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Rational plane curves
Definition

C c P? a rational curve,
Nd:# deg C = d, and
pP1,---p3d—1 € C

Theorem (Kontsevich)
For d > 1 we have

3d—4 3d — 4
_ 2 2 3
Ny = > Ny, Ny, (d1d2 (3d1 _2) d1d2(3d1 B 1))
d=d +do
dl,d2 >0

The first few numbers are

Ny =1, No =1, N3 =12, Ny = 620, Ns = 87304.
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T — rel L ~ Pl
0,4 = 3§ P1,P2,9, p1, p2, q, r distinct

e Mo =~ P! via cross ratio. Mg~ Moa = {0,1,00}
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A one-parameter family

C — B parametrized by a curve B:
e Each curve Cp, contains p, ... p3g—2 (but not necessarily
p3d—1 = {1 N L2).
@ One point g € C, N ¥y is marked.
@ One point r € C, N #1 is marked.

/ 4 £
T
/ P3d—2

0 P2
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Geometry of the equation

Forgetting ps, ..., p3g_2 and stabilizing we get

B A) /VOA

Cr CR(Pl,P27q, r)

Since points on P! are homologically equivalent we get

degg AL (p1, p2lq, r) = degg A" (p1, qlp2, ).
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The right hand side
degg A 1(p1, qlp2, r):
@ components C;, (G of degrees di, d> satisfying di + dr» = d.
@ p1 € (7 as well as 3d; — 2 points among the 3d — 4 points
P3,...P3d-2-
o We have p, € (; as well as the remaining 3d> — 2 of the points.

@ We select one point z € C; N C, where the two curves attach.
@ We mark one point g € C; Ny and r € G N4,

:Zd:d1+d2 (3351:42) « Ng Ng, - didy - di-da.

CI'1, d>» >0
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The left hand side: N, part

Curves counted in degg A™*(p1, p2|q, r) come in two flavors:
there are irreducible curves passing through g = r = ¢1 N ¢, This is

precisely Ng.

p2 P1
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The left hand side: reducible part

o (1, G, of respective degrees d, dp satisfying di + d> = d.
@ 3d; — 1 among ps,...p3q_» are on (3.

@ p1,p2 € (5 as well as the remaining 3d> — 2 points.

@ We select one point z € C; N C,. to attached.

@ We mark one point g € CG; N ¥y and r € Gy N 4.

degB A_l(plu p2’q7 r)
3d—4
= Nog +X d=di +d (3¢_1) - Ney No, - dich - df

dl, d2 >0
as needed
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GW theory

Gromov—Witten theory gives us a nice, organized, rigorous way to make
these calculations.
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End of segment

Next: GW 1
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