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• ApproxFun is based on computational Chebyshev and Fourier series	



• Similar to Chebfun	



• Posing differential equations as acting on coefficients results in almost 
banded operators	



• This allows for solving equations in infinite dimensions 	



• Doing this efficiently in a general framework depends on Julia’s 
multiple dispatch 



DEMO 1:  
BASIC APPROXFUN FEATURES



COMPUTATIONAL FOURIER AND  
CHEBYSHEV SERIES
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Smooth and periodic converge 	


very fast!



NON-PERIODIC FUNCTIONS
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• We can replace functions by finite vector of coefficients!	
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DEMO 2:	


DIFFERENTIAL EQUATIONS
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1ST ORDER EXAMPLE
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Evaluation at 1

Instead of truncating and solving, we will solve in infinite-dimensions



u� + u = 2 + x ERH u(1) = 1

1. 1. 1. 1. 1. 1. …
1. 1. -0.5 0. 0. 0. …
0 0.5 2. -0.5 0. 0. …
0 0 0.5 3. -0.5 0. …
0 0 0 0.5 4. -0.5 …
Å Å Å Å Å Å Å

u =
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Introduce zero using 
Givens rotation 	



on first two rows



u� + u = 2 + x ERH u(1) = 1

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 …
0 0 -1.06066 -0.707107 -0.707107 -0.707107 …
0 0.5 2. -0.5 0. 0. …
0 0 0.5 3. -0.5 0. …
0 0 0 0.5 4. -0.5 …
Å Å Å Å Å Å Å

u =

2.12132
0.707107

1
0
0
Å

Now do Givens rotation 	


on next two rows



u� + u = 2 + x ERH u(1) = 1

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. …
0 0 1.06066 0.707107 0.707107 0.707107 0.707107 …
0 0 0.5 3. -0.5 0. 0. …
0 0 0 0.5 4. -0.5 0. …
0 0 0 0 0.5 5. -0.5 …
Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.707107
0
0
0
Å

And so on



u� + u = 2 + x ERH u(1) = 1

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 …
0 0 0 2.41209 -0.753778 -0.301511 -0.301511 -0.301511 …
0 0 0 0.5 4. -0.5 0. 0. …
0 0 0 0 0.5 5. -0.5 0. …
0 0 0 0 0 0.5 6. -0.5 …
Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
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0
0
0
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u� + u = 2 + x ERH u(1) = 1

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.06973 -0.428393 0.061199 0.061199 0.061199 …
0 0 0 0 0.5 5. -0.5 0. 0. …
0 0 0 0 0 0.5 6. -0.5 0. …
0 0 0 0 0 0 0.5 7. -0.5 …
Å Å Å Å Å Å Å Å Å Å

u =

2.12132
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0.295235
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0
0
0
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u� + u = 2 + x ERH u(1) = 1

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.01493 -0.503731 -0.00746269 -0.00746269 -0.00746269 …
0 0 0 0 0 0.5 6. -0.5 0. 0. …
0 0 0 0 0 0 0.5 7. -0.5 0. …
0 0 0 0 0 0 0 0.5 8. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00746269

0
0
0
Å



u� + u = 2 + x ERH u(1) = 1

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.03979 0.0940168 -0.0570311 -0.00742587 -0.00742587 -0.00742587 …
0 0 0 0 0 0 6.02037 -0.496793 0.000740377 0.000740377 0.000740377 …
0 0 0 0 0 0 0.5 7. -0.5 0. 0. …
0 0 0 0 0 0 0 0.5 8. -0.5 0. …
0 0 0 0 0 0 0 0 0.5 9. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00742587

-0.000740377
0
0
0
Å



u� + u = 2 + x ERH u(1) = 1

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.03979 0.0940168 -0.0570311 -0.00742587 -0.00742587 -0.00742587 -0.00742587 …
0 0 0 0 0 0 6.0411 0.0842762 -0.0406453 0.000737837 0.000737837 0.000737837 …
0 0 0 0 0 0 0 7.0171 -0.498346 -0.0000612783 -0.0000612783 -0.0000612783 …
0 0 0 0 0 0 0 0.5 8. -0.5 0. 0. …
0 0 0 0 0 0 0 0 0.5 9. -0.5 0. …
0 0 0 0 0 0 0 0 0 0.5 10. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00742587

-0.000737837
0.0000612783

0
0
0
Å



1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.03979 0.0940168 -0.0570311 -0.00742587 -0.00742587 -0.00742587 -0.00742587 …
0 0 0 0 0 0 6.0411 0.0842762 -0.0406453 0.000737837 0.000737837 0.000737837 …
0 0 0 0 0 0 0 7.0171 -0.498346 -0.0000612783 -0.0000612783 -0.0000612783 …
0 0 0 0 0 0 0 0.5 8. -0.5 0. 0. …
0 0 0 0 0 0 0 0 0.5 9. -0.5 0. …
0 0 0 0 0 0 0 0 0 0.5 10. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00742587

-0.000737837
0.0000612783

0
0
0
Å

• Suppose we wanted to do back substitution (but don’t do it yet!)

•What would the forward error be? 	


	

 • Precisely the left over term:

0.
0.
0.
0.
0.
0.
0.

0.0000612783
0
0
0
Å

•Thus we know the forward error already, before we have even done the back substitution!



IMPLEMENTATION IN JULIA
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EXAMPLE OPERATOR:  
DERIVATIVE OF TAYLOR SERIES ON 

CIRCLE OF RADIUS R

type TaylorDerivativeOperator <:BandedOperator{Float64}	
     radius	
end	
!
ApproxFun.bandrange(::TaylorDerivativeOperator)=0:1   # diagonal and 1 superdiagonal	
!
function ApproxFun.addentries!(T::TaylorDerivativeOperator,A::ShiftArray,kr::Range1)	
    R=T.radius	
!
    for k=max(kr[1],1):kr[end]	
        A[k,1]=k/R^k           # super-diagonal	
    end	
    	
    A	
end

�

������

0 R�1

2R�2

3R�3

4R�4

. . .

�

������



∞-DIMENSIONAL LINEAR ALGEBRA DATA-TYPE

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.03979 0.0940168 -0.0570311 -0.00742587 -0.00742587 -0.00742587 …
0 0 0 0 0 0 6.02037 -0.496793 0.000740377 0.000740377 0.000740377 …
0 0 0 0 0 0 0.5 7. -0.5 0. 0. …
0 0 0 0 0 0 0 0.5 8. -0.5 0. …
0 0 0 0 0 0 0 0 0.5 9. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00742587

-0.000740377
0
0
0
Å

Banded array



∞-DIMENSIONAL LINEAR ALGEBRA DATA-TYPE

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.03979 0.0940168 -0.0570311 -0.00742587 -0.00742587 -0.00742587 …
0 0 0 0 0 0 6.02037 -0.496793 0.000740377 0.000740377 0.000740377 …
0 0 0 0 0 0 0.5 7. -0.5 0. 0. …
0 0 0 0 0 0 0 0.5 8. -0.5 0. …
0 0 0 0 0 0 0 0 0.5 9. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00742587

-0.000740377
0
0
0
Å

Fill-in by constant multiple of	


boundary row



∞-DIMENSIONAL LINEAR ALGEBRA DATA-TYPE

1.41421 1.41421 0.353553 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 0.707107 …
0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.03979 0.0940168 -0.0570311 -0.00742587 -0.00742587 -0.00742587 …
0 0 0 0 0 0 6.02037 -0.496793 0.000740377 0.000740377 0.000740377 …
0 0 0 0 0 0 0.5 7. -0.5 0. 0. …
0 0 0 0 0 0 0 0.5 8. -0.5 0. …
0 0 0 0 0 0 0 0 0.5 9. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00742587

-0.000740377
0
0
0
Å

Unmodified banded operator



∞-DIMENSIONAL LINEAR ALGEBRA DATA-TYPE
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0 0.5 2. -0.5 0. 0. 0. 0. 0. 0. 0. …
0 0 1.1726 1.91881 0.426401 0.639602 0.639602 0.639602 0.639602 0.639602 0.639602 …
0 0 0 2.46337 0.0738088 -0.396722 -0.295235 -0.295235 -0.295235 -0.295235 -0.295235 …
0 0 0 0 4.10033 0.18451 -0.000228355 0.0607423 0.0607423 0.0607423 0.0607423 …
0 0 0 0 0 5.03979 0.0940168 -0.0570311 -0.00742587 -0.00742587 -0.00742587 …
0 0 0 0 0 0 6.02037 -0.496793 0.000740377 0.000740377 0.000740377 …
0 0 0 0 0 0 0.5 7. -0.5 0. 0. …
0 0 0 0 0 0 0 0.5 8. -0.5 0. …
0 0 0 0 0 0 0 0 0.5 9. -0.5 …
Å Å Å Å Å Å Å Å Å Å Å Å

u =

2.12132
1.

-0.639602
0.295235

-0.0607423
0.00742587

-0.000740377
0
0
0
Å

Unmodified banded operator

Banded array Fill-in by constant multiple of	


boundary row
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DEMO 3:  
PARTIAL DIFFERENTIAL EQUATIONS
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