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Chapter 1

1D Quantum Mechanics Revisited

This chapterwill focus on quantummechanics in one spatial dimension. We take the approach
of treating the canonical position and momentum operators on an equal footing, and work with
basis-independent operators when possible. We will find that much follows from the canonical
commutation relation [x̂, p̂] = iℏ. We will spend some time considering the Schrödinger equation
in momentum space as this is probably unfamiliar.

1.1 A major theme from QM1

In this section we briefly review a major theme of QM1. To start, we write down the time-
dependent Schrödinger equation (TDSE)

iℏ∂t |ψ(t)⟩ = Ĥ |ψ(t)⟩ (1.1)

where we recall that ℏ is Planck’s constant, t is time, |ψ(t)⟩ is the wave function, and Ĥ is the
(Hermitian) Hamiltonian operator. In these notes, we will denote operators with hats. This is
the central equation in quantum mechanics. In quantum mechanics, observables correspond to
Hermitian operators. To evaluate the time-dependent expectation of observable Â, the standard
approach is to (1) solve the Schrödinger equation (given some initial wave function) and (2) eval-
uate ⟨ψ(t)| Â |ψ(t)⟩.

Provided Ĥ is time independent, the solution to (1.1) can be written as

|ψ(t)⟩ = e−
i
ℏ Ĥt |ψ(0)⟩ .

In this, e− i
ℏ Ĥt is definied by its series expansion. We can check that this solves (1.1) with the

correct initial condition. This solution, however, is oftentimes not immediately useful. To find a
more explicit expression for the time-dependent wave function, we solve the time-independent
Schrödinger equation (TISE):

Ĥ |ϕn⟩ = En |ϕn⟩
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where we require the eigenstates (also known as eigenkets or stationary states) |ϕn⟩ to be in
the Hilbert space (or suitable generalisation) of the problem of interest to us, and En are the
eigenenergies. For simplicity, for the present case we are assuming that the spectrum is discrete
(eigenenergies are labeled by integer n) and |ϕn⟩ span the Hilbert space – that is, they are com-
plete. Since Ĥ is Hermitian, we can take the eigenstates to be orthonormal:

⟨ϕn|ϕm⟩ = δnm

where δnm is the Kronecker delta. Next, we note that a resolution of the identity is given by

1 =
∑
n

|ϕn⟩ ⟨ϕn| .

This can be directly checked by using the orthonormality condition to verify that 1 |ϕn⟩ = |ϕn⟩.
The next step is to insert this resolution of the identity into our expression for the time-

dependent wave function:

|ψ(t)⟩ = e−
i
ℏ Ĥt |ψ(0)⟩ =

∑
n

e−
i
ℏ Ĥt |ϕn⟩ ⟨ϕn|ψ(0)⟩ =

∑
n

e−
i
ℏEnt |ϕn⟩ ⟨ϕn|ψ(0)⟩

where we note that e− i
ℏ Ĥt |ϕn⟩ = e−

i
ℏEnt |ϕn⟩.

So, with the solution of the time-independent problem, we may find the general time depen-
dence of the wave function through

|ψ(t)⟩ =
∑
n

e−
i
ℏEnt |ϕn⟩ ⟨ϕn|ψ(0)⟩. (1.2)

We can then evaluate the expectation value of the observable of our choice.

1.2 Position and momentum revisited

1.2.1 Canonical commutation relations

The previous section was fairly general. In the present section we will consider quantum
mechanical problems in one spatial dimension, and label the position operator as x̂ and the mo-
mentum operator as p̂. In the following, we will treat these operators on a more-or-less equal
footing. These Hermitian operators satisfy the canonical commutation relation:

[x̂, p̂] ≡ x̂p̂− p̂x̂ = iℏ.

This relation is of crucial importance in quantum mechanics. Historical note: Dirac exploited an
analogy with classical mechanics (the so-called Poisson bracket) to write down expressions like
what is above. (Heisenberg had arrive at the [x̂, p̂] relation earlier, though.) This process is now
usually referred to a canonical quantisation.
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The standard way to go from classical to quantum is to promote the classical momentum and
position to operators:

x→ x̂, p→ p̂

and impose the canonical commutation relation (this is also known as canonical quantisation).
The classical energy then becomes the quantum Hamiltonian. We then solve the TDSE and eval-
uate the expectation value of an observable of our choice (as in the previous section).

1.2.2 Eigenstates of the position and momentum operators
Both position and momentum have continuous (rather than discrete) spectra. There is no

reason to restrict the location of a particle to be at discrete ‘spots’. The rigorous treatment of
an infinite-dimensional vector space spanned by eigenstates exhibiting a continuous spectrum
is somewhat involved. We will not pursue such a treatment in the course. Fortunately, relevant
results from finite dimensional vector spaces usually carry over to the infinite dimensional case
in a very natural way.

Let’s first focus on position. We denote the eigenstates of x̂ as |x⟩ and the eigenvalues by x:

x̂ |x⟩ = x |x⟩ .
The ket |x⟩ corresponds to a state tightly localised at position x. Since x̂ is Hermitian, we have
that ⟨x| x′⟩ = 0 when x ̸= x′. Noting this, we use the following normalisation condition:

⟨x| x′⟩ = δ(x− x′)

where δ(x− x′) is the Dirac delta function.1 A resolution of the identity is given by

1 =

∫
dx |x⟩ ⟨x| .

The above expression is integrated over all space. When there is little risk of ambiguity, we will
not explicitly write out the limits of integration (using a similar practice below for momentum). It
is instructive to compare these results to the analogous discrete ones from the previous section:
⟨ϕn|ϕm⟩ = δnm and 1 =

∑
n |ϕn⟩ ⟨ϕn| . Everything seems to naturally work out. That is, the

sum for the discrete case becomes an integral for the continuous case. Additionally, one needs
the Dirac (rather than Kronecker) delta to ensure that 1 |x⟩ = |x⟩.

Everything that we did with x̂ in the previous paragraph can also be donewith p̂. In particular,
we have

p̂ |p⟩ = p |p⟩ ,

⟨p| p′⟩ = δ(p− p′),

and

1 =

∫
dp |p⟩ ⟨p| .

1Strictly speaking, the Dirac delta is a distribution and not a function. However, the terminology ‘Dirac delta
function’ is widespread. We will usually just call it the ‘Dirac delta’.
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1.2.3 The position basis
So far, apart from the cannonical commutation relation, position and momentum have been

treated separately. How do we compute quantities like ⟨x| p⟩? To figure this out, we introduce
the (spatial) translation operator:

T̂ (a) = e−
i
ℏ p̂a

where a is a scalar quantity having units of length. This operator will be discussed more later in
our discussion on symmetries. Since p̂ is Hermitian, it is readily verified that T̂ (a) is a unitary
operator: T̂ †(a)T̂ (a) = T̂ (−a)T̂ (a) = 1. Next, let us consider the quantity

F̂ (a) ≡ T̂ †(a)x̂T̂ (a).

To find a more explicit expression for F̂ (a) we take its derivative with respect to a to find

d

da
F̂ (a) =

i

ℏ
e

i
ℏ p̂a(p̂x̂− x̂p̂)e−

i
ℏ p̂a = − i

ℏ
e

i
ℏ p̂a[x̂, p̂]e−

i
ℏ p̂a = e

i
ℏ p̂ae−

i
ℏ p̂a = 1

where we have used the canonical commutation relation. Next, we solve this (operator) ODE.
With the initial condition F̂ (0) = x̂, we readily find the solution to be

F̂ (a) = T̂ †(a)x̂T̂ (a) = x̂+ a. (1.3)

How does the translation operator act on position eigenstates? Note that, using (1.3) we have
that

T̂ †(a)x̂T̂ (a) |x⟩ = (x̂+ a) |x⟩ = (x+ a) |x⟩

where we remember that x̂ |x⟩ = x |x⟩. Next, multiplying on the left by T̂ (a) we find

x̂T̂ (a) |x⟩ = (x+ a)T̂ (a) |x⟩ .

Therefore, T̂ (a) |x⟩ is an eigenstate of the position operator with eigenvalue x + a. Evidently
T̂ (a) |x⟩ = |x+ a⟩. Technically, this really only tells us that, since the spectrum of x̂ is non-
degenerate, T̂ (a) |x⟩ is proportional to |x+ a⟩. But remember that eigenstates are only defined
up to normalisation and phase. Thus, given |x⟩, the identification |x+ a⟩ = T̂ (a) |x⟩ can be
thought of as fixing the phase of |x+ a⟩.

In summary, the key relations of the translation operator for the present purpose are:

T̂ †(a)x̂T̂ (a) = x̂+ a

and

T̂ (a) |x⟩ = |x+ a⟩ .
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Take an arbitrary state |ψ⟩. In the position basis, ψ(x) ≡ ⟨x|ψ⟩. This is the familiar wave
function entering the position-space Schrödinger equation. Similarly, in the momentum basis we
have ψ̃(p) ≡ ⟨p|ψ⟩ .

Next, let’s consider the quantity ⟨x| p̂ |ψ⟩ where |ψ⟩ is an arbitrary state. Such an expression
will tell us how to evaluate momentum in the position basis. To evaluate this, we consider the
following for an arbitrary ket |ψ⟩:

ψ(x+ a) = ⟨x+ a|ψ⟩ = ⟨x| T̂ †(a) |ψ⟩ = ⟨x|
[
1 +

i

ℏ
p̂a+

1

2

(
i

ℏ
p̂a

)2

+ . . .

]
|ψ⟩ .

Next we Taylor expand ψ(x + a) in a: ψ(x + a) = ψ(x) + ∂xψ(x)a + . . . and match powers of
a with the far RHS of the above expression. The zeroth order result gives simply ψ(x) = ⟨x|ψ⟩.
The first order result gives our desired result:

⟨x| p̂ |ψ⟩ = −iℏ∂xψ(x). (1.4)

The above can be read as ‘momentum in the position basis is −iℏ∂x.’ Sometimes people simply
put p̂ = −iℏ∂x. However, for the present purposes it is best to not do this, and instead regard p̂
as a basis-independent abstract operator. We can also conclude that for positive integer n,

⟨x| p̂n |ψ⟩ = (−iℏ∂x)nψ(x)

(see exercises).
Our next aim is to write the Schrödinger equation in the position basis. We consider a single

particle in a potential so that

Ĥ =
p̂2

2m
+ V (x̂).

Multiplying iℏ∂t |ψ(t)⟩ = Ĥ |ψ(t)⟩ on the left by ⟨x| we find the familiar expression

iℏ∂tψ(x, t) = − ℏ2

2m
∂2xψ(x, t) + V (x)ψ(x, t)

where ψ(x, t) = ⟨x|ψ(t)⟩.

1.2.4 The momentum basis
One can follow a nearly identical approach as was done in the previous section to find how

to write quantities in the momentum basis. In particular, we start with the unitary momentum
translation operator

Û(q) = eix̂q/ℏ.

As the treatment strongly mirrors that of the previous section, we will only write down the
relevant relations, leaving their confirmation to the reader. The above operator can be found to

7



translate momentum as it should: Û †(q)p̂Û(q) = p̂ + q, Û(q) |p⟩ = |p+ q⟩. One takes a general
state |ψ⟩ written in the momentum basis to be ψ̃(p) = ⟨p|ψ⟩. Next one can consider the series
expansion of ψ̃(p+ q) in two different ways (see treatment in previous section) to determine that

⟨p| x̂n |ψ⟩ = (iℏ∂p)nψ̃(p)

for positive integer n. That is, the position operator in the momentum basis is iℏ∂p. Finally,
by acting on the (operator) time-dependent Schrödinger equation on the left with ⟨p| gives the
Schrödinger equation in the momentum basis

iℏ∂tψ̃(p, t) =
p2

2m
ψ̃(p, t) + V (iℏ∂p)ψ̃(p, t)

where we have assumed that V (x̂) can be expanded as a power series in x̂.

1.2.5 The Fourier transform
To complete the story, we need to find an expression for the inner product of the position and

momentum eigenkets: ⟨x| p⟩. This will allow us to directly convert a state in the position basis
to one in the momentum basis and vice-versa.

To evaluate this, we first consider the quantity ⟨x| p̂ |p⟩. Since |p⟩ is an eigenstate of the
momentum operator, we have ⟨x| p̂ |p⟩ = p ⟨x| p⟩. On the other hand, because of (1.4) we have
that ⟨x| p̂ |p⟩ = −iℏ∂x ⟨x| p⟩. We therefore find the following differential equation for ⟨x| p⟩:

p ⟨x| p⟩ = −iℏ∂x ⟨x| p⟩.

We readily solve this to find ⟨x| p⟩ = A(p)eixp/ℏ where A(p) is an arbitrary function of p.
Next, let’s consider the same expression from the previous paragraph, but with position and

momentum swapped: ⟨p| x̂ |x⟩. Using that |x⟩ is a position eigenstate as well as ourway of writing
the position operator in the momentum basis, we arrive at the differential equation:

x ⟨p|x⟩ = iℏ∂p ⟨p| x⟩.

This, again, can be readily solved to find ⟨p| x⟩ = B(x)e−ixp/ℏ whereB(x) is an arbitrary function
of x. Taking the complex conjugate gives:

⟨x| p⟩ = B∗(x)eixp/ℏ.

Finally, comparing this expression with the last expression of the previous paragraph we see that
both A(p) and B(x) must be constants (no dependence on either x or p). So we have arrived at:

⟨x| p⟩ = Aeixp/ℏ.

To fix A, we consider the following:

δ(x− x′) = ⟨x|x′⟩ =
∫
dp ⟨x| p⟩ ⟨p| x′⟩ =

∫
dp|A|2ei(x−x′)p/ℏ.
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In the above we have inserted a resolution of the identity operator (in the momentum basis).
Introducing the scaled momentum k = p/ℏ (such steps can be avoided when working in units
where ℏ = 1!), we then have

δ(x− x′) = ℏ
∫
dk|A|2ei(x−x′)k = |A|22πℏδ(x− x′)

where we have used the following expression for the Dirac delta function:

δ(x) =
1

2π

∫
dkeikx.

Choosing A to be purely real and positive (convention) we therefore find

⟨x| p⟩ = 1√
2πℏ

eixp/ℏ.

Armed with our expression for ⟨x| p⟩ we may now convert between position space and mo-
mentum space wave functions. Inserting a resolution of the identity in appropriate places we
find:

ψ(x) = ⟨x|ψ⟩ =
∫
dp ⟨x| p⟩ ⟨p|ψ⟩ = 1√

2πℏ

∫
dpeixp/ℏψ̃(p)

ψ̃(p) = ⟨p|ψ⟩ =
∫
dx ⟨p|x⟩ ⟨x|ψ⟩ = 1√

2πℏ

∫
dxe−ixp/ℏψ(x).

The above is nothing other than the Fourier transform!

1.2.6 The Schrödinger equation in momentum space: examples
The SE in position space is much more common than the SE in momentum space. There are,

however, examples where momentum is the more natural basis to use. In the first example, we
consider the Hamiltonian corresponding to a particle under a linear potential: Ĥ = p̂2

2m
+ γx̂. In

the momentum basis, the TISE Ĥ |ϕ⟩ = E |ϕ⟩ becomes

p2

2m
ϕ̃(p) + iℏγ∂pϕ̃(p) = Eϕ̃(p),

a first-order differential equation. We solve this differential equation to find

ϕ̃(p) = e
−i
γℏ (Ep−p3/6m)ϕ̃(0).

To find this stationary state in the position basis, we use the Fourier transform. The resulting
ϕ(x) does not have a simple closed-form expression – it is typically expressed in terms of the
so-called Airy function.
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As a next example, we consider finding the ground-state energy of the following Hamiltonian

Ĥ =
p̂2

2m
− γδ(x̂)

where γ is positive. The following potential, as we will see, turns out to have a single bound
(localised in position space) state. Let’s consider the TISE for the above in momentum space:

p2

2m
ϕ̃(p)− γ ⟨p| δ(x̂) |ϕ⟩ = Eϕ̃(p).

To simplify the second term on the LHS of the above, let’s insert a resolution of the identity:
⟨p| δ(x̂) |ϕ⟩ =

∫
dx ⟨p|x⟩ ⟨x| δ(x̂) |ϕ⟩ = 1√

2πℏϕ(x = 0). So the TISE becomes:

p2

2m
ϕ̃(p)− γ√

2πℏ
ϕ(0) = Eϕ̃(p).

Note that the above equation has a term involving the wave function in real space. To be consis-
tent, it must be that (using Fourier transform):

ϕ(0) =
γ√
2πℏ

∫
dpϕ̃(p) = −ϕ(0) γ

2πℏ

∫
dp

1

E − p2

2m

.

Assuming that E < 0 (as is the case for a bound state), evaluating the integral2 and solving for
E gives

E = −mγ
2

2ℏ2

which is the ground-state energy we are after. The corresponding eigenfunction is ϕ̃(p) =
A/(p2 + 2m|E|) where A is a normalisation constant.

Fourier transforming ϕ̃(p) to position space3 and normalising gives

ϕ(x) =
√
κe−κ|x|

where κ = mγ/ℏ2. It is reassuring that this solves the Schrödinger equation in the position basis
(note that ∂2x|x| = 2δ(x)) with the correct energy.

1.2.7 Generalisation to three dimensions
The arguments in this section can be naturally generalised to three spatial dimensions. The

difficult part is done – any added difficulty in going to three dimensions mainly has to do with
notation. Belowwe collect the three-dimensional versions of somemain results from this section.

2The following integral is useful:
∫∞
−∞

dp
p2+η2 = π

|η| where η is assumed to be real and non-zero. This can be
either looked up or directly derived.

3It is a little tricky but give it a try. Taking such Fourier transforms though are not directly in the remit of this
module and so not examinable.
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r̂ = x̂i+ ŷj+ ẑk = x̂1i+ x̂2j+ x̂3k

p̂ = p̂xi+ p̂yj+ p̂zk = p̂1i+ p̂2j+ p̂3k

[x̂i, x̂j] = 0, [p̂i, p̂j] = 0, [x̂i, p̂j] = iℏδij
r̂ |r⟩ = r |r⟩
p̂ |p⟩ = p |p⟩
⟨r| r′⟩ = δ(3)(r− r′) = δ(x− x′)δ(y − y′)δ(z − z′)

⟨p|p′⟩ = δ(3)(p− p′) = δ(px − p′x)δ(py − p′y)δ(pz − p′z)

⟨r| p̂ |ψ⟩ = −iℏ∇r ⟨r|ψ⟩
⟨p| r̂ |ψ⟩ = iℏ∇p ⟨p|ψ⟩

⟨r|p⟩ = 1

(2πℏ)3/2
eir·p/ℏ

1.3 Exercises
Exercise 1.1 Consider a particle in the infinite square well potential such that V = 0 for 0 ≤ x ≤ L
and V = ∞ otherwise. Suppose the particle is in the initial state |ψ(0)⟩ = (|ϕ1⟩+ |ϕ2⟩)/

√
2 where

|ϕ1⟩ and |ϕ2⟩ are the ground and first excited states of the Hamiltonian. Find the expectation value
of the position operator as a function of time.

Exercise 1.2 In section 1.1, the Hamiltonian was assumed to be time independent. For a time-
dependent Hamiltonian Ĥ(t), an obvious guess for the solution to the TDSE is |ψ(t)⟩ = e−

i
ℏ Ĥ(t)t |ψ(0)⟩.

Explain why this is wrong. Can you think of a way to generalise to the time-dependent case?

Exercise 1.3 Show that [x̂2, p̂2] = 2iℏ(x̂p̂+ p̂x̂).

Exercise 1.4 For a sufficiently well-behaved function of the position operator f(x̂), show that [p̂, f(x̂)] =
−iℏ∂x̂f(x̂)
Exercise 1.5 Consider a to be small. With the series expansion for the translation operator: T̂ (a) =

1+ −i
ℏ p̂a+

1
2!

(−i
ℏ p̂a

)2
+ . . . and a similar one for T̂ †(a) = T̂ (−a), verify that (1.3) is correct up to

and including terms of order a2.

Exercise 1.6 Show that [x̂, T̂ (a)] = aT̂ (a).

Exercise 1.7 The mathematical integrity of the integral representation of the Dirac delta is ques-
tionable (try directly evaluating it!). One may think of the Dirac delta as a limit of distributions. For
positive η, define δη(x) = 1

2π

∫∞
−∞ dkeikxe−η|k|. Show that δη(x) = 1

π
η

x2+η2
. Observe that δη(x) be-

comes sharply peaked about x = 0 as η becomes small. Show that
∫∞
−∞ dxδη(x) = 1. δη(x) becomes

the Dirac delta when we take η to zero. Boldly taking the η → 0 limit before doing the integral gives
the integral representation of the Dirac delta.

Exercise 1.8 Show that ⟨x| p̂n |ψ⟩ = (−iℏ∂x)nψ(x) for positive integer n. Hint: consider the ket
|ϕ⟩ = p̂n−1 |ψ⟩ so that ⟨x| p̂n |ψ⟩ = ⟨x| p̂ |ϕ⟩.
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Chapter 2

The Different Pictures of Quantum
Mechanics

In this chapter, we will consider the different “pictures” of quantum mechanics. Oftentimes
a problem in quantum mechanics is more natural to analyse in one picture than it is in another.
The time evolution operator establishes a bridge between the different pictures so we will discuss
it first.

2.1 The time-evolution operator

We take the time evolution operator to be the time-dependent operator Û(t) that satisfies the
evolution equation

iℏ∂tÛ(t) = Ĥ(t)Û(t)

with initial condition Û(0) = 1. We will later see how this can be used to evolve states. Our first
observation is that Û(t) is unitary. Why is this? At t = 0, Û is just the identity operator and so
Û †Û = 1 then. What about later times? We can use the above evolution equation to determine
that (remembering Ĥ† = Ĥ)

∂t(Û †(t)Û(t)) = i

ℏ

(
Û †ĤÛ − Û †ĤÛ

)
= 0.

From this we see that Û †(t)Û(t) = 1 at the later times and so Û(t) remains unitary.
Next, let’s multiply the evolution equation by some time-independent state |ψ(0)⟩. We get

iℏ∂t
(
Û(t) |ψ(0)⟩

)
= Ĥ(t)

(
Û(t) |ψ(0)⟩

)
.

This looks like the Schrödinger equation that a state with initial condition |ψ(0)⟩ would satisfy.
Since a solution of the time-dependent Schrödinger equation with specified initial state is unique
we may identify:

|ψ(t)⟩ = Û(t) |ψ(0)⟩ .

12



This is a useful result. To find out what a state does at later times just multiply by Û(t) (if we
know it!) – no need to solve the Schrödinger equation.

Next we observe that evolution in this way preserves normalisation because of its unitarity.
That is,

⟨ψ(t)|ψ(t)⟩ = ⟨ψ(0)| Û †(t)Û(t) |ψ(0)⟩ = ⟨ψ(0)|ψ(0)⟩.
So if we start with a state normalised to one, we continue to have a state normalised to one.

When Ĥ is time-independent, we can directly solve the time-evolution equation with appro-
priate initial conditions to find

Û(t) = e
−i
ℏ Ĥt.

When the Hamiltonian is time dependent, such a result does not generally hold. In the following
we will derive a fairly compact expression for the time-evolution operator for this case. Integrat-
ing the evolution equation from zero to t gives

Û(t) = 1− i

ℏ

∫ t

0

dt′Ĥ(t′)Û(t′).

We note that Û appears in two places in this equation. Inserting the one on the left into the one
on the right gives

Û(t) = 1− i

ℏ

∫ t

0

dt′Ĥ(t′) +

(−i
ℏ

)2 ∫ t

0

dt′
∫ t′

0

dt′′Ĥ(t′)Ĥ(t′′)Û(t′′).

Continuing with this procedure, we can find a series expansion for the evolution operator:

Û(t) = 1+
∞∑
n=1

(−i
ℏ

)n

F̂n

where

F̂n =

∫ t

0

dt1

∫ t1

0

dt2 . . .

∫ tn−1

0

dtnĤ(t1) . . . Ĥ(tn).

This is called the Dyson series.
To make further progress, we introduce the so-called time-ordering operator Tt. This “meta

operator” puts quantities evaluated at later times to the left of quantities evaluated at earlier times,
disregarding commutation relations in the process. For instance, Tt(Ĥ(t1)Ĥ(t2)) is Ĥ(t1)Ĥ(t2)
when t1 > t2 and Ĥ(t2)Ĥ(t1) when t2 > t1. Next we claim the useful result:

F̂n =
1

n!
Tt(F̂1

n
).

Trying showing this, starting with n = 2. Using this result, the series above can be re-summed
to give the compact result we are seeking:

Û(t) = Tte
−i
ℏ

∫ t
0 dt′Ĥ(t′).

Note that when [Ĥ(t), Ĥ(t′)] = 0 for all t and t′, we can drop the time-ordering operator in this
expression (why?).
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2.2 The Heisenberg picture

Now with Û(t) at our disposal we can continue to our discussion of the Heisenberg picture.
To motivate this, let’s consider the expectation value of some operator Â (an observable, for
instance). To simplify the discussion, we will take Â to have no intrinsic time dependence (but
this case can also be handled). What is the time-dependent expectation value of Â, evaluated
with state |ψ(t)⟩ evolving according to the Schrödinger equation? With the information we now
have at hand, we can write this in two different ways

⟨Â⟩(t) = ⟨ψ(t)| Â |ψ(t)⟩ = ⟨ψ(0)|
[
Û †(t)ÂÛ(t)

]
|ψ(0)⟩ .

The above suggests two equivalent approaches to evaluating the expectation value:

• The familiar approach of taking the state ket to evolve through |ψ(t)⟩ = Û(t) |ψ(0)⟩ and
keeping the operator to be time independent. This is called the Schrödinger picture.

• Letting the operator evolve through ÂH(t) ≡ Û †(t)ÂÛ(t) while keeping the state fixed at
|ψ(0)⟩. This is called the Heisenberg picture. In the following, we will use subscript H to
denote quantities evaluated in the Heisenberg picture.

Physically, we measure observables and not wave functions. Both methods give the same answer
for the expectation values of observables, and so provide equally valid descriptions of reality.

We now move on to discuss how we might compute the time dependence of an operator in
the Heisenberg picture. Taking the time derivative of ÂH and using the evolution equation for Û
we find

d

dt
ÂH(t) =

∂Û †(t)

∂t
ÂÛ(t) + Û †(t)Â

∂Û(t)
∂t

=
−i
ℏ
Û †(t)[Â, Ĥ]Û(t).

We have found the Heisenberg equations of motion

iℏ
d

dt
ÂH(t) = Û †(t)[Â, Ĥ]Û(t) = [ÂH(t), ĤH(t)]

where ĤH(t) = Û †(t)ĤÛ(t). Note that when the Hamiltonian is time-independent (as is often
the case), we have ĤH(t) = Ĥ (why?). Also note that we must have the initial condition ÂH(t =
0) = Â since the time-evolution operator is the identity when t = 0.

2.3 Applications of the Heisenberg equations of motion

With the Heisenberg equations of motion at hand, we will discuss a number of applications.
Some of these results would be fairly demanding to obtain in the Schrödinger picture.
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2.3.1 First examples
Example 1

First we consider the motion of a particle under a Hamiltonian with a linear potential. In
particular, we take the motion of the particle to governed by

Ĥ =
p̂2

2m
+ γx̂

and further take the initial expectation values of position and momentum to be ⟨x̂⟩(t = 0) =
⟨ψ(0)| x̂ |ψ(0)⟩ = x̄ and ⟨p̂⟩(t = 0) = p̄. What is the value of the expectation value of the
position at later times?

This problem would be somewhat involved to work in the Schrödinger picture as the station-
ary states of the Hamiltonian are Airy functions, c.f. Sec. 1.2.6. However, as we now see, it is very
manageable in the Heisenberg picture.

First we need to set up the equations of motion. For position, they are

iℏ
d

dt
x̂H(t) = Û †(t)[x̂, Ĥ]Û(t) = Û †(t)iℏp̂/mÛ(t) = iℏp̂H(t)/m.

For momentum,

iℏ
d

dt
p̂H(t) = Û †(t)[p̂, Ĥ]Û(t) = Û †(t)− iℏγÛ(t) = −iℏγ.

Rearranging the above gives:

m
d

dt
x̂H = p̂H

d

dt
p̂H = −γ

which are operator versions of the corresponding equations of motion in classical mechanics.1
With the correct initial conditions (x̂H(t = 0) = x̂, p̂H(t = 0) = p̂), the above equations of

motion are readily solved:

x̂H = x̂+
1

m
p̂t− γ

2m
t2

p̂H = p̂− γt.

From this, it directly follows that

⟨x⟩(t) = ⟨ψ(0)| x̂H |ψ(0)⟩ = x̄+
1

m
p̄t− γ

2m
t2.

Example 2
1This analogy holds for other types of potentials. However, the expectation values only obey classical equations

of motion when the potential is at most quadratic in x̂.
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The Heisenberg equations of motion are not confined to the position and momentum opera-
tors. As a next example, we consider the evolution of the ladder operators, also known as creation
and destruction operators, familiar from the solution of the harmonic oscillator. In the following,
we will also take the initial state to be a so-called coherent state. Basic information on coherent
states is in Appendix 2.A.

Let’s see how the ladder operators evolve in the Heisenberg picture under the harmonic os-
cillator Hamiltonian Ĥ = ℏω(â†â + 1/2). The Heisenberg equation of motion for the ladder
operator is:

iℏ
d

dt
âH(t) = Û †(t)[â, Ĥ]Û(t).

To evaluate the piece sandwiched between the evolution operators, we need to figure out [â, â†â].
To calculate this, we can use the identity [Â, B̂Ĉ] = [Â, B̂]Ĉ + B̂[Â, Ĉ] (verify this) to find
[â, â†â] = â. With this, the equation of motion becomes

iℏ
d

dt
âH(t) = ℏωÛ †(t)âÛ(t) = ℏωâH(t).

With the initial condition âH(0) = â we can immediately solve to find

âH(t) = e−iωtâ.

What can we use this for? Suppose that initially at t = 0, our state is a coherent state |z⟩
such that â |z⟩ = z |z⟩. To find the expectation value of â at later times we just need to take the
expectation value of âH(t) with this initial state. We find

⟨â⟩(t) = ⟨ψ(t)| â |ψ(t)⟩ = ze−iωt. (2.1)

With little additional work, we can find the time-dependent expectation value of the position
operator x̂ =

√
ℏ

2mω
(â+ â†) to be

⟨x̂⟩(t) = ⟨ψ(t)| x̂ |ψ(t)⟩ =
√

ℏ
2mω

(ze−iωt + z∗eiωt).

2.3.2 Many-particle collapse and revival
This example is slightly more involved than the two pervious ones. Instead of the harmonic

oscillator Hamiltonian, let’s take

Ĥ =
g

2
â†â†ââ =

g

2
n̂(n̂− 1) (2.2)

where n̂ = â†â and g is a positive constant having units of energy. This example is considerably
more involved than the previous one. Do not worry if the manipulations are difficult on your first
or second pass, especially if you are learning coherent states in parallel. This example actually
brings us up to some influential research from the current era.
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The discussed in the following foreshadows our later treatment of second quantisation. It is
meant to give a plausible physical interpretation of this example. When â is the ladder operator
from the harmonic oscillator, the above Hamiltonian does not seem so physical. That is, it would
involve terms like p̂4 and x̂p̂3. In the language of second quantisation, the ladder operators take
on a new meaning. In second quantisation, the operator â† is interpreted as an operator that
adds one particle. To understand physically the present example we contrast the two physical
interpretations in this table:

Harmonic Oscillator Second Quantisation
|n⟩ nth eigenstate of harmonic

oscillator
State with exactly n particles

â Lowering operator that takes
a harmonic oscillator eigen-
state one rung down the lad-
der

Destruction operator that de-
stroys a particle

â† Raising operator that takes
a harmonic oscillator eigen-
state one rung up the ladder

Creation operator that creates
one particle

n̂ Quantum number operator Particle number operator

Now back to the Hamiltonian. This Hamiltonian can be thought of as describing pairwise inter-
actions between particles. The interaction between each pair of particles costs an energy g. Since
we can form

(
n
2

)
= n(n− 1)/2 pairs from n particles, the Hamiltonian has its current form.

We now compute the Heisenberg equations of motion for the destruction operators. We find

iℏ
d

dt
âH(t) = Û †(t)[â, Ĥ]Û(t) = gÛ †(t)n̂âÛ(t) = gn̂H(t)âH(t)

(see exercise 2.4). Next we note that n̂H(t) is time-independent since n̂ commutes with the Hamil-
tonian:

iℏ
d

dt
n̂H(t) = Û †(t)[n̂, Ĥ]Û(t) = 0.

Therefore, n̂H(t) = n̂. Using this, we can solve the equation of motion for âH(t) to find:

âH(t) = e−
i
ℏgn̂tâ.

Next let’s use this to evaluate the time dependence of the expectation value of â starting from
an initial coherent state, like we did in the previous example. That is, we want to compute

⟨â⟩(t) = ⟨z| âH(t) |z⟩ .

Let’s first look at âH(t) |z⟩. Working on this expression gives

âH(t) |z⟩ = e−
i
ℏgn̂tâ |z⟩ = ze−

i
ℏgn̂t |z⟩ = ze−|z|2/2e−

i
ℏgn̂tezâ

† |0⟩

= ze−|z|2/2eze
− i

ℏ gn̂tâ†e
i
ℏ gn̂t

e
−i
ℏ gn̂t |0⟩ = ze−|z|2/2eze

− i
ℏ gn̂tâ†e

i
ℏ gn̂t |0⟩ .
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In our previous example, we saw that eiωn̂tâe−iωn̂t = âe−iωt. We can borrow this result for the
present calculation (identifying ω with −g/ℏ) to find

âH(t) |z⟩ = ze−|z|2/2eze
− i

ℏ gtâ† |0⟩ = z
∣∣∣ze− i

ℏgt
〉
.

So this result can be expressed in terms of a coherent state with a time-dependent phase. Finally,
using the expression for the overlap between two coherent states from the Appendix we have

⟨â⟩(t) = ze|z|
2(e−

i
ℏ gt−1).

Taking the modulus of this expression gives the nice compact result:

|⟨â⟩(t)| = |z|e−2|z|2 sin2( gt
2ℏ).

This expression is plotted in the figure below for |z| = 10. It supports the following narrative:
Interactions cause the initial simple coherent state to collapse to a complex incoherent many-
particle state. However, the simple coherent state is periodically revived at later times corre-
sponding to integer multiples of 2πℏ

g
.

The collapse-revival phenomenon was observed with matter waves in [Greiner et al, Nature
419, 51 (2002)]. The theoretical modelling in that paper is actually very close to what we did in
this example.
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|
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g )

2.3.3 Balancing a pencil on its tip
In this example we consider a particle moving under the potential

V (x̂) = −1

2
mω2x̂2.

This is the familiar potential for the harmonic oscillator with a sign change. To make connection
with the classical world, we take m and ω to have ‘everyday’ values, on the order of grams and
inverse seconds. We ask: is it possible to balance a particle at x = 0, at the ‘top of the hill’? Note
that this example is not quite what is described in the section title – because for a pencil we’d
need to talk about moments of intertia and angular momentum – but it is the same idea.
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In classical mechanics, this is possible in principle. That is, a perfectly admissible solution to
the classical equations of motion is x = p = 0 for all times. In quantum mechanics, does such
a solution exist? If not, perhaps we can optimise our initial state so that the particle stays near
the top for a long time, longer than the timescale of any experiments we do. This solution would
count for all practical purposes.2

Denoting the initial state by |ψi⟩ we require ⟨ψi| x̂ |ψi⟩ = ⟨ψi| p̂ |ψi⟩ = 0. That is, the mean
position and momentum of the particle are both initially zero. We further make the technical
assumption that ψi(x) = ⟨x|ψi⟩ can be taken to be real.3 To go further with this problem we use
the Heisenberg equations of motion:

m
d

dt
x̂H(t) = p̂H(t)

d

dt
p̂H(t) = mω2x̂H(t).

With the initial conditions x̂H(0) = x̂, p̂H(0) = p̂, we can solve to find

x̂H(t) = x̂ cosh(ωt) +
1

mω
p̂ sinh(ωt)

p̂H(t) = p̂ cosh(ωt) +mωx̂ sinh(ωt).

With this, we can immediately find the time-dependent expectation value of the position opera-
tor:

⟨x̂⟩(t) = ⟨ψi| x̂H |ψi⟩ = ⟨ψi| x̂ |ψi⟩ cosh(ωt) +
1

mω
⟨ψi| p̂ |ψi⟩ sinh(ωt) = 0.

Have we found the desired solution? We must remember that, unlike Newtonian physics, quan-
tum mechanics is probabilistic. We can do two different experiments under identical conditions
and get two different outcomes. The above just says that the average (that is average over many
experiments with identical initial conditions) value of position measured at any time t will be
zero. This does not rule out the possibility of the particle going to the left in some experiments
while going to the right in others.

It is therefore useful to look at the variance of the position measurements. Since ⟨x̂⟩ = 0 at
all times, we have σ2

x = ⟨x̂2⟩−⟨x̂⟩2 = ⟨x̂2⟩. Using again the solution of the Heisenberg equations
of motion we find this to be
σ2
x(t) = ⟨ψi| x̂2H |ψi⟩

= ⟨ψi| x̂2 |ψi⟩ cosh2(ωt) +
1

m2ω2
⟨ψi| p̂2 |ψi⟩ sinh2(ωt) +

1

mω
⟨ψi| x̂p̂+ p̂x̂ |ψi⟩ sinh(ωt) cosh(ωt)

= σ̄2
x cosh

2(ωt) +
1

m2ω2
σ̄2
p sinh

2(ωt)

2That is, if you manage to balance a pencil on its tip in a way such that that it takes 10 years to fall over, we can
count this as successfully balancing the pencil.

3A main reason for this assumption is that it will simplify the following analysis. Similar results will hold for
more general ψi(x). Secondly, this is a physically sensible assumption. For instance, suppose we prepare the system
as the ground state of another Hamiltonian Ĥ = p̂2

2m + Vi(x̂). Here Vi(x̂) could, say, correspond to the potential
created by the tweezers you are using to situate the particle. The position-space eigenstates of this Hamiltonian can
be taken to be real. That is, if ϕ(x) is an eigenstate with energy E then so is ϕ(x) + ϕ∗(x).

19



where σ̄2
x and σ̄2

p are the initial x and p variances (at t = 0). The last term in the longest line above
vanishes since we take ψi(x) to be real.4 Classically, we can think of σ̄2

x and σ̄2
p as accounting for

initial errors in how we prepare the system. For instance, sometimes a breeze might nudge the
particle in one direction or another and this factors into σ̄2

p . Such errors are amplified over time.
As we refine our experiment more and more, there is no fundamental limit on how small we
can make σ̄2

x and σ̄2
p classically. Quantum mechanically, however, these are constrained by the

Heisenberg uncertainty principle:

σ̄2
xσ̄

2
p ≥ ℏ2

4
.

Giving up hope of making σ2
x(t) identically zero for all times, let’s resort to optimising. For

fixed time t, we find the σ̄2
x and σ̄2

p (constrained by the uncertainty principle) that minimise σ2
x.

Taking minimum uncertainty states so that σ̄2
xσ̄

2
p = ℏ2/4, substituting σ̄2

p = ℏ2/4σ̄2
x into σ2

x(t),
and minimising over σ̄2

x, we find the optimal value[
σ2
x(t)
]
opt

= ℓ2 sinh(2ωt)

where ℓ =
√

ℏ
2mω

is a length scale. [σ2
x(t)]opt can be thought of as a lower bound of σ2

x(t) which
is saturated provided certain initial conditions are taken.

Now let’s look at some numbers. Using everyday values m = 10g, ω = 1Hz, we find ℓ ∼
2× 10−16m, not an everyday length scale (about half the diameter of a proton). The prospect of
balancing the particle for a long time seems promising until we realise ℓ2 multiplies something
with exponential time dependence. We see that

√
[σ2

x(t)]opt will, alas, reach an everyday length
value for an everyday value of t (half a minute or so).

Usually for idealised problems on macroscopic scales, like those from a classical mechanics
text book, we do not expect quantum mechanics to play a major role.5 The present example is an
exception to this rule.

2.4 The interaction picture
Lastly we will discuss the interaction picture, which is sometimes referred to as the Dirac

picture. This will be used later when we discuss time-dependent perturbation theory. The inter-
action picture is, in a sense, a hybrid of the Schrödinger and Heisenberg pictures. Suppose that
our Hamiltonian can naturally be written as the sum of two parts:

Ĥ = Ĥ0 + V̂ .

4Since we take ψi(x) to be real, we have (integrating by parts)

⟨ψi| x̂p̂ |ψi⟩ =
∫
dxψi(x)x(−iℏ∂x)ψi(x) = −

∫
dxψi(x)(−iℏ∂x)(xψi(x)) = −⟨ψi| p̂x̂ |ψi⟩ .

5Of course quantum mechanics can have a lot to say about whether such idealisations are appropriate.
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We define the time evolution operator Û(t) for Ĥ in the usual way. Additionally, we consider an
operator Û0(t) that describes the time evolution in the absence of V̂ . This is defined through the
differential equation

iℏ∂tÛ0(t) = Ĥ0Û0(t)

with initial condition Û0(0) = 1.
Paralleling our earlier discussion of the Heisenberg picture, consider the time-dependent ex-

pectation value of some operator Â:

⟨A⟩ = ⟨ψ(t)| Â |ψ(t)⟩ = ⟨ψ(0)| Û †ÂÛ |ψ(0)⟩ .

Now insert the identity operator 1 = Û0(t)Û †
0(t) as follows

⟨A⟩ = ⟨ψ(0)| Û †Û0Û †
0ÂÛ0Û †

0 Û |ψ(0)⟩ .

Defining ÛI(t) = Û †
0(t)Û(t), ÂI(t) = Û †

0(t)ÂÛ0(t), and |ψI(t)⟩ = ÛI(t) |ψ(0)⟩, the expectation
value becomes

⟨A⟩ = ⟨ψI(t)| ÂI(t) |ψI(t)⟩ .
In the interaction picture, both operators and states evolve. In particular, operators evolve as

ÂI(t) = Û †
0(t)ÂÛ0(t)while states evolve as |ψI(t)⟩ = ÛI(t) |ψ(0)⟩. As verified above, one obtains

the same result for expectation values as one does in the Schrödinger or Heisenberg pictures.
Our next aim is to obtain a time evolution equation for ÛI(t). This is straightforward but

involves a few steps:

iℏ∂tÛI(t) = Û †
0(t)(−Ĥ0)Û(t) + Û †

0(t)(Ĥ)Û(t) = Û †
0(t)(Ĥ − Ĥ0)Û(t) = Û †

0(t)V̂ Û(t)
= Û †

0(t)V̂ Û0(t)Û †
0(t)Û(t) = V̂I(t)ÛI(t).

So our desired time-evolution equation is

iℏ∂tÛI(t) = V̂I(t)ÛI(t).

2.5 Exercises
Exercise 2.1 Take a two-dimensional Hilbert space spanned by orthonormal basis {|R⟩ , |L⟩}. Con-
sider the Hamiltonian

Ĥ = −w(|L⟩ ⟨R|+ |R⟩ ⟨L|)
wherew is a real constant. Find the time-evolution operator corresponding to this Hamiltonian in two
ways: (1) by finding an eigenbasis for Ĥ (it is okay to write the evolution operator in this eigenbasis)
and (2) by directly expanding Û(t) = e−

i
ℏ Ĥt and re-summing to obtain a final expression with only

two terms.
Physically such a Hamiltonian could describe tunnelling between two potential wells – |R⟩ and

|L⟩ describe states states localised in the right and left wells respectively.

21



Exercise 2.2 Suppose that we allow w from the previous problem to have time dependence: w →
w(t). Letw(t) = e−αtw0 whereα,w0 > 0. What is the time evolution operator for this case? Suppose
we start with a particle in the right well. What is the probability that it will be in the right well at
time t = +∞? Such time dependence corresponds to raising the potential barrier as a function of
time so that tunnelling becomes more and more suppressed as time goes on. Consider your answer
for limiting cases (e.g. taking α to be large and positive). Does your result make sense?

Exercise 2.3 Verify equation (2.1) with a calculation exclusively in the Schrödinger picture.

Exercise 2.4 Show that [â, â†â†ââ] = 2n̂â.

Exercise 2.5 Show that the solution of the Heisenberg equations of motion governed by the free-
particle Hamiltonian Ĥ = 1

2m
p̂2 are given by x̂H(t) = x̂ + p̂

m
t and p̂H(t) = p̂. Consider an

initial (un-normalised) state ψi(x) = eikxe
− x2

4σ̄2
x where k is real and σ̄x is real and positive. Use

the Heisenberg equations of motion to compute the expectation value of the position operator and
variance in position as a function of time.

Exercise 2.6 Consider the Hamiltonian

Ĥ = (ε+ g)â†â+
g

2
(ââ+ â†â†)

where â is the typical ladder operator where [â, â†] = 1 and ε and g are positive. Compute and solve
the Heisenberg equations of motion for âH. At time t = 0, the system starts in the initial state |0⟩
where |0⟩ is the vacuum state: â |0⟩ = 0 (or lowest-energy state of the Harmonic oscillator). Compute
the time-dependent expectation value of the number operator â†â at later times.

Exercise 2.7 Consider the Hermitian operators γ̂ and ξ̂ that satisfy the following relations: γ̂2 =
ξ̂2 = 1 and γ̂ξ̂ = −ξ̂γ̂. From these we form the Hamiltonian

Ĥ = iwγ̂ξ̂

wherew is a positive constant with units of energy. Such operators correspond toMajorana Fermions
which are being pursued as potential hardware for quantum computers. Determine the Heisenberg
equations of motion for the operators γ̂ and ξ̂. Solve these equations to determine γ̂H(t) and ξ̂H(t).
Suppose at time t = 0 we have ⟨ψ(0)| γ̂ |ψ(0)⟩ = cos(α) and ⟨ψ(0)| ξ̂ |ψ(0)⟩ = sin(α) where α is
a real number. What will be the expectation value of γ̂ and ξ̂ at later times?

2.A Appendix: Coherent States
In this Appendix, we will describe coherent states. A coherent state is taken to be the eigen-

state of the ladder operator â (from, for example, the solution of the harmonic oscillator) with
eigenvalue z ∈ C:

â |z⟩ = z |z⟩ . (2.3)
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In the following, we are going to work out what |z⟩ is in the basis of harmonic oscillator
eigenstates. Denote the harmonic oscillator eigenstates by |n⟩ where n is a non-negative integer.
Recall the useful definitions and relations from the solution of the harmonic oscillator:

[â, â†] = 1

n̂ = â†â

n̂ |n⟩ = n |n⟩
â |n⟩ = √

n |n− 1⟩ for n > 0

â |0⟩ = 0

â† |n⟩ =
√
n+ 1 |n+ 1⟩ .

Using this, we can write equation (2.3) in the basis of the eigenstates of the harmonic oscillator
⟨n| â |z⟩ = z ⟨n| z⟩ as

√
n+ 1 ⟨n+ 1| z⟩ = z ⟨n| z⟩.

Let ⟨n = 0| z⟩ = α. Then through the above relation we find (check)

⟨n| z⟩ = zn√
n!
α.

Inserting a resolution of the identity, we can now express |z⟩ in the |n⟩ basis as

|z⟩ =
∞∑
n=0

|n⟩ ⟨n| z⟩ =
∞∑
n=0

α
zn√
n!

|n⟩ .

To fix α, we normalize |z⟩:

1 = ⟨z| z⟩ = |α|2
∞∑
n=0

|z|2n
n!

= |α|2e|z|2 .

Picking α to be positive and real we have α = e−|z|2/2. So we have arrived at the expression

|z⟩ = e−|z|2/2
∞∑
n=0

zn√
n!

|n⟩ . (2.4)

Using |n⟩ = 1√
n!
(â†)n |0⟩ (from the solution of the harmonic oscillator) gives the alternative

expression of the coherent state

|z⟩ = e−|z|2/2ezâ
† |0⟩ .

Finally, using equation (2.4) we may compute the overlap of two coherent states to be

⟨z1| z2⟩ = e−(|z1|2+|z2|2)/2ez
∗
1z2 .
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Chapter 3

Symmetries and Transformations in
Quantum Mechanics

In this chapter we will learn how we can use symmetries and general transformations to help
solve problems in quantum mechanics. We start by considering a transformation that maps a
Hilbert space onto itself. We take the transformation to act on states as |α⟩ → |α′⟩ for any
|α⟩ in the Hilbert space. Informally, we say that this transformation ‘takes us to the primed
frame’. We further impose the constraint: | ⟨α| β⟩| = | ⟨α′| β′⟩|. We take this constraint from
physical considerations. That is, we do not want the mapping to change the probabilities of
experimental outcomes. A theorem due to Wigner1 says that there are only two possible types of
transformations that satisfy this constraint: (1) unitary and (2) antiunitary. Since we are already
familiar with unitary transformations, we will start with this case.

A separate but related topic wewill cover in this chapter involves unitary transformations that
do not correspond to a symmetry but can be used to transform the Hamiltonian into a simpler
form. For instance, sometimes unitary transformations can be used to remove the intrinsic time
dependence of a Hamiltonian.

3.1 Unitary transformations

3.1.1 General considerations

We take the transformation to be achieved by a unitary operator Û . That is, |α′⟩ = Û |α⟩ for
all states |α⟩ in the Hilbert space. We can also allow Û to depend on parameters like time (in this
case, we have a family of transformations). Let’s see how the Schrödinger equation transforms.
Inserting |ψ⟩ = Û † |ψ′⟩ into Ĥ |ψ⟩ = iℏ∂t |ψ⟩ and rearranging we find

Ĥ′ |ψ′⟩ = iℏ∂t |ψ′⟩ .
1E. P. Wigner, Gruppentheorie und ihre Anwendung auf die Quantenmechanik der Atomspektren, Springer

(1931).
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where

Ĥ′ = ÛĤÛ † − iℏÛ∂tÛ †.

A direct calculation verifies that Ĥ′† = Ĥ′, i.e. Ĥ′ is Hermitian as we would hope. For special
situations when Ĥ = Ĥ′, we say that Û corresponds to a symmetry of Ĥ. For this case, if |ψ⟩
satisfies the TDSE, then so will Û |ψ⟩. On the other hand, such transformations can still be useful
when Ĥ ̸= Ĥ′. For instance, we might be able to find a unitary transformation that brings
Ĥ to a simpler form. For the case of time-independent unitary symmetry (∂tÛ = 0) we have
Ĥ = ÛĤÛ † which can be rewritten as [Û , Ĥ] = 0. For this case, Û and Ĥ will share a complete
set of eigenstates – that is, they are simultaneously diagonalisable.

3.1.2 Continuous unitary symmetries

In the following we consider time-independent transformations so that Ĥ′ = ÛĤÛ †. A good
strategy for solving the time-independent Schrödinger equation is to find Hermitian operators
that commute with the Hamiltonian and simultaneously diagonalise. How is this connected to
these ideas concerning unitary transformations? Let Â be a Hermitian operator. From this, we
introduce the family of unitary operators

Û(ξ) = e−iÂξ

where ξ is restricted to real values. We say that Â is the generator of the transformation given
by Û(ξ). The following statements are equivalent:

• [Â, Ĥ] = 0

• Û(ξ)ĤÛ †(ξ) = Ĥ for all real ξ.

If [Â, Ĥ] = 0, we say that Â is the generator of a continuous symmetry of Ĥ.

Some examples are due.

Continuous translational symmetry

Consider a Hamiltonian describing a particle in one dimension under a potential: Ĥ = 1
2m
p̂2+

V (x̂). Suppose that [p̂, Ĥ] = 0. The preceding equation is just an algebraic relation – what
does this mean geometrically? To answer this question, let’s consider the equivalent condition
Û(ξ)ĤÛ †(ξ) = Ĥ. In particular, we ask how Ĥ changes under this unitary transformation. For
convenience we define

Û(ξ) = e−ip̂ξ/ℏ

so that ξ has units of length. We recognise this as just the translation operator first encountered
in Chapter 1. We find Ĥ′ = 1

2m
p̂2 + V (x̂ − ξ). For the Hamiltonian to be invariant under this
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transformation, we need V (x̂− ξ) = V (x̂) for all ξ. This can only happen when the potential is
constant (no x̂ dependence): V (x̂) = V0. In summary, the condition [p̂, Ĥ] = 0 tells us that Ĥ
has continuous translational symmetry.

Continuous rotational symmetry

Next consider the Hamiltonian describing a particle moving in two dimensions under an
external potential: Ĥ = 1

2m
(p̂2x + p̂2y) + V (x̂, ŷ). Further suppose that [L̂z, Ĥ] = 0 where

Lz = x̂p̂y − ŷp̂x is the angular momentum operator. What does this mean?
To answer this, we need to find out how the position and momentum operators transform

under Û(ξ) = e−iL̂zξ/ℏ. These were worked out (mostly) during lecture and were found to be(
x̂′

ŷ′

)
=

(
cos(ξ) sin(ξ)
− sin(ξ) cos(ξ)

)(
x̂
ŷ

)
and (

p̂′x
p̂′y

)
=

(
cos(ξ) sin(ξ)
− sin(ξ) cos(ξ)

)(
p̂x
p̂y

)
.

The unitary transformation rotates both the position andmomentum operators (in the sameway).
Thus, the condition [L̂z, Ĥ] = 0 tells us that the Hamiltonian is rotationally invariant.

Examples of quantities invariant under continuous rotation are x̂2 + ŷ2 and p̂2x + p̂2y (think
about this geometrically). Hamiltonians of the form Ĥ = 1

2m
(p̂2x + p̂2y) + V (x̂2 + ŷ2) therefore

commute with L̂z . This can be exploited to greatly simplify the computation of the eigenspectrum
of Ĥ.

3.1.3 Discrete unitary symmetries
Discrete symmetries are symmetries that do not depend on a continuous parameter. A cir-

cle has continuous rotational symmetry while a square has discrete rotational symmetry (corre-
sponding to integer multiples of π/2 rotations).

Parity symmetry

From Quantum I (or elsewhere) you have likely encountered parity symmetry. We summarise
here the important properties of the parity operator Ŝ:

Ŝ = Ŝ† = Ŝ−1

Ŝx̂Ŝ = −x̂
Ŝp̂Ŝ = −p̂
Ŝ |x⟩ = |−x⟩
Ŝ |p⟩ = |−p⟩ .

A Hamiltonian with parity symmetry satisfies [Ĥ, Ŝ] = 0. Its eigenfunctions can be taken to be
either even or odd functions of x.
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Bloch’s theorem

Our next example is likely less familiar. Take again our favourite Hamiltonian Ĥ = 1
2m
p̂2 +

V (x̂) and suppose that the potential has the following property: V (x̂+a) = V (x̂). An example of
such a potential is V (x̂) = γ cos(2π

a
x). While such a Hamiltonian does not necessarily commute

with p̂, it satisfies [Û(a), Ĥ] = 0 where Û(a) = e−ip̂a/ℏ (check). Therefore Û(a) and Ĥ can be
simultaneously diagonalised.

Let’s start with the translation operator and solve

Û(a) |ϕλ⟩ = λ |ϕλ⟩ .

Note that since Û(a) is not Hermitian, λ does not need to be real. The eigenvalues of unitary
operators, however, have their own requirements. To see this, wemultiply the preceding equation
with its adjoint to find

⟨ϕλ| Û †(a)Û(a) |ϕλ⟩ = ⟨ϕλ|ϕλ⟩ = |λ|2 ⟨ϕλ|ϕλ⟩

and so |λ| = 1. To make the fact that |λ| = 1 apparent we write λ = e−ika for some real k (having
units of 1/length). We also relabel |ϕλ⟩ as |ϕk⟩. So we have

Û(a) |ϕk⟩ = e−ika |ϕk⟩ .

We have not done much yet. We have just recognised the condition on eigenvalues of unitary
operators and relabelled.

Next, write this equation in the position basis to find

ϕk(x− a) = e−ikaϕk(x).

Define uk(x) = e−ikxϕk(x). From the above equation, we see that uk(x − a) = uk(x). This is
true for arbitrary x and so uk(x+ a) = uk(x). In other words, uk(x) is periodic!

In summary, eigenstates of Hamiltonians with discrete translational symmetry can be written
as

ϕk(x) = eikxuk(x)

where uk(x) has the same periodicity as the Hamiltonian. This is the celebrated Bloch’s theorem.
It is routinely used in the field of solid state physics to understand the properties of electrons in
solids.

3.1.4 Time-dependent unitary transformations
The unitary operators we have considered in the previous few sections were time indepen-

dent. We now move on to the case of time-dependent unitary transformations. The discussion
here will be somewhat brief – such transformations are probably best understood by working
through problems.
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The so-called Galilean transformation can be achieved with the unitary operator

Û(t) = e−ip̂vt/ℏeix̂mv/ℏei
1
2
mv2t/ℏ.

With this operator, one can work out that
x̂′ = Û(t)x̂Û †(t) = x̂− vt

and
p̂′ = Û(t)p̂Û †(t) = p̂−mv.

This is the operator analog of the Galilean transformation from classical mechanics. It describes
how position and momentum coordinates change when you transform to a ‘boosted’ frame. In
relativity this transformation is replaced by the Lorentz transformation. The Galilean transfor-
mation is appropriate for this module though because we are only considering non-relativistic
scenarios. The free particle Hamiltonian Ĥ = p̂2

2m
is invariant under the Galilean transformation

as one might expect. That is, for this Hamiltonian, Ĥ = ÛĤÛ † − iℏÛ∂tÛ †. As a result, given a
solution of the time-dependent Schrödinger equation |ψ⟩, you can find that another one is Û † |ψ⟩.

Such transformations can be very useful for solving time-dependent problems. For instance,
suppose that we have a time-dependent Hamiltonian of the form

Ĥ =
p̂2

2m
+ V (x̂− vt).

A strategy for solving this would be to boost to the moving frame (using Û above with the op-
posite sign of v). The resulting Hamiltonian will then be time-independent. One can then solve
for, say, a stationary state of H′ and transform back to obtain a time-dependent solution of the
original Schrödinger equation.

Time-dependent unitary transformations also are very useful for problems where it is helpful
to transform to a ‘non-intertial’ or accelerating reference frame. You can use such techniques
to solve the quantum version of the forced Harmonic oscillator. An exercise at the end of this
chapter focuses on the case of uniform acceleration.

3.2 Relation between symmetry and degeneracy
One often associates symmetries with degeneracies. This can be systematically handled with

the machinery of group representation theory. In the following, we will illustrate the main idea
without getting bogged down in the formalism. The setup: Suppose we managed to find two
operators Â and B̂ that both commute with a Hamiltonian Ĥ of interest to us but not with each
other: [Â, B̂] = Ĉ ̸= 0.

Now let us consider an eigenstate |ϕ⟩ of Ĥ with eigenvalue E: Ĥ |ϕ⟩ = E |ϕ⟩. This state
will either be non-degenerate or it will be degenerate.2 Let’s consider the case of it being non-
degenerate. In this case, |ϕ⟩ will also be an eigenstate of both Â and B̂ because of the following

2To be precise, we say that an eigenenergy E is n-fold degenerate (where n > 1) if there are exactly n linearly
independent eigenstates with eigenenergy E. We will also say an eigenstate |ϕ⟩ is degenerate if there exists another
eigenstate, linearly independent of |ϕ⟩, but with the same eigenenergy as |ϕ⟩.
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reason: Since Â commutes with Ĥ, Â |ϕ⟩will be an eigenstate of Ĥwith eigenvalueE (check). So
now we have two eigenstates of Ĥ with eigenvalue E, namely Â |ϕ⟩ and |ϕ⟩. Since E is taken to
be non-degenerate, its corresponding eigenstate is unique (up to amplitude and phase). Therefore
it must be that Â |ϕ⟩ = a |ϕ⟩ for some scalar a. The same reasoning tells us that B̂ |ϕ⟩ = b |ϕ⟩.
From this we have

Ĉ |ϕ⟩ = [Â, B̂] |ϕ⟩ = (ab− ba) |ϕ⟩ = 0.

We have learned the following about an eigenstate |ϕ⟩ of Ĥ. If |ϕ⟩ is a non-degenerate eigen-
state of Ĥ then Ĉ |ϕ⟩ = 0. To put this another way: if |ϕ⟩ is an eigenstate of Ĥ and Ĉ |ϕ⟩ ̸= 0
(that is |ϕ⟩ is not in the null space of Ĥ) then |ϕ⟩ is degenerate. For the case when Ĉ is invertible
or ‘full rank’, all eigenvalues of Ĥ will be at least doubly degenerate.

From the above, we can learn a lot about degeneracies in the spectrum of a Hamiltonian if
we can find two operators that commute with the Hamiltonian but not with each other. Such a
procedure is very useful for Hamiltonians that we do not know how to diagonalise.

Below we apply this procedure to a rather simple problem. While using such symmetry ar-
guments for analysing this simple problem could be viewed as ‘overkill’, it is interesting to see
how this all works out.

Example

Consider a free particle confined to move along a circle of circumference L. The Hamiltonian
for this system is Ĥ = p̂2

2m
and we further have the constraint that ϕ(x) = ϕ(x+L) for all states

in the Hilbert space. The eigenstates and eigenenergies of this system (in the position basis) are

ϕn(x) =
1√
L
eiknx

En =
ℏ2k2n
2m

where kn = 2π
L
n (n is an integer). The k-values are restricted in this way due to the periodicity

requirement.
This Hamiltonian has both parity and (continuous) translational symmetry: [p̂, Ĥ] = [Ŝ, Ĥ] =

0. If [Ŝ, p̂] ̸= 0 we are in luck. A calculation shows [Ŝ, p̂] = 2Ŝp̂. This operator is nearly, but
not quite, invertible. It has a single null vector which is which is the state with kn = 0. So if an
eigenstate does not have kn = 0 (or n = 0) it will be degenerate. Comparing to the above we see
that, indeed, all states are (doubly) degenerate (En = E−n, ϕn ̸= ϕ−n) except when n = 0.

It is useful to contrast this result with the particle in an infinite square well potential. The
spectrum of the latter problem has no degeneracies. While a parity symmetry for the square well
exists (shift the box say so that it is centred at x = 0) it does not have translational invariance.
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3.3 Antiunitary transformations and time-reversal symme-
try

Think about watching a video involving simple kinematic motion. Now suppose we run the
video backwards. How are the kinematic quantities affected? This is how we think about the
operation of time reversal. In particular, under time reversal we require that

x̂→ x̂′ = T̂ x̂T̂−1 = x̂

p̂→ p̂′ = T̂ p̂T̂−1 = −p̂.

where T̂ is the time-reversal operator which is to be determined. We additionally require the spin
operator to transform under time reversal as

Ŝ → −Ŝ.

Since we have not properly covered spin yet, you can think of the above by making the analogy
with angular momentum. For instance, think about watching a video of a spinning plate and
then watching the video backwards – its angular momentum changes sign. If a Hamiltonian is
unchanged by the above operations, then we say it is time-reversal invariant.

Next we search for an operator that carries out the above transformation. It does not take
long to convince ourselves that a unitary transformation will not work. That is, taking T̂ = Û
where Û †Û = 1 we have [x̂′, p̂′] = Û [x̂, p̂]Û † = iℏ. But we also have [x̂′, p̂′] = [x̂,−p̂] = −iℏ.
We therefore, due to Wigner’s theorem, resort to an antiunitary transformation.

3.3.1 General properties of antiunitary transformations

An antiunitary transformation is a mapping |α⟩ → T̂ |α⟩ = |α′⟩, |β⟩ → T̂ |β⟩ = |β′⟩ of a
Hilbert space onto itself for which ⟨α| β⟩ = ⟨β′|α′⟩ for all states |α⟩ and |β⟩ in the Hilbert space.
From this it can be deduced that

T̂ (c1 |α⟩+ c2 |β⟩) = c∗1T̂ |α⟩+ c∗2T̂ |β⟩

where c1 and c2 are scalars (check). This is the requirement for antilinear operators and so antiu-
nitary operators are also antilinear operators. As Dirac’s bra-ket notation was invented to handle
linear operators, we have to exercise some caution when incorporating antilinear operators. In
particular, we will understand T̂ as always acting on kets to its right and we will not attempt to
define T̂ †. We also derived in lecture the following useful relation

⟨α′| Â′ |β′⟩ = ⟨β| Â† |α⟩

where Â is an operator and Â′ = T̂AT̂−1.
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3.3.2 Time reversal for a spinless particle

As a first pass at developing a time-reversal operator let us try T̂ = K̂ where we require K̂
to be antilinear and also K̂ |x⟩ = |x⟩ for all position eigenkets |x⟩. We will have to augment later
when we incorporate spin. Is K̂ an antiunitary operator? Let’s take two states in the Hilbert
space |α⟩ and |β⟩. To find out how K̂ acts on these we expand in the position basis:

|α′⟩ =K̂ |α⟩ = K̂

∫
dx ⟨x|α⟩ |x⟩ = K̂

∫
dxα(x) |x⟩

=

∫
dxα∗(x) |x⟩

due to antilinearity. Similarly,

|β′⟩ =
∫
dxβ∗(x) |x⟩ .

Therefore,

⟨β′|α′⟩ =
∫
dxβ(x)α∗(x) = ⟨α| β⟩

and so this is an antiunitary transformation. Next we observe that K̂2 = 1. This can be verified
by applying K̂ to the expression for |α′⟩ above. We find K̂2 |α⟩ = |α⟩. Since |α⟩ is arbitrary,
K̂2 = 1 or K̂−1 = K̂ .

Next let’s see what this operation does to momentum kets. Expanding in the position basis,

K̂ |p⟩ = K̂

∫
dx ⟨x| p⟩ |x⟩ =

∫
dx ⟨x| p⟩∗ |x⟩ =

∫
dx ⟨x| − p⟩ |x⟩ = |−p⟩

and so K̂ |p⟩ = |−p⟩.
Finally, let’s figure out how the position and momentum operators transform. Acting with

x̂′ = K̂x̂K̂−1 on an arbitrary ket we have

x̂′ |α⟩ = K̂x̂K̂ |α⟩ = K̂x̂K̂

∫
dxα(x) |x⟩ = K̂x̂

∫
dxα∗(x) |x⟩

= K̂

∫
dxα∗(x)x |x⟩ =

∫
dxα(x)x |x⟩ = x̂

∫
dxα(x) |x⟩ = x̂ |α⟩ .

Therefore x̂′ = x̂ as we had hoped. Similarly (denoting ⟨p|α⟩ = α̃(p)),

p̂′ |α⟩ = K̂p̂K̂ |α⟩ = K̂p̂K̂

∫
dpα̃(p) |p⟩ = K̂p̂

∫
dpα̃∗(p) |−p⟩

= −K̂
∫
dpα̃∗(p)p |−p⟩ = −

∫
dpα̃(p)p |p⟩ = −p̂

∫
dpα̃(p) |p⟩ = −p̂ |α⟩

and so p̂′ = −p̂. Therefore, K̂ fits the bill for a time-reversal operator for a particle without spin
and for this case we put T̂ = K̂ .
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3.3.3 Time reversal: generalisations

Let’s now go back to our discussions of a general anti-unitary operator T̂ . Suppose that {|ϕn⟩}
forms an orthonormal basis for the Hilbert space under consideration. As usual, we denote the
transformed states to be |ϕ′

n⟩ = T̂ |ϕn⟩. Then this transformed basis of states also forms an
orthonormal basis. This follows directly from the fact that the transformation is antiunitary:
⟨ϕ′

n|ϕ′
m⟩ = ⟨ϕm|ϕn⟩ = δnm.

We can expand this transformed basis of states in terms of the original states as

|ϕ′
n⟩ =

∑
m

Umn |ϕm⟩ .

The orthogonality of the transformed states implies that Umn are the entries of a unitary matrix.
We can also write this in operator form as |ϕ′

n⟩ = Û |ϕn⟩ where Û =
∑

nm |ϕn⟩ ⟨ϕm|Unm.
Next, let’s consider how a general state α in the Hilbert space transforms. Denoting αn =

⟨ϕn|α⟩ we have

T̂ |α⟩ = T̂
∑
n

αn |ϕn⟩ =
∑
n

α∗
n |ϕ′

n⟩ .

The same can be achieved if we write T̂ = ÛK̂ where K̂ is an antilinear operator that leaves
the original basis unchanged: K̂ |ϕn⟩ = |ϕn⟩. We have thus found the most general form for the
anti-unitary operator:

T̂ = ÛK̂.

We note also that T̂−1 = K̂Û †.
Next let’s consider how an arbitrary operator Â transforms under T̂ . We have

T̂ ÂT̂−1 = ÛK̂ÂK̂Û †.

Since we need to be extra careful with antiunitary operators, let’s consider the piece K̂ÂK̂ by
itself. First let’s write Â =

∑
nmAnm |ϕn⟩ ⟨ϕm| where Anm = ⟨ϕn| Â |ϕm⟩. Acting with an

arbitrary preferred basis state, we have

K̂ÂK̂ |ϕm⟩ = K̂Â |ϕm⟩ = K̂
∑
n

Anm |ϕn⟩

=
∑
n

A∗
nm |ϕn⟩ .

Introducing Â∗ =
∑

nmA
∗
nm |ϕn⟩ ⟨ϕm| we can check that K̂ÂK̂ |ϕm⟩ = Â∗ |ϕm⟩ and so K̂ÂK̂ =

Â∗.
One must be very careful with such expressions since the act of complex conjugation depends

on the basis being used. The above should read “the complex conjugate of Â in the {|ϕn⟩} basis.”
Using another basis, and taking the complex conjugate as above will generally lead to a different
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result. In contrast, the adjoint operation is basis independent. With this caveat noted, the time-
reversed expression for the operator Â is:

T̂ ÂT̂−1 = ÛÂ∗Û †.

The above extension is required when generalising the notion of time-reversal to treat spin.
Additionally, one can find the time-reversal operator for more complex systems, like collections
of particles with both spatial and spin degrees of freedom, in the same manner. It turns out that
either T̂ 2 = 1 or T̂ 2 = −1. In particular T̂ 2 = −1 for ‘half-integer spin’ systems while T̂ 2 = 1

for ‘integer spin’ systems. This has important consequences.

3.3.4 Consequences of time-reversal symmetry
In this last section, we state some consequences of time-reversal symmetry. In all cases, we

take the relevant Hamiltonian time independent and to be time-reversal invariant T̂ ĤT̂−1 = Ĥ.
The following consequences were shown in lecture.

Consequence 1. Suppose that |ψ(t)⟩ is a solution of the TDSE. Then T̂ |ψ(−t)⟩ is also a solution.

Consequence 2. A non-degenerate eigenstate |ϕ⟩ of Ĥ can be taken to be invariant under time
reversal: |ϕ⟩ = T̂ |ϕ⟩.

Consequence 3 (Kramer’s theorem). Suppose that T̂ 2 = −1. Then there are no non-degenerate
eigenstates of Ĥ.

3.4 Exercises
Exercise 3.1 Consider a general Hermitian quantity which is quadratic in the position operators in
two spatial dimensions: Â =

∑
ij Qijx̂ix̂j . Show that we can take the 2× 2 matrix Q to be real and

symmetric without loss of generality. Suppose that [Â, L̂z] = 0. What conditions does this impose
on Q?

Exercise 3.2 From Ĥ′ defined early in this Chapter, show that Ĥ = Û †Ĥ′Û − iℏÛ †∂tÛ .

Exercise 3.3 (more difficult) Consider the Hamiltonian Ĥ = p̂2

2m
+ V (x̂ − 1

2
αt2) where α is a

positive constant. Find a time-dependent unitary transformation that makes this Hamiltonian time-
independent. Write the transformed Hamiltonian as Ĥ′ = p̂2

2m
+Veff(x̂)where Veff is to be determined.

Exercise 3.4 Consider a two-dimensional Hilbert space spanned orthonormal basis {|ϕ1⟩ , |ϕ2⟩}. In
this basis, suppose we have three (spin) operators Ŝx, Ŝy, and Ŝz that take on the following matrix
forms

Sx =
ℏ
2

(
0 1
1 0

)
, Sy =

ℏ
2

(
0 −i
i 0

)
, and Sz =

ℏ
2

(
1 0
0 −1

)
in this basis (where (Sx)nm = ⟨ϕn| Ŝx |ϕm⟩, etc). Find a unitary operator Û such that the spin
operators change sign under time reversal where T̂ = ÛK̂ and K̂ |ϕn⟩ = |ϕn⟩.
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Exercise 3.5 Using the result from the previous exercise, find the most general Hamiltonian in this
two-dimensional Hilbert space that is invariant under time reversal.

Exercise 3.6 (more difficult) Suppose we have a time-reversal invariant Ĥ and that T̂ 2 = −1. By
Kramer’s theorem, we know that Ĥ will have no non-degenerate states. In this exercise we prove a
more general result. Show that Ĥ can only have even degeneracies (that is it cannot have an n-fold
degeneracy for odd n).
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Chapter 4

Spin and Elements of Quantum
Technologies

In the first part of this chapter we will review orbital angular momentum and introduce spin.
Wewill learn that the formalism used to describe a spin-half system is all that is needed to describe
a qubit, which is the fundamental building block of a quantum computer. In the final part of the
chapter we will expand our discussion to quantum technologies.

4.1 Spin and angular momentum

4.1.1 Algebraic theory of orbital angular momentum

To start we will review the key properties of orbital angular momentum. It is assumed that
the reader has worked with angular momentum in quantum mechanics before. For reference,
each of the recommended books for this module cover angular momentum. The orbital angular
momentum operator is defined as L̂ = r̂×p̂. Its components can be shown to satisfy the following
algebra:

[L̂a, L̂b] =
∑
c

iℏεabcL̂c (4.1)

where εabc is the Levi-Civita symbol.1

The algebra (4.1) can be used to learn a lot about the spectrum of the commuting observables

1The Levi-Civita symbol εabc takes on the values of -1,1, or 0. In particular if abc is an even permutation of xyz
it is 1. If it is an odd permutation of xyz it is -1. Otherwise εabc = 0 . It is worthwhile learning how to incorporate
εabc as it is a big space saver, and can also help simplify computations. The summation in (4.1)

∑
c is understood

to be over c = x, y, z. Sometimes the following notation is used: L̂1 = L̂x, L̂2 = L̂y , L̂3 = L̂z . In this case the
summation is over c = 1, 2, 3.
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L̂2 and L̂z . Denoting the eigenstates as |ℓ,m⟩ in Quantum 1 it was found that

L̂2 |ℓ,m⟩ = ℏ2ℓ(ℓ+ 1) |ℓ,m⟩
L̂z |ℓ,m⟩ = ℏm |ℓ,m⟩
L̂+ |ℓ,m⟩ = ℏ

√
ℓ(ℓ+ 1)−m(m+ 1) |ℓ,m+ 1⟩

L̂− |ℓ,m⟩ = ℏ
√
ℓ(ℓ+ 1)−m(m− 1) |ℓ,m− 1⟩

where L̂± = L̂x ± iL̂y. It was found that ℓ must take on non-negative integer or non-negative
half-integer values, andmmust take values from−ℓ to ℓ in integer steps. It should be emphasised
that these relations follow purely from (4.1). In particular, the fact that L̂ can be written in terms
of position and momentum operators was not used.

4.1.2 Orbital angularmomentumstates in real space: spherical harmon-
ics

We next move on to consider position space expressions for the eigenstates of the previous
subsection. In the following we will use spherical coordinates where x = r sin(θ) cos(φ), y =
r sin(θ) sin(φ), z = r cos(θ). In going to the position basis one makes the substitutions p̂a →
−iℏ ∂

∂xa
and x̂a → xa. Making this substitution, and converting to spherical coordinates, one

finds through a rather onerous but otherwise straightforward calculation that

L̂2 → −ℏ2
(

1

sin(θ)
∂θ(sin(θ)∂θ) +

1

sin2(θ)
∂2φ

)
(4.2)

L̂z → −iℏ∂φ. (4.3)

The coordinate r does not make an appearance in the above. Accordingly, we introduce the
position ket |θ, φ⟩ which can thought of as denoting a localised state on the unit sphere. The
spherical harmonics defined as Yℓ,m(θ, φ) = ⟨θ, φ| ℓ,m⟩ satisfy the differential equations

− 1

sin(θ)
∂θ(sin(θ)∂θYℓ,m)−

1

sin2(θ)
∂2φYℓ,m = ℓ(ℓ+ 1)Yℓ,m (4.4)

−i∂φYℓ,m = mYℓ,m. (4.5)

Importantly, the second differential equation tells us that m (and consequently ℓ) must be an
integer. Otherwise, Yℓ,m would not satisfy the required property Yℓm(θ, φ + 2π) = Yℓm(θ, φ).
This bit of information was missed in the purely algebraic treatment of the previous subsection.

The spherical harmonics are routinely used in many areas of applied mathematics. Explicit
expressions for Yℓ,m for modest values of ℓ andm are in standard textbooks and on the web.

4.2 Spin
Elementary particles possess a property called spin which resembles angular momentum in

various ways. Theword ‘spin’ comes from the analogywith a classical spinning rigid body (which
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carries angular momentum). However this analogy does not go very far. By their very nature,
elementary particles cannot be broken down into more basic components – so what’s spinning?

The spin operators are taken to satisfy the same algebra as the orbital angular momentum
operators:

[Ŝa, Ŝb] =
∑
c

iℏεabcŜc. (4.6)

All the results deduced from the algebraic relation carry over:

Ŝ2 |s,m⟩ = ℏ2s(s+ 1) |s,m⟩
Ŝz |s,m⟩ = ℏm |s,m⟩
Ŝ+ |s,m⟩ = ℏ

√
s(s+ 1)−m(m+ 1) |s,m+ 1⟩

Ŝ− |s,m⟩ = ℏ
√
s(s+ 1)−m(m− 1) |s,m− 1⟩

where Ŝ± = Ŝx ± iŜy. For spin it is customary to use s instead of ℓ.
In contrast to ℓ from orbital angular momentum, s is a fundamental ineradicable quantity for

any elementary particle. For instance, the Higgs Boson has s = 0, the electron has s = 1/2, the
photon has s = 1, while the graviton has s = 2. The value of s for an elementary particle is fixed
by nature. On the other hand, there is nothing fundamental about ℓ.

4.2.1 Spin Half
Wewill now consider the simplest non-trivial case of s = 1/2. This case is particularly impor-

tant because the methods apply to any ‘two-level system’. A two-level system is a system living
in a Hilbert space of dimension two. It is a quintessential quantum system with no immediate
classical counterpart. The qubit, which will be discussed more later and which is the building
block of a quantum computer, can naturally be thought of as a spin-half system.

We start by simplifying the notation as follows:

|↑⟩ = |s = 1/2,m = 1/2⟩
|↓⟩ = |s = 1/2,m = −1/2⟩ .

In words we call these two states ‘spin up’ and ‘spin down’ respectively. A general spin half state
can be written as

|ψ⟩ = ψ↑ |↑⟩+ ψ↓ |↓⟩ .

It frequently proves useful to write this state as a vector:

ψ =

(
ψ↑
ψ↓

)
Such complex vectors are called spinors.
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One may write 2× 2 matrices corresponding to the spin operators as

Sa =

(
⟨↑| Ŝa |↑⟩ ⟨↑| Ŝa |↓⟩
⟨↓| Ŝa |↑⟩ ⟨↓| Ŝa |↓⟩

)
.

The bra denotes the row while the ket denotes the column. Using the expressions from the pre-
vious subsection (check), one finds

Sx =
ℏ
2

(
0 1
1 0

)
, Sy =

ℏ
2

(
0 −i
i 0

)
, Sz =

ℏ
2

(
1 0
0 −1

)
.

*****************
Example

To practice converting quantities to matrix form, let’s consider the Hamiltonian Ĥ = −BŜz

where B is real. Let’s consider the evolution of a state that initially has the value |ψ(t = 0)⟩ =
cos
(
θ
2

)
|↑⟩+ sin

(
θ
2

)
|↓⟩. This describes a single spin under the presence of an external magnetic

field.
The TDSE iℏ∂t |ψ⟩ = Ĥ |ψ⟩ can be written in matrix form as

iℏ∂tψ = Hψ

where H = −BSz . This expression can be derived by inserting a resolution of the identity
between Ĥ and |ψ⟩ and multiplying the equation on the left by ⟨↑| and ⟨↓|. The time-evolution
matrix is

U(t) = e
i
ℏBSzt.

The expectation values of the spin operators can be directly worked out. They are found to
be

⟨ψ(t)| Ŝx |ψ(t)⟩ = ψ†(t)Sxψ(t) =
ℏ
2
sin(θ) cos(Bt)

⟨ψ(t)| Ŝy |ψ(t)⟩ = −ℏ
2
sin(θ) sin(Bt)

⟨ψ(t)| Ŝz |ψ(t)⟩ =
ℏ
2
cos(θ).

The spin precesses about the z-axis like a spinning top precesses when in a gravitational field.
This is called Larmor precession.
*****************

The Pauli matrices are defined as

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.
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They are related to the spin-half matrices as Sa = ℏ
2
σa. Any Hermitian 2 × 2 matrixM can be

written in terms of Pauli matrices as

M = a1+B · σ

where a is a real number andB is a real vector. Also, σ is a vector composed of the Pauli matrices
so that B · σ = Bxσx +Byσy +Bzσz .

In the following we discover some useful mathematical relations using the Pauli matrices.2
The Pauli matrices satisfy the following multiplication rule which can be verified explicitly:

σaσb = δab1+ i
∑
c

εabcσc.

From this we see that, for vectors B1 and B2,

(B1 · σ)(B2 · σ) = B1 ·B21+ i(B1 ×B2) · σ.

As a special case, when B ≡ B1 = B2,

(B · σ)2 = B21.

Let’s write B in terms of its magnitude and direction as B = BeB where eB is a unit vector
pointing along B. This can be used to show that

e−iB·σ = cos(B)1− i sin(B)eB · σ. (4.7)

which is arrived at by expanding the exponential and recognising that the even terms are propor-
tional to 1while the odd terms are proportional to eB ·σ (recall Exercise 2.1). Such an expression
is useful for, say, writing down the time-evolution matrix for a spin-half system.

Next, we write down the following identity

e−iα
2
σbσae

iα
2
σb = σa cos(α) +

i

2
sin(α)[σa, σb]. (4.8)

which is valid for a ̸= b. This can be derived directly by using (4.7) and the multiplication rule for
Pauli matrices (check). A slightly longer derivation utilises only the commutation relations of the
Pauli matrices (or spin-half matrices) and uses methods from the Chapter 3. Therefore relations
similar to (4.8) exist for other quantities satisfying the angular momentum algebra.3 Relation (4.7)
on the other hand is specific to spin half systems.

Next let’s try to diagonalise a general 2×2Hamiltonian of the formH = B·σ for arbitary real
vectorB. For some θ andφ,B can bewritten asB = B(sin(θ) cos(φ)i+sin(θ) sin(φ)j+cos(θ)k).
Next, letting

U = e−iφ
2
σze−i θ

2
σy

2Incidentally, the matrices 1, iσx, iσy , iσz form a representation of the quaternion group.
3For instance, e−iα

ℏ L̂bL̂ae
iα
ℏ L̂b = L̂a cos(α) +

i
ℏ sin(α)[L̂a, L̂b] for a ̸= b. This operation rotates the angular

momentum operators about one of the axes.
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and using (4.8) twice, we have

UσzU
† =

1

B
B · σ.

Therefore our Hamiltonian can be written as

H = BUσzU
†.

The eigenvalues are ±B and the corresponding eigenvectors are

ϕ+ = U

(
1
0

)
=

(
cos( θ

2
)e−iφ/2

sin( θ
2
)eiφ/2

)
(4.9)

and

ϕ− = U

(
0
1

)
=

(
− sin( θ

2
)e−iφ/2

cos( θ
2
)eiφ/2

)
.

4.2.2 Addition of spin
We have discussed earlier that the spin of an elementary particle is a fixed quantity (e.g.

electrons always are spin half). What about composite objects? For instance, suppose we have
an atom composed of protons, neutrons, and electrons. Does it make sense to assign a total spin
to such a composite particle?

To shed light on this question, consider two separate spins, with spin operators Ŝ1 and Ŝ2

with Ŝ2
1 = 1ℏ2s1(s1+1) and Ŝ2

2 = 1ℏ2s2(s2+1). From these, we form the total spin operator as

Ŝ = Ŝ1 + Ŝ2.

Ŝ1 and Ŝ2 act on different spins and so their components commute: [S1a, S2b] = 0. Also because
[Ŝ1a, Ŝ1b] = iℏ

∑
c εabcŜ1c and [Ŝ2a, Ŝ2b] = iℏ

∑
c εabcŜ2c, the total spin operator also satsifies the

spin algebra:

[Ŝa, Ŝb] = iℏ
∑
c

εabcŜc.

The results from the first section of the chapter apply to this. In particular:

Ŝ2 |s,m⟩ = ℏ2s(s+ 1) |s,m⟩
Ŝz |s,m⟩ = ℏm |s,m⟩
Ŝ+ |s,m⟩ = ℏ

√
s(s+ 1)−m(m+ 1) |s,m+ 1⟩

Ŝ− |s,m⟩ = ℏ
√
s(s+ 1)−m(m− 1) |s,m− 1⟩

where m ranges from −s to s in integer steps. The central question is: what are the possible
values of s for the total spin?
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To understand this problem better, we consider the case where s1 = s2 = 1/2. For this case,
a basis for the system is

{|↑↑⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩}.

In this notation, the first entry inside the ket denotes the state of the first spin while the sec-
ond entry denotes the state of the second spin. The above is an eigenbasis of the commuting
observables Ŝ1z and Ŝ2z .

What we want is an eigenbasis of the commuting observables Ŝ2 and Ŝz . Let’s start by finding
an eigenbasis of Ŝz . These can be found essentially by inspection. There is only one state with
m = m1 +m2 = 1, namely |↑↑⟩. Similarly, there is only one state with m = −1 which is |↓↓⟩.
Finally, there are two states withm = 0, namely |↑↓⟩ and |↓↑⟩.

Since |↑↑⟩ is a non-degenerate eigenstate of Ŝz it will also be an eigenstate of Ŝ2. Let’s figure
out its eigenvalue. Using the relation (check) Ŝ−Ŝ+ = Ŝ2 − Ŝ2

z − ℏŜz we have

Ŝ2 |↑↑⟩ = (Ŝ2
z + ℏŜz + Ŝ−Ŝ+) |↑↑⟩ .

Next we note that Ŝ+ |↑↑⟩ = (Ŝ1+ + Ŝ2+) |↑↑⟩ = 0. Also remember that |↑↑⟩ is an eigenstate of
Ŝz withm = 1. Therefore,

Ŝ2 |↑↑⟩ = ℏ21(1 + 1) |↑↑⟩ .

So for this state s = 1. We have found our first state in the total spin eigenbasis:

|s = 1,m = 1⟩ = |↑↑⟩

We can now apply the lowering operator to find additional eigenstates. This lowers the value of
m leaving s as it is. Applying once,

Ŝ− |↑↑⟩ = Ŝ1− |↑↑⟩+ Ŝ2− |↑↑⟩ = ℏ |↓↑⟩+ ℏ |↑↓⟩ .

Normalising we get

|s = 1,m = 0⟩ = 1√
2
(|↓↑⟩+ |↑↓⟩).

Applying Ŝ− to this state and normalising gives

|s = 1,m = −1⟩ = |↓↓⟩ .

Finally, we form a state withm = 0 orthogonal to |s = 1,m = 0⟩:

|ϕ⟩ = 1√
2
(|↑↓⟩ − |↓↑⟩).
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Since this is orthogonal to all of the other |s,m⟩ states we have found so far it should be an
eigenstate of Ŝ2. Let’s find its eigenvalue. Remembering thatm = 0 for this state,

Ŝ2 |ϕ⟩ = (Ŝ2
z + ℏŜz + Ŝ−Ŝ+) |ϕ⟩ = Ŝ−Ŝ+ |ϕ⟩ = Ŝ−

1√
2
(|↑↑⟩ − |↑↑⟩) = 0.

Therefore it must be that s = 0 for this state. Therefore,

|s = 0,m = 0⟩ = 1√
2
(|↑↓⟩ − |↓↑⟩).

In summary, combining two spin halfs, we can form states with total spin of either one or zero.
The more general result is the following. Suppose Ŝ2

1 = ℏ2s1(s1+1)1 and Ŝ2
2 = ℏ2s2(s2+1)1.

Then the eigenvalues of Ŝ2 = (Ŝ1 + Ŝ2)
2 are ℏ2s(s + 1) where s takes on values from |s1 − s2|

to s1 + s2 in integer steps. For every s value there are 2s + 1 linearly independent eigenstates
of Ŝz with eigenvalues ranging from −s to s in integer steps. An approach for how to prove this
result was given in lecture.

*****************
Example

Suppose we have s1 = 1/2 and s2 = 3/2 and the Hamiltonian Ĥ = γŜ1 · Ŝ2. Such a Hamilto-
nian describes the so-called hyperfine interaction between a nuclear spin and an electronic spin.
What are the eigenenergies of Ĥ?

The trick is to re-write this Hamiltonian as

Ĥ =
γ

2
(Ŝ1 + Ŝ2)

2 − γ

2
Ŝ2
1 −

γ

2
Ŝ2
2 .

We can now read off the eigenenergies to be

Es =
γ

2
ℏ2s(s+ 1)− 9

4
γℏ2

where s = 1 or s = 2.

4.3 Elements of Quantum Technologies

4.3.1 Gates, circuits, and notation
Quantum technologies is an evolving and somewhat new field that aims to utilise the prin-

ciples of quantum mechanics to create useful technologies. Under the quantum technologies
umbrella are areas like quantum computing, quantum cryptography, quantum metrology, and
others. It should be emphasized though that quantum mechanics itself has already found key
applications during the past century in developing technologies that we now use every day. Such
“quantum 1.0” advances include the transistor, the laser, MRI, and many others. Though the im-
portance of these advances cannot be overstated, the more subtle aspects of quantum mechanics
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usually was not central to their development. One can compute, say, the band gap of a semicon-
ductor (relevant for the transistor) by directly solving the Schrödinger equation and more-or-less
ignoring entanglement altogether. The newer area of quantum technologies, on the other hand,
puts the more subtle aspects of quantummechanics like entanglement andmeasurement-induced
wavefuction collapse at the fore. Here, quantum states and how one can process the quantum
information they contain are the primary concerns (and the Schrödinger equation itself is some-
times less relevant). This is the focus of quantum technologies or “quantum 2.0”. It should be
noted though that there is not always a crisp distinction between these two types of quantum
nor does there need to be. It is all quantum mechanics which has an agreed-upon fundamen-
tal framework. The above should instead be thought of as a way of making a loose distinction
between two overlapping areas.

To understand technical arguments involving quantum technologies, becoming familiar with
an amount of new lingo is required. Once this is done, many of the concepts will be familiar. As
mentioned earlier, spin-half systems can be viewed as qubits and vice versa. In the following, to
get the full experience, we will make the presumably mild switch to the quantum information
notation from our earlier notation. The spin-up and spin-down states are replaced by |0⟩ and |1⟩ to
make the analogy with classical bits. The basis {|0⟩ , |1⟩} (and direct generalisations to multiple-
qubit Hilbert spaces) is referred to as the computational basis. Finally, the Pauli matrices are
replaced by X , Y , and Z .

The most important difference between classical bits and qubits is that qubits can exist in
a superposition of states |ψ⟩ = α |0⟩ + β |1⟩ whereas classical bits cannot. A handy way of
visualising a quibit is to think of it as a point on the unit sphere, or Bloch sphere, using the
method explained in 4.2.1. That is, the state |ψ⟩ = cos

(
θ
2

)
|0⟩ + sin

(
θ
2

)
eiφ |1⟩, can be thought

of as a point on the Bloch sphere with spherical coordiates (θ, φ). Compare this expression with
Eq. 4.9 and notice we havemultiplied the latter by the phase factor eiφ/2. Note that (θ, φ) uniquely
determines the qubit state up to an overall phase factor, assuming normalisation.

Now let’s move on to discuss multiple qubit states. To be concrete we will focus on two-qubit
states as the generalisation to more qubits is direct. Consider two qubits, the first in state |ϕ1⟩ and
the second in state |ϕ2⟩. Multiple notations exist to represent the full state |ϕ⟩ of the two-qubit
system: |ϕ⟩ = |ϕ1ϕ2⟩ = |ϕ1⟩ |ϕ2⟩ = |ϕ1⟩ ⊗ |ϕ2⟩ where ⊗ denotes the tensor product. The three
types of notation are often used interchangeably in the quantum information literature. While
the notation involving the tensor product is the most precise, it can become cumbersome when
working with many-qubit systems. The first notation, |ϕ1ϕ2⟩, we used in our discussion on com-
bining spins. The computational basis describing all two-quibit states is {|00⟩ , |01⟩ , |10⟩ , |11⟩}.

Two-qubits states that cannot be written as a product (of the form |a⟩ ⊗ |b⟩ are said to be
entangled. Examples of states that are not entangled are |0⟩ |0⟩ and |0⟩ |0⟩ + |0⟩ |1⟩ + |1⟩ |0⟩ +
|1⟩ |1⟩ (why?). An example of an entangled state is 1√

2
(|00⟩ + |11⟩). The key property of en-

tanglement is that measurement of one subsystem (e.g. the first qubit) can influence the state of
the second qubit. Entanglement is the key new property responsible for advantage (in terms of
efficiency) of some quantum algorithms in comparison with classical ones.

We will now move on to consider particular examples of quantum algorithms. In essence a
quantum algorithm involves the two following actions applied on a collection of qubits: unitary

43



operations and measurement. Quantum algorithms are often described pictorially as quantum
circuits which are in turn composed of quantum gates connected by wires. Measurements are
typically performed after a series of unitary operations are applied.

As a starting point, let’s consider a circuit composed of a single-qubit gate. In general such a
gate is determined uniquely by a 2× 2 unitary matrix U and is represented pictorially as

<latexit sha1_base64="hGNmAOP7JySWanBeSD6lhd7t88g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdklzA76U2GzM6uM7OBEPMdXjwo4tWP8ebfOHkcNLGgoajqprsrTAXXxnW/ndza+sbmVn67sLO7t39QPDxq6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXBwO/WbQ1SaJ/LBjFIMYtqTPOKMGisFT36qOfEVlT2BnWLJLbszkFXiLUgJFqh1il9+N2FZjNIwQbVue25qgjFVhjOBk4KfaUwpG9Aeti2VNEYdjGdHT8iZVbokSpQtachM/T0xprHWozi0nTE1fb3sTcX/vHZmoutgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FWwI3vLLq6RxUfYuy5X7Sql6s4gjDydwCufgwRVU4Q5qUAcGj/AMr/DmDJ0X5935mLfmnMXMMfyB8/kDx6eSHg==</latexit>| i
<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U
<latexit sha1_base64="R6U6zRZiP+SqGuc9bLkp6hDWBo8=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBVMLTSib7aRdutmE3Y1Q0h78K148KOLVv+HNf+O2zUFbHww83pthZl6Ycqa043xbpZXVtfWN8mZla3tnd8/eP2ipJJMUPJrwRLZDooAzAZ5mmkM7lUDikMNDOLyZ+g+PIBVLxL0epRDEpC9YxCjRRuraR/6A6Nyb4DH2U8WwL4noc+jaVafmzICXiVuQKirQ7Npffi+hWQxCU06U6rhOqoOcSM0oh0nFzxSkhA5JHzqGChKDCvLZ/RN8apQejhJpSmg8U39P5CRWahSHpjMmeqAWvan4n9fJdHQV5EykmQZB54uijGOd4GkYuMckUM1HhhAqmbkV0wGRhGoTWcWE4C6+vExa5zX3ola/q1cb10UcZXSMTtAZctElaqBb1EQeomiMntErerOerBfr3fqYt5asYuYQ/YH1+QOK65XP</latexit>

Û | i

This diagram is to be read from left to right. It says that the state |ψ⟩ is fed into a gate which
applies a unitary operation and spits out the state Û |ψ⟩. Note that we are being careful with hats
– U is the matrix found from Û by using the computational basis. It is worth noting that not
all classical gates have a corresponding quantum gate since quantum gates are constrained (by
physics) to be unitary. Pauli gates are obtained when U is replaced by one of the X,Y, Z Pauli
operators. The X Pauli gate where U = X is also known as the NOT gate because it maps |0⟩
to |1⟩ and vice versa. Another important operation is the Hadamard gate which is given by the
matrix

H =
1√
2

(
1 1
1 −1

)
.

Notably if a state from the computational basis is fed into a Hadamard gate, a superposition state
exits (the same is not true for the Pauli gates). Finally, we note that we can simplify quantum
circuits using matrix multiplication, an example of which is given in the diagram below.

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y
<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="Cli/fKSD1eD/YHHk5+NgEN10hhQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiMaB6YLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOl+zP+2C2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A6aONkQ==</latexit>�iZ

Now let’s move onto two qubit gates. It turns out (as can be established using linear algebra)
that any unitary operation on N qubits can be decomposed into a series of one and two qubit
operations. One can then “programme” a quantum computer by arranging one and two-qubit
gates in specific ways. An example of a two qubit gate is the CNOT (controlled not) gate. When
acting on states in the computational two-qubit basis, the CNOT gate does the following: |00⟩ →
|00⟩, |01⟩ → |01⟩, |10⟩ → |11⟩, and |11⟩ → |10⟩. In particular, the CNOT gate performs a NOT
operation on the second qubit if the first qubit is in state 1, and does nothing to the second qubit
if the first qubit is in state 0. Denoting the state of the first qubit as |a⟩ and the state of the second
qubit as |b⟩ (so the two-qubit state is |ab⟩) the controlled not gate is described pictorially as below
where ⊕ denotes addition modulo two.
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<latexit sha1_base64="x0i15h7Cjrx2xjPIiclREI5gTiQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUCbbTbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9ciU5rG8N+OE+REOJA85RWOlhyfsKpQDwXrlilt1ZyDLxMtJBXLUe+Wvbj+macSkoQK17nhuYvwMleFUsEmpm2qWIB3hgHUslRgx7WezgyfkxCp9EsbKljRkpv6eyDDSehwFtjNCM9SL3lT8z+ukJrzyMy6T1DBJ54vCVBATk+n3pM8Vo0aMLUGquL2V0CEqpMZmVLIheIsvL5PmWdW7qJ7fnVdq13kcRTiCYzgFDy6hBrdQhwZQiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AA8GQjw==</latexit>|ai

<latexit sha1_base64="itz56R5IwQcEycr2NZ/+7Wkij8U=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eApIV1E5ENgrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bXTwhJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZm+T/pcITNibAllittbCRtSRZmxIZVsCN7iy8ukeVb1Lqrnd+eV2nUeRxGO4BhOwYNLqMEt1KEBDCQ8wyu8Odp5cd6dj3lrwclnDuEPnM8fXH6Qug==</latexit>|bi

<latexit sha1_base64="x0i15h7Cjrx2xjPIiclREI5gTiQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUCbbTbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9ciU5rG8N+OE+REOJA85RWOlhyfsKpQDwXrlilt1ZyDLxMtJBXLUe+Wvbj+macSkoQK17nhuYvwMleFUsEmpm2qWIB3hgHUslRgx7WezgyfkxCp9EsbKljRkpv6eyDDSehwFtjNCM9SL3lT8z+ukJrzyMy6T1DBJ54vCVBATk+n3pM8Vo0aMLUGquL2V0CEqpMZmVLIheIsvL5PmWdW7qJ7fnVdq13kcRTiCYzgFDy6hBrdQhwZQiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AA8GQjw==</latexit>|ai

<latexit sha1_base64="MxHzh+UVCrXEkq6twy/0oh1JcW4=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JIUY9FLx4r2A9oQtlsJ+3SzSbsboQQ61/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR8WppNCmMY9lLyAKOBPQ1kxz6CUSSBRw6AaTm5nffQCpWCzudZaAH5GRYCGjRBtpYFcfCfbihKcKB9iTRIw4DOyaU3fmwKvELUgNFWgN7C9vGNM0AqEpJ0r1XSfRfk6kZpTDtOKlChJCJ2QEfUMFiUD5+fz4KT41yhCHsTQlNJ6rvydyEimVRYHpjIgeq2VvJv7n9VMdXvk5E0mqQdDFojDlWMd4lgQeMglU88wQQiUzt2I6JpJQbfKqmBDc5ZdXSee87l7UG3eNWvO6iKOMjtEJOkMuukRNdItaqI0oytAzekVv1pP1Yr1bH4vWklXMVNEfWJ8/JG6UdQ==</latexit>|a � bi

In the discussion so far, we have been focusing on what quantum gates do to states that are in the
computational basis. However, we should note that we can use their linearity (which is always
assumed on physical grounds) to determine how they act on arbitrary states. For instance, when
acting on the superposition state |ab⟩+ |cd⟩, where |ab⟩ and |cd⟩ are computational basis states,
the CNOT gate yields |a, a⊕ b⟩+ |c, c⊕ d⟩.

4.3.2 Teleportation

With these basic building blocks we can build up a circuit that does something neat: quantum
teleportation. The setup is the following. Alice and Bob were together long ago and each took a
single qubit from a so-called EPR pair (named after Einstein, Podolsky, and Rosen’s early work
on quantum mechanics) given by |β⟩ = 1√

2
(|00⟩+ |11⟩).4 Bob is now in a far off place and Alice

wishes to communicate to him the state of a single qubit she has in her possession but she is
unaware of its particular state. To be clear, Alice has two qubits – a state which she wishes to
transmit to Bob and her half of the EPR pair while Bob has one qubit – his half of the EPR pair.
They also have a classical channel they can communicate over.

A first thoughtmight be for Alice to send Bob information about the state through the classical
channel. However, we must remember that measuring her state will irrevocably alter it. For
instance if her state is |ψ⟩ = α |0⟩+ β |1⟩ and she measures it in the computational basis, there’s
an |α|2 chance that she will measure state 0 and a |β|2 chance to measure state 1. After the
measurement, her state is either |0⟩ or |1⟩ (depending on the measurement outcome) so further
measurements will not give anything useful. If (and this is an assumption) Alice had a way of
consistently preparing the same state she could do repeated experiments on these identical states
to reconstruct it. However, even if this is the case, she could only communicate to Bob over the
classical channel an approximation of her state (both because it would take an infinite amount
of measurements to determine the state exactly and because it would take an infinite amount of
classical bandwidth to communicate α and β to all decimal places) and there are also concerns
about the security of the classical channel.

4An aside on how measurements work out for such a state which can be determined from quantum mechanics
postulates. If Alice measures the state of the first qubit there’s a 50% chance that it will be in state 0 and a 50%
chance it will be in state 1. If Bob measures his state after Alice, he is certain to get the same outcome as Alice’s
measurement. That is, if Alice measures her qubit to be in state 0 then there’s a 100% chance Bob will measure
his qubit to be in state 0. Alice’s measurement affects Bob’s state which is one of the stranger things in quantum
mechanics. One might think that this could violate relativity (transmission of information faster than the speed of
light) but it does not.
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Instead, she can teleport her qubit to Bob using the protocol given in the diagram below.

<latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H

<latexit sha1_base64="HHP25b9mQC6ZXEBovYN4myUS2rE=">AAAB+HicbVDLTgJBEJzFF+KDVY9eJhITT2TXEPVI9OIRE3kksCG9QwMTZmc3M7MmiHyJFw8a49VP8ebfOMAeFKykk0pVd7q7wkRwbTzv28mtrW9sbuW3Czu7e/tF9+CwoeNUMayzWMSqFYJGwSXWDTcCW4lCiEKBzXB0M/ObD6g0j+W9GScYRDCQvM8ZGCt13eIT7YRogHYUyIHArlvyyt4cdJX4GSmRDLWu+9XpxSyNUBomQOu27yUmmIAynAmcFjqpxgTYCAbYtlRChDqYzA+f0lOr9Gg/VrakoXP198QEIq3HUWg7IzBDvezNxP+8dmr6V8GEyyQ1KNliUT8V1MR0lgLtcYXMiLElwBS3t1I2BAXM2KwKNgR/+eVV0jgv+xflyl2lVL3O4siTY3JCzohPLkmV3JIaqRNGUvJMXsmb8+i8OO/Ox6I152QzR+QPnM8fObmS0w==</latexit>|�i
<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit>{

<latexit sha1_base64="hGNmAOP7JySWanBeSD6lhd7t88g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdklzA76U2GzM6uM7OBEPMdXjwo4tWP8ebfOHkcNLGgoajqprsrTAXXxnW/ndza+sbmVn67sLO7t39QPDxq6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXBwO/WbQ1SaJ/LBjFIMYtqTPOKMGisFT36qOfEVlT2BnWLJLbszkFXiLUgJFqh1il9+N2FZjNIwQbVue25qgjFVhjOBk4KfaUwpG9Aeti2VNEYdjGdHT8iZVbokSpQtachM/T0xprHWozi0nTE1fb3sTcX/vHZmoutgzGWaGZRsvijKBDEJmSZAulwhM2JkCWWK21sJ61NFmbE5FWwI3vLLq6RxUfYuy5X7Sql6s4gjDydwCufgwRVU4Q5qUAcGj/AMr/DmDJ0X5935mLfmnMXMMfyB8/kDx6eSHg==</latexit>| i

Alice starts by performing the CNOT operation on her qubit |ψ⟩ (that she wishes to transmit to
Bob) and her half of the EPR pair (recall that she shared the other part of the EPR pair with Bob
long ago). Next she sends her first qubit through a Hadamard gate. The initial three-qubit state is
|ψ⟩ |β⟩ = 1√

2
(α |000⟩+ α |011⟩+ β |100⟩+ β |111⟩). Operating on this state with the two gates,

after a bit of algebra gives the state

1

2
|0, 0⟩ (α |0⟩+ β |1⟩) + 1

2
|0, 1⟩ (α |1⟩+ β |0⟩) + 1

2
|1, 0⟩ (α |0⟩ − β |1⟩) + 1

2
|1, 1⟩ (α |1⟩ − β |0⟩)

where we have been using the notation like |a, b, c⟩ = |a⟩ |bc⟩ = |ab⟩ |c⟩, as discussed before.
Although this state appears complicated, properties of |ψ⟩ are lurking in the third qubit (which
is Bob’s). The resemblances can be made clearer by writing this state as

1

2
|0, 0⟩ |ψ⟩+ 1

2
|0, 1⟩ X̂ |ψ⟩+ 1

2
|1, 0⟩ Ẑ |ψ⟩+ 1

2
|1, 1⟩ X̂Ẑ |ψ⟩ .

The next step is for Alice to measure her two qubits in the computational basis and to commu-
nicate the outcome of this measurement to Bob over the classical channel. Bob will then know
what to do to “fix up” his qubit. For instance, if Alices measurement returns “10”, then Bob’s state
after the measurement is Ẑ |ψ⟩. After Alice sends the news that she measured “10” to Bob, Bob
then knows he needs to apply a Z-gate to his qubit. Then presto, Bob has the exact state |ψ⟩ in
his possession. What was originally Bob’s half of the EPR pair has become the teleported state
after a series of unitary operations and a measurement.

4.3.3 Quantum cryptography
Similar tricks utilising the principles of quantum mechanics can help Bob and Alice transmit

information in other ways. In the following we will describe the the BB84 protocol that is one
of the most well known protocols in quantum cryptography. The goal is for Alice and Bob to
securely share a private key of random numbers which can be used to encrypt a message to be
sent over a public channel. It works as follows. Alice generates a list of N randomly chosen
negative ones and positive ones A = (a1, a2, . . . aN). If an = 1, Alice randomly chooses between
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the two states 1√
2
(|0⟩ + |1⟩) and |0⟩ to send to Bob (note these are eigenstates of either X or Z

with eigenvalue 1). If an = −1, Alice randomly chooses between the two states 1√
2
(|0⟩−|1⟩) and

|1⟩ to send to Bob (note these are eigenstates of either X or Z with eigenvalue -1). Physically,
this is most often done by using photons, where information of the quantum states is encoded
through polarization.5 Upon receipt of the qubits, Bob measures either Ẑ or X̂ , choosing such
axes in a random way. Bob records his results in the list B = (b1, b2, . . . bN). Note that if Alice’s
and Bob’s axes happen to coincide for a particular qubit then (if there is no tampering involved)
an = bn. On the other hand, if their axes are different then an = bn only half of the time on
average and this is not very useful.

Next Alice and Bob exchange information of the axes they used to send / measure photons
publicly but keep secret their lists A and B. They then strike from their lists entries for which
different axes were used to form the smaller lists A′ and B′. If there has been no tampering then
A′ = B′. The final step is to check if the qubits have been tampered with in their journey from
Alice to Bob. To do so, Alice and Bob will sacrifice n randomly-chosen entries from their lists A′

and B′ by communicating the values they obtained over a classical channel. If all of these agree,
then they will know with confidence exponential in n that their communication is secure. They
then strike these sacrificed bits from their list to form lists A′′ and B′′ where it should be true
that A′′ = B′′. This forms the private key which can be used to encrypt a message sent over a
public channel. If, on the other hand, some of the sacrificed bits disagree, they abort the process
and start from scratch.

4.3.4 Quantum computers

The most famous quantum computing algorithms that can theoretically offer great speedup
in comparison with the classical state-of-the-art are those of Shor and Grover. Shor’s algorithm
provides a means to factor a prime number in polynomial time. Grover’s algorithm offers clear
theoretical advantage to the problem of unstructured search. Describing the details of these al-
gorithms, however, will require more time than we have. If interested, there are many places to
learn about their details like the books by Nielson/Chuang and Mermin.

Here we will describe a simpler algorithm due to Deutsch and Jozsa that was one of the first
showing a clear quantum speedup. However, the importance of the problem that it can solve
quickly is probably fairly limited. The setup is this. Fix a positive integer n. Say we have a
function f : {0, 1, . . . 2n − 1} → {0, 1} which we know is either balanced or constant. By
constant we mean that it always returns the same output regardless of input. By balanced we
mean

∑2n−1
l=0 (−1)f(ℓ) = 0. That is, if f is balanced it returns 0 half the time and 1 half the time.

The objective is to determine if the function is balanced or constant by calling it as few times as
possible. Classically, we can just start calling the function for various inputs. If we ever get two
distinct outputs we know at that moment with certainty that it is balanced. But if we do not get

5At this point youmay be asking whywewent through all of the trouble in the previous example on teleportation
if qubits can be transmitted so easily by photons in such a way. The difficulty is that Alice simply sending Bob a
photon in state |ψ⟩ = α |0⟩+ β |1⟩ is inherently insecure. They do not know if there is a third party between them
tampering with the state. We are going to focus here on how to mitigate the potential presence of such a third party.
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two distinct outputs, we have to keep going until we have used half of the possible inputs to say
which type of function it is with complete confidence.

Now we describe the quantum algorithm which solves this problem with only a single call of
the function, and demonstrates the power of quantum parallelism. Since we are now switching
to quantum, we demand that f knows how to handle states in a superposition. First, we can
represent the possible inputs of the function using computational basis states of ann-qubit system
using a base-two binary representation. That is, let the input integer ℓ in binary notation be
ℓ1ℓ2 . . . ℓn so that ℓ = ℓ12

n−1 + ℓ22
n−2 + . . .+ ℓn. For notational simplicity, we write the n-qubit

state as

|ℓ⟩n = |ℓ1ℓ2 . . . ℓn⟩ .

Next we require a unitary gate Ûf which does the following operation on n+ 1 qubit states:

Ûf (|ℓ⟩n |a⟩) = |ℓ⟩n |a⊕ f(ℓ)⟩
where |a⟩ is a single-qubit state in the computational basis and ⊕ denotes mod-2 addition. We
send the input state |0⟩n |1⟩ into quantum circuit given below.

<latexit sha1_base64="BZDZwmD6C6c9YCe2/EhED4pxCX4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY9ELxwxkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmM7mZ+c8y1EZF6wEnM/ZAOlOgLRtFKfvUx7UQoQm6ImnaLJbfszkFWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8mmhkxgeUzaiA962VFG7x0/nR0/JmVV6pB9pWwrJXP09kdLQmEkY2M6Q4tAsezPxP6+dYP/GT4WKE+SKLRb1E0kwIrMESE9ozlBOLKFMC3srYUOqKUObU8GG4C2/vEoaF2Xvqnx5f1mq3GZx5OEETuEcPLiGClShBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8fxzCSHg==</latexit>

H⌦n

<latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H

<latexit sha1_base64="BZDZwmD6C6c9YCe2/EhED4pxCX4=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY9ELxwxkUcCK5kdBpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmM7mZ+c8y1EZF6wEnM/ZAOlOgLRtFKfvUx7UQoQm6ImnaLJbfszkFWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8mmhkxgeUzaiA962VFG7x0/nR0/JmVV6pB9pWwrJXP09kdLQmEkY2M6Q4tAsezPxP6+dYP/GT4WKE+SKLRb1E0kwIrMESE9ozlBOLKFMC3srYUOqKUObU8GG4C2/vEoaF2Xvqnx5f1mq3GZx5OEETuEcPLiGClShBnVg8ATP8Apvzth5cd6dj0VrzslmjuEPnM8fxzCSHg==</latexit>

H⌦n<latexit sha1_base64="TILuJgQVTGID+XRzUdPthjpV96Q=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN2J0KJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2I2gjYvWAkwT8iA2VCAVnaKXuk9vTTA0l9FW/XHGr7hx0lXg5qZAcjX75qzeIeRqBQi6ZMV3PTdDPmEbBJUxLvdRAwviYDaFrqWIRGD+bnzylZ1YZ0DDWthTSufp7ImORMZMosJ0Rw5FZ9mbif143xfDaz4RKUgTFF4vCVFKM6ex/OhAaOMqJJYxrYW+lfMQ042hTKtkQvOWXV0nroupdVmv3tUr9Jo+jSE7IKTknHrkidXJHGqRJOInJM3klbw46L86787FoLTj5zDH5A+fzB0A0kT8=</latexit>|0in

<latexit sha1_base64="DocSCQStj1nH5/o6QGp/gBtsEDU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6ePK6isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuaKQXw==</latexit>|1i

<latexit sha1_base64="X162W/YEVZPyYybxWvtxqd1p764=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTVtoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg9+LeuWKW3XnIKvEy0kFcjR65a9uP2FZzBUySY3peG6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmleVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMpoI27</latexit>

Uf

In the diagram, the notationH⊗n means that a Hadamard gate is applied separately to each qubit
of an n-qubit system. While the above circuit undoubtedly does clever things, we will refrain
from directly commenting on them. Instead, we will focus on the mechanics of what the gates
do at various points in the circuit. The following steps exclude some detail which are useful to
work through. When in doubt it may be helpful to restrict to the case n = 1. After the first set of
Hadamards are applied, one obtains

|0⟩n |1⟩ →
1

2(n+1)/2

2n−1∑
ℓ=0

1∑
p=0

(−1)p |ℓ⟩n |p⟩ .

Then after Uf is applied one finds

1

2(n+1)/2

2n−1∑
ℓ=0

1∑
p=0

(−1)p |ℓ⟩n |p⊕ f(ℓ)⟩ = 1

2(n+1)/2

2n−1∑
ℓ=0

1∑
p=0

(−1)p−f(ℓ) |ℓ⟩n |p⟩ .

Next apply the n-qubit Hadamard to find

|ψ⟩ = 1√
2

1

2n

2n−1∑
q,ℓ=0

1∑
p=0

(−1)p−f(ℓ)(−1)q·ℓ |q⟩n |p⟩ .
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In this, q·ℓ = q1ℓ1+q2ℓ2+. . .+qnℓn where ℓ1ℓ2 . . . ℓn and q1q2 . . . qn are the binary representations
of ℓ and q.

Finally the measurement. We measure the Hermitian operator P̂ = |ϕ⟩ ⟨ϕ| where |ϕ⟩ =
|0⟩n 1√

2
(|0⟩ − |1⟩). So we compute:

⟨ϕ|ψ⟩ = 1

2n

2n−1∑
ℓ=0

(−1)−f(ℓ) =
1

2n

2n−1∑
ℓ=0

(−1)f(ℓ).

From this, we see that we are guaranteed that we will get 0 for the measurement outcome if
the function is balanced while we will always get 1 if the function is constant. Therefore the
sought-after information about the function was obtained after calling it only once.

4.3.5 Closing remarks
• This section is meant to give a flavour of the developments in quantum technologies. No
comprehensive reference list to the literature has been given. We also dug into a few tech-
nical calculations involving gates to really understand how some algorithms work from the
ground up and perhaps inspire some tinkering with new ones.

• A number of experiments successfully demonstrating quantum encryption have been per-
formed. Similarly, quantum teleportation has been achieved using a number of different
experimental platforms. Such ideas have so far not been widely adopted commercially.
This is probably because the status-quo is functioning adequately. But perhaps we will
eventually see banks using quantum encryption methods to secure accounts. The physics
Nobel Prize in 2022 was awarded to pioneers in this area.

• Great progress continues to be made in developing commercially viable quantum comput-
ers. The main bottleneck is scalability. To run game-changing algorithms like those of Shor
or Grover on problems where classical computers cannot help requires cleanly processing
thousands of qubits. However, errors due to environmental noise have limited scaling up to
so many qubits. To combat this, error correcting protocols are sought. Nevertheless being
able to run Shor or Grover on difficult problems still appears to be well in the future.

• Over the past few years there have been several claims of quantum advantage, also known
as quantum supremacy. Demonstrating quantum advantage means solving a problem on
a quantum computer that cannot be solved on a classical computer in a practical amount
of time. Though this is a major milestone, the problems solved are rather special and have
unknown relevance elsewhere. There has been some back and forth: some high-profile
publications claiming quantum advantage were later simulated using classical computers.

• It is often said that during the past few years we have entered the noisy intermediate-scale
quantum computer (NISQC) era. This involves having quantum computers composed of
tens to hundreds of qubits that do not have reliable fault tolerance. A key current question
is identifying important problems that current NISQC devices can help with.
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• It is still unclear what the best hardware for a quantum computer will be. Private companies
as well as research groups in academia are betting on a variety of different platforms. A few
receiving attention are photonics, superconducting Josephson junctions, trapped ions, and
Rydberg atoms. There is also a major drive to create qubits that are inherently protected
against decoherence using topological properties of their states.

4.4 Exercises
Exercise 4.1 Verify that the spin-half matrices satisfy [Sa, Sb] = iℏ

∑
c εabcSc.

Exercise 4.2 Find the three 3× 3 spin-one matrices.

Exercise 4.3 Consider a spin-s spin. Define an anti-unitary operator as T̂ = e−iπŜy/ℏK̂ . Here K̂
is the antiunitary operator introduced in the previous chapter which acts trivially on the eigenbasis
of Ŝz . Show that this operator satisfies T̂ ŜaT̂

−1 = −Ŝa. Furthermore, show that T̂ 2 = 1 when s is
an integer and T̂ 2 = −1 when s is a half integer.

Exercise 4.4 Suppose we have s1 = 1/2 and s2 = 3/2 and the Hamiltonian Ĥ = γŜ1 · Ŝ2.
Find explicit expressions for the eigenstates of this Hamiltonian. Choose the eigenstates to also be
eigenstates of Ŝ1z + Ŝ2z which commutes with this Hamiltonian.

Exercise 4.5 Explicitly show that σaσb = δab1+ i
∑

c εabcσc. Using this, derive equation (4.8).

Exercise 4.6 Let ψ be a two-component normalised spinor. Let n = ψ†σψ. Show that n is a unit
vector.

Exercise 4.7 Suppose the state |ψ⟩ = cos
(
θ
2

)
|0⟩ + sin

(
θ
2

)
eiφ |1⟩ is fed through a single-qubit

X-gate and then measured in the computational basis. What is the probability of the system being
in state |0⟩ after the measurement?

Exercise 4.8 The two-qubit swap operation does the following: Û |ϕ1ϕ2⟩ = |ϕ2ϕ1⟩ for arbitrary
singles qubits states |ϕ1⟩ and |ϕ2⟩ . Explain why this operation is unitary. Find an explicit matrix
representation of Û in the computational basis.

Exercise 4.9 The following exercise relates to the Deutsch-Jozsa algorithm. Show that Ûf is a uni-
tary operation. Show that Ĥ⊗n |0⟩n = 1

2n/2

∑2n−1
ℓ=0 |ℓ⟩n.

Exercise 4.10 Alice and Bob each take a qubit from the singlet state 1√
2
(|01⟩ − |10⟩). This is the

same state considered in our discussion of spin, but we are using the quantum information notation.
Alice measures the single-qubit operator Â = |ϕ⟩ ⟨ϕ| −

∣∣∣ϕ̃〉〈ϕ̃∣∣∣ with her half of the pair where

|ϕ⟩ is some single-qubit state and
〈
ϕ̃
∣∣∣ϕ⟩ = 0. What are the two possible experimental outcomes

when measuring Â? What is the probability that Alice’s measurement of Â will return 1? Suppose
Alice measures 1. Next Bob performs a measurement of the same operator. What is the probability
that he also measures 1. This suggests that the spin-singlet state can be written (up to phase) as
1√
2
(
∣∣∣ϕϕ̃〉−

∣∣∣ϕ̃ϕ〉). Is this true?
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4.A Appendix: Aspects of quantum measurement
In this Appendix we will briefly discuss measurement in quantum mechanics and how it re-

lates to classical probability theory. Quantum mechanics is more general than standard prob-
ability theory as it deals with potentially complex probability amplitudes, also known as wave
functions.

Suppose we have two Hilbert spaces of dimension N and M spanned respectively by or-
thonormal bases {|ϕn⟩ : n = 1, . . . N} and {|ξℓ⟩ : ℓ = 1, . . . .M}. Now combine these two
Hilbert spaces (via tensor product) to obtain a larger Hilbert space of dimension NM spanned
by orthonormal basis {|ϕn⟩ ⊗ |ξℓ⟩}. We’ll think of the two original Hilbert spaces (of dimensions
N and M ) as subsystems of the larger Hilbert space in what follows and use typical shorthand
notation such as |ϕnξℓ⟩ = |ϕn⟩ ⊗ |ξℓ⟩

Now let’s consider doing measurements with respect to an orthonormal basis. Take the state
of the system to be |ψ⟩. The probability of measuring the system to be in the state |ϕnξℓ⟩ we all
know is:

P (n, ℓ) = | ⟨ϕnξℓ|ψ⟩|2.

If we determine that the system is in state |ϕnξℓ⟩ then post-measurement, the state of the system
“collapses” to |ψ′⟩ = |ϕn⟩ ⊗ |ξℓ⟩.

Now let’s suppose instead that we are only measuring one of the two subsystems. The prob-
ability of measuring the state of the first subsystem to be |ϕn⟩ is:

P (n) =
∑
ℓ

P (n, ℓ) = ⟨ψ| P̂n ⊗ 1 |ψ⟩

where P̂n = |ϕn⟩ ⟨ϕn| is a projection operator (not to be confused with probability). Suppose
upon measurement we determine the first subsystem to be in state |ϕn⟩. To determine then the
state post measurement, we project into this state and normalise:

|ψ′⟩ = P̂n ⊗ 1 |ψ⟩√
⟨ψ| P̂n ⊗ 1 |ψ⟩

Similar relations follow if we consider measuring the other subsystem.
Now with the above we can even discuss conditional probability. Using the expression im-

mediately above for the post-measurement state we can determine what is the probability for the
second subsystem to be in state |ξℓ⟩ provided the first subsystem is measured to be in state |ϕn⟩.
It is

P (ℓ|n) = | ⟨ϕnξℓ|ψ′⟩|2 = P (n, ℓ)/P (n).
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Chapter 5

Approximation Schemes

In this Chapter we discuss approximation schemes used in quantum mechanics.

5.1 Time-independent perturbation theory (non-degenerate
case)

Suppose that we are confronted with a Hamiltonian of the form

Ĥ = Ĥ0 + λV̂ .

We know how to diagonalise Ĥ0 but not the full Ĥ. Suppose additionally that λ is a small param-
eter. For such systems we turn to perturbation theory.

To set the notation we take, as usual,

Ĥ |ϕn⟩ = En |ϕn⟩ .

For the ‘unperturbed’ system (assumed to be solvable) we take

Ĥ0 |n⟩ = εn |n⟩ .

In the above equations n labels the eigenenergies/eigenstates. The collection of eigenstates {|n⟩}
is taken to be orthonormal (i.e. normalised in the usual way).

Let’s now fix a particular state (n value) and ask how it changes as we ‘turn the perturbation
on’. We assume that we have the following series expressions in λ:

|ϕn⟩ =
∣∣ϕ(0)

n

〉
+ λ

∣∣ϕ(1)
n

〉
+ λ2

∣∣ϕ(2)
n

〉
+ . . .

En = E(0)
n + λE(1)

n + λ2E(2)
n + . . .

where E(i)
n and

∣∣∣ϕ(i)
n

〉
are independent of λ. We assume that the unperturbed eigenvalue εn is

non-degenerate (the degenerate case requires a separate treatment). We take the (unconven-
tional) normalisation condition

〈
ϕ
(0)
n

∣∣∣ϕn⟩ = 1. Since this normalisation is taken to hold for
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arbitrary λ, it requires
〈
ϕ
(0)
n

∣∣∣ϕ(i)
n ⟩ = 0 for i ̸= 0. Requiring these to reduce to the unperturbed

states when λ→ 0 requires
∣∣∣ϕ(0)

n

〉
= |n⟩ and E(0)

n = εn.
Now let’s insert our perturbative expansions into the Schrödinger equation Ĥ |ϕn⟩ = En |ϕn⟩

and equate powers of λ. The order λ0 piece gives us nothing new. The order λ1 piece gives us:

Ĥ0

∣∣ϕ(1)
n

〉
+ V̂ |n⟩ = εn

∣∣ϕ(1)
n

〉
+ E(1)

n |n⟩ .

This is a useful equation. Multiplying by ⟨n| gives us the first order correction to the energy:

E(1)
n = ⟨n| V̂ |n⟩ .

Next we apply ⟨n′| for n′ ̸= n. This gives

⟨n′|ϕ(1)
n ⟩ = ⟨n′| V̂ |n⟩

εn − εn′
.

Due to our normalisation condition, we have ⟨n|ϕ(1)
n ⟩ = 0. Therefore,

∣∣ϕ(1)
n

〉
=
∑
n′

|n′⟩ ⟨n′|ϕ(1)
n ⟩ =

∑
n′ ̸=n

⟨n′| V̂ |n⟩
εn − εn′

|n′⟩ .

This is the first order correction to the eigenket.
Next we consider the λ2 piece in the Schrödinger equation. This reads

Ĥ0

∣∣ϕ(2)
n

〉
+ V̂

∣∣ϕ(1)
n

〉
= E(2)

n

∣∣ϕ(0)
n

〉
+ E(1)

n

∣∣ϕ(1)
n

〉
+ E(0)

n

∣∣ϕ(2)
n

〉
.

Multiplying by ⟨n| gives

E(2)
n = ⟨n| V̂

∣∣ϕ(1)
n

〉
=
∑
n′ ̸=n

| ⟨n′| V̂ |n⟩ |2
εn − εn′

.

This is the second order correction to the eigenenergy. Though we could clearly continue on in
this way, we will stop here.

5.2 Time-independent perturbation theory (degenerate case)
In this section, we will handle the case where the state for which we wish to find perturbative

corrections is degenerate. We will derive an effective Hamiltonian that acts within this space of
degenerate subspace of unperturbed states. The eigenenergies of this effective Hamiltonian give
the corrected eigenenergies of the system (to second order).

We take a similar setup as before, but now allow εn to be degenerate. In particular, we take
N orthonormal states with

Ĥ0 |n, r⟩ = εn |n, r⟩
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where r runs from 1 toN . The degenerate case is slightly more involved than the non-degenerate
case for the following reason. In the previous section, the zeroth order unperturbed state was
clearly

∣∣∣ϕ(0)
n

〉
= |n⟩. However now for the degenerate case it will generally be some linear

combination of the degenerate states:
∣∣∣ϕ(0)

n

〉
=
∑

r cr |n, r⟩. The key in degenerate perturbation
theory is finding the correct linear combination of these unperturbed states so that the states
continuously change as the perturbation is ‘turned on’.

We next introduce the projection operators

P̂ =
∑
r

|n, r⟩ ⟨n, r|

and

Q̂ = 1− P̂ .

The operator P̂ projects into the set of degenerate states while the operator Q̂ projects into ev-
erything else. For the exact eigenstate |ϕn⟩ we write

|ϕn⟩ = 1 |ϕn⟩ = P̂ |ϕn⟩+ Q̂ |ϕn⟩ .

Now let
∣∣∣ϕ(0)

n

〉
= P̂ |ϕn⟩. Clearly this will be a linear combination of the degenerate states. We

next take a similar normalisation convention as we did for the non-degenerate case:
〈
ϕ
(0)
n

∣∣∣ϕn⟩ =
1. We also assume, as before, that we can expand in λ as follows:

|ϕn⟩ =
∣∣ϕ(0)

n

〉
+ λ

∣∣ϕ(1)
n

〉
+ λ2

∣∣ϕ(2)
n

〉
+ . . .

En = E(0)
n + λE(1)

n + λ2E(2)
n + . . . .

Acting with P̂ from the left on the Schrödinger equation gives:

εnP̂ |ϕn⟩+ λP̂ V̂ |ϕn⟩ = EnP̂ |ϕn⟩ (5.1)

Acting in a similar way with Q̂ gives

Q̂Ĥ0 |ϕn⟩+ λQ̂V̂ |ϕn⟩ = EnQ̂ |ϕn⟩ .

Rearranging gives

Q̂(En − Ĥ0) |ϕn⟩ = λQ̂V̂ |ϕn⟩ . (5.2)

Multiplying both sides of this equation by

Q̂(En − Ĥ0)
−1 =

∑
n′ ̸=n

1

En − εn′
|n′⟩ ⟨n′|
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(sum is taken over states not degenerate with εn) gives

Q̂ |ϕn⟩ = λQ̂(En − Ĥ0)
−1V̂ |ϕn⟩ . (5.3)

Substituting |ϕn⟩ = P̂ |ϕn⟩+ Q̂ |ϕn⟩ into the second term on the LHS of equation (5.1) gives

εnP̂ |ϕn⟩+ λP̂ V̂ P̂ |ϕn⟩+ λ2P̂ V̂ Q̂(En − Ĥ0)
−1V̂ |ϕn⟩ = EnP̂ |ϕn⟩ . (5.4)

Everything is exact up to this point. However, equation (5.4) is difficult to tackle since the
eigenvalueEn appears on both sides of the equation. Let’s be satisfied with a simpler but approx-
imate equation. In particular, we require that (5.4) is only accurate to second order in λ. With
such a requirement, we can replace the term multiplying λ2 with its λ = 0 value. With this we
have (remembering

∣∣∣ϕ(0)
n

〉
= P̂ |ϕn⟩)

Ĥeff

∣∣ϕ(0)
n

〉
= En

∣∣ϕ(0)
n

〉
where

Ĥeff = P̂
[
εn + λV̂ + λ2V̂ ĜV̂

]
P̂

and

Ĝ = (εn − Ĥ0)
−1Q̂.

This effective Hamiltonian acts non-trivially only within the subspace of degenerate states
and is expressible entirely in terms of known quantities. Its eigenvalues give the desired results:
corrected eigenenergies for the originally degenerate states that are accurate to second order in λ.
The results from non-degenerate perturbation theory are also contained in this treatment (check).

What about the corrections to the eigenstates? For this we can use equation (5.3). Looking at
the term of order λ1 from this equation gives∣∣ϕ(1)

n

〉
= Q̂(εn − Ĥ0)

−1V̂
∣∣ϕ(0)

n

〉
.

Therefore, the eigenket that is accurate to first order in λ is

|ϕn⟩ =
∣∣ϕ0

n

〉
+ λQ̂(εn − Ĥ0)

−1V̂
∣∣ϕ(0)

n

〉
.

5.3 Time-dependent perturbation theory
Now we move on to the case where the perturbation has time dependence. In particular, we

focus on Hamiltonians of the form

Ĥ = Ĥ0 + λV̂ (t).
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The interaction picture, developed at the end of Chapter 2 is ideally suited for handling problems
like this. The evolution operator in the interaction picture satisfies

iℏ∂tÛI = λV̂IÛI

with ÛI(t = 0) = 1. It therefore can be written as a Dyson series (essentially the same calculation
as we did for Û(t) in Section 2.1):

ÛI(t) = Tte
−iλ
ℏ

∫ t
0 dt′V̂I(t

′) = 1− i
λ

ℏ

∫ t

0

dt′V̂I(t
′) +

(−iλ
ℏ

)2 ∫ t

0

dt′V̂I(t
′)

∫ t′

0

dt′′V̂I(t
′′) + . . . .

This is our perturbative expansion in λ!
We will be particularly interested in the following scenario. Define the eigenstates / eigenen-

ergies of Ĥ0 as usual:

Ĥ0 |n⟩ = εn |n⟩ .

Suppose we start in a particular eigenstate |n⟩ at t = 0. What is the probability for the system to
end up in state |n′⟩ after time t? Denoting this probability as Pn→n′ we have

Pn→n′ =
∣∣∣⟨n′| Û(t) |n⟩

∣∣∣2 .
It is straightforward to establish that these probabilities satisfy the sum rule:∑

n′

Pn→n′ = 1

as they should.
Often such expressions are difficult to compute exactly. In such cases we can resort to pertur-

bation theory. Let’s focus on the case n ̸= n′ (noting that the case n = n′ can be obtained from
the sum rule). For this,

⟨n′| Û(t) |n⟩ = ⟨n′| Û0(t)ÛI(t) |n⟩ = eiεn′ t/ℏ ⟨n′| ÛI(t) |n⟩ = eiεn′ t/ℏ−iλ
ℏ

∫ t

0

dt′ ⟨n′| V̂I(t′) |n⟩

where we have dropped the (presumably small) terms in the Dyson series of order λ2 and above.
Working on the integrand in this expression,

⟨n′| V̂I(t′) |n⟩ = ⟨n′| Û †
0(t

′)V̂ (t′)Û0(t
′) |n⟩ = ⟨n′| V̂ (t′) |n⟩ e−i(εn−εn′ )t′/ℏ = Vn′n(t

′)e−iωnn′ t′

where we have introduced the notation Vn′n(t
′) = ⟨n′| V̂ (t′) |n⟩ and ℏωnn′ = εn − εn′ . With this,

⟨n′| Û(t) |n⟩ = eiεn′ t/ℏ−iλ
ℏ

∫ t

0

dt′Vn′n(t
′)e−iωnn′ t′ .
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Finally, we can determine an expression for Pn→n′ to lowest non-trivial order in λ:

Pn→n′ =
λ2

ℏ2

∣∣∣∣∫ t

0

dt′Vn′n(t
′)e−iωnn′ t′

∣∣∣∣2 (5.5)

which is our main result.

*****************
Example

Consider the Hamiltonian

Ĥ = ε |1⟩ ⟨1|+ λ
Ω

2

(
|1⟩ ⟨0| e−iωt + |0⟩ ⟨1| eiωt

)
where ω, ε, and Ω are positive real parameters and {|0⟩ , |1⟩} forms an orthonormal basis. This is
a simplifiedmodel of an atom interacting with radiation. The effective model for the atom alone is
Ĥ0 = ε |1⟩ ⟨1| (much simpler than Hydrogen!). Ω is proportional to the external electric field and
ω gives the frequency of the radiation. Additionally, the so-called rotating wave approximation
has been employed but we will not go into any details of this. Such Hamiltonians are the bread
and butter of atomic, molecular, and optical physicists (especially experimentalists!).

Suppose we start in the ground state of Ĥ0. What is P0→1 to lowest non-trivial order in λ?
Computing the answer is just a matter directly applying equation (5.5) (and doing the integral).
The result is

P0→1 =
λ2Ω2

(ε− ℏω)2
sin2

(
ε/ℏ− ω

2
t

)
.

The probability exhibits oscillations. This is physical and these are known as Rabi oscillations.
One can see that the oscillations have largest amplitude when ℏω becomes close to ε (known as
resonance). For the case when we are right at resonance, our formula tells us

P0→1 =
λ2Ω2

4ℏ2
t2.

While this expression is accurate for small t, our perturbation theory will inevitably break down
for larger values of t since P0→1 will eventually become comparable to 1. A more extensive
treatment of this model shows that there will be Rabi oscillations at resonance as well.

5.4 The Adiabatic Limit
We now consider the case where the time dependence of Ĥ(t) is ‘slow’. This is the so-called

adiabatic limit. How do wave functions evolve under such a time-dependent Hamiltonian? To
analyse this problem it is helpful to use the instantaneous eigenstates and eigenenergies of Ĥ:

Ĥ |ϕn⟩ = εn |ϕn⟩ .
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This looks like the TISE, but shouldn’t be called that because it depends on time! Suppose that at a
given time, say t = 0, the system is in the instantaneous ground state: |ψ(t = 0)⟩ = |ϕ0(t = 0)⟩.
Our intuition tells us that, if the time-dependence of the Hamiltonian is slow, then at later times
we should have |ψ(t)⟩ ≈ eiβ0 |ϕ0(t)⟩ where eiβ0 is some phase factor. Think about gradually
(adiabatically) moving a cup of coffee so that it doesn’t slosh about.

With this thought, let’s consider starting in the nth instantaneous eigenstate at time t = 0
(almost always this is the ground state but let’s be open minded). Let’s insert the ansatz |ψ(t)⟩ =
eiβn(t) |ϕn(t)⟩ into iℏ∂t |ψ⟩ = Ĥ |ψ⟩ and see what happens. We find

−ℏβ̇n |ϕn⟩+ iℏ
∣∣∣ϕ̇n

〉
= εn |ϕn⟩ .

Overhead dots correspond to time derivatives. Applying ⟨ϕn| to this equation gives

β̇n = −εn/ℏ+ i ⟨ϕn| ϕ̇n⟩.

Integrating (noting βn(0) = 0) we have

βn = −αn + γn

where

αn(t) =

∫ t

0

dt′εn(t
′)/ℏ

and

γn(t) =

∫ t

0

dt′i ⟨ϕn(t
′)| ϕ̇n(t

′)⟩.

αn(t) is known as the dynamical phase while γn(t) is known as the Berry phase. So our adiabatic
solution is

|ψ(t)⟩ = eiγn(t)e−iαn(t) |ϕn(t)⟩ .

While this turns out to be correct, the alert reader will notice that important details have been
swept under the rug. In particular, we did not look at the other components of the TDSE, obtained
by applying ⟨ϕn′| for n′ ̸= n. At present we have no good reason, apart from our intuition, to
believe that these other components will be unimportant.

We need to be more careful. Let’s consider the situation where the system starts in the ground
state at time t = 0. We will further assume that the ground state is non-degenerate. The instan-
taneous eigenstates form a complete basis, so we can expand |ψ(t)⟩ for later times as

|ψ(t)⟩ =
∑
n

ane
−iαn(t)eiγn(t) |ϕn(t)⟩ .

where an are some time-dependent coefficients. The reason the two phase factors are not ab-
sorbed into an is for later convenience. Our initial condition requires a0(0) = 1 and an(0) = 0
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for n ̸= 0. If our intuition is correct, then the an coefficients for later times should stay very close
to their initial values.

Inserting this |ψ(t)⟩ into the TDSE and applying ⟨ϕm| on the left we find the relatively compact
expression (check)

ȧm = i
∑
n̸=m

Amne
−i(αn−αm)ei(γn−γm)an. (5.6)

where

Amn = i ⟨ϕm| ϕ̇n⟩

Everything is exact so far.
We will be happy to find an approximate solution to (5.6). What we will do in the following

is typically called adiabatic perturbation theory. We can write (5.6) in integral form as

am(t) = am(0) + i

∫ t

0

dt′
∑
n̸=m

Amn(t
′)e−i(αn(t′)−αm(t′))ei(γn(t

′)−γm(t′))an(t
′).

Next we can apply the same procedure we used to derive the Dyson series to arrive at a series
expansion for am(t). Stopping at first order,

am(t) = am(0) + i

∫ t

0

dt′
∑
n̸=m

Amn(t
′)e−i(αn(t′)−αm(t′))ei(γn(t

′)−γm(t′))an(0).

Obviously we could go to higher order if higher accuracy was needed. We want to argue that the
corrections to am(0) are small in the adiabatic limit.

Using our initial conditions for the am coefficients, we have

a0(t) = a0(0) = 1

which is encouraging. Form ̸= 0 we have

am(t) = i

∫ t

0

dt′Am0(t
′)e−i(α0(t′)−αm(t′))ei(γ0(t

′)−γm(t′)). (5.7)

Is the correction to am(t) above small? To answer this we should be more precise about what
me mean by ‘slow’. Slow compared to what? The other natural quantities having units of rate
(1/time) are the spacings between the energy levels of Ĥ (divided by ℏ). We refine our condition
to mean slow compared to (ε0 − εm)/ℏ where m ̸= 0. For such a case the term e−i(α0(t′)−αm(t′))

will oscillate much more rapidly than the others in (5.7). Using approximation techniques for
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dealing with rapidly oscillating integrals1 we find

am(t) =

( −ℏ
ε0 − εm

Am0e
−i(α0−αm)ei(γ0−γm)

]t
0

.

Using the relation

⟨ϕm| ϕ̇0⟩ =
⟨ϕm| ˙̂H |ϕ0⟩
ε0 − εm

which can be arrived at by taking the time derivative of ⟨ϕm| Ĥ |ϕ0⟩ (check) we have

am(t) = −i
(
ℏ ⟨ϕm| ˙̂H |ϕ0⟩
(ε0 − εm)2

e−i(α0−αm)ei(γ0−γm)

]t
0

.

We now see that the adiabatic limit corresponds to∣∣∣∣∣ℏ ⟨ϕm| ˙̂H |ϕ0⟩
(ε0 − εm)2

∣∣∣∣∣≪ 1.

Let’s consider the case where ˙̂H= 0 at the initial time for simplicity (this is often the relevant
physical case). For this, we have the rather nice expression for the time-dependent state with first
order correction:

|ψ⟩ = e−iα0eiγ0

[
|ϕ0⟩ − i

∑
n̸=0

ℏ ⟨ϕn| ˙̂H |ϕ0⟩
(ε0 − εn)2

|ϕn⟩
]
.

In summary, supposewe start with an instantaneous ground state of a time-dependent system.
If the rate of time variations of this system is much smaller than the ‘gap’ between the ground
state and excited states (instantaneous) divided by ℏ, then the system is well approximated by

|ψ⟩ = e−iα0eiγ0 |ϕ0⟩ .

We refer to this as the adiabatic limit. If necessary, corrections to this expression can be incorpo-
rated systematically through the methods described above.

1For instance, what is I(t) =
∫ t

0
dt′e−iωt′f(t′) in the limit of large ω for well-behaved f(t)? To find out this

limiting behaviour, we can integrate by parts:

I(t) =

∫ t

0

dt′f(t′)
i

ω

d

dt′
e−iωt′ =

i

ω
(e−iωtf(t)− f(0))−

∫ t

0

dt′
i

ω
e−iωt′ d

dt′
f(t′).

Continuing in this manner will generate a series expansion in 1/ω:

I(t) =
i

ω
(e−iωtf(t)− f(0)) +

1

ω2
(f ′(t)e−iωt − f ′(0)) + . . . .

In this section we are happy with the lowest order expression.
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5.4.1 Berry phase
In this section, we consider the Berry phase for the situation where the Hamiltonian at time

t = 0 and t = T is the same: Ĥ(0) = Ĥ(T ). Let’s focus on a single instantaneous eigenstate of
this Hamiltonian which satisfies

|ϕ(T )⟩ = |ϕ(0)⟩ .
The Berry phase is then

γ = i

∫ T

0

dt ⟨ϕ| ϕ̇⟩ =
∫ T

0

dtA(t)

where A(t) = i ⟨ϕ| ϕ̇⟩.
In the following we will outline a few important properties of this Berry phase. First we note

that A(t) and hence γ are real. This follows from the normalisation of |ϕ⟩ for all times (check).
Next, we note that eigenstates of Ĥ are only defined up to a phase factor. That is, the state
|ϕ′⟩ = e−iα |ϕ⟩ is an equally valid eigenstate of Ĥ. Provided that α(T ) = α(0) + 2πn for integer
n, then |ϕ′(T )⟩ = |ϕ′(0)⟩. This is called ‘gauge freedom’. If we could always pick a γ so that
the Berry phase vanishes, this story would not be very interesting. With the new eigenstates we
have

γ′ = i

∫ T

0

dt ⟨ϕ′| ϕ̇′⟩ =
∫ T

0

dtα̇ + i

∫ T

0

dt ⟨ϕ| ϕ̇⟩ = γ + 2πn.

So through this method we can only change the Berry phase by integer multiples of 2π. We say
that the Berry phase is gauge invariant modulo 2π.

The Berry phase is a geometrical quantity. The classic example is the case of a spin-half
particle under a slowly varying magnetic field of constant magnitude: Ĥ = −B(t) · σ where
B(0) = B(T ). The normalised vector B/B traces out a closed curve on the unit sphere as t
advances from 0 to T . Though we will not work out the details, the Berry phase for this situation
is −1/2 times the area of the portion of the unit sphere bounded by this curve (modulo 2π).

Finally, the relevance of the Berry phase is not confined to systems in the adiabatic limit. For
instance, the Berry phase (and related quantities like the so-called Berry curvature and Berry con-
nection) plays a central role in the physics of the so-called topological insulators and topological
superconductors which have been receiving considerable attention in recent years.

5.5 Exercises
Exercise 5.1 Suppose we add the perturbation V̂ = −γx̂ to the Harmonic oscillator Hamiltonian
Ĥ0 =

1
2m
p̂2 + 1

2
mω2x̂2. The full Hamiltonian reads Ĥ = Ĥ0 + λV̂ . What are the first and second

order (in λ) corrections to the eigenenergies of Ĥ?

Exercise 5.2 Consider the Hamiltonian of Exercise 2.6 with a λ added for convenience: Ĥ = (ε +
g)â†â + λ

2
g(ââ + â†â†). Compute the first and second order corrections (in λ) to the ground state

energy of this system.
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Exercise 5.3 Consider the Hamiltonian

Ĥ =
1

2m
p̂2 +

1

2
mωx̂2 + λγx̂θ(t).

Here θ(t) is the step function where θ(t) = 0 for t < 0 and θ(t) = 1 for t ≥ 0. Such a model
corresponds to a Harmonic oscillator that experiences an abrupt displacement at time t = 0. Suppose
the system is in the ground state of the harmonic oscillator for t < 0. What is the probability, to
lowest non-trivial order in λ, for the system to transition to the first excited state for positive times?

Exercise 5.4 Consider the matrix HamiltonianH = −B · σ where

B(t) = B(sin(θ) cos(ωt), sin(θ) sin(ωt), cos(θ)).

Suppose at t = 0, the system is in the instantaneous ground state ψ(0). Obtain a condition on ω for
which adiabatic theory will be applicable. In the adiabatic limit, compute the state after a complete
cycle: ψ(T ) where T = 2π/ω.

Bonus (more difficult): obtain the exact solution of this problem (using e.g. a time-dependent
unitary transformation). Compare this with the approximate adiabatic solution.

Exercise 5.5 Longer problem that ties together different parts of the chapter. In this problem we
consider the time-dependent Hamiltonian given by

Ĥ = ε(|1⟩ ⟨1| − |0⟩ ⟨0|) + f(t)λΩ(|1⟩ ⟨0|+ |0⟩ ⟨1|) = Ĥ0 + λV̂ (t).

where ε and Ω are positive constants and λ is our usual perturbative parameter. {|0⟩ , |1⟩} form
an orthonormal basis. The time-dependent function appearing in the Hamiltonian is defined as
f(t) = eηt for t < 0 and f(t) = 1 for t ≥ 0 where η is a positive constant. Adjusting η allows us to
control how quickly the second term in the Hamiltonian is ‘turned on’.

Suppose that in the ‘distant past’, t → −∞, the system is in the ground state |0⟩ of the Hamil-
tonian. In this problem we will focus on computing the probability P0→1 for the system to be in the
state |1⟩ at time t > 0.

(a) Limit of small λ. Using time-dependent perturbation theory, show that to lowest non-trivial
order in λ,

P0→1 =
λ2Ω2

ℏ2

∣∣∣∣ 1

2iε/ℏ+ η
+

1

2iε/ℏ
(e2iεt/ℏ − 1)

∣∣∣∣2 .
Hint: recall the result from time-dependent perturbation theory

P0→1 =
λ2

ℏ2

∣∣∣∣∫ t

−∞
dt′ ⟨1| V̂ (t′) |0⟩ e−i(ε0−ε1)t′/ℏ)

∣∣∣∣2 .
(b) Limit of large η. In the limit when η → +∞, f(t) becomes a step function. That is f(t) = 0

for t < 0 and f(t) = 1 for t ≥ 0. Taking f(t) to be a step function, compute the probability
P0→1 exactly. Show that it agrees with the result of (a) in the limit of small λ and large η.
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(c) Now consider the opposite limit of η approaching zero (slow turn-on). Show that in this limit

P0→1 =
1

2

(
1− ε√

ε2 + λ2Ω2

)
.

Argue that this result is consistent with that of (a).
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Chapter 6

Multiple-Particle Systems

In this final Chapter, we consider multiple-particle systems in quantummechanics. The nota-
tion of second quantisation will be introduced, which is typically the most efficient way to treat
such systems. This topic could easily fill up an entire module. This Chapter just gives a taste of
the subject.

6.1 Two-particle systems

To start, let us consider the simple situation of two particles with the same mass coupled to
the same external potential. To be more concrete, let’s take the external potential to be that of a
harmonic oscillator V (x̂) = 1

2
mω2x̂2. The Hamiltonian describing such a system is:

Ĥ =
p̂21
2m

+ V (x̂1) +
p̂22
2m

+ V (x̂2) = Ĥ1 + Ĥ2.

As these are independent particles, the operators with subscript 1 commute with those having
subscript 2. We can immediately write down the eigenfunctions of this system. They are

|ϕnϕm⟩ .

In this notation n denotes the state of the first particle while m denotes the state of the second
particle. In the position basis, this state is ⟨x1x2|ϕnϕm⟩ = ϕn(x1)ϕm(x2) which is the product of
two single-particle eigenstates. These states satisfy the following rule for inner products:

⟨ϕnϕm|ϕn′ϕm′⟩ = ⟨ϕn|ϕn′⟩ ⟨ϕm|ϕm′⟩.

The eigenenergy corresponding to |ϕnϕm⟩ is En + Em = ℏω(n+m+ 1).
That’s all simple enough. Now we introduce the notion of indistinguishable (or identical)

particles which is a concept that enters quantum mechanics at the postulate level. Here, ‘indis-
tinguishable’ is taken in the strongest possible sense of the word. It means that no experiment
can distinguish between the two particles. Suppose we have two indistinguishable particles (e.g.
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two spin up electrons) described by the wave function ψ(x1, x2). Naively one might say that the
quantity

|ψ(x1, x2)|2dx1dx2

is the probability of electron one being between x1 and x1+dx1 and electron two being between
x2 and x2 + dx2. However, this would mean that we can differentiate between the two electrons.
We cannot do this. We cannot paint one red and the other blue. Instead, we say that this quantity
is the probability of an electron being between x1 and x1+dx1 and another electron being between
x2 and x2 + dx2. An immediate consequence is that

|ψ(x1, x2)|2 = |ψ(x2, x1)|2.

Now let’s consider a Hamiltonian describing the evolution of our two-identical-particle sys-
tem, say the one we wrote down at the beginning of this section. Such a Hamiltonian is necessar-
ily invariant under the interchanges x̂1 ↔ x̂2 and p̂1 ↔ p̂2. This interchange can be implemented
with the exchange operator P̂ . This operator satisfies the follow properties

P̂x̂1P̂ = x̂2, P̂x̂2P̂ = x̂1

P̂ p̂1P̂ = p̂2, P̂ p̂2P̂ = p̂1

P̂ |x1x2⟩ = |x2x1⟩ , P̂ |p1p2⟩ = |p2p1⟩ , P̂ |ϕnϕm⟩ = |ϕmϕn⟩
P̂2 = 1.

An explicit representation of this operator is

P̂ =

∫
dx1dx2 |x1x2⟩ ⟨x2x1| .

The statement of our Hamiltonian being invariant under exchange is P̂ĤP̂ = Ĥ or [P̂, Ĥ] = 0.
Therefore, the exchange operator and our Hamiltonian can be simultaneously diagonalised. Since
the exchange operator squares to one, its eigenvalues will be either 1 or -1 (check). Furthermore,
eigenstates of the exchange operator satisfy our criterion established earlier for identical par-
ticles. Writing the exchange operator in the position basis, we will either have Pψ(x1, x2) =
ψ(x2, x1) = ψ(x1, x2) or Pψ(x1, x2) = ψ(x2, x1) = −ψ(x1, x2). For both scenarios, we have
|ψ(x1, x2)|2 = |ψ(x2, x1)|2.

Let’s see how the corresponding joint eigenstates work out. The states |ϕnϕm⟩ and |ϕmϕn⟩
are degenerate eigenstates of Ĥ. However, unless n = m, these clearly will not be eigenstates of
P̂ . To obtain eigenstates of P̂ we take the following linear combinations:

|ϕ+⟩ =
1√
2
(|ϕnϕm⟩+ |ϕmϕn⟩)

|ϕ−⟩ =
1√
2
(|ϕnϕm⟩ − |ϕmϕn⟩) .
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The corresponding exchange eigenvalues are+1 and−1 respectively. In the former case, we say
that the particles are bosons while in the latter case we say that the particles are fermions.

At this point, it might seem very strange that we are giving the particles names according to
the state that we ‘put them in’. In the past we didn’t introduce any silly terminology like calling
a particle in the ground state of the harmonic oscillator an alpha particle and a particle in the
first excited state of the harmonic oscillator a beta particle. The important thing to note is the
following. Suppose that our particles start in a state with exchange eigenvalue 1. Since these
particles are identical, any possible Hamiltonian in Nature with which these particles evolve
must commute with P̂ . Therefore, the state describing these two particles will have exchange
eigenvalue of 1 forevermore. In particular, conversion between |ϕ+⟩ and |ϕ−⟩ will not happen.
Hence it is sensible to give the particles different names.

It follows from the above that we cannot put two identical fermions into the same single-
particle state. That is, if n = m, we have

|ϕ−⟩ =
1√
2
(|ϕnϕn⟩ − |ϕnϕn⟩) = 0.

This is the Pauli exclusion principle which is foundational.
The Spin-Statistics Theorem gives an important connection between the above and spin.

It states that particles with half-integer spin are fermions while particles with integer spin are
bosons. For example, since electrons have spin half, they are fermions. The result of this theorem
is simple, but its proof requires incorporating relativity. We offer a quote from R.P. Feynman
about this theorem:

‘It appears to be one of the few places in physics where there is a rule which can be stated
very simply, but for which no one has found a simple and easy explanation. The explanation is
deep down in relativistic quantum mechanics. This probably means that we do not have a complete
understanding of the fundamental principle involved.’

6.2 Many-particle systems
Having considered the two-particle system as a warm up, we now move on to the general

case. For an N -particle system, we have the symmetrisation postulate. This says that any
state |ψ⟩ describing a system ofN identical particles will satisfy one of the following conditions:

1. P̂nm |ψ⟩ = |ψ⟩ ∀ n,m (n ̸= m) (identical bosons)

2. P̂nm |ψ⟩ = − |ψ⟩ ∀ n,m (n ̸= m) (identical fermions)

where P̂nm = P̂mn exchanges the nth andmth particles. The first case corresponds to a collec-
tion of identical bosons while the second case corresponds to a collection of identical fermions.

It is fine to accept the above postulate for what it is and move on. In the following two
paragraphs, though, we will attempt to motivate it using the notion of indistinguishable particles.
Suppose we are interested in measuring observable A corresponding to the Hermitian operator
Â = Q̂− |ψ⟩ ⟨ψ| where Q̂ = 1− |ψ⟩ ⟨ψ|. Outcomes of experiments measuring this quantity will
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yield either +1 or -1. Suppose our system is in state |ψ⟩. Then the probability of experimental
outcome -1 is | ⟨ψ|ψ⟩|2 = 1. Due to particles being indistinguishable, if our system is in state
|ξ⟩ = P̂nm |ψ⟩, we must have the same experimental outcome, namely | ⟨ψ| ξ⟩|2 = 1. This, in
turn, means that P̂nm |ψ⟩ = λnm |ψ⟩ where |λnm| = 1. Since the exchange operators square to
one further constrains the possible values λnm: they can either be +1 or -1.

We have so far concluded that a state describing N identical particles must be an eigenstate
of all of theN(N −1)/2 exchange operators and the corresponding eigenvalues will either be +1
or -1. Can we have “mixed statistics”, meaning some of the exchange eigenvalues will be +1 while
others -1? The answer turns out to be no. Suppose we know one of the exchange eigenvalues,
λnm. This is actually enough to determine all of the other exchange eigenvalues. Consider ℓ
distinct from n and m. Convince yourself that P̂nℓ = P̂ℓmP̂nmP̂ℓm = P̂nmP̂ℓmP̂nm (maybe
think of that three-cup game where you are trying to confuse the other player by permuting
them). Applying these operators to the state we get λnℓ = (λℓm)

2λnm = (λnm)
2λℓm which means

that λnℓ = λnm = λℓm. Next we can apply the same argument for ℓ′ distinct from ℓ, n,m to see
that λnℓ = λnℓ′ = λℓℓ′ . So, in summary, we have λnm = λnℓ = λℓm = λℓℓ′ and since ℓ and ℓ′
are arbitrary we are done. Therefore, we have reached the conclusion from the beginning of this
section.

As an aside, it is worth noting that throughout we have always assumed that the exchange
operators square to one which has led us to the conclusion that there are two particle types:
fermions and bosons. This is always correct in our three-dimensional world. However, there can
be exotic scenarios arising in two spatial dimensions where the exchange operators do not square
to one. At the root of this is the fact that there are homotopically distinct ways of exchanging
particles (often called braiding) in two dimensions. This has led to the theoretical prediction of
so-called anyons (‘any’ replaces ‘Fermi’ or ‘Bose’). Anyon physics is currently an active area of
research, in part due to their potential use in quantum computing hardware as a topological qubit.

Let us extend the example we looked at in the previous section to the case ofN particles. The
Hamiltonian becomes

Ĥ =
N∑

n=1

(
1

2m
p̂2n + V (x̂n)

)
.

What is the ground state of this system? The Pauli principle does not apply to bosons. So we may
put all the bosons into the lowest energy single-particle state. The ground state, in the position
basis, is

ϕbosons(x1, x2, . . . , xN) = ϕ0(x1)ϕ0(x2) . . . ϕ0(xN)

which has eigenenergy E = NE0. On the other hand, we cannot put two identical fermions into
the same single-particle state. The ground state for this situation is:

ϕfermions(x1, x2, . . . , xN) =
1√
N !

det


ϕ0(x1) ϕ0(x2) . . . ϕ0(xN)
ϕ1(x1) ϕ1(x2) . . . ϕ1(xN)

... ...
ϕN−1(x1) ϕN−1(x2) . . . ϕN−1(xN)


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which has eigenenergy E = E0+E1+ . . . EN−1. With the properties of the determinant, we can
tell that this fermionic wave function is completely antisymmetric under exchange of any pair of
coordinates. The above is known as a Slater determinant.

6.3 Second quantisation
Suppose we have N particles andM single-particle states, {|ϕn⟩}. For the previous example

of the harmonic oscillator,M is infinite, but for the present purpose it is useful to take finiteM .
First let us consider the situation where the particles are distinguishable. The Hilbert space for
this system will have dimension

Ddist =MN .

For instance, we can take basis elements to be of the form

|ϕn1ϕn2 . . . ϕnN
⟩ .

where the ni’s can take on values from 1 toM . Only a small subspace of this Hilbert space will
correspond to acceptable bosonic or fermionic states. It turns out that the completely symmetric
(bosonic) subspace has dimension

Dbosons =

(
N +M − 1
M − 1

)
while the completely antisymmetric (fermionic) subspace has dimension

Dfermions =

(
M
N

)
.

For the caseM = N = 2, whichwe have essentially already done, we haveDdist = 4,Dbosons = 3,
and Dfermions = 1.

As we start to consider larger values of N and M , the difference in the size between the
original Hilbert space and the (anti)symmetric subspace is becomes vast. Basis elements of the
form |ϕn1ϕn2 . . . ϕnN

⟩ are most suitable for the case of distinguishable particles. For the case of
a collection of identical fermions (or bosons), on the other hand, one can can easily write down
unphysical states in this basis (that is, states without the appropriate symmetries). The language
of second quantisation, to be discussed now, gives us an economical way of restricting to the
correct subspace.

The vacuum state, denoted by |0⟩, is the state with no particles present. This is normalised to
one, as usual. We next introduce the so-called field operator: Ψ̂(x). When acting on the vacuum
state, we have

Ψ̂(x) |0⟩ = 0

Ψ̂†(x) |0⟩ = |x⟩ .
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The field operator Ψ̂(x) removes a particle at position xwhile Ψ̂†(x) creates a particle at position
x. The vacuum is the state with no particles, so when acted upon by the field operator we obtain
zero. For the bosonic case, the field operators are taken to satisfy the following algebraic relations

[Ψ̂(x), Ψ̂†(x′)] = δ(x− x′)

[Ψ̂(x), Ψ̂(x′)] = 0.

For the fermionic case, the operators are taken to satisfy

{Ψ̂(x), Ψ̂†(x′)} = δ(x− x′)

{Ψ̂(x), Ψ̂(x′)} = 0

where the curly brackets denote the ‘anticommutator’: {Â, B̂} = ÂB̂ + B̂Â. In the following,
we will treat the fermionic and bosonic cases together (as much as possible). In order to do so, we
introduce the temporary notation: [Â, B̂]η = ÂB̂ − ηB̂Â where η is either −1 or 1. So [Â, B̂]η
gives either the commutator or anticommutator. For bosons we put η = 1 while for fermions we
put η = −1.

Moving on to two-particle states we make the following identifications:

Ψ̂†(x1)Ψ̂
†(x2) |0⟩ =

1√
2
(|x1x2⟩+ η |x2x1⟩).

Note that due to the algebraic relations from above we have Ψ̂†(x1)Ψ̂
†(x2) = ηΨ̂†(x2)Ψ̂

†(x1).
It is often useful to expand the field operator in a basis. We take {ϕn(x)} to be an orthonormal

basis of our (single-particle) Hilbert space. For example, we could take these to be the Harmonic
oscillator eigenstates. Letting

ĉn =

∫
dxϕ∗

n(x)Ψ̂(x),

we then have

Ψ̂(x) =
∑
n

ϕn(x)ĉn.

The ĉn operators then satisfy (check)

[ĉn, ĉ
†
n′ ]η = δnn′

[ĉn, ĉ
′
n]η = 0.

The particle number operator is defined to be

N̂ =

∫
dxΨ†(x)Ψ(x) =

∑
n

ĉ†nĉn.
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We are now in a position to provide a recipe for writing a system in the second-quantised
notation. Take a collection of N identical particles evolving under the ‘first quantised’ Hamilto-
nian:

Ĥ1st =
N∑

n=1

(
1

2m
p̂2n + V (x̂n)

)
+

1

2

∑
n̸=n′

Vint(x̂n − x̂n′). (6.1)

Here, we are allowing the particles to interact with one another through the potential Vint. Writ-
ing the single-particle Hamiltonian in the position basis we have H0(x) = −ℏ2

2m
∂2x + V (x). The

second quantised Hamiltonian describing this system is:

Ĥ2nd =

∫
dxΨ̂†(x)H0(x)Ψ̂(x) +

1

2

∫
dxdx′Vint(x− x′)Ψ̂†(x)Ψ̂†(x′)Ψ̂(x′)Ψ̂(x). (6.2)

A direct correspondence between the first and second quantised Hamiltonians can be estab-
lished with the relation

⟨x1x2 . . . xN | Ĥ2nd |ϕ⟩ = H1stϕ(x1, x2, . . . xN)

where H1st is (6.1) in the position basis and |x1x2 . . . xN⟩ = Ψ̂†(x1)Ψ̂
†(x2) . . . Ψ̂

†(xN) |0⟩. The
above relation can be obtained by exploiting the commutation relations of the field operators but
we will not provide an explicit derivation here.1

To start, let’s consider the case where Vint = 0. For this, things become rather simple when
we expand the field operator in the eigenbasis ofH0(x). We have

Ĥ =
∑
n

Enĉ
†
nĉn.

This is the Hamiltonian considered in the previous section in second quantised notation. For the
bosonic case, the ground state is

|ϕ⟩bosons =
1√
N !

(ĉ†0)
N |0⟩ .

For the fermionic case, the ground state is

|ϕ⟩fermions = ĉ†0ĉ
†
1 . . . ĉ

†
N−1 |0⟩ .

Note that, for the fermionic case, the Pauli exclusion principle is automatically enforced. This is
because the fermionic creation operators anticommute. For instance ĉ†0ĉ

†
0 = −ĉ†0ĉ†0 = 0.

Next, let’s consider the case where there are interactions. Interactions are notorious for mak-
ing many-particle problems difficult to solve. To simplify matters, we consider the situation of a
bosonic system under tight harmonic confinement and weak interactions. For such a scenario, it
can be appropriate to use just a single basis state for the field operator: Ψ̂(x) = ϕ0(x)ĉ0. That

1A thorough treatment is given in Appendix A.2 and A.3 of the Statistical Mechanics textbook by K. Huang.
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is, we are considering a collection of interacting bosons in the ground state of the Harmonic
oscillator potential. Inserting this expression for the field operator yields

Ĥ = ε0ĉ
†
0ĉ0 +

1

2
Uĉ†0ĉ

†
0ĉ0ĉ0

where U =
∫
dxdx′Vint(x − x′)|ϕ0(x)|2|ϕ0(x

′)|2. The second term above describes the interac-
tions. We considered the dynamics induced by this term back in Chapter 2 in our example of the
collapse-revival phenomenon.

This formalism carries over naturally to more general systems. For instance, for a collection
of electrons in three spatial dimensions we take the field operator to be Ψ̂σ(r)where σ is either ↑
or ↓. The state Ψ̂†

↑(r) |0⟩ corresponds to a single spin up electron localised at r. Note that the spin
up electrons are distinguishable from the spin down electrons. The generalised field operators
satisfy the following relations:

[Ψ̂σ(r), Ψ̂
†
σ′(r

′)]η = δ(x− x′)δ(y − y′)δ(z − z′)δσσ′

[Ψ̂σ(r), Ψ̂σ′(r′)]η = 0.

6.4 Lattice Models
In this section, we will consider second-quantised lattice models arrived at by using the so-

called tight-binding approximation. We wish to understand the behaviour of a collection of iden-
tical particles in a periodic potential V (x). In the limit where this potential is weak, the single-
particle eigenstates will be (nearly) plane waves. We are interested in the opposite regime – the
so-called tight-binding regime. Here, it is best to use localised (in position space) orthonormal
basis functions situated at the minima of V (x). Furthermore, in order to obtain a good approx-
imation to the low-energy behaviour of the system, this basis need not be complete. Often a
sufficiently good approximation involves keeping only one basis function per minimum of V (x).
The details (there are quite a few – it can be a very sophisticated technique) of the tight-binding
approximation are outside of the scope of this course.2

An example of a model arrived at through this scheme is the following

Ĥ = −w
∑
n

(
ĉ†nĉn+1 + ĉ†n+1ĉn

)
.

Thismodel corresponds to particles hopping on a one-dimensional lattice. The operator ĉ†n creates
a particle at lattice site n. This model is rather intuitive.

Let us now restrict to the case of fermions. Let’s consider periodic boundary conditions where
ĉn+M = ĉn where M is the number of lattice sites in the system. To put this Hamiltonian in
diagonal form, we introduce the operators

ĉk =
1√
M

∑
n

e−iknĉn

2Treatments of the tight-binding approximation are given in most textbooks on solid-state physics. The book
Atomic and Electronic Structure of Solids by E. Kaxiras is recommended.
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where k is restricted to integer multiples of 2π/M and the sum is from n = 1 to n = M . This
relation can be inverted as

ĉn =
1√
M

∑
k

eiknĉk

where the summation is over values k = 2π
M
, 2π
M
2, . . . , 2π

M
M . The Fourier-transformed operators

also satisfy fermionic relations:

{ĉk, ĉk′} = 0

{ĉk, ĉ†k′} = δkk′ .

Note also that these operators are periodic in k: ĉk+2π = ĉk.
With these quantities, our Hamiltonian takes on a diagonal form (check)

Ĥ =
∑
k

Ekĉ
†
kĉk.

where Ek = −2w cos(k). To find the N -particle ground state we can do what we did before –
fill up the single particle states one by one until there are no particles left. The resulting ground
state is

|ϕ⟩ =
∏

|k|≤kF

ĉ†k |0⟩

where kF is the k-value of the most energetic particle. Such a state is called a filled ‘Fermi sea’.

6.4.1 Fermionic Hubbard model
Recalling that interactions yield quartic terms in the creation / destruction operators, we see

that the aboveHamiltonian is for a non-interacting system. In the following example, we consider
an interacting lattice model. We consider a collection of spin-half fermions (electrons) hopping
on a square lattice. The interactions between the fermions is accounted for by including an onsite
repulsive term. Such a system is described by the so-called Hubbard model

Ĥ = −w
∑

<nn′>σ

ĉ†nσ ĉn′σ + U
∑
n

ρ̂n↑ρ̂n↓

where ρ̂nσ = ĉ†nσ ĉnσ. The subscript n labels the vertices of the square lattice. The first summation
in this Hamiltonian includes only hopping between nearest-neighbour lattice sites.

Despite many years of investigation, and despite the model’s simplicity, its solution (for arbi-
traryw and U and particle number) has remained elusive. Numerical methods used to investigate
it suffer from problems (like the so-called ‘sign problem’ of quantum Monte Carlo). It is a fairly
high-stakes problem too. The Hubbard model is thought to describe the superconductors with
the highest transition temperatures to date, the so-called high Tc superconductors.
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6.5 Exercises
Exercise 6.1 Show that the inner product between the state Ψ̂†(x1)Ψ̂

†(x2) |0⟩ and the state Ψ̂†(x′1)Ψ̂
†(x′2) |0⟩

is δ(x1 − x′1)δ(x2 − x′2) + ηδ(x1 − x′2)δ(x2 − x′1) where η = 1 for the bosonic case while η = −1
for the fermionic case.

Exercise 6.2 Consider a collection of spinless bosons in one spatial dimension interacting through
the potential Vint(x − x′) = gδ(x − x′). Show that the Heisenberg equation of motion for the field
operator with dynamics governed by the Hamiltonian (6.2) is

iℏ∂tΨ̂H = H0Ψ̂H + gΨ̂†
HΨ̂HΨ̂H.

Exercise 6.3 Consider the two-mode bosonic model:

Ĥ = −w(ĉ†1ĉ2 + ĉ†2ĉ1) + U(ĉ†1ĉ1 − ĉ†2ĉ2)
2

where w and U are positive parameters, [ĉn, ĉ
†
n′ ] = δnn′ , and [ĉn, ĉn′ ] = 0. Find the ground state of

this system for N = 2 particles.

Exercise 6.4 (more difficult) Consider the two-site fermionic Hubbard model:

Ĥ = −w
∑
σ

(ĉ†1σ ĉ2σ + ĉ†2σ ĉ1σ) + U(ρ̂1↑ρ̂1↓ + ρ̂2↑ρ̂2↓)

wherew andU are positive parameters, {ĉnσ, ĉ†n′σ′} = δnn′δσσ′ , and {ĉnσ, ĉn′σ′} = 0. Find its ground
state for the cases ofN = 2 particles. It is helpful to recognise that the operator

∑
n(ĉ

†
n↑ĉn↑− ĉ†n↓ĉn↓)

commutes with this Hamiltonain.
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Appendix A

Answers/Solutions to exercises

74


