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1 Replicator Dynamics for One Population

1.1 Nash equilibrium of one population

Exercise 1.1:

1) Let K represent the density of the population of Koalas in Kangaroo Island in
South Australia. On one hand, whenever koalas live in areas with an abundance
of Eucalyptus leaves (areas of type A) they reproduce at a rate z, whereas they
die at a rate y in every other part of the island (areas of type B). The Nash
equilibrium of this ”game” is simply given by always choosing to live in areas
of type A.

2) Consider the matrix
010
A=(0 0 1
1 00

and suppose we want to study the Nash Equilibria for a game encoded by A.
We will do this by looking at the best response function for A. Notice that the
matrix A is a permutation matrix, therefore instead of working with entries of
(Ax) we can focus on the entries of x directly. Firstly, we compute it for vectors
x € A for which one of the components is bigger than the other two.

Consider « = (1, z2,z3) where 1 > z2 and x1 > x3, then

BR(z) = argmaxy - Az
yEA

= argmax(y1, Y2, y3) - (v2,23,21)
yEA

= argmaxyi s + Yoz + y3r1 = {e3}.
yEA

We can proceed similarly for vectors with xo > x1,x3, and z3 > x1, z2.

The next case we want to consider is the spe-
cial vector for which all entries are equal, namely
x=1(1/3,1/3,1/3). In this case

BR((1/3,1/3,1/3)) = argmax 1/3(y1 + y2 + y3) = A.
yEA

Finally, we can consider the case where two of
the entries of our vectors are equal, and the third
one does not dominate (otherwise we go back to
the first case we analysed). Essentially we want to
study the lines Z;; = {z € A|(4z);, = (Az);} =
{z = (x1,29,23) € Alxjy1 = xj41} for i,j €
7,/37. Suppose we want to find the best response
along the segment Z; o N {x; < 1/3} = {22 =

Figure 1: Diagram of
BR(x)



zs} N {x1 < 1/3}, then we would have to maximise y - Az for y € A, and
assuming that z = (1 — a,a/2,a/2) and a € (2/3,1). Clearly

Y- Ax = y122 + yors + yzz1 = a(yy +y2) + (1 — a)ys,

which is maximised whenever y; +y2 = 1 and y3 = 0, or y € (e1, e3). Proceeding
with a similar reasoning we obtain

BR(ZLQ n {.731 < 1/3}) = <61,€2>
BR(Z273 n {1‘2 < 1/3}) = <€2,63>
BR(ZLS n {$3 < 1/3}) = <61,63>.

This means that if we look at the best response over all of A we obtain the
following

{es} if x1 > 29,23
{61} if x99 > T1,X3
{62} if 3 > T1,T2

BR(xz) = ¢ (e1,e2) ifx € Zyon{z1 <1/3}
(ea,e3) ifx € Zyzn{xe <1/3}
(er,e3) fzeZygn{xrs <1/3}
A if £1 = 29 = 3.

Now recall that Z is a Nash Equilibrium if and only if & € BR(&). Figure
1 summarises all the information contained in the function above, except for
the behaviour on the boundary of every region. It tells us that if there were
to Nash Equilbria they would have to belong to either OA or (Z12 N {z1 <
1/3}) U (Za3 N {z2 < 1/3}) U (Z1,3 N {z3 < 1/3}).No vectors in (e;,e;) are
contained in Z; ; N {z; < 3}, where ¢ < j (mod 3). However, we do have that
(1/3,1/3,1/3) € A =BR((1/3,1/3,1/3)), hence the vector (1/3,1/3,1/3) is the
only Nash Equilibrium for A in A. It is important to notice that (1/3,1/3,1/3)
is the meeting point of the three indifference lines 71 2, Z5 3, and Z; 3.

1.2 Evolutionary stable strategies

Exercise 1.2:
1) We want to determine the Nash Equilibria for

A= -1 0 2
2 -1 0

It is quite immediate to see that the point & = (1/3,1/3,1/3) is a Nash Equi-
librium:

BR(%) = argmaxy - A% = argmaxy - (1/3,1/3,1/3) = A 5> .
yeEA yeEA



Notice that Az = & = (1/3,1/3,1/3) in accordance with Lemma 1.2 (here
¢ =1/3). We now want to show & is an Evolutionary Stable Strategy, and in
order to do that we are going to use the second part of Lemma 1.3 in the notes.
For any y € A we have

Y1 2y2 — 3
y-Ay=1 v | | —v1+2y3 | =v1y2 + 4203 + v1y3
Y3 2y1 — Y2

A 2 1 1 2 2 1 1
Z - yz§y2—§y3—§y1+§y3+§y1—§y2=§
We now want to show that the function f(y1,y2,vs) = y1y2 + y2ys + y1ys is
maximised at (1/3,1/3,1/3) in A. In order to do so we will work with Lagrange
multipliers. The only constraint we have is that we want to maximum to be
in A, so the constraint function we will work with is given by g(y1,v2,y3) =
y1+y2+y3—1. Now we can consider the following L(y1, y2, y3, \) = f(y1, Y2, y3)—
Ag(Y1,Y2,Y3) = Y1y2 + Y2y3 + y1ys — Ay1 — Ay2 — Ayz + A for A € R. Therefore,
the point of maximum (¥, ¥z, y3) is found by solving the following

Y2 +ys—A Y1 1/3

.. = 40—\ Yo 1/3
VLG, G g A) = | TS —0— | 2 )=

(yl Y2,Y3 ) ZJl"’ZJQ_)\ ?{3 1/3

-1 — Y2 —y3+1 A 2/3

Therefore we know that the maximum of f(y1,y2,y3) in A is achieved at &, and
it is precisely 1/3. So we can conclude that Z is and ESS, since y - Ay < & - Ay
for all y € A\ {Z}. Since & € int A is an ESS we can conclude there are no
other Nash Equilibria.

Finally & is not a strict Nash Equilibrium since for any y € A\ {#}

1 1
Sy Ab=d-Ab=—
3 3.

If there was a strict Nash Equilibrium then such a point would be automat-
ically a Nash Equilibrium, contradicting Lemma 1.2.

2) We want to show that eq, e and eg are ESS for

A:

O O =
O~ O
= o O

Define the regions
Ei={x € A|x; >z and z; > x40}

for i € Z/3Z. Notice that these regions are the same as the ones over which the
Best Response function is single-valued (look at the particular shape of A...).



Since Z; represents a set of points close to e;, in order to prove that e; is an
ESS we will show that for all y € E; \ {e;} the following holds

y- Ay <e; - Ay.

Fix ¢ € Z/3Z. There are two main observation to make here: if y € Z; then
y; > 0 and % < 1 and y;—“ < 1. With this in mind we now have for all

y € Ei\ {ei}

y Ay =ly* =y + 3 +v3

i+1 i+2
Yi+ Yis1 + Yi+

1 1
< Yi(Yi + Yit1 + Yiv2)
=y =e; - Ay,

=yi(y: + Yit2)

as we wanted. We can conclude that e, es, and e3 are all ESS.

1.3 Replicator dynamics

Exercise 1.3:
1) We want to study the replicator dynamics described by the matrix

0 10 1
A=(10 0 1
1 1 1

To start with, let us compute the lines
Zij = {z € Al(Az); = (Az);}
for i,j € {1,2,3}:
Zl,g = {10.’132 + x3 = 1027 + J]g}

= {21 = 22}
Z273 = {91‘1 = 1’2}
Z1,3 = {9.’132 = J,‘1}.

See Figure 2 for a representation of such indifference lines in A. In order to
establish the ESS for this system, we will firstly understand its Nash Equilbria,
given that every ESS is a NE.

Recall that the intersection of all the indifference lines is a Nash Equilibrium.
Given Figure 2 we can see that ez is a NE, and that there are no other equilibria
in the interior of A (since these lines intersect only once).

Analysing the boundary is slightly more delicate. Computing the best re-
sponse at the corners of the simplex would immediately tell us if such corners
are NE or not. The shaded regions in Figure 2 tell us that the best response near
ey is given by es, and that the best response near ey is ey, therefore implying
that neither eq, or e; are NE.



Recall that Nash Equilibria along sides are
given by intersection with indifference lines. If
we consider a side (e;,e;) then we only need to
consider the correspondent indifference line Z; ;,
and analyse the best response at the intersection e | e
point.

In our case all the indifference lines intersect 1 2
the side (e, e2), so we automatically know we will
not find Nash Equilibria on (es,e3) and (ey, e3),
and that we need to focus on the point (%, %, ) = Figure 2: Indifference lines
Z1,2N{e1, e2). Such a point is a Nash Equilibrium and best response for A.
given that the best response along Z; » is given by
(e1,e2) (except at ez where it is given by A).

The only two NE are given by e3 and (3, 3,0). Is e5 an ESS? In order for
es to be an ESS we need that for all z € A\ {e3} and for € > 0 small enough

x-Alex 4+ (1 —¢e)es) < ez- Alex + (1 — ¢)es).
Notice that x - Aes = 1 for all z € A, hence the above claim reduces to showing
r-Ar < esg-Ax

for all z € A\ {es}. Now

X1 10x9 + 3

x-Ax=| z2 |- | 101 + 23 | = 202122 + (1 + z1 + z2)x3
T3 1

es-Ar =1

1/2
Consider the vector & = (1?2) € A\ {es}, but then this gives us that z - A% =
0

5> 1= e3- AZ. Therefore, ez is NOT an ESS.
Is Z = (1, 3,0) an ESS? For Z to be an ESS point we need that

y- Ay <z-Ay (1)

holds for y # & sufficiently close to . Let y = (% + 41, % + 02, —01 — d2) where
we need to remember that §; + do < 0, and where §; and do are assumed not to
be zero simultaneously. Then

1 1
yAyZ (5 +51)(5+1052 — 01 —52) +(§ +52)(5+1051 -0 —52) — 01 — 09.

1 1
= (5 +51)(5+952 *(51) + (5 +52)(5+951 *(52) — 01 — 09
=5+ 801 + 83y + 180105 — &7 — 03

Similarly
53"142/254—5614—552—51 — 09 :5+4(61+52).



So (1) is equivalent to

4(81 + 02) + 185155 — 02 — 62 < 0. (2)

Without loss of generality, we may assume that |dz| < |d1] and d2 = Aoy
with |[A] < 1. Now of course we need to remember that é; + d2 < 0 (and
(61,92) # (0,0)) so (A +1)d; <0 and therefore either §; < 0 and A € (—1,1] or
01 >0 and A = —1. So (2) becomes

4N+ 1)1 + 18067 — (A2 +1)62 < 0 (3)

with 6; < 0 and A € (—1,1],0or 6 >0and A = —1. If §; < 0 and A € (—1,1]
then (3) is equivalent to

A4N+1)+ 1805 — (A2 +1)5; >0

which obviously holds for |01 small. If §; > 0 and A = —1 then (3) is equivalent
to
—1861 — 261 <0

which again holds. It follows that T is an ESS.
The last thing left to check is the presence of flow singularities. Recall that
the replicator dynamics equation is

2, = x;((Az); — x - Ax)

for ¢ € {1,2, 3}, which implies

for 4,5 € {1,2,3}. Using the second formulation and for z € A we have

/
(ﬂ) = 2L (102 + 23 — 1021 — 23) = 102 (25 — 21)

) X9 Z2
I
(ﬁ) = ﬁ(961 — 92) (4)
I I
I
T2 i)

If we were to have singularities in the interior of A then there would exist
x € intA (notice all its components are in (0, 1)) for which

(z) =0 _ {m1—9x2=0

332—9.731:0

Clearly this will never happen for x1,z5 > 0. Hence the singularities, if they
exist, are on JA. The corners of A are all singularity points given the structure



of the replicator dynamics ODE: at a corner e; we have that #; = 0 if j # 4
since z; = 0, and &; = 0 since (Ae;); = e; - Ae;. If we look at Equation 4, the
only other point at which all equations are zero simultaneously is & = (%, %, 0),
which is the only other singularity on dA.

2) We now want to investigate how the replicator dynamics for a matrix A
changes if we add to its first column the vector ( % ) Let

1 00
B=A+(1 0 0
100

and consider the replicator dynamics associated with B

o

8

+
— =
o O O

8

|

8

o

8

|

8
—_
o O O
o O O

8

The replicator dynamics of B is the same as the replicator dynamics of A.

3) The RHS of the replicator dynamics equation is C*°-regular in every entry,
therefore we can apply the local Picard—Lindel6f Theorem and obtain that for
any starting point x(0) € A we have a unique local solution. Notice that the
solution can never leave the simplex, hence its norm is always bounded. This
implies that the solution cannot blow up in finite time, therefore the unique
local solution we have precedently established exists for all times.

1.4 ESS points are asymptotically stable for the replicator
system

Exercise 1.4:
Consider the matrix A = Ids, the 3 x 3 identity matrix. For & = e; and
j € {1,2,3}, consider the function



where z € A. We will show that the flow tends to e; for each j € {1,2,3}. In
order to simplify the calculations let & = ej, so that P(x) = 1. Then

P
F(x):ioAx—:nx

=e1-Idsx — - Idsx
=e-x— |z =2, — 2% — 235 — 23
1—
If now let & be near ey, then we can write it as = = ( 5€> for g,6,7 € (0,1),
T
and § + 7 = ¢ so that

P
F(z) =l-e—(1-¢)? -6 - 72
—e—e2 52— 72
>e—g?—¢? since 6% + 7% < €2
=¢(1—2¢) >0 since e > 0 (and small).
Therefore, P(z) > 0 for € A\ {e1} close to e1, so e attracts nearby points.
Similar computations, where we take & = e or eg in the definition of P, show

that the vertices of A attract nearby points.
Next, we turn our attention to the boundary of A. So thanks to the replicator

dynamics equation
I
T; T;
(2) = 2o — )

Lj Ly
li
where i, j € {1,2,3}. For example along (e1, es) we have that the sign of (;—;
changes at (%, %, 0). Similarly, we have a sign change at (%, 0, %) and (O, %, %)

These same equations tell us that along the indifference line Z; ; the deriva-
!
tive (i—) is equal to 0, and the direction of the flow is completely described

J
by the derivative in the third component. Let us make an example. Suppose

li
we want to consider the flow along Z; 2, then we know that (i—;) = 0, so we
1—a3

consider 3. Any x € Z; 2 can be written as x = 172-13 ), and the replicator
T3

equation gives us
jl‘g = $3((Id3l‘)3 —X- Id3$)

= z3(x3 — [z]?)

1—$3 2 2
= z3(z3 — 2 5 — z3)

1 1 1
= —5333(31‘% —dxs+1) = —§x3(x3 —1)(x3 — g)
We can conclude that 23 < 0 whenever z3 € (0,%), and that 3 > 0 for

T3 € (%, 1). The same computations show identical behaviour along Z; 3 and
Z273.

10



Consider now the Nash Equilibrium & = (1/3,1/3,1/3). How does the flow
behave around it? From the previous analysis we have carried out for the flow
along Z, ; we expect the flow to be repelled by % (star node). In order to see
if our hunch is correct we will linearise the RHS of the replicator equation at
Z. There are different equivalent ways to do so, for example see Example 1.8 in
the notes. We will take a more direct approach.

x

V1

Figure 3: Linearisation around Z. Figure 4: Flow in A for A = Ids.

Let h € R? be a vector whose entries sum up to 0, i.e. Z?:l h; = 0, and
consider the perturbed vector p = 2 + h. Now let ¢, 5,k € 1,2, 3 be distinct

hi = pi = pi((Idsp); — p - Id3p)
1 1 Sl )
= (5 Th)(5 +hi =Y (5 +M)?)

3 3 3
=1

1 2 2
= (1/3+ hi)(5hi — =h; — ~hg + O(h?))

3 3 3
:(%+mxm+owﬂ) since h; = —h; — hy,

1

:§m+0w%

Therefore, the linearisation yields the matrix

L
=5 Y)
0 1

with repeated eigenvalues \; = Ay = % and associated eigenvectors v; = ((1)),

and v = (9). As we suspected, the point Z is a star node. See Figure 3 for a
representation of the flow near & and Figure 4 for the flow in A.

11



1.5 Further examples

Exercise 1.5:
We want to establish the phase portrait for the replicator equation where

0 10 1
A=(10 0 1
1 1 1

We already know, thanks to Exercise 1.3 that this system has two Nash
Equilibria, namely ez, and & = (%, %, 0), and flow singularities at each vertex of
A and at 7.

Let us study what happens along the boundary of A. Let x € (e, e3), so

that x = (IO1 ) where x; = 1 — x5 for x3 € (0,1). Along such a side we have

(2) = (&) -oa

Zs3
—x1=x3>0
x1

which means that the flows goes from e; towards es. Along (es, e3) we see that
/
(%) > 0, therefore the solution flows from ey towards es.
The last side contains a singularity, hence we expect a more interesting

behaviour. For x = (%ﬁ) € (ey, ea), where 1 = 1 — x5 for z9 € (0, 1), we obtain

! 1— 2ry — 1
(ﬂ) =102 (2 — 1) = o= 72)Cr2 = 1)
T2 ] €2

Such a function is negative between 0 and %, zero at % (as we expected by flow
singularities), and positive between % and 1, so the flows is attracted by (%7 %, 0)
from e; and e;. See Figure 5 for more details.

2

Along Zy 3 |

| (B) <0 (2) <o | (2
( (2
( (

_‘ () >0

Figure 5: Graph of (%)/ along (e1,€2). Table 1: Flow along indifference lines.

A similar analysis can be carried out along the indifference lines Z; 5, Z5 3, Z1 3
as summarised in Table 1. Therefore, the flow along the indifference lines leaves
es and goes towards (eq, e3).

As we have proved in Exercise 1.3 part 1, the point Z is an ESS, therefore it is
asymptotically stable (as the flow analysis we have just carried would suggest).

12



1.6 Rock—Paper—Scissors replicator game

Exercise 1.6:

1) We want to model the game of Rock—Paper—Scissors. In such game we have
three strategies R, P, S. The rules are quite easy R beats S, which beats P,
which beats R, and any strategy played against itself resolves to a draw. See
Figure 6.

/NS
Rock Paper Scissors 5
-t
Rock 0 +1 -b *

Paper -b 0 1
Scissors 1 -b 0
Table 2: Payoff table. Figure 6: A schematics of the
interactions between the various
strategies.

The payoff for winning is +1, for losing —b, where b > 0, and for drawing 0. If
we write all such data into a table we obtain Table 2. From this, we can read
off the payoff matrix

0 +1 —b
A= -b 0 1
1 —-b 0
2) Consider the three vectors
A :¥(1 b2, b)"
P labp2
1
Ay = ————(b,1,0H)7
2 1+b+b2(7 ’ )
1
As = 2 1T
= 1Y

from Lemma 1.5. We claim that A;, A;11, and e;41 are collinear (where the
indexes are to be taken in Z/Zjz). We will only show the computations for
As, A1, e1, but every other case is identical. Recall that three vectors a, b, c are

13



collinear if and only if a — ¢, and b — ¢ are parallel. Therefore

—1-9b
Mooy =
SR T Iy
Mo b (T
L T Ay

which means that 4; —e; = b(As — e1), so As, A1, e are collinear.

3) At the beginning of the proof of Lemma 1.5 we say that
1 (T
= /0 2(t) - Ax()dt — 0 as T — 400, (5)

let us show why this is true. Recall that

where b > 1. The reasons why this happens are sketched in the proof, and they
are basically two

1. The payoff x - Az tends to 0 as the flows x(t) gets closer and closer to any
vertex of A;

2. z(t) spends most of the time close to the vertices of A.

To deal with 1) consider a point

1—¢
T = )
-

in A close to ey, where 0 < §,7 < e < 1. Now

1—e¢ 0 1 -b 1—e¢
|z - Az| = ] -6 0 1 ). 4] =
T 1 =b 0 T
=|-be(l —¢e)+ (1 —b)6(1 —9)]
<be(l—e)+(1—=0)5(1-9)
<be+(b—1)e
=¢e(20—-1)

14



which means that = - Ax — 0 as € — 0. So the closer we are to the vertices of
A, the closer to zero the payoff is.

Next, we want to show that the speed of the flow is almost zero near the
vertices of A, and maximal away from them. Consider the side of A between
e1 and eq, and let © = x1e1 4+ (1 — x1)e2 be a point on it, where 2 € [0, 1]. Now

1 — X
Ax = —b.’L’l
Xr1 — b(l - 1‘1)

z-Azx=x1(1 —x1)(1 —b)
so we have, thanks to the replicator equation

jif* = 21((1 = 21) = 21(1 = 21)(1 = 1))* + (1 = 21)*(=bws — 21(1 — 21)(1 = b))?
=22(1—21)?[(1 —21(1 = b))%+ (b+ (1 —z1)(1 — b))?].

1. .
0 ] 0 1
Figure 7: Graph of |z|? for b = 1.5. Figure 8: Graph of |z|? for b = 3.

Thanks to continuity of the solution of ODEs, we can expect the velocity of
the flow in int A close to the boundary to behave like |#| (as computed above).
This function has a (local) maximum in (0,1) and tends to zero as x; approaches
0 or 1, i.e. the flow has maximal velocity away from the corners of A and gets
smaller as it gets closer to them (see Figure 7 and 8 to get an idea of what this
function looks like along on of the sides of A).

We have just established that the payoff of this game gets small near the
corners of A, and that in these areas the flow has low speed, meaning that it
spends most of the time there. Intuitively this is why the limit 5 converges to
0, but in order to give a rigorous proof of this we have to estimate how much
time we spend in the corners (at least for T' big enough).

15



We will now assume that A is our ambient space, and we equip it with the
subset topology coming from the Euclidean topology of R?, i.e. all the neigh-
bourhoods we will consider from now on are neighbourhoods in A. Consider
the neighbourhood

3
==
=1 %

of the vertices of A, where B.(e;) is the ball of radius € around e;. Similarly,
consider the e2-tubular neighbourhood of A given by

3
Ba (61)
1

E=B.(0M)\0= ] Ba(2)\Q
TEOA

Notice that £ > 0 can be taken small enough so that we can apply the Hart-
man—Grobman theorem to Be(e;) for i = 1,2, 3, and such that the payoff |z - Ax|
is bounded above by ¢ over 2.

As we wrote before € is made up by 3 components §2; = B.(e;), and simi-
larly = is made up by 3 components. We will call Z; the components in which
the flows travels from €2;_1 to 0;, where all the indexes have to be take mod 3.
Notice that Z is compact, and the flow over this set has always non-zero deriva-
tive since it is away from ej, e, e3. We can define C' := ming|#| which tells
us that maxTg, = 1;025 = K, for Tz, being the time it takes the flow to
get through =;. In order to estimate max7z, we have used small angle ap-
proximations, linearised estimates of the flow, and we maximised the equation
Time=Displacement/Speed. As time T'— co we can see that max Tx, remains
constant (= K'), meaning that the maximal time for the flow to get through Z;
is constant, and does not depend on how close the flow gets to OA.

If we denote by TV the amount of time that the flow takes to complete a
full loop then we can break this down as

TN =18 + 18 + T8 + T8 + 18, + 12 < 1Y + T8 + 1), + 3K = T§ + 3K

where Té\i , and Té\i , represent the time needed to get through ;, =; respectively
during the loop N. We now will proceed to show that

TN+1 TN+1
lim = lim

< 00.
N—ooo T N—oo T4

In order to compute such a limit we want estimate the time it takes the
flow to traverse €2;. Let us start by considering €2,. By applying the Hartman-
Grobman theorem to €27 we have that the flow generated by the replicator
equation is C! conjugated to the linearised flow given by

(j:(t)) B (1 1 +b) <x(t)> (6)
y(t) 0 —b/\y(t))"

Notice that the eigenvalues of the matrix are Ay = 1 and Ao = —b with associated
eigenvectors vy = (), and vo = (1)), respectively.
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Remark. The Hartman-Grobman theorem states that an equilibrium of a sys-
tem of ODFEs 1is locally linearisable as long as the linearisation matriz L is
hyperbolic (all its eigenvalues have non-zero real part). If the flow is 2 dimen-
stonal then the conjugacy between the flow given by the original system and the
one given by x = Lx is C' regular. For more general flows then the conjugacy
1s only a-Hélder continuous, where o depends on the eigenvalues of L.

Let X, Y be two subsets of Euclidean spaces, and r € N. We say two flows ¢ :
X = X, andy:Y =Y areC" conjugated if there exists a C" diffeomorphism
h: X —Y such that h oy =1 o h. If the last equality only holds over a subset
of X then we say that ¢ and v are locally C" conjugated.

By making a simple change of basis transformation we can (smoothly) con-
jugate the flow given by Equation 6 to

Gi)= (o ) G- "
y(t) 0 1/ \y(t)

It is immediate to see that the eigenvalues of the matrix are given by A\; = —b,
and A2 = 1, but now the associated eigenvectors are v; = (3), and vy = (9)

558) = (o) is given by

respectively. The solution to this system of ODEs for (

<x(t)) B (xoe_bt>
y(t) yoe' /

As we have anticipated we want to understand how long it takes our original
flow to cross €21, and while doing so we will see how quickly the flow tends to

OA in terms of distance from it. Let (35) = (%) for p,7 > 0 arbitrarily small.

We want to establish how long it takes to get to (7; ), and what is the size of

7' compared to 7. This is done by solving

7! pe—bt
(p> B < et )
which gives us t = In £ and 7/ = p'~07% = Cy7°. If we fix p and we let t — oo we
get 7 — 0 which tells us that the flow tends to 0A, as we know. This estimates
have been computed for System 7, which is C' conjugated to the replicator
dynamics, so thanks to the regularity of the conjugacy we know that the same
asymptotics hold for the original flow. This means that for IV big enough, and
if d < 2 denotes the distance between the flow entering €; to start the N th
loop then the time to exit ©; is ~ In §, and that time the flow will be ~ db
away from OA. These asymptotic estimates only depend on the eigenvalues of
the linearisation of the flow at e, by proceeding similarly one can show that the
situation in Qs, and 29 is identical. We will assume that the distance flow-0A
when entering 2,11 is approximately the same as when leaving €2;. The time to
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complete the loop is approximately given by

N N N N N

~ In —|— ln + ln
d db

= q1+o+b2"
Note that when the flow comes back to 2; its distance to A is ~ dbS, hence
TN+L ~ 1In —@ s - oince we have expressed TV in terms of d then taking a
limit as N — oo is the same as d — 0. Therefore,

3
13
TN+1 . In qb3+b1 4+
lim ~— = lim 5
N—oo T d—0 In ——
d1+b+b
1
iy LTy
= - =
d—0 lnm

So for N large enough TN+ ~ 63TV where b > 1.
If we assume that T is big enough, we have that T" can be approximately
written as the sum of the times it takes to do N loops, or equivalently

N-1 01\771 N 1= BN
T= T ~T bt =T"———©n.

This approximation allows us to compute how many loops we expect to have
completed in a fixed (large) time 7'

1n«“1)T+Q
N = 3lnb

which immediately gives us that

We can finally prove the limit in Equation 5. Therefore

1 /7
lim |—/ x - Azdt] < lim —/ |z - Az|dt
0

T—oo T T—oo T
= lim T </ | - Am|dt—|—/ |gc.Aat|dt)
T—o0 ZN TJ ZJ 0T
N
N i N
< lim @5—1— — max|z - Ax| < e
T—00 T =

N J N
. 1 > I
: j=0"1@a j=0
sice T ~ T

small we are done.

g
— 1 and % — 0. Since € can be taken arbitrarily
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1.7 Hypercycle equation and permanence

Exercise 1.7:
We want to show that ~y;, = Z;:Ol c; Mk, where k = 0,1,...,n and A = e™n,
are the eigenvalues of

Co C1 C2 -+ Cp-1
Ch—1 Co C1 -+ Cp-2
C =
C1 Ca C3 - Co

We know, by the proof of Lemma 1.6, that the corresponding eigenvector to i

is
1

)\k
Ve =

/\(n.—l)k

It is just a matter of multiplying C' and vg, and show that the product equals
Yxvg. For Kk =0,1,...,n — 1 we have

co c1  Co Cn—1 1
k
Ch—1 Co C1 Cn—2 A
Cup = )
Cc1 Co C3 e Co A(’I’L*l)k)

co + aXe 4.+ cn_l/\("—l)k
)\k(C”_1>\(n71)k +co+ ...+ cn_2)\(”*2)k)

AP=DE (e N f NP )

1
)\k

n—1
ik
= E cj N : = YUk
j=0

/\(n.—l)k

1.8 Existence and the number of Nash Equilibria

Exercise 1.8
1) We want to check the Poincaré-Hopf formula holds for simple flows X on
some surface M. Recall that the formula states

xeM
X (xz)=0

where ix(x) is the index of X at x and x(M) is the Euler characteristic of M.
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Source N

@
-

o

‘I'II'III'I<
(0o JNENNg )}
N

Figure 9: North-South flow on S2. Figure 10: A triangulation of S2.

Let M = S? be the two dimensional sphere, and consider the north-south
flow X on it. As we can see from Figure 9 this flow has to singularities at N
(the north pole) and S (the south pole). N is a source, whereas S is a sink,
which means that ix (N) =ix(S) = +1.

Recall that the Euler characteristic of a surface M can be computed as

x(M)=V —-E+F

where V is the number of vertices, E the number of edges, and F' the number
of faces of a triangulation of M. The Euler characteristic is independent from
the choice of triangulation (as long as you are not collapsing triangles). For
more information about Euler characteristic and triangulations look up CW-
complexes or simplicial complexes.

The triangulation of S? in Figure 10 tells us that x(S?) =6 — 12 + 8 = +2.
Now if we put everything together

D ix(z) =ix(N) +ix(S) =1+1=2=x(S).
z€es?
X (z)=0
Let us consider a different surface. Let M be the two dimensional torus T2,
and let X be the north-south flow as in Figure 11.
The flow X has now 4 singularities, namely a source N, a sink S and two
saddle points N’,S’. Their indexes are

ix(N)=+1;
ix(S") =1
ix(N') = -1,
ix(S)=+1

The Euler characteristic of T2 is readily computed thanks to the triangula-
tion shown in Figure 12

X(T?) =9 - 27+ 18 = 0.
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Source N
N V=9
E=27
F=18
Saddle N' Sink S
Figure 11: North-South flow on T2. Figure 12: A triangulation of T2.

Now let us put everything together as before we have

D ix(@) =ix(N) +ix(8") +ix(N') +ix(S)=1-1-1+1=0=x(T?).

z€eT?
X (z)=0

2) See Example 1.19 in the notes.

3) Consider, for € > 0, the perturbed flow

and assume that the original flow only presents regular singularities (the lin-
earisation matrix at the singularity is invertible). We claim that under this
assumption all the Nash Equilibria of the original flow on the boundary move
towards the interior of the simplex under the perturbed flow, and the other
singularities of the system move outwards.

Let us assume that A is a 3 dimensional simplex in order to simplify the
discussion. It is important to notice that the singularity of the original replicator
equation remain the same under the perturbed flow and they move smoothly
as € varies. The assumption that every singularity is regular implies that there
are only finitely many singularities, and that they are all isolated.

Assume that # is a Nash Equilibrium on A for the original game. Hence
there exists ¢ € {1, 2,3} for which #; = 0. As was shown in the proof of Theorem
1.4, the i-th component of the vector field X, (x) takes the form z;z; + €+ h.o.t.
(higher order terms) where z; = (AZ); — & - AZ. Since z; < 0 when & is a Nash
equilibrium, the singularity &, for X.(z) near & has a positive i-th component
(and so moves to the interior of A). Similarly, if & is not a Nash Equilibrium
then z; > 0, but since we have assumed that the vector field is regular, we have
z; > 0. It follows that in this case & moves to outside A.
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2 Two Players Games

2.1 Two conventions for the payoff matrices

Exercise 2.1:
1) Consider the two players game given by the matrix

o= (oo &)

where we have adopted the 2" convention (see the notes). From G we can read
off the two matrices determining this game

1 0 -1 0
a=(o %) 2=(0 )
and we can use them to compute the best response for both players. Recall that

(Z,79) is a Nash Equilibrium if and only if & € BR4(9) and y € BRp(&). For
z,y S A= <61762>

BRA(y) = argmaxx - ((1) _01> y

z€(e1,e2)
=argmaxzriy; — T2y = {61}
z€(e1,e2)
-1 0
BRp(z) = argmaxx - 0o 1/)Y
yE(e1,e2)

= argmax —x1y1 + Tay2 = {ea2}
x€(er,ez)
Hence we can immediately see that e; € BR 4(e2) and e3 € BRp(e1), so (er, ea)
is the only Nash Equilibrium for G.

2) Consider a two-person game (A, B), and denote by A 4 x Ap its phase space.
Let (Z,9) € int A x Ap be a Nash Equilibrium for the game (A, B). If we work
with the second notation then we know that & maximises the product x - Ay for
x € A4, and that g maximises the product & - By for y € Ap. Therefore, for
any i,j we have
e, Ay <i-Ajy Z-Be; <2-Bj.

The two vectors &,y can be written as the linear combinations & = ), Aje;,
and g = Ej pje;j, where X;, p; > 0 for all 4, j since we have assumed that the
Nash Equilibrium is contained in the interior of our phase space, and >, \; =
> ;pj = 1 since we are working with probability vectors. Then if we sum over
the two previous inequalities we obtain

BeAG=) Nei- A<D N Aj =i - Aj

&-Bj=» pj&-Be; <> p;i-Bj=i-Bj.
J J
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In order to get a strict inequality in the previous derivation we would need at
least one ¢ and/or j such that e; - Ay < &- Ay, and/or & - Be; < & - By, but both
these conditions are clearly impossible. Therefore we can conclude that for all
7 and all j

(A))i=ei-Aj=i-Aj=c (2'B);=2-Bej=2-Bj=¢
where ¢, ¢ € R are constants.

Remark. We have just showed an equivalent statement to Lemma 1.2 in the
lecture notes, but for the specific case of a Nash Equilibrium point contained in
the interior of the state space. We can do better. If a Nash Equilibrium (&,9)
is NOT in the interior of Aq X Ap then from the above proof we can conclude
that

(A9)i =c  whenever &; #0

(#TB); =¢ whenever ; #0

where ¢, ¢ € R are constants. This gives us a complete reformulation of Lemma
1.2 for 2 player games.

3) Consider the two player game encoded by the matrices

2 1 2 2
=03, =010
and let us choose to follow the second convention for 2 players games. We will

firstly compute the Nash Equilibria of these matrices and then we will check if
they are ESS. The Best Response maps are

BRA(y) = argmaxx - Ay = argmax 2 — (1 — y1)z1 = {{62} ity # e

z€A zEA A ify=-e;
if
BRp(x) = argmaxx - By = argmax 2 — xoy; = {ea} 1 T 7 e
yeEA yeA A lf Tr = €1

from which we can read that (e1,e1) and (es, e3) are Nash Equilibria: e; € A =
BRa(e1) and e; € A = BRp(e1) and also es € BRa(ez) and ea € BRg(e2).
Note that (e2,e1) is an NE for this game as well. Since e; corresponds to
strategy i, and ey to strategy ii, we can conclude that the strategies (i, i) and
(ii, ii) are NE.

Next we want to see if such strategies are Evolutionary Stable. Recall the
definition: (%,7) is an ESS if for alle > 0 and all (z,y) € (Aa\{2}) x (As\{7})
then

z-Aley+ (1 —e)g) <z-Aley+ (1 —e)g)
(ex+(1—¢)2) By < (ex+ (1 —¢)z) - By.
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Firstly we will show that (Z,9) = (e1,e1) is NOT an ESS. Fix ¢ > 0, and
1 1
take the point (( 2 ), ( 2 )) then this choice yields

2

z-Aley+(1—¢e)y) = (i)(; ;) <1g;)

2

which means that (e1,e;) is not an ESS.
On the other hand, the Nash Equilibrium (Z,¢) = (e2,e2) is an ESS. Let
e € (0,1), and take any (z,y) € (Aa \{e2}) x (Ap \ {e2}) then

x-Aley+ (1 —e)y) = (1 i13;1> ' @ ;) (1 iyglh)

=) (")

- T2 2

= .131(1 + €y1) + 2(1 — 371)
<2Z‘1+2(1—$1) =2

- ((1)) ' (1 +2€y1)
B (?) ' (; é) (1 iy;yl) =&-Aley + (1 -¢€)9)

and

ora—an-m- (= )2 2 (")

= 2ex1 + (2 — yl)(l — 8331)
<2 +2(1—cexq) =2

NSO

which confirms that (es, e3), or (ii, ii) is an ESS.
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2.2 Two players replicator dynamics

Exercise 2.2:
Consider the two players game given by the matrix

o= (6m i)

then, as we have done in the previous question, we can retrieve the two matrices

defining this game
1 0 -1 0
A‘(o —1) B‘(o 1)'

Using Equations (17) from Section 2.2 of the notes we can write down the
replicator equations of this game as

@i = z;((Ay); —z - Ay)
=2;((—1)" 'y — z1y1 + 2292)
yj =y;((z" B); — x - By)
=y (1) z; + 2191 — 22y2)

where 2,y € A = (e1,e3), and i, j € {1,2}. Because of the specific shape of our
phase space A we can rewrite these two equations using the fact that xo = 1—x4
and yo = 1 —yy for 21,1 € [0,1]

1:1 = 1'1(1 — 1‘1)
Y1 =—y1(1— ).

We can then proceed with the usual phase

diagram analysis, as for any system of ODEs. o1 (11
The phase space of this system is the unit square
I? =10,1]x[0,1] € R%. From now on we will drop
the indexes in the equations. The derivative of x
is zero along {z = 0} and {z = 1}, whereas ¢ is
zero along {y = 0} and {y = 1}. The four vertices
of I? are singularities for the flow (& = ¢ = 0).
Along {0} x (0,1) and {1} x (0,1) we have § < 0,
and along (0,1) x {0} and (0,1) x {1}, we have
& > 0. We can therefore conclude that (0,1) is a Figure 13: Flow for the
sink (in black in the figure), (0,0) and (1,1) are
saddles (in red in the figure), and (1,0) is a sink
(in white in the figure). The flow flows travels
from close to (0,1) towards (1,0) without ever touching the boundary of the
unit square. See Figure 13 for a sketch of the flow.

O
(0,0) (1,0)

game determined by G
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2.3 Symmetric games

Exercise 2.3:

Consider a symmetric 2 x 2 game with payoff (square) matrices A and B, where
A = BT. Suppose that 2(0) = y(0). We are going to show that if Player 1 plays
strategy = against strategy y then that is equal to Player 2 playing x against
y. We are going to work with the 2°¢ convention for the replicator equation.
Recall that if A, B are square matrices then (AB)T = BTAT. Therefore

;i = x;((Ay); — v - Ay) = 2;(B"y)i —x- B'y)

=2i((y"B)i —2"B'y) = :((y" B)i — y' Bx)
=i((y"B)i —y - Bx) = ys.
Under the assumption z(0) = y(0) we can conclude that, by uniqueness of

solutions of ODEs, that x(t) = y(¢) for all times. Recall that we have showed in
part 3 of Exercise 1.3 that a solution always exist to every initial value problem
(starting in A) and that such a solution exists for all times.

This question can be approached from a more geometric perspective. Con-
sider the product space A x A and more specifically its diagonal

D = {(z,y) e Ax Alz =y}

We want to show that the space D is invariant under the action of & —g. Using
Equations (18) from the lecture notes we can write

& —gy=x;((Ay)i — x - Ay) — yi((Az); — z - Ay)
= (2 —y) (A(z +y))i — x - Ay) — (v:(Az); — yi(Ay)s)

which tells us that & — g|p= 0. This means that the vector field & — y is tangent
to D at every point, hence there is no normal component pointing outwards
from D. Therefore, D is invariant under & — ¢, and so if the flow (x(t),y(t))
starts on D, i.e. 2(0) = y(0), then (z(t),y(t)) is in D for all times ¢.

2.4 The 2 x 2 case

Exercise 2.4:
1) Consider the system of ODEs given by Equations (19) in Section 2.4 of the
notes
t=z(l —z)(a; —ylag + a2))
y=y(L—y)(Br — (b1 + B2)).

We want to understand all the different (non-degenerate) phase portraits
that can arise from this system. Our state space is the usual unit square
I? = [0,1] x [0,1] in R2, endowed with the subspace topology. Firstly, no-
tice that along the boundary 0I% at least one of the two derivatives is zero.

(8)
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(=0} [Bi>0=79>0 Table 3 summarises the behaviour of the flow
=0t (a5 05450 restricted on the boundary. If we now look at

- the interior of the unit square we have two other
{(x=1} | b2 >0= Y <0 lines along which one of the equations in 8 equals
=1} | a2>0=2<0 zero, namely {z = ﬁ} along which y = 0,
and {y = } along which # = 0. Notice

o
Table 3: Behaviour of Equa- artas ; . . .
tion 8 along 9I2. that the point § = (575, ;%) is an equi-

librium point for the system. For now we will

assume that @ is in int J2: this is equivalent to
ajag > 0, and B162 > 0. In Figure 14 we have reported the direction of

the flow when intersecting the nullclines {x = 61&1[32} (in red on the left) and
{y = %} (in blue on the right).
a1+ az >0 Pi+P2>0
- —
0 0 (. 0, |
— |~ VoL
B1B2 >0 Bi1B2 <0 aiae >0 aras <0
ar +as <0 b1+ B2 <0
— -
0 9 o T T 0
~ — ' '
B1B2 >0 B1P2 <0 aiag >0 aran <0

Figure 14: Possible flow directions along the nullclines in int I2.

We can clearly see that the direction of the flow when crossing the nullclines
only depends on ajas and (5152. All the possible phase portraits that Equation
8 are described in Proposition 2.1 in the lecture notes. Given the assumption
§ € int I? we have made before, we are interested for now in understanding
the portraits associated with case (i) and (ii3). Set 8; > 0 therefore fixing the
direction of our flow (one gets the same portraits but with the flow direction
reversed for f; < 0, as suggested in Figure 14). From Table 3 we know that if
a1 1 > 0 then the points (0,0), and (1,1) are sources, whilst (0, 1), and (1,0) are
sinks. On the other hand, a; 81 < 0, translates to the flow travelling clockwise
around 9I%. We can conclude that the left phase portrait in Figure 13 in the
lecture notes corresponds to case (i), whereas the right one corresponds to (ii7).
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In Figure 16 you can see the direction of the derivatives in the various quadrants
for the cases we have just discussed (under the underlying assumption £; > 0.
What happens if § ¢ int I?? If either
aras < 0 or 816 < 0 we obtain a dominated o
strategy type of system, case (i7) in Proposi-
tion 2.1. Assume, for the sake of discussion,
that oy < 0, and as > —ag,81 > 0, and :
B2 > 0 (every other case is either similar or <
simpler). Then we have ajay < 0, 8162 > 0,
the nullcline {z = 51’3_152} is still in int 72, so
we obtain a phase diagram as in Figure 15.
The yellow dot in the top right corner rep-

resents the dominating strategy, whereas the

red dotted line is { = 1[1162 }. Picking dif- Figure 15: Dominated Strategy
ferent values for the a’s and (’s will surely

change the dominating strategy, the direction of the flow, and the presence of
nullclines, but the overall shape of the phase diagram will always be the same.

A full explanation of the terminology can be found in Hofbauer, Sigmund
— FEvolutionary games and population dynamics. The term dominated strategy
is illustrated in Section 8.3, whereas battle of the sexes or coordination game is
explained in Section 10.2. The term zero-sum case includes not only zero-sum
games, but all games in which the total payoff between players is zero, i.e. the
net change of global wealth is zero.

7/

AN VAR N

ALY A0

y ;R&V WX <_;‘J/

Cooperation Game Zero-Sum Case

Figure 16: Direction of the flow for case (i) and (¢i7) assuming 81 > 0.

We will now analyse some specific examples of games for every type of phase
portrait described in Proposition 2.1. Please note we will adopt the second
convention from now, and we will denote by A4 x Ap the total phase space (12
is a reparameterisation of such space). Let

4 1 4 3
A= <3 2) B= (1 2>
be the matrices describing the stag hunt game. Then

ar=-1 ap=-1, f=-1 fr=-1
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hence ayas > 0, B182 > 0, a1 81 > 0: this is a coordination game. We have two
pure dominating strategies, and a Mixed Nash Equilibrium in the interior of I2.

The Mixed Nash Equilibrium in I? is given by 6 = ( 51[11[32, alﬁf@) which cor-

B B _ ((1 1 11
responds to ((ﬂliﬁZ’ﬂlf[BZ) ’ (aloji}az’ a1ofa2>> B ((575)’(5’5))' The other
Pure Nash Equilibria can be computed by looking at the best responses

BRa(e1) = argmaxaz - A(}) = argmax4xy + 3zy = {e1}
TEA TEA

BRa(e2) = argmaxz - A()) = argmax 1 + 2z9 = {e2}

zEA TEA
BRp(e1) = argmax({) - By = argmax4y; + 3y2 = {e1}
yeEA yeEA

BRp(ez) = argmax(?) - By = argmaxy; + 2y2 = {e2}
yeEA yEA

so (e1,e1) and (eg, e9) are the equilibria we were looking for, which corresponds
to the strategies (C,C), and (D, D).
Another coordination game example is given by the battle of sexes game

described by
30 2 0
a=(55) 8= 5)

The coeflicients for this game are given by
ap = _27 Qg = _37 61 = _37 62 = -2

which confirms that this is a coordination game since ajas > 0, 810

a1p1 > 0. As before we have a Mixed Nash Strategy given by ((%, %

The two Pure Nash Strategies are given again by (e1,e1) and (e, e2).
Consider the classic Prisoner’s Dilemma game described by the matrices

a=(3 0 2= )

given in Example 0.3 in the lecture notes. For this game we have that
Q] = _17 Qg = 17 61 = _15 52 =1

which implies ajas = —1 < 0 and 5182 = —1 < 0. The Prisoner’s Dilemma
falls under the dominated strategy category, therefore there is one dominating
pure strategy given by the Nash Equilibrium (es,e2). As a sanity check

BRA(e2) = argmaxy - Aes = argmaxys = {ea}
yEA yEA

BRpg(e2) = argmaxes - Br = argmaxxa = {ea}
rEA TEA

as we claimed.
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Finally, let us look at zero sum type of games. The first we want to look at

is described by
1 0 -1 0
a=(o %) 2=(3 )

which give us coefficients
Q1 = 1; Qg = _15 61 = _15 62 =1.

Since a1 < 0, and f1 52 < 0 then we have a dominated strategy type of game.
As before, we only have one Pure Nash Equilibrium

BRa(e2) = argmaxy - Aes = argmax —ys = {e1}
yEA yeEA

BRp(e1) = argmaxe; - Bx = argmax —x1 = {ea}
TEA TEA

given by (e1, ez).
The last game we want to analyse is described by

A:(é (1)) B:(_o1 —01)

which give us coefficients

Since ayas > 0, 5182 > 0, and a1 51 < 0 then we have a zero sum game with inte-
rior Nash Equilibrium, given once again by ((51&152 , ﬁl'i?52 ) , ( 3 Qz )) =

ajtaz’ artas
((%, %) , (%, %)) We will see in the next section that for this game the solution
to this specific type of game is described by simple close periodic orbits (topo-
logical circles). This means that 6 is not asymptotically stable (only Lyapunov

stable).

2) Recall that we proved in part 2 of Exercise 1.3 that adding constant column
vectors to a matrix does not change its replicator dynamics. Therefore, it is
possible that two different matrices induce a phase portrait belonging to the
category of zero sum games.

3) As hinted in the question, we will firstly linearise our system around the equi-

librium 6 = (ﬂﬁrilﬁz’ alo_f% ) Consider the perturbed point 6= (ﬂﬁlﬁz + &1, ﬁ + 52)

for £1,e2 > 0 small, then the equations for the replicator dynamics will give us

_Bifa(ar +as)

. 2
e (B1+ B2)? &2+ 0l
. o1+ Ba)

€9 = —W61 + 0(52)
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Ao det A det A=1(Tr A)2

spiral sink spiral source

degenerate sink

degenerate source

centre

uniform
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sink source

line of stable fixed points saddle line of unstable fixed points

Figure 17: Classification of Phase Portraits in the (det A, Tr A)-plane *

which leads us to the linearisation matrix at 6

0 _ Bi1B2(artaz)
L = (B1+82)?
_araz(B1+P2) 0 :
(a1+a2)?

This matrix has a very special shape since its trace, Tr L, is always zero, which
severely restricts the possible flow behaviour near 6.

By looking at the Poincaré Diagram in Figure 17 we see that there are only
two possibilities for the flow close to 6 (excluding the degenerate case): either
det L is positive and we have that the flow generates concentric ellipses (purely
imaginary eigenvalues), or det L is negative and € is a saddle point (the real
parts of the two eigenvalues have opposite sign).

To start with, the determinant of L is given by

o132

det L=~ (a1 + a2)(B1 + B2)

therefore the conditions of Proposition 2.1 will uniquely determine the positivity
of it.

For zero sum case with interior Nash Equilibrium ajas > 0, 8182 > 0, and
a1y > 0, which means that either «q,as are both positive, and (1, 82 are
negative, or vice-versa. In both cases det L is positive (beware of the minus sign

L Adapted from: https://tex.stackexchange.com/questions/347201/
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in front of it), and so 6 is the centre of concentric ellipses (the ratio between
the sizes of minor and major axes of the ellipses depends on the ration of the
modulus of the imaginary eigenvalues).

For coordination games we know that ajas > 0, 5182 > 0, and 15, > 0,
which means that aq, as, 81, B2 have all the same sign. This is sufficient to show
that det L is negative and hence 6 is a saddle point.

We will now directly show that the orbits of the replicator dynamics circle
around 6. Consider the Lyapunov function

P(z,y) =2 " (1 —a2) P2y (1 —y)*,

and we claim that this function is constant along the solutions of the replicator
dynamics whenever aiyap > 0, 8182 > 0, and a1 81 > 0. Notice that P is always
positive in 12, and vanishes on its boundary. If we compute the time logarithmic
derivative of P

g(»’v,y) =log P = %(—51 logz — f2log(1 — x) 4+ a; logy + azlog(1 — y))
= —5124'52 t +a1g — Qg y
T 1—2z y 11—y
= — (a1 —y(or + a2))(B1 — frx — Paz) + (B1 — z(B1 + B2)) (1 — aqy — azy)
= — (a1 —ylar + a2))(B1 — z(B1 + B2)) + (a1 — yla1 + a2))(B1 — y(B1 + B2))
=0

we see that P =0 along the orbits of the solution to Equation 8.
This means that P is constant along orbits, therefore the orbits of Equation
8 are level sets of P.

05

0.5+

Figure 18: 3D and contour plot of the function P for a; = %,Oég = %,,6’1 =
_1 Bo = _1
27 P2 = 73

In Figure 18 we can see a contour plot for the function P for some arbitrarily
chosen values of ay, as, 81, and B2. We can see that the level sets of P are closed
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simple lines, or topological circles. Those represent the shape of the orbits of
the flow induced by Equation 8 in I2.

4) All the hard work is now done. We have showed, by computing the lineariza-
tion matrix at 6 that the equilibrium point can only either be a saddle (unstable)
or orbits cycle around it as in Figure 18 (Lyapunov stable). As we proved in
1.1 in the lecture notes, Evolutionary Stable Strategy are asymptotically stable
equilibria for the replicator dynamics, but since 6 in our case is either unstable
or Lyapunov stable (this is weaker than asymptotically stable), then we can
conclude that these games admit no ESS in the interior of I2.

2.5 A 3 x 3 replicator dynamics systems with chaos

Exercise 2.5:
1) Fix £ € (0,1) (in order to simplify the calculations), and the two matrices

e -1 1 —e -1 1
A= 1 e -1 B = 1 —e -1
-1 1 € -1 1 -

which describe a 3 x 3 game with two players. We wish to compute the Nash
Equilibria of such a game. In order to maintain consistency with the lecture
notes we will adopt the first convention. The state space will be denoted by
A4 xAp. As usual, we will firstly show that we have only one Nash Equilibrium
in the interior of A 4 X Apg, and then we will move to the boundary. Please note
that we will freely use the letters 4,7,k to denote indices, these have to be
understood as all different elements of Z/3Z.
Let us consider the indifference lines in Ay

Zfz = {(Ay)1
Zé?, = {(Ay)Q
Zf:s = {(Ay)1

and in the simplex Apg

(Ay)2} ={(B —e)y1 + (B +¢)y2 = 2}
(Ay)s} ={(B —&)ya + (3 + &)ys = 2}
(Ay)s} ={(B+e)y1 + (3 —¢)yz =2}

7Py = {(Bx)
ng = {(Bx)2
Zf3 = {(4z)

(Ba?)g} = {(3 + 8).231 + (3 - 6).132 = 2}
(Bx)s} ={(8+¢e)xa + (3 — )z = 2}
(Az)s} = {(3 — &) + (3 + e)rg = 2.

8
I

In Figure 19 we reported all the indifference lines we have just computed,
together with the best response for every convex region. To estimate the best
response in each of these region it is enough to compute the best response at
each corner which accounts to

BRa(e:) = {eit1}
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€3
€2

Figure 19: Indifference lines and best response in A4 (left), and in Ap (right).

and
BRp(e;) = {eiy1}-

Along every indifference line Z;‘}j there is a portion along which (Ay), <
(Ay); = (Ay); (denoted by a black segment), and a portion along which the
opposite inequality holds (denoted by a light grey segment). The same notation
has been adopted in Ag. Henceforth, when we will say ”indifference line” will
refer to the black segment of that indifferent line, i.e. we abuse notation and
redefine Z7; = Z2 0 {(Ay)r < (Ay)i = (Ay);}, and 27 = ZP, n {(Bax)x <
(Bx); = (Ay);}. As you will see in Chapter 4, the indifference lines are dis-
continuity lines for the best response map, hence why we only worried about
computing the best response at each corner.

The indifference lines, in both simplices, meet at the point (%7 %7 %) This
means that the point ((3, 3, %), (3, 1, 3)) is an interior Nash Equilibrium for this
system. This clearly is the only internal Nash Equilibrium, since the indifference
lines do not intersect again.

The last thing we are left with is to check for Nash Equilibria along the
boundary of our space. These points can only appear as intersections of indif-
ference lines and a side. Notice that ij intersects the side (e;_1,e;_1), and
the best response at the intersection point is given by BRA(Z{f‘j N{ei—1,€ej-1)) =
(€i,e;). We find an identical picture in Ap, meaning that BRB(ijﬁ@i,l, ej—1)) =
(i, €j). Therefore

BRA(Z{; N {eim1,ej-1)) = (eire5)
BRp(Z]1 ;110 (eie)) = (eit1,€j41)

but since the intersection between indifference lines and sides does not happen at
the corners of the simplices (remember € € (0,1)), we can conclude we have no
Nash Equilibria on the boundary of the state space. The only Nash Equilibrium
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for this game is given by

((

2) We now want to understand the flow described by the replicator dynamics
induced by the matrices A and B. More specifically, we want to study the
direction of the flow along the edges connecting the vertices of the space A4 X
Ap, and show that it corresponds to the one represented in Figure 14 in the
Lecture Notes. Firstly, recall that we are considering the system of differential
equations

N——
N
Wl ol ol
N———
N————

W= ol ol

z; = x;((Ay); — x - Ay)
y; = y;((Bx); —y - Bx)

and in order to understand the direction of the flow we want to look at the
following ratios

! . .
€T xixj—ximj Z;
Ty = 2 (Ay); — (Ay);
(x) 22 z; [(Ay)i — (Ay);]
! . .
yz) YiY; — Yl Y
(& = 2 (B ()

where x will always denote an element from A 4, and y an element from Ap,
and ¢ # j. We will now proceed to calculate a few of these ratios. Recall that
we have that R is associated to e;, P to ez, and S to e3. Let us say that we want
to understand the direction of the flow between the points (P, P) = (e, e2) and
(P,S) = (ea,e3), then this means that we are interested in the sign of (y2/y3)’
along the constraint z = e (notice sign (y2/y3)’ = —sign (y3/y=2)"). Hence for
y € (e2,e3) \ {e2, e}

/
(2)
Ys
which translates to the flow moving from (eg, es) towards (e2,e3) in Ay X Ap.
This means that the flow goes from (P, P) to (P, S).

Similarly we can show that the flow goes from (R, P) to (P, P). In order to
see this let us compute for « € (e1,ez) \ {e1,e2}, and y = ey

()

which confirms that the flow goes from (R, P) to (P, P). Similar calculations
give us the direction of the flow along all the edges of the graph in Figure 14.

— 2((Bes)s — (Bea)s) = —(1+ )L <0
r=es Y3 Y3

= "L {(Aex); — (Aea)s] = —(1 + 5)% <0

ymes T2

3) The space A4 x Ap is 6 dimensional, and it can be reduced to 4 dimensions
using the definition of simplex, for example by discarding the 3'4 component of
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the vectors x € A4, and y € Ag since z3 =1—21 —x9, and y3 = 1 — y1 — yo.
Even if we reduce A4 X Ap to a 4 dimensional object, in order to represent
it on a sheet of paper we need to project it into R% or R3. One of the ways
to represent A4 x Ap in R? can be seen in Figure 14 in the Lecture Notes.
In order to replicate such a graph we need to find the right projection matrix.
Recall that Rock corresponds to e, Paper to es, and Scissors to e3. Henceforth,

we will work under the identification (( % ), (223% )) = (21,22, 73,Y1,Y2,Y3) "

10 0 0 0 O
X_(010000>

The matrix

induces a linear map from R® to R2. The projection induced by X is too
restrictive since we loose too much information: consider (R, P) = (1,0,0,0,1,0)
and (R, S) = (1,0,0,0,0,1), then

X(R,P) = X(R,S) = (é) .
More specifically, X (R,-) = (}), X(P,-) = ({), and X(S,-) = (), indepen-
dently from the last three entries of the vectors, i.e. independently from the
component coming from Ap.
In order to obtain a more useful and meaningful projection of A4 X Ap we
aim at a matrix similar to X, but under which the nine points (R, R), (R, P), (R, S),
(P,R),(P,P),(P,S),(S,R), (S, P),(S,S) have all distinct images. For example,

consider

X_(3.65 —1.35 1.35 5.35 1.35 1.45)
- \0.40 040 460 190 —0.40 4.40

then this give us exactly what we want

X(R,R) = (9.00,2.30) X(R,P) = (5.00,0.00) X(R,S) = (5.10,4.80)
X(P,R) = (4.00,2.30) X(P,P)=(0.00,0.00) X(P,S)=(0.10,4.80)
X(S,R) = (6.70,6.50) X (S,P) = (2.70,4.20) X (S, ) = (2.80,9.00).

Notice this matrix was computed to generate the diagram in Figure 14 in
the Lecture notes.

4) See the appendix of the lecture notes.
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3 Iterated Prisoner Dilemma (IRP) and the Role
of Reciprocity

3.1 Repeated games with unknown time length

Exercise 3.1:
Recall that the bimatrix for the Prisoner’s Dilemma is given by

(o &5)

where (—2,—2) is the payoff if both prisoners defect. As we have seen in the
notes the Nash Equilibrium of this game, given by both parties always defecting,
is rather sub-optimal since it leads to a fairly poor payoff. We will now inves-
tigate how playing different strategies (namely how cooperating) can usually
increase the total payofl if a game is played for a long time (as t — o).

Now suppose that Player 1 defects with
probability p € [0,1] and Player 2 with prob-
ability ¢ € [0,1]. All the computations will be ; p
carried out for Player 1, but given the symmetry e
of the game the whole discussion immediately _af
extends to Player 2. The payoff at round n is o
given by

Ap =(=2)pg+ (=)A= p)(L —q) + (=3)(1 = p)g+ 7 *
+(0p(l—-g)=p-2¢-1

Therefore the total payoff, as explained in the

Figure 20: Probability square
notes, is given by

for (p,q)

S i1 _P—2¢—1
A(w):ZAiw l= =0
i=1

where w € (0,1) is the chance of play the following turn. The expected payoff
is therefore given by

A
E(Payoff ) = @ =p—2q—1.
1—w
For p = 1, and ¢ = 1 we have that E(Payoff,) = —2, which precisely

corresponds to the expected payoff if both Players always defect. In Figure 20
we have the probability unit square I? = [0,1] x [0, 1] with p along the z—axis,
and ¢ along the y—axis. The red shaded region represents all the tuples (p, q)
which give an expected payoff to Player 1 greater than —2. The shaded region
accounts for 3/4 of the total area, meaning that if they choose to sometime
cooperate (p < 1) then it is likely that they will get a higher payoff (in the long
run) that playing always defect.
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3.2 The three strategies AIIC, AlID, TFT

Exercise 3.2:

Consider the standard donation game. In Section 3.1 we have analysed the
various payoffs corresponding to the strategies always defect (AlID), always
cooperate (allC), tit for tat (TFT). Let us consider a new strategy TFTT: a
player defects only when the other player defects twice. We want to establish a
payoff matrix as Matrix (21) in Section 3.2. As before, w € (0, 1) represents the
probability of playing a new round. We will assume that for TF'T, and TFTT
strategy the player will start by cooperating.

If Player 1 plays TFTT then whenever Player 2 plays AllIC, TFT, or TFTT
Player 1’s payoff is given by L;i, since both players are constantly cooperating.
The interesting case is whenever Player 2 plays AllD. In this case we have that
Player 1’s payoff is given by

Ay =—¢, Ay=-c A,=0, forn>3

so that A(w) = —c(1 + w).
Symmetrically if Player 1 plays AlID against TFTT, then we have that their
payoff is given by

Ay =b, Ay=0b, A,=0 forn>3

so that A(w) = b(1 4+ w).
The payoff matrix is given by

b—c —c b—c b—c

1 b 0 b(l —w) bt
l-wlb—c —c(l-w) b—c b-oc
b—c —cif—g b—c b—c

where the fourth row represents Player 1 playing TFTT, and the fourth column
represents Player 2 playing TFTT.

3.3 The replicator dynamics associated to a repeated game
with the AlIC, AlID, TFT strategies

Exercise 3.3:
We want to calculate the Evolutionary Stable Strategies and Nash Equilibria of
the matrix
—c —c bw — ¢
A=1 0 0 0
—¢ —¢(l-w) bw-—c

We will assume that w € (0,1). Notice that the matrix we just wrote has
the same Evolutionary Stable Strategies and Nash Equilibria as Matrix (21) in
Section 3.1.

38



There are two cases we have to consider. Firstly assume bw < c¢. When
calculating the best response to a strategy x € A we have

BR(x) = argmaxy - Az = argmax(bwzs — ¢)y1 + (bwzs — ¢ + wexs)ys.
yEA yeEA

Thanks to the assumptions bw < ¢ and w < 1 it follows that
o bwrg —c<crz—c=—c(l—xz3) <O0;
e bwrg —c+wexrs < cxz —c+cxg =—c(l—x1 —x2) <0

which means that both the coefficients we are trying to minimise are negative,
therefore
BR(x) = {e2} for all x € A.

The only Nash Equilibrium in this case is ez, but it actually is a strict Nash
Equilibrium

x-Aes = —cx1 + (we— o)z < —cx; <0 =ey- Aeg
where © € A\ {ez}. Therefore, if bw < ¢ and w < 1 then ey is a strict Nash

Equilibrium, therefore an ESS and Nash Equilibrium.
Now we will assume bw > ¢. As we have seen before we have for x € A

bwzxs —c (Ax)q
bwxs — ¢ + cwxs (Ax)1 + cwxs

We can compute the indifference lines
c

Zyp=A{x3 = o

2273 = {CI’Q + bl’3 = 5}
Z13 = {z2 =0} = (e1, €3),

which intersect at the point § = (b‘z’;C, ,i), which is automatically a Nash

Equilibrium. Clearly, there are no NE in the interior of A.
Let us compute the best response at the various corners of the simplex. We
obtain

BR(e1) = argmaxy - Aey
yEA

= argmax —c(y1 +y3) = {ea2}
yeA

BR(e2) = argmaxy - Aey
yEA

=argmax —cy; — (1 —w)ys = {e2} since w < 1
yEA

BR(e3) = argmaxy - Aes
yeEA

= argmax(bw — ¢)(y1 + y3) = {e1,e3) since bw —c >0
yeA
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which tell us that es, es are Nash Equilibria.

Similar calculations tell us the best re-
sponse along the indifference lines, which we
have reported in Figure 21. From it we
can read off the remaining Nash Equilib-
ria. If x € Z13 = (e1,e3), and z3 > 5,
then the best response is given by (ej,es),
which implies we have a line of NE, be-
tween ¢, and ez (included). The last can-
didate as a Nash Equilibrium is given by
q = (O, f&’):i), Z((lb__ig), which corresponds
to the intersection between Z3 3 and the side
(e, e3). Along the indifference line Zs 3 the
Figure 21: Indifference lines and Best Response is (eq,e3) (except at §, hence
BR when bw > ¢ > 0. g is a NE.

The Nash Equilibria of this system, de-

noted NE, are

, 0 1—ps
NE = A oeoe | pu 0 :
0 c(l—w) D3
(b—c)w pge[ﬁ,l]

and in order to simplify notation we will refer to the last family of vectors as T,
so that NE = {ey,q} UT.

We are left with showing which of these points are ESS. As before, e5 is an
ESS since by Lemma 1.3 in the notes, we need to show that for y close to e we
have that y- Ay < es- Ay = 0. So if we let 0 < 4,7 and 0 < ¢, where 6 + 7 = ¢,
and y = (125) then

0 bwt — ¢
T bwt — ¢+ cw — cwe

= —cd — cT + cwr + O(e%)
< —ce(l-w)+0(E?) <0=e- Ay

where the last inequality follows by taking e small enough. Next, we will show
that any point in I'\ {es} is not an ESS. Recall that a point & is an Evolutionary
Stable Strategy if for all z € A\ {Z#} one has for ¢ > 0 small enough that

z-Alex+(1—e)z) <z-Alex+ (1 —£)).
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17
Fixe >0, let £ = ( OPS) = p where p; € [;=,1), and let x = ez then

p3 bw?
0 (1—¢e)(1 —ps)
es-Alces+(1—e)p)=10)-A 0 =—c+bw(e+ (1 —¢)ps)
1 e+ (1—¢)ps
1—p3 (1-¢)(1—p3)
p-Alces+ (1 —¢e)p) = 0 -A 0 = —c+bw(e+ (1 —¢)ps).
ps e+ (1—¢)ps

So it follows that no point in I\ {e3} is an ESS. Similarly, we can show that es
is not an ESS either. Let (1%; ) =y € (e1,e3) \ {es}, then we have
—Y1

Y- Ay =y (bwyr —¢) + (1 —y1)(bwyr — ¢) = bwy; —c = ez - Ay

which immediately tells us that ez is not an ESS either.

Finally, we will show that ¢ is not an Evolutionary Stable Strategy. Recall
that by Theorem 1.1 in the lecture notes any ESS is an asymptotically stable
equilibrium for the replicator dynamics. This is not the case for ¢q. Consider a

0
point (1z2 ) = x € {eq, e3), then we have by the replicator equation
-,

Zo = 22(0 — (1 — x2)(bw(l — z2) — ¢ + cwxz))
=x9(1 — z2)(w(b — ¢)z2 — (c — bw)).

Therefore, &2 is negative over (0, (gfiz)cw), and positive over ((Z“jz)cw , 1) which is
equivalent to saying that ¢ repels points on (eq, e3). Since ¢ is not asymptotically
stable along (eq, e3), then it cannot be an ESS.

We can conclude that the only Evolutionary Stable Strategy of this game is
€9.

Since we are still assuming bw > ¢, we can see in Figure 14 of the Lecture
Notes that the simplex A is partitioned into two invariant subsets. This fig-

b—c —c b—c
ure represents the replicator dynamics for ﬁ( b (0 : b(l—w)>, which is
b—c —c(1—w b—c

obtained through adding or removing multiples of the vector 1 from A. As we
have seen in Exercise 1.3 part 2., the replicator dynamics of these two matrices
are identical. We will denote the two sets in the partition as

[1]

o= {weAlm < G2}

By = {x€A|x3>%}.

In order to simplify notation we will denote ?1()1—;;2 by #3. We will now quickly
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show that the line {3 = &3} is invariant under the replicator dynamics

(Ax)s — x - Azg = (Ax)1 + cwxs — (Ax)1 (21 + 3) — cwxaws
(Az)1(1 — x1 — x3) + cwza(l — x3)
x2((Az)1 + cw(l — z3))
xo(bwrs — ¢ + cw — cwrs)
za(x3(w(b—c)) —c(1 —w))

T2

= m(xs - 333)-

Since 3 = x3((Ax)s —x - Ax) = %(1‘3 — Z3) then we see that on {z3 = 2’3}
the derivative &3 is zero, which means that the flow is constrained along the
line. Both =; and Z,, are invariant.

In Z4 we have only one Nash Equilibrium es, which is also an Evolutionary
Stable Strategy. Therefore ey is an asymptotically stable equilibrium for the
flow starting in =4. The point e; in the simplex corresponds to the strategy
allD, hence the most optimal (and stable) strategy to play in Z4 is to always
defect.

The situation is slightly more delicate in Z,. Here we have a line of Nash
Equilibria along {e1,e3) N2, namely T'. Every point in ' is an equilibrium for
the replicator dynamics, and attracts point in the interior of A, as showed by
the vector field in the left diagram in Figure 15 in the lecture notes. Therefore,
depending on the Initial Value Problem the flow in =, can end up reaching a
different point in I', meaning that the recommended strategy depends on the
initial conditions one chooses, and it is a mixed strategy (between allC and
TFT). The only time we can get a pure strategy is if one starts in (es, e3) NE,,
then the flow tends to ez, or TFT.

Exercise 3.4:
1) Consider the replicator dynamics defined by the matrix

0 -1 Jdo
A=1|1 0 —ko
6 —k 0
where § = we, k=1 —w + wke, o = 2=¢ and 6 = w(1 — (k + 1)e) are positive

constants. The replicator equations associated with A are

9.3‘1 = 1171(7172 + 50’333 — 1’3(1 + 0)((55E1 — lﬁ’EQ))
Zo = xo(x1 — Koy — x3(1 + 0)(0x1 — Kx2))
i3 = x3(1 — z3(1 + 0)) (621 — K22).

Consider the Lyapunov function P(z1,29,23) = zfzf2§ (1 — (1 + o)x3),
where A = 5, B = %, and C = —%. We claim that P is constant along the
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orbits of the solution of the previous system of ODEs. In order to prove this we
will show that the (logarithmic) derivative of P is zero. Hence,
p . d
F(xl’ xo,x3) =log P = %(A logz1 + Blogze + Clogxzs + log(l — (1 + o)x3))
= Aﬂ + BE + C’E _ m
xr1 o T3 1-— (1 + U)-'L'S
= —[14+ A+ B+ Cl(z5(1+0)(dx1 — Kx2))+
+ [ Azy + 00 Axz + Bxy — koBxg 4+ 6Cx1 — kCxs]
=0

where we get zero in the last equality since

0 6 0
_1—w+wk€+w5—1+w—wk5—w6_0
— 7 —

51
1+A+B+C=1+"2+

and

—Axo + 60 Axs + Br1—koBxs + 6Cxy — kCxa

S OO Ly OO DL S V. SO
= Q,TQ 9 I3 eml 0 I3 91‘1 01‘2— .

We can conclude that P is constant along the orbits of the system we wrote

down at the beginning of this solution. Therefore, the level sets of the function
P describe the shape of the flow in A.
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4 The Best Response Dynamics

4.1 Rock-Scissor-Paper game and some other examples

Exercise 4.1:
a) Consider the matrix

0 6 —4
A= -3 0 5
-1 3 0

and the Lyapunov function V(x) = max;(Ax);. As illustrated in Example 4.2 in
the Lecture Notes, the simplex A can be divided into three regions over which
the Best Response is single-valued

1 ={z e A[BR(x) ={e1}} \ (Z12U 213

)
2 ={r € A[BR(z) = {e2}} \ (Z12U Z23)
3 = {LL‘ €A ‘ BR(:L‘) = {63}} \ (21’3 U Zg’g).

1 (1] [1]

Figure 22 in the Lecture Notes reports the level set {z | V(z) = 0} which is
given by the union of three segments (in light blue, in the right simplex of Figure
22). We will now show that those light blue segment are segments of lines in A.
The blue segments are given by imposing V(x) = 0 in the three regions =1, Es,
and Z3. Indeed, in Z; we have that V|z, (z) = (Ax); = 6x2 — 43, hence the
blue segment is given by

Ly = {61‘2 —4x3 = 0}051,

where {622 — 423 = 0} can be see as a plane in R? intersecting the simplex A.
Note that e; € {6z2 — 4x3 = 0}. Following the same reasoning we get that in
=5 the blue segment is given by

Ly = {—3.1?1 + bxg = O} N =og;
whereas in =3 it is given by
Ly = {—1‘1 + 3x2 = 0} NnZ=s.

Once again notice that eo € {—3xz1 + bzs = 0}, and es € {—x1 + 3z2 = 0}.
We can see L1, Ly, and L3 as three lines in A going through e, es, and e
respectively, restricted to the appropriate regions where BR is single-valued.

b) The next step is to show that L, Ls, and L3 are invariant under the flow
in 21,25, and =3, respectively. In order to see this we will show that the flow
Z restricted to L; has the same direction as the line L;. For example in =; we
have

1 1-— g.’lﬁg %J}Q
i‘|L1 = BR((E) — $‘L1: 0 — X9 = —(.1‘2
0 §$2 —§I2
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0
and the normal vector to the plane {6x2 — 4x3 = 0} is given by fi; = (_64>. By
taking the dot product we see that

. 3
:i7|L1~ ny = 765E2 + 4§I2 =0
which means that the flow & along L, has no normal component to L, therefore

L is invariant under the flow in =;. We can carry out similar calculations in
=9, and Z3. Indeed,

0 X1 —T1

&= BR(x) —zx|,=[ 1] — 1f%x1 = %ml
3 3

T —£T1

5

and the normal to the plane {—3x; + 523 = 0} is given by

As before, the dot product between these two vectors is zero
. . 3
$‘L2"I’L2 = 3371 — 55.’]3‘1 =0.

Finally, in =3 we have

0 3532 —31’2
i?|L3 = BR(.T) — 37|L3: 0 — i) = —XT2
1 1-— 41‘2 41‘2

and the normal to the plane {—z; + 3z2 = 0} is given by

As before, the dot product between these two vectors is zero
$|L3'7A7/3 = 3%‘2 - 3!,62 =0.

We can conclude that the segment L; in =; is invariant under the Best Response
dynamics.

¢) We will now turn our attention to the derivative of the function V. Let z € Z;
then we have that BR(z) = {e;} hence

Vz)=e; - Ai =¢; - (BR(x) —2) =e; - Ae; —e; - Az = Ay — V(z) = =V (z)

since A4;; = 0. Hence V = —V in the regions where the Best Response is
single-valued and constant.
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4)The ODE we have just computed V(z) = —V/(z), only holds for z € |J, E.
This equation, together with IVP V(2(0)) = V(x¢) for ¢ € Z; tells that V(z) =
V(zo)e ", as long as « € |J; Z;, which seems to suggest that the solution to this
ODE tends to zero exponentially fast. Unfortunately the solutions will have

to cross the indifference, and along such lines the equality V = —V will not
hold. For example, along Z; 3 we have that V(ac) = % max; Ax; = ey - Az =
es - A(BR(x) — x) since (Ax)z = (Azs) and they are maximal. We immediately
see that now V is multi-valued, and therefore we cannot have V = —V.

In conclusion V' decays to 0 exponentially fast, as long as it does not hit
an indifference line. Unfortunately, V tends to 0 as ¢ tends to infinity, and a
crossing of an indifference line is unavoidable.

4.2 Two player best response dynamics

Exercise 4.2:
We are now interested in the Best Response dynamics for two players. We

consider the matrices
-1 0 1 0
A= ( 0 —1> B= (0 1)

and the system of (possibly multivalued) ODEs

T =BRa(y) —x
y=BRg(z) —y.

In Example 4.3 we proved that this system has a unique NE in the interior of
1 1

A, namely E = (B4, EB) = (( 2 ), (i)), and that the Lyapunov function
2

2
V(z,y) = BRaA(y) - Ay + = - BBRg(w) is such that V(z,y) > V(E4, EB) = 0.
Let us adopt the second convention. By a simple computation we can see that

{62} if Y1 > Y2 {61} if £ > a9
BRA(ZI/) = A if Y1 = Y2 = % BRB(.’I?) = A if 1 = T2 = %
{61} if Y1 < Y2 {62} if 1 < T2

which immediately tells us that E is the only NE in general. Notice that
V(z,y) =0 if and only if (x,y) is a NE for (A, B). We know that if we supple-
ment the ODE V = —V with the initial condition (z(0),y(0)) = (zo, o), we get
the solution V' (x(t), y(t)) = e 'V (xo,yo). Assuming that our initial condition is
not F, then V(zg,yo) > 0, which means that V(x(¢),y(t)) reaches 0 as t — oo.

In Example 4.1, we find ourselves in a similar situation as we just described.
Again, we have that V(z) > V(E) for z € A\ {E}, and that V = —V, hence
V(x(t)) = e *V(xp). The main difference is that now V(E) = QT_Z’, so if we
assume that a > b then V(E) > 0. This means that if we assume xo # E, our

solution starting at zy reaches E in finite time ¢ = In (“//((%)) <oo. Ifa=15b
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1 S~
(62,62) : (62,61)
Yip-—--- f ————— il
~ : e ' |
(e1,€2) : (e1,e1) :
y=e
T
T = e Tr=e€

Figure 22: In the left square we reported the direction of the flow, and the
values of the Best Response map in the regions where it is constant. Notice we
plotted z1 on the horizontal axis, against y; on the vertical one. In the right

square we plotted the flow converging to the equilibrium (%, %)

then the solution converges to E as time tends to infinity. If a < b we have
the appearance of the Shapley triangle to which our solution converges to, as
explained in Example 4.1.

As we have just seen, the flow associated to the Best Response dynamic for
the game described by A and B tends towards to ((3,3),(5,3) as showed in
Figure 22. The velocity of the flow does not go to zero! We will denote the four
regions in the squares in Figure 22 using cardinal directions: starting from the
top right region, and moving anticlockwise we have North-West (NW), South-
West (SW), South-East (SE), and North-East (NE). Consider the NW region
[0, %] X [%, 1], here the Best Response function is single valued and equals (es, e2)
which leads to the system

L 1) _ (™1
v <1—$2> _($1 )
SEARE
Y <1 — Y2 v/
Hence the velocity vnw in this quadrant is given by

lonwl?* = |22 + [§]°= 227 + 297

which tends to 1 as the flow tends to its equilibrium. This velocity is always
strictly positive in this quadrant.
Similar we obtain the velocities

vsw = 23 + 297
USE = 213% + 2y§

oNg = 2273 + 2y3
which are always strictly greater than zero if our flow starts in the interior of
the phases space, and all tend to 1 as the solution tends to its equilibrium.
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4.3 Convergence and non-convergence to Nash Equilib-
rium for Best Response Dynamics

Exercise 4.3:

1) Let A be 3 x 3 matrix, let o, 5,7 € R, and ¢ > 0. We will show that for any

y € A, then BR4/(y) = BRa(y) where
a By
A=cA+|a 8 ~
a B v
This statement can be proved through a direct calculation

TEA TEA

a By
BRA/(y):argmax;v-A’y:argmaxx-(cA—f— a B v Y
B v

a
B
=argmax |z (cA)y+x- 8 vly
ved a B
= argmax|c(z - Ay) + (aw1 + By +vys) (21 + 22 + 73)]

= cargmax(x - Ay) + ay1 + By2 + Yy3
TEA
=BRa (y)’

as we claimed.

2) Consider the two matrices

1 0 8 -8 1 0
A=(pB 1 0 B=0 -5 1
0 8 1 r 0 -5

we will show that we for 8 = ¢ = @, the reciprocal of the golden ratio,
the matrix B can be rescaled to give a zero-sum game. A quick remark on the
chosen value for 8

6 —2v5 1-+5

2 _ -1 _
o° = 1 =1+ 5 = 1-—¢. (9)
Consider the matrix
} 1 1 1 —o(B+1) 0 -
B=¢(B-(1 1 1))=( -¢  -s(B+1) 0
11 1 0 —¢ —o(B+1)

which by the first part of this question we know yields the same Best Response
(and therefore Best Response dynamics) as B. Clearly we have

) 1—o(B+1) 0 B—¢
A+ B = B—¢ 1—¢(B+1) 0 =
0 B—¢ 1—-¢(B+1)

o O O
o O O
O O O
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since 8= ¢, and 1 — ¢(1 + B) = 1 — ¢ — ¢* = 0 by Equation 9.

3) This solution is adapted from the lecture notes. Take the Shapley periodic
orbit v : R — A x A C R® of the Best Response dynamics associated to
the two player Rock—Paper—Scissors game corresponding to § = 0. Note that
BRa(e;) = e; and BRp(e;) = e;41 (note that we using the 2"d notation for
the matrices). Let ma,mp be the projections of Ay x Ag C R® onto the two
triangles shown in Figure 23. The blue triangles drawn in this figure correspond

t

! z

z, simplex 25 simplex

Figure 23: The projection of the Shapley’s periodic orbit v onto the two sim-
plices Ay and Ag. The numbers inside the triangle A4 denote to corner to
which player B will be heading, and the number inside the triangle Ag where
player A is heading.

to the projections m4(vy) and wg(vy) of v. Let T be the period of v and let
0=ty <ty < -+ <ty <tg =T be the times when 74 (y(t)) or mp(y(t)) are
contained in one of the indifference lines. When 74 (7(t)) lies in an indifference
line at t = t/, then t — 7w (y(t)) changes from moving towards one corner for
t < t’' close to t’ to moving towards another corner for ¢ > ' close to ¢'. In
fact, for each ¢ we have that (t) intersects at most one of the indifference lines.
The points 74 (y(t;)) and wg(v(¢;)) are indicated in the figure, and note that
the points move anti-clockwise in the triangles and head towards e; in A 4 when
~(t) is in the region in Ap marked with ¢ (and vice versa). The curve v is a
solution of the piece-wise smooth ODE:

A(t) = (ei) — 4(t) for t € (t;, ti1).

€j

Here ( ¢! ) are best response choices. i.e., ¢; = BRa(mp(v(t)) and e; = BRp(ma(v(t)).
The solution of this ODE is

y(t)=(1—eh (z:) + e 'y(0) for t € (ts,tiz1). (10)
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So (ti,tit1) Dt (t) is a straight line in RS (which is contained in Ay x Ap).
Let us take a closer look at what these lines: the best response choices depend
on time in the following way

(ea,e2)T if t € (tg,t1)

(63,62)T ift € (fl,tg)

(6,) _ (63, 63)T ifte (tg,tg,)
€j B (61, 6’3)T ift € (tg,t4)
(e1,e1)T if t € (ty,t5)

(e2,e1)T ift € (t5,t0).

We will now see that all these vectors describe a regular hexagon. First of all
we know that v is composed of six sides and that the length of the first two
sides is given by
Y(t1) = v(to) = A((e2, e2) — v(to))
and
Y(t2) = v(t1) = A(es, e2) — 7(t1)),
where A is as in the notes. Hence, using the formulas for ~(t;)
7 (t1) = (o)l = All(e2, e2) = 7(to) || = ACI|(6°,6° — C,6,6%,1 — C,6°)]]
and
7 (t2) = vl = M[(es, e2) = 7(t1)]] = AC|(62,6%,1 — C,6°,6° — C,0)|
and this implies that

[[v(t1) = v(to)ll = v (t2) — v (t1)]]

and therefore by symmetry

[y(tir1) — @) = l[v(t1) — (o)l

for all 7.
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5 Fictitious Play: a Learning Model

5.1 Best response and fictitious play

Exercise 5.1:
1) Consider the fictitious play dynamics

(BRa(q(s)) —p(s))

(BR5(p(s)) — a(s))

p(s) =

q(s) =

[V VAR

where the quantities p, and ¢ depend on the previously played strategies, as
explained in the lecture notes. This is a non-autonomous systems of ODEs
(notice the factor 1 in the RHS!), but this can be reduced to an autonomous
system if we substitute s = e!. Indeed, if we define p(t) = p(e?), and G(t) = q(e?)
then by imposing s = e* we get the following system of ODEs

et

(BRa(q(e")) —p(e")) = BRa(q(t)) — p(1)

(BR5(p(e") — q(e") = BRp(p(t)) — q(t)

=1
—~
~
S~—
Il
9]
-
3
~
9]
-
S—
1

1
et
1
et*t

L=
—~
~
~—
Il
9]

o+
)
—
9]
o+
S~—
Il

(&

which describes the Best Response dynamics. If we consider the Shapley dynam-
ics of Example 4.5 then we have that the orbits of the fictitious play (p(¢), ¢(t))
are the same as the orbits of the best response (p(t),(t)), since we have only
smoothly reparameterised time.

2) For f = 0 we know that the Shapley Best Response dynamics shows the
presence of closed periodic orbits, i.e.

(B(t),q(t)) = (B(t +T),q(t +T)) (11)

where T represents the period, or the amount of time needed to complete a full
lap of the periodic orbit. Since the fictitious play can be seen as a reparam-
eterisation of the Best Response dynamics then the system present the same
closed periodic orbit, but its characterisation is slightly different. The speed
along such orbit decreases, which means that it will take us longer, and longer
to complete a full lap of the orbit. Indeed, instead of having a characterisation
like in Equation 11, we have

(p(t),q(t)) = (p(t +T),q(t +1T))
= (p(e),q(e")) = (p(e™™), q(e"*T))
> (p(s),4(s)) = (p(e”s),q(e"s))

which exactly tells us that it will take us exponentially longer to complete a full
lap compared to the precedent lap.
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5.2 The no—regret set

Exercise 5.2:

Try to understand how to the CCE set from Chapter 5 and the CE set from
Chapter 7 are related. Why do we say that CCE C CE? What probability
distribution would you be more inclined to follow and why?

5.3 Fictitious play converges to the no—regret set CCE
Exercise 5.3:

Open ended question.

5.4 FP orbits often give better payoff than Nash

Exercise 5.4:
1) Consider the two matrices

1
A:A(): O B:BU:
0

o~ O
—_ O O
= o O

1
0
0

o = O

giving rise to the Shapley system for the Best Response dynamics. As we have
seen in Exercise 5.1, the periodic orbit (or Shapley triangles) under the BR
dynamics that was analysed in Example 4.5 in the lecture notes corresponds
to a closed orbit 74 for the FP dynamics (note that + is periodic under the
BR dynamics). By the very own definition of closed orbit, if the initial condi-
tion for our FP dynamics is along such an orbit, then the flow is constrained
there. Therefore the limits of the points v(t) lie in Shapley’s periodic orbit. By
Theorem 5.1, the probability distribution

ps() =7 [ s

converges to the CCE set.

From previous analyses, we know that the point (p,4) = ((3,3,3) . (3.3.3))
is a Nash Equilibrium for the system. By Lemma 5.1 we know that the every
element in the set of Nash Equilibria corresponds an element in the CCE set.
Therefore, the CCE set for the Shapley system with 8 = 0 is composed of at
least two elements.

The last thing we are left to check is that, indeed, these two probability
matrices are different. The element in the CCE set given by the NE equilibrium

(b, q) 1s simply

P =

Rellielorellig
Relliel el
Ol o=

We will now show that some of the entries of the probability matrix P(t) as-

sociated to the Shapley orbit of the FP dynamics have value different from %.
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We will use the same notation and some of the results in part 3 of Exercise
4.3. Let y(t) = (p(t),q(t)) be the Shapley periodic orbit, and suppose that to
complete a lap of this periodic orbit takes e? time, i.e. y(to) = (p(to),q(to)) =
(p(e"to),q(e"to)) = ~v(e"to).

One approach to this is to analyse the strategies played in terms of the FP
dynamics. Recall that we the strategies played under the FP dynamics are given
by

z(t) € BRa(q(t))
y(t) € BRp(p(t)

and notice that since we are restricting our attention to a flow over the closed
orbit v then we have that the Best Response function is piece-wise constant
outside of 6 points on « (the corners of the hexagon) and it is equal to

(e2,€2)
(€3, €2)
<a:(t)) ) (esen)T ifte
(e1,€3)
(e1,€1)

€1, €1

(eg,el)T ifte ts, to

We are now seeing the orbit 7 as a closed periodic orbit of period T'. If we now
want to compute the entry p; 3 of the CCE distribution P given by v we have

T
p12(T) = %/0 z1(t)y2(t)dt =0

since there exists no time where both the 1 entry of x(¢) and the 2°¢ entry of

y(t) are simultaneously non-zero. This comes from the very specific form of the

Best Response function along the periodic orbit: if z(t) = e; then y(¢) can only

be equal to e; or e¢;_1, and never e; 11 (the indexes are to be take mod 3).
Another approach is to note that from

+ [ o

pij(t) = 5

it follows that > pi;(t) = L [ 2i(s) = p(t) and 32, pis(t) = L [7 y;(s) = q(t)
where p(t) and ¢(t) are so that v(¢) = (p(t), ¢(t)). It follows that the marginals
of the probability matrix P(t) do not converge as t — co.

2) Suppose that our solution for the FP dynamics associated to the Shapley
system is bound to the periodic orbit we precedently discussed. By Proposition
5.1 we know that

lim ﬁA(T) —maxp-Aq(T) =0

t—o00 PEA
. ~B . R —
tlir(r)lou (1) ranEanp(T) Bg=0.
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The orbit (p(s), g(s)) is constrained along the Shapley triangle, and from Exer-
cise 5.1 we know that (p(s),q(s)) = (p(e¥s),q(eXs)), for K > 0. This means
that the quantities maxpea P+ A¢(T') and maxgea p(T) - Bg just need to be com-
puted over one lap of the flow along the Shapley periodic orbit instead for all
times. Therefore

lim maxp-Aq(T) = max maxp-Aq(T)=ca
T—o0 PEA q( ) Telto,eXto] PEA Q( )

lim maxp(T)-Bg= max maxp(T)-Bg=cp
T—o0 geA ( ) 1 T€(to,eftg] gEA ( ) 1

by compactness. We can conclude that the average payoffs for FP dynamics
flows along the Shapley periodic orbit converge

lim 4% = c4 lim 2
t—o0 t—o0

= CRB.

5.5 Discrete fictitious dynamics

Exercise 5.5:
Try to adapt the algorithms in Appendix B for the discrete FP dynamics of the
Shapley system.
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6 Reinforcement Learning

6.1 Set-up of reinforcement learning

Exercise 6.1:
1) As explained in the exercise let a doctor be prescribing either a Placebo or
a Medicine to patients of type I or II. Suppose that the matrix describing this

scenario is given by
I 1I

M ( 10 0 )
P 5 5 )7
Let g be the probability of a patient being of type I and 1 — ¢ of type II.

Then assuming that the doctor prescribes M with probability p and P with
probability 1 — p the payoff is

(2 )08 )0 )=, )08
1-p/) \U5 5 1-¢/) \1-p/) \ 5
So if ¢ < 1/2 then taking p = 0 (i.e. prescribing a placebo) gives the best payoff
whereas if ¢ > 1/2 then taking p = 1 (i.e. prescribing the medicine) gives the
best payoff.

2) The Python code and graphs indicating what outcomes to expect when

the doctor uses the Erev-Roth model to determine which medication to prescribe
can be found in the appendix of the lecture notes.

6.2 The Arthur model in the 2 x 2 setting

Exercise 6.2:

1) Let us start with the coordination game first. We wish to show that the set of
singularities S = {(0,0), (0,1), (1,0), (1,1),(61,62)} C [0,1] x [0, 1] is internally
chain recurrent. The dynamics in this case is given by the system of replicator
equations

= (1 —z)[ar —y(ar + az)]

=y(L —y)[B1 — (1 + B2)]
and the point § = (61, 0,) (,81[1162’ al_;a ) is an internal Nash Equilibrium.
Let us denote by ¢, = (x(t),y(t)) the flow for this system. Notice that for any

point s € S we have that &|s= 9§|s= 0. This means that the set S is composed
of fixed points, i.e. ¢:(s) = s for all ¢ > 0. Notice this makes S automatically
invariant.

We will now show that if s is a fixed point, then s is chain recurrent. This
means that for all 6,7 > 0 there exists a (0, T)-pseudo orbit of ¢; connecting s
to itself. Fix 6,7 > 0 then let g = s and tg = T + 1 then we simply have that

&1 (20) = d141(8) = s, hence

to>T and (e, (x0),20) =0 < 0,
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as we wanted. Thus, every point in S is chain recurrent, making S internally
chain recurrent.

Let us now move to the second case. We will now generalise what we have
just showed. In the classification of 2 x 2 games this second system we are
considering is a zero sum case with an internal Nash Equilibrium. In this case
we are asked to show that the entire phase space M = [0, 1] x [0, 1] is internally
chain recurrent. The main observation that has to be made here is that the phase
space is foliated by periodic orbits of ¢;: for any z € M there exists a time ¢(x),
called period, such that ¢;(,(x) = x. We will denote the periodic orbit passing
through z as v, = @[04 (2). If z € 9([0, 1] x [0,1]) then v, = 9([0, 1] x [0,1]).
Notice that the existence of these periodic orbits is given by the last part of
section 3 of Exercise 2.4.

We will now show that any point belonging to a periodic orbit is chain
recurrent. Let x € M, and fix §,7 > 0. We will now define g = z and if
t(z) < T then we will let tg = T + (t(x) — k) where k = T mod ¢(x) (clearly
k,T,t(z) € R>g), otherwise tg = 2¢t(z): in both cases to > T, and ¢(x) divides
to. Therefore we have that

to>T and d(y, (w0, 20) = d(p(2)(2),2) = d(z,2) =0 <9

where [ = 7:; € Z. We can conclude that every point in M is chain recurrent,

t(z)
and therefore M is internally chain recurrent.

2) Recall the assumption of Proposition 6.1: a;j;, bi1j>c>0 for all 4,j. First of
all we want to show that there exists a, o’ > 1 such that

) ’
1-%<c1- M 42
t Ct+a1j t

for t big enough. We can rewrite the two inequalities as

!
(6% aij
il J <
t

L_my @
Ct + aij t '
We will prove them in order, left to right.
By assumption we know that a;; > C for all 4, j, hence define € := min; ; a;; —
C > 0. For any ¢ € (0,¢) notice the following

aij a1j - ayj
C+9 C+e ming ; a; j

>1

- b

for any j. Now fix a positive § smaller than e, then there exists a time ty such
that % < ¢ for all t > ty. Therefore

()b () () 3 ()
Ct+a1j C+a1j/t t C—i—maxi,jai,j/t t C+5 t C+5 t
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for t > ty, and if we define o := % > 1 we can conclude that
ayj > 0&7/
Ct + Qa1j -t '

Notice that we could tweak the denominator in the definition of o’ in order to
get a sharp inequality above.
For the second inequality it is enough to remember that a;; > 0, and that

% > 1 for all 4, j. Indeed if we let v = =252 > 1 we obtain
(437 aij < (maxi’j aij> 1 [e%
Ct+ay  Ct— C t ot
We can therefore conclude that for ¢ > ¢
) ’
1 _ g < ]_ _ L < i,
t Ct+ ayj t

as we wanted. Recall that we define the sequence (d*); as d'*! = (Cf(:ijzlv) dt,
v J

we will now mimic this construction. Define the sequence (d"); as

d"=d'
A
ditt = (1 — O; ) d for all t.
Clearly - -
d ; Tod
_— — 4011‘7 < - g - ~ (12)
dt Ct+ a1; t dt

for all t > ty. Similarly we can compare the two sequences: if d < d% then we
automatically have that df < d* for all t > to, if, on the other hand, d' > dto
then there exists a time 7 > to for which d¢ < dt for all t > 7 thanks to
Inequality 12. Therefore, if we can show that the series >, dt converges, then
this will give us control over the two series tails ., d* and ) d* which
will tell us that >, d* converges.

In order to show that .-, d* converges we will use the Raabe test. In order
for such test to work we need to check its two conditions.

1

1. limyyoo = limy_, oo = 1, as we need;
t

gt
dt+1

gt
dt+1

2. im0 t (

’
. a't 1 .
)—hmtﬁoo o =o' > 1

since the second limit tends to a finite value bigger than 1 we can conclude that
by the Raabe test the series > .-, d' converges. Therefore, the series Y ;= d*
converges, and this concludes our proof.
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6.3 The Erev-Roth model

Exercise 6.3:
1) Consider the system of differential equations

Di1(Ag) —p- Aq]

pi:a(t)

. q;

— 2 (Bag)i—a-B
G = ppy (B2 —a- B
a=—-a+p-Aq
b=—b+q-Bp

and we wish to study the singularities of it. Assume that p and ¢ are n dimen-
sional probability vectors. Firstly notice that in order to have a singularity we
need

a=p-Aq

b=q-Bp
where a,b are constant (since @ = b = 0 for all times). In order to avoid
complicated behaviours which will requite a much more in depth analysis we
will assume that a and b are nonzero. The other 2n ODEs are always zero
whenever

pi =0
(Ap)i=p-Aq ifp;#0

(Aq);j =q-Bp ifq; #0

for all 7,7 = 1,2,...,n. Since p and ¢ are probability vectors, there exists at
least one entry p; and one entry g; which are nonzero, meaning that at least for
those indexes (Ap); = p- Ag =a and (Bq); =¢q-Bp=b.

To conclude the singularities of the aforementioned system of ODEs are given
by the simultaneous system of equations

(Ap);i =p- Aq
(Bq)j =q- Bp
a=p-Aq
=q- Bp.

for all 4 such that p; # 0 and for all j such that ¢; # 0. Unfortunately we are not
able to produce anything more insightful about the location of the singularities
for such a general system.

2) As we have seen before, approaching this problem from a purely theoretical
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point of view will not take us far. A computational approach to this type of
problems is usually preferred. Try to play around with different matrices and
see how different singularities can arise in different places. If you use 3 x 3
matrices you can use the visualisation code you developed in Exercise 2.5 to
understand where the singularities lie in the phase space A.

6.6 Q-Learning with softmax

Exercise 6.4:

For some more background on how these picture have been obtained we wish to
redirect you to the paper Frequency Adjusted Multi-agent Q-learning by Michael
Kaisers and Karl Tuyls (In Proc. of 9th Intl. Conf. on Autonomous Agents
and Multiagent Systems (AAMAS 2010), pp.309-315).

99



7 No Regret Learning

7.1 The correlated equilibrium (CE) set

Exercise 7.1:

1) Let (p,q) be a Nash Equilibrium for a game determined by the matrices
(A, B). If we define our probability distribution matrix S = (s;;) = pig;, then
in order to check if this is a Correlated Equilibrium it is just a matter of working
through the definition of CE, that we will now rewrite in vector form. In order
to check if S is a CE we would need to show

Zaz/kszk = Zav/kpﬂM = Di AQ) < p7 Aq 7 = Z%kpﬂ]k = Zakazk
Z brjrskj = Zbkj’pk% =q;(p"B)j <q;(p Zbkjpkqj Z brjSkj

From the remark in the solution of Exercise 2.1.2 we know that for a Nash
Equilibrium (p, q) and constants ¢, ¢’ € R we have (Aq); = ¢ for all ¢ such that
p; # 0, and symmetrically (p"B); = ¢ for all j for which g; # 0. Notice that
p-(Aq) = c and that ¢- (p" B) = ¢ since p, q are probability vectors, and by the
aforementioned property.

Now if p; = 0 then we trivially have p;(Aq)y = 0 = p;(Aq);, and similarly
for g; = 0. Hence assume that p;, ¢; # 0. Then

pi(Aq)i = piles - Aq) < pi(p- Ag) = pic = pi(Aq);
by the definition of (p,q) being a Nash Equilibrium. Similarly
4 (p"B)j = 4;(BTp-¢j) = ¢j(p- Bey) < q;(p- Ba) = q;¢ = ¢;(p" B);

as we claimed, where the inequality follows again by (p, q) is a Nash Equilibrium.

2) Consider the battle of the sexes game (coordination game) with bimatrix

(G (1)

Recall that in Exercise 2.4 we analysed all the possible phase diagrams for 2 x 2
replicator games. Using the same notation as in Exercise 2.4 we know that

ap=-1  ax=-2 p=-2 [r=-1

which does confirm that we are considering a coordination game since ajag > 0,
B1P2 > 0, and a1 81 > 0. The Mixed Nash Equilibrium is represented on I? =

[0,1]x[0,1] by § = (m, al‘fﬁw) = (2,1), hence in the phase space Ay x Ap
it corresponds to (p4,p?) = ((g, é) , (%, %)) The same question immediately

tells us that the other two (Pure) Nash Equilibria are given by ((0,1),(0,1)) =
(F, F), which corresponds to payoff (1,2), and by ((1,0),(1,0)) = (7,T) which
corresponds to the payoff (2,1).
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Let us break down the precedent bimatrix into two matrices

a=(G ) =0 3):

and let P be a joint distribution. Therefore, we have

2p21 = a11p21 + a12p22 = Z a1kPer < Z A2kP2k = a21P21 + G22P22 = P22
k k

P12 = a21P11 + G22P12 = Z a2kP1k < Z a1xP1k = @11P11 + a12P12 = 2p11
k k

2p21 = biap11 + bagpar = Zbk2pk1 < Z bripr1 = b11p11 + ba1p21 = P11
k k

p12 = bupiz + baipaz = Y _bripka < Y brapra = biapia + baopaz = 2pao.
k k

Since 2ps1 < pog and 2po; < pqqp if follows that po; < %min(pu,pm), and
similarly since p12 < 2p11 and p1a < 2pgg, it follows that pjo < 2min(p;y, pa2)-

Suppose that the joint distribution P is induced by one of the Nash Equilib-
ria, then we want to numerically show that P is a Correlated Equilibrium. For
example if we consider (p®,p?) then we have p1; = p{'pP = 2, p1o = p'pf =
%, P21 = pypP = é, P2 = pypl = %. Clearly all the inequalities are respected

1 < 1 . ( ) 12 1
Z = = min =-Z==
9 P21 = 2 P11,P22 29 9
4 2 4
9~ P2 < 2min(p11,p22) = 2§ =95

hence the distribution induced by (p#,p?) is a CE.
If we now consider the Nash Equilibrium (7,7T) = ((1,0), (1,0)), we have

p11 = 1, p12 =0, p21 = 0, p22 =0

which means that since min(pi1,p22) = paa = 0, and 0 = p1as = po; <
%min(pn, p22) = 0 the probability distribution P induced by this Nash Equi-
librium is a CE.

Finally, the last Nash Equilibrium we are left to check is (F, F') = ((0,1), (0,1))

which gives us the following entries for P

pin =0, p12 =0, p21 =0, p22 = 1.
Following the same argument as for (T, T) we have that the probability distri-
bution induced by (F, F) is a CE, as we expected.

Therefore all the three probability distributions corresponding to the Nash
Equilibria for this game are in the CE set. If we denote by P = ({§) the
distribution induced by the NE (T',T) and by P»(J9) the one induced by the
NE (F, F) then we can see that for any o € [0, 1] the matrix

- 0
P:aPl—i—(l—a)PQ:(g 170>
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is in the CE set, by simply checking the inequalities we have derived before.
1
We can conclude that the C'E set is infinite. Clearly if o = % then (8 2) an
2

element of the CE set. } -
Consider the joint probability distribution described by P = (g N ) The

2
expected payoff for the first player is given by summing up all the possible
payoffs multiplied by the probability that such payoffs are achieved. Therefore

E(Payoff ,|P) = 2% +0+0+ 1% = %
since ((1,0),(1,0)) is played with probability % and it has payoff 2, whereas
((0,1),(0,1)) is played with probability % with payoff 1. A similar computa-
tion gives us that E(Payoff5|P) = 11 +21 = 3. The expected payoff for the
distribution P is (3,3).

The expected payoff for the Mixed Nash Equilibrium 6 which induces a

©l— o
[eTISRETEN

probability distribution Py = ( ) is given by

2 4 1 2

E(Payoff 4|Py) = 25 + 0= + 0= 4+ 1= =
2 4 1 .2

E(Payoffz|Pp) = 1= +0- + 0= +2- =

WD Wl

so this Nash Equilibrium is outperformed by P.

Since a12 = a1 = b2 = be; = 0, in order to maximise the expected payoff
we need to look at probability distributions with shape @ = (‘6 190) where o €
[0,1]. If 0 = 1 then E(Payoff 4, |Q) = E(Payoff 4| P1) is maximised (and the total
expected payoff is (2, 1)), whereas for o = 0 then E(Payoff5|Q) = E(Payoff5| P»)
is maximised (and the expected payoff is (1,2)). In general, the expected payoff
is given by (204 (1—0),0+2(1—0)) = (6 4+1,2—0), which means that every o
gives a Pareto optimal expected payoff: any improvement to one of the player’s
payoff will negatively affect the other player payoff.

Next we want to show that playing the mixed Nash Equilibrium truly leads
to the worst payoff. Consider a probability matrix of the form

2 4

S ster §gte

P:(ng_l : 2)
9 3 9+€4

where ). &; =0 and

since we want P to be a CE. Notice that €1 and g4 cannot be both negative,
or that would imply that €5 and €3 are negative as well, contradicting the
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assumption that ) . &; = 0. If we turn our attention to the expected payoffs
given P we will see that these amount to

- 2
E(PayOﬁA|P) = g + 251 + &4
A 2
E(Payoff 4 |P) = 3 +e1 + 2e4.
If both €1, €4 are positive then the expected payoff given Pis higher than the one
expected given Py. If we instead assume that e; is positive, and ¢4 is negative

then 61 = —eg —e9 —e3 > 0 and

A 2 2 2
]E(PayoffA|P) = g + 261 +e4 == —2¢61 —2e9 — g4 > g

3
\ 2 2 2 1 2
]E(PayoffA|P):§+51+254:5751752+54>§7254f§<€4+54>§,

which confirms that this would give a better payoff than playing according to Pj.
Notice that assuming €, negative, and €4 positive leads to the same result given
the symmetry in the coefficients of £; and 4 in the functions E(Payoff ,| P), and
E(Payoff A\If’. We can conclude that playing according to Py is always leading
to the worse payoff.

Given the Pareto optimality for P and the payoffs for P, we can conclude
that whenever the intermediator recommends playing according to a distribution
P in the CE set for which p12 and ps; are not simultaneously zero, then the
payoffs are not maximised. Indeed, if the intermediator recommends strategies
such as (T, F) or (F,T) then no players will see any benefit in terms of payoff
to such strategy. On the other hand, if they recommend to play according to
matrices like P then is clear that the intermediator in this game will always
favour one particular player over the other (unless o = % then both players will
be treated in the same way and get the same payoft).

3) Consider the game of chicken described by a bimatrix

(83 &3

which can be decomposed into
6 2 6 7
Ai(? O) Bi(? O)'
As we did for the previous exercise, we can determine the phase portrait

of this two players 2 x 2 game by looking at the coefficients «, 8 as defined in
Exercise 2.4. If we adopt the second convention, we have

a =2, ag =1, B =2, P2 =1
which translates to ajas > 0, 5182 > 0, and a8, > 0. Therefore, the game

of chicken is a coordination game. We have three Nash Equilibria: two pure,
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and one mixed. The mixed Nash Equilibria is given by 6 = ((%
whereas the two Pure Nash Equilibria (D,C) = ((0,1),(1,0)), an

((1,0),(0,1)).
As before we want to show some CE inequalities. These are obtain through
the following computations

6po1 +2p22 = Y arxpok < Y Gokpok = Tpa

 (3:3));
(€, D) =

& &
P11 = Zazkplk < Zalkplk = 6p11 + 2p12
& &
6p12 + 2p22 = Z bripre < Z bropre = Tp12
&
Tp11 = mepkl < Zbklpkl = 6p11 + 2p21.
k 2

These inequalities can be rewritten as
1. .
P2z < §mln(p127p21) p11 < 2min(pig, pa1 ).

11
If we consider the probability distribution P = ( i ) then we immediately
3
see that

1 .
0=p2 < 3 min(pia, p21) =

1 .
3= p11 < 2min(pra,po1) =

so P is in the Correlated Equilibrium set. The expected payoff when playing

1
6
2
3

P:(%é)isgivenby
3
E(Payoff ,|P) = ~6 + 24+ 275
ayo = - - —-7 =
Yolla 303473
E(Payofty|P) = 7+ 224 16— 5
ayo == - —6 =5.
Yols 3'T3°T3

On the other hand, the probability distribution induced by the Nash Equi-
librium (D, C) = ((0,1),(1,0)) is given by P, = ({9) with payoff (7,2), and
similarly the probability distribution induced by the Nash Equilibrium (C, D) =
((1,0),(0,1)) is given by P, = () with payoff (2,7). The Mixed Nash Equi-
librium 6 = ((%, %) (%, %)) induces a probability distribution Py = (§ %)
with payoff (%, 134) Playing according to P allows for a higher payoff for both
players than playing Py, and this Correlated Equilibrium does not advantage a
player over the other.

Indeed, when playing P the trusted intermediator is recommending both
players to play strategies that generate positive payoff with equal probabilities.
The intermediator is not siding with any player (the expected payoff is the same
for both parties) and they are only strongly discouraging the two players to play
(D,D) given its (0, 0) payoff.
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7.2 Hart and Mas-Colell’s regret matching

Exercise 7.2:
Consider the battle of the sexes game with bimatrix

<(27 1) (0,0)>

(0,0) (1,2)

where the first action corresponds to watching Football, and the second one to
watching Tennis. Figure 15 in the notes represents the behaviour of the four
functions DIFFY (F, T), DIFF', (T, F),REGRET, (F,T), and REGRETY (T, F)

With f¢ reported along the z-axis, and the values of the functions along the y-

axis . All these functions intersect at f! = % (and they are all zero at that point).

Recall that f* = f5(T'), so we have that (ﬁgg;) = (é) This corresponds to
B 3

the second component of the the interior Nash Equilibrium of this game, namely
((%, %) , (%, %)) Whenever Player 2 chooses to play a mixed strategy where
the proportion of times they play 7" or F' is determined by the internal Nash
Equilibrium of B, then player 1 has no preferred way of replying to the strategies
of player 2, since REGRETY,(F,T) = 0, and REGRET(T, F)%, (T, F) = 0. This
is in accordance with the idea that the Nash Equilibrium is somewhat optimal
for player 2.

We now want to show that for ¢ > 1 we have |f**! — ff| < 1. By definition

we see that

1 ,
= —#{1<i<t+1|y =T}

t+1
< ! (#{1<i<t|y'=T}+1)= ¢ i+ L
St =t=ty= i1 Tiga
and similarly
1 A
Hl— N <i<t+1|y'=T
f t+1#{ <i<t+1ly }
> 1 #{1<i<t|y' =T} ! It
. i e L
Srpiru ==t tr1
therefore
t 1 1 1 1
i+l _ ot o t _ gt _ . t <
f f_t+1f+t+1 f t+1 t+1f_t+1
and
t ft 1
t+1 et t_ et >
f f_t—l-lf f t+1— t+1

since f' € [0,1]. We can rewrite the last inequalities more compactly as
1

1
1 gt o - T
|f / _t+1<t'
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Notice this condition is too weak: it does not allow us to say that the se-
quence of frequencies (f*); tend to any limit. Indeed, it can happen that the
frequency arbitrarily oscillates between 0 and 1. This has an impact on no-regret
algorithm. Such algorithm is based on looking at the probabilities p§-+1 and pzfl
in order to make a decide on what is the best move to play, and in our case we
can see that these probabilities depend on the frequencies f* (REGRET depends
on f1). Since (f*); does not need to converge, neither do the sequences (p?)t and
(pz-* )¢- This means that we do not have to reach a point in our game where play-
ing one specific strategy will be the answer to minimising regret. This situation
might appear seem quite bleak, but there is an upside to this whole situation.

By Hart and Mas-Colell Theorem (The-

orem 7.1 in the Lecture Notes) we know

: that if a player follows the no-regret al-
gorithm, then they will (almost surely)
s asymptotically get zero regret for their
moves, this means that even if the proba-
1 bilities p§+1 and pz-fl can vary depending
on the how the second player decides to

\ play, if one sticks to what they recom-
mend, then it is (almost) always possible

\ to get very little regret on the long run.
* ’ ¢ ‘ ° One can think of this algorithm as dy-

namically adapting itself with respect to

the second player choice of strategies.

Figure 24: Player A regret when Let us take a look at a more numerical
Plfayer .B ChOOS(?S strategy T' at  examples, hoping that it will make the
prime times (11 time steps). whole discussion clearer. Suppose that

player B plays strategy T at prime times
then the first few rounds of this game will look something like

Time ¢t 1|2 3 4 1516|789 |10 11
Strategy F|T T FI T/ F|T|F|F|F | T

T P T3 I 2 I 1225
Frequency f* Ol2] 3 |al5l3lzlalals |
Recom. strategy, || F | F | T/F|F | F|F|F | F|F|F | F

Table 4: No-Regret algorithm for when player B plays T at prime times.

What is happening in this case is that player B always plays F', and occasionally
they play strategy T, at random (since it is not possible to predict when the
next prime number will appear, for time large enough). The no-regret algorithm
does not get thrown off from this sporadic appearance of strategy 1" from player
B, but instead it immediately updates the probabilities pé'fl and p§-+1 so that
player A can minimise regret after what could be considered an unexpected
action.

We have just analysed what happens when player B mostly sticks to one
strategy, and plays the other one at random times. We can similarly look at
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the case where player B sticks for a long time to playing one strategy, and at
some random time switches to the other strategy, and keeps playing it for an
even longer amount of time. One way to model this is to consider an increasing
sequence of real numbers (n;); tending to infinity such that n;,1 > n?, and then
letting player B play strategy F' (resp. T') when i is even (resp. odd) for times
e, ..., e" 1~ Notice that
e+l — e 2

lim ———— = lim ™™™ — 1> lim ™™™ —1 =400

n—o0 emni n—o0 n—oo
which roughly tells us that the amount of times B will play a different strategy
from before is quite considerable (strategies are not sporadically play as before).
The same argument as before holds even in this case: the no-regret algorithm
adapts so that the regret is going to tend to zero almost surely.

As a final remark, please notice that the Hart and Mas-Colell algorithm does
not take into account the payoff for the second player, it is only interested in the
payoff of the player following the algorithm. As explained before, following this
algorithm will almost surely minimise the regret connected your to choices, this
algorithm does not try to minimise the payoff of your opponent, or to maximise
their regret.

7.3 Min-max solutions and zero-sum games

Exercise 7.2:
1) Consider the zero-sum game described by the bimatrix

o=(15 )

and in order to simplify notation, we will denote the first strategy by T and
the second one by F. The expected payoffs for Alice (player 1) against Bob
(player 2) whenever she plays a random strategy with probability (p,1 — p) is

Payoff

Figure 25: Expected Payoff for Alice playing against Bob 1% strategy (in red)
and and 2" strategy (in blue).
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given by E(Payoff, | Bob plays strategy 1) = E(Payoff, | (-,7)) = 9p — 5 and
E(Payoff , | Bob plays strategy 2) = E(Payoff, | (-,F)) = 6 — 8p. These two
functions are represented in Figure 25, and we have that they meet at the point
p = %, where Alice would expect a payoff of % against Bob. This payoff is
independent from Bob’s choice of strategy. We can repeat the same analysis for
Bob. Suppose that Bob plays strategy 1 with probability ¢, and strategy 2 with
probability 1 — ¢ then their expected payoffs are given by E(Payoffz|(T,-)) =
—4g+2(1—q) = 2—6¢ if Alice plays T, and E(Payoff5|(F,-)) = 5¢+—6(1—q) =
11g — 6 if Alice plays F. The two expected payoffs are given by two lines

8 8 14

meeting at ¢ = 7%. As before, if ¢ = 7=, then Bob can expect a payoff of —1=,

independently from Alice’s strategy.

2) Consider the zero-sum game associated to the matrix

4 1 —4
A=|(3 2 5
01 7

where we assume the second convention. As explained in the text of the exercise,
the entry age = 2 is a saddle-point of the game since it is the biggest entry in
its column, and the smallest in its row. This property implies that the pure
strategy (es,e2) is a Nash Equilibrium.

Recall that in the Lecture Notes you studied that a point (Z,4) is a Nash
Equilibrium for a zero sum game defined by a matrix A if

minZ - Ay = v = maxz - Ag.
Yy x

Given a saddle point a;; then the product e; - Ay is equal to (e] A)y and e] A
corresponds to the i'" row of A, and similarly if we look at the product = - Ae;
then Ae; corresponds to the 4t column of A. Since we have assumed that a;j
is the smallest element in its row, then min, el Ay = aij, and given that we
assumed that it was also the biggest entry in its column then max, - Ay = a,
which by the result we recalled from the lecture notes exactly means that (e;, e;)
is a Nash Equilibrium.

Let us look at a more concrete example. For the matrix A reported above
we have

Y1
min ey - Ay = min (3, 2, 5) Yo | =2
Y . Y3
T 1
maxz-Aes=max| zo |- 2] =2
xT xT
I3 1

which confirms that (es,es) is a Nash Equilibrium for the zero-sum two player
games given by the matrices (A4, —A).
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7.4 Another way of thinking of the min-max theorem

Exercise 7.4:
1) We wish to prove the following proposition.

Proposition 7.1. Given a function A: A x A — R then min, max, A(p,q) =
max, min, A(p, q) if and only if for any v in the image of A

i) Ip, Vq such that A(p,q) <v
1) Yq, 3p such that A(p,q) <wv.

We will prove the two directions of the ”if and only if” implication.

<=) In order to reach a contradiction, suppose that the min-max equality
min, max, A(p, ¢) = max, min, A(p, ¢) does not hold, whilst ¢) and i) are equiv-
alent (either both true or both false). Notice that

min A(p, ¢) < A(p, q) < max A(p, q)
p(q) a(p)

where the LHS is independent of p (and the RHS is independent of ¢). By
minimising p throughout the inequality we get

min A(p, q) < min max A(p, q)
p(q) P q(p)

and if we now maximise ¢ we have

max min A(p, ¢) < minmax A(p, q).
a p(9) P 4q(p)

Since we have assumed that the min-max equality does not hold, we have the
strict inequality
max min A(p, ¢) < minmax A(p, q).
a  plq) P q(p)

and therefore there exists v € R so that

max min A(p, q) < v < minmax A(p, q). (13)
7 plq) P q(p)

Since max, min,q) A(p,q) < v, this means that for all g, there exists p so
that A(p,q) < v. Since p,q are taken from a compact domain, there exists
v < (v = max, min,4) A(p, q)) such that for all ¢ there exists a p for which
A(p,q) < v'. At the beginning of this proof we assumed that i) and i) are
equivalent, and we have just showed that i7) holds, therefore 7) has to hold as
well: there exists a p such that A(p,q) < v’ for all g. This last statement is
equivalent to min, max,,) A(p,q) < v' < v, which contradicts inequality 13.

=) This implication is reached by noticing that minimisation corresponds to

the existential quantifier and maximisation corresponds to the universal quan-
tifier.
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We now want to show that if we assume min, max, A(p, ¢) = max, min, A(p, q)
then both conditions ) and i) are either both true or both false, i.e. they
are equivalent. In order to reach a contradiction, suppose there exists v €
R so that ¢) holds, and #i) does not. The first condition being true yields
min, maxy,) A(p,q) < v. On the other hand, we have (by negating ii)): 3¢
such that Vp we have A(p, ¢*) > v. Hence min, A(p, ¢*) > v, which implies

max min A(p, q) > min A(p, ¢*) > v.
q p(q) p

By applying the min-max equality we end up with

v > minmax A(p, ¢) = maxmin A(p,q) > v
P q(p) 7 p(9)

which is a contradiction.

Let us now assume there exists v € R so that i7) holds and that i) does
not. Now i) yields max, min,4) A(p,q) < v. The negation of i) translates to
Vp then 3¢* such that A(p,q*) > v, which means that maxg,) A(p,q) > v for
any p, and in particular min, max,,) A(p,q) > v. As before, this leads to a
contradiction.

We can conclude that if the min-max equality holds then either i) and #4)
are either both true or both false.

2) Consider the function

A:[0,1] % [0,1] — [0,1]
(p,q) = pg

and we want to show max, min, A(p, ¢) = min, max, A(p, ¢). For such a simple
function this is quite straightforwards: the minimum of pq for either p or ¢ is al-
ways 0, independently from the value of the other variable (this is only true since
we work over [0, 1] x [0,1]. Therefore max, min, A(p, ¢) = min, max,; A(p,q) =
0.

We wish to show that the equivalent statement of the min-max theorem
stated at the beginning of this question holds for this toy model. Since A maps
onto [0,1] then choosing v < 0 makes no sense. Fix v > 0, then fix p < v then
we have that for all ¢ € [0,1]

Alp,q) =pg<p<w since ¢ <1, and p <w

therefore 7) holds. Similarly, for v > 0 fixed and any ¢ € [0, 1] then choose p > v
then

Alp,q) =pg<p<w since ¢ < 1, and p < v

hence i) holds as well, as we expected.
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3) Consider now the function
A:[0,1] x[0,1] = R

(p,q) > pt+yq ifp+g<1
’ 2—(p+q) otherwise.

Firstly we can see that

1 ifp+tg<1l_
2—-1 ifp+g>1

Ap,q) < {

hence max, A(p,q) = 1 (equality is reached, for example, when ¢ = 1 — p for
any p € [0,1]).
Similarly, if we try to minimise A(p, ¢) for p we get

0+g¢q if0+¢<1 q ifg<1

2—(1+4¢q) ifl+¢g>1 |1—¢q ifg>0
where the first function is minimised for p = 0, and the second one for p = 1.

Therefore, we can write more compactly min, A(p,¢) = min(g, 1 — ¢). Now the
minmax theorem does not hold anymore since

minmax A(p,q) = min(1) =1
P q P

max min A(p, ¢) = maxmin(qg,1 —q) = —.
qg p q 2

Some convexity and concavity properties on the function A(p, q) are required
in order for the minmax theorem to hold. Let M, and N be two subsets of a
topological vector spaces i, and U (these are just vector spaces equipped with
a topology so that vector addition and scalar multiplication are continuous with
respect to the chosen topology). Assume the scalar field to be either R or C
equipped with the Euclidean (or Standard) topology.

Definition 7.1. A function f on M XN is quasi-concave in Nif {y | f(z,y) > c}
is a convex set for any x € M and ¢ € R. Similarly, a function f on M x N is
quasi-convex in M if {z | f(x,y) < c} is a convex set for any y € N and ¢ € R.

Theorem 7.1 (Sion’s Minmax Theorem 2). Let M be a compact convex subset
of M, and let N be a subset of U. If f is a real-valued function on M x N with

o f(x,-) upper semicontinuous and quasi-concave on N, Vx € M;

e f(-,y) lower semicontinuous and quasi-convex on M, Vy € N;

then
m]ViIn Slj\lfp flzy) = Sl]\l[p mA}n flz,y).

2Sion, M. (1958) On general Minmax Theorems. Pacific Journal of Mathematics. 8(1),
171-176.
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7.5 A vectored valued payoff game
Exercise 7.5: 1) Let A represent our canonical simplex and consider a function
A:Ax A= RR

Let C be a convex subset of R*, such that for each ¢ € A there exists a p € A
such that A(p,q) € C. In the question we are asked if we can infer that there
exists a p € A such that for all ¢ € A we have A(p,q) € C. As the hint suggests,
this is not true if the range has dimension greater or equal to 2. Let us provide
a counterexample.

Let A = [0, 1], consider the function

A:AxA—[0,1]? CcR?
(p,q) = (p,q)

and let C be the diagonal of [0,1]?, i.e. C = {(x,z) | x € [0,1]}. Since C
is an interval it is automatically convex. In this case, for any ¢ € [0,1] set
p = gq € [0,1] then A(p,q) = (p,q) = (¢,q) € C. Unfortunately, there exists no
p for which A(p, q) € C for all g. Suppose such a p existed, then take ¢ = p + i
mod 1. In this situation A(p,q) = (p,q) = (p7p+i mod 1) which is clearly not
contained in C. You can think of our choice of ¢ as a vertical translation of C
by 3 in the two dimensional torus T? = R?/Z?.

2) Now, let A = [0,1] and consider the function
A:AxA—R
(P, q) = pg-

We will say that a convex set C is acceptable if for all ¢ there exists a p such
that A(p,q) € C. For this particular choice of A, we have that C is acceptable if
and only if it contains the point 0.

Since the set C is a convex subset of R, this restricts its shape. Indeed C can
only be a singleton, the whole real line R, or (potentially unbounded) interval.
Notice that Im A = [0,1], hence if C N Im A = () then C is automatically not
acceptable. In order to reach a contradiction let us assume that Im A NC # (),
but 0 ¢ C. Let a = minC > 0, then if we take ¢ = 0 for example, there are no
p € ]0,1] for which A(p,q) = pg = 0 could possible be greater than the positive
number a. This means that for C to be acceptable it must contain 0.

Let us show that this is actually sufficient. If 0 € C then for any ¢ let p = 0,
and then A(p,q) = pg = 0 € C, as we claimed. A similar proof now gives us
that if C is an acceptable set, then there exists p € A such that for all ¢ € A,
we have that A(p,q) € C. If we fix p = 0, then for all ¢ € A we have that
A(p,q) = pg =0 € C, since C is acceptable.

7.6 Blackwell approachability theorem

Exercise 7.6:
1) In Figure 26 we have a diagram illustrating all the various vectors, sets, and
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Figure 26: Schematic of the proof of the Blackwell Approachability Theorem

hyperplanes involved in the proof of Blackwell approachability theorem. Note
that we only drew a part of the boundary of the convex set C in Figure 26.
We will now write down an algorithm on how to find p?.

1.

Consider the projection m(a;) on the convex set C, where a; is a vector
representing the time average of the vector-valued payoff A(p,q) up to
time ¢;

Compute the vector ny = a; — w(at), normal to C, starting at ma; and
pointing towards a;

Define the half space Hy = {a | a-n; < 7(a¢) - ny} which contains C.
Notice that {a - n; = w(a;) - ni} is a (hyper)plane passing though 7(at),
perpendicular to ng;

Rewrite A(p, q) - ns as p- Alq, where A is a matrix depending on ¢;

By the approachability of H; we have that the min-max theorem holds for
A(p, q) - ny, hence there exists a p' such that A(p?,q) - ny < w(ay) - ng for
all ¢q.

This algorithm does not give you a way to explicitly compute v?, but there exist
plenty of packages in Python/Julia/Matlab which have been developed for to
optimise the construction of such vector.

2) Assume that

t
1 o
a=-> AW'.q)
=1

belongs to the convex set C. As we have seen in the proof of the Blackwell
Approachability Theorem

t 1
_ AlptHL gt
Aty 7t+1at+7t+1 P,
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Note that asy; is the convex combination of the vectors a; and A(ptt!, ¢!*1).
Clearly, if A(p'*1,¢'™t) € C, we have by convexity of C that asy; is in C.
Unfortunately this is not always the case. Consider the point m = 9C N
{ag, A(pt™1, ¢'™1)), and assume that

t
[A(P™, ¢ = m| > —— AP ¢ — al.
t+1
Under this assumption we can conclude that a; 1 € (m, A(p'™t, ¢'™t)), and
therefore outside of C. This counterexample is quite abstract. Try to come up
with your own counterexample (maybe let C be a point...).

7.7 Regret minimisation

Exercise 7.7:
1) Let us look at a specific game to discuss this question. Consider the ”battle
of the sexes” game given by

u= (G0 O

and suppose that player 2 decides their play after having seen the strategy chosen
by player 1. Let T, and F' denote the two strategies for this game, respectively
e1 and ey. Furthermore, suppose that player 2 holds a grudge against player 1
and so they always play the opposite strategy to 1, i.e. if player 1 plays T, then
player 2 replies with F, and vice-versa. This leads to payoff 0 for both players
at all times. In particular this leads to at least one of the regrets for player 1
being always strictly positive, which is clearly contradicting the first Hart and
Mas-Colell Theorem (Theorem 7.1 in the lecture notes).

Similarly we can show how Theorem 7.2 in the notes will not holds in this
situation. Let us disregard the fact that player 2 is definitely not following
the no-regret algorithm, and let us focus on what the matrix of frequencies the
conjoint actions of player 1 and 2 looks like. Given the choice of strategies from
player 2 our probability distributions keeping track of the frequency of actions
up to time t will only have weights on the off-diagonal terms

(i 7

where f' = fL(T) the frequency at which player 2 plays 7', the first of the
available strategies. From Exercise 7.1 we have that P, does not belong to the
CE set for this game, for any ¢, as we claimed.
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