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Gluing on curves

Gluing and degeneration are intertwined.

Gluing is at the core of WDVV/Quantum Cohomology.

Start with one nodal curve:
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The basic result, treated among other places in [30], [21], is

Theorem 1.3.3. Mg,n(X, β) is a proper Deligne–Mumford stack with pro-
jective coarse moduli space.

1.4. Natural maps. The moduli spaces come with a rich structure of maps
tying them, and X , together.

1.4.1. Evaluation. First, for any 1 ≤ i ≤ n we have natural morphisms,
called evaluation morphisms

Mg,n(X, β)
ei−→ X

(C
f→ X, p1, . . . , pn) $→ f(pi)

1.4.2. Contraction. Next, given a morphism φ : X → Y and n > m we get
an induced morphism

Mg,n(X, β) −→ Mg,m(Y, φ∗β)

(C
f→ X, p1, . . . , pn) $→ stabilization of (C

φ◦f→ Y, p1, . . . , pm).

Here in the stabilization we contract those rational components of C which
are mapped to a point by φ ◦ f and have fewer than 3 special points. This
is well defined if either φ∗β ≠ 0 or 2g − 2 + n > 0.

For instance, if n > 4 we get a morphism M0,n(X, β) → M0,4.

1.5. Boundary of moduli. Understanding the subspace of maps with de-
generate source curve C is key to Gromov–Witten theory.

1.5.1. Fixed degenerate curve. Suppose we have a degenerate curve

C1 C2

p

C = C1

p
∪C2.

So C is a fibered coproduct of two curves. By the universal property of
coproducts

Hom(C, X) = Hom(C1, X) ×
Hom(p,X)

Hom(C2, X)

= Hom(C1, X) ×
X

Hom(C2, X)

implying

Hom(C ,X ) = Hom(C1,X ) ×
Hom(p,X )

Hom(C2,X )

= Hom(C1,X ) ×
X

Hom(C2,X )
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Gluing on moduli

Spreading out on moduli, consider M(X/B, τ), and cutting one edge
M(X/B, τ ′).

The following diagram is cartesian

M(X/B, τ) //

��

M(X , τ ′)

��
X // X × X

Evaluation maps are virtually smooth,

so diagram is compatible with virtual fundamental classes.

Our goal: logarithmic version.

Digression: orbifold version.
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Maps to stacks

Mirror symmetry requires maps to orbifolds – stacks.

If the target is a stack, the source is obliged to become a stack:
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Now consider in general:

X

!!

Deligne–Mumford stack with

X projective coarse moduli space

In analogy to Mg,n(X, β), we want a compact moduli space of maps C → X .

One can define stable maps as in the scheme case, but there is a problem:
the result is not compact. As Angelo Vistoli likes to put it, trying to work
with a non-compact moduli space is like trying to keep your coins when you
have holes in your pockets. The solution that comes naturally is that

the source curve C must acquire a stack structure as
well as it degenerates!

Both problem and solution are clearly present in the following example,
which is “universal” in the sense that we take X to be a one parameter
family of curves itself:

Consider P1 × P1 with coordinates x, s near the origin and the projection
with coordinate s onto P1. Blowing up the origin we get a family of curves,
with general fiber P1 and special fiber a nodal curve, with local equation
xy = t at the node. Taking base change P1 → P1 of degree 2 with equation
t2 = s we get a singular scheme X with a map X → P1 given by coordinate
s. This is again a family of P1’s with nodal special fiber, but local equation
xy = s2.

This is a quotient singularity, and using the chart [A2/(Z/2Z)] with coor-
dinates u, v satisfying u2 = x, v2 = y we get a smooth orbifold X , with coarse
moduli space X and a map X → P1. It is a family of P1’s parametrized by
P1, degenerating to an orbifold curve.

X

↓

If you think about the family of stable maps P1 → X parametrized by
P1 ! {0} given by the embedding of P1 in the corresponding fiber, there
simply isn’t any stable map from a nodal curve that can be fit over the
missing point {0}! The only reasonable thing to fit in there is the fiber
itself, which is an orbifold nodal curve. We call these twisted curves.
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twisted curves

Σi ⊂ C → C

22 D. ABRAMOVICH

3.2. Twisted curves. This is what happens in general: degenerations force
us to allow stacky (or twisted) structure at the nodes. Thinking ahead about
gluing curves we see that we had better allow these structures at markings
as well.

A twisted curve is a gadget as follows:

Σi ⊂ C
↓
C.

twisted node
twisted marking

Here

• C is a nodal curve.
• C is a Deligne–Mumford stack with C as its coarse moduli space.
• Over a node xy = 0 of C, the twisted curve C has a chart

[{uv = 0}/µr]

where the action of the cyclotomic group µr is described by

(u, v) #→ (ζu, ζ−1v).

We call this kind of action, with two inverse weights ζ, ζ−1, a balanced
action. It is necessary for the existence of smoothing of C! In this
chart, the map C → C is given by x = ur, y = vr.

• At a marking, C has a chart [A1/µr], with standard action u #→ ζu,
and the map is x = ur.

• The substack Σi at the i-th marking is locally defined by u = 0.
This stack Σi is canonically an étale gerbe banded by µr.

Note that we introduce stacky structure only at isolated points of C and
never on whole components. Had we added stack structures along compo-
nents, we would get in an essential manner a 2-stack, and I don’t really know
how to handle these.

As defined, twisted curves form a 2-category, but it is not too hard to
show it is equivalent to a category, so we are on safe grounds.

The automorphism group of a twisted curve is a fascinating object - I’ll
revisit it later.

This notion of twisted curves was developed in [5]. As we discovered later,
a similar idea appeared in Ekedahl’s [19].

3.3. Twisted stable maps.

Definition 3.3.1. A twisted stable map consists of

(f : C → X , Σ1, . . . , Σn),

C is a Deligne–Mumford stack with C as its coarse moduli space.

Over a node xy = 0 of C , C has chart

[{uv = 0}/µr ] (u, v) 7→ (ζu, ζ−1v).

At a marking, C has a chart [A1/µs ], with standard action u 7→ ζu

The substack Σi at the i-th marking is locally defined by u = 0.
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Twisted stable maps

We write Kg ,n(X , β) for the resulting moduli space.

Theorem (ℵ–Vistoli, Chen–Ruan)
The category Kg ,n(X , β) is a proper Deligne–Mumford stack with
projective coarse moduli space.
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Gluing twisted curves

C = C1
Σ⊔C2.

Therefore

Hom(C,X ) = Hom(C1,X ) ×
Hom(Σ,X )

Hom(C2,X ).

but Σ is no longer a point but a gerbe!

Hom(Σ,X ) = IX (with a grain of salt).
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Gluing of twisted stable maps

Proposition

The evaluation maps M(X , τ) → IXm are virtually smooth.
Given an edge of τ with splitting τ ′ we have a cartesian splitting diagram

M(X , τ) //

��

M(X , τ ′)

��
IX // IX × IX

of stacks with compatible virtual fundamental classes.

This leads to a wonderful WDVV for orbifolds, leading to Chen–Ruan
cohomology, quantum cohomology, Tseng’s orbifold upgrade of the
Givental formalism, Coates–Corti–Itritani–Tseng, the crepant resolution
conjecture, etc.
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Lessons learned

In any generalization of GW theory,

1 The structure of curves should reflect the structure of targets, and
vice versa.

2 The structure of points should say something about where one
evaluates.

3 Gluing should be a fibered diagram, with compatible virtual structure,
as above.
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Degeneration formula - first case

X → B 1-parameter degeneration, smooth total space, of smooth X
to Y1 ∪D Y2, with Yi ,D smooth.

A.M. Li–Ruan, J. Li: GW (X/B),GW (Yi ,D).

Theorem: GW (X/B) = GW (Y1,D) ∗ GW (Y2,D)

Original constructions and proofs: expanded degenerations, a bit of
logarithmic deformation theory.

ℵ-Fantechi: expanded degenerations, orbifolds.

Kim, Chen: expanded degenerations, logarithmic.

Kim–Lho–Ruddat: purely logarithmic.

ℵ–Marcus–Wise: all give the same result.
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The general case

X → B a SNC degeneration!

This was the original purpose of logarithmic GW theory.

In an ideal world, Siebert’s dream would have been realized directly,
with no caveats.

Brett Parker in a series of papers has an approach for a full
degeneration formula using his theory of exploded manifolds.

Ranganathan, Maulik–Ranganathan: a full degeneration formula
using expanded degenerations controlled by combinatorics.

There is also an orbifold approach by Fan, Wu and You. Unlike the
simplest case, there is a difference between this approach and the
logarithmic approach.

logarithmic geometry (Gross–Siebert, ACGS, Gross) provides a gluing
mechanism, which works in many important cases but not all.

I feel that we are still missing a simplifying component of the theory,
and would welcome ideas.
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End of segment

Next: Log GW
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