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Abstract
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1 Special Relativity

We start by stating the Postulates of Special Relativity:

1. The speed of light in vacuum ¢ =~ 3.0 x 10® m/s is the same in all inertial reference
frames.

2. The laws of nature are the same in all inertial reference frames.

An inertial reference frame is a frame of reference in which Newton’s first law holds (i.e.
it is not accelerating). While Postulate 2 is consistent with Newtonian physics, Postulate 1
is not. Postulate 1 has been confirmed by numerous experimental tests (e.g. the Michelson-
Morley experiment).

1.1 The Lorentz Transformation

Let’s start by considering the relationship between spatial and temporal coordinates in
different reference frames. We take two reference frames K and K’ as shown in the figure.
For convenience we take the origins to coincide at time ¢t = ¢’ = 0.

K coordinates : r = (z,y,z) and t
/

K’ coordinates : v’ = (z/,%/,2") and ¢



In Newtonian physics, the coordinates transform according to a Galilean transforma-
tion:

=z —ot
Y =y
2=z

t' =t (absolute time).

These transformation rules are at odds with Postulate 1. For instance, consider a particle
moving at the speed of light in K': 2/ = ct’. Then its speed in K will be ¢ + v.

This motivates us to seek an alternative transformation rule that is consistent with the
Postulates of special relativity. Let’s assume the transformation to be linear and write

"\ (A B ct )
(2 )=(en)(%) 2
Y=y

!/
z =Z.

We will attempt to deduce A, B, C, D by insisting that Postulate 1 is satisfied and considering
four types of motion. Note that since = and ct have the same dimensions (length) the elements
in the above matrix will be dimensionless.

Case 1: We first consider a particle moving at the speed of light along the x-axis in the K
frame: * = ct,y = 0,z = 0. Then by the first Postulate, in the K’ frame we must have
2’ =ct',y = 0,2 = 0. Inserting this into Eq.[1] gives

A+B=C+D.

Case 2: We next consider a particle sitting at the origin of K': 2/ = 3/ = 2z = 0. Then in
frame K we will have x = vt,y = 0, z = 0. Insertion into Eq.[1|gives

Cec=—-Dv

Case 3: We now consider a particle sitting at the origin of K. Going through the same
procedure for this case gives

Av=—-Cc

Case 4: Finally, we consider a particle moving along the y-axis in K at the speed of light:

N2 N2
x =0,y = ct,z = 0. Postulate 1 requires (%) + (%) = c?, 2/ = 0. With Eq.we find

A2 =1+C%



The equations for these four Cases can be solved to determine A, B, C, D. The solution
gives

ct’ ¥y =2y 00 ct
x —Yy v 00 x
= c 2
Y 0 0 10 Y @
2! 0 0 01 z
where
1

We have arrived at a Lorentz transformation. We will refer to y as the relativistic factor.
A rotation-free Lorentz transformation (as in the above) is a Lorentz boost.
One can verify that the inverse transformation (from K’ to K) can be obtained by replac-

ing v — —v. That is,
. > < L] ) < o >
= 3)
( z ANV ANES
withy =9/, z = 2/.

Special relativity forces us to abandon the notion of absolute time, and to consider four-
dimensional spacetime. A point (ct, x,y, z) in spacetime is called an event.

1.2 Some Consequences of the Lorentz Transformation
1.2.1 Simultaneity

In Newtonian physics, events simultaneous in one frame are simultaneous in another. We
will now illustrate how things are different in special relativity.

Consider a passenger standing in the middle of a train car which is moving at velocity v
as shown in the picture. The person emits a pulse of light at time ' = 0. We will consider
the time it takes for the pulse to reach the front and back of the train in different reference
frames. We take K’ to be the rest frame of the train. Then

=L, 25 =—L, th=th=1LJc
At =ty — t’5 = 0 (Simultaneous in K')



In this subscripts F, B denote the front and back of the train. For instance, ¢ is the time in
K’ at which the light reaches the front of the train. On the other hand, in K (the platform
frame) through the Lorentz transformation we have

L v L v
e = (tp + apv/e) = 2 (1+ E) g =t + afpu/e?) = (1- E>

L
At =tp —tp = 27—;} (Not simultaneous in K")
c

1.2.2 Time Dilation

Consider a clock sitting at the origin in K’. The time intervals in K and K’ are related
by the Lorentz transformation:

At = 7 (A + C%Aa;’) — AV

(Az’ = 0 since the clock is motionless in K’). The time recorded by a clock in its rest frame
is referred to as the proper time 7 and so

AT = At/y

Since v > 1 (for v # 0) the time interval in K is longer: “Moving clocks run slowly”. This
phenomenon is known as time dilation.

1.2.3 Length Contraction

Consider a rod of length L at rest in K’ and oriented along the z’-axis:
v = Lo, 253 =0, Az’ =2 — 23 = Ly.
Now transform to K:

1
xF:;Lo-i-’Ut, rp=vt, Av=xp—1x5=Lo/7.

We see that Az = Az’ /v < Az’. This is known as length contraction.



1.3 Relativistic Addition of Velocities

Consider a particle moving at velocity w in K': dx’/dt’ = w. What is the particle’s
velocity u = dx/dt as measured in K? In Newtonian physics, the result is

U =0+ w.
On the other hand, by taking the differential of the Lorentz transformation, we have

dr = y(dz' 4+ vdt") = vdt' (w + v)
dt = ~y(dt' +vda'/c*) = vdt' (1 + vw/c?).

Dividing these equations gives

_dx v+ w

=== 4
dt 1+% @

u
This gives the correct way to add velocities in special relativity. In comparing this with the
Newtonian result, we see that the denominator serves to enforce the speed limit of light.
Note that this formula will be modified if the particle is not moving along the 2’-axis. As
our derivation did not rely on w being constant, Eq. [4]is true even if the particle in K’ is
accelerating.

Eq.[4] can also be arrived at by considering a combination of Lorentz boosts. Take refer-
ence frame K and K’ to be as before. Now consider a third frame K" in which the particle
discussed previously is at rest. That is, the origin of K" is moving away from the origin of
K’ at velocity w along the 2/-axis. Now define the rapidity v, through

v
— = tanh(t),)
c
with analogous relations for v, and 1,,.
Then the matrix which transforms or “boosts” (ct, ) to (ct’, z') is (compare to Eq.

_ S TR N cosh(t),)  —sinh(¢y) \ ot

=0y )= (ST i )= ©
0 1 . . .

where o = ( 10 > (check). In this we take the exponential of a square matrix A to be

defined through e = Yoo 2—7;. Writing the Lorentz boost in such a way enables us to find

a simple way to evaluate combinations of boosts. The boost from K to K" is given by
AMu) = e~V = AMw)A(v) = e Vv W — o= (Yuwti)
Thus the rapidities combine in a simple way:
Yu = Yo + . (6)
Eq.[4 can be deduced from Eq. [¢] (check).



1.4 Relativistic Acceleration

Now we move on to find how to transform a particle’s acceleration between inertial
reference frames. We start by taking the differential of Eq. [4 (recall that v = dz/dt and
w = dx’ /dt’):

1 1

du=———duw.
IOt

Next, take the differential of an equation from our Lorentz transformation:
v vw
dt = y(dt' + C—de/) =~(1+ C—z)dt/.
Dividing these equations gives

du  d*x 1 1 A2

di A2 (14 ee)d dt?

a2’
dt’?

. 2
which relates ZTf and

Example: The relativistic rocket. We consider a passenger aboard a rocket who always

3 » . 2 . ) . .
feels” a constant acceleration a = Cflt—ﬁ,. What is the rocket’s velocity u(t) measured in

the K frame?
We take the inertial frame K’ to be moving away from the origin of K with the same

speed as the rocket at a particular time (a momentarily comoving frame — more on this
later). Then at this particular time, © = v and w = 0. This gives a differential equation

for u:
3/2
i) e

For simplicity, let’s assume the rocket starts from rest: u(0) = 0. Solving this differen-
tial equation gives

at

u(t) = —
at
1+ (%)
This expression gives very sensible results in limiting cases. For short times, u ~ at as
in Newtonian physics, while for long times, u ~ c.

1.5 Relativistic Energy and Momentum

We now move on to generalise the familiar expressions of energy and momentum from
Newtonian physics to special relativity. We will motivate this by considering a collision in
different inertial reference frames. We use the frames K and K’ as described in Sec.[L1l In
K', two particles, each of mass m, moving with opposite velocities collide to form a particle
of mass M. In K, one of these particles is motionless (see figure).
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Let’s first look at this collision using Newtonian mechanics. Here, we will have M = 2m
and u = 2v. In both frames mass and momentum are conserved:

frame K': 2m =M (Mass)
mv—mv=M-0 (Momentum)

frame K: 2m =M (Mass)
mu = Mv  (Momentum)

However, in special relativity, through the velocity addition result, we have

wtv 2v )
1+% 14 (v/e)?

u

With this, the Newtonian momentum conservation equation in K does not hold: mu # Mwv.

This motivates us to consider the case where mass depends on velocity by the replacement
m — f(v)m where f(v) is some function to be determined. With this replacement and taking
f(0) =1 we have

frame K': 2mf(v) =M (Mass)
fw)mv — f(v)ymv =DM -0 (Momentum)

frame K: mf(u) +m=Mf(v) (Mass)
mf(u)u =M f(v)v (Momentum)

Solving the equations in K for f(u) gives f(u) = v/(u—v). Combining this with Eq.[7|gives
f(u) = 1/4/1 = (u/c)?. So we see that f(u) is nothing other than the relativistic factor:
() = ()

We should check that all these equations are satisfied with this choice for f. This is easiest
to do by utilising the rapidities introduced earlier. Here we will have ¢, = 1, + ¥, = 21),,.
The mass equation in frame K’ gives M = 2m cosh(1,/2)[[] Inserting this value into the

'Note that the relativistic factor of a particle moving at velocity v is v(v) = cosh(t,)



equations in K we find the following identities:

cosh(1y,) + 1 = 2 cosh? (1, /2)
sinh(1y,) = 2sinh(t),,/2) cosh(t, /2)
so everything checks.
We say a particle with rest mass m moving at velocity v has a relativistic mass y(v)m.
We further define the relativistic momentum to be p = ~y(v)muv. Extending this to several
components we have

p =(v)mv (®)

where v = dr/dt. With these revised expressions, we have that momentum and mass are
conserved in the above collision. We further interpret the conservation of mass as conserva-
tion of energy. Multiplying the relativistic mass by c? (to obtain correct units) we define the
relativistic energy to be

E = ~y(v)mc?. 9)
This interpretation becomes quite plausible for v/c < 1. In this regime we have

1
E ~ mc? + §mv2.

The second term in the above is the Newtonian kinetic energy.

1.6 A More Systematic Notation

We will now introduce some terminology and a more systematic notation which will be
used in general relativity. We label spacetime coordinates as follows:

L =ct zl=z 2z =y =z

(the superscripts here are not to be confused with exponents). We thus label an event by{|
ot = (ct,z,y,z) = (ct,r).

It also proves convenient to use the Einstein summation convention. With this conven-
tion, summation is implied in an expression when an index appears twice. For instance,

3
X1y, = ZX“Y# = X% + ...+ X5,
©n=0
We will later discuss the relevance of superscript and subscript indices. Suppression of the

summation symbol often proves to be economical, but we must be careful not to write am-
biguous expressionsE]

2This equation may appear a little sloppy. Strictly speaking, z# are the components of the spacetime point. Such
expressions are common in GR.

3For instance, we might be tempted to write (X*Y,,)? = X*Y,, X*Y,, but this in not correct. Instead, we need
to introduce another index: (X*Y,)? = X"Y, X"Y,.



We next introduce the Minkowski metric:

10 0 o0
0 -1 0 0
=109 0 -1 0 (10)

0 0 0 -1

This gives us a way of taking “dot products” of spacetime vectors. The spacetime line element

ds is defined through
(ds)? = nudatde” = A(dt)? — (dx)* — (dy)* — (dz)? (11)

which is analogous to dr - dr in Euclidean space. Let’s consider how (ds)? changes under our
Lorentz boost Eq.

(cdt)? — (dx)?

Y2 (cdt' + vda' /¢)* — ¥*(da’ + vdt')?
P = o) (dl')? =47 (1 = (v/e)?)(da')?
A(dt')? — (da')?.

Since y = v/ and z = 2/, we therefore have
(ds)? = nudatds” = nulyzd:z:”ldx”/. (12)

The line element is invariant under our Lorentz transformation. In fact (ds)? is invariant
under all Lorentz transformations (think about, say, boosts in the y and z directions). In Eq.
we have placed primes on indices to denote that these quantities are in the K’ reference
frame. This is known as the kernel-index convention.

Now let’s introduce a more compact notation for Lorentz transformations:

dzt = A¥ da” .

For instance, for the Lorentz transformation we have been regularly using, A"}, is the matrix
appearing in Eq. 2| Inserting this into the spacetime line element and demanding that this
quantity is invariant gives

Nuv = Aauno’p’Apy (13)
or in matrix form
n = ATpA. (14)

We take this condition as the defining relation for Lorentz transformations. More precisely,
the a transformation dz* = A" ,Vdac” is a Lorentz transformation if and only if A satisfies
Eq.[13} It can be verified that the collection of matrices satisfying Eq.[14|form a group under
matrix multiplication. This group is known as the Lorentz group.

Suppose that two vectors transform under a Lorentz transformation as X* = A" ,/,X v
and Y* = A", Y". By using Eq.|14]it follows that

XPY V1 = XYY .



So we see that this “dot product” is invariant. This is analogous to the way the dot product
of two Cartesian vectors is invariant when they are rotated about the origin, since rotation
matrices are orthogonal. However, unlike Cartesian vectors, the dot product of X*# with
itself can be negative. X* is a timelike, spacelike, or null vector if X*X"7,,, is positive,
negative, or zero respectively.

1.7 Momentarily Comoving Reference Frame

For a particle moving at constant velocity, we can transform to an inertial frame in which
the particle is always at rest. What about an accelerating particle? For this, we introduce the
Momentarily Comoving Frame (MCF) which is an inertial frame in which the particle is
momentarily at rest. Let’s revisit the line element (ds)?. Let K’ be a MCF of the particle.
Then at the moment the particle is at rest we have

(ds)2 = 02(cl75)2 — (da:)2 — (dy)2 — (dz)2 = 02(dt’)2 - (dﬂ:’)2 - (dz’)2 = c2(dt/)2 = 02(d7)2

where dr is the differential of the particle’s proper time (the proper time is the time a clock
travelling with the particle would keep). So we have the important relation

(ds)? = ?(dr)>. (15)

This holds even if the particle is accelerating.
Let’s revisit time dilation. We can rewrite Eq.[15|as

(02 - 1}2)(6175)2 = 02(d7')2

2 __ dr

dr . .
= 4 ;- Then we can compute a proper time interval as

AT = /tf dt\/1 — (v/c)?

where v

where ¢; and ¢; denote the initial and final times in frame K. Note that this reduces to our
previous result A7 = At/ when v is constant.

1.8 Four-Velocity and Four-Momentum

Dividing Eq.[15|by (d7)? we obtain

wru ' n,, = ¢
where
m
ut = dz? )
dr

is the four-velocity. The four-momentum of a massive particle is defined as

F=m—.
p dr

10



Note that p*p“n,, = m?2c?. We see that these are both timelike vectors.

Since dz* = A" ;,dx” and dr7 is invariant, we have that the four-velocity and four-
momentum transform simply under a Lorentz transformation: ut = AH /Vu” , p“/ = A" :,p” .
This is a primary reason for why it is often best to work with these four vectors. Note, for
instance, that the coordinate velocity dr/dt does not transform in such a simple way.

Consider a particle moving with velocity v along the z-axis of K. Now let’s consider
boosting to a MCF. In this frame, all components except for the 0-component of p* will be
zero. Using Eq.[15| we find

P = (me,0,0,0).
Next, let’s transform back to K:
"' = (yme,ymv,0,0) = (E/c, p,0,0)

where p = ymdzx/dt is the relativistic momentum introduced earlier.
The above argument can be repeated for a particle moving in an arbitrary direction. One
finds

P’ = (E/e,p). (16)

For the four-velocity, one similarly finds

u' = (ye,yv). (17)

The four-momentum is very useful since it combines our conserved quantities into a single
vector. Conservation of energy and momentum can be expressed simply as
dpt
P,
dr
Inserting Eq. into our condition p*p”n,,, = m2c? gives an expression for the relativis-
tic energy

E = +/(me%)? + (pc)? (18)
(compare to Eq.@). For 2% <1 we have
2
E~mc+ 2
2m

where the second term, again, is the Newtonian kinetic energy.

1.9 Photons and the Doppler Effect

Photons are particles (or quanta) of light. They have zero mass. From Eq. |18} we see that
we can express the energy of a photon as Y = pc. Using Eq.[16] we see that

p“p'jmw =0.

11



So the four-momentum of a photon is a null vector. Also, by considering Eq.[17] we see that
the four-velocity of a photon is ill-defined (instead we take a m — 0, v — ¢ limiting case of
the four-momentum).

Borrowing a basic result from modern physics, the energy of a photon is given by £ = hv
where h is Planck’s constant and v is the photon’s frequency (units of inverse time). The
photon’s wavelength A satisfies A\v = ¢. How does the photon’s wavelength change when
viewed from a different reference frame (as shown in the drawing)?

K
ol

ri\a‘faiﬂ.

In frame K, the photon’s four-momentum is

Now transform to frame K':

P = <§7(1 _U/c),gm _v/c)§<> = <f,i‘/x) .

The observer in frame K’ will therefore detect a photon of wavelength

, |1+ wv/c
A= 1—v/c>\'

When X' > \ we say that the photon is redshifted while if A’ < A\ we say the photon is
blueshifted. Similar expressions can be derived for the photon’s frequency and energy.

We can arrive at this result in a more elegant way by considering the following. The four-
velocity of the observer in the observer’s rest frame (or a MCF if the observer is accelerating)
is (u")ons = (¢,0,0,0). We note with the above that

he

Y .

But noting the transformation properties of these four-vectors, a very similar result will hold
in frame K (or any inertial frame)

/ !
p“ (UV )obsnu’u’ =

y he he
pﬂ(u )obsnw/ = y = Aot (19)
0oDbs

where \ops = N is the observed value for the photon’s wavelength. So instead of transform-
ing the photon’s four-momentum to the rest frame of the observer, we could just directly
evaluate the above. In practice, this is often the simplest way to proceed. Note Eq. {19 will
hold even if the observer is accelerating.

12



1.10 Final Examples from Special Relativity
1.10.1 Uniformly Accelerating Particle Parametrised by Proper Time

We take the position of the particle (confined to the z-axis) to be given by

2

x(t) = %\/ 1+ (at/c)?.

Note that % = ives the result we found previously for the relativistic rocket.
dt g p y

t
1+(at/c)?
Using (ds)? = c2(d7)? we find
2

A(dr)? = A(dt)? — (dx)? = W(dt)?

So

dt
T = / S sinh~!(at/c) + const.
V1+(at/e)? a
Setting the integration constant to zero so that 7 = 0 when ¢ = 0, we find that the particle’s
trajectory or world line parametrised by 7 is given by

. c?
¥ = | —sinh(ar/c), — cosh(at/c),0,0 ) .
a a

As a check, we can evaluate the particle’s four-velocity and verify u*u"n,, = 2.

1.10.2 Rindler Coordinates

Up until now, we have been treating the rocket essentially as a point particle. Our aim
here is to find a coordinate system which is glued to the moving rocket (do not worry if this
example is confusing at first or second pass). We continue to take all motion to be confined
to the z-axis.

First, let’s consider the following: suppose that we take all components of the rocket to
be accelerating with the same uniform acceleration. For instance, we take the trajectory of
the front and back of the rocket to be given by

wp(t) = fWﬂL <=7_3F - Cj)
rp(t) = (’j 1+ (at/c)® + <o‘c3 - f)

sothatatt{ = 0, xr = Zr and xp = Zp. By differentiating these relations, we find the
expected results for uniform acceleration. Now we note that at all times the rocket will have
the same length xp(t) — xp(t) = Zr — Tp in the K frame. But from our considerations of
length contraction, we expect that this rocket will be stretched out in its rest frame (if we can
define such a thing!).

13



We instead seek a way to accelerate the rocket as a rigid object First, let’s consider the
2
trajectory from the previous example: () = < /1 + (at/c)?. This satisfies

2% — 22 = X2
where X, = ¢?/a. Through our Lorentz transformation we also find
z? — A2 = Xg. (20)

Now consider the following. Take the front and back of the rocket to have different uni-
form accelerations with ar < ap (so that it maintains a constant rest length we want to
accelerate the front less than the back). Let’s further take the trajectories of the front and

back to be given by
62 2
2 2,2 2
IL’F—Ct = <a> _—.XaF

2\?
2 242 2
xg—ctt=—) =X .
B <aB ) aB
Then at t = 0 both front and back ends of the rocket will be at rest with xp = X, zp =
Xap, and zp — v = X4, — X4, Now consider transforming to frame K’ through Eq.
At time t' = 0, we see that the rocket is at rest in this frame and will have the same rest
length: 7y, = X, ., 2’y = X, and @, — 2’5 = X, — X,,;. Thus, we have found a way to
accelerate the front and back of the rocket so that the the rest length of the rocket is fixed. In
fact, we can determine the acceleration of any intermediate point within the rocket in such a
way. For instance the centre of the rocket will accelerate with uniform acceleration ac given
by 1/ac = (1/ar 4+ 1/ap) /2.

With such considerations, we see that the family of trajectories

22— 22 = X? (21)

(for different X values) will describe how to accelerate the rocket as a rigid object. Addition-
ally, X will give the position in a coordinate system glued to the accelerating rocket. From
X = 2 /a we can read off how fast we need to accelerate this point so that the whole rocket
accelerates as a rigid object.

We therefore take X to label position in the rocket’s frame. What about time? Eq. [21]is
suggestive. Suppose we choose a time coordinate 7" such that

1
t = —X sinh(apT/c).
c

Then z = X cosh(apT'/c) (this satisfies Eq.[21). From the previous example, we identify T as
the time kept by a clock sitting at the back of the rocket. This is a sensible time coordinate but

* But can rigid objects actually exist in relativity? For instance, if you push on one end of a rigid rod, and the
other end moves instantly, then information would be propagated faster than the speed of light. The concept of
rigidity was debated in the early days of relativity by some eminent figures. To be more precise, in this section, we
are taking the rod to be rigid in the sense of "Born Rigididy". For a discussion see arXiv:1105.3899.
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we could have put the clock somewhere else in the rocket. Note that clocks sitting at different
positions in the rocket will tick at different rates. X and 7" are called Rindler coordinates.

For a massive particle under no external forces we have dp* /dr = 0 in an inertial frame.
In the Rindler Coordinate system this reads (with some work)

d*T L 24X dT
dr2 X dr dr
X rap\? . (dT\’
— — ) X(—] =0.
" ( c ) <d7'>
Solving these equations would give, say, the trajectory of a ball dropped in the rocket as
seen from inside the rocket. The ball will fall as if it is under a gravitational field. In our
investigation of general relativity, we will look at similar systems of equations in non-inertial
reference frames with one important difference: unlike the above, the gravitational fields in

GR cannot be removed everywhere with a coordinate transformation.
This completes our overview of special relativity

>There’s a neat game which allows you to “experience” special relativity including Lorentz contractions and
red/blue shifts athttp://gamelab.mit.edu/games/a-slower-speed-of-light/|
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2 Mathematics of General Relativity

2.1 The Equivalence Principle and What’s Ahead

Let’s consider the following thought experiment. Consider two lifts. One is deep in outer
space, while the other is freely falling under the earth’s gravitational field. A passenger is
aboard one of the two lifts. By doing experiments over small regions of spacetime the passen-
ger cannot discern between the two scenarios. That is, the passenger would feel weightless
in both lifts. The passenger could do local kinematic experiments and observe that Newton’s
first law is obeyed for either caseE] This is due to the equivalence of gravitational and inertial
mass. This is summarised by the equivalence principle:

« In a freely falling laboratory occupying a small region of spacetime, special relativity
holds.

When gravitational fields are present, it is generally not possible to find a coordinate
system which is inertial everywhere. In general relativity, gravity is accounted for by the
curvature of spacetime. Free particles follow the straightest possible paths in this curved
spacetime. From our discussion of special relativity, we have the line element and the equa-
tions of motion of a massive particle under no forces are given by

L d%at
(ds)? = nydatdz”, 7= 0.
We will find that these equations generalise to
d?zH dz” dxz’
ds)® = gy datdz” T, ——— =
(ds)” = guda’da”, d7'2+”0d7' dr 0

(9 and 'l to be defined soon).

2.2 General Coordinate Systems for Euclidean space

Before jumping into our discussion of differentiable manifolds, we will start with some-
thing more familiar: three-dimensional Euclidean space. We will find that many of the results
from Euclidean space will carry over naturally to the general case. We will start labeling in-
dices with letters near the beginning of the alphabet a, b, ¢, d, . . . (hopefully we will not need
to go too far into the alphabet!). We will reserve Greek indices for spacetime.

2.2.1 General Basis Vectors
Let

(x7 y7 Z) = (:1:17 "B27 ‘r3)

®On the other hand, over larger regions of spacetime the passenger would be able to discern between the two
lifts. For instance, if the lift is falling under the earth’s gravitational field, since the gravitational field is radial, the
horizontal distance between two balls released from rest from the left and right hands of the passenger will eventually
decrease in apparent violation of Newton’s first law. The balls would keep a constant horizontal separation for the

lift deep in space.
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be the usual Cartesian coordinates and
(u,v,w) = (ul,uQ,u3)

be an arbitrary coordinate system. We will restrict our attention to cases where the Cartesian
coordinates can be written as functions of the (u, v, w) coordinates and vice versa. Write

r= I‘(U, v, U}))A( + y(ua v, w)y + Z(U, v, w)i

and consider the vectors

or or or
€l =57,€e= 57, e3=
ou’ ov’ ow
or, more succinctly,
or
e, = A

These vectors are not necessarily mutually orthogonal or normalised. Now consider another
collection of vectors defined by

el = Vu, e = Vv, e = Vuw

ore* = Vu® Inthis, V = }2% + S/a% + Z% is the usual gradient operator. Note we need to
write the u® coordinates as functions of the Cartesian coordinates to evaluate the above.
We will now establish a useful relationship between these vectors:

or  Ou® Ox n ou® Oy n ou® 9z  Ou®9x¢  Ou®

oub  Ox Oub Oy oub 0z Oub  Oxcoub  Oub

In these manipulations, we have made use of the chain rule. We have found the orthogonality
relation

e’ . e, = Vu®-

e’ e, =0y

where 07 is the Kronecker delta function: 6§ = 1ifa = b, 6§ = 0if @ # b. This
orthogonality relation can be used to establish the linear independence of {e!,e?, e3}. That
is, consider c1, g, c3 which satisfy

cle1 + 02e2 + c;),e5 =0.

Taking the dot product of this equation with e,, and using the orthogonality relation will give
¢1 = ¢a = c3 = 0. A similar argument can be used to establish that {e1, es, e3} are linearly
independent. We will call {e;, ez, e3} the natural basis and {e', e?, e3>} the dual basis.

A general vector X in Euclidean space can therefore be written in either basis:

X = X%, = X,e%

(summation implicit). We call X* the contravariant components of X and X, the covariant
components of X. Using this orthogonality relation, the components of X can be extracted
as:

e, X =e, Xpet = X308 = X,,.
Similarly, X¢ = e® - X.
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2.2.2 The Metric
We define the metric g, as
Jab = €q * €p.

Similarly, we define g* = e - €. From these definitions, we see that these quantities are
symmetric: gup = gpa» 9*° = g”*. Now consider two arbitrary vectors, X and Y which can
be written as

X = X%, = X,e*
Y =YY%, =Y,e".

There are four ways we can write the dot product of these vectors:
XY = g XV = g% X, Y, = XY, = X,Y°
Let’s consider X, Y% = g“bXaYb. Since this is true for arbitrary X, it must be that
Yo — g%y,
Similarly, XY, = g X @yt tells us that
Yo = gapY".

We see that the metric can be used to convert contravariant to covariant components and
vice versa. We also have for arbitrary Y,

Yo — gabY}, — gabgchC-
Therefore,
gabgbc = 5?

That is, g? is the inverse of ggp.

Example: Cylindrical coordinates. Let’s apply what we have established so far to cylin-
drical coordinates. We take u = p, w = ¢, and v = z where x = pcos(¢), y = psin(¢).

We find (check)
e; = cos(P)X + sin(¢)y
ex = —psin(g)X + pcos(g)y
€3 = Z
el = cos(¢)x + sin(¢p)y
e = —/1) sin(¢)x + /1) cos(q)y
et =2

and

. : 1
gap = diag(1, p*, 1), ¢* = diag(1, 2 Y
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2.2.3 Why Do We Need Two Types of Basis Vectors?

Why do we need two types of basis vectors? First we note that if (u,v,w) are just the
Cartesian coordinates, then the natural basis and the dual basis are the same: x = e; = e!
with similar relations for the y and z basis vectors. For the Cartesian basis, we will use the
notation X = x! = % with similar relations for the other vectors.

Now let’s go back to arbitrary (u, v, w). Some quantities are most naturally described by
the dual basis. For instance, consider a scalar function f(u, v, w). The gradient of this is

B afﬁaiﬁaubwi 8fe“
9zeT QubdxeT  Hue

Vf

So we see that gradients are naturally expressed in the dual basis.

On the other hand, some quantities are better described by the natural basis. Suppose we
have a curve in Euclidean space parameterised by ¢: r(t) = z(t)x + y(t)y + 2(t)z. A vector
tangent to this curve is given by

dr  Or du*

= =1,

dt — Oue dt

. a . .
where 1% = d:l; . Thus tangent vectors to curves are expressed in terms of the natural basis.

2.2.4 Arc Length

Let’s take the curve parametrised by ¢ from the previous section and restrictt tot; < t <
to. Using our machinery, we see that the arc length ¢ of this curve is

to to
6:/ dt dr dr :/ dt\/ 10t ggp.
t1 dt t1

dt

Example: Arc length of spiral. Let’s consider a curve which is naturally described in
cylindrical coordinates. Take a spiral with p = R = const,¢ = ¢,z =t,and0 <t < T
Then, using the metric from the previous example we find (check)

T
t= / dt\/gnp'2 + 9220° + 9332 =TV 1+ R%
0

2.2.5 Coordinate Transformations

We will now introduce another arbitrary coordinate system (u/, v, w’) and consider how
to transform quantities between this and the (u, v, w) coordinate system. We will refer to
these as the primed and unprimed coordinate systems. In the primed coordinate system, we
find basis vectors using the same procedure as before: e, = 8?:1’ and e” = Vu®. Using the
chain rule, we can find how the basis vectors transform under a change of coordinates:

or  or ot
ea = — = = Ja eb/

Jut ~ o out
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o . . .. .
where J}l’/ = %Za is the Jacobian matrix. In a similar way, we can find the transformation
rule for e*:
ou® ,  Ou® du’

%t =
Oxb

R ’ /
e’ =Vu' = %0 = J%e = Jhe’.

© Ou Oxb ¢
With these coordinate systems, there are multiple ways to write a vector X

’

/
X=X%,=X,e*"=X%,; =X, e".

Inserting the transformation rules for the basis vectors into the above determines how the
components of X transform. One finds

X = J¥ X% and X, = J% X, (22)
Finally, we note that the chain rule gives a useful result:

_ ou ou’ _Out
ou Oud oud

JoJg 53

2.3 Surfaces in Euclidean Space

We will now consider surfaces in three-dimensional Euclidean space. Most of the results
for Euclidean space established previously can be seen to carry over to this case. We take the
surface to be given parametrically by

r(u,v) = z(u,v)Xx + y(u,v)y + z(u, v)z.
As before, we obtain the natural basis vectors e; = % and ey =
at a particular point P on the surface are tangent to the surface at this point. The collection of
vectors tangent to the surface at P form a vector space which we denote as Tp. Our vectors
e and ey can be taken as a basis for this tangent space.
As before, we define the metric as g, = e, - €,. We take g“b to be the inverse of g4y:
9%gep, = 6f. Finally we take e® = g%e;, (note the difficulty in defining e® as we did in the
previous section). Note with this e® - e, = g*“e. - e, = g*°gep = 0y

%. These vectors evaluated

Example: The unit sphere. We take the unit sphere to be parametrised by 6 = u = u?,

¢ =v=1u’as
r(0,¢) = sin(0) cos(¢)x + sin() sin(¢)y + cos(f)z.
By differentiating this expression we have

e; = cos(f) cos(¢)x + cos(f) sin(¢)y — sin(0)z
ey = —sin(f) sin(¢p)x + sin(f) cos(p)y

With these, we can evaluate the metric. The line element can be found to be

(ds)? = dr - dr = ggpdu®du® = (df)? + sin?(0)(d¢)?.
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2.4 General Tensors and Manifolds

Euclidean space and two-dimensional surfaces in Euclidean space are both examples of
a more general entity called a manifold. An N-dimensional manifold is a space which is
locally isomorphic to Euclidean space RY. For instance a small region about any point on
the unit sphere is locally isomorphic to R?. Points on an N-dimensional manifold are labelled
by N coordinates (2!, 22,...,2") in such a way that there is a one-to-one correspondence
between points in the manifold and coordinate values. It is not generally possible to describe
an entire manifold in such a way with a single set of coordinates. Taking our example of the
unit sphere, there is not a one-to-one correspondence between coordinate values and points
in the manifold at the north and south poles of the sphere. That is, when 8§ = 0 or § = 7, all
values of ¢ describe the same point. For such situations, one needs to use multiple coordinate
systems to cover different regions of the manifold.

Suppose we have a region of a manifold described by two coordinate systems (', 2, ..., z)
and (2, 2%, ..., 2"V"). Assuming the one-to-one correspondence described above, the % co-
ordinates can be written as functions of the % coordinates and vice versa. We can thus define

the Jacobian matrices as before: J;; = % and Jg‘, = %”Tab which satisfy, through the chain
rule, J; JY¥ = 2. We carry over the transformation rules for contravariant and covariant

vectors arrived at earlier to the present case: given a contravariant vector X and a covariant
vector Y,,, we have X% = Jg,Xb and Y, = Jg,Yb

Contravariant and covariant vectors are examples of a more general quantity called a ten-
sor. Suppose at a particular point in the manifold, we have N quantities that transform
under a change of coordinates as

Tyl = J& TSI T T
Then T;'' ;'™ is a type (n,m) tensor. A tensor field defined over some region of the manifold
associates a tensor of the same rank to every point in the region.

We will only consider manifolds which have an associated metric g,; (which are known
as Riemannian manifolds). We take the metric to be a type (0, 2) tensor field. As before
we take g% to be the inverse of gu. It can be shown (exercise) that g% is then a type (2,0)
tensor field. As before, gab and g, can be used to raise and lower indices. For instance, for a
(2,0) tensor T, T%g,. = T4 (it can also be checked that these quantities have the correct
transformation properties). Also, we see that gi = d;.

Example: Take 7 to be a type (1, 2) tensor. Define R, = T, = >, T%. The b indices
are said to be contracted. In another coordinate system,

Ry =TV, = JY JLISTS, = 6¢J4TS, = JATS, = J%Ry.

So we see that R, is a tensor. Generally, one can obtain an (n — 1, m — 1) tensor from
an (n, m) tensor through contraction.

"We are being loose with terminology here. Strictly speaking, X and Y, are components of vectors and not
vectors. This distinction is commonly dropped in textbooks on GR. We will adopt this convention and refer to X
itself as a contravariant vector.
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2.5 Calculus of Variations and Geodesics

In relativity, particles follow geodesics. A geodesic is the generalisation of the notion of a
straight line to a curved manifold. In the following, we will learn how to compute geodesics.

2.5.1 Calculus of Variations

Suppose we want to find curves on the manifold parametrised by ¢, x*(t), which extremise

to

Sz = / dtL(z®, %)
t1

subject to having fixed endpoints, say x(t1) = z1 and z(t3) = x2. To do this write 2% =

x® + dx® where §z%(t1) = 0x®(t2) = 0. We insert % into S and expand in dx®. In order for

2% to describe an extremum, the first order term must vanish. To first order in dz%, we have

to
S[z"] = / AL (z" + 62, &% + 3% ¢)

t1

to
N IETI v
t1

ox? 102 nad

Note that a summation over a is implied for the linear terms in dz®. Next, we integrate by

parts to obtain
a a b2 OL d oL a
Sz = Sz ]+/t1 dt(axa—cﬁ%a)ax .

We require the linear piece to vanish for arbitrary dx®. Therefore,

OL _ d oL (23)
Oxe  dt 03
which are the Euler-Lagrange equations.
2.5.2 Geodesics
As we saw before, the length of a curve between two points P, and P is
Py (2
(= / ds = / dt\/ gapi®al
P t1
The geodesics are given by the Euler-Lagrange equations of L = 1/ gq,4%4?. Before diving
into computing these, we introduce
1
K= §gab5ba:i:b. (24)
Working with K is easier since it doesn’t involve square roots. For K we have
0K 0L
oz Oz

d oK d <LaL>..aL 4oL

dtoie gt \“aia ) = "o T Vit oan
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since L = % = §. By the Euler-Lagrange equations for L we thus have

dOK _ 0K 0L
dtoz®  oze | oo

Now we note that we have the freedom to choose a convenient parametrisation of the curve.
If we choose it to be related to s as t = as 4+ 3 where a # 0 and (3 are constants, then § = 0.
Our parameter ¢ is then called an affine parameter. Choosing ¢ to be an affine parameter,
the Euler-Lagrange equations become

d oK 0K (25)
dt 0ie Oz’
This is the easiest way to proceed.
Evaluating Eq. 25| with Eq.[24] gives (exercise)
i+ T8 abi¢ =0 (26)
where
a 1 ad
e = 59" (Ocgbd + Oged — Oagoe) (27)

2

(we will begin using the shorthand % = 0,). We will call Eq. [26| the geodesic equation.
'y is known as a Christoffel symbol. From Eq. [27)we see that the Christoffel symbols have
the symmetry I'y, = I',.

Example: Obtaining the Christoffel symbols from the Euler-Lagrange equations. This
example will present a trick for determining Christoffel symbols which often proves to
be the most efficient way of computing him. To be concrete, let’s focus on the case of
the unit sphere. For this, we have

K = (92 + sin2(0)q32> .

DN | =

The Euler-Lagrange equations are

6 — sin() cos(0)¢? = 0

b+ 2cot(0)0¢ = 0.

By comparison with the geodesic equation, Eq.[26] we deduce that the only non-vanishing
Christoffel symbols are

ngb = —sin(0) cos(H)
Fg)¢ = Fie = cot(6).

We can check that direct evaluation of Eq.[27| gives the same results, but the method of
this example is much less tedious. Also, note that we are writing Fg » instead of ri,,

etc. This helps us keep track of variables (was the z! variable § or ¢?).
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2.5.3 Comparison with Newtonian Mechanics

In Lagrangian mechanics, Newton’s second law is arrived at through a variational prin-
ciple. The Lagrangian of a Newtonian particle under an external potential V' is defined to
be the particle’s kinetic energy minus its potential energy V. For example, let’s consider a
particle in one spatial dimension. Then the Lagrangian is L = %mjj2 — V(). It is readily

verified that the Euler-Lagrange equations give Newton’s second law: m# = —%—‘;. Classical

particles move in ways which extremize the action S where S = fttf dtL .

The results of the previous section have an interesting connection with classical mechan-
ics. First note that K = %% : % = % Japi®@? is the kinetic energy (and Lagrangian) of a unit-
mass particle under no external forces moving on a manifold. Newton’s second law for this
particle will be given by the Euler-Lagrange equations for K, Eq.|26] Conservation of energy
tells us that for a solution of Eq. we will have E = $g,d%4° = const E = 3(ds/dt)*
then tells us that ¢ is an affine parameter (§ = 0). Thus the classical trajectories will also ex-
tremize the arc length. From this, we conclude that the allowable trajectories of the classical
particle will follow geodesics of the manifold. The allowable curves traced out by classical

particles on a manifold are determined by the geometry of the manifold alone.

2.6 Parallel Transport

Let’s start by considering surfaces in Euclidean space. Let X p be a vector tangent to the
surface at a particular point P. Now let 2%(¢) describe a curve on the manifold starting at
point P at ¢ = 0. How can we move the vector along the curve, keeping it in the tangent
space of the manifold along the curve, and also keeping it “as parallel as possible”? If our
manifold was all of Euclidean space (and not a surface) the answer is more or less clear: we
take X to be the same at every point along the curve. However, this cannot generally be
accomplished for a surface since different points along the curve will have different tangent
spaces. Instead, we take our condition for parallel transport to be

=0 (28)
where P = e, e® = e’e, projects into the tangent spaceﬂ Note that de,/dt need not be in

the tangent space. We also require that X always is in the tangent space along the curve:
P - X = X. From Eq. 28| one finds that

X+ X0 =0 (29)

8We can arrive at conservation of energy directly from the Euler-Lagrange equations. Taking the time derivative
of K,

ore T dt

dK 0K ., 0K, d(&K)ia oK ., d(@K.a>

dt - oxel T oxet T di \dae o

) % (35,3'3“ — K) = (0. We can verify that K = gg:ﬁa - K.
? Notice the absence of the dot product in the definition of P. P dotted with a vector on either the left or right
produces another vector. P is a projector since P - P = P. Also, note for any vector Y in the tangent space at a

particular point, P - Y =Y. Also, for a vector n normal to the surface, P - n = 0.
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where '}, = e® - Ope...

We need to check that I'}, is consistent with our previous definition. First we lower the
a superscript: Tgpe = gadfgc = €, - Opec. Then using Ogep = 0,0yr = Fp0,r = Ope, One can
verify that

1
Fabc =€q - 8bec == 5 (ab(ea : ec) + ac(ea . eb) - aa(eb . ec))

1
= 5 (abgac + 8cgab - acbgbc) .
So

1
¢ = g"Tgpe = §gab (Ocgbd + OvGed — Odgee)

which is consistent with our previous definition.

We arrived at Eq.[29|by considering surfaces, but we take it to extend to arbitrary mani-
folds. We call it the parallel transport equation.

Parallel transport will give us a way of characterising the curvature of a manifold. For a
flat manifold, you would imagine that a vector parallel transported about a closed loop would
produce the same vector. For a curved manifold, this isn’t the case.

It is also interesting to consider the special case of the parallel transport equation, Eq.
where X is a vector tangent to the curve: X¢ = %. Then the parallel transport equation
reduces to the geodesic equation. That is, the tangent vector z¢ is parallel transported along
a geodesic. This gives an alternative way of thinking about geodesics.

Example: Parallel transport for the unit sphere Consider parallel transporting a
vector along the curve # = const, ¢ = 2nt for 0 < t < 1. For simplicity, we take
the curve to reside in the northern hemisphere: w = cos(f) > 0. What is the angle
between the initial and final vectors?

Using the Christoffel symbols obtained from a previous example, we find the parallel
transport equations
X% —sin(0) cos(0) X% = 0
X%+ cot() X% =0
These have the solution

X% = Acos(wo) + Bsin(we)

¢ = B cos(w
sin () sin(6) (we)

where A and B are constants. The initial vector at t = 0 will fix A and B.
The angle o between the initial final vectors is given by

_ X(0)-X(1)

~IX(0)[IX(1)]°

sin(we) +

cos(«)

Using the above results we find
A(Acos(2mw) + Bsin(27w)) + B(—Asin(2rw) + B cos(2mw))
A% 4+ B?

cos(a) = = cos(27w).

This example is relevant for describing the Foucault pendulum https://en.wikipedia.org/wiki/
Foucault_pendulum
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2.7 Covariant Differentiation

We want to define a sensible way of differentiating tensor fields which results in tensor
fields. For instance given a contravariant vector field X“, we want some differential operator
V, such that V; X ® is a type (1, 1) tensor field. First let’s consider regular partial differenti-
ation. We find that 0, X transforms as

WX = JS T4 XY + JF IS p X7

where we define Jj; , = %. Due to the presence of the last term in the above we see
that 0, X is not a tensor. This result is perhaps not surprising since when investigating the
change of a vector, one must account for changes both in the components and basis vectors.

We continue looking for a suitable differential operator. Let’s reinstate basis vectors and
consider

8bX = éb,X“eb + X“@bea.

Since d,e” may have components not in the tangent space, let’s project these out (like in the
section on parallel transport). This gives

P-0pX = (VpX)e,.
where
VX =0, X+ T}, X" (30)

Let’s check the transformation properties of V;, X“. Start in the primed coordinate system
and transform back:

(Ve X Vew =P - 0yX = JGP - 0.X = J5(VeXYey.
Dotting the far left and far right expressions in this equation with ¢ gives
(VX)) = JG (e - e9) (Ve X9).
Note that e - eq = e - e 7 L{ = jl. Using this, and relabelling indices, we see that
Vo XY = JoJE VX2,

So VX% is a type (1,1) tensor! Eq.[30|tells us how to take the covariant derivative of a
contravariant vector field.

What about other types of tensors? In extending this to arbitrary tensors, we require the
covariant derivative to

1. obey the Leibniz rule (aka product rule)

2. reduce to partial differentiation when acting upon a scalar field
3. be alinear operation
4

. result in tensor fields
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In the second condition, we take a scalar field to be a type (0,0) tensor field. Let’s apply
these conditions to determine the covariant derivative of a covariant vector field. Take Y% and
Z, to be arbitrary tensor fields. Note that Y *Z, is an invariant scalar field since it transforms
trivially under a change of coordinates. By the second condition, V(Y*Z,) = 0,(Y*Z,).
Then using the first condition,

(VoY) Zo + Y (Vo Za) = (06Y ") Za + (Y Op Za).
Finally using Eq.[30] we find
YUV Zy — 0Za+T1%,Zc) = 0.
This holds for arbitrary Y*. Therefore,
VioZo = OpZo — 1, Ze.

So we have learned how to compute the covariant derivative of covariant vectors.
This procedure can be repeated for more complicated tensors. For instance, for a type (2,2)

tensor field T“bcd we consider Ve(TabchaYbUCWd) = ae(T“deXaY},UCWd) for arbitrary
X,Y,U, W vectors to find (after much algebra)

VeI, = 0:T%, + 181" + 181 —1l 1%, T/ 7%

The general pattern is clear.
Let’s consider the covariant derivative of some familiar tensors. First, the metric tensor.
Using our rules,

vagbc = OaGbc — nggdc - Fgcgbd = aa.gbc - 1—‘cab - I‘bac-
Then using expressions for the Christoffel symbols in terms of the metric tensor, we find
Vagbe = 0.

This result will greatly simplify calculations. Next, let’s consider the Kronecker delta, which
is a (1,1) tensor. Using our rules, one finds

Va2 = 0.

Example: Simplify g,V , R’ where R is a tensor field. Using the above relations, we
find gbCVaRbc = 0, R where we note that R = R is a scalar field.

2.8 Geodesics in Spacetime

We will now take a short break from tensor mathematics since we already have enough
to tell half of the story. The line element of a massive particle in special relativity, (ds)? =
Nuwdztdx’ = c*(dr)?, generalises naturally in general relativity as (ds)? = g, dztdz” =
c%(dr)?. We see that the proper time 7 is an affine parameter. Particles in general relativity
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under no external forces are taken to follow spacetime geodesics. So given a metric, since 7
is affine, we have that a massive particle will satisfy the equation

d2zH dz¥ dx°
+ w7 7
dr2 Yo dr dr

The definitions we had before for timelike, spacelike, and null vectors generalise similarly by
replacing 7, — g, A photon’s four-momentum will still be a null vector.

In this section, we will check that the above requirement, that particles follow spacetime
geodesics, is a sensible one. In particular, we will check that the geodesic equation reduces to
Newton’s second law for a particle under a gravitational field in the limit where relativistic
effects are small. Before doing this, we will give a short overview (or review) of Newtonian
gravitation.

2.8.1 Newtonian Gravitation

We take p(r) to give the mass-density of some distribution of matter. The gravitational
potential ®(r) is related to p through Poisson’s equation

?24) =47Gp

where G ~ 6.7Nm?/kg? is the gravitational constant. To avoid confusion with the covariant

derivative, we will begin using V for the gradient operator. For simplicity, we take the centre
of mass of the massive object to be at the origin. We take the object to be spherically sym-
metric and localised in the sense that p = 0 everywhere beyond some distance R. With the
boundary condition & — 0 as — 00, one can solve Poisson’s equation to find (r) = — Gﬁw

for r > R where M is the mass of the object. A particle of mass m (take m < M) placed in
this field will move according to Newton’s second law:

d2
m%;. = —m?@.

2.8.2 Weak Field Limit of the Geodesic Equation

Given a metric we can compute the equations of motion for a particle. This is analogous
to the above: given ®, we have % = —V . We still need a generalisation of Poisson’s
equation. That is, given a mass-energy distribution, how do we compute the metric? This is
the second part of the story, which we will look at soon.

We now look at the weak-field limit. We consider slow velocities:

‘1d$i

- <1
c dt

for v = 1,2,3. We will start using indices from the middle of the alphabet ijk ... to denote
spatial variables. We also take the metric to be time-independent and nearly flat:

Guv = M + hm/

where |h,,| < 1.
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Dividing ¢?(d7)? = g datdz” by (dt)?, from the slow-velocity requirement, we have

o (dT ? 2 2
c I /2 gooc” & ¢

and so dt/dT =~ 1 as we would expect (proper time should be close to coordinate time in this
limit). Using this and again our condition of slow velocities, we have

u dz¥ dx° B

dat da” e
YO dr dr V7 dt dt

2
 2TH
dT) ~ cTy.

Let’s look at these components of the Christoffel symbol. Since the metric is taken to be time
independent,

1 1 1
Lo = 59‘”’ (Gogow + Gogor — Ovgoo) = —59“”(%900 ~ —577“”81/7100-

Inserting this result into the geodesic equation, we have, in this limit,

d*zt 1 u
dT2 — 50277“ al,h()o =0.

The 1 = 0 equation gives j—ig = 0 which is consistent with what we found before. For the
spatial components, we have

W = 56 nwajhoo = —56 8ih00.

Finally, using dt/dr =~ 1, we have

d*a’ 1,
iz~ ¢ G
If we identify hgp = C%CD, then this equation reproduces the Newtonian result: % = —?(I).

Example: Rindler coordinates. We can work out using our previous expression for
Rindler coordinates (dropping the B subscript) that

2
(ds)? = cA(dt)* — da® — dy* — dz* = X? (%) AdT)? — dX? — dY? — dZ?

where we put back in the other spatial dimensions as Y =y and Z = z.
From this, we can read off the Rindler metric, g,, = diag(X? (%)2 ,—1,—1,-1).

Now let’s expand this metric about X = % Define ¢ through X = X + £ and require
|{| < | X|. Then we have to first order in &, g, = 1 + hy, Where

2
By = diag(cif, 0,0,0).

We thus make the identification ¢ = %hoo = a&. This is the potential for a uniform
Newtonian gravitational field (with gravitational acceleration a).
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2.9 The Riemann Curvature Tensor

We will now develop the remaining machinery we need to describe the Einstein field
equations. Covariant derivatives, unlike partial derivatives, do not generally commute. Using
the rules for covariant differentiation, one finds that for a general contravariant vector field
X% (exercise),

(VeVy— VaVe) X = R ,X°
where
C%)cal = 80ng - adrgc + Fge gd - ?le gc

is the Riemann curvature tensor.
The Riemann curvature tensor satisfies a number of symmetries:

Rabcd + Radbc + Racdb =0 (31)
Rabcd = _Rabdc = _Rbacd = Rcdab

which are not all obvious from the above definition. We will later establish these symmetries
by using locally flat coordinates. The above symmetries reduce the number of independent
quantities of R%_; to N?(N? — 1)/12 where N is the dimension of the manifold. So, for
spacetime, we have 20 independent quantities while for two-dimensions there is only one
(the Gaussian curvature).

2.9.1 Parallel Transporting About Small Loops

The Riemann curvature tensor emerges naturally in the following context. Consider par-
allel transporting a vector X about a small loop in the manifold 2% (¢) for 0 < ¢ < 7T around
a point P. We ask: by how much do the initial X*(0) and final X®(T') vectors differ?

Introduce £ through x® = (%) p 4 % where (2%) p denotes the coordinates of the point.
Generally, any quantity inside () p, will be taken to be evaluated at P. The parallel transport
equation written in integral form is

Xa(t) = X9(0) — /O e () XP(#)ze(#).

From this we obtain
t/

X9(t) = X°(0) — /0 4T (1) X (0)2(¢') + /0 T )) [ d T X)),

Everything is exact to this point. The above procedure can be repeated to generate a series
expansion for X?(¢). We seek an expression that is accurate to second order in distances
from P. To this accuracy, we can use:

XO(t) ~ X9(0) — /0 d'TE (') X1 (0)ae(t') + /0 AT (¢)7(¢) /0 dt" T (") X(0)z(t").
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Let’s work on individual terms in this expression. Put ¢ = 7. To second order accuracy:

T . T .
_/0 dt'Ty (1) X (0)z<(t') ~ — /0 dt'[(Th.)p + (aT5.) & (1) X (0)z<(t')

T
_ /0 dt' (T3 pEX (1) X (0)Ee(t')
= —(@urt)rX(0) f dece!

T t T t/
/ AT () ae(t) [ dt” T (") XA (0)ze(¢") ~ (TL) p(Th,) pX4(0) / dt'ze(t) [ dt” ze(t")
0 0 0 0
T
= (If.) p(TY) pX(0) /0 dt'ze(t') (z°(t') — 2°(0))

T .
— (1%)p(%,) pX4(0) / (1) ()

— (T5)p(Th)pX0) f decee
— (T2)p (D) X"(0) f dece?
So we have
X = XOT) = X°(0) = (0T, + TLTE), X0(0) f dee

Now let’s look at f% = § e b Through an integration by parts, this can be rewritten
as f% = % f(df“fb — debe), from which we see that £ is antisymmetric: f% = — fbe.
Because of this, we can antisymmetrise over cd the quantity in parenthesis in the above
expression. The curvature tensor appears! That is, we obtain

a 1 a C
60X ZgXb(O)( hea) p £

Now let’s specify a particular curve. Let’s hold constant all of our coordinates except for
two, 2° and z¢. Let’s integrate counterclockwise along a rectangle centred at point P in the
¢d-plane. Take the width and height of this rectangle to be Az® and Az respectively. Then
through Green’s theorem, we obtain

. -1 o . o .
fcd — 7fdc — § %(dé—c&-d . dé—dé—C) — /dé-cdé-d = _Azx° Al‘d
where all other components of f vanish. Finally, we obtain

a __ b a c d
6X*=-X"0) ( bEJ)PAx Az
(no summation over ¢ and d).
Thus the Riemann curvatures tensor tells us how the initial and final vectors will differ.
We call a manifold flat if the Riemann curvature tensor vanishes everywhere. Otherwise, we
call the manifold curved.
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2.10 Locally Flat Coordinates

Our aim is to construct a coordinate system in which at a particular point P, the Christof-
fel symbols vanish and the metric tensor is the identity matrix (or the Minkowski metric for
spacetime). Motivation for this includes:

+ Locally flat coordinates will help us establish important symmetries of the Riemann
curvature tensor

« Locally flat coordinates are demanded by the equivalence principle. That is, for general
relativity to locally reduce to special relativity, in light of the geodesic equation, we
must be able find a frame in which the Christoffel symbols vanish at an event. In the
context of spacetime, locally flat coordinates are often referred to as locally inertial
frames or freely falling frames.

As we have done a couple of times before, we will consider surfaces to develop our intu-
ition. Following the picture, we introduce the y-coordinates through

y* =dr-(e)p
where dr = r — (r)p. Expanding r about P we obtain dr ~ (e,)pdz® + 5(dpeq) pdz® 52°
where dz% = 2% — (%) p. Then to second order in distances from P we have
a a 1 a bs..c
y* =ox —1—5( be) p 020

Inverting this equation we find

1
oz =y — ) (Fgc)P ybyc

which again is second-order accurate. From this we can determine an expression for the
Jacobian which is accurate at first order:

8xa a a C
87yb:5b —( bc)Py-
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We use this to find the metric in the y-coordinate system g,; (we will use tildes to denote
quantities in the y-coordinate system) as

. Ox¢ Ozl
Gab = (‘Ty‘laiyb‘%d ~ Gab — (Lape) PYS — (Lbac) PY = Gab — (OcYab) PY©

which is accurate at first order. In the second equality, we have used the definition of the
Christoffel symbols. From this we find

8gab _ al‘d 8gab _
( ayc )P - <ayc axd P (acgab)P = 0.

Note that at point P, g’;i = 5?. From the definition of the Christoffel symbols, from this we

conclude that all Christoffel symbols in the y-coordinate system will also vanish at P:

15), -0

We can go further. Let’s introduce a z-coordinate system which is related to the y-
coordinate system as

y* = S%zb.

In this, we take the components of S to be constants. We will use double-tildes to denote
quantities in the z-coordinate system. For the metric tensor,
éab = SCaSOIlygcd'

We wish to choose S such that § becomes the identity matrix. Let’s proceed by writing matrix
equations. Since g is a symmetric metric, we can diagonalise it with an orthogonal matrix:
OT§O = D where D is a diagonal matrix composed of the eigenvalues of §. For Riemannian
manifolds, g will have all positive eigenvalues (while for spacetime it will have one positive
and three negative). Taking all positive eigenvalues, we will have D~1/20TgOD~1/2 = 1.
We thus choose S = OD~ /2, Through the transformation rule for the Christoffel symbols
(practice problems), we see that the Christoffel symbols will also vanish in the z-coordinate
system.

In summary (dropping tildes and going back to 2 for coordinates), for a manifold with

positive definite metric, we can find a coordinate system which is flat about a point P in the
sense that

1
Gab =~ T + §(acadgab)P5$C(sxd
and
( gc)P = 0.
Very similar arguments can be given for spacetime. Here a locally flat coordinate system will
give
1 o5 p
Guv R My + i(c%apgw,)péx oz
and

(T4 )p = 0.

vo
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2.10.1 Symmetries of the Riemann Tensor

In locally flat coordinates, the Riemann curvature tensor is
(R%ea)P = (0cl'pg — 0al'gy) P

Recalling that first-order derivatives of the metric tensor vanish at point P, we find (check),

1
(Rabed) P = §(abacgad + 04049vbc — Ov0d9ac — 0aOcGbd) P-

In comparison with the general expression of the curvature tensor in terms of the metric
tensor, the above expression is vastly simplified. From this we can directly verify the symme-
tries of the Riemann curvature tensor written earlier at point P in our locally flat coordinate
system.

However, since R, is a tensor, it is enough to establish the symmetries Eq.[31]in a single
coordinate system. For instance, we have for locally flat coordinates, (Ruped) P = —(Rpacd) P-
We can use Jacobian matrices to transform to another coordinate system (which need not be
locally flat) and find ( Ry erar ) p = — (R o/’ ) p- The final point to note is that P is arbitrary.

2.11 Tensors Derived From the Riemann Curvature Tensor and
the Einstein Field Equation

For later use, we will now introduce tensors which follow from the Riemann curvature
tensor. The Ricci tensor R, is defined as

Rap = RS

ach*

From the symmetries of the Riemann tensor (how?), we see that R is symmetric: Ry, = Rpq.
The Ricci scalar R follows from the Ricci tensor as

R = R% = g""R,.

Finally, the Einstein tensor G, is defined as

1
Gap = Rap — EgabR-
The Einstein field equations are
8tG
GPLV == TT:U'V

C

where T}, is the energy-momentum tensor which we will look at soon. For a particular
energy momentum tensor, we solve the Einstein field equations to determine the metric. The
analogy with Newtonian gravity is: given a mass distribution p(r), we solve Poisson’s equa-
tion to determine the gravitational potential. In due course we will verify that Einstein’s field
equations reduce to Poisson’s equation in the non-relativistic limit. Then with this metric,
we can solve the geodesic equation to determine the trajectory of a particle in this field. ].
A. Wheeler succinctly described this process as “Spacetime tells matter how to move; matter
tells spacetime how to curve.
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2.12 The Bianchi Identity and the Contracted Bianchi Identity

We will need a couple more relations for the Riemann curvature tensor. The Riemann
curvature tensor satisfies the Bianchi identity:

Ve]%abcd + vdRabec + VcR%de =0. (32)

Like the symmetries of Riemann tensor established earlier, the Bianchi identity is easiest to
establish by using locally flat coordinates. For such a coordinate system (since the Christoffel
symbols vanish)

(VeRabcd)P = (aeRabcd)P = (aeacr‘gd - 8eadrgb)P-

From this, we can directly verify Eq.
From the Bianchi identity, we can derive the contracted Bianchi identity which reads

V.G™ =0. (33)
First, contract ¢ and c in the Bianchi identity to find
VeRpg — VaRpe + VaRabde =0.

For the second term, we have used Eq. VqR% = Vd(g“fbeea) = —Vd(gafbeae) =

bea

—V4R% = —V;Rp.. Since V.g® = 0, for a tensor field X we have ¢*°V;, X, = V;, X°.

bae
With this in mind, we can “raise indices behind the covariant derivative operator”. Raise b

and contract with d to find
VR — VyR + V,RY, = 0.
Let’s work on the last term on the left-hand side:

VR, = g g"VaRpnpe = —9" 6"V R pre
= —g" VR, = —g"/VaoRse = —V,R%.

So the above becomes
VR —2V,R% = 0.
Relabelling indices,
Va R — %@?R) =0.

Finally, raising b we obtain V(R — 1% R) = 0 which is Eq.
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2.13 Relativistic Fluids and the Energy-Momentum Tensor

The remaining piece of Einstein’s field equation which we need to address is the energy-
momentum tensor 7#. For most situations in this course, we will take the energy-momentum
tensor for a perfect fluid which reads

T = (p+ p/E)ut — pg™.

In our discussion of special relativity, we introduced the four-velocity of a particle. We now
generalise u* to a vector field so that (u*)p describes the average four-velocity of particles
at point P in spacetime. We take p to be the proper density (mass density measured in a mo-
mentarily co-moving frame) of the matter. The pressure, which also can depend on position
is p. Both p and p are scalars.

We take the equations of motion of the relativistic fluid to be given by

v, T = 0.

Note the consistency between this and the field equations as a result of the contracted Bianchi
identity. We will follow our usual practice of showing that these equations of motion reduce to
something sensible in the non-relativistic limit. We will now work on writing these equations
of motion in a more intuitive way.

First some useful relations. Since utu,, = 2, we have that u¥V ply = u,Vyu” = 0. For
our perfect fluid we also have T""u, = pc?u*. Multiply our equations of motion by w,, (and
sum as usual over v):

0=u,V,T" =V, (T"u,) — TV su, = V(2 put) + pV ut.
So
p
Vu(pu*) + CfQV#u“ =0. (34)

To obtain our other fluid equation, we use the projection tensor

1
Pl =oh — C—2u“ul,.

Note that P/ u, = 0and Pt P7 = P!. This enables us to look at components of the fluid
equation orthogonal to the four-velocity field. With this,

0= PV, T" =P ((p+ p/ )tV — 9" Oup)
= (p+p/)'Vu” = 0up(gh” —ulu /c?).
Relabelling indices,
(o + p/E)uHVu” = 8up(g"” — uu” ). (35)

Eqns. give a more explicit description of the equations of motion of relativistic
fluids. They reduce to the continuity and Euler equations from fluid mechanicin the non-
relativistic limit. In particular, we consider the limit where p > p/ 2, 9 = Nuw» and uk =

1A description of classical ideal fluids is outside the scope of this course. If you haven’t seen these equations, I
recommend The Feynman Lectures on Physics for an accessible introduction.
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(c,v) where v is the velocity field of the fluid. In this limit, Eq.[34|becomes (exercise)
Bp=—V - (pv)
which is the continuity equation. The y = 1,2, 3 components of Eq. 35| become (exercise)
p(0v + (v - V)v) = —Vp

which is the Euler equation.

Example: Dust in Special Relativity. A relativistic fluid in the absence of pressure is
referred to as dust. In this example we will look at dust in special relativity where g,,, =
N and hence V,, = 0,,. Using u* = (¢, v) and writing out the spatial, temporal, and
mixed components of the energy-momentum tensor impels us to introduce p = 72,0.
We then have

TOO — 502
T% =T = jev;
Tij = ﬁUin

where v is the coordinate velocity (or three-velocity) field. Note that since v; is not
a tensor we have the unusual placement of indices. p is in fact the frame-dependent
density of the fluid. The combined effect of length contraction and relativistic enhance-
ment of mass provides the factor of 2. It can be verified that the equations of motion
0,T" = 0 can be written, without approximation, as (exercise)

hp =~V - ()
and
v+ (v- ?)v =0.

Unlike Eqns. [34] and [35] the above are not tensor equations. These equations provide
perhaps the clearest connection with classical ideal fluids.

2.14 Weak Field Limit of the Einstein Field Equations

We need to show that the Einstein Field Equations reduce to Poisson’s equation in the
non-relativistic limit. To do this, it is helpful to write the field equations in an alternative
way. Let k = SETG. Then the field equations are

R — %g’“’R = KTH,

Lowering v and contracting with x and noting that ¢/, = d/, = 4, we have

R=—krT
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where T' = T",. Putting this back into the field equations we find

1
RM = g(TH — ig“”T) (36)
or, lowering indices,
1
Ry = k(T — igm,T) (37)

which is an alternative way of writing the field equations. As a special case when 7}, = 0
this reduces to

Ry, =0

which are the vacuum field equations.

We consider the limiting case of small velocities v/c < 1. The metric is taken to be time
independent and nearly flat: g, = 7, + hu, where |hy,| < 1. We further require that
p/c? < p. With these requirements, the 00 component of the energy momentum tensor will
be dominant. We have Tpy ~ T% ~ pc? and T = T%, = (p + p/c?)c? — 4p ~ pc?. With this,
we find

1
Roo = k(Too — zg00T) =

Kk 9
—pc. 38
5 5 PC (38)

Now let’s consider the 00 component of the Ricci tensor in this limit. To first order in A,
R;lﬂpa = aprllja - aUFlljp
and so to this order,
. 572 _ M Moo w
Roo = Rouo - 8uroo - aOFOu - auFoo

(recall we are taking the metric to be time-independent). Recalling some results from
we have to first order in h,,,

1 1 1
Rgo = 8HF6‘0 = —517‘“/8“81,}&00 = §€2h00 = 0*262(1).
Inserting this into Eq.[38 we find Poisson’s equation:

?2<I> = 4w Gp.

3 General Relativity Applied

3.1 The Schwarzschild Geometry

It is now time to put the theory of general relativity uncovered during the last chapter to
work.
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We seek to find the spacetime metric corresponding to a spherically-symmetric massive
body of total mass M. We will solve the vacuum field equations

Ry, =0

which are valid outside of the massive body’s interior. We take the metric to be spherically
symmetric, time-independent, and asymptotically flat. The following ansatz satisfies these
three conditions:

(ds)? = 24 (dt)? — eP") (dr)? — r?(df)? — r* sin® () (dg)?.

where we require A, B — 0 as r — oo so that the metric reduces to the Minkowski metric
at large distances from the bodyE] From this, we can compute the Ricci tensoﬁ One finds
the non-vanishing components are

2
Roo = eQ(A—B)(AIQ + 24 —AB + A//)
r
2
Rll — —A,2+7B/+A,B,—A”
r
Roy = 6_23(—1 + €2B —rA + ’I”B,)
R33 == SiDZ(G)RQQ.

In the above, primes denote derivatives with respect to r. Combining the equations for Ry
and Ry; gives A’ + B’ = 0. Using our boundary condition then gives A + B = 0. Inserting
A = — B into the equation for Rgo gives

A +1=e24,

Noting that we can write the LHS of this equation as e_QAd%(TGZA), we can immediately

solve to find re?4 = 7 4 k where k is a constant of integration. With this we have

1
+E

(ds)? = (1 + é)(alt)2 7 (dr)? — r%(d6)? — r? sin?(0)(d¢p)>.

How do we determine k? We require that the metric reduces to the correct weak-field limit for
a gravitational potential ®(r) = —GTM. Using results from the previous chapter, we require

k 2
goo:1+;:1+h00:1+c—2@(r).

We then find & = —2MG/ c2. With this value for k, we have found the Schwarzschild
metric.

12 Actually, one can arrive at this metric by starting with a general spherically symmetric metric and applying
certain variable changes.

13Read off the metric from (ds)?. From the metric, compute the Christoffel symbols. From the Christoffel symbols
compute the Riemann tensor. From the Riemann tensor, compute the Ricci tensor. This is a straightforward but
computationally intensive task and is perhaps best left to a symbolic mathematics package like Maple or Mathematica.
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3.2 Classical Kepler Motion

Before considering motion under the Schwarzschild metric, we will first, for comparison
and to set some notation, consider the Newtonian motion of a particle under a gravitational
potential ®(r) = —MTG. We take the mass of the particle m to be much smaller than M so
that we can avoid working with “reduced masses”. That is, we can take the position of the
larger mass M to be fixed in space. Newton’s second law reads

d’r MG .
ol —?@ = - r.

r2

The angular momentum L = r X m% is conserved:

N ETAN
at  dr C"dt 2 )T

Since L is conserved and r - L = 0, the motion will be confined to a plane. We use polar
coordinates (7, ¢) for this plane.

From classical mechanics, % = qu?) and % = —gf)f'. Using this,
d’r  d* . . . 1d, 5. —MG,
proi @(”) = (i —r¢ )1"4';%(7“ P)p = 2
So
: MG d, 5
. 2 _ 20y _
F—r¢d = and @(T @) =0. (39)
It is useful to introduce u = 1/r and regard r as a function of ¢ (compare with the

computation of geodesics on the unit sphere). Let h = r2¢) which is a constant of motion by
the above equations. Then

dr  drdu . du
o = _h—
dt  du d¢¢ do
and
2 2, . 2
ar — fhdiugj) — 7h2u2d7u
dt? dg? dg?
Inserting this into Eq.[39 we find
d*u GM
@ T
which is the Binet equation. It has the solution
GM
u(p) = ?(1 + ecos(¢ — ¢o)).

Where ¢g and e are constants. e is called the eccentricity. We obtain circular, elliptic,
parabolic, and hyperbolic motion fore = 0,0 < |e] < 1, |e| = 1, and |e| > 1 respectively.
For instance, for ¢9 = 0 and |e| # 1, we can write this solution as

Re \? R?
2 2 _
(1—e)<x+1_62> +y—1_€2

_ h?
where R = i
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3.3 Precision of the Perihelion

We will now consider the analogous problem in general relativity, of a massive particle
in orbit.
It is convention to define m = ]\f—QG This quantity has units of length. With this, the

Schwarzschild line element is

(ds)? = (1 - Qm) (dt)? — (1 - 2;”>_1 (dr)? — r2(dQ)?

r

where (d2)? = sin?(0)(d¢)? + (df)?. This is related to the proper time differential in the
usual way for massive particles: (ds)? = ¢?(dr)?. Since 7 is an affine parameter, the geodesic
equation will be given by the Euler-Lagrange equations of K = % G THTY.

Let’s first search for conserved quantities. Since the metric does not explicitly depend on
¢ or t, the corresponding Euler-Lagrange equations gives the conserved quantities

k_<1—2m>i
T

h = r2sin?(0) .

Additionally, K = % (g—j) = %02 itself is conserved. As in the previous section, we consider
planar motion and set = 7/2. Inserting our conserved quantities into K and reintroducing
u = 1/r (see previous section), we find

d 2
*k* — h? <dz> = (® + h*u?)(1 — 2mu).

Next we differentiate the above with respect to ¢ to find

d*u m 9

i’ +u= 7 + 3mu”.
This is the relativistic Binet equation. The difference between this and the Binet equation
from the previous section is the last term on the right-hand side, which makes the current
equation a non-linear ode. Using the mass of the sun for M, we find m = MG/c? ~ 1500
m. This is well within the radius of the sun. Therefore, for typical planetary motion, um =
m/r will be a small number and the last term on the right-hand side of the relativistic Binet
equation can be viewed as a small correction. Its role in solar system motion is typically small
but sometimes measurable. This term will be largest for planets close to the sun.

In the following we will consider nearly circular motion and write u = ug + du where

ug is a constant and du < ug. Putting this into Binet’s equation, we have to zeroth and first
order in du,

2
ug = Ch—;n + 3mu?
d2
dqf: + du = 6mugdu.
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Solving the second equation, du = A cos(y/1 — 6mug(¢p—¢o)) where A and ¢ are constants.
So,

u = ug + du = up[l + e cos(v/1 — 6muge)]

where we have put ¢y = 0 for convenience.

The point of closest approach to the sun is referred to as the perihelion. Unlike Kepler
motion, the above predicts that the perihelion will precess. The observation of this effect for
the planet Mercury was one of the earliest observational tests of general relativity.

Let’s take e > 0. Then the values of ¢ corresponding to perihelia are ¢, = 27n//1 — 6mugy ~
27n(1 + 3muyg) for integer n. From this we see that after every orbit, the perihelion will ad-
vance by

A¢p = 6mmuyg.

Putting in approximate numbers for Mercury (89 days per orbit, 1/ug ~ 5.8 x 10! m), we
find that after a century its perihelion will advance by 42 arcseconds (60? arcseconds = 1°).
The observational value is 43.1 + .5 arcseconds/!]

3.4 General Orbits in the Schwarzschild Geometry

We will now broaden our discussion to include the motion of photons. From our dis-
cussion of photons in special relativity, we have the result (ds)?* = n,,dz#dz" = (* —
v?)(dt)? = 0 from the first postulate. This result continues to hold in general relativity where
(ds)? = guudaztdx”. We conclude this by appealing to locally flat coordinates. That is, we
can find a coordinate system in which g,,,, locally reduces to 7,,. By the equivalence prin-
ciple, we can find a frame in which special relativity locally holds. In this frame (ds)? = 0.
However, since (ds)? is a scalar quantity, this must hold in all frames. Proper time is ill de-
fined for photons. We therefore need to choose a different affine parameter, which we call w,
with which to describe their motion.

In order to not produce fairly similar derivations for light and massive particles we write
the following:

Judta” = ac?

where @ = 0 and ## = dz#/dw for light while « = 1 and #* = dz#/dr for massive
particles. As before, for geodesic motion, we have the conserved quantities h = r2¢ and
k = (1 — 2m/r)i where we are still restricting to planar motion § = 7 /2. Inserting these
into the above, we obtain

1
57‘«2 +V(r)=FE
where E = ¢?(k? — o) /2 and
mc? h?  mh?
Vir)=-——a+t55- 35

4 Actually, the perihelion of Mercury will also precess according to Newton’s laws. This is the result of grav-
itational fields from sources other than those of Mercury and the sun. More precisely, the amount of additional
advancement (not accounted for by Newton’s laws) is (43.1 + .5) arcseconds per century.
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N

N (u,‘g;aue)

i (} (S‘f&“?{f/

Taking the derivative of the above with respect to the affine parameter we have
7= —0,V.

The above equations describe a Newtonian particle of mass m in a potential V. Thus
the advantage of the current formulation is that we may now use all of our intuition from
Newtonian physics to understand the dynamics in at least a qualitative way. For a massive
particle (o = 1), we have

mc? h? mh?
r 212 r3

This will have a maximum and minimum when % > /12 (see picture) occurring at r; and

r_ where
e (1 1f12<@)2
7 ome? h '

This can be contrasted with the classical problem which can have stable orbits for h # 0. It
can be seen that circular orbits at r are stable while those at 7_ are unstable. That is, any
small perturbation added to the circular orbit at r_ generically will grow.

We now turn to the motion of light. For this we have

e
22 r3

V(r) =
This potential has a maximum at » = 3m which corresponds to an unstable circular orbit.

Example: Proper time for orbits. Suppose we have a satellite in a circular (geodesic)
orbit at radius r about a planet. What is the proper time duration (A7), for a complete
orbit as measured by a passenger aboard the satellite? A second observer stays at a fixed
location in the Schwarzschild coordinate system at r (using, say, a rocket pack). What
time does this observer measure (AT),ps for an orbit of the satellite?

Let’s first try to find (AT)op. For circular orbit, we have u = 1/r = const. Thus the
Binet equation becomes

ch

u = ?—i—?ﬁnuz.
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We use h = rg(;'ﬁ to find

3= mctu® GM
C1—=3mu p3(1-3m)

For simplicity, we take the orbit to be counter-clockwise (so qb is positive). Then can
directly integrate to find

r3(1 —3m/r)
GM

(AT)orp = 27

Next, let’s find the coordinate time duration At for a complete orbit. We use c? =

92" and put 77 = 0 to find

C2

(1 —2m/r)c*% — r2¢2.

Inserting the above result for ¢, we find
1=1£%1—3m/r).

This can be directly integrated to give

Ate (A =2
= T )orb = &T GM

V1—=3m/r
In this, we have taken the positive square root so that this reduces to the correct result
in the m — 0 limit. Incidentally, this is the same result one obtains in Newtonian
physics (Kepler’s third law).

Now for (AT)ops. This observer does not follow a geodesic. Thus we cannot use the
geodesic equation to describe his motion. However, we still may use ¢* = g,,, "3 (our
derivation of this said nothing of geodesics). Since this observer is at a fixed location,

we havdl|

& = (1 —2m/r)c.

From this we see that

3(1 —
(AT)obs = mAt =27 W

Putting everything together, we see that (A7) < (AT)obs < At.

5This relation suggests that people living at lower elevations will age slower. This effect was in fact measured
by researchers at NIST using atomic clocks http://www.nist.gov/public_affairs/releases/
aluminum-atomic-clock_092310.cfm
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3.5 Bending of Light

We saw that light can undergo an unstable circular orbit at » = 3m. Now we consider
the case where r > m (recall for the sun, m is only about 1.5 km). The derivation of Binet’s
equation for photons is similar to the derivation in Sec. For this one finds (exercise)

'+ u = 3mu’.

The right-hand side of this equation is small for > m. Let ug = usin(¢). This corresponds
to a straight line parallel to the z-axis with y = 1/u. It satisfies the above Binet equation
when m = 0.

We now seek approximate solutions of the Binet equation for photons when mu < 1.
We take u = ug + du where du is regarded as small. Inserting this into the Binet equation,
we find to zeroth order

ug +ug =0
while to first order

Su” + du = 3mud = 3ma? sin®(¢).

We are assuming that du is on the order of m? (which we can verify later).

Ub’

The second differential equation has the solution
ou = ma®(1 + cos® ¢ + Acos ¢ + Bsin ).
where A and B are constants. So we have
u = usin(¢) + ma*(1 + cos® ¢ + Acos ¢ + Bsin ).

We consider the photon trajectory shown in the picture. We impose the condition that at
very early times, the photon travels parallel to the z-axis with y = 1 /4.

Therefore when ¢ = 0, we require u = ug + du = 1/r = 0. Using our solution, we find
that this requires A = —2. Therefore,

u = asin(¢) + mu’(4sin(¢/2) + Bsin¢).

Long before the light approaches M, we also require that the trajectory is approximately
parallel to the x-axis with y = 1 /4. This requires B = 0. So with these conditions, we have

u = usin(¢) + 4ma® sin(¢/2).
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Now we consider the deflection of light described by this equation. That is, we want to
determine € for which v = 0. Putting u = 0 and ¢ = 7 + € in the above equation, we find

T+ €

0 = asin(m + €) + mu’4 sin? < ) ~ —iie + mu4.

So to lowest order in m,
€ = dmu.

This effect, observed during a solar eclipse in 1919 by Eddington and collaborators, provided
an early verification of general relativity.

3.6 Spectral Shift

In our discussion of special relativity, we saw that the energy of photons depends on the
reference frame in which they are observed. We will now consider how gravity affects the
energy of photons.

We will derive our main result by carrying over a trick we learned back in our discussion of
special relativity. Take an observer with four-velocity (u*)ps and a photon with four-velocity
pt. Suppose that the photon barely misses the observer at a particular spacetime point. At
this event, the observer assigns energy hv = (u")onspy to the photon. We established this
result for special relativity, but, through the equivalence principle it also holds in general
relativity. Note for our Schwarzschild coordinate system, u* = (ct, 7, 9, gi))

We now consider an emitter which emits photons of energy hvg travelling radially out-
ward towards a receiver. Both the emitter and the receiver are at fixed spatial coordinates in
Schwarzschild spacetime. An observer at the emitter measures the energy of the photons to
be hvg. What energy, hvg, does an observer at the receiver assign to the photons?

Take the emitter to have » = rg and the receiver to have r = rg where rg < rg. Then
the two stationary observers will have four-velocities

() = (ct,0,0,0) = (\/1_62W,0,0,0>

(W) g = (m,0,0,()) .

For the light, since % is parallel to p#, we can choose the affine parameter w such that
pH = %. Using k = (1 — 2m/r)t, and noting that the photon travels radially outward

(7 > 0), we have have

kc
Ho— [ —
P (I—Zm/r7 C’O’O>

and



To find p,, we have, as usual, used p,, = g,.,p".
Now we can directly evaluate the energies of the light as measured by observers at the
emitter and receiver:

kc?

hl/ :'U/u =
R T

hvg = (u") = —kCQ
o e

Dividing these results, we arrive at the spectral shift formula

ve _Ar _ [1-2m/rg
VR - >\E - 1—2m/rE

For the case where the photons travel radially inwards (and rg < rg), one obtains an
identical expression (check). So we see that photons “falling” under a gravitational field be-
come more energetic (or blue shifted).

3.7 The Pound-Rebka Experiment

We will now consider an example which nicely combines the Doppler shift (which we saw
in special relativity) with the gravitational spectral shift. As shown in the figure, photons are
emitted and travel radially inward to a receiver. Through the previous analysis, the photons
will become more energetic, or blue shifted, as they “fall” under earth’s gravitational field (we
take M for this example to be the mass of the earth). On the other hand, when the emitter
is moving radially outward with velocity v = d:l—f > 0, we expect, through the Doppler
effect, that this will decrease, or red shift, the energy of the light. We ask: for which v will
the energy of the emitted and received photons (as determined by observers situated at the
emitter and receiver) be the same? This result is relevant for the Pound-Rebka experimentE‘]

In contrast to the other “classical” tests of general relativity we discussed previously, namely

16 Pound, R. V,; Rebka Jr. G. A. (November 1, 1959). "Gravitational Red-Shift in Nuclear Resonance". Physical
Review Letters 3 (9): 439
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the bending of light and the precession of the perihelion, the work of Pound and Rebka was
terrestrial experiment: Ar = rg — rg is the distance from the roof to the basement of a
building.

To keep our expressions manageable, we will work to first order in m/rg, m/rg, and v/c
which are all small numbers for the experiment under consideration. For the earth, m is only
around a centimetre. We can use our expression for (u*)g obtained in the previous section:

(u') g = (\/I_CQW,O,O,()) ~ (c(1+m/rg),0,0,0)

For the light, we have

ke
= ke, ——.0,0 ] .
Pu <c’1—2m/7" ’ )

This is for light travelling radially inward (compare to p,, from the previous section).
For (u") g, we have

(') = (ct,7,0,0).
Using 7 = g—: = %% we have
(u") g = ct(1,v/c,0,0).

Using our requirement ¢ = utuy,, gives

02/02

2 _ 272
=22 (1-2 __vie
c“=c ( m/re 1= 2mjrs

> ~ A1 - 2m/rg).

Sot =1+ m/rgand
() = (c(1+m/rg),v,0,0)
Now we these expressions for the four-vectors, we obtain

hvp = k(1 +m/rg +v/c)
hvg = k¢*(1+m/rR).

The energy of the emitted and received photons will be the same when

v m m mAr

¢ TR TE R?
where R is the radius of the earth. Using g = %—J‘Q/l ~ 10 m/s2, we can write this as
gAr
v = .
c
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3.8 Black Holes

3.8.1 Gravitational Collapse

We have been mostly concentrating on examples where general relativity provides small
corrections to classical dynamics. We will now turn our attention to black holes where the
role of general relativity is more profound.

In our derivation of the Schwarzschild metric, we concentrated on regions outside a mas-
sive body’s interior where T*¥ = (. Though we will not perform the calculation, one can
solve Einstein’s equations

GY = gTH

using a perfect fluid for T# for the interior regions of a spherically-symmetric star. Taking
a uniform density of the star: p = const (though this approximation is not entirely physi-
cally sensible) one finds an interesting result: if the radius of the star is less than %m, then
the pressure will diverge somewhere in the interior of the star. This signifies an instability:
gravitational collapse.

Black holes are expected to form after very massive stars collapse. In this course, we will
only consider Schwarzschild black holes, which are black holes with no angular momentum
or charge.

3.8.2 Radial free fall of a massive particle into a black hole

Let’s start by considering the radial free fall of a massive particle into a black hole. From
¢ = (ds/dr)?* we have

9 k2c? 7

- 1—2m/r 1—2m/r

Suppose the particle starts from rest at 7 = 7. This then fixes k? = 1 — 2m /7. So
i = 2 (2m/r — 2m/7).
For convenience, let’s take 7 — oo. Then

7= —cy\/2m/r.
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I 2

From this, we can plot the trajectory as a function of proper time (this trajectory actually
isn’t any different from the Newtonian one).

Now let’s consider parametrising in terms of coordinate time. Starting from rest at infin-
ity, gives k = (1 — 2m/r)f = 1. So

_drdt _dr_ 1
"Tatdr T dt1—2m/r

With this we find
dt -1

dr c(1 = 2m/r)\/2m/r

The corresponding world line is shown to the right. We obtain qualitatively different results!
For the present case, the trajectory does not seem to pass = 2m, the Schwarzschild radius.

This can be traced to the coordinate singularity of the Schwarzschild metric at r = 2m.
Such singularities can be removed by choosing a different coordinate system Evidence that
this is not a physical singularity can be seen from the scalar quantity

48m?

RHVPT —
r6

Ruypa

which is well-behaved at r = 2m, but singular at » = 0.

Example Bob is falling radially into a black hole (again starting from rest at infinity for
simplicity). He carries with him a laser which emits light of frequency v (according to
the factory specs). He shines this laser radially outward to his friend Alice who stays at
a fixed location 7 on Bob’s world line. What does Alice measure for the energy of the
photons which were emitted when Bob was at radial location 7?

7For example, let’s use cylindrical coordinates to describe the unit sphere. Then (with p = /22 + y2) we have

2
(@5 = {2+ (a0,

This has a coordinate singularity at p = 1. Of course there is nothing singular happening on the equator of the unit
sphere. The above singularity is a result of the coordinate system we chose.
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Bob’s four-velocity is:

P C . /*m
(U )Bob <12m/r’ & r 7070 .

Alice’s four-velocity is:

C
ut ice — 7707070 .
() (m )

The four-momentum of the light is:

—kc
Pu = <kC, m, 0, 0> .

Using hv = p,,(u")Bob and hvohs = Dy (ut) Alice, We find that the frequency observed
by Alice is

Vohs = V(1 — \/2m/7")\/1_127m/r.

As Bob approaches the Schwarzschild radius, the corresponding light once it reaches
Alice becomes substantially redshifted.

3.8.3 Radial motion of light in the vicinity of a black hole

It is instructive to draw the world lines of the allowable trajectories of light in the Schwarzschild
geometry. Before doing this, we will introduce the useful concept of a light cone. We first
consider light cones in special relativity. A light cone is the path a flash of light from a single
spacetime point P would take through spacetime. We also extend these null geodesics to
times before P. The future and past light cones of an observer located at spacetime point P
are shown in the diagram. Events outside the light cone cannot be causally related to this
observer. Arrows in this diagram indicate the direction light will propagate. Trajectories of
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massive particles are timelike. This means that a massive particle starting at point P will
only explore the region within the future light cone.
Now on to radial null geodesics in the Schwarzschild geometry. For this we have

0= (ds)* = c*(1 —2m/r)(dt)* — (1 —2m/r)" (dr)?

SO

dt 1
— =t
“dr 1—2m/r

Solving this differential equation gives
ct + A= =x(r+2mlog|r —2m|)

where A is an integration constant and the £ solutions give ingoing and outgoing null
geodesics for r > 2m.

This family of curves is plotted in the figure above. We also place arrows on these curves
indicating the direction light propagates, and indicate the corresponding future light cones.
For r > 2m, the light cone structure is clear. That is, for large r, the geometry is flat, the
light rays make 45° angles with the horizontal axis, and the future light cones point up as in
special relativity. All of the light rays for » > 2m can be traced to their large-r limit. While
the light cone structure in the figure is correct for r < 2m, with the current analysis it is not
obvious why this is so. The problem is that we have a coordinate singularity at r = 2m

To deduce the light cone structure, for r < 2m, it is useful to find a coordinate sys-
tem which removes the coordinate singularity at » = 2m. Let’s see if we can write the
Schwarzschild line element in a revealing way (still considering radial motion):

(ds)” = (1 = 2m/r)(dt)? — (1 = 2m/r)”"(dr)’
= (1= 2m/r) (edt + (1 = 2m/r)""dr) (edt — (1 = 2m/r)"dr)
(

2 2
=(1-=2m/r) | cdt + T g +dr) (edt — —"—dr —dr ).
r—2m r—2m
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Let’s introduce ¢t = ct 4 2mlog |r — 2m| so that cdt = cdt +
we find

27 dr. Putting this into (ds)?

r—

_ _ 1+4+2m/r
(ds)? = (1 —2m/r) (cdt + dr) <cdt — 1—2m/rdr> .

Multiplying this out, we find that, unlike our original coordinates, nothing blows up at the
Schwarzschild radius.

Setting the two terms in parenthesis to zero, gives the null geodesics. From cdt = —dr,
ct = —r + const.
Integrating cg—f = 11—32?: gives

ct = r + 4mlog|r — 2m| + const.

The family of curves for our new coordinate system are plotted below. We can deduce the
propagation directions since the orientations of the light cones will change continuously
through r = 2m in this coordinate system.

We see that all null trajectories inside the Schwarzschild radius will eventually go to the
singularity at » = 0 (we can use this to convince ourselves that the previous drawing is
correct). Since timelike curves are bounded by these cones, once a massive particle is within
the Schwarzschild radius there is no escape.

3.8.4 Maximising survival time inside a black hole.

Suppose a rocket ship finds itself inside the Schwarzschild radius of a black hole. What
is the longest time the ship can survive, according to the proper time determined by the
passengers? We allow ourselves the freedom the specify the velocity of the ship at an initial
time, to maximise this survival time. The rocket has an engine and so does not need to follow
a geodesic.

Let’s start with our relation for any timelike curve:

A(dr)? = A1 —2m/r)(dt)? — (1 — 2m/r) "L (dr)? — r2(dQ)2.
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Noting the signs of the terms in the above expression for r < 2m, we have
A(dr)? < —(1 —2m/r) " (dr)2.

This provides an upper bound for dr (note that dr is positive).
Now let’s consider a radial geodesic. The relevant equation is

- 1—2m/r

Let’s further choose initial conditions so that £ = 0. This corresponds to starting from rest
at the Schwarzschild radius. Then we find

A(dr)? = —(1 — 2m/r) 1 (dr)2.

for this trajectory. Thus this radial geodesic attains the upper bound we found previously.
To maximise the survival time, the pilot should not use the engines. He should just allow the
ship to fall radially to the singularity with & = 0. This result is certainly counterintuitive.
The comparison to fish near a waterfall breaks down.

If the rocket starts from rest slightly beneath the Schwarzschild radius, this corresponds
to the longest possible survival time. For this we obtain

0 T 1 T
cAT = —/ dr :2m/ dx = mm.
om  \ 2m —7 0 V1—x

3.9 Cosmology

3.9.1 The Cosmological Principle

We will now move on to consider motion over much larger length scales and much longer
time scales, and motivate a metric aimed at describing the geometry of the universe. In doing
so we will be guided by the cosmological principle:

« At every epoch, the universe looks the same from every spatial point except for local
irregularities.

The principle implies both that there are no privileged points in the universe and that there are
no privileged directions about any points when viewed over sufficiently large length scales.
This means that the universe is homogeneous and isotropic. This will greatly reduce the
number of candidate metrics we can use to describe the universe.

We take spatial coordinates which are comoving with the universe and write

(ds)? = *(dt)? — (S(t))?gijda’da?

where S is a dimensionless scale factor depending only on ¢. Since coordinates are comoving,
t measures the proper time at any fixed location in space. The cosmological principle requires
that the spatial metric g;; describes a maximally symmetric manifold. A maximally sym-
metric N-dimensional manifold is a manifold having the maximum number, N (N + 1), of
independent Killing vector fields["¥

8The practice problems contain a question introducing Killing vector fields.
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3.9.2 Maximally Symmetric Three-Dimensional Manifolds

We will now deduce the spatial portion of our cosmological metric. We drop tildes and
restrict to three-dimensions in what follows. The Riemann curvature tensor of a maximally
symmetric manifold can be written as

Riji = K(gikgjt — 9i9ijk)
where kisa constantE;] Note that this satisfies all of the required symmetries of the curvature

tensor. The corresponding Ricci tensor can also be seen to be constant. That is, we can work
out (for three dimensions)

R;j = 2kg;;, R = 6k. (40)

Maximal symmetry of course requires spherical symmetry. A general spherically symmetric
three-dimensional metric can be written as

(ds)? = ) (dr)? + r2((df)? + sin® 0(de)?)

where A is an arbitrary function of r.
From this we can compute (using, say, Mathematica)

2 - A /
R = 3¢ (—1+e*+7rX)
where primes denote derivatives with respect to r. Setting R = 6« and solving this differen-
tial equation gives
e M) =1 kr? 4+ Alr

where A is a constant of integration. Ry, = 2kg, further requires A = 0. The resulting line
element

(ds) = -5 (dr)? + r(d0)?

has Riemann curvature tensor of the form 40
To gain some intuition about these metrics, it is useful to embed the manifold in a four-
dimensional space.

x> 0/ positive curvature / closed: Let r = —L sin(x). Then

N

(ds)? = % ((dx)? + sin® y(d9)?)

Introduce the new variables

w = Rcos(x)

1YWe are not showing this result, but hopefully it is plausible. See IX.6 from Zee’s book for a derivation.
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where R = 1/\/k. Then w? + 2% + y? + 22 = R? and
(ds)? = (dw)? + (dz)* + (dy)* + (d2)*.

Thus we can think of this manifold as a three-dimensional sphere embedded in four-dimensional
Euclidean space. This manifold is closed in the sense that it has finite volume.

k = 0/ zero curvature / flat: When £ = 0, the metric clearly describes three-dimensional
Euclidean space.

x < 0/ negative curvature / open: Let » = —— sinh(x). Then

Vsl

(ds)* = = ((dx)? + sinh? x(dQ)?) .

3

Introduce the new variables

w = Rcosh(x)

x = Rsinh(x) sin(6) cos(¢)
y = Rsinh(x) sin(#) sin(¢)
z = Rsinh(x) cos(0)

where R = 1/+/|#/|. Then w? — 22 + 4? + 22 = R? and
(ds)? = —(dw)* + (dz)* + (dy)* + (d2)*.

Thus we can think of this manifold as a three-dimensional hyperboloid embedded in a flat
Minkowski space with +2 signature. This manifold is open in the sense that it has infinite
volume.

3.9.3 The Friedmann-Robertson-Walker Metric

With these three possibilities in mind, we now return to spacetime. Things will be simpler

if we scale the r variable. For nonzero k, let 1 — r/y/|k| while for k = 0, we leave r

unchanged. Additionally, let R(t) = SW. for non-zero  and R(t) = S(t) when k = 0.

Vsl

With this we obtain the line element

(ds)? = (dt)? — (R(t))? ( (dr)? + r2(d9)2> . (41)

1 — kr2

In this, £ is either 1,0, or -1 which respectively corresponds to a closed, flat, or open universe.
Eq.[41| defines the Friedmann-Robertson-Walker (FRW) metric.
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3.9.4 A Perfect Comoving Fluid
We will now fill the universe up with a perfect comoving fluid with u* = (¢, 0,0,0) and
TH = (p+ p/c)utu” — pg"”.

The pressure p and the proper density p are taken to be functions of ¢ only. This form of the
energy-momentum tensor is again motivated by the cosmological principle. First we consider
the equations of motion V,T#” = 0. In Sec. we found the following relativistic fluid
equations

V. (put) + %vuu“ —0 (42)
and
(p+ /)Y " = 8up(g" — uku” /c?). (43)
Let’s plug u* = (¢, 0,0,0) into these equations.

The right-hand side of Eq.[43]is zero. This is because p depends only on time, and g
for the FRW metric. For the left-hand side we consider

00:1

v v v 0 AR
ut'V " = cVou” = cl'g,u’ = cI'g.

For the FRW metric, one can see that I'fjy = 0 for all v and so u#V u” = 0. Therefore Eq.
gives no information. For Eq.[42] we need to evaluate the divergence of the four-velocity
field. We find

B9yt - TH Y =T
Vu = gyt + T, u” =T ¢

Using the definition of the Christoffel symbol, we have in general (check)

1
FZV - 59“0('9”9#0_

Using the FRW metric, we find

1 R
Iy = 10" Bogo = 300
where R = dR/dt. Thus
V,u" = 3R/R.

Finally, inserting this expression for the V ,u* into Eq.[42} we find

d pd
£(pR3) + C—Q@R3 =0. (44)

Thus the relativistic fluid equations reduce to the relatively simple equation above for the
comoving perfect fluid.
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3.9.5 Cosmological Field Equations

Now we consider the Einstein field equations for our FRW metric with the energy-momentum
tensor of the previous section. The 00 component of the Einstein tensor is computed to be

k+ R%/c?

Go =3 R2

Noting that Ty = pc?, Gog = 877G T becomes

A

R% + ke? — SngRQ =0 (45)

which is typically called the Friedmann equation. The other components of the Einstein field
equations do not produce any additional independent equations.

The relevant equations governing the dynamics of the universe are and the equa-
tion of state which relates p to p (more on this later). With initial data, these three equations
can be solved to determine the dynamics of the universe (under the assumptions of the model).

3.9.6 Matter-Filled Universe

Consider a universe composed only of dust (matter) where p = 0. Then from Eq. 44| we
find p o< 1/R3. Inserting this into the Friedmann equation, we find

where A is a positive constant. This equation actually has the same form as the energy of
a Newtonian particle in a classical gravitational field. With the initial condition of the Big
Bang, R(0) = 0, the solutions for closed, flat, and open universes are sketched below. Note
that for the closed universe (k = 1), the universe will eventually reach a time when R=0.
For this case, the model predicts the universe to end in a “big crunch”.

k=-t [Ope,\)
R\ w=0 ( F,?c\f)
le=y (Cﬁ@!egl/
_ .

For perhaps philosophical reasons, Einstein favoured a closed, static universe. However,
each of the cases investigated above predict a non-constant R(¢). To remedy this, Einstein
introduced a cosmological constant A into his field equations as
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where (T""), is the energy-momentum tensor for matter. Since V,g" = 0, the additional
term does not spoil the zero-divergence condition of the field equations. This extra term
actually can be absorbed into the energy-momentum tensor. That is, we let

TH = (T#) + (%)
where
(T")a = (pa + pa/)u'u” — pagh”.
Next we take py = —pac? so that (T*), = prc?g"”. Finally, if we choose py = %A, Eq.
can be rewritten as GH = SZTGTW.
The fluid equation of motion [44] for this 7" gives (denoting the dust-density by p,)
p=pm+pr=B/R®+ pa
where B is a positive constant. Inserting this into Friedmann equation, we find
1. 1
“R?2+V(R) = —kc?
57+ (R) 5 ke
where
V(R)=-CR?*-D/R

(C and D are positive constants). These equations describe a Newtonian particle in the po-
tential V' (R). Since V' (R) has an extremum for which V' < 0, it is possible to obtain a static
universe when k& = 1. However, shortly after the development of these ideas, experimental
data appeared showing the red shift of distant stars and thus indicating that the universe is
in fact expanding (R > 0) and not static.

3.9.7 Multi-component cosmological fluid

More complete cosmological models allow the matter in the universe to consist of several
components. We take three components: radiation, matter, and vacuum density. We write
the energy-momentum tensor, density, and pressure as a sum over components:

T = Y,
i
p=> pi
i
p= Zpi
i
We further take the fluid components to be non-interacting, and thus take

Vu(T")i =0
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for each component. The density and pressure of each component are related by an equation
of state:

2
pi = wipic.

For matter, vacuum density, and radiation, w; is 0, -1, and 1/3 respectively.
Knowledge of the density and the scale factor R(t) of a particular fluid component at a
particular time ¢, Eq.[44| can be used to predict future (and past) values of the corresponding

density:
3(14w;)
w) =0 () @)

This relation tells us that the early universe shortly after the big bang was dominated by
radiation.

Current estimates give that the universe is 30% matter and 70% vacuum density. The
mysterious vacuum-density component also is known as dark energy, which, within these
models, is needed to explain more recent observations that the universe is expanding at an
accelerating rate, which is known as inflation. There is currently no satisfactory theoretical
understanding of this component. Furthermore, most (80%) of the matter in the universe
is thought to not be baryonic (baryonic matter is matter described by the Standard Model
of particle physics). The non-baryonic matter is called dark matter and is also not well
understood. There is still quite a bit to be understood!

3.9.8 de Sitter Spacetime

Motivated by the previous section, let’s consider a universe composed entirely of dark
energy, and also take the universe to be flat (k = 0). The Friedmann equation is

. 8
B ="GpR2,
3
From this we find

. 8 A
2 2 _ _ _
H* = (R/R)" = 3 Gp = 3.2 = const

where we have introduced the Hubble constant H = R/R. This has the solution R(t) =
R(0)eft. Our FRW metric then becomes

(ds)? = A(dt)? — 2 ((dx)? + (dy)? + (dz)?).

This is the so-called de Sitter spacetime. In this model, the universe is expanding exponen-
tially fast.
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