whose
pullbacks are equivalences on Perf(—) (with inverses labelled (—)*& above and
below), the right triangle in relating the first and second rows was the factorization
just explained, while the left triangle relating those rows comes from compatibility
of Rees maps. Applying Perf(—), inverting the vertical arrows relating the second
and third columns of the resulting diagram and labelling them (—)!8, and tracing
the effect of moving &V € Perf(W (k)V) to Perf(Spec(Rx)/Gy) through the two
extreme paths in the diagram then shows that

* . * al Sk (o pk a
ric ((Gar)"EN)"E ~ 7 (frEN)™e,
as wanted. O

4.9. F-crystals with G-structure from G-crystalline representations. It
will be convenient to use the following convention in relation to the loop rotation
pp-action on Spec(S) (see §4.1), extending what we have already been using for
vector bundles: for any geometric object M over Spec W (k)[u], a p,-equivariant
structure on M is a descent datum for the morphism

Spec W (k)[u] — Spec W (k)[u]/ pp-

We will sometimes just say M is pi,-equivariant, when we mean that M is canonically
equipped with such a structure.

4.9.1. We want to extend Theorem 4.5.12 to objects with G-structure. To do this
we recall the general yoga of objects with G-structure explained in the Appendix A.
Fix a finite extension F/Q,, and let G be a flat affine group scheme G/Op.
Following the convention of Appendix A.3.5, and taking the extension V'/V there
to be Op/Z,, in this section an “object with G-structure” of a Z,-linear category C
is a G-object of C ®z, O, the category of pairs (z,:) consisting of an object = of C
and a morphism of Z,-algebras ¢ : O — End(z).

Corollary 4.9.2 (mod p Crystals with G-structure). Let (€, pg) be a mod p
prismatic F-crystal over W (k) with G-structure, and with associated mod p G-

Breuil-Kisin module (MM, ¢g5,). Then (M, o) is naturally p,-equivariant.

Proof. It suffices to note that by Remark 4.4.4, the exact tensor functor taking
mod p prismatic F-crystals to mod p Breuil-Kisin modules takes values in the
subcategory of p,-equivariant Breuil-Kisin modules. O

Corollary 4.9.3 (Crystals with G-structure). Let (£, pg) be a prismatic F-crystal
over W (k) with G-structure. Then there is a canonical G-object (9, N, m) in the
category D of 4.2.2 associated to (€, ¢g). Explicitly we have
(1) M is a G-torsor on Spec(& ®z, Or)/pp and Yy is a py-equivariant isomor-
phism between ©*M and N away from V(u).
(2) There is a natural identification M/p ~ M /p, and the resulting i, -equivariant
structure on (IMM/p, pan /p) provided by 1y agrees with the one from Corollary
4.9.2.
(8) For objects as in (1), if G has reductive generic fiber, the relative positions
of the modifications of G-torsors over Spec(K[E]®q, F') obtained from ooy
and Yy agree.

Proof. This is immediate from Theorem 4.2.3 by Tannakian considerations (i.e. by
the definition of a G-object in terms of exact tensor functors). O
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4.9.4. Now suppose that G/Op is connected reductive, and fix a maximal torus
and Borel, T' C B C (G. We now reformulate some parts of Corollary 4.9.3 in terms
of the stacks Hkg and p-Hkg considered in §2.7.

Let (M, o) be the G-Breuil-Kisin module attached to a prismatic F-crystal
with G-structure (€, pg). We now change variables by writing the Breuil-Kisin ring
S as W(k)[z] for x = E(u) = u — pz, and we regard x as the loop variable in the
definition of the affine Grassmannian. Then by Proposition 2.7.1, the Breuil-Kisin
module M defines a point ag € Hkg(W (k) ®z, OF), encoding the relative position
of the isogenies defined by gy over the points of Spec W (k) @z, Or. More precisely,
we define ag to be the point of Hke (W (k) ®z, OF) corresponding to the triple

(™0, MM, oy = @*M[1/x] — M[1/x]).

For any W (k) ®z, Op-algebra A, we denote by ag(A) the image of ag in Hkg(A).
In the following, we shall aim to lift «, at least over geometric points, along the
map p-Hkg — Hkg defined in §2.7.

4.9.5. Let K be an algebraic closure of K, and let k be the residue field of the ring of
integers of K. For A = k, K, we may identify Hkg(A) with X, (T)* via Lemma 2.7.3.
Now fix an embedding F' — K, and consider the induced map & : W (k)®z, Op — K.
This induces a map & : W (k) ®z, OF — k. The specializations of ag along these
maps satisfy

age(k) < age(K) € X (T)"
as € is a generalization of £&. We remark that these invariants depend only on ker &.
The following theorem refines this relation.

Theorem 4.9.6. Suppose G/OF is connected reductive, and (€, pg) is a prismatic
F-crystal with G-structure. Then
(1) There exists a Bg € p-Hka(W (k) @z, OF), which maps to ag(K ®z, OF)
and ag(k ®z, Or) in Hkg(K ®z, Or) and Hkg(k ®z, OF) respectively.
(2) For any & : W (k) ®z, O — K as above, we have

age(k) T ase(K) € X (T)"

Proof. Using Proposition 2.7.1, the point B¢ € p-Hkg(W (k) ®z, OF) in (1) is
obtained from the triple (¢35, 90, 91,9¥n) coming from Corollary 4.9.3, where @y
denotes the Frobenius on W (k). (Here we use u as the loop variable.) The com-
patibility with ag over K and k comes from parts (3) and (2) of Corollary 4.9.3
respectively. Now (2) follows from Corollary 2.7.4. O

We now turn to the relationship between prismatic F-crystals with G-structure
and crystalline G-representations. We write Galg for the absolute Galois group of
K, and Ix C Galg for its inertia subgroup.

We assume for the rest of this subsection that G/OF is an extension of a finite
étale group scheme by a parahoric group scheme G°/Op.

4.9.7. Let Repczrzs((}al ) denote the category of crystalline representations of Galx
on finite free Z,-modules, i.e. the category of Galgk-stable Z,-lattices in crystalline
Galg-representations. Following the conventions introduced in Appendix A.3.5 and

recalled above, we have the category G-Repczr;yS (Galg) of exact ®-functors from
crys

Repp,. G into Repzp (Galk) ®z, OF; note that this latter category is nothing but
the category of crystalline representations of Galg on finite free Op-modules.
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Let P be a G-torsor corresponding to a class ¢ € H*(V,G). Set G’ = Aut P, so
that G’ is the pure inner form of G corresponding to c¢. We make the set of crystalline
representations p : Galg — G'(Op) into a category, by defining Hom(p, p’) to be the
set of g € G'(OF) such that p’ = gpg—!. (Here as usual we say that a representation
p: Galg — G'(Op) is crystalline if its composite with any (equivalently, with all)
faithful representation of G’ is crystalline.)

Lemma 4.9.8. There is a natural functor p — w(p) from the category of crystalline
representations p : Galg — G'(Op) to the category G-Repz’*(Galk).
crys

Conversely, for any w € G—Repzp (Galg), there is a pure inner form G’ of G,
and a crystalline representation p : Galg — G'(Op) with w ~ w(p).

Proof. For the first statement, note that the functor W — (W x P)/G is an
equivalence of exact tensor categories Repp, G ~ Repy,G’. It therefore suffices
to consider the case that G’ = G, in which case the functor is given by defining
w(p)(W) to be W with the Galx-action induced by p, for each W in Repy,, G. If
p,p' are two such crystalline representations, and g € Hom(p, p’), then we send
g to the morphism w(p) = w(p’) given by multiplication by g on the underlying
Op-module W in Repy,, G.

Conversely, suppose that w is an object of G—Rep%rpy *(Galg). Then, as recalled in
Appendix A.2, P = Spec(w(O¢)) is a G-torsor over O, equipped with an action of
Galg, and w(W) ~ (W x P)/G for W in Repy, G, compatible with the action of
Galg. Let G’ = Aut P. Then the Galg-action on P factors through G’, and hence
the Galg-action on w(W) factors through G’. Unraveling the definitions, we see
that w >~ w(p), as required. O

If G is reductive, then the following theorem is a special case of [IKY24, Thm. 2.28|
(together with [GR24, Prop. 3.8]).

Theorem 4.9.9. Let F/Q, be a finite extension, and let G/Op be an extension of a
finite étale group scheme by a parahoric group scheme G°. Then the étale realization
functor T induces an equivalence between the following categories:

(1) The category G-Vect?(Spf(Ok) ) of prismatic F-crystals in G-bundles over
Spf(Ok).
(2) The category G-RepCZrZS(GalK) of crystalline G-representations of Galg .
Proof. We begin by noting that each of the categories in (1) and (2) do not change if
we replace G by Resp,,/z, G and F' by Q. For (1) this follows from the equivalence

explained in Corollary A.3.3, applied to (Ok) . For (2) it follows from Lemma
4.9.8. Thus we assume F = Q,, for the rest of the proof. **
By Theorem 4.7.1 (i.e. the main result of [BS23]), the functor T gives a ®-functor

T : Vect?(Spf(Ok) ) — Repy”(Galk)

which is an equivalence (but whose inverse is not exact). Contemplating exact
®-functors from Repz, (GQ) into either side then gives a fully faithful functor

Tg : G-Vect? (Spf(Ok) ) — G—Rep‘;pys(GaIK).

L3While this reduction is not essential to the proof it is convenient when citing the references
at the end of the argument.
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To show that T is an equivalence, it thus suffices to show essential surjectivity. Let
w e G—Rep%rpys(Gal k). By Lemma 4.9.8, w = w(p) for some crystalline representation
p: Galg — G'(OF), with G’ a pure inner form of G. As in the proof of Lemma 4.9.8,
the equivalence Repy, G ~ Repp, G' allows us to identify the functors T and .
Thus to show that w is in the essential image of T we may replace G by G’, and
assume G’ = G.

For each V in Repy G we set Tg ' (w)(V) = T~ (w(V)). To show T ' (w) is
well defined object of G-Vect?(Spf(Of) ), we need to show that V ~— T (w)(V) is
exact. To do this note that, if K'/K is finite unramified extension, then (Og/) —
(Ok) is a finite étale cover by [BL22b, Rmk. 3.9], so it suffices to check exactness
after replacing K by K’. (This may also be seen by using the flat cover ¢ below).
Thus we may assume that p factors through G°(Op). Then w may be promoted
to an object in G‘”—RepczrpyS (Galg), so we may assume that G = G° is a parahoric,
which we do from now on.

Now to show exactness of T;'(w) we use the point of view of A.2. Let Op €
QCoh(Spf(Ok) ) be the colimit of the ind-object T,; ' (w)(Og) in vector bundles;
this is a sheaf of commutative algebras, and let P be the corresponding stack with

a

G-action over Spf(Of) . By Corollary A.2.3, and using that we know that T is
fully faithful, it suffices to show that P is a G-torsor. Using the faithfully flat map
t:Spf(6) = (Ok) from (4.3.9), it suffices to show that ¢* P is a G-torsor.

Observe that pulling back along Spf(&) — Spec(&) (i.e., completion) induces
an exact ®-equivalence on the category of vector bundles, and hence also on the
Ind-categories. Hence, the commutative algebra object O, p arises as the completion
of a flat commutative algebra object Og in QCoh(Spec(&)), corresponding to a flat
affine G-scheme @ — Spec(6) algebraizing the G-scheme ¢*P — Spf(&). It suffices
to show that @ is a G-torsor over &.

When G is reductive this was proved in [Kis10, 1.3.4]. In fact, the argument
there shows that if G is any affine group scheme of finite type over Z,, then @ is a
G-torsor when restricted to the complement of the closed point of Spec & (Steps
1-4 of loc. cit). Here we are using the isomorphism ¢*(Q)[1/E] ~ Q[1/E], cf. A.2.5.
This could also be deduced from the analogous “exactness outside the closed point”
property of the only non-exact functor, 77!, used in the definition of Q. When G
is smooth and connected, and every G-torsor on the complement of the closed point
in Spec G extends to Spec &, then Step 5 of loc. cit shows that @ is a G-torsor.
It therefore suffices to note that for G parahoric this final statement is [Ans22,
Cor. 1.2]. O

4.9.10. Asin 4.9.5, fix an embedding F — K, and denote by & : W(k)®z, Op — K
the induced map. Let p : Galxy — G(OFp) be a crystalline representation, and let w
be the corresponding functor in G—Repczrzs(GalK) given by Lemma 4.9.8. For V in

Repp,. G, consider the graded K-vector space given by
gr ¢ Dar(V) = gr *(Dar (w(V)[1/p]) @w k)@, 0r ¢ K)-

Replacing K by a finite unramified extension does not change gr ngR(V), SO we
crys

may promote w to an object of G°-Repy’ (Galg). By Tannaka duality, this gives
a G°-conjugacy class of cocharacters pi¢(p) : G, — G° defined over K. Note that



REDUCTION MOD p AND pu,-EQUIVARIANCE 59

the conjugacy class [pe(p)] is functorial in G° and depends only on ker . Fixing a
maximal torus and Borel T C B C G° over K, we may view pe(p) € X.(T)*.

Similarly, by replacing K by a finite unramified extension, we may define an
invariant ag ¢(K), as in 4.9.5.

Proposition 4.9.11. Let p: Galg — G(OF) be a crystalline representation, and
let (€,pg) be the corresponding prismatic F-crystal with G-structure. Then, for
each & as above, we have

pe(p) = age(K) € X (T)7.

Proof. As above, after replacing K by a finite unramified extension, we may assume
that G = G°. Consider a representation r : G — GL(L) on a finite free Op-module
L. By [RR96, Lem. 2.2|, it suffices to show that, for any L, 7o (ug(p)) and roag ¢(K)
are conjugate in GL(L). Keeping in mind the functoriality of the cocharacters ¢ (p)

and ag ¢(K) with respect to p, it then suffices to consider the case G = GL,, . In
this case the result follows from [Kis10, Thm. 1.2.1(1)]. O

4.10. F-gauges and the shape of Breuil-Kisin modules. In this section, which
is not used in the rest of the paper, we explain our first approach to proving results
like Theorem 4.9.6, as first explained in [Gee23].

Write X = (Z)Y),—1—0, s0 X = A'/(Gf x G,,), with 2 denoting the co-ordinate
on A'; we normalize the action to ensure'* z € H%(X,O(—1)). Note that we have
a composition of maps

f:Bu, = BG,, - A'/G,, = X,

where all maps are the natural ones. Write f : BG,, — X for the map appearing
above.

Definition 4.10.1. For M € Perf(X), we write

wy = [f*M] € Ko(BG,,)
and

Wy = [f*M] € Ko(Buyp).
Concretely, we can identify Ko(BG,,) with the group Mapg,(Z,Z) of finitely
supported Z-valued functions on the character group Z of G,,; a coherent sheaf M
on X corresponds to a graded module &,,M,, over the Weyl algebra F,{x, D}, and
we have

wpr(n) = dim(M,,) — dim(M,,11).

Similarly, identifying Ko(Bu,) = Map(Z/p, Z), for M = &,,M,, as above, we have

wa(n) = Z war(n =+ pj).
JEZ
Definition 4.10.2. For ¢ € Z we as usual write §; : Z — Z for the function

, 1 ifi=j,
62-(;):{ J

0 otherwise,

14T his choice ensures compatibility with standard sign conventions for the larger stack Z{D\[ :
there is a natural Rees map ¢ : Z{,\[ — A'/G,, whose restriction to the closed point of the target
gives a natural map X — BG,,, and our conventions ensure that O(—1) on X is indeed the
pullback of O(—1) from BGyy,.
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and we set
€; = 0; + Oiypr1 — 0it1 — Oiyp-

With the above notation, we have the following lemma, which we learned from
Jacob Lurie.

Lemma 4.10.3. (1) Let M € Perf(X) be supported at the closed point, i.e.,
M[z='] = 0. Then wy = 0.
(2) Let N € Coh((ZQ/)p:O) be supported at the closed point, and let M = N|x €
Perf(X) be the restriction of N along X — (le)\[)pzo. Then wys can be
written as a finite sum h = ZZ m;e; with each m; < 0.

Note that wy; only depends on the pullback of M to A'/G,,, so the statement
above also makes sense if X is replaced by A'/G,,,. However, the resulting statement
is false: the structure sheaf M of the locus x? = 0 yields a counterexample for p > 2.

Proof of Lemma /.10.3. We begin with the first part. By filtering, we may assume
that M is a coherent sheaf with M[z~!] = 0, and we must show [f*M] = 0. As
o, C G, is stable under translation by G/, setting 2P = 0 gives a closed substack
i:Z C X. Moreover,

Z = a,/(G% % G,,) ~ B(G!, xP G,,),

where the superscript of p indicates a rescaling by p of the standard action of G,
on G¥, and the second identification comes from the exact sequence

OHF*GﬁLGﬁ%ap%O

of W-module schemes, coming from taking the kernel of Frobenius in the standard
exact sequence

0= FEW LS WS G, =0

of W-module schemes. In particular, as representations of Gﬁ are all unipotent, any
coherent sheaf on Z admits a finite filtration whose associated graded pieces are
copies of Oz(j) for suitable j. Further, as Iz = Ox(p), any coherent sheaf M on X
set-theoretically supported on Z then also admits a finite filtration with graded pieces
of the form i,Oz(j) for suitable j. Thus, it is enough to show [f*i.Oz(j)] = 0 for
any j. But f*i.0z(j) = g*i*i.0z(j) for the (unique) map g : By, — Z factoring
f, and i*i.0z(j) = Oz(j) ® Oz(j + p)[1], so the claim follows by noting that g* is
a ®-functor and g*O(p) = Op,, .

For the second part, by filtering N, we may assume N = k.Oz(j) for suitable
j € Z, where k : Z — (ng)pzo is the inclusion of the closed point. In this case,

since k factors as Z - X < (ZQ/ )p=0 where the second map is a Cartier divisor
with ideal sheaf O(zx),_,(—1), we have

M = N|x =i.0z(j) ® .0z (j — 1[1].
Write h : BG,,, — Z for the evident map factoring f We can then compute
F*M = hi*i,02(j) & hi*i.02(j — 1)[1]
= (W0z(j) & O0z(j +p)1]) & (" Oz(j — 1) ® K" Oz(j — 1+ p)[1])[1]
= 0ga,, (1) ® Opa,, (7 +p)[1] ® Opg,,(j —1)[1] ® Opg,,.(j — 1 +p)[2]
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where the second line follows from the first by noting that ¢ is a Cartier divisor with
ideal sheaf Ox (p). One then computes that was = —e;j_1, which gives the desired
claim. (]

Let us deduce some numerical consequences from Lemma 4.10.3 for cocharacters
attached to a crystalline Galois representation. It will be convenient in fact to work
in a slightly broader context:

Definition 4.10.4. We say that f € Mapg,(Z,Z) is effective if f(n) > 0 for
all n. If f is effective, then we write v(f) for the dominant cocharacter (x1,...,xN)
of GLy, where N = " f(n), and the multiset {xi,...,2x5} contains n with
multiplicity f(n).

An essentially immediate corollary is the following:

Corollary 4.10.5. Suppose that p : Galq, — GL,(Z,) is a crystalline represen-
tation with Hodge—Tate weights p(p) = (w1, ..., un). Let M be the corresponding
Breuil-Kisin module, and let s(9N) = (s1,...,s,) be the shape of M = M@z, F,
(see Definition 5.2.7).

Then there is a permutation o € Sy, such that s; = jis(;y (mod p) for all i.

Proof. Let £ be the reflexive gauge on Zﬁf corresponding to p via Theorem 4.7.1;
we shall prove the corollary by interpreting it as a relation between two invariants
attached to this gauge.

Write M = E/p € Coh((Zﬁ[)p:O)7 so M is a t-torsion-free coherent sheaf on
(Zﬁf)pzo. By (for example) [Kis10, Thm. 1.2.1(1)], we have u(p) = v(war). Write
M’ for the reflexive hull of M, so there is a short exact sequence

0—-M-—-M —-N-=0

where N is supported at the closed point of (Zé\/ )p=0- We then also have s(901)
v(wpy ), see Remark 3.5.6. Now Lemma 4.10.3 (1) gives that Wy — Wy =Wy =
which immediately gives the claim.

==}

)

O

The rest of this section is devoted to proving Corollary 4.10.14, which refines
Corollary 4.10.5; the main geometric input comes from the (as yet unused) non-
positivity of the coefficients appearing in Lemma 4.10.3 (2). We begin with some
combinatorics.

For any function m : Z — Z, we will often write m; := m(i). If m is effective and
has finite support, then we write

H,, = Z m;ie;;
1

equivalently,
(4.10.6) Hp(x) =myg — M1 — Mg_p + My_p_1.
For any integer a and integers 1 < d < p, 1 < k, define the function
) 1, ifi=a+s+jpforsome0<s<d, 0<j<Ek,
Pa,d,k(i) = .
0, otherwise,
and set Ey g = Hp, ;-

Lemma 4.10.7. We have E4 41 = 0a + Satd+kp — datd — Satkp-
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Proof. Since

€ = (61 - 6i+1) - (5i+p - 5i+p+1),

we have
d—1k—1 d—1
Euiar = Z Z €atstjp = Z((5a+s — Oatst1) — (Batsthp — Oatsthpt))
s=0 j=0 5=0
=04 — datd — Oatkp + Oatdtkps
as claimed. 0

Lemma 4.10.8. Let G : Z — Z> be effective, and suppose that
Gt =@ + Ea,d,k
is also effective. Then
v(G) 1 v(GT).

Proof. By Lemma 4.10.7, passing from G to G* removes one occurrence of a + kp
and one occurrence of a + d, and inserts one occurrence of a and one occurrence of
a+d+kp. Since 1 <d < pandk > 1, we have a + kp > a + d, with equality if and
only if d =p and k = 1.
As usual we write the positive coroots of GLy as e, —es for 1 <r <s < N. If
x = (21,...,2n) and M € pZ, the affine reflection s.._., p acts by
(T, xs) = (x5 + M, 2. — M)
and fixes all other coordinates.
Let z = v(G) = (x1,...,2n). Choose indices r < s such that
xT:a—’_kpa xs:a+d.
Let a = ¢, — g4 and let
Y = Sa,kp(T).
Then the two chosen coordinates change as
(a+kp,a+d)— (a+d+ kp,a).
Moreover
y—x=d(e, —¢s),
so ¥(G) = x 1 y. The multiset of coordinates of y is exactly the multiset attached

to G, so we may write y = w - v(GT) for some w € Sy. By Lemma 2.3.5, we have
w-v(G1) T v(GT), and we are done. O

Lemma 4.10.9. Letc: Z%, — Z>¢ be finitely supported and suppose that c(0,0) > 0.
For D, K > 1 define a

(Ae)(D,K) =¢(D,K)—c¢(D—-1,K)—¢(D,K —=1)+¢(D—-1,K —1).
Then there exist D, K > 1 such that
c(s,7) >0 forall0<s< D, 0<j<K,

and
(Ac)(D,K) > 0.
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Proof. Let P be the finite set of pairs (D, K) € Z2, such that
c(s,j) >0 forall0<s< D, 0<j<K.
Thus P is a finite downwards-closed subset of Z221, and (1,1) € P. We need to
prove that for some (D, K) € P we have (Ac)(D, K) > 0. Setting
S= > (A¢(D,K),

(D,K)eP

it suffices to prove that S > 0.
Writing 1p(D, K) =0if D <0 or K <0, we may write
S=" Als,j)cls, 4);

5,520

where
A(S7j) = ]-P(Saj) - 1P(5+ 17]) - 1P(57j + 1) + 1P(5+ 17] + 1)

Noting that A(0,0) =1p(1,1) =1, so that A(0,0)c(0,0) = ¢(0,0) > 0, it suffices to
show that A(s,j)c(s,j) > 0 for all (s, ).

If ¢(s,j) = 0 then there is nothing to prove, so we may assume that c(s, j) > 0,
and we need to show that A(s,j) > 0. If s, > 1, then, because P is downwards
closed, the only way to have A(s,j) < 0 is to have

(s+1,5) € P, (s,j+1) e P, (s+1,7+1)¢P.
But the first two inclusions say that every entry in the two rectangles
0<u<s+1, 0<v<y,
and
0<u<s, 0<v<j+1
is positive. Together with ¢(s, j) > 0, this implies that every entry in the rectangle
0<u<s+1, 0<v<j+1

is positive, i.e. (s 4+ 1,7 + 1) € P, a contradiction.
If s=0and j > 1, then

A(0,75) = -1p(1,5) + 1p(1,5 + 1).

This can be negative only if (1,5) € P but (1,5 + 1) ¢ P. Since ¢(0,j) > 0, the
inclusion (1,7) € P forces (1,j + 1) € P, again a contradiction. The case 7 =0 is
identical. (]

Lemma 4.10.10. Let m : Z — Z>o be finitely supported and non-zero. Let
g:Z — Z>o be effective, and put

f=9+ Hp,.

Assume that f is effective. Then there exist an integer a and integers 1 < d < p,
k > 1 such that the functions

m'i=m — padk "= f—Eadk

are effective.
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Proof. Let a be minimal such that m(a) > 0. By (4.10.6),
Hp,(a) =mg >0,
because all m; with ¢ < a vanish. Since g is effective, it follows that
(4.10.11) f(a) > 0.
Define a finitely supported function c : Z220 — Z>q by
€(5,7) = Matotip.
Then ¢(0,0) = m, > 0, so by Lemma 4.10.9, there are D, K > 1 such that
c(s,7) >0 for0<s< D, 0<j<K,

and
(Ac)(D,K) > 0.
Write
D=d+qgp
with 1 <d <pand g > 0, set
k=K+aq,

and set m’ :==m — p, qx. We claim that m’ is effective. To see this, we must show
that if 0 < s <dand 0 < j < k then mgysyjp > 0. If j < K, then

Ma+s+jp = c(s,4) >0
because s < d < D and j < K. If on the other hand j = K 4+t with 0 < t < ¢, then
Matstijp = Matsr(K+t)p = (s + (t+1)p, K — 1),
and
s+({t+1)p<(d—-1)+gp=D—1,

so this coefficient is also positive, as required.

It remains to show that f' = f — E, 4 is effective. To this end, note that (4.10.6)
gives

Hy(a+ D+ Kp) = Mot D+ Kp = MatD+Kp—1 — May D (K—1)p + Mat Dt(K—1)p—1
=¢D,K)—c(D-1,K)—c¢(D,K—-1)+¢(D—-1,K —1)
= (A¢)(D, K) > 0.

But
a+D+ Kp=a+d+ kp,
so, again using the effectivity of g, we see that

(4.10.12) fla+d+kp)>0.
By Lemma 4.10.7,

Ea,d,k = 6(1 + 5u+d+kp - 6a+d - 5u+kpa
so the effectivity of f’ follows from (4.10.11) and (4.10.12). O

Proposition 4.10.13. Let f,g: Z — Z>q be finitely supported effective functions.
Assume that
f—9= Z mie;
i

for a finitely supported function m : Z — Zxo. Then v(g) T v(f).
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Proof. Let M =3, m;. We argue by induction on M, the case M = 0 being trivial.
If M > 0, then by Lemma 4.10.10, we can find a, d, k such that m' :=m — pg 4.k,
f['=f—FEaqar=[f—H,,,, are effective. Moreover we have

Zm§ = Zmi - Zpa,d,k(i) <M,

so by induction we have v(g) T v(f’). By Lemma 4.10.8 we have v(f’) 1 v(f), so
v(g) T v(f), as required. O

Corollary 4.10.14. Suppose that p : Galq, — GL.(Z,) is a crystalline repre-
sentation with Hodge—Tate weights u(p). Let M be the corresponding Brewil-Kisin

module, and let s(IM) = (s1,...,5,) be the shape of M. Then s(M) 1 u(p).

Proof. As in the proof of Corollary 4.10.5, this follows from Proposition 4.10.13 and
Lemma 4.10.3. 0

5. INERTIAL WEIGHTS OF MOD p (GALOIS REPRESENTATIONS

5.1. Etale p-modules and Breuil-Kisin modules. We fix throughout this
section an algebraic closure Q,, of Q,, and denote by Z, and F), its ring of integers
and residue field, respectively. We fix a uniformizer 7w of Q,, and as usual write
E=u—m.

5.1.1. Let R be a Z,-algebra, and let ¢ : R[u] — R[u] be the R-linear Frobenius
with ¢(u) = uP. We denote by Mod“/"R[[u]] the category of finite free R[u]-modules
M equipped with an isomorphism ¢*M[1/E] = M[1/E]. Similarly, if R is an
F,-algebra we denote by Mod‘/PR((u)) the category of finite free R((u)) = Ru][1/u]-
modules M equipped with an isomorphism ¢*M -~ M. We will usually apply
these definitions with R = F,, or R = Z,,.

It is a straightforward consequence of the definitions that for each finite ex-
tension F/F,, extension of scalars gives natural equivalences of categories (with
notation as in Appendix A.3.2)

%] _ 2 _ '
ModJg ((uy) ®F, F = Modjp ()0, r = Modjp ()
and
¥ — 14 — ®
Modjg, g ®F, F = Modjg 116, ¢ = Modjpp,-

The following standard lemma extends this to the case of Fp—coefﬁcients.

Lemma 5.1.2. The natural functors

© ©
Modle (wyoe, 7, ~ MOY/E, ()

Mod” — — Mod”
/Fp[[u]]®Fpr /Fp[u]
are exact equivalences of categories, with exact quasi-inverses.

Proof. It evidently suffices to show that any object (resp. morphism) in the category
© ® o . ®
MOd/fp((u)) descends to Mod/Fq((u)) for some ¢ = p", and similarly for MOd/fp[[u]]’
This can be checked directly, but it is more convenient to observe that it is an

immediate consequence of [EG21, Prop. 5.4.9, Thm. 5.4.11]. More precisely, using
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the notation of loc. cit, for each d > 1, [EG21, Thm. 5.4.11] shows that the stack R4
is limit-preserving, so that there is an equivalence of groupoids

colimp /g, finite Ra(SpecF) — Ra(Spec F,).

This shows that the first functor is essentially surjective, and induces a bijection on
isomorphisms. However, this implies that the functor is an equivalence, as in any
additive category, if f : X — Y is a morphism, then (I'y,0)+(0,id) : X xY — X xY
is an isomorphism. Here I'; denotes the graph of f.

The argument for the second equivalence is identical, using the stacks Cq r of
loc. cit. Finally, the exactness of the functors follows from the faithful flatness of all
the extensions of scalars involved. (]

5.1.3. We let (Wl/pn)nzo C Qp be a choice of a compatible system of p-power roots

of m, and set Q00 = UnQ,(7/?"). By Lemma 5.1.2, and a result of Fontaine [Fon90,
A.1.2.6, A.3] (see also [Kis09, Lem. 1.2.7] for this precise statement), the functor
M = T(M) = (M ®p,((u) C")#=! gives an exact tensor equivalence

(5.1.4) Mod ~ Repg Galq, .. ;

v_
/Fp((u))
where the right hand side denotes the category of continuous representations of
Galq, .. on finite dimensional F-vector spaces. This functor has an exact quasi-
inverse p — M (p).

The above correspondence then extends to H-objects:

Proposition 5.1.5. Let H/F,, be a smooth affine group scheme.

©

(1) The functor T induces an equivalence of categories between H—Mod/F ()’

and the category of continuous representations

p: GalQP’m — H(Fp)7
with morphisms given by conjugation, as in 4.9.7. We write p — M (p) for
the quasi-inverse funcior. B
(2) If p : Galg, .. — H(F,) factors through H'(F,) for some algebraic sub-
group H' of H, then M(p) admits a reduction of structure group to H'.

Proof. Taking exact ®-functors from Reppr to the two sides of the equivalence

(5.1.4), we see that H—Mod“/”F (w) is equivalent to the category of H-objects in
p
Repg Galq, ... Thus we have to check that the latter category is equivalent to the

category of continuous representations 7 : Galg, .. — H(F,). The argument for this
is completely analogous to the proof of Lemma 4.9.8.
Part (2) follows formally from (1). O

If H is a smooth affine group scheme over F, and p : Galg, — H(F,) is a
continuous representation, we will write M (p) := M (p|calg, . )-

5.1.6. Consider a continuous representation of Galg, on a finite free Z,-module
V. By the Baire category theorem, there is a finite extension F'/Q, such that this
descends to a Galq,-representation on a finite free Op-module VFE. We say that
V is crystalline if V¥ is crystalline, a condition which does not depend on the
choice of F or V. We denote by Rep%ys((}alqp) the category of such crystalline
representations V. '
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Now suppose that H /Zp is an extension of a finite étale group scheme by a
parahoric. As in 4.9.7, we define the groupoid of continuous representations p :
Galq, — H(Z,) by declaring Hom(p, p’) to be the set of h € H(Z,) conjugating p
into p’.

Fix such a representation p. By the Baire category theorem, there is a finite
extension F/Q,, contained in Qp, such that H is defined over Op, and p factors
through H(Or). We denote by p!” the corresponding H(OF)-valued representation.
We say that p : Galq, — H(Z,) is crystalline, if p*" is crystalline. This condition
does not depend on the choice of F.

The H(Op)-valued representation pf” may be thought of as an object of H-
RepcryS(GalQp), by Lemma 4.9.8, where we now think of H as defined over Op.
By Theorem 4.9.9 and evaluation on the Breuil-Kisin prism we obtain an object of
H- Mod/Z [u]’ and thus an object M(p) of H-Mod”_ by extension of scalars to

/Zp[u]
Zp[[uﬂ-

Proposition 5.1.7. Suppose that H/Z, is an extension of a finite étale group
scheme by a parahoric. Then there is a natural functor p — IM(p) from the category

of crystalline H-representations p : Galg, — H(Z ) to the category H- Mod/Z [’
Writing

there is a natural isomorphism

M(p)[1/u] ~ M(p),

where we write p : Galg, — H(F F,) for the composite of p and the projection
H(Z,) — H(F,).

Proof. The functor p — 9M(p) was described immediately above; the second part
follows from [BS23, Rem. 7.11] and [Kis06, Prop. 2.1.5]. |

5.2. L-groups. We will work throughout the rest of this section with Galois repre-
sentations valued in a class of not-necessarily-connected reductive groups, namely
the L-groups of unramified reductive groups. We recall the definition of this class of
groups in more detail in Section 6.1 below, but in this section, it suffices to note
that an unramified L-group LG is in particular a group scheme over Z, of the form

LG = G x Gal(L/Q,),

where

e Gisa split connected reductive group (i.e. a Chevalley group) over Z,, with

Borel B and maximal torus 7 C E,
e L/Q, is a finite unramified extension, and

e the semidirect product is defined by an action of Gal(L/Q,) on G which
preserves B and T and acts on the set of simple roots AV.
Let W denote the Weyl group of T. We write v € Gal(L/Q,) for the geometrlc
Frobenius. If 2 € G then we write 27 := vzy~!. We have NLG(T) = N@(T) X
Gal(L/Q,), and for g € NLG(T) (e.g. g =) we write t9 := gtg~'. This induces an
action of N (T) on X, (T); for A € X,(T), g € Nug(T), we have (gA)(t) = A(t)9.
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Definition 5.2.1. Let A be a topological Zy-algebra. An L-parameter is a con-
tinuous homomorphism Galg, — LG(A), which is compatible with the projections
to Gal(L/Q,). We make the collection of L-parameters into a groupoid by setting

Hom(p1, p2) equal to the set of g € CA?(A) which conjugate p; into ps. We say that
p1, p2 are equivalent if such a g exists.

5.2.2. Let Iy = Gal(L/Q,) thought of as a constant group scheme over Z,,
and let wy 1, in FO—Rep%ry ® be the functor which takes a I'p-representation W to
p

W thought of as a Galqg,-representation via the projection to Gal(L/Q,). The
I'g-torsor corresponding to wy r, is trivial.
Applying the equivalence of Theorem 4.9.9 to wq 1, produces an object M (w1,1,)

of FO—Modfz [’ The corresponding T'g-torsor over Z,[u] is pulled back from a
pli]

I'p-torsor over Z,, which is the spectrum of
(Or, ®z, OL)'° ~Z, ®z, O

with the isomorphism being induced by the counit Or, — Z,. Here the action of 'y
on Or, is induced by I'y acting on itself by right translation, while the I'g-torsor
structure is induced by Ty acting on itself by left translation. (Of course since Ty is
commutative the left and right actions are equal).

Let ¢ denote the Frobenius on Op. On elements of (Or, ®z, OL)FO, 1 ® ¢ acts

as 7 ® 1, so the action of ¢ on the I'y-torsor M(wy, 1) is via the element v € T'y(Z,,).

For 91 in *G-Mod? o] (respectively “G-ModZ " ]]’> we denote by M the induced
p U plu
. . Saf . _ Lpi
object of T'g Mod/zp ] (respectively T'g Mod/Fp [[u]]).

Definition 5.2.3. We define an “G-Breuil Kisin module to be an object 9 in “G-

Mod% [’ together with an isomorphism MMy ~ M(wq 1) in I‘O—Modfz [’ Similarly,

we define an £G-Breuil-Kisin module over F,, to be an object 9 in LG—Mod% [u]’
P u

0 .

Folu] Similarly an

together with

together with an isomorphism My ~ M(wy 1) ®Zp Fp in I'g-Mod

LG-étale p-module is defined to be an object M of LG—Mod; (W)’
P u

an isomorphism Mo ~ M(wy,1) @7 [y F,((u)), where My denotes the object of

- » i
Ty Mode((u)) induced by M.

Proposition 5.2.4. The functor in Proposition 5.1.7 induces functors
p—=Mp), pr— M(p)
from the category of L-parameters p : Galq, — LG(Z,) to the category of LG-

Breuil-Kisin modules and the category of ©G-étale p-modules respectively. Moreover,
writing o

9)’{(/)) = m(p) ®2p va
there is a natural isomorphism of L' G-étale p-modules

M(p)[1/u] = M(p).

Proof. This is a formal consequence of Proposition 5.1.7 applied with H = “G and
H=T,. O

5.2.5. Let ﬁ(wLL) be the L'G-torsor over Z,, induced from 9M(wy, 1) by the
canonical inclusion Ty — “G. Let 9 be an “G-Breuil-Kisin module; bearing in
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mind Lemma A.2.5, we will think of M as a LG-torsor over Z,[u], equipped with
an isomorphism Py : @*M[1/E] ~ M[1/E]. Since Z, is strictly Henselian, 9t
is a trivial “G-torsor, and there exists an isomorphism of “G-torsors over Z,[u],
M o~ ﬁ(wLL) which lifts the isomorphism 9y ~ M(wq ). As ﬁ(W]IyL) is defined
over Zp, pulling back by ¢ induces an isomorphism @*Mt ~ ﬁ(wﬂ’ L), so that the
isomorphism ®gy : @*M[1/E] ~ M[1/E] is given by an element z - vy for some
x € CAY'(ZP [u][1/E]), as ¢ acts on M(wy 1) via the geometric Frobenius 7.

Changing the isomorphism 9t ~ ﬁ(wn’ 1) has the effect of changing = by y-twisted
Frobenius-conjugation. That is, x is replaced by

(5.2.6) g ¢(g)
for some g € G’(zp[[u]]), where we write
©7(g9) = ((9)" = ¢lg")
Similarly, up to y-twisted Frobenius-conjugacy, x depends only on the (/}\'—conjugacy
class of the splitting 'y — “G. We will write 9T ~ T.

Similarly, if 90 is an £G-Breuil-Kisin module over F,, (resp. LG-étale p-module),
we can assign to M an element x € G(F,((u))), which is well defined up to y-twisted
Frobenius conjugation by elements g € G(F,[u]), (resp. g € G(F,((u)))). Here in
the case of LG-étale p-modules we are using Steinberg’s theorem that a G-bundle
over F,((u)) is trivial. We will again write 0T ~ x.

Definition 5.2.7. Let 9t be an “G-Breuil-Kisin module over F,, with 9t ~ z.
Note that if we view = € é(Fp((u))) as an element of Gr” (F,), then by (5.2.6) the
L;@—orbit of = depends only on 9t and not on the choice of x, and thus the same
holds for the LTG-orbit. The shape s(M) is the element A € X, (T)* such that

v € Gri"A(F,).

(The terminology shape follows that of Booher—Levin, [BL23, Defn. 3.1.9].)

5.2.8. The following theorem is a reinterpretation of some of the results of Section 4
in the terminology introduced in this section; it is the only result from Section 4
that we will use in the rest of this section.

Theorem 5.2.9. Let p: Galg, — “G(Z,) be a crystalline L-parameter. Then:

(1) ﬁ&)) is pp-equivariant.
(2) s(M(p)) T ulp)-

Proof. Part (1) follows from Corollary 4.9.2 and Theorem 4.9.9. Part (2) follows
from Theorem 4.9.6 and Proposition 4.9.11, applied to the restriction of p to a finite
unramified extension of Q,; indeed, these show that

s(M(p)) = ae(Fp) T 0e(Q,) = ulp),

as required. 0

5.2.10. When the Hodge—Tate weights are sufficiently small, we have the follow-
ing corollary, which together with Corollary 4.9.2 in particular recovers [GLS14,
Thm. 4.22], which was the key input from p-adic Hodge theory used in the proof of
the Buzzard-Diamond-Jarvis conjecture.
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Corollary 5.2.11. Let p : Galg, — “G(Z,) be a crystalline L-parameter such that
u(p) € A, (equivalently, for each positive root o we have 0 < (o, u(p)) < p). Then
s(M(p)) = u(p). Moreover, we have M(p) ~ u(p)(E)X for some X € G(Z,[u]).

Proof. By Theorem 5.2.9 we have s(9M(p)) 1 u(p). Since p(p) € A,, and A, is
the minimal dominant alcove for the 1 order, the first part is immediate from
Lemma 2.3.10. The second part follows from the first. To see this, write Gr%”, cz, for
the switched affine Grassmannian in the loop variable E. As recalled in 2.4.3, there

is an open subscheme Gr;w’z”(p) of GrG Z, given by the LT G orbit of w(p)(E). The

1 Hp

Breuil-Kisin module 9t(p) determines a morphism Spf Z,, — Gr%’. , whose special

a.z,’
fibre factors through Gr ’“ (P) by the first part. Thus the morphism SpfZ, —

(p)

GrA = also factors through G:ré >, as required. O
shp

5.3. Semisimple mod p representations and étale p-modules. We will make
use of the results on L-parameters Galg, — “G(F,) proved in [Lin23, §3|, which
works in the more general setting of L-groups of tamely ramified reductive groups.
Following this reference, we make the following definitions.

Definition 5.3.1. Let S C AY be a Gal(L/Qp) stable subset, let Mg be the
corresponding Lev1 subgroup of G and let Ps be the parabohc subgroup of G
which contains B and has Levi component Ms We call “M g : Ms x Gal(L/Qp)
(resp. LPg := Pg x Gal(L/Q,)) a standard Levi subgroup of G (resp. standard
parabolic subgroup of “G). Then a Levi subgroup (resp. parabolic subgroup) of G
is a subgroup “M which is @—conjugate to a standard Levi subgroup (resp. a
subgroup P which is @—conjugate to a standard parabolic subgroup).

Definition 5.3.2. Let I" be a profinite group. We say that a representation
p: I — LG(F,) is LG-irreducible, or simply irreducible, if it does not factor
through “P(F,) for any proper parabolic subgroup L'P of 'G. We say that p
is semisimple if whenever it factors through some parabolic ZP(F,), it factors
through “M (F,) for some Levi subgroup “M of L P.

The following result of Lin [Lin23] will be important in the sequel.

Proposition 5.3.3. Suppose that p : Galg, — LG(FP) is semisimple. Then:
(1) p is tamely ramified.
(2) After replacing p by an equivalent representation, we have p(lq,) C f(Fp)
and 5(Galq,) C Nig(T)(F,).
(3) If p as in (2) is irreducible, then (GPTa»))° =T
(4) Plcalg, .. is semisimple.

Proof. Recalling that all maximal tori of G are conjugate over F,, the first two
parts are immediate from [Lin23, Lem. 3.2.6, Thm. 3.2.7], and the third part
follows from [Lin23, Thm. 2.3.5]. For the final claim, it suffices to show that
p(Galg,) = p(Gq, ... )- Since Q, o /Q, is totally ramified, it suffices in turn to show
that p(Iq,) = p(Iq, .. ) Since [p(Iq,) : P(Iq, ..)] is a power of p, and p(Iq,) has
order prime to p (because p is tame), this is clear. ]
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5.3.4. As in 2.2.2, we now fix a lift of each w € W to Ng(T)(F,), which we
continue to denote by w.

Lemma 5.3.5. Ifﬁ Galg, — “'G(F)) is semisimple, then M (p) ~ tu w for some
teT(F p) A€ X, (T T), and w e W.

Proof. By Propositions 5.3.3 and 5.1.5, after replacing p by an equivalent L-
parameter, we may assume that M (p) admits a reduction of structure group to an
Nig(T)-étale g-module, so that M(p) ~ zw for some x € f(Fp((u))) and w e W.
By (5.2.6), we have M (p) ~ g~ 1 - ¢(g*?) - zw for any g € f(ﬁp((u))), so it suffices
to show that the map

T(1 4 uFyu]) — T(1 + uF,[u]),

g g plg")
is a bijection. This is clear; indeed, an inverse is given by the map

g [[#" (s 0
n>0

Remark 5.3.6. The element tu*w in Lemma 5.3.5 is of course far from uniquely
determined; indeed, we can modify it by «y-twisted ¢-conjugation by any element
g e Né(f)(Fp((u))) In particular, if we take g = u”o for some v € X,(T), 0 € W,
then we see that

(5.3.7) tutw ~ e Omrpwny) (o™ wao)

for some t'.

5.3.8. For each n > 1 we have a fundamental character w,, : Iq, — F: given by
g g(*"-Yp)/ »"~/p; in particular w; is the mod p cyclotomic character. For any
A € X, (T) we write

w) = Aowy : Iq, — f(Fp).

5.3.9. Let d > 1 be any integer such that (wy)? = 1; note that in particular this

implies that Q,« contains L. Write

1. n
(5.3.10) T\ w) = wy T @A 1o P(F,) € LG(F,).
It is easy to check that this does not depend on the choice of d.
Given X € X, (T), there is a unique element e € X, (T)q such that

e = X+ pwe;
indeed, we have
=
(5.3.11) €= 7— . Zp”(w’y)"/\,
n=0
so that
(5.3.12) T w) = w Ve,

Lemma 5.3.13. Suppose that p : Galg, — LG(F,) is semisimple, and write
M(p) ~ tu w as in Lemma 5.5.5. Then p is equivalent to an L-parameter which
factors through Nrg(T)(F,). Furthermore:

(1) Plig, = (A w).
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(2) The composite representation
(5.3.14) Galg, & Nig(T)(F,) = (Nea(T)/T)(F,) = W x Gal(L/Q,)

s unramified, and takes geometric Frobenius to w - .
(8) If p is irreducible, then for each root o we have

(5.3.15) (e,a) & Z.

Proof. Since M (p) ~ tu*w, we see that M (p) admits a reduction of structure group
to NLG(j:’), so p is equivalent to an L-parameter factoring through NLG(f) (Fp).
Furthermore, the unramified representation (5.3.14) corresponds to the unramified
Nwig(T)-étale g-module given by w, which proves part (2).

To compute plig, , we choose as above some d > 1 such that (wy)? = 1,

and consider the étale p-module M(ﬁ|Galqu); by e.g. [Bar20, §6.2], we have
M (ﬁ|Ga1de) = F,« ®r, M(p), so that in a slight abuse of notation we again
write M (plgalq ,) ~ tutw.

Write eg € F; @r, F, for the unique idempotent such that eg(z®1) = (1&x(z))eo,
where k : Fpa — F, is the natural inclusion, and set

d—
9= (w)'¢'(eo) € “G(Fpa @, Fy).
0

=

<

Then g = wyp(g), so that

d—1
g_ltu’\w'ygo(g) _ g—ltu/\g — Zt(w’)’)lu(w’)’)l)\(p—i(eo) c T(de ®Fp Fp((u)))
=0

Since 7' is a (split) torus, we can reduce to the case T = G,,, which is standard,
see e.g. [GLS15, Lem. 3.1.2] (bearing in mind that in that reference the Galois
representations corresponding to étale p-modules are computed via contravariant
functors).

Suppose finally that p is irreducible, and assume for the sake of contradiction
that (e,a) € Z for some a. Since wy has order p? — 1, it follows from (5.3.12)
that p(Iq,) C Za(F,), where Z, denotes the centre of the Levi subgroup of G
determined by «. This contradicts part (3) of Proposition 5.3.3. O

5.4. Semisimplification.

Definition 5.4.1. Let I' be a profinite group. For any representation p : I' —
LG(F,), its semisimplification p** is obtained as follows: choose P to be minimal
with the property that p factors through * P(Fp), let “M be a Levi subgroup of P,
and let
p*:T - PF,) - *M(F,) - “G(F,)

be the composite induced by the quotient by the unipotent radical of “P. Then 7°
is semisimple (and is ©“M-irreducible as a representation I' — “M(F,)), and is
well-defined up to equivalence (see [Qua23, Prop. 2.15]).

5.4.2. For the remainder of this subsection, we fix an L G-Breuil-Kisin module 9t
over F),, with corresponding étale p-module 9[1/u] and Galois representation p :
GalQPm — LG(FP)
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Lemma 5.4.3. Let “P be a standard parabolic subgroup of “G. Then the following
are equivalent:

(1) M admits a reduction of structure group to L' P.
(2) M[1/u] admits a reduction of structure group to L P.
(3) p admits a reduction of structure group to “P.

Proof. The first condition trivially implies the second, which is equivalent to the
third by Proposition 5.1.5. It remains to show that the second condition implies
the first. Assuming the second condition, we have MM[1/u] ~ x with € ﬁ(fp((u)))
Making an arbitrary choice of trivialization, we can write 9 ~ g~ lxp7(g) for
some g € @(Fp((u))) By the Iwasawa decomposition, we may write g = bk with
b e E(Fp((u))) C ﬁ(Fp((u))) and k € (A}’(Fp[[u]]). After possibly changing the
trivialization of 9, we may suppose that g = b, so that g~ 1297 (g) € ]3(Fp((u)))7
as required. ([

Lemma 5.4.4. Suppose that M is u,-equivariant, and write
7 Galg, . — "M(F,) C *G(F,)

for the semisimplification of p, where “M is a standard Levi subgroup of LG. Then
there is a pi,-equivariant ©G-Breuil-Kisin module My over ¥, such that:

(1) Mo[1/u] = M(7*),

(2) My admits a reduction of structure group to “M, and

(3) s(Mo) T s(M).

Remark 5.4.5. We caution the reader that the shape s(9) and the relation 1 in

~

part (3) of Lemma 5.4.4 are defined with respect to G, rather than with respect

—~

to M.

Proof of Lemma 5././. Let P be the standard parabolic with Levi “M. By
Lemma 5.4.3, M admits a reduction of structure group to “P, so we can write
M ~ z for some x € ﬁ(Fp((u))) By [Lin23, Cor. 2.1.5], we can write P = Prg(€)
for some cocharacter £ € X, (f)7 where £ P (€) C LG is the subgroup of elements g
such that lim; 0 &(¢)gé(t) ™! is defined, and this limit then lies in the Levi M.
Thus the map G, — LG given by t — £(t)z(£(t)Y)~! extends to A — LG, and
over 0 € A, this map factors through L¥M.
Then we define a family of Breuil-Kisin modules 91; over G,,, by

My ~ x(t) =)z (§()") 7"

This extends to a family over A!, and by construction 9, the fiber over 0 € A,
admits a reduction of structure group to LM, and satisfies 9My[1/u] = M(p%).
Since M is p,-equivariant, and the isomorphism class of the family 9, is constant
for ¢t # 0, My is again p,-equivariant. The family 90 induces a map A — Grsaw’“ v
(sending M, to x(t)), so it follows from Proposition 2.4.10 that s(My) 1 s(M), as
required. O

5.5. Breuil-Kisin modules and inertial weights. In this subsection we prove
our main result connecting the Hodge—Tate weights of a crystalline L-parameter to
the inertial weights of its reduction modulo p.
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5.5.1. We now consider the Breuil-Kisin modules underlying irreducible Galois
representations, following Chen—Nie [CN22|. As in 2.2.2 we write AY C X*(f) for
the coroot lattice and Wg for the afﬁne Weyl group AV x W, a normal subgroup of
the extended affine Weyl group X,.(T ) x W. We again embed X, (T ) into G(F (( )
via A — w = A(u), and our fixed lifts of each w € W to w € Ng(T )(Fp)
give an embedding (of sets) of X, (T) x W into @(7 F,((u))). Then the restriction
of ¢ : G(F,((u))) = G(F,((u))) to X,(T) induces the map

o: X.(T)r = X.(T)r
v > po,
and similarly we write
(tu wy)o : Xo(T)r — X+ (T)r

v = A+ pwyv

for the map induced by the action of (tu*wy)y. Thus the unique fixed point of
(turwy)o is equal to e, which we defined in (5.3.11).

We will now briefly make use of alcoves; in contrast to Definition 2.2.3, our alcoves
here are not p-dilated. In particular, we write A for the so-called fundamental alcove

A={ve X, (T TR : 0< (a,v) <1Vaedt},

where ®7 is the set of positive roots. The following lemma. is proved in the same
way as [CN22, Prop. 3.3], which is the case that G = GL,,.

Lemma 5.5.2. Ifp: Galq, — “G(F,) is irreducible, then there exist 0 € X, (T),
weW,te YA“(FP) such that

(1) M(p) ~ tu’w, and

(2) the unique fived point of (tu’wy)o lies in A.
Proof. By Lemma 5.3.5, we can write M (p) ~ ~ t'u w' for some 8 € X, (T), w' € W,
t'eT(F »). Write ¢’ for the fixed point of (u? w'v)o. By (5.3.15), ¢’ is contained
in some alcove (i.e. it does not lie on any of the hyperplanes defining the alcoves).
Since Wag acts simply transitively on the alcoves, there exists z € Wag such
that ¢’ € z(A). Thinking of z as an element of CA}'(FP((U))) via our embedding of
X, (T) x W into @(Fp((u))), we see from (5.2.6) that

M(p) ~ 2" 'u” W'y (2).
Since z = utw" for some p € A and w” € W, we can write
1w o () = tuw

for some 0 € X, (T) weW,te f(F
point of (tu’wy)o is equal to 2z~ (e’)

(tu’wy)o(z""e') =

»). It remains to note that the unique fixed
€ A; indeed, we have

1f’u9 w'yp(z))o(z"e')
2 w'y) (o(e')

/
27t

(2
= (

as required. (I
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We recall the following lemma of Chen—Nie; as in Section 2.5, we write Iw; C LG
for the unipotent radical of Iw.

Lemma 5.5.3. Suppose that x = tu®w where the unique fized point of (tu’wy)o is
contained in A. Then the map

1 1

g—g wol(g)r

induces an isomorphism Iw; — Twy.

Proof. This is [CN22, Lem. 2.2], applied to the group é, with the endomorphism o
of loc. cit. being g — ygy~ . ([

The following result was inspired by [CN22, Prop. 2.4| and its proof.

Proposition 5.5.4. Suppose that p : Galg, — LG(F)) is irreducible, and that M
is a p,-equivariant ¥ G-Breuil-Kisin module over ¥, with T(9M[1/u]) = Plcalq, .. -
Then there exist t € f(Fp), A€ X*(f)+, and w € W such that X 1 s(9) and
IM[1/u] ~ tutw.

Proof. By Lemma 5.5.2, we can write 9[1/u] ~ tu’w, where 0 € X,(T), w € W,
t e f(Fp) are such that the unique fixed point of (tu’wy)o is contained in A.
Write z == tu’w. After making an arbitrary choice of trivialization, we can write
M ~ g~lzpI(g) for some element g € @(Fp((u))) By the usual description
of the Iwahori-orbits in the affine Grassmannian, we may write ¢ = yu*k for
some [ € X*(f), y € Iwy and k € L+é; and after possibly making a change of
trivialization, we may suppose that k = 1.

Set j ==y 1z (y)z~1, so that by Lemma 5.5.3 we have j € Iw;. Then we have

(5.5.5) M~ g e (g) =u™ (y_lacga'y(y)x_l)xupw
= uHjut - wd—HTPOYR L,

Write A := (60 — p + pwypt)dom- Since both T\(Fp) and W are contained in L;r@,
it follows from (5.5.5) and Proposition 2.5.4 that A 1 s(9).
Let 0 € W be such that

o0 — p+ pwyp) = A,
Recall that M[1/u] ~ tu’w; by (5.3.7), we have

M[1/u] ~ t'u (o™ wo?)

1

for some t’, so if we replace ¢t by ¢ and w by o~ 'wo?, then we are done. O

Recall that a semi-standard Levi subgroup M of G is one which contains 7. We
say that “M = M x Gal(L/Q,) is a semi-standard Levi subgroup of LG if M is
semi-standard, and we write Wy; for the Weyl group of M.

Theorem 5.5.6. Suppose that p : Galg, — LG(ZP) is a crystalline L-parameter
with Hodge—Tate weights u(p). Then there exists a cocharacter A\ € X.(T) with
Adom T 1(p) such that

M(5%) ~ tu Mw
for some t € T\(Fp), w € W, so that in particular
(5.5.7) 7l1q, =T\ w).
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Furthermore, the pair (\,w) can be chosen so that either:

(1) X is dominant, or
(2) there is a standard Levi subgroup “M of *G such that w € Wi A is

M -dominant, and there is an irreducible L-parameter
P Galg, — "M(F))

such that p*° is equivalent to the composite
(5.5.8) Galg, 2% PM(F,) — “G(F,).

If LG = G then conditions (1) and (2) can be arranged simultaneously, provided
that (2) is weakened to allow semi-standard Levi subgroups.

Proof. Applying Proposition 5.3.3 (4) to p**, we see that (p|calg, . )* = P™|calq, . -
By definition, there is a standard Levi subgroup “M and an irreducible L-parameter
5 Galg, — LM(F,) such that p* is equivalent to the composite (5.5.8).

Let 9t = Mi(p) be as in Proposition 5.1.7, and let My be the p,-equivariant
L M-Breuil-Kisin module obtained from 9t in Lemma 5.4.4. By Theorem 5.2.9 we
have

(5.5.9) S(IMo) 1 5@(p)) T plo),
where in the first relation we view 9%, as an “G-Breuil-Kisin module.

We write s57(9Mg) for the shape of My as an L M-Breuil-Kisin module, and 137
for the 1 order with respect to ©M; so by definition we have s(Mo) = (557(Mo))dom-
Since p* : Galg, — “M(F,) is irreducible, it follows from Proposition 5.5.4
(with G there taken to be L M) that there exist t € f(Fp), A€ X, (T),and w € Wi
such that M(p™) ~ tu*w, A is “M-dominant, and X 157 s77(Mo). Then (5.5.7)
holds by Lemma 5.3.13, while by Lemma 2.4.12, we have

(5510) Adom T S(WO)'
Combining (5.5.9) and (5.5.10), we have Agom T 1(p), and we see that we have
proved (2).

Now let v € W be such that v ™'\ = A\gom. By (5.3.7) we have
M(5%) ~ t/u)\dom(v_lwv’Y)

for some #', so if we replace w by v~ twv”, we obtain (1). Finally if G = G then 5y
is the identity, so v lwvY = v wv € W, 137, and if we replace M by v Mo,
then we have arranged (1) and (2) simultaneously. O

Remark 5.5.11. In general if L # Q,, so that G # @, then we cannot simultaneously
arrange conditions (1) and (2) in Theorem 5.5.6. For example, take G = GLy x GL;
and L = Qy2, with (g1,92)" = (92,91). (As explained in Section 5.6 below, this
example is equivalent to studying crystalline representations GalQP2 — GL2(Z,).)
Then if M (p) ~ (u ', u=>2) with Ay, Ay strictly dominant, then 7* factors through T,
but M(p) £ (ut, u??).

Remark 5.5.12. We do not know to what extent Theorems 5.2.9 and 5.5.6 are
optimal. As we explain in Section 6, we find it plausible that Theorem 5.5.6 is
optimal whenever 0 < (a, u(p)) < p for all simple roots . On the other hand,
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comparisons to the Breuil-Mézard conjecture suggest that Theorem 5.5.6 cannot be
optimal in complete generality.

5.5.13. In the same way that Corollary 5.2.11 followed from Theorem 5.2.9, if the
Hodge—Tate weights are sufficiently small then we have the following result, which
in the case G = GL,, recovers [Bar20, Thm. 1.0.1].

Corollary 5.5.14. Suppose that p : Galg, — LG(Z,) is a crystalline L-parameter
with Hodge-Tate weights u(p), and that u(p) € A, (i.e. for each positive root o of G
we have 0 < (o, u(p)) < p).

Then the conclusions of Theorem 5.5.6 hold, with Agom = p(p).

Proof. Just as in the proof of Corollary 5.2.11, if Agom T pt(p) then Agom = p(p), so
the result follows immediately from Theorem 5.5.6. ]

5.6. Representations of Galx, K/Q, unramified. Let K/Q, be an unramified
finite extension (contained in our fixed algebraic closure Qp). A pleasant consequence
of working in the generality of L-groups of unramified reductive groups is that we
can obtain a version of Theorem 5.5.6 for representations of Galx with essentially
no extra work. To see this, we follow [GHS18, §9.4], to which we refer for more
details. (Strictly speaking, this reference makes some additional assumptions on the
reductive groups, see [GHS18, Hyp. 9.1.1]; but this hypothesis is not used for any of
the results that we reference).

Let “H be the L-group of an unramified connected reductive group H over K;
exactly as in Section 5.2, this is a semidirect product

LH = H x Gal(L/K),

where H is a Chevalley group over Z,, with maximal torus fﬁ and Weyl group Wg.
As usual, if X is a set (or a group, or a group scheme...) with a left action

of Gal(L/K), then we denote by Indgzgﬂ%;) X the induced set (group, group

scheme. .. ) consisting of functions Gal(L/Q,) — X that are Gal(L/K)-equivariant.

For v € Gal(L/Q,) we let ev, : Inng}EZ%’) X — X denote the evaluation map at

v. If Y is a set of representatives of Gal(L/K)\Gal(L/Qp), the (evy)yecy provide
a non-canonical isomorphism Indg:}gg%’ )X 2 XIEKQl of sets (groups, group
schemes. . . ).

In particular, we define

A A Gal(L/Qp) , & A
(G.T) =Indgy( 7)) (H,Tg),

so that G is a Chevalley group over Z,, equipped with an action of Gal(L/Q,),
and we can form its L-group “G. For any Z,-algebra A, the homomorphism
evy : G(A) — ﬁ(A) is Gal(L/K)-equivariant, so it extends to a homomorphism
evi : G(A) x Gal(L/K) — LH(A), (g,0) — (evi(g),0). By [GHS18, Lem. 9.4.1],
we have a bijection between equivalence classes of L-parameters p : Galg, — LG (A)
and equivalence classes of L-parameters px : Galg — “H(A) sending p to px =
evi(plcalx)-

If A= Zp then p is crystalline if and only if pg is crystalline, and in this case
the isomorphism

2N A = =N A Gal(L/Q, Ea
(5.6.1) XDz P X.(TgxxQ,) =Inden/ ¥ X.(Tp)
N:KHQP
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identifies the Hodge-Tate weights p(p) of p with the tuple of labelled Hodge-Tate
weights {x(pr )} xsg Of pr (see [GHSIS, Lem. 9.3.2, (9.4.4)]). Given a tuple

of cocharacters {\s},. ;g and a tuple {wy}, ., g of elements of Wg, we have
: P . P

a corresponding pair A € X, (1/;)7 w € Wg via (5.6.1) and the analogous relation of
Weyl groups. We can therefore define

(A} {wi}) : Ie = T5(F,) € LH(F,)

via 7({Ae}, {we}) = evi(7(A,w)) (noting that Ix = Iq,); we leave to the reader
the exercise of formulating this more explicitly in similar terms to (5.3.10).
The following theorem is then an easy consequence of Theorem 5.5.6.

Theorem 5.6.2. Suppose that p : Galg — LH(Z,) is a crystalline L-parameter with
Hodge—Tate weights (puy(p))x. Then there exist dominant cocharacters Ay T p(p)
and elements w, € Wg such that

P = 7({ A} {wie})-

6. A SERRE WEIGHT CONJECTURE FOR SEMISIMPLE (GALOIS REPRESENTATIONS

The weight part of Serre’s conjecture is a somewhat loosely defined set of con-
jectures involving mod p automorphic forms, the conjectural categorical p-adic
Langlands program, and the reductions modulo p of potentially semistable (and in
particular crystalline) Galois representations. Since most of this material lies well
outside the scope of the rest of this paper, we recall only enough here to be able to
state Theorem 6.3.3; we refer the reader to [GHS18| and [LL24] for overviews and
further references.

6.1. Unramified groups. We will work throughout this section with Galois repre-
sentations valued in a class of not-necessarily-connected reductive groups, namely
the L-groups of unramified reductive groups. We begin by very briefly recalling
some material from [GHS18, §9]|, to which we refer for further details.

In contrast to the rest of the paper, in this section we let G be a connected
reductive group over Z,. By [Conl4, Cor. 6.2.4], G is quasi-split, and splits over a
finite étale extension of Z,. In particular, Gq, is unramified, i.e. quasi-split and split
over an unramified extension of Q,, and we let L/Q, denote its splitting field. We
let B be a Borel subgroup of G with Levi subgroup 7' C B, so T is a maximal torus
of G. We have a canonical identification of character groups X *(TQP) > X *(Tfp)7
which is compatible with the (left) Galois action of Galg, — Galp,. We write
X*(T) for this Galois module. Let W = (N(T)/T) Q,) = (N(T)/T)(F,) denote
the Weyl group.

Then we may define the dual group é, a split connected reductive group over Z,
with maximal torus T, and the L-group

LG =G % Gal(L/Q,),

a reductive group over Z,, as in Section 5.2. We canonically identify X*(T')
with X, (f), and identify W with the Weyl group of T. As in Section 5.2, we
write v for the geometric Frobenius element. We will only consider representations
Galq, — “G(F,) which are L-parameters in the sense of Definition 5.2.1, i.e.
representations which are compatible with the projections to Gal(L/Qp).
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Remark 6.1.1. As explained in [GHS18, §9.4] (see also Section 5.6 above), by
considering groups of the form G = Resp,/z,H, this framework also applies to the
weight part of Serre’s conjecture for split (or even unramified) connected reductive
groups over unramified extensions K/Q,.

6.2. Serre weights. We assume from now on the following hypothesis, which
is [GHS18, Hyp. 9.1.1].

Hypothesis 6.2.1. The group G4 is simply connected, the centre Z(G) is connected,
and G has a twisting element, i.e. an n € X*(T)% such that (n,a") =1 for all
simple coroots . We fix such an 1 from now on, and frequently regard it as an

<

element of X, (f) via the canonical identification of X*(7T') with X, (T).

Remark 6.2.2. If G is split and G9°* is simply connected, then a twisting element
always exists. For example, if G = GL,, then we may take n = (n — 1,n —2,...,0).
Twisting elements were introduced in [BG14], and they are a manifestation of the
“p-shift” which occurs when passing between the weights of cohomological automor-
phic representations and their associated Galois representations. Making different
choices of twisting elements amounts to twisting the Langlands correspondence by a
character, and is unimportant for us.

A Serre weight is an isomorphism class of irreducible F,-representations of G(F},).
These are parameterized as follows. Write S for the set of simple coroots of G, and
let

X*(T)y={ e X*(T)|1<(\aY)<pforall a¥ €S},
X*(T)o={N € X*(T) | (\,a¥) =0 for all " € S}.
By [GHS18, Lem. 9.2.4], there is a bijection between X*(T)1/(py — 1) X*(T)o and
the set of Serre weights, sending A € X*(T); to the representation Fy_,, given by
the restriction to G(F),) of the irreducible algebraic representation of G of highest
weight A — 7.

6.3. An optimistic conjecture. Bearing in mind the canonical isomorphism
between X*(T') and X, (T), we make the following definition.

Definition 6.3.1. If p : Galg, — “G(F,) is semisimple, then we let WS(p) be the
set of Serre weights F_,, for which p admits a crystalline lift p : Galg, — “G(Z,)
with Hodge—Tate cocharacter A. (Considering twists by crystalline characters, it is
easy to see that the existence of such a lift only depends on A modulo (py—1)X*(T)o.)
We let WePlcit(5) be the set of F \—n having the property that there exists a
dominant cocharacter A 1 A and w € W such that p[r, = 7(N, w).

Remark 6.3.2. Note that X in Definition 6.3.1 need not be contained in X*(7T');.

Theorem 6.3.3. For any semisimple representation p : Galg, — LG(Fp), we have

Wcris(ﬁ) C Wexplicit (ﬁ)

Proof. This is immediate from Theorem 5.5.6. O
It is expected that there is a set of Serre weights W (p) associated to any p

(semisimple or otherwise), and that this set satisfies a form of local-global com-

patibility, in the sense that the Serre weights associated to a global mod p Galois

representation 7 : Galg — LG(F,) are precisely W(F|calg, ). As before, we refer
the reader to [GHS18| for more details, and here we informally let W (p) denote this
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conjectural “true” set of Serre weights associated to p. One basic expected property
of W (p) is that we have an inclusion W (p) C W*(p); this is known in the usual
global settings in which the weight part of Serre’s conjecture is considered, as a
consequence of local-global compatibility for the Galois representations associated
to automorphic forms. In general this inclusion will be strict, but following [GHS18,
Conj. 7.5.3] (which is the case G = GL,,), we cautiously propose the following
conjecture.

Optimistic Conjecture 6.3.4. Ifp : Galg, — “G(F,) is semisimple, then W (p) =
Wcris(ﬁ) — Wexplicit (ﬁ)

6.4. Comparison to earlier conjectures. Given the expectation that W (p) C
Weris(5), Theorem 6.3.3 gives an upper bound for the set of Serre weights W (p);
such a result is often referred to as a “weight elimination result”. We believe that
Theorem 6.3.3 recovers or improves upon all such results in the literature. In the
case G = Resy/q, GL2, the weight part of Serre’s conjecture is known, and we
have W (p) = We*Plicit(5) " For general unramified groups G, a predicted set of Serre
weights is defined in [GHS18, Defn. 9.2.5], generalizing the case G = GL,, which
was considered by Herzig in [Her09]. We denote this set of weights by WHer(p) (it
is called W (p) in [GHS18]). It is expected that WHe(p) should be the correct set
of weights if p is sufficiently generic (but not otherwise).

The definition of WHe'(p) is in terms of the reduction modulo p of Deligne-
Lusztig representations; the recent work [LHLM?25] finds explicit formulas for these
reductions under what are expected to be optimal genericity conditions. It is then
an exercise, which we carry out in Proposition 6.4.6 below, to compare the sets
Wexplicit(5) and WHer(5) under an appropriate genericity condition on 5. In the
case G = GL,, (without an explicit genericity condition) this goes back to [Her09,
Prop. 6.28].

Definition 6.4.1. We let h,, = max,cq+ (®,7), where &V is the set of positive roots
of G equivalently, h, is the maximal height of the highest coroot of an irreducible
sub-root system.

In particular, if G = GL,,, we have h, =n — 1.

Definition 6.4.2. We say that a semisimple representation p : Galg, — “G(F,) is
generic if we can write pl1q = 7(Xo, w) with hy +1 < {a, o) <p—hy — 1 for all
positive roots «, so that in particular A\g € A,,.

Lemma 6.4.3. Ifp: Galg, — LG(F,) is generic, then G?1p) s o mazimal torus

Proof. This follows easily from [GHS18, Lem. 10.1.10] and its proof, but for the
convenience of the reader, we explain the argument in our language. By definition,
we may assume that pliq, = 7(Xo,w) for Ag € A, as in Definition 6.4.2. As in the
proof of [GHS18, Lem. 10.1.10], our running hypothesis that Z(G) is connected
guarantees that G”Tap) is connected reductive, with Weyl group generated by the
reflections s, fixing p(Iq,) pointwise. Fix d > 1 with (wy)? = 1. Using again
that Z(G) is connected (so that for each a we have (X, (T),a) = Z), it follows
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from (5.3.11) and (5.3.12) that we need to show that for each (positive) root «,

S 0o, (wn)"a) £ 0 (mod p? — 1)

By Deﬁnition 6.4.2 we have |(Ag, (wy)"a)| < p— 2 for all a,n, so it suffices to show

that En Op ™ (Xo, (wy)"a) # 0. It suffices in turn to show that (A\g,a) Z 0 (mod p);
but this is immediate from Definition 6.4.2. O

Lemma 6.4.4. Suppose that p is generic, and write pliq, = 7(Xo,w) as in Def-
inition 6.4.2. Then the set of X € X,(T) such that there exists w' € W with
T(XNo, w) 2 7(N,w') is precisely the set of X' which can be written as

(6.4.5) N =071 — v+ plwy)v)

for some o e W, v e X*(f)

Proof. By Lemma 6.4.3, we have 7(Ag, w) = 7(N,w’) if and only if 7(A\g, w) and
7(X,w') are Ng(T)-conjugate. By Lemma 5.3.13, this is equivalent to u*w and
uM w' being twisted ¢-conjugate in N@(f), so the claim follows from (5.3.7). O

Proposition 6.4.6. If p : Galg, — “G(F,) is generic, then WePLcit(p) =
WHer(ﬁ)‘

Proof. By hypothesis, we can write p|rq = 7(Ao,w) for some \g as in Defini-
tion 6.4.2. Suppose first that F)_, € WCXphC“( ). Bearing in mind Lemma 6.4.4,
we see that there exists a dominant X\ T A\ such that X can be written in the
form (6.4.5). By Proposition 2.3.12, there exist A\j € A, and @ <p,, w € W, such
that A = w(Ay), A = w(A), and w(A,), w(A,) are dominant.

Then we have
(6.4.7) a(N\y) =N =07 (o — v+ plwy)v).

We now argue as in [Her09, §8§5, 6] (see also the proof of [LL26, Lem. 2.4.9]).
Let o/ € W be such that J’J*1w7V is dominant, let h, = max,cqe{a, ), and let g
be a root such that (ag,o’c " wyv) = h,; evidently, we may suppose that «y is a
highest root (i.e., cg is the highest root of an irreducible sub-root system), and is in
particular dominant. Since aq is dominant, and o’(\) < X < A, we see that

phy > (g, \)
> (ag, \')
> (g, 0’ (N))
= ph, + (ag, 0’07  No) — (g, 0’0 V)
= ph, + (") Lo ap, Xo) — ((0/) Lo ag, v)
> phy, — (p— hy — 1) — hy,
where in the first inequality we used that A € X*(7T');, and in the last inequality

we used the assumption that p is generic. This rearranges to give h, < h;, + 1, so
hy, < hy. Since p is generic, it follows that \g — v € A,,. It then follows from (6.4.7)

that \) € A,. Write 2 := u?(® "»17g~1 and write Q for the stabilizer of A, in
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pX*(T) x W. Then the equality u(\)) = (Ao — v) implies that u~'x € Q. Noting
that we may write
(6.4.8) W (w YT = o (w ) (ul ey

it is now immediate from (the proof of) [LL26, Prop. 2.5.2]'" that Fy_, € WHer(p).
To see this, we explain the necessary translation between our notation and con-
ventions and those of [LL26]. First, our Ag is their w(7)(0) (and our hypothesis
that 7 is generic implies the hypothesis made on @w(7)(0) in the statement of [LL26,

-1 -1

Prop. 2.5.2]). Their w is our \g — v, and their s is our (w_l)"f1 (to see this, com-
pare their definition of 7(w, s), which is found in [LLLM23, §2.4], to our 7(\, w)).
Finally, their %, w are our xfl, (@ﬂ_lx)'fl respectively (up to rescaling by p). The
condition in [LL26] that (in their notation) t,s € t,,Wu is provided by (6.4.8), so
we see that F_, € WHer(p).

Thus Wexplicit(5) C WHer(5). The converse implication is simpler, and follows
easily by reversing the above logic; so WePlicit(5) = WHer(5) - as required. O

Remark 6.4.9. Definition 6.4.2 seems to be the natural condition under which one
can hope for the equality WexPlicit(5) = WHer(5), For example, for G = GLs
and p > 5, we have h, = 1, and if we allowed (a, A\g) = p — 2, then we could
take (in the usual notation for cocharacters of GLy) A\g = (p — 1,1) and w = 1,
giving 7(A\o, w) = 1w~ 1. Then WePlicit(p) contains 3 weights F)_,,, namely those
with A = (p,0), (1,0), and (p — 1,1), while by definition (see [Her(09, §6]) the set
WHer(5) only consists of “p-regular” weights, which excludes A = (p,0).

Remark 6.4.10. In the case G = Resp, sz, GLj, standard local-global compatibility
results combined with Theorem 6.3.3 and Proposition 6.4.6 prove a “weight elimina-
tion” result for automorphic forms on unitary groups, showing that the set of weights
of a generic p is contained in WHe(p). Here h,, = n — 1, so the generic p are those
that can be written as 7(A\g, w) with n < (a, A\g) < p — n for all positive roots .
This improves on [LHLM25, Thm. 6.1] (see also [LL26, Thm. 3.1.3]), which proves
the same result under the stronger hypothesis that 2n + 1 < (@, A\g) <p— (2n +1)
for all positive roots a. In view of [Ennl9, Rem. 10|, it seems unlikely that any
further significant improvement is possible.

Remark 6.4.11. For non-generic semisimple p, [GHS18, Defn. 9.3.10] defines an
“explicit” set of Serre weights Wexp1(p) by a rather involved (and somewhat ad hoc)
recursive procedure; the idea was to write down an approximation to the set Weis(p),
including all the Serre weights for which one could exhibit crystalline lifts, or for
which considerations of functoriality or the Breuil-Mézard conjecture suggested that
such lifts should exist. Since Weyp1(p) is expected to be a subset of W(5), while
Weris(p) € Wexplicit(5) by Theorem 6.3.3, we expect that Wexplicit(5) = jyeris(p)
whenever WexPliclt 5y = W, 1(p).

We find it encouraging that at least for GL3, the sets Weyp1(p) and Wexplict (5)
coincide. For example, if p| Iq, s trivial, then Wexplicit (5) consists of precisely 4 Serre
weights. Indeed, since GLj3 is split, we can simultaneously arrange conditions (1)
and (2) in Theorem 5.5.6, so we need to identify the F)_,, such that there exists a
dominant cocharacter A’ + A with w* = 1. In the case p = 2 we have wr =1 for

'5At the beginning of [LL26, §2.5], it is assumed that G is the restriction of scalars of a split
group; however, this assumption is not used until after [LL26, Prop. 2.5.2].
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all \') so we may assume that p > 2 from now on. Write A = (a, b, ¢), and take n =
(2,1,0); since A € X*(T); we have 1 <a—0b,b—c < p. If ' = X then we must have
a—b=b—c=p—1and (p—1)|c, which gives the Serre weight Fi,,_1,01-p)—n =
Fip—3,-11-p). Otherwise we must have a —c > p, and N = (¢ + p,b,a — p),
so that w* = 1 is equivalent to (a,b,¢) = (1,0,—1) (mod p — 1). This gives
us the possibilities Fi, 0 —1)—y = Fp—2,—1,-1)» Fpp—1,-1)=n = Flp—2,p—2,-1), and
Fip,0,—p)—n = F(p—2,—1,—p)- These are precisely the weights in We,1(p), as explained
in [GHS18, Ex. 8.2.9]; note that already in this simple case, the definition of Wexp1(p)
and its computation are rather more complicated than that of We*Plicit(5) and
involve the consideration of “obvious”, “shadow”, and “obscure” weights.

Remark 6.4.12. It would also be interesting to see what our techniques can say
about non-semisimple representations p. As remarked in 5.2.10, our results recover
the key ingredients in the resolution of the weight part of Serre’s conjecture for GLo
in [GLS14]; we do not expect that our results will have such strong consequences
for general groups G, but we anticipate that they can at least be used to prove
non-trivial results for other groups of small rank.

APPENDIX A. TANNAKIAN FORMALISM

A.1. Exact tensor functors. Let V be a discrete valuation ring, and let G be
a flat, affine, finite type group scheme over V. We denote by Repy G the category
of representations of G on finite free V-modules, and write Ind Repy G for the
Ind-category of Repy G, obtained by formally adjoining filtered colimits to Repy G.
There is a fully faithful functor from Ind Rep, G to the category of V-flat V[G]-
comodules, and this functor is an equivalence since any V-flat V[G]-comodule is a
filtered colimit of V-finite (and hence V-free) V[G]-comodules (see [Ser68, Cor. to
Prop. 2]). It follows that we may think of objects of Ind Repy G as V[G]-comodules.
For example, the Hopf algebra Og, thought of as a G-comodule via G acting on
itself by right translation, is in Ind Repy G.

Now let C be a V-linear exact tensor category (see e.g. [[KY24, A.5]). By definition,
a G-object in C (equivalently, an object of C with G-structure) is a V-linear exact
tensor functor

w : Repy,G — C.

We denote the Ind-extended functor by the same notation
w : Ind Repy, G — IndC.

Below, we denote by wyyiy the forgetful tensor functor from Repy G to the category
of finite free V-modules, and use the same notation with a subscript for its base
changes, such as wiyiv,r OF Wiriv,0. We will refer to G-objects by prepending a G to
the name of the category, e.g. G-Breuil-Kisin modules.

A.2. Torsors. Let R be a V-algebra. Suppose that C is the category of finite
projective R-modules. Then IndC admits a fully faithful exact tensor functor to
the category of R-modules. In particular, for N in Ind C, we can regard w(N) as an
R-module. With this convention, P := Spec(w(O¢g)) is a G-torsor over Spec R, and
one can reconstruct w from P by setting w(W) = (W x P)/G; see [Brol3, Thm. 4.8|,
[SW20, Thm. 19.5.1].
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A.2.1. The equivalence between these two points of view holds much more generally,

as we now explain, following [IKY24, Appendix A]. Let (X, O) be a site ringed in
V-algebras. A vector bundle on (X, ) is a sheaf of O-modules which is locally
isomorphic to O™, for some n. We denote by Vect(X,O) the category of vector
bundles on (X, O).

Let Go denote the sheaf on X induced by G. That is, Go(U) = G(O(U)).
A G-torsor on (X,0) is a sheaf on X with a Gp-action which is locally simply
transitive.

Denote by G-Vect(X,O) the category of V-linear exact tensor functors w :
Repy G — Vect(X,O). We call w locally trivial if locally on X, it is isomorphic
to the functor wyiv,0 given by wiiv,o(W)(U) = W @y O(U). We denote by G-
Vect(X, O)! the category of locally trivial V-linear exact tensor functors.

If P is a G-torsor on (X, 0) then we write wp € G-Vect(X,0)" for the functor
given by wp(W) = (W x P)/G.

Proposition A.2.2. The functor P — wp is an equivalence of categories between
the category of G-torsors on (X,0) and the category G-Vect(X, O)!.

Proof. By [IKY24, Prop. A.17], it suffices to show that in the terminology of loc. cit.,
Go is reconstructable in (X, O); i.e., the natural map Go — Aut(wyiv,0) is an
isomorphism. We may check this locally on X, so it suffices in turn to show that
if R is a V-algebra, and wyiy, g denotes the functor sending U in Repy G to the
R-module U ®y R, then the natural map G(R) — Aut(wyiv,g) is an isomorphism.

Recall that by [Brol3, Thm. 1.1] there is a faithful representation W of G,
together with a tensorial construction ¢(WW) and a locally split line bundle L C ¢(W),
such that G = Aut(W, L) as subfunctors of GL(W). Given a € Aut(wyiv,r), it
follows that aw € GL(W ®y R) is an element of G(R), and it is easy to see that
this gives an inverse to the natural map G(R) — Aut(weriv,r), as required. O

Corollary A.2.3. Let X be a stack on V-algebras, and let (X,0) be the topos
associated to affine schemes over X, endowed with a topology between the syntomic
and fpqc topologies. Then any w in G-Vect(X, O) is locally trivial. In particular the
category of G-torsors on (X,0) is equivalent to G-Vect(X,O).

Proof. Forming the relative spectrum gives a map f : P := Spec (w(Og)) — X. By
descent from the case of affine schemes considered above, this map is a G-torsor. In
particular, this map is also a syntomic cover as the same holds for the trivial torsor
G x X — X. To finish, it is enough to observe that f*ow is canonically trivial, which
is clear: for U € Repy, (G), we have a canonical isomorphism U®y Og ~ Uy®y Og in
Ind(Repy, (G)), where Uy denotes U endowed with the trivial G-action, so application
of w(—) gives the claim. O

A.2.4. Write w — P, for the quasi-inverse to the functor of Proposition A.2.2.

Suppose that
w,w’ : Repy, G — Vect(X,0)
are locally trivial exact tensor functors, and that f : w’ — w is a morphism of tensor
functors (hence an isomorphism, by the argument of [Saa72, Ch. I, Prop. 5.2.3], since
every object of Repy G is dualizable). Then we obtain a morphism Py : P,,, — P,
between the corresponding torsors.
The following lemma is used in the body of the paper to identify G-Breuil-Kisin

modules with certain G-torsors with Frobenius structures.
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Lemma A.2.5. Let ¢ : (X,0) = (X, 0) be a morphism of locally ringed sites, with
corresponding pullback functor
©* : Vect(X,0) — Vect(X, O).
Let w be in G-Vect(X,0)". Then there is a canonical isomorphism
Peoy >~ ¢*P,,.
In particular, a morphism ¢* ow — w induces a morphism
©*P,, =~ Pyeoy, — P,,.

Proof. By the equivalence of Proposition A.2.2; the G-torsor ¢*F,, has the form P,
for some w’ in G-Vect(X,0)", and it suffices to construct a canonical isomorphism
w' >~ @* ow.

For W in Repy G, R a V-algebra, and any G-torsor P over R, it is easy to see
that the formation of (W x P)/G commutes with arbitrary base change R — R’;
indeed this may be checked locally in the fppf topology of R, where one can reduce
to the case P ~ G. Thus we have

W(W) = (W x 9" P,)/G = " (W x P)/G) = " (w(W)) = (¢" ow)(W). O

A.3. Restriction of scalars. We now study how G-objects behave under restriction
of scalars. Thus suppose that V'/V is a finite flat extension of discrete valuation rings,
and let G’ be a flat, affine, finite type group scheme over V’. We set G' = Resy /1y G'.
Let (X, O) be as above and let O' = O @y V.

Proposition A.3.1. There is a canonical equivalence
G’ -Vect(X, 0" ~ G-Vect(X,0)".

Proof. By Proposition A.2.2, it suffices to show that G’-torsors on (X,0’) are
equivalent to G-torsors on (X, 0). As

Go(U) = G(O(U)) = G'(O(U) ®v V') = G/ (U),
this is a tautology. (I

A.3.2. In certain situations, we can reformulate the above proposition purely in
categorical terms. For a V-linear category C, we denote by C @y V' the category
consisting of pairs (F,t) where F' is an object of C and ¢ is a map of V-algebras
V' — EndF. Then we have the following.

Corollary A.3.3. Let X be a stack over V. which has a flat cover by a formally
smooth, formally finite type formal V-scheme Y, and let (X, O) be the quasi-syntomic
site of X. Then there is a natural equivalence

G'-(Vect(X,0) @y V') ~ G-Vect(X, O).

Proof. We will deduce this from Proposition A.3.1. Bearing in mind Corollary A.2.3,
we see that it suffices to show that the natural functor

(A.3.4) G'-Vect(X,0') — G'-(Vect(X,0) @y V')

is an equivalence.

An object of Vect(X,0) @y V' is a vector bundle M on X equipped with an
action of V'. We first remark that, as an Ox ®y V'-module, M is locally projective.
Indeed, this can be checked on the cover Y of X. Since M is locally free over Oy, it
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locally has depth equal to dimY. As Oy ®y V' is a sheaf of regular rings which is
finite flat over Oy, this implies that M is a projective Oy ®y V’-module.
Next, note that the inclusion

Vect(X,0') C Vect(X,0) @y V'

identifies Vect(X, O) with the subcategory of locally projective Ox ®y V’'-modules
M that are locally free. Local freeness is equivalent to asking that for any point
m of Y, the rank of M at the finitely many maximal ideals of the semi-local ring
(Oy)m @y V' is constant.

In order to see that (A.3.4) is an equivalence, it is therefore sufficient to note that
if wis in G'-(Vect(X,O) @y V'), then for any W in Repy, G’, w(W) has constant
rank equal to rk/W. To see this, note that after pulling back to Y and then to
the residue field x(n) of a maximal ideal n of (Oy)m ®y V', we obtain an exact
tensor functor w, : Repy G’ — Vect,(n). We have wn(ATW) 22 Alw, (W) for all i
(cf. [Brol3, Rem. 4.2]); considering the cases i = tky'W, i =tk W + 1, we see
that dim,, ) wa(W) = 1k W, as required. O

A.3.5. Suppose C is an exact V-linear tensor category. We will sometimes slightly

abuse notation and define a G’-object in C to be a G’-object of C ®y V'. Then
Corollary A.3.3 can be reformulated as

G'-Vect(X,0) ~ G-Vect(X, O).
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