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BASIC APPROXFUN FEATURES



COMPUTATIONAL FOURIER AND
CHEBRYSHEV SERIES



e [he kth Fourier coefficient Is
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* For f periodic and sufficiently smooth, we have the Fourier expansion

* Our starting point Is to use the FFT to approximate the coefficients fk



* Define the m evenly spaced points on the periodic interval @ = (04, ...,0.,):
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* We can approximate the Fourier coefficients using the m point trapezoidal rule
4 / F(6)d6 ~ — if(e»e—’“@j = fi"
] 1) : o

=



» Using the approximate Fourier coefficients, we get an approximation to f:
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NON-PERIODIC FUNCTIONS



X cos 0

T = cos b

Smooth and periodic



* Let g(0) = f(cos8) and approximate

g(e) ~ Jon—2 ((9)

~2n—2

* Symmetry around zero implies that g, = §37;7;_2
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Gon—2(0) = Z £ cos k6
k—10

(Where f,? are g,, but sometimes divided by 2)



60 = arccos x 25
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* We can replace functions by finite vector of coefficients!



 Thus we represent smooth functions f(x) by a finite-dimensional vector of Cheby-
shev coefficients g
fo

flz) =
i

— The length n depends on f, and is chosen automatically by testing tail of
coefficients for decay

* Standard function operations then translate to operations on variable length vec-
EoEs

— Evaluation s through Clenshaw's algorithm
— Addition is pad to same length and add vectors
— Multiplication is like a convolution of vectors

* Other operations are accomplished by Inverting infinite-dimensional linear equa-
tions

— Solving differential equations, applying special functions and even division



Blavie V.
DIFFERENTIAL EQUATIONS



* Usual approach to ODEs (finite differences, finite elements, collocation methods):
represent differential operator by action at finite number of points

» Ultraspherical spectral methods [Olver & Townsend 201 3]: represent by action on
vector of coefficients, and change basis to get banded operators, and solve In
infinite dimensions
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* Usual approach to ODEs (finite differences, finite elements, collocation methods):
represent differential operator by action at finite number of points

» Ultraspherical spectral methods [Olver & Townsend 201 3]: represent by action on
vector of coefficients, and change basis to get banded operators, and solve In
infinite dimensions
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[ST ORDER EXAMPLE

Evaltiation okl

u(l) = 1 11 1 . 1
...................................................................... 1 u]_
P . Jo
/ Lot i = :
By — f 2 1 32 A g = :
2 1 42 g U4 fn—l
2 2 0

Instead of truncating and solving, we will solve in infinite-dimensions
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Introduce zero using
Givens rotation
on first two rows
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u +u=2+uw and ullie
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Now do Givens rotation
on nhext two rows
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u +u=2+uw and ullie
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u +u=2+uw and ullie
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u +u=2+uw and ullie
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* Suppose we wanted to do back substitution (but don't do 1t yet!)
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* [ hus we know the forward error already, before we have even done the back substrtution!
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IMPLEMENTATION IN JULIA



Abstract data type representing infinite-dimensional operators

— Each operator knows how to write sub-slices to finite-dimensional matrices
Algebraic operations of operators

— We have a 'PlusOperator”’ and "TimesOperator” that contain a list of
operators that they add or multiply

— Thus we build up a tree of operators
Automatic conversion between different coefficient spaces
— Won't go In to

Implementation of Chebyshev specific differentiation, multiplication and integration
operators



EXAMPLE OPERATOR: 0 A
DERIVATIVE OF | AYLOR SERIES ON 3R~3

CIRCLE OF RADIUS R

type TaylorDerivativeOperator <:BandedOperator{Floato64}
radius
end

ApproxFun.bandrange(: :TaylorDerivativeOperator)=0:1 # diagonal and 1 superdiagonal

function ApproxFun.addentries!(T::TaylorDerivativeOperator,A::ShiftArray,kr: :Rangel)
R=T.radius

for k=max(kr[1],1):kr[end]
Al k,1]=k/RAk # super-diagonal
end

A
end
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Unmodified banded operator



WHY |ULIA!

Originally implemented in C++-, but not easy to construct operators, or use the
implementation

MATLAB Is pass by value: no fast operators writing to matrices
— Plus | hate MATLAB..., and 1its OOP is rnidiculously slow

PYTHON is too slow for linear algebra, and the nature of the data structure doesn't
allow for passing off to C



[ DEMO 3
PARTIAL DIFFERENTIAL EQUATIONS



* We can solve general linear PDEs on a rectangle achieving machine precision ac-
curacy

— |he current approach achieves O(n3) operations for n? unknowns

— |s there a fast, spectrally accurate Poisson solver on a rectangle to get C’)(nQ)
operations?!

* We do not know yet how to do PDEs in an "infinite-dimensional” way
* We also want to be able to scale to many sub-domains

— |deally, we would get O(mng) operations for m sub-domains

— Julia will prove critical for large scale problems



JULIA WISH-LIST



Fast 3D plotting

IPad support

A special matrix-type for banded matrices
A low-level mode

— Tired of debugging failed type inference

— The old NumerickExtensions unsafe wview was twice as fast as @inbounds

A high-level mode that automatically devectorizes
— | think @devec only works for simple assisnment loops

Typed and compiled anonymous functions



