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(1� āz)2

⇢D(f(z))|f 0
(z)| =

2

1� |f(z)|2|f
0
(z)| =

2

1� |z|2 = ⇢D(z)

2. 1. f
g 2 Aut(D) g(f(0)) = 0 h =

g � f

⇢D(h(0))|h0
(0)| = 2|h0

(0)| = ⇢D(0) = 2

|h0
(0)| = 1 h(0) = 0 h

0 h 2 Aut(D) f = g�1 � h 2 Aut(D)

1. 3. f 2 Aut(D) f
l(f ��)

� D

l(f � �) =
Z

f��
⇢D(w)|dw| =

Z

�

⇢D(f(z))|f 0
(z)||dz| = l(�)

z, w 2 D dD(f(z), f(w))  dD(z, w)
f 2 Aut(D) f�1

dD(z, w)  dD(f(z), f(w)) f



3. 1. f
g 2 Aut(D)

g(f(0)) = 0 h = g � f h
h(0) = 0

dD(h(0), h(z)) = dD(0, h(z)) = dD(0, z)

|h(z)| = |z| h
h 2 Aut(D) f = g�1 � h 2 Aut(D)

z, w 2 D

dD(z, w) = 2 tanh

�1

�

�

�

�

�

z � w

1� zw̄

�

�

�

�

�

Aut(D)

�D

�D(z, w) =

�

�

�

�

�

z � w

1� zw̄

�

�

�

�

�

=

exp dD(z, w)� 1

exp dD(z, w) + 1

�D Aut(D) �D(0, z) = |z|
�D

f : D ! D

z, w 2 D

dD(f(z), f(w)) < dD(z, w)

⇢D(f(z))|f 0
(z)| < ⇢D(z)

�D(f(z), f(w)) < �D(z, w)

f f 2 Aut(D) z, w 2 D

dD(f(z), f(w)) = dD(z, w)

⇢D(f(z))|f 0
(z)| = ⇢D(z)

�D(f(z), f(w)) = �D(z, w)



f z, w 2 D g, h 2 Aut(D)
g(z) = 0 h(f(z)) = 0 u = h�f �g�1 u

0 g h u
f

z 2 D

dD(0, u(z)) < dD(0, z) �D(0, u(z)) < �D(0, z) |u0
(0)| < 1

ug = hf g, h

dD(f(z), f(w)) = dD(h�f(z), h�f(w)) = dD(u�g(z), u�g(w)) = dD(0, u�g(w)) < dD(0, g(w))

dD(0, g(w)) = dD(g(z), g(w)) = dD(z, w)

dD(f(z), f(w)) < dD(z, w)

�D
ug = hf

S
eS/G eS

S
C bC D

S
D

H

⇢S

dS
f : D ! D f : S ! T

S T

f : S ! T
S T f

z, w 2 S

dT (f(z), f(w))  dS(z, w)

z 6= w f S
T



X H(X) � : D ! X
H(X)

H(X)

� 2 H(X)  : D ! D � �  2 H(X)

H(X) X

X,Y � : X ! Y
� : D ! X ��� : D ! Y

Y H(X,Y )

X Y

Y ⇢ X X Y
I : Y ! X

Y X � : D ! Y 2 H(Y ) I � � 2 H(X)

X
x, y 2 X

�X(x, y) = sup

�2H(X,D)
�D(�(x),�(y))

�D X
�X
X

x 6= x0 X �
�(x) 6= �(y)



� : X ! Y X Y �
x, x0 2 X

�Y (�(x),�(x
0
))  �X(x, x0

)

Y ⇢ X

B B1

B

B1 �B1(x, 0) = ||x|| x 2 B1

X
X ! B1 B1

Y ⇢ X X diamX(Y )

Y X
Y diamX(Y ) < 1

X

Y ⇢ X X
x, y 2 Y

�X(x, y)  diamX(Y )�Y (x, y)

r > diamX(Y ) � 2 H(X,D)
x0 �(x0) = 0 �(Y ) ⇢ D(0, r)

�  =

1
r�|Y  2 H(Y,D) x, y 2 Y

 H(Y,D)

�Y (y, y
0
) = sup

 02H(Y,D)
�D( 

0
(x), 0

(y)) � sup

�2H(X,D)
�D( (x), (y)) =

sup

�2H(X,D)
�D( (x), (y)) =

1

r
sup

�2H(X,D)
�D(�|Y (x),�|Y (y)) =

1

r
sup

�2H(X,D)
�D(�(x),�(y))

sup�2H(X,D) �D(�(x),�(y)) = �X(x, y)

�Y (y, y
0
) � 1

r
�X(x, y)

r ! diamX(Y )



�X(x, y)  diamX(Y ).�Y (x, y)

diamX(Y )

� : X ! Y �(X)

� x, x0 2 X

�Y (�(x),�(x
0
))  diamY (�(X)).�X(x, x0

)

�(X) ⇢ Y �0 = � : X ! �(X)

�0 x, x0 2 X

��(X)(�0(x),�0(x
0
))  �X(x, x0

)

�(X) ⇢ Y �(X)

�Y (�(x),�(x
0
))  diamY (�(X)).��(X)(�0(x),�0(x

0
))

�Y (�(x),�(x
0
))  diamY (�(X)).�X(x, x0

)

bHc

Hc Pc

c 2 M bHc

(f� : U� !
V�) 2 bHc � 2 D (h�)�2D C D

0

h�(K(f0)) = K(f�)

¯@h� = 0 K(f0)

h� � f0 = f� � h� K(f0)

(f� : U� ! V�) 2 bHc
bHc



⇢

E ⇥M ! C
(g, c) 7! ic(g)

c1, c2 2 M ic1 � i�1
c2

bHc2
bHc1

(f� : U� ! V�) 2 bHc2 ic1 � i�1
c2

(f� : U� ! V�) 2 bHc2
bHc1

bHc

c 2 M bHc

bHc c 2 M bHc0 c0 2 M
c0 6= c ic0 � i�1

c
bHc

bHc0

bH0
bH0
bH0

[f ]
[f ] 2 C f : C ! C

0 0

f(z) = azd +O(zd+1
)

f0 : z 7! azk

[f ]
� : C ! C 0 0

� � f = f0 � � 0

�(f(z)) = a(�(z))d

� [f ]

f 2 bH0

f(z) = zd +O(zd+1
)

[�]
0

�(f(z)) = (�(z))d



0 D�(0) = 1 f0 = P0

�
intK(f) intK(P0) = D

� : intK(f) ! D

1/4

1/4 f D
f(0) = 0 f 0

(0) = 1

D(0, 1/4) 1/4
D f(D)

D(0, 1/4) = D1/4 ⇢ f(D)

� 1/4
��1

: D ! K(f) ��1
(0) = 0 (��1

)

0
(0) = 1

1/4 ��1

D(0, 1/4) ⇢ ��1
(D) = K(f)

bH0
bH0

BDr 0 < r < 1/4 BU

U U

Ir :

bH0 ! BDr

f 7! f|Dr

f 2 bH0

f|Dr
r

BDr (r) Ir( bH0) ⇢ BDr (r)
Ir bH0

Ir BDr

(f�) ⇢ BDr

D⇥ Dr ! C
(�, z) 7! f�(z)

(�, z) 2 D ⇥ Dr

(f�) bH0

D⇥ Dr ! C
(�, z) 7! f�(z)

(�, z) 2 D⇥ D1/4



(f�) bH0

h� : C ! C � 2 D 0

h�(K(f0)) = K(f�) h� � f0 = f� � h� K(f0) intK(f0)
¯@h� ⌘ 0 intK(f0)

D⇥ intK(f0)
�! [�2D ({�}⇥ intK(f�))

(�, z) 7! (�, h�(z))

D⇥ intK(f0)

(�, h�(z))
⌘7�! f�(z) = h� � f0 � h�1

� (z)

(�, z)
⌘�7�! f�(z)

(D⇥D(0, 1/4)) ⇢ D⇥ intK(f0)

bH0

bHc



R

d = 2 f f
n � 2 U, V ⇢ C

fn
: U ! V

(U, V )

f
Kn(f) j =

1, ..., n Kj
n = f j

(Kn(f))

fn

f : U ! V d f
p > 1

W ⇢ C 0 2 W
g = fp

|W : W ! W 0 d g
f

K(g)



K(g) Kj(g) = f j
(K(g)) j =

1, ..., p� 1 �

[f ] 2 C
g 2 [f ]

R
f g
g g 0

Rf(z) = ��1g(�z) = zd + c+O(zd+1
)

R
R

R

([f�], h�)
[f0] f0 : U0 ! V0 [f0]
V0 f0 µ� h�

� 2 D g0 = fp
0 : W0 ! W 0

0

f0 µ� g0 g� = h� � g0 � h�1
�

f� a�
g� g� � a� = a� �Rf� g� Rf�

(Rf�, a� � h� � a�1
� )

R

n
p1

Rf p2 R2f
Rnf n

(pn)n�1

(pn)n�1 f

I ⇢ C
C(R)

CR

I(R)
= I \ C(R)



" > 0 C(")
[f ] 2 C mod [f ] � " A ⇢ C
A(") A mod [f ] � "

C(") fn : Un ! Vn

K(fn)
K ⇢ C K C(") " � 0

f 2 C
" > 0 Rnf

n = 1, 2, ...
mod Rnf � "

Rnf 2 C(") n = 1, 2, ...

g f q Kj(g) =

f j
(K(g)) j = 0, ..., q�1 (fn)n�1

(qn)n�1

n

f 2 C
(fn)n�1

(qn)n�1

C > 0 � < 1

max

m2(Z/qnZ)
diamKm(fn)  C�n

C �

� > 0

n1 < n2 m1 2 Z/qn1Z
m2 2 Z/qn2Z Km2(fn2) ⇢ Km1(fn1)

Km1(fn1) Km2(fn2) �.diam(Km1(fn1))

n3 > n2 m3 2 Z/qn3Z Km3(fn3) ⇢
Km2(fn2) Km2(fn2)

Km3(fn3) �.diam(Km2(fn2))

k > 0 n0 > n+k

diam(Km0
(fn0

)) <
1

2

.diam(Km(fn))

k
� ⇠ (1/2)1/k



F
"0 � > 0

n� f 2 F mod f � � n � n�

mod Rnf � "0

F f 2 F " � 0

mod Rnf � " "
"0

fn n � n� n�
� mod f � �

(C, ") C

[f1], [f2] 2 C
C � 1 " > 0 [f1] [f2] (C, ")

f1 : U1 ! V1 f2 : U2 ! V2

mod (V1 \ U1) > " mod (V2 \ U2) > "

h : C \ U1 ! C \ U2

Dilh < C h � f1 = f2 � h @U1

h

[f1], [f2] 2 C (C, ")
h Dilh < C

[f1] [f2] h
eh [f1] [f2] Dileh C



C(") (C, ")

"0 > 0 [f1], [f2] 2 C("0)
" 0 < " < "0 C > 1 [f1]

[f2] (C, ")

C 1

([f1]n)n�1

([f2]n)n�1 n [f1]n
[f2]n

([f1]n)n�1, ([f2]n)n�1 2
CN " > 0

(Cn)n�1 Cn > 1

limn!1 Cn = 1

[f1]n [f2]n (Cn, ") n

bHc c 2 M

bHc mod f � " bHc(�)
0 < � < "

" > 0 " �
0 < � < " � < 1

8c 2 M diam bHc(�)
bHc(") < �

c 2 M [f1], [f2] 2 bHc(")
"0 < " C > 1 [f1] [f2] (C, "0)

"0 = "/2 [f1] [f2] (C, "/2)
h

(C, ")

[f1], [f2] 2 bHc(")
h h : C ! C Dilh < C

µ =

@̄h
@h

r = r(") < 1 ||µ||1  r(")



D⇢ ! bHc

� : � 7! f� = h�µ � f1 � h�1
�µ

h�µ
¯@h

@h
= �µ ⇢ =

1+r
2r

⇢ > 1 �(0) = f�=0 = f1 �(1) = f�=1 = f2 h�µ
f1 f� h�µ Dilh�µ 

K f� mod f1/K � "/2K
mod f1 � "/2 K r

||�µ||1 = |�|.||µ||1  ⇢.r =

1 + r

2

x 7!
1 + x

1� x
x > 0

Dilh�µ =

1 + ||�µ||1
1� ||�µ||1


1 +

1+r
2

1� 1+r
2

=

3 + r

1� r
= K

� = "/2K mod f� � � h�µ
f1 2 bHc f�µ f�µ 2 bHc(�)

� bHc(�)
(f1, f2) = � bHc(�)

(�(0),�(1))  �D⇢(0, 1) = ⇢�1
= � < 1

diam bHc(�)
bHc(") < � < 1

F 2 C
R R(F) = F "0 > 0

F � > 0 n�
f 2 F mod f � � n � n�

mod (Rnf) � "0

F R

cn Rn
(

bHc) n

�0 < "0 c 2 M

diam bHc(�0)
bHc("0) < �



� < 1 � = �1/n�0 f1, f2 2 bHc ⇢ F n

�Hcn
(Rnf1,Rnf2)  � bHcn (�0)

(Rnf1,Rnf2)

Hcn(�0) ⇢ Hcn

Rn
:

bHc(�) ! bHcn

� bHcn
(Rnf1,Rnf2)  � bHc(�)

(f1, f2)

� bHcn
(Rnf1,Rnf2)  min

n

� bHcn (�0)
(Rnf1,Rnf2) � bHc(�)

(f1, f2)
o

� bHcn (�0)
(Rnf1,Rnf2)

n � n�

Rn
(

bHc(�)) ⇢ bHcn("0)

Rn
:

bHc(�) ! bHcn("0)

diam bHcn (�0)

⇣

bHcn("0)
⌘

 �n�0

� bHcn (�0)
(Rnf1,Rnf2)

 diam bHcn (�0)

n

Rn
(

bHc(�))
o

.� bHc(�)
(f1, f2)

 diam bHcn (�0)

⇣

bHcn("0)
⌘

.� bHc(�)
(f1, f2)

 �n�0 .� bHc(�)
(f1, f2)

n � n� + n�0

Rn�0
:

bHcn�n�0
(�0) ! bHcn("0)

Rn�0
(

bHcn�n�0
(�0)) ⇢ bHcn("0)

� bHcn (�0)
(Rnf1,Rnf2)

 diam bHcn (�0)

n

Rn�0
(

bHcn�n�0
(�0))

o

.� bHcn�n�0
(�0)

(Rn�n�0 f1,Rn�n�0 f2)

 diam bHcn (�0)

⇣

bHcn("0)
⌘

.� bHcn�n�0
(�0)

(Rn�n�0 f1,Rn�n�0 f2)

 �n�0 .� bHcn�n�0
(�0)

(Rn�n�0 f1,Rn�n�0 f2)



n k n�k.n�0 
n� + n�0

� bHcn
(Rnf1,Rnf2)  �kn�0 .C(�).� bHc(�)

(f1, f2)

C(�) � n k ⇠ b n
n�0

c

� bHcn
(Rnf1,Rnf2)  �n.C(�).� bHc(�)

(f1, f2)

C = C(�).� bHc(�)
(f1, f2)

� bHcn
(Rnf1,Rnf2)  C�n

F ⇢ C
F

� < 1 f1, f2 2 bHc ⇢ F

� bHcn
(Rnf1,Rnf2)  C�n

C > 0 mod f1 mod f2

CR

CR

"0 > 0 � > 0 "(�) > 0

N(�) f [f ] 2 CR

n � 0 Rnf 2 C("(�))

n � N(�) Rnf 2 C("0)

mod f � � I(R)
(�)



� > 0 "(�) > 0 [f ] 2 I(R)
(�)

n � 0

Rnf 2 C(")

[f ] 2 I(R)
(�) c = �(f) f

g = Pc : z 7! zd + c gn g
qn

[f ] 2 C(�) [g] 2 C(�)
C > 1 [f ] [g] (C, �/2)
(C, ") f : U ! V g : U 0 ! V 0

mod f > �/2 mod g > �/2
h : C \ U ! C \ U 0 Dilh < C h � f = g � h @U

c = �(f) [f ] [g] bHc

h h : C ! C
f g h � f = g � h U

g ⌘ > 0

n � 0 mod gn � ⌘ [gn]
gn : Un ! Vn mod gn > ⌘0 gk(Un) ⇢ U 0

0  k  qn � 1

h�1 � gn � h : h�1
(Un) ! h�1

(Vn)

f
h C

mod (h�1 � gn � h) = mod (h�1
(Vn) \ h�1

(Un)) > ⌘0/C = "(�)

mod (Rnf) > "(�) Rnf 2 C("(�)) n � 0



(S, ⇤) S
⇤ : S⇥S ! S S ⇤(a, b) = a⇤b
⇤ a, b, c 2 S

(a ⇤ b) ⇤ c = a ⇤ (b ⇤ c)

Q (m,n)
n > m

Q =

�

(m,n) 2 N2
: n > m

 

(S, ⇤) S

G : Q �! S
(m,n) 7! G(m,n)

l < m < n

G(m,n) ⇤G(l,m)
= G(l,n)

m < n m+ 1 < n

G(m,n)
= G(m+1,n) ⇤G(m,m+1)

m+ 2 < n

G(m,n)
= G(m+2,n) ⇤G(m+1,m+2) ⇤G(m,m+1)



Fn = G(n,n+1)

G(m,n)
= Fn�1 ⇤ . . . ⇤ Fm

(F 0
n)n�0 2 SN G0

S
S

bH0
bH0

H(

bH0, bH0) � (H(

bH0, bH0), �)
(HR

(

bH0, bH0), �) f H(

bH0, bH0)

f( bHR
0 ) ⇢ bHR

0
bHR
0

bH0

� H(

bH0, bH0)

� 2 H(

bH0) f1, f2 2 H(

bH0, bH0)

f2 f2�� H(

bH0)

f1 f1 � (f2 � �)
H(

bH0)

� : H(

bH0, bH0)⇥H(

bH0, bH0) ! H(

bH0, bH0)

H(

bH0, bH0)

(HR
(

bH0, bH0), �) HR
(

bH0, bH0)

[f ] 2 C ic :

E ⇥ M ! C E M
⇡(f) = g

[f ]

⇧ : C ! bH0

f 7! i0 � ⇡(f)

⇧c :

bHc ! bH0

c 2 M
H(

bH0, bH0) c 2 M
bHc (m,n) 2 Q

Gc : (m,n) 7! G(m,n)
c (⇧c(f)) = ⇧c(Rn�m

(Rmf))



G

[P0] 2 CR
bH0

bH0 ⇢ C(R)
bH0

bH0 ⇢ I
� > 0

bH0(�) ⇢ I(R)
(�)

� > 0 "(�) > 0 f 2 bH0(�)
G 2 G (m,n) 2 Q G(m,n)

(f) 2 bH0("(�))

(f1,n)n�0, (f2,n)n�0 2 IN

�(f1,n) = �(f2,n) f (kn)n�1 2
NN

limn!1 kn = 1

lim

n!1 inf mod (Rknf1,n) = lim

n!1 inf mod (Rknf2,n)

" > 0

lim

n!1 inf mod (Rknf1,n) > "

lim

n!1 inf mod (Rknf2,n) > "

limn!1 inf mod (Rknf1,n) < limn!1 inf

mod (Rknf2,n) "0

lim

n!1 inf mod (Rknf1,n) < "0 < lim

n!1 inf mod (Rknf2,n)

" > 0 "

"0 � > 0 N(�)
⌘(�) [f1] 2 bHR

0 (�) [f2] 2 bH0(�) � bH0
(f1, f2)  ⌘(�)

G 2 G (m,n) 2 Q n�m � N(�) G(m,n)
(f2) 2 bH("0)

"0 "0/2



� > 0 N ⌘
f1 2 bHR

0 (�) f2 2 bH0(�) � bH0
(f1, f2)  ⌘ G 2 G

(n,m) 2 Q n � m � N G(m,n)
(f2) /2 bH0("0)

N ⌘ (f1,n)n�1 2 (

bHR
0 (�))

N

(f2,n)n�1 2 (

bH0(�))N limn!1 � bH0
(f1,n, f2,n) = 0

(kn)n�1 2 NN

Rknf2,n /2 bH0("0/2)

lim

n!1 inf mod (Rknf1,n) = lim

n!1 inf mod (Rknf2,n)

lim

n!1 inf mod (Rknf1,n)  "0/2

lim

n!1 inf mod (Rknf1,n) � "0

X
Y ⇢ X Y

X Y ⇢ X
P : X ! Y y 2 Y P (y) = y

P|Y = Id P (X) ⇢ Y Y X

P : X ! Y P 2
= P

x 2 X P (x) 2 Y P|Y = Id P (P (x)) = P 2
(x) =

P (x)

B B0 T : H1 ! H2



T
T (B1) B1 B T

(xn)n�1 2 BN
(Txn)n�1

B0 K(B)

T dimT (B) < 1 r =

dimT (B) Kr(B)

r K(B) = [r�0(Kr(B))

K(B) =

K(B) B

T
T

T : B ! B T 2
= T

T T (B) T

X2 �X T 0 1 T
T

1 T (B)

Tr(T )

B P :

U ! B U B P (0) = 0

P 0 P 2
= P 0

B B 0 P (B)

P 0 DP (0)

P 2
= P 0 DP (0)

2
= DP (0)

DP (0)

f = Id � DP (0) � P

Df(0) = Id�DP (0)

2 �DP (0) = Id� 2DP (0)

Df(0)2 = (Id� 2DP (0)) � (Id� 2DP (0)) = Id

f � P = P �DP (0) � P � P 2
= DP (0) � P

DP (0) � f = DP (0)�DP (0)

2 �DP (0) � P = DP (0) � P



f � P = DP (0) � f

P (B) = f�1
(DP (0)(h(B)))

DP (0) f P (B)

f 2 bH0 W f

W K(f) ⇢ W

f W @W

BW

W B⇤
W w 2 BW

w(z) = O(zd+1
) 0

w @W

BW B⇤
W B⇤

W,r

B⇤
W w = 0 r

f 2 bH0(") f W r0
B⇤

W,r0
bH0 w 2 B⇤

W,r0
f + w

bH0

" > 0 f 2 bH0" f
r > 0 N f bH0(") ef 2 N

W ef

f � ef B⇤
W,r

f f W "0 > 0

r0 w 2 B⇤
W,r0

f + w
ef : U ! V mod

ef � "0 ef 2 bH0("0)

Jf,W,r0 : B⇤
W,r0

! bH0

w 7! ef = f + w



f W f
r0

D ! B⇤
W,r0

� 7! w�

� 7! w�

(f�)�2D = (Jf,W,r0(w�))�2D bH0

� 7! w�
w� 2 B⇤

W,r0
Jf,W,r0(w�) Jf,W,r0

� 7! f� R
0 < R < 1/4 f 2 bH0

D1/4 ⇢ K(f)

IR : B⇤
W ! BDR

f 7! f|DR

f� IR(f�) = IR(f+w�) = IR(f)+
IR(w�) � 7! IR(f) � 7! IR(w�)

� 7! w� IR
(f�)�2D bH0

(f�)�2D bH0

� 7! w� w�

F : U ! B C
B

L : B ! C z 7! L(F (z))
U

U

L : B⇤
W ! C � 7! L(w�) (f�)�2D

1/4
(�, z) 7! f�(z) D⇥D1/4

(�, z) 7! w�(z) = f�(z) � f(z) D ⇥
D1/4 z 7! w�(z) W �

(�, z) 7! w�(z) D⇥W
w� 2 B⇤

W w� @W
z 2 W � 7! f�(z)



L : B⇤
W µL

W w 2 B⇤
W

L(w) =

Z

W

w(z)dµL(z)

� 7! w�(z) z 2 W
R

W
w�(z)dµL(z)

� � 7! L(w�)
L � 7! w�

HR( bH0, bH0)

P 2 HR
(

bH0, bH0)

K bH0 (fn)n�1 2 bHN
0

f 2 bHR
0 (P (fn))n�n0 2 KN n0

P

PR P bHR
0

ZR
= Im(PR

) K ZR ⇢ K
PR

(ZR
) = ZR ⇢ PR

(K) ZR
= PR

(K) P (K)

ZR

ZR

" > 0 K ⇢ bH0(") f 2 ZR

U f bH("/2) U ef 2 U ef
f W U

f r > 0 B⇤
W B⇤

W,r

J : U ! B⇤
W,r

ef 7! ef � f|W

U bH0("/2) J
J(U) ⇢ > 0

w 2 B⇤
W,⇢ P (Jf,W,⇢(w)) 2 K mod w � "

P U ⇢ bH0("/2) ⇢
P (Jf,W,⇢(w)) 2 U

Pf = J � P � Jf,W,⇢ : B
⇤
W,⇢ ! B⇤

W,r



Pf P 2
f = Pf Pf (0) = 0

J(U) PR
f : B⇤,R

W,⇢ !
B⇤,R

W,r PR
f

Im(PR
f )

B⇤
W,⇢ ZR Im(PR

f )

f f 2 ZR

ZR

ZR

ic : E ! bHc
bHR
0

ER i0 ER
bHR
0

ZR
= Im(P| bHR

0
)

bHR
0

h :

bHR
0 ⇥ [0, 1] ! {f0}

bHR
0 f0 ZR

P � h : ZR ⇥ [0, 1] ! {f0}

ZR f0

ZR

Z = Im(P )

Z bH0

Z
bH0 P

Z

f ZR Pf (B
⇤,R
W,⇢) = J({f}) =

0 Pf Pf

w 7! 0 B⇤
W,⇢ Pf (B⇤

W,⇢) = 0

N f 2 ZR Z J(N ) ⇢ B⇤
W,⇢

N ⇢ U N f 2 Z \ U
(fn)n�1 Z \U f

P (fn) = fn (fn)n�1

bHR
0 n P (fn) = fn 2 K ⇢ bH0(") ⇢ bH0("/2)

mod fn � "/2 fn bH0("/2) U
N ⇢ U ⇢ B⇤

W,r N = P (N ) N ⇢ ImZ

J(N ) = J(P (N )) ⇢ Pf (B
⇤
W,⇢) = {0}



J : N ! {0} N f f
Z

Im(P ) P

X X

X

� : X ⇥X ! R+

O X
K ⇢ X O \K K

K

X (Xi)i2I Xi ⇢ X
Xi ⇢ Xi+1 i 2 I

X

(Xi)i2I [i2IXi = X

X Xi i 2 I

O X
K X

X

X1, X2

�1 �2 (F�)�2⌃

F� : X1 ! X2

K1 X1

K2 X2 � 2 ⌃ F�(K1) ⇢ K2

(F�)�2⌃

(Fn)n�1 X1 X2



(Fn)n�1

F X1 X2

K1 X1

lim

n!1 sup

x12K1

�2(Fn(x1), F (x1)) = 0

(Fn)n�1 F

(G�)�2⌃

K1 X1 � > 0 K2 X2

N(�) � 2 ⌃ (n,m) 2 Q n�m � N(�)

G(m,n)
� (K1) ⇢ K2

diam(G(m,n)
� (K1)) < �

(G�)�2⌃

X SX

X
SX X

(SX , �)
P 2 SX

P 2
= P P

X
SX G = (G�)�2⌃ SX

G
!(G) G

bH0

bH0

" > 0

bH0(") "1 > "2 bH0("1) ⇢ bH0("2)
Xi =

bH0(1/2i) i 2 N Xi ⇢ bH0 Xi

Xi ⇢ Xi+1 [i2NXi =
bH0

bH0
bH0

K ⇢ C " > 0

K ⇢ C(") bH0

K 2 bH0
bH0(") " > 0 i 1/2i < "



K ⇢ Xi
bH0

bH0
bH0

H(

bH0, bH0)

S bH0

bH0

H(

bH0, bH0) ⇢ S bH0

H(

bH0, bH0)

(fn)n�1 2 (H(

bH0, bH0))
N

f f 2 H(

bH0, bH0)

� : D ! bH0 fn 2 H(

bH0, bH0)

n � 1 fn �� 0 < R < 1/4
(IR(f � �) BDR

f � � bH0

(IR(f � �) BDR

�n = IR � fn � � (�n)n�1 (fn)n�1

f � = IR�f��
fn � � bH0

IR � fn � �
BDR BDR

BDR

�

BDR BDR IR � f
f

G

� > 0 � > 0 N(�, �)



f1, f2 2 bH0(�) G 2 G (m,n) 2 Q n � m � N(�, �)

� bH0
(G(m,n)

(f1), G
(m,n)

(f2)) < �

� > 0 N(�) f 2 bH0(�)
G 2 G (m,n) 2 Q n�m � N(�)

mod G(m,n)
(f) � "0

G(m,n)
(f) 2 bH0("0) "0

G H(

bH0, bH0)

f 2 bH0(�) G(m,n)
(f) bH0("(�)) G 2 G

(m,n) 2 Q G G
S bH0

� > 0 � > 0

G 2 G f1, f2 2 bH0(�) N
(m,n) 2 Q n �m � N � bH0

(G(m,n)
(f1), G(m,n)

(f2)) > �

G bH0(�)

!(G)
(Gk)k�1 2 GN

(mk)k�1 (nk)k�1

nk �mk ! 1 k ! 1 (G(mk,nk)
k )k�1

P 2 S bH0
H(

bH0, bH0)

P 2 H(

bH0, bH0)

G H(

bH0, bH0)

(Gk)k�1 2 GN
(mk)k�1

(nk)k�1 nk �mk ! 1 k ! 1 f 2 bH0

G(mk,nk)
k (f) ! P (f)

P H(

bH0, bH0)

G HR
(

bH0, bH0)

(Gk)k�1 2 GN
(mk)k�1

(nk)k�1 nk �mk ! 1 k ! 1

G(mk,nk)
k (f) ! P (f)



P H(

bH0, bH0) G(mk,nk)
k 2 HR

(

bH0, bH0)

P 2 HR
(

bH0, bH0)

� > 0 f1 2 bHR
0 (�) f2 2 bH0(�) N(�) ⌘(�) > 0

� bH0
(f1, f2)  ⌘(�)

G(mk,nk)
k (f2) 2 bH0("0)

nk �mk � N(�) P (f2) 2 bH0("0)
P 2 HR

(

bH0, bH0)

K =

bH0("0/2) (fn)n�1 f 2 bHR
0 P (fn) 2 K

n P P

� > 0 f1 2 bHR
0 (�) f2 2 bH0(�)

� > 0 N1 G 2 G
(n,m) 2 Q n�m � N1

� bH0
(G(m,n)

(f1), G
(m,n)

(f2)) < �

G(m,n)
(f1) G(m,n)

(f2) N2

G0 2 G (n0,m0
) 2 Q n0 �m0 � N2

G0(m0,n0)
(G(m,n)

(f2)) 2 bH0("0)

G = G0 m0
= n G(m,n0)

(f2) 2 bH0("0) n0 � m � N =

N1 +N2

⇧ : C ! bH0

f 7! i0 � ⇡(f)

⇧c :
bHc ! bH0

c 2 M

Gc : (m,n) 7! G(m,n)
c (⇧c(f)) = ⇧c(Rn�m

(Rmf))

bH0 ⇧



"0 > 0 � > 0 � > 0

N(�, �) f1, f2 2 C(�)
bHR
c n � N(�, �)

Rnf1 Rnf2 bHcn("0) ⇢ C("0) cn = �(Rnf1) =

�(Rnf2)

� bHcn
(Rnf1,Rnf2) < �



U C f : U ! C
� U z 2 U �

f(z) =
1

2⇡i

Z

�

f(⇠)

⇠ � z
d⇠

U C
f : U ! C a 2 U z 2 U |f(a)| � |f(z)|

f |f |
f : U ! C U

|f(a)| � |f(z)| z 2 U f

� > 0 D(a, �) ⇢ U D(a, �)
a �

� = C(a, r) r < � C(a, r) a
r

f(a) =
1

2⇡i

Z

�

f(⇠)

⇠ � a
d⇠

✓ 2 [0, 2⇡]



⇠ = a+ rei✓

d⇠ = irei✓d✓

f(a) =
1

2⇡i

Z

[0,2⇡]

f(a+ rei✓)

rei✓
irei✓d✓ =

1

2⇡

Z

[0,2⇡]
f(a+ rei✓)d✓

|f(a)| � |f(z)| z 2 U

|f(a)|  1

2⇡

Z

[0,2⇡]
|f(a+ rei✓)|d✓  1

2⇡

Z

[0,2⇡]
|f(a)|d✓ = |f(a)|

✓ 7! |f(a+rei✓)|

|f(a + rei✓)| = |f(a)| ✓ 2 [0, 2⇡]
r < � |f | D(a, �)

|f | D(a, �) |f |2 f(x+iy) =
u(x, y) + iv(x, y) K � 0

u(x, y)2 + v(x, y)2 = K

x y

u
@u

@x
+ v

@v

@x
= 0

u
@u

@y
+ v

@v

@y
= 0

u
@u

@x
� v

@u

@y
= 0

v
@u

@x
+ u

@u

@y
= 0



✓

u �v
v u

◆✓

ux

uy

◆

=

✓

0

0

◆

u2
+ v2 = K K = 0 u = 0

v = 0 f(z) = 0 D(a, �) K > 0

ux = uy = 0

f 0
(z) =

@u

@x
� i

@u

@x
= ux � iuy = 0

f D(a, �)

f D(a, �)
f U

U U

|f(a)| � |f(z)| D(a, �) ⇢ U U
f D(a, �)

U

U C
f : U ! C f

@U |f |
U @U

sup

z2U

|f(z)| = sup

z2@U
|f(z)|

U U |f |
U supz2U |f(z)| < 1

U f
@U

@U @U



L
⌦+ ⇢ H

x 2 L r > 0 D(x, r)
⌦+ D(x, r) \ H ⇢ ⌦+ ⌦�

⌦+ ⌦� = {z : z̄ 2 ⌦+}
f ⌦+ {zn}n�0

L

lim

n!1=(f(zn)) = 0

⌦ = ⌦+ [ L [ ⌦� F f
⌦ F = f ⌦+ z 2 ⌦

F (z̄) = F (z)

L @D ⌦+ ⇢ C\D
⇢ 2 L r > 0

D(⇢, r) ⌦+ D(⇢, r) \ (C \ D) ⇢ ⌦+

⌦� ⌦+ ⌦� =

{z : z̄�1 2 ⌦+}
f ⌦+ {zn}n�0

L

lim

n!1 |f(zn)| = 1



⌦ = ⌦+ [ L [ ⌦� F f
⌦ F = f ⌦+ z 2 ⌦

F (z̄�1
) = F (z)

�1



D ! bH
� 7! f�

R 0 < R < 1/4

(f�)�2D bH0

(IR(f�))�2D BDR

IR :

bH0 ! BDR

f 7! f|DR

IR

(IR(f�))�2D BDR

(f�)�2D bH0
bH0 (f� : U� ! V�) 2 bH0 � 2 D

(h�) : C ! C C D 0

h�(K(f0)) = K(f�) ¯@h� = 0 K(f0) h� � f0 = f� � h� K(f0)

intK(f0) intK(f�)
� h� : C ! C



�� : intK(f�) ! D �� � f� = P0 � �� P0 : z 7! zd

h� = ��1
� � �0 K(f0)

h� � f0 = ��1
� � �0 � f0 = ��1

� � P0 � �0

f� � h� = f� � ��1
� � �0 = ��1

� � P0 � �0
h� f� f0

�� h�

D⇥ D ! intK(f)
(z,�) 7! ��1

� (z)

IR(f�) (�, z) 2 D ⇥ DR

(�, z) 7! f�(z) D ⇥ DR

� z (��,n)n�1

��,n ! �� 1/4
f 1/4 0 < R < 1/4

n � 1

DRn+1 ⇢ f(DRn
)

1/4 f 2 bH0

1/4 ��1
� n = 2

DR3 ⇢ ��1
� (DR2

)

��(DR3
) ⇢ DR2

d 2 z 2 DR3
(��(z))d 2 DR4

�� DR3 DR2

1/4
DR4 ⇢ ��(DR3

)

z 2 DR3 ��1
� ((��(z))d) = f�(z) 2 DR3

n � 1 z 2 DR3 fn
� (z) 2 DR3

(�, z) 7! f�(z)
D ⇥ DR (�, z) 7! fn

� (z)
D⇥ DR3

��,n : intK(f�) ! C �d
n

�,n = fn
�

0 1 ��,n ��
intK(f�) (�, z) 7! fn

� (z) D⇥DR3
(�, z) 7! ��,n(z)

(�, z) 7! ��(z)



1/4 �� : DR3 ! C

DR4 ⇢ ��(DR3
)

��1
� (DR4

) ⇢ DR3

(�, z) 7! ��1
� (z) D⇥DR4

f : U ! C U Cn f
n f
n

� 2 D ��1
� : D ! D

D ⇥ DR4 D �
(�, z) 7! ��1

� (z) D⇥ D



! S
S G

m 2 N limn!1 G(m,n)

G(m,1) G

limm!1 G(m,1) G
G(1,1)

! G !(G)

limm!1,n�m!1 G(m,n)

G(m,1) G(1,1)

(m,n) 2 Q G(m,1)
= G(n,1) � G(m,n) m 2 N

G(m,1)
= G(1,1) �G(m,1)

m = 1 (G(1,1)
)

2
= G(1,1)

�

G(m,n)
 

(m,n)2Q

S G

!

(kn)n�1 2 NN
(G(km,kn)

)(n,m)2Q

G
(kn)n�1 2 NN

(G(km,kn)
)(n,m)2Q



G ! !(G)

(Gn)n�1 G Gk ! G k ! 1
(m,n) 2 Q

lim

k!1
G(m,n)

k = G(m,n)

⇢ : S ! R+ G
⇢ � > 0 N(�)
(m,n) 2 Q n�m � N(�)

⇢(G(m,n)
) < �

⇢1 : S ! R+

⇢2 : S ! R+ ⇢2 � ⇢1 G (⇢1, ⇢2)
G l < m < n

⇢1(G
(l,n)

)  ⇢1(G
(l,m)

)

⇢1(G
(l,n)

)  ⇢2(G
(m,n)

)

G = (Gs)�2⌃

G
(G(m,n)

� )(m,n)2Q,�2⌃ S G

! G !(G)
(G(mk,nk)

�k )k�1 2 SN
(mk, nk,�k) 2 (N2 ⇥ ⌃)

N

nk �mk ! 1 k ! 1

G ⇢ ⇢ : S ! R+

� > 0 N(�) s 2 ⌃ (n,m) 2 Q
n�m � N(�)

⇢(G(m,n)
s ) < �

G (⇢1, ⇢2) G
E 2 !(G) ⇢2(E) = 0 G ⇢1


