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Abstract

This thesis is mostly based on the research presented in [1, 2, 3]. We intro-
duce a novel efficient framework to treat infinite periodic vortex lattices in
rotating superfluids under a mean-field Gross-Pitaevskii description. In do-
ing so, we introduce a generalisation of the Fourier transform which correctly
diagonalises the kinetic energy terms while respecting the required twisted
boundary conditions. We call this integral transform a Magnetic Fourier
transform. Testing the method, we re-obtain known results in the lowest-
Landau-level regime, and further extend to stronger interacting regimes.

We provide an extension of the above method to treat multicomponent
systems, demonstrating that new degrees of freedom need to be introduced for
each new component. We then employ this method to investigate the ground
states of binary superfluid systems whose constituents have equal masses,
thereby extending previous work carried out in the lowest-Landau-level limit
to arbitrary interactions within Gross-Pitaevskii theory. In particular, we
find that the interactions depauperate the phase diagram, with only the
triangular lattice phase surviving in the limit of strong interactions. Withal
we prove this applies regardless of the mass ratio of the constituents.

We further investigate binary superfluid systems with non unitary mass
ratios, obtaining a range of novel and exotic vortex lattice configurations. Fi-
nally we derive a linear relation which accurately describes the phase bound-

aries in the strong interaction regime.
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Introduction

“What kind of computer are we going to

use to simulate physics?”

Richard P. Feynman, Simulating Physics
with Computers, 1981

It was June 1924 when Satyendra Nath Bose, until then a relatively un-
known Indian physicist, sent a letter to Albert Einstein describing his work
on the quantum statistics of quanta of light, a kind of particle later named
bosons by P.A.M. Dirac in honour of the Indian physicist. Just a month later,
Einstein would extend this work to ideal gases [4], and a year later led him
to speculate on the existence of what today is known as Bose-Einstein Con-
densation, a purely quantum mechanical phase transition occurring when,
at sufficiently low temperatures, a macroscopic fraction of the system falls
into the lowest energy quantum state. In 1938 [5], Fritz London proposed
that Bose-Einstein condensation might be responsible for a perplexing phe-
nomenon that had been observed since the beginning of the century in *He
at low temperatures, namely superfluidity [6]; Heike Kamerlingh Onnes had
already liquefied helium in 1908, which allowed him to cool down mercury
to temperatures low enough to observe superconductivity, granting him the

Nobel price in 1913. However, today it is known that in liquid helium, the

15
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fraction of the system which is condensed is only about 10%. London’s work
was followed in 1941 by Lev Landau’s revolutionary two-fluid model [7], and
in 1946 by Nikolay Bogolyubov’s. The theoretical understanding was fur-
thered by the subsequent work of David Gross and Lev Pitaevskii, one of
Landau’s pupils. But it wasn’t until June 1995 that Bose-Einstein was actu-
ally achieved in a laboratory.

Seventy-one years after Bose’s letter, in June 1995, Eric Cornell and Carl
Wieman at the JILA lab in Boulder cooled a gas of Rubidium (¥Rb) atoms
to 170nK, and shortly after Wolfgang Ketterle at MIT did the same with
Sodium atoms (**Na), thereby producing the first atomic condensates, which
led to the Nobel price in 2001 and paved the way for more theoretical and
experimental exciting research.

The following decades saw a significant growth in interest for the topic,
a growth also fostered by the rapid advances in cooling technology, which

enabled for accurate and precise probing of such systems. Furthermore, it

Bose - Einstein Condensation

Cold Atoms

1920 1930 1940 1950 1960 1970 1980 1990 2000

Figure 0.1: Interest in the literature (as rate of occurrence of the topics) for
Bose-Einstein Condensation and Cold Atoms in time [8].

was soon realised [9] that inter-atomic interactions could be tuned, from at-

tractive to repulsive, through the use of so-called Feshbach resonances, which
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made cold gases much more than just a simple experimental demonstration.
Confining ultracold atomic gases into optical lattices [10], a technique which
introduced the prospect of more exotic potential, tight spatial confinement
and reduced dimensionality as well as synthetic dimensions [11], opened up
the investigation of a most diverse range of systems and theoretical models,
and to the creation of quantum simulators, the viability of which was firstly
envisaged by R.P. Feynman in the early eighties. The prospect of realising
a quantum simulator was effectively brought to reality by the more recent
introduction of synthetic gauge fields [12, 13], which allowed the study a
broader class of systems, under both Abelian and non-Abelian gauge fields.
In recent years, about a dozen' different atomic species have been shown to
condense at low enough temperatures, as well as molecules, composite parti-
cles and quasiparticles, including, inter alia, magnons (quantised spin-waves
in magnetic materials)[22], excitons (electron-hole pairs)[23] and polaritons

(photon-exciton entangled states)[24].

Quantum Fluids

Although the relation between Bose-Einstein condensation and superfluidity
is not univocal, the two are intimately connected. The term superfluidity
was originally coined by Pyotr Kapitza to describe the anomalous absence of
viscosity observed in *He below the characteristic lambda point (this is the
so called He-II phase occurring at T' < T ~ 2.17K) by his group in Moscow
[25] and by John F. Allen and Donald Misener in Cambridge in 1938 [26].
A few decades later, Lee, Osheroff and Richardson [27, 28] found that *He
enters a superfluid phase as well, below 2.7mK. No other superfluids were
thereafter discovered, until the realisation of Bose-Einstein condensation in

ultracold dilute atomic gases in 1995.

!Amongst others, "Li (1995) [14], H (1998) [15], ®*Rb (2000) [16], *'K (2001) [17],
133Cs (2003) 18], 1™ YDb (2003) [19], **Cr (2005) [20], **K (2007) [21].
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Among the most peculiar effects of superfluidity is the existence of a
critical velocity for dissipation, a property observed from the earliest exper-
iments and firstly explained by Landau. Although such a property has been
observed in Bose-Einstein condensates [29], it is not a defining property of a
condensate: one suitable example here, is that of an ideal Bose gas for which
the critical velocity is expected to vanish, hence depriving the system of its
lack of viscosity; another, that of a condensate in a random potential [30].
Such systems, exhibiting Bose-Einstein condensation but lacking superfluid-
ity are known as Bose Glasses. The converse might be true as well: it is
indeed possible to find systems lacking condensation but exhibiting all the
defining properties of superfluidity; probably the simplest example of such a
system is that of a 1D gas at low temperatures.

Other defining properties of superfluidity include phase coherence — a
straightforward consequence of which is interference [31, 32]-, and the un-
usual response to rotation. A quantum fluid cannot in fact rotate as a classi-
cal fluid, and acquires angular momentum through the nucleation of vortices
carrying quantised angular momentum. These effects have also been observed

in Bose-Einstein condensates [33, 34].

Quantum Vortices

Quantum vortices exist, as predicted in the late fourties by Lars Onsager?
and independently by Feynman in 1955 [35], due to the quantisation of the
circulation, and appear as zero density lines in the density of the superfluid.
In 1957, Alexei Abrikosov, taking the lead from Onsager and Feynman’s
work, studied the energetics of different lattice configurations in the lowest
Landau limit, arriving to the claim that the energy is minimised by a pe-
riodic square array of quantum vortices. Shortly after, it was shown [36]

that a wrong assumption had misled Abrikosov, and that the correct struc-

2Noticed by F. London in his book Superfluids, Wiley (1954)
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ture minimising the energy is that of a periodic triangular array of quantum
vortices. Nonetheless, despite Abrikosov’s wrong prediction, the correct tri-
angular configuration bears today his name. The experimental proof of this
result came in the late sixties [37, 38] and Abrikosov was granted the Nobel
price in 2003, sharing it with two other major players, who gave invaluable
contribution to the physics of superfluidity: Vitaly L. Ginzburg and Anthony

J. Leggett. Abrikosov’s triangular configuration is known to be stable at any

Figure 0.2: Early imaging of stable vortex configurations in superfluid *He
[39].

given interspecies interaction strength. The physics is however very much
enriched when considering two or more interacting superfluids. Here the
configurations are not necessarily triangular anymore, and it is possible to
achieve both complex vortex lattices at the variation of the interaction pa-
rameters, and lattices made of multiply quantised vortices, which are usually

otherwise unstable against decay into singly quantised vortices.

How to create a vortex

The experimental observation of vortices in superfluid *He, dates back to 1956
[40], the creation of which could be achieved by cooling Helium while rotating
it in its non-superfluid phase I. However, it was not until 1999 that the first

observation of vortices in a BEC was made at the JILA group in Boulder,
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Colorado [41], following a method proposed earlier that year [42], known as
phase imprinting. In order to overcome technical difficulties associated with
condensing the system while in rotation, a procedure was instead proposed
to generate vortices from a non-rotating condensate. Considering a two-level
system (such as one made by the two hyperfine levels of *'Rb), in which
each state is confined in a separate harmonic potential, and simultaneously
applying an electromagnetic field coupling the two states, so as to cause
atoms to cycle between levels, one can obtain one component with a quantised

vortex, circulating around the second non-rotating component. Notice that,

Vig>

a b

Figure 0.3: In the method proposed by [42], the two traps V};y and Vjy) are
rotated about each other at a frequency w,, while the transition between
states |1) and |2) are driven at the effective frequency Qg = v/Q2 + 2. Here
Q2 is the Rabi frequency at which the population would oscillate between the
two states if the detuning  was absent. A singly quantised vortex can be
obtained when w, ~ Qg =~ 9.

in contrast to the one-component U(1) order parameter (as for He-II) which
has the topology of a circle, the coupled two-component system effectively
behaves as an SU(2) spin—% system with the topology of a sphere. As a
consequence the latter system is not required to exhibit quantised vorticity,
as it is instead true for the on-component system [43].

The vortex creation is specifically achieved by transferring the system

adiabatically to a spherical trap, rotating a beam around the condensate,
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thus inducing an AC Stark shift on one of the two components, as shown in
Fig. 0.4, and finally turning off the Rabi coupling at the appropriate moment,

thereby leaving a 27 winding of the phase in this component. The vortex

2>

Laser rotation, ® o)
Laser
profi

Two-photon
microwave

T a) |1>4£ (b)

Figure 0.4: The detuned off-resonance laser gives rise to a rotating gradient
in the AC Stark shift, thus imprinting a 27 winding of the phase in the
condensate [41].

core in this system is much larger than the natural healing length, due to the
core being filled with the non-rotating component. Its size clearly depends on
the fraction of the non-rotating component, and has been found to reach up
to 10um, thus allowing for non-destructive imaging with visible light. This
is particularly important if one is interested in tracking the motion of the
vortex.

In the same experiment, the JILA group was also able to remove the
non-rotating component in the core through an intense laser pulse, so as
to leave a single component with one singly quantised vortex with core size
of order of the healing length ¢ ~ 0.2um. By imaging the two component
system first, removing the core, turning of the confining trap so that the
condensate expands ballistically, and imaging the expanded vortex core, it
was made possible to measure the precession rate of the empty-core vortex:
these measurements were found to consistently agree with the theoretical

predictions [44].
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It is also worth mentioning the existence of a different elegant and sophis-
ticated procedure to imprint a geometrical Berry phase [45], which relies on
engineering a spatially dependent phase contingent on the path of a slowly
varying magnetic field [46]. With this method it has also been possible to cre-
ate vortices with two and four units of circulation [47]; however, as we will
argue later, in a bulk condensate, these are energetically unstable against
decay into singly quantised vortices.

What is probably the most popular method, pioneered by the ENS group
in Paris and by the MIT group [48, 34], consists instead in mechanically
stirring the condensate through a laser beam. This method in particular,
allowed for the creation of many vortices (in the order of hundreds) thus
making it possible to observe the Abrikosov lattice. Cornell’s group at JILA
was instead to achieve condensation of a rotating cloud of atoms, in analogy
with the process of cooling “He in the rotating bucket; moreover, although as
metastable states, they achieved the first giant vortices containing up to 60
phase singularities [49, 50]. Finally, Anderson’s group in Arizona [51], was
also able to achieve the creation of vortex-antivortex pairs by sweeping the

condensate through a laser beam obstacle.

Vortex lattices

In agreement with theoretical predictions, large arrays of vortices respect the
Qm

Feynman relation for the vortex density p, = 3 (see Chapter 1), and the
lattice formed rotates around the axis of rotation so as to simulate rigid rota-
tion. The two characteristic lengths of the system, namely the healing length
and the intervortex spacing ¢ ~ 2\/;}% (again, cf. Chapter 1) are helpful
to define two defining regimes of the system. One is the Thomas-Fermi (or
Coulomb) regime, in which the interaction and confining energies are both
large compared with the gradient energy associated with variations in the
density, and consequently ¢ > £. On the other hand, when the interaction is

weak, or equivalently for large rotation rates, one defines the lowest Landau
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level (LLL) regime. Here the vortex cores overlap, so that the healing length
is in the order of ¢ or greater, and the energy associated with density varia-
tions is far from negligible. The linearised one-body problem is then exactly
solvable, and, as we will discuss in more detail later, equivalent to Landau’s
original problem of an electron in a uniform magnetic field (hence the name
LLL regime, which is sometimes also referred to as mean field quantum Hall
regime). For a single component system, the Abrikosov lattice is known to
be stable in both these regimes and in between. Despite theoretical predic-
tions of circular lattice distortions near the boundary of a finite condensate,
experiments with many vortices found instead a high degree of regularity
[52].

Small perturbations of the vortex lattice were first studied by Tkachenko
in the mid sixties [53]: the triangular lattice was shown to support stable
normal modes, which in the limit of long-wavelengthseffectively consists of
transverse phonons with linear dispersion relation. Such Tkachenko oscilla-
tions were reported in liquid *He [54], but it was not until recently that a

conclusive demonstration of their existence was obtained [55].

Figure 0.5: Tkachenko oscillations of the vortex lattice in Bose-Einstein con-
densate [55]. The black lines are sines fitted to the vortex lattice distortion.

It is however possible to find more exotic configurations when considering
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strong long-range interactions. One such example is that of *Cr, an atom
with large magnetic dipole moment [20]. When dipolar interactions are suf-
ficiently strong, in addition to the common Abrikosov phase, one can find a
square configuration, a stripe crystal (or rectangular), and a bubble crystal

phase [56].

Condensates in rotating optical lattices

Very much interest was drawn to the effect of a pinning optical lattice on
the vortex configuration [57, 58]: this is in fact a phenomenon of remark-
able importance as naturally arising in in systems such as multicomponent
condensates, in the context of high temperature superconductors [59, 60],
and in neutron stars where the pinning and unpinning of superfluid vor-
tices in the highly degenerate neutron matter to the outer stellar crust, is
thought to be responsible for pulsar glitches (sudden changes in the star’s
rotational frequency)[61, 62]. Furthermore, recent proposals also put forward
the pinning of vortices in superfluids as a method to engineer the braiding

of Majorana bound states in topological superconductors [63].

The nature of the ground states here depends both on the densities of
vortices and pinning sites, which also raises the problem of commensurability
[64], as we will discuss in the last chapters of this manuscript. The pinning
of vortices in atomic condensates can be achieved by rotating optical lattices
[65], and depending on the condensate’s coupling strength and the depth of
the pinning sites, one can observe transitions between the Abrikosov lattice
and phases where the vortices are pinned to the underlying optical lattice,
with a range of different structures, including the stable accommodation of

vortices with multiple units of circulation within one pinning site.
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Systems with multiple components

As we will extensively discuss in the later chapters, one finds more complex
configurations when considering systems with multiple components, although
the Abrikosov lattice is always favoured in the lighter or more strongly in-
teracting component, for large enough couplings.

The first results in the classification of ground states for a mixture of two
interacting condensates with components of equal masses were obtained in
the lowest Landau level by [66] and are summarised in Fig. 0.6: one finds the
ground state consists of two overlapping triangular lattices in the attractive
interspecies interaction case, and of two interlaced triangular, oblique, square,
or rectangular lattices in the case of repulsive interspecies interaction. We
will discuss extensively of these results and of their extension away from the

lowest Landau level regime in chapters 5 and 6.
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Figure 0.6: Predicted ground state configurations for a mixture of two con-
densates with components of equal masses [66]. Panel (a) refers to attractive
interspecies interactions, while (b-e) to different growing magnitudes of re-
pulsive interspecies interactions.

In these systems, one usually finds great and accurate experimental con-

trol over the interaction parameters, which allows to study a whole range of
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lattice configurations and to move continuously from miscible to segregated
phases [67]. However, the relative populations of each component are usually
constant.

Until about a decade ago, most experiments would trap atomic conden-
sates with hyperfine spins F' = 2 or F' = 1 magnetically. A system of con-
densed spin-F' bosons is described by the spinor field operator @/A}m such that
(thm(r, 1)) = Gu(r, )0 (r, t), where m labels F, (—F < m < F), ¢ is a scalar,
and ¢! -, =1. When trapped magnetically, the atomic spins are max-
imally aligned along the magnetic field, so that the dynamics of (@/;m> is
completely determined by the scalar ¢. One can instead trap the system
optically [68], thus leaving the spin degrees of freedom unconstrained. More-
over, the populations of the spin components are no longer constant, and
the population balance can vary via spin exchange collisions. The physics is
thus even more enriched in spinor systems. As an example, spin-1 systems
(such as **Na, *K, ®*'Rb), depending on the different scattering lengths at
play, can exist in either a polar phase, in which the system tries to minimise
the local spin density <§> = 0, or a ferromagnetic phase, where the system
acts to maximise the total spin, so that the expectation (S} acquires a non-
zero value. Different topological momentum carrying excitations exist in the
form of spin-textures, varying in the two phases: in polar systems these are
known as 7-disclinations of the polar phase (half-quantum vortices), while in
the ferromagnetic case one finds core-less vortices, also known as skyrmions
[69, 70].

Outline of this thesis

This thesis constitutes a study of perfect vortex lattices in superfluids. Com-
mon approaches involve either analytical treatment in experimentally re-
strictive regimes, or the direct simulation of the system within an harmonic

trapping potential. The latter approach in particular, is both inefficient and
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inconvenient, since the harmonic trap distorts the vortex lattice. We aim
instead at simulating such systems in a manner which allows access to any

interaction regime, while preserving the exact shape of the lattice.

The present thesis comprises the research published in [1], where we de-
scribe a novel computational scheme to investigate the lowest energy states
of rotating superfluid systems. This work constitutes the bulk of Chapter 3
and some of Chapter 2. A second contribution [2], describes an extension of
the above mentioned method, to multicomponent systems, extends results
by [66] providing a complete characterisation of the phase diagram for su-
perfluids whose components have equal masses, and discusses on the results
in the regime of strong interactions, demonstrating that a simple linear re-
lation for the phase boundaries can be obtained in this limit. These results
are presented in Chapter 5. Finally, Chapter 6 contains the work recently
submitted for publication on Phys.Rev.Lett. [3], in which the method for
multicomponent system is applied to mixtures with non unitary mass ratios,

predicting new exotic lattice configurations.
The thesis is organised as it follows.

e Chapter 1 is a broad introduction to superfluidity and Bose-Einstein
condensation. The properties of single vortices are also discussed. In
the last section we discuss on the symmetries of the system, specifically
with particular attention to the Magnetic Translation group arising
from the synthetic gauge field associated with rotation. Finally we show
how standard periodic boundary conditions should not be a preferred
choice for rotating systems, demonstrating that a more natural and
suitable choice exist, namely Twisted Boundary conditions.

e Chapter 2 is devoted to an overview of the numerical methods used.
In particular, a description is given of the imaginary time propagation
method, indispensable to the search for the lowest energy states, and
split-step methods needed for time propagation. We explain why the

imaginary time method in its standard form, is in principle applicable
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to linear systems only. We further argue that the method is however
applicable to the non-linear case of our interest (namely that of the
Gross-Pitaevskii equation), by showing the energy is monotonically de-
creasing in imaginary time. The same argument applies to split-step
methods: the standard procedure giving a second order method for lin-
ear problems, does not apply directly for non-linear ones; a second order
method for the non-linear problem of interest was already presented in
[71], but this method is shown to lose accuracy when propagating in
imaginary time. We provide here a different split-step method which
is second-order accurate in imaginary time.

In Chapter 3, we introduce a non-linear anisotropic Hofstadter model,
showing it reduces to the continuum Gross-Pitaevskii theory describing
the system in the continuum limit; moreover, we discuss on different
approaches to the implementation of the required twisted boundary
conditions. Specifically, we introduce a generalisation of the Fourier
transform which extends its action of diagonalisation over systems with
periodic boundary conditions to systems respecting twisted boundary
conditions: this is the Magnetic Fourier Transform. After discussing
the positive implications of this transform for the discrete model, we
test the method against the early results of Abrikosov and Kleiner et
al. [72, 36], obtained in the Lowest Landau limit. We further extend
these results to stronger interaction regimes.

Chapter 4 describes the results for mixtures of two superfluids under
attractive interactions. In particular, we show that a lattice of mul-
tiply quantised vortices is attainable in this regime. The chapter is
included both for completeness and to demonstrate the applicability of
the method introduced in Chapter 3 to a broader class of problems.
Chapter 5 gives a generalisation of the method from Chapter 3 to
multicomponent systems. This involves a non trivial constraint on the

boundary conditions of the additional component(s). Then, we proceed
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to extend the results Mueller and Ho [66] obtained in the Lowest Lan-
dau limit for two components whose constituents have equal masses,
and we thereby provide a complete characterisation of the whole phase
diagram. Finally we consider the limit of strong interaction (Coulomb
limit), to find that a simple linear relation can be found for the phase
boundaries.

e Chapter 6 is dedicated to the case of a mixture of two superfluids
with a non unitary mass ratio. We start from some general considera-
tions concerning the commensurability of the two systems. We further
present a characterisation of the phase diagram for the particular case
me/my = 2, and finally we give an overview of the possible exotic lat-
tice configurations attainable for higher mass ratios. A generalisation
of the expression for the phase boundaries provided in the previous

chapter is also given.
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Chapter

Bose-Einstein Condensation,

Superfluidity and Symmetries

This first chapter is devoted to the introduction of the background concepts
needed to build up the models presented in the rest of this thesis. A brief
description of the physical significance of Bose-Einstein condensation will be
given, starting from a statistical argument, then introducing the standard
argument for condensation in non-interacting systems, and finally looking
at this phenomenon in an interactive perspective, and in the scenario of
condensates of different species interacting with each other. The superfluid
properties of such a system will also be discussed, together with the implica-
tions for what concerns their response to rotation. Finally we will discuss on
the symmetries of the system. This discussion will prove particularly relevant

for the construction of the models, which will be approached in Chapter 3.

1.1 Bose-Einstein Condensation

The concepts underpinning the process of Bose-Einstein condensation can
be grasped at once from a concise statistical argument. If one considers the

problem of distributing A particles among S states so that the jth state
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contains n; particles, he will find substantially different answers depending
on whether the particles under consideration are distinguishable or indistin-
guishable. If, as it is done classically, the particles are distinguishable, then
there are N1/ Hle n;! different possible configurations. On the other hand,
if the particles are indistinguishable there is only one configuration possi-
ble (assuming there are no extra constraints, as it is for the bosonic case).
When the discrepancy becomes particularly evident, i.e. when N > S, the
configurations in which more particles occupy the same state have a higher
relative weight. This result, although not particularly rigorous, is remarkably
instructive and very general. No mention was in fact made of thermal equi-
librium nor interaction; regardless of these considerations, bosons, because

of their very own nature, have a tendency to cluster together.

1.1.1 Non-interacting systems

We will now discuss the case of an ideal, i.e. non-interacting, Bose gas. The
mean occupation number of single particle states of energy €; < €;44, at tem-

perature 1" and with chemical potential p, is given by the Bose distribution

() = (%5 1)‘1. (1.1)

It is worth noticing that for large temperature T, the effect of the quantum
statistics becomes negligible, and one obtains back the Boltzmann distribu-
tion f(€,) Kimia exp[— (e, — p)/kpT) known from classical mechanics. One
implication of this result, inter alia, is that, in order to observe the quantum
nature of the system, it is either necessary to have low temperatures or high

densities at fixed temperature.

If the energy of the ground state is set to zero ¢y = 0, it is evident
that in order to avoid unphysical negative occupation numbers, the chemical

potential must remain negative. We can now consider the total particle
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number, which can be obtained from the distribution function as
N=>"fle). (1.2)

For large particle numbers, one may replace the sum in the above expression,
with an integral over the single-particle energy, taking care to include the

lowest energy state explicitly, lest obtain problematic and unphysical results:
N = f(e) +/ def(€)g(e). (1.3)
0

Here g(€) is the density of states, an expression for which can be obtained
recalling that, due to Heisenberg uncertainty relation, there is one quantum
state per phase space cell of volume (27/)3. Writing for the real space volume

V = AzAyAz, and for the volume in momentum space containing states with
4
§ 2
states with energy less than - as
4_.3
B Vamp B V2

= = 3/2 14
(2mh)? V37r2h2(m6) ’ (14)

momentum less than p as 37p?3, it is possible to write the total number of

G(e)

so that the density is given by

_ dG(e) Y V2

de 3n2h? (m)** Ve (15)

g(e)

More generally, it is possible to write g(e) = c,€*~!, where ¢, is a constant
and a = d/2 for the homogeneous case in d dimension, or o = d for the

harmonic oscillator case in d dimensions [73].

If we now assume to keep the temperature fixed, while adding more par-

ticles, we find that in general the density n will rise as

fleo)  ca /°° @1
n=""2 4 [ de—. 1.6
v v e (16)
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Moreover, because an increase in the particle number must be followed by
an increase in the chemical potential, we find that in the limit A/ — oo, the
chemical potential must approach its upper limit 1 = 0 (from below). Then,
for the second term in (1.6), usually referred to as the critical density n., one
finds

V Jo BT — 1 - V ev
kgT)%c,
= B o),

o a—1 T\ 00 a—1
Ca deE (kgT) ca/ d$:c
0 (1.7)

where we have made the substitution x = €/kgT, and where I'(z) is the
Gamma function and ((z) the Riemann zeta function. For o = 3/2 for in-
stance, one finds ((a)I'(a) ~ 2.315.

Therefore, one can see that increasing the number of particles NV, the
chemical potential u approaches zero, the second term in (1.6) approaches
the critical density n., and the remaining particles start falling all in the
lowest energy state. This process, also attainable with similar arguments in

the limit 7" — 0, is known as Bose-Einstein condensation [74].

Let us finally notice, that since n, ~ ((a)I'(«), the process of condensa-
tion might be forbidden for systems of certain dimensionalities. In particular,
because the Riemann zeta functions diverges in &« = 1 and is negative on the
domain [0, 1), and the Gamma function diverges in o = 0, one finds conden-
sation at finite temperatures, only for an harmonically confined system in

dimensions d > 1, or for a homogeneous system with dimensions d > 2.

More rigorous results concerning the existence of the process of conden-
sation for more realistic systems can of course be obtain [75, 76] as a function
of the number of particles, the strength of interaction, etc., but are out of

the scope of this thesis.
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1.1.2 Interacting systems: the Gross-Pitaevskii equa-

tion

For a fully condensed system, all particles occupy the same (normalised)
single particle state ¢(r), and the wavefunction describing the condensate
in the mean field approach (Hartree-Fock) is a symmetrised product of the

single particle wave functions

N

U(ry, 1o, .ory) = [ [ o(r)). (1.8)

J=1

In addition, the interactions are typically well approximated at low energies,
by a constant effective interaction in momentum space g = 4wh?a/m (with
a the s-wave scattering length), which in coordinate space, translates to
the effective contact potential of the form gd(r; — ry). The corresponding

Hamiltonian then can be written as
N p2
H= —L 4+ V(r; S(r: —11): '
jzl (Qm + (r])) —|—g; (rj —rg); (1.9)

introducing the scaled quantity 1(r) = VN ¢(r), known as the condensate
wave function, and neglecting terms of order 1/A, which is safe for large
N, it is possible to write the expectation value of the Hamiltonian (1.9),

corresponding to the energy associated with the state (1.8), as

Bl = [ar [Jvo@P + VLR + Jeel|. )

An expression for the wave function can now be obtained by minimising this

energy functional with respect to independent variations of ¥ and ¥* subject
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to the constant normalisation condition

Nz/awm% (111)

this constraint can be accounted for by a Lagrange multiplier pu, i.e. the
chemical potential ensuring constancy of the total particle number. Writing
the variations in the wave function as ¥ — ¢+ 91, and dropping the explicit

dependence on r, we find!

h2
5(E — uN) = / dr [%va&/z* VS + gl — ppd*| + c.c.,
(1.12)

and finally equating to zero the variation of the quantity E — pu/N with re-
spect to ¥*, one obtains the so-called time independent Gross-Pitaevskii
equation?®[77, 78]:

2
TV gy = (113)
m

thereby greatly simplifying the full many-body problem into a single non-
linear differential equation. In the limit of a non-interacting system, it is
worth noticing that (1.13) reduces to the Schrodinger equation, as the in-
teraction strength vanishes, and the chemical potential becomes the mean
energy per particle.

The Gross-Pitaevskii equation, similarly to its linear counterpart, the
Schrodinger equation, has a time-dependent version in which the chemical
potential yu is replaced by ih0;; this can be justified on the basis of Bogoliubov

microscopic theory through Heisenberg time evolution equation, or alterna-

!Disregarding terms of order higher than d¢. In particular we have used:
V(W + 6)V(* + §*) = |V|2 + ViV p* + Vp*Viy + ViypVay*, and similarly for
(4 500) (4" + 806°).

2Here we have made use of the integration by parts (Vi | Vi) = — <w | V21/)>.
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tively, from an action principle® [73]. The time dependent Gross-Pitaevskii
equation then reads

2
i — —;—mv% Ve + gl (1.14)

Conservation of the energy

A property of foremost importance that the equation of motion (1.14) must
respect, is that of energy conservation. We will now briefly show that this is
indeed the case.

One way to prove the energy is conserved in time is to look at the La-
grangian associated with the energy (1.10). Confirming that such a quantity
is invariant under time translations t — ¢ + dt, one can invoke Noether the-
orem to find that the energy is the associated conserved quantity. However,
more concisely and directly, one can consider the time evolution (1.14) in
terms of the hermitian Hamiltonian operator H = Hy + gp, using bra-ket

notation, as

ih|¢) = (Ho + 9p) ) ,

- (1.15)
ih (Y| = — (| (Ho + gp),

where we have introduced the density p = |¢|?, and where Hy = —%VQ +V

is the linear Schrodinger Hamiltonian. The dot denotes, as usual, a time

38 f:f Ldt = 0, where the Lagrangian is given by L = 2 [dr (*0y — ¢0,¢*) — E.
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derivative. Then,

2 = (D1Hol) + (1 Hol) + g ((lolw) + (vl )

= = (= HHO) + (WIHHI)) + £ (= @l + 0 1oH10)
(1 [Ho. ) [4) + (0] [o. Hol | 0))

=0,
(1.16)

as expected.

Particle number conservation

Another important quantity which is conserved in the time evolution of equa-
tions (1.14) is the total number of particles N' = (¢|¢). This can be readily

shown by explicitly taking the time derivative:

aN . .
S =@l + )

1 1 (1.17)
= — = (WIHY) + = (VIH[Y) = 0,

consistently with the normalisation condition (1.11).

1.1.3 Time-independent solutions and characteristic lengths

Although the achievement of the Gross-Pitaevskii equation has provided a
great simplification over the original many-body problem, this is still a non-
linear differential equation with no exact solution. One needs therefore, in
general, to resort to numerical methods.

However, there are a few cases in which we can approximate (1.14) and
still get a good estimate of the wave function. Consider for instance, the case

of an harmonically trapped system, so that V(r) = mT“QTZ. When the number
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of particles N is large, and interactions are repulsive, the contribution of the
kinetic energy becomes negligible [73], and one can approximate (1.13) by
(V 4+ gp)t = pap, which has solution

_ (k=V)/g HV<p
wTF—{ 0 iV > . (1.18)

This result, commonly referred to as Thomas-Fermi approximation, provides
a useful analytic tool for theoretical description of a condensate. Figure 1.1
shows the good agreement of the Thomas-Fermi approximation with a nu-
merical solution for the 1D problem in the harmonic trapping potential. The
boundary of the system is then given by V = pu, which, for a system with
spherical symmetry, provides a way to estimate the extension of the cloud:

this is the so called Thomas-Fermi radius

2
Ryp = B (1.19)

mw?

—— Thomas-Fermi
----  Numerical

Figure 1.1: Thomas-Fermi approximation compared with numerical solution
in 1D.

The concept of radius of the condensate allows one to obtain an approx-

imation for the chemical potential by plugging (1.18) into the normalisation
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condition for the wavefunction
/dr|w(r)|2 =N. (1.20)
Depending on the dimensionality d of the system, this leads
(1 (3gwN /m)** ifd=1
pre =14 ~/gmwN /T ifd=2 . (1.21)

| 22 (150N /am)?/5  ifd =3

We conclude this discussion on the characteristics of the time-independent
system, introducing another important parameter which will be useful through-
out the rest of this work, namely the healing length &, also known as correla-
tion length. The healing length, gives a scale of how the density of the con-
densate changes near a local perturbation. In particular, we denote by ¢ the
order of spatial variations, so that the kinetic energy in the Gross-Pitaevskii
balances with the interaction energy. Writing A%/2m¢ for the kinetic energy,
and gp for the interaction energy, one finds the following expression for the

healing length of the condensate

Y (1.22)
2mgp

with p = N/V the average density. The healing length is then the distance

over which the wave function heals over defects, such as, for instance, vortices,
as we will see later.

As we have mentioned, in the Thomas-Fermi regime we can neglect the
energy contribution coming from the kinetic term in (1.10) [79]. For a homo-
geneous system we can then approximate the ground state as Ey = pg/N /2.

Thus, in contrast with the case of an ideal gas, a bosonic system experiences
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a non vanishing pressure at zero temperature:

OE, _ gp°
pP=_--"="2" 1.23
)% 2 (1.23)
Moreover, one can find a finite compressibility as well
ap 1
— = — 1.24
and using through the hydrodynamic relation
o _ 1 (1.25)
oP  mc?
find an expression for the sound velocity
—— (1.26)

m

This expression (1.26) for the velocity of sound is in agreement with that

found in the Bogoliubov dispersion relation for elementary excitations [79, 73]

() = \/ Py (2, (127

which in the long wavelength limit (i.e. for small momenta p < mc) takes

the phonon-like form

e(p) = cp. (1.28)

In the opposite limit of short wavelengths, p > mc, the dispersion relation
(1.27) approaches the free particle relation

2

~ 45 1.29
e(p) o + gp. ( )
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It is worth noticing that the healing length defined in (1.22) can be also

defined in terms of the speed of sound as

=t (1.30)

1.2 Mixtures of condensates

We now turn our attention to multicomponent systems. The simplest mul-
ticomponent system is one consisting of a mixture of two different atomic
species [80]. These systems are sometimes known as scalar miztures. An-
other possibility is that of a mixture of the same isotopes, but in different
hyperfine states [81], which has recently become experimentally amenable
with the advent of optical trapping techniques [68]. The introduction of
extra degrees of freedom in this latter case, due to the possibility of each
component to transition into the other hyperfine state, makes the treatment
of these systems more complicated, and we shall concerns ourselves only with

the case of scalar mixtures.

Let us then start considering a mixture of two different condensates, each
described by the wave functions ¢y and 1. One can then write the overall

wavefunction for the composite system as
N1 N
U =[] i) [ dalre), (1.31)
j=1 k=1

analogously to what was done for the single component problem (1.8), and
with obvious notation for the single particle wave functions of the first compo-
nent ¢; and second component ¢5. Following the same procedure as before,
we introduce the two scaled condensate wave functions ¥, = /Nj¢; and
Yy = V/Nags, and find that neglecting terms of order 1/N; and 1/N5, the
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total energy of the system is described by the following functional

h? h2

o /dr VP —— (VP + Vi |+ Va i)
2m1 2m2

(1.32)

Y

g1 g2
+ o |1/11|4 + 5 ba|* + g1z [t1)7 |402]?

from which, through the variational principle used in Sec. 1.1.2, follow the

equations of motion, namely the two coupled GPEs

e h?
i ﬂ - (__V2 +Vi+q |¢1|2 + 912 W2|2> Y1,
ot 2my (1.33)
0 h? |
zh% = (—2—V2 + Vo4 g |?/12|2 + G12 |¢1|2> Y.
mo

The interaction strength between atoms of the same kind is here quantified
by ¢;, while the interspecies interaction is quantified by ¢;o; the latter can be
found to be [73]
m;+m
g2 = 2nlia;———, (1.34)
myma
with a1 the scattering lengths between the two different species, and where
my, Mo are the masses of the constituents of the first and second component
respectively. The system preserves the total energy as well as the number of

particles for each species individually.

Let us consider now spatial variations of the energy (neglecting contri-
butions from the kinetic energy, i.e. being under diluteness conditions): for

a solution to be stable we must require that the energy increases for these
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deviations. The first order variation is found to be

[ 0E
E == i
) /dr : 8pi5p]

where £ is as usual the integrand of (1.32), the energy density. In the previous

(1.35)

equation we have used the fact that 0, = u; with p; the chemical potential
of the ith species, and that

5 (/ pidr) = 6N; =0, (1.36)

because of particle number conservation. The second order variation leads

to the following quadratic form instead

1 0?E 0?E 0?E
52E:—/dr{—§ 2+ —— (0p2)" +2 5p16 1
5 o7 (6p1) o (6p2) D, P10P2
1 8[/4 2 8#2 2 (aul 8H2> }
—— [dr |22 (0p)° + 2= (0p2)* + | == + =22 ) 6p16 (1.37)
2/ {apl (Op1) dp2 (962) dps  opy ) O
1
=§[<5p!Vpu!5p>],
where we have introduced the following matrix
% %
Vo= | (1.38)
Op1 O
dp2  Ipa

and the vector [6p) = (6py,0ps)”. Then, for the quadratic form to be positive

definite we must require the trace and the determinant of (1.38) to be strictly
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positive; from this we obtain the following conditions

2 2
Opi >0, Op1 Opto > Opi1 Opia _ (@n) _ (%) . (1.39)
dpi dp1 Opa dp2 Op1 Opa Ip1

Recalling once again that we are working in a regime where the kinetic energy
can be neglected, one can find that 0,,1; = ¢; and 9,, s = 0y pt1 = g12, SO

that the above translate into

qn >07
go >0, (140)

9192 >Jis-

These give the necessary and sufficient conditions for stability, and in partic-
ular, the first and second conditions ensure the stability against collapse of
each component, while the third enforces stability against phase separation.
For this reason the third condition in (1.40) is also known as the miscibil-
ity /immiscibility condition. Further, it is possible to show that the conditions
(1.40), ensure the resilience of the overall uniformity of the system [73, 82].
Finally, let us show more in detail how the above condition gives rise to
a transition between an homogeneous and inhomogeneous phases. The total

energy of the inhomogeneous state can be written as

A2
Ew=)_ gj727 (1.41)

j=1,2

where V; is the volume occupied by the jth component. The total volume is
then ¥V = V; + V5. A similar expression for the energy associated with the

homogeneous state can be written:

_a N e Ny NN
o=y Ty TRy,

(1.42)

When the intra-species strength is sufficiently small, any variation in the
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densities increases the total energy, which implies that excitations are stable,
and the homogeneous state is the ground state. This might not be true
however when the intra-species strength is larger: in particular we can see
that there exist a state with lower energy. Let us proceed minimising FEi,

with respect to the two components volumes, so as to obtain the following

expressions:
V
e
g2
Ty aw
(1.43)
V
Vs T o ;
9N
1+ g2 Na
moreover the two components’ densities can then be written as
No\ V;
L (1.44)

N
2 o 1

Here p; are the average densities of the two condensates. Further, the energy

for the inhomogeneous state is now written as

_a N N NN, 1.45

Thus we can compute the difference between the energy associated with the

homogeneous and inhomogeneous states:

NN
Eyo — By = (912 - \/9192) ; 2- (1-46)

The miscibility /immiscibility condition in (1.40) then follows directly [79, 82].
Let us therefore notice that, although this result can also be obtained from

a dynamical stability argument [79, 83], the above energetic stability argu-
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ment is sufficient in order to determine the miscibility /immiscibility transi-

tion point.

The collective excitations for a system with m = m; = my, can be found
with the usual Bogoliubov procedure, which in the case of a mixture of two

components leads to a generalisation of (1.27) [79, 73]:

2m

() = \/ﬁ (ﬁ N gmcgt), (1.47)

where the squared density sound velocity ci and spin sound velocity ¢ are

eigenvalues of

m \ gi2+/p1p2 G2 P2

l( g1p1 912\/P1P2) (1.48)

corresponding to modes in which the two condensates move in phase (density

modes) or out of phase (spin modes). The two sound velocities read:

1 _
il = [91/71 + g2p2 £ \/(91,51 + g2p2)* + 4(g7> — 9192>P1P2} . (149)

2m
For g%, > g1g> one has ¢ < 0, which means that £(7)(p) becomes imaginary
for long wavelengths, leading to dynamical instability, in agreement with
our energetic argument above. Further, notice that in the simplified case in
which ¢ = g1 = g9, and p = p; = ps, the velocities above take the simple
form ¢y = £(g+ ¢12).

In analogy with the definition of the healing length in (1.30), one can now

define the density and spin healing lengths for the mixture as

h2

5
2mci

(1.50)

& =
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Notice in particular that, approaching the miscibility /immiscibility boundary
a = 1, while the density healing length &, slowly decays because of the

increasing density sound velocity c,, the spin healing length £_ diverges.

Even more generally, when considering different constituents’ masses mo # my,

one finds the following dispersion relation [73]:

2 2 2 2
eH(p) = \/ P ( Pmarm 2\/—m1mgci), (1.51)

2\/m1m2 4\/m1m2 m1me

where the sound velocities are now given by

o G1P1 | 92P2
“ _2m1 + 2m2
1 p? m3—m? ma mi\”
+ 510 )2 = ooy 2L )+ Ag2p1 .
WG \/(4 s i + g1p1 - 922 o + 4912192

(1.52)

One can then write an expression for the two density and spin healing lengths
which accounts for different components’ masses. These expressions offer a
natural way to characterise the phase transitions of the system, such as those

described in chapters 5 and 6.

1.2.1 SU(2) symmetric point

For the case of equal interaction strength ¢, = g2 = g12 = ¢, the system enters
into a particularly symmetric state: the energy becomes in fact invariant
under SU(2) rotations of the condensate wave function [70]. The interaction

energy density can indeed be written as

9 g
& = BY (03 + 3+ 2p1p2) = B} (p1+p2)° . (1.53)
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Equivalently, defining the overall wave function

_ ("
o %) »

the interaction energy density can be written concisely as
£ = g (whw)?. (1.55)

The main consequence of this result, is that at the SU(2) symmetric point,
which demarcates the boundary between the miscible and immiscible phases,
the two components will behave as a single component with wave function W.
This result allows to conclude, for instance, that the ground state of a system
under rotation at the SU(2) point will consists of a triangular vortex lattice
(as a combination of the individual vortex lattices of each component), as it
is expected for a rotating single component superfluid. This is indeed the

case, as we will argue in Chapter 5.

In order to make the SU(2) invariance of the system manifest, it is benefi-
cial to reparametrise the condensate wave function as a function of the total

density p = p; + p2 and the polar and azimuthal angles 6 and ¢:

sin (2) ei¢/2
o= (Wr;) = /pei 2) , (1.56)

cos (g) ei0/2

where y is a global phase. Then at the SU(2) symmetric point, the system is
invariant under rotations of the polar and azimuthal angles 6 and ¢ as well as
the global phase y. A departure from this highly symmetric point, is expected
to yield anisotropies in the energy [84]. Although probably not expected, the
SU(2) symmetric point is experimentally particularly relevant. One exam-
ple is the mixture of two ®Rb hyperfine states [1) = |F' = 1,mp = —1) and
|2) = |F = 2, mp = 1), for which g; = 100.44a, g» = 95.47a and g12 = 98.09a,
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where @ = 4nwh?ag/msmg,;,, Msrg, is the rubidium isotope’s atomic mass, and
ao is the Bohr radius [85].

1.3 Quantum Fluid Dynamics of the Gross-

Pitaevskii equation

In order to shed more light on the physical behaviour of condensates, one may
consider reformulating the Gross-Pitaevskii equation in a different form. The
usual linear Schrédinger equation can be recast in a system of fluid-dynamics-
like equations, as it was firstly shown by Madelung [86]. The formalism
used, also known as Madelung transformations, can be extended to general
non-linear Schrédinger equations [87]. In particular we are interested in the
applications of such methods to the Gross-Pitaevskii equation [79, 73, 88].

Consider the multiplication of the Gross-Pitaevskii equation (1.14) by ¥*,

0

h2
i == = —— "V + Vp + g, (1.57)
ot 2m

where p(r) = |1(r)[* is the density. Subtracting (1.57) from its complex con-

jugate we immediately obtain a continuity equation for the particle density:

dp
V-.ji= 1.58

where the momentum density is given by

= 2wV - uvy). (1.59)

Drawing analogies from classical fluid mechanics, we can then identify the
superfluid velocity as v = j/mp. Writing the wave function in terms of its

amplitude and its phase as ) = \/_pei‘z’, and plugging this ansatz into the
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expression fo the superfluid velocity, we obtain the following expression
h
v=—Vo. (1.60)
m

This condition heavily constricts the possible motion of a condensate, which
is said to correspond to potential flow, where the quantity h¢/m is referred
to as the wvelocity potential. Provided that the phase ¢ is not singular, the

condensate is therefore irrotational, since

VXV:%VXVQDZO. (1.61)

The phase ¢ on its own has no physical significance: the state is always
defined up to a phase, which reflects the gauge invariance of the system?;
however, as we can see, once we have fixed the gauge, differences of phases
do have a significance. We will discuss more on this in the next sections.

A substitution of ) = \/,561"15 into the Gross-Pitaevskii equation generates
a set of two equations which can be found by splitting the GPE into its real
and imaginary parts. The imaginary part results in (1.58), whereas the real
part leads to

dp h?

Yot 2m\/ﬁ

or, taking the gradient

1
Vo + 5mv2 +V + gp, (1.62)

2
2m\/ﬁ

where D, is the so-called material derivative given by the time derivative

Dwv =V ( Vyp-V - gp) , (1.63)

plus a self-advective term D; = md; + mvV. The left hand side comes in

4See Chapter 1, Sec. 1.5.
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particular from the relation

%VVZ =vVv+vx (Vxv), (1.64)

and from the realisation that the latter can be further simplified for irrota-
tional v. Equation (1.63) is analogous to the inviscid Navier-Stokes equation,
also known as Fuler equation.

To sum up, we just showed that the Gross-Pitaevskii equation can be rewrit-
ten as a set of equations analogous to well known equations in fluid dynamics,

namely

(1.65)

% +vV-j=0
Dtv:V(%'i/ﬁvz\/ﬁ—V—gp)

The argument of the gradient in the second equation is referred to as quantum
pressure and describes forces due to spatial variations in p. In particular this
term can be shown to derive directly from Heisenberg uncertainty principle
[79].

1.4 Rotation of superfluids

Some of the most interesting properties of a superfluid, are related to the
non classical manner in which superfluids react to rotation. We have already
discussed about the irrotationality of the system due to the motion of the
condensate corresponding to a potential low. We will now consider what are
the consequences of the introduction of rotation in a superfluid by analysing
the problem from a rotating frame of reference.

Recalling that the infinitesimal generator of rotations is the angular mo-

mentum operator L, we can write a general rotation around the axis u as
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R4(0) = exp(—ifu - L). In order to consider the action of an operator un-
der rotation we can consider a wave function ¢ and its rotated counterpart
{E = Ru¥. Given an operator A acting on such a wave function, one finds

that this operator is transformed in the rotating frame as
Ru(AY) = RyARY Ryt = Ry AR, (1.66)

Thus, we infer that a quantum system described by the Hamiltonian H, with
a rotationally invariant confining potential, will be described under rotation
by a time dependent Hamiltonian H (t) = RQHOR}Z. The time dependence is
here introduced through the time varying angle 8 = €2t, so that the rotation
operator reads Rg = exp(—it€2 - L/h). If ¢ is the wave function describing
the system governed by this time-dependent Hamiltonian ih@ﬂz = H (t)@,
then we can consider its counterpart in the rotating frame ¢ = R}Z@Z and

find the associated equation of motion by considering its time evolution:

ihdy = ih(9,RL)W + ihRL)
— ih(i€ - L/h)Rb + RLH(8))
— —Q-LRLY + RLRoHoRLY
= (Hy— Q- L.

(1.67)

Assuming rotation along the z-axis, the energy functional in the rotating

frame then reads:
_ h? 2 2, 9, 4 *

where L, = (zp, — yp,) = —ih(xz0, — y0,) is the z-component of the angular

momentum operator L = r X p, with p = —tAV the canonical momentum.
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The equations of motion are consequently changed into

2
i %—f = (_j_mw +V + gl - QLZ) . (1.69)
Because of the introduction of the rotation term €2L,, the energy functional
(1.68) is not guaranteed to be lower bounded, i.e. the existence of a ground
state is not necessarily guaranteed to exist, being constrained by the values
of the angular velocity |€2|; we will discuss further this important detail in
the following Sec. 1.4.3.

It has already been mentioned that a superfluid does not respond in an
ordinary way to rotations. This has far-reaching consequences. After the
discovery of Bose-Einstein condensation in atomic gases, a lot of effort was
spent studying of rotating condensate to match the theoretical predictions
on superfluid states [44]. The main reason for these characteristic properties
is that superfluids have their motion constrained by the potential flow of the

superfluid velocity:

V= Engﬁ. (1.70)
m

As we have already mentioned, this implies the velocity field is irrotational
V x v =0, as long as the phase is not singular. At low angular velocities the
superfluid part of a cloud of condensed atoms will remain at rest. However,
such irrotational state may become energetically unfavourable for a higher
angular velocity: considering the energy F and < L >, which is the expecta-
tion value of the angular momentum in the laboratory frame and the energy

in the rotating frame F,, the system will tend to minimise
E"=F—-<Q-L >, (1.71)

which shows that there might be states energetically more favourable than

the irrotational state. Considering the ground state energy Fj and the first
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Center of mass motion Surface mode Vortex

Figure 1.2: Different kind of angular momentum excitations in a superfluid.

excited state energy F; and comparing them in the rotating frame we find
AE™ = E* — B> = E; — Ey — QL, (1.72)

where we have picked an axis of rotation so as to have only one component
of 2 and < L >. The excited state becomes energetically favourable when
the difference above is negative, so that it turns into the actual ground state.
This argument brings us then to define the critical value

Ey — Ey

0> =L 70 1.73
> Q. 7 (1.73)

known as the critical angular velocity. For any < €. the ground state
will be the irrotational ground state, while for {2 > €2, one can expect more
interesting kinds of excited state, allowing the condensate to acquire angular

momentum.

Contributions to the < £ - L > term can be achieved through three kind
of excitations: oscillations of the centre of mass, surface modes and vortices;
these excitations are depicted in Fig.1.2. We will focus in particular on the
latter. From the requirement of single valuedness of the wave functions, it

follows that changes in phase A¢ around any closed contour, must be integer
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multiples of 27:

Ap = fV(b -dl = 27n. (1.74)
Consequently, one finds the quantisation condition for the circulation I':
h
I'= %V-dl = —2mn, (1.75)
m

a concept firstly put forward by Onsager and Feynman [89, 90]. The only
way the requirements of irrotationality and that of existence of non-zero
angular momentum can then be simultaneously fulfilled, is if the phase ¢ is
singular. The circulation around such a singularity is then I', = 27nh/m and
the excitation forming in such conditions is what we call a quantum vortex.
The quantum number n, often referred to as the charge of the vortex, is
commonly restricted to n = 1 in equilibrium. Indeed, as we will see later,
multiply-quantised vortices (n > 1) are commonly unstable against decay

into singly quantised vortices.

1.4.1 Density of vortices

In his seminal work [90], Feynman arrived at the conclusion that the lowest
energy state for an irrotational fluid with a given angular momentum, is a
vortex lattice with a 27 winding of the phase around each vortex. Given
the superfluid velocity (1.70) it is straightforward to see that the superfluid
cannot rotate as a rigid body since V x v = 0, as it was discussed. That is,
the velocity field is irrotational, unless the phase ¢ of the order parameter
has a singularity. On the other hand, the vortex lattice can only rotate as
a rigid body in equilibrium. Hence, on average, the region of the superfluid
that is packed with vortices rotates as a rigid body. This allows to estimate
a relation between the angular velocity €2, and the number of vortices N, in

the ground state.
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Let D be a region of area A packed with N, vortices, and assume, on
average, rigid body rotation so that v = £ x r. As usual dD denotes the
boundary of D. Then, it is possible to compute the circulation of the velocity

as in (1.75):

nb:fwm:/ﬁxvdD:/vaxﬂdD
D D

oD

:/V-(rQT—QrT)-dD
D

[V 1) — (- V)r]-dD (1.76)

@Q—%@mdD:/@ﬂ—an)

D

B\ O\

— 20A,

where we have used Stokes’ theorem, and the identities V x (A x B) =
V- (BAT — ABT) and V- (ABT) = B(V - A) + (A- V) B. Recalling now that
the circulation around a single vortex is I', = 2wh/m, we can also compute

the circulation on 9D as

2rh
Top = N,[, = 20N, (1.77)
m

Therefore, introducing the density of vortices p, = N, /A, and equating (1.76)
with (1.77), one obtains the well known Feynman relation [90, 91] for the

density of vortices

_mQ

_E.

P (1.78)

Looking at the above (1.78), one can notice that it is possible to write it in
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Figure 1.3: Vortex lattice in a rotating Bose-Einstein condensate [34].

terms of a parameter with dimensions of length:

1
23’

Pu (1.79)
where, in close analogy with the magnetic length in quantum Hall systems®,

we define

o

1.80
o (1.80)

lo =

The length scale { provides a measure of the characteristic separation be-
tween vortices.

The two length scales characterising the system are then the healing

length £ and the magnetic length /. We point out that their ratio, clearly

a dimensionless quantity, can be used to extract an expression for the inter-

5As we will argue in Sec. 1.5 of this chapter as well as in Chapter 5, it is possible to
reformulate equations (1.68) and (1.69) so as to make the gauge invariance of the system
apparent. It will then be manifest the full analogy between our system and that of a
charged particle in a magnetic field of strength B = 2mf)/e, with e the charge of the
particle.



1.4. Rotation of superfluids 59

action strength g as

g= (@)2#__”_2. (1.81)
3 p m

Therefore, the dimensionless ratio £ /¢ can be taken as a characteristic mea-

sure of the interaction strength. This will prove convenient in the following

chapters where we will often refer to this ratio to characterise interactions.

1.4.2 Properties of Single Vortices

If we consider a system with cylindrical symmetry we can write an equation
for the density only, since the phase ¢ will depend only on the azimuthal angle
. In particular we can insert ¢ = \/ﬁei‘b = fe'™¥ into the time independent

GPE (1.13) to find

(1o ([ of 0?f  n’f
= |- (rE )+ - |+ V 3 1.82
2 2m {rar (rar)_l_@z? r2]+ faf” (1.82)
where we have used V? = %% (r%) + 88% + r%aa—;. Let us briefly study the

ground state of this result in a limiting case: taking V = 0, n = 1, large
distances (9,f = 0,1/r? = 0) and remembering that the ground state has no
z-dependence (which implies 0, f = 0) we get

uf =gf? (1.83)
so that we have the following solution

p= (1.84)

It
g
At short distances the solution is linear, since the centrifugal term propor-
tional to 1/r* dominates the dynamics. By rescaling f by f& = p, i.e. the

density far away from the vortex core, and r by the healing length of the
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condensate, we can make equation (1.82) adimensional and solve it numeri-
cally. The result is show in Fig.1.4; the latter also shows a comparison with

the following ansatz

P = po (1 — e*”/AQ) , (1.85)

where A = 1.781¢ [92]. At this point it is worth mentioning that the in-

1 \
— Numerical solution |~ __.-=""7]
o5l Gaussian ansatz (1.85) -
7 0.5
0.25 -
0 ; : ;
r/&

Figure 1.4: Vortex profile resulting from numerical solution of equation (1.82)
and comparison with ansatz (1.85).

troduction of vortices, directly affects the spatial extent of the condensate.
The condensate profile is not well approximated by the Thomas-Fermi pro-
file (1.18) any longer, as it can be deduced from the results of numerical
simulations depicted in Fig. 1.5. Of course a more accurate Thomas-Fermi
approximation can be obtained neglecting the kinetic energy term; assuming

again the confining potential to be harmonic with frequency w one finds [93]:

1 m, o 2\,.2
pre =" [M - S - ] O(Rrr(Q) — 1) (1.86)



1.4. Rotation of superfluids 61

Figure 1.5: Condensate profile with one and two vortices compared to the
Thomas-Fermi prediction for no rotation.

where () is the Heaviside theta function, and the Thomas-Fermi radius is

2p

mw? RTF(O)
Rrr(Q) = — 71 = L (1.87)
-2 a-%Y

Now one can easily find the energy with the same procedures as explained
before and compare it with the one associated to a uniform gas; we find that

the energy per unit length is

S S T A
6—27?/0 rdr [% (E) +%r—2+§f . (1.88)

A is a cutoff which needs to be introduced since the integral diverges loga-
rithmically, but which has to be large compared with the characteristic size
of the vortex, i.e. the healing length &; the cutoff can be taken to be of the or-
der of the Thomas-Fermi radius Ryp [79]. More in general, one must require
A > £ At first approximation we can find the energy ¢, associated with the
single vortex state by subtracting the energy ¢, associated with 2 = 0, from
(1.88). Assuming that log (A/€) > 1, and that the other terms in the energy
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can be neglected, it is possible to find [73]

mh? A
y=€—¢€~—rpl — 1. 1.89
& =¢—¢~ - —plog ( 5) (1.89)
For a multiply-quantised vortex one can instead find that the core size be-
comes |n|¢ [73]. A similar approach allows then to find a similar expression

for the energy associated with a multiply-quantised vortex:
h? A
" ~ 2" plog <—> . (1.90)
m

This result is particularly interesting as it permits to see that singly quantised
vortices are more energetically favourable. Indeed, vortices with more than
one quanta of circulation require more energy than a collection of vortices

with a single quantum of circulation:
€ > ne,. (1.91)

The above results can be generalised to account for vortex-vortex interac-
tions. For two vortices separated by a distance d > &, with charges n; and

ns, the interaction potential energy can be found to be [73]

2 k2 A
e TTD 1o (3) | (1.99)

The cutoff must again be the largest length scale A > d > &, and for
system with many vortices one can take d on the order of the magnetic
length /. As long as this is the case, namely that the logarithmic accuracy
holds (log(A/€ > 1)), the above expression for the interaction energy gives
a Coulomb-like force between two vortices, which, for positive interaction
couplings g > 0, is repulsive for vortex charges with the same signs, attractive
otherwise. Since & ~ ¢~'/2, one finds that such a Coulomb regime holds as

long as the intra-species interactions are large. In the following we will refer
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equivalently to this regime as Coulomb regime or strong interaction limit.

Finally, let us notice that from the above results, it follows that vortices
with |n| > 1 are metastable states, and should not be expected to appear in
the ground state of rotating homogeneous systems; rather one should expect
the contribution to the circulation to derive from several singly quantised
vortices. Nonetheless, it is possible to observe such vortices with multiple
quanta of circulation in inhomogeneous systems under anharmonic trapping

potentials [73, 94], as we will briefly explain later.

1.4.3 Existence of ground states and their nature un-

der rotation

Let us now briefly consider the case of a superfluid trapped in an harmonic
potential. It can be shown that the problem of minimisation of the energy
functional E [¢], has a solution E [¢] if and only if || < w, where 2 is the
angular velocity and w the trapping frequency; in this case 1y is the ground
state of the system. When the system is at rest, the ground state is symmetric
and unique up to a complex phase; introducing angular momentum, i.e.
when €2 exceeds its critical value €., the symmetry breaks: at this point
one finds the minimiser is not unique any more, and an infinitely degenerate
ground state arises. Moreover, it is possible to show that no solution to the

minimisation problem exist when || > w. In particular one finds
inf B[] = —oo. (1.93)

In order to demonstrate this statement, let us consider, without loss of
generality, the linear case in which the system is governed by the rotating

Schrédinger Hamiltonian operator

2 2
H=P "2 g1 (1.94)
2m 2
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with L, = xp, — yp,. The first two terms correspond to the quantum har-

monic oscillator and can therefore be written together as

Lo 2.2 t

§(p + w’r’) = hw (c'c + 1) (1.95)
where c is the standard lowering ladder operator

mw 7
_ 1.96
c= (”mwp)> (1.96)

such that [CQ,CH = 1. Inverting the relations for the operator c and its

hermitian conjugate c', one has the expressions

r=y/ h ¢ +c),
ma () (1.97)

p =i

It is then evident that L. can be written in terms of the components of

= (a,b)T, resulting in
L, =xp, — yp, = —ih (aTb — bTa) : (1.98)
Therefore, the Hamiltonian operator (1.94) can be written as

H =hw (ata + b'b + 1) + il (a'b — bla)

:h(aT,bT)< “ )<a>+fw
—iQ) w b (1.99)
;)

=h (a',b") (w1 — Qoy (
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Matrix M has trace tr [M] = 2w and determinant det [M] = w? — Q?; it can

thus be diagonalised into
—Q 0
“ , (1.100)
0 w+Q

by the following change of basis

(a+1ib),

o =

Hg|H
[N}

(1.101)
B =—=(a—ib).

N

In this basis, the angular momentum operator reads L, = h(873 — ala).

Finally, the Hamiltonian can be put into the revealing form
H=h(w+Q)aa+h(w—Q) 516+ hw. (1.102)

Confirming that [Oz, oﬂ =1 and [ﬁ, ﬁw = 1, we recognise a and [ as ladder
lowering operators and a'a, 373 as particle number operators of clockwise
and counter-clockwise rotations. The ground state of the system is therefore
not guaranteed to exist. More specifically, when 2 > w, the energy has no
lower bound, as claimed in (1.93), which leads to instability. The reason for
this result can be found in fact that the centrifugal effective potential, which
grows quadratically as the trapping potential, can eventually overcome the

trap’s confining forces.

Anharmonic confinement

In order to get around this problem, one can employ anharmonic trapping.
Since the trapping potential is always strong enough to contain the rotating
condensate, a condensate which is confined anharmonically is expected to

give rise to a rich variety of phases. The physics of anharmonic trapped
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condensates can be summed up qualitatively by the schematic phase diagram

presented in Fig. 1.6 [95]. We can distinguish three different phases: arrays

Q

Figure 1.6: Qualitative phase diagram for anharmonically confined systems.

of singly quantised vortices arranged in a triangular lattice, vortex lattices
with a finite radius hole in the centre such that the density is zero but the
vorticity is not, and giant multiply-quantised vortices.

Formal accounts which have investigated this phase diagram under di-
verse anharmonic potential [96, 97], have accurately described the transition
between the different regimes [98, 99, 100]. Nonetheless, the phase diagram
can be qualitatively understood unambiguously in terms of the effective po-
tential, arising from the joint action of anharmonic potential and the effective
centrifugal potential. We consider for simplicity a quartic potential, so that

the resulting effective potential can be written as
Vepr o< (krt — Q2gr?) (1.103)

with Qeg oc [Q]. This effective potential has a mexican hat shape and the
size of the hat’s crown in the middle is controlled by the parameter (..

Increasing |€2] makes the condensate drift away from the centre of the trap



1.5. Symmetries of the system 67

and arrange into a ring shape. For weak interacting regimes, a state made of
multiply-quantised vortices is always the minimiser of the energy functional
[94]; for larger interaction strengths and small || (and consequently Q.q) we
find instead triangular arrays of singly-quantised vortices. Finally, for large
rotating frequencies {2 and strong interactions, one finds a lattice of vortices
carrying a single quantum of circulation, arranged around a hole at the centre
of the condensate [101]. The ‘hole’ differs from a multiply-quantised vortex in
that the former consists in a depleted region created by a cluster of vortices
which do not however necessarily overlap. This can be better understood

observing the phase of the states depicted in Fig. 1.6.

1.5 Symmetries of the system

Let us consider again the Gross-Pitaevskii equation (1.69) under rotation.
Upon the introduction of the gauge field A; = Qm(—y, x), the rotation term

can be written as
ih
— WLy = —yTAlVY. (1.104)
m

Notice that V x A, = 2Qm2, and Al A, = m2Q%r?, so that it is possible to

write the energy as

1 , 1 g
o / dady {% (=ihY — AP + smelerlo + Ll | (1.105)
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where we have introduced the effective harmonic oscillator frequency weg =

vVw? — Q2. In fact:

/ drdy | 5 |(~ih¥ - Aswﬂ -

2 |
= [ oy |G TUR 4 G AL A + AV~ AT )]
m 2m 2m

! 1.106)
h? m$2r? ih (
= [ sy |5 ivu 4 P+ DAy
| 2m 2 m
[ 12 m§2r?
:/dxdy Q—‘V’QDF —+ ‘QMQ - QwTsz:| 9
| 2m 2

where, in the second line, we have used integration by parts. The energy in
(1.105) is rearranged in a particularly convenient way. First of all it allows
to draw a clear analogy with charged particles in a magnetic field®, whose
Hamiltonian is identical to (1.105) in the joint limit of weak interactions and
rapid rotation (so that g ~ 0 and weg = 0); this analogy allows to make use of
a set of techniques and well known concepts useful to our problem, as we have
already done in Sec. 1.4.1 and as we are going to do in the following Sec. 1.5.1.
Furthermore, the form of equation (1.105) makes the gauge invariance of the
system manifest: the energy functional is indeed invariant under the gauge

transformation

b — eip,

(1.107)
As — A, + VA,

6The Hamiltonian for a particle of charge e in a magnetic field is given by

1
H=_—(p—-eA)?
2 (p € )7

where A is the vector potentials so that the magnetic field is given by B =V x A. Thus,
under the analogy with the rotating superfluid, we have that the magnetic field is related
to the angular velocity as B = 2mf2/e.
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with the pure gauge A being an arbitrary function of the zy-coordinates. The

gauge invariance is easily checked as

(—ihV — A)Y[* — ‘(—mv A - VA)eéw(z

2

‘—imp(%W)eéA — ihei Vi — Agei™p — Ve
‘2

et N(VA — ihV — A, — VA

= |(=ihV — A
(1.108)

This gauge freedom allows for a choice of the gauge which best suits the
problem at hand. The previously defined gauge field A, is known as sym-
metric gauge. Another common choice is the so called Landau gauge obtained
from the symmetric gauge by choosing A = Qmay, so that A; = 2mQ(0, z).
In what follows we will write the vector potential in an arbitrary gauge as
A = Ap + V), leaving A unspecified but noting that we may return to the
original symmetric gauge by putting A = —Qmay. This will make appar-
ent which quantities are gauge invariant. For instance, since the effective
magnetic field, B = ¢;;0;4; = 2m$) (summation is implicit over repeated
indices), defined in analogy with quantum Hall systems, is independent of \,
it is a gauge invariant quantity. This connection in particular, makes evident
that the role played by the Coriolis force in the rotation frame is the same

as that played by the Lorentz force on a charged particle in a magnetic field.

1.5.1 Landau levels

Consider now the limit of rapid rotation, so as to make the effective frequency
weg Vanishing. In this limit the centrifugal and centripetal terms contributing
to the total energy are completely balanced and the system can effectively

be though of as uniform in the plane perpendicular to the axis of rotation.
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One can then realise that in the limit of weak interactions (so that
&> lg), it is possible to find a closed form solution to (1.105). Continuing
with the analogy, similarly to what was done by Landau [102] for the case of
a charged particle in a magnetic field, we start considering the Hamiltonian

operator

1 1
H=oo(p— A’ = o= [P+ (p, —20ma)’], (1109)

associated with the energy functional obtained from (1.105) by enforcing the
approximation weg = 0, valid in the limit N, > 1, and fixing the gauge to
the Landau gauge Ay. Here p = —ihV is the canonical momentum operator.
Clearly the Hamiltonian commutes with the momentum operator p,, so that
the two possess a complete set of common eigenfunctions. Therefore we can

replace the operator p, with its eigenvalue hk,

pa 1
H=""+ —(k, — 20mz)?
2m ?m o (1.110)
N 2/, Wy 9
= o TN =)

which can be recognised in this form as the Hamiltonian of a quantum oscil-
lator with angular frequency 2¢2, and the minimum of the harmonic potential
shifted by hk,/2Qm (clearly such a translation does not affect the energy).

Then, one can immediately write down its energy spectrum:

1
E, = 2hQ (n—|—§> , n>0. (1.111)
In particular the ground state energy, which we will refer to as Lowest Landau
Level (LLL), is given by Ey = h). Moreover, it is important to notice that
the system is highly degenerate with respect k,. Such a degeneracy is however

lifted by the existence of non-zero interactions.
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1.5.2 The Magnetic Translation Group and Twisted

Boundary Conditions

The Hamiltonian operator as presented in (1.109), is also indicative of an-
other important symmetry of the system. The kinetic momentum operator
entering (1.109) is given by P = p—Ay. It is then clear that the hamiltonian
is not translational invariant. In particular, in the Landau gauge we have
[T(R),Py} #£ 0, where T(R) = exp (ip-R) is the standard translation
operator, with the canonical momentum as infinitesimal generator. More
generally, given a different choice for the gauge, one finds [f (R), Pj} # 0.
Now, one would like to find a set of operators which generalises the concept of
translation and with respect to which the Hamiltonian is invariant. Consider

then the two operators

II, = p, — 2Q0my, (1.112)
Hy = Dy.

These operators clearly commute with the kinetic momenta (and therefore
with the Hamiltonian): [II;, P;] = 0. From these one can define the Magnetic
Translation Operators (MTOs) as

T(R) = TR, (1.113)

which, when acting on quantities involving only coordinates, operate in com-

plete analogy with the standard translation operators:
TR)f(r)T"YR) = f(r +R). (1.114)

The operators (1.112) are specific to the Landau gauge. We can find a
more general expression for the II; operators which applies for any choice

of the gauge. To do so, let us introduce two arbitrary functions of the xy-
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coordinates f(x,y) and g(z,y), and write the operators in their general form
as
Ha: :px_Qme+f>

(1.115)
I, =p, +g.

The kinetic momenta are now P, = p, — d, A and P, = p, — 2Qmaz — 9, ]\,

with A the pure gauge. The conditions [II,, P;] = 0 then yield

(ML, P,] = ihO?\ + ihd, f,

I, P,| = ihd,0,\ + ihd, f,

[ l Y 2 (1.116)
1L, P,] = ih0, 0.\ + iho,g,

[, P,] = majA + 10,9,

where we have made use of the standard commutation relations [r;, p;] = ih,
[pj, f] = —ih0; f. Setting the first two equations to zero one finds f = —0,\.
Similarly the last two equations lead to g = —dyA. Therefore, the II; opera-

tors in a general gauge are

I, = p, — 2Qmy — O\,

(1.117)
II, = p, — Oy

These are infinitesimal generators of the magnetic translation operators 7'(R)
defined in (1.113), elements of the so called Magnetic Translation Group
(MTG) [103, 104].

The first property to note with regards to the infinitesimal generators II;
as defined in equation (1.117), is their commutation relation. In fact, if the
infinitesimal generators of the standard translations (the canonical momenta)

commute with each other, for the operators in (1.117) one finds

[[1,,11,] = —2ihQm. (1.118)
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Notice that this quantity is gauge invariant, as it can be inferred by the
lack of dependency on A. This property, translates to MTOs which one can
expect not to commute in general, in contrast again to what happens for
the standard translation operators. It is possible to explicitly compute the

commutator
[T(R), T(R)] = enMReilIR' _ oj IR GTIR, (1.119)

More specifically, from the Baker-Campbell-Hausdorff formula we have

i i ’ ) ) ]_
log (eﬁH'ReﬁH'R) ~ DR+ <0-R - — [I-R,II-R

2
7; L Z.Qm?h (1.120)
! /

so that

[T(R)7T(Rl>] _ e%H~(R+R’)€i%m (einiR;-) _ B%H-(R-I—R’)ef"%m(einiR;-)

g (1.121)
= 2i651‘[.(R+R) sin (TmEZ]RZR;) .

It is interesting to notice that although the expressions for the magnetic
translations depend on the choice of the gauge, the commutator of two mag-
netic translations is again gauge invariant. Another quantity which can be
shown to be gauge invariant is the composition of magnetic translations
T R)T (R T, (R)Tp(Ry) = en®ReRy (here and after we use the no-

Yy xT

tation 7;(R) = T(RT;)).
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T, Y (R,)

' N

Ty_l(Ry)" e%QQleRy “Ty(Ry)

Figure 1.7: Wilson loop (1.122) revealing the acquisition of a phase factor
when translating along a closed loop.

This quantity is known as the Wilson loop”:

W., = exp %%.Ad’y = exp %//VXAdD
| y=0D D
— exp 2@2777, //dD (1.122)
i D
= exp %2QmeRy} ,

where D = R R, is the area enclosed by the closed line 7, and 0D its
boundary (i.e v itself). This procedure reveals the acquisition of a phase when
magnetically translating along a closed loop. This phase factor is of great
importance and it is closely connected with the commutator (1.121). Before
discussing more on the importance of this phase factor, let us introduce one
further property of the system.

Consider then the description of a periodic system by a unit cell of size

L, x L,. Naively, it would feel natural to impose periodic boundary condi-

"We are ignoring here the path ordering operator since the gauge field A commutes
with itself at different times (there is no time dependance at all).



1.5. Symmetries of the system 75

tions. This is usually done by requiring

_ | (1.123)

recall that the operators T used here are the standard translation operators
generated by the canonical momenta. Imposing periodic boundary conditions
has the effect of making the order of the MTG finite, and the momenta

quantised:
kj=—n, neZ (1.124)

This is not ideal as the lowest non-zero momentum might be quite large.
A workaround, [105] consists in employing the so called twisted boundary
conditions, as it was found in early work [106], which enforce the acquisition

of a phase ‘twist’ over a period:

T(Ly)e(x,y) = ez, y), (1.125)

so that arbitrary momenta can be attained by varying the twisting phases
@jl

o 0,
j:—ﬂn+L—7, nez (1.126)

J J
The correct twisted boundary conditions can be achieved by employing the

correct translation operators, namely the MTOs with infinitesimal generators
(1.117), as

(1.127)
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Notice that it is then possible to write T'(L;) = e T(L;), and extract an
expression for the ©;s from the definition of the MTOs, given that under
periodic boundary conditions T(Lj) = 1. It is also worth noticing that al-
though the assumption of periodicity of the wavefunction ) has been relaxed,
the observable density p = |1|? retains its periodicity; moreover the Hamil-
tonian operator H = % + gp is still self-adjoint over the space of functions

satisfying the twisted boundary conditions.

Let us now compute the twisted boundary conditions (1.127) explicitly.
At first, it is essential to notice that an MTO transforms under a gauge

transformation as
Tj — MM Te= M, (1.128)

Let us check this is the case for the specific case of the MTO T}, in the Landau
gauge. We have already found that in the new gauge obtained through the

pure gauge A, the operator TyL transforms as
TyL(Ry) — enBupy _y T, = e By(y=0y2) (1.129)

Here we explicitly labeled the MTO in the Landau gauge as TyL to avoid

confusion. It is now possible to use the Zassenhaus formula

GATB) _ JtA B~ S[AB] 5 CIBAB]+AAB]) (1.130)

to expand (1.129). Computing the commutators

Dy, —O0yA] = ﬁi@;)\,

Dy ihO2N] = R2OPA,
P00 ! (1.131)

[py’ [ ) [py7 _61/)‘]]] = _(_iﬁ)nag+l)‘7
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one can expand (1.129) with (1.130) to find

T,

y(Ry) _ eﬁRy(py 17 )\) _ ehRypye hRya )\6252 [Py, }6 h36 (2[ 8 A [Py, /\”+[py7[py7,3y)\”) o

RS
= @%Rypye_%Rya )‘ezlthazg)‘e r36 ([py,iﬁag)\]) ..

i { 2 92 = 3 93
— et Rypy o= F Ry 3r RIOIN G REOIN

i = 1 .
= TX(R,) exp ﬁZ—(—Ryay) )\]

(1.132)

Taking now one further step, it is possible to find 7, (R,) = e%[’\(“”y)_%)‘(z’“Ry”Tf(Ry).
Applying the transformation rule (1.128) to T, we find also the second
boundary condition in a general gauge. To sum up, the required twisted

boundary conditions finally are:

V(@ y) = To( L) (x,y) = e #2¥mle = iNH La) Al (4 [, ),
V(@ y) = Ty(Ly)t(x,y) = e iR 2Dly (g y 4+ L),
(1.133)
or equivalently
z,y) = e ©p(x + L,
U(z,y) o y) (1.134)
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with

@az =z [2meLa¢ + )\(ZL‘ + Lza y) - )\(l’, y)] 5
(1.135)
Oy = = Mz, y + Ly) — Az, y)].

St = St =

These boundary conditions impose an important quantisation condition on €2.
When restricted our analysis to a periodic unit cell, consistency requires that
Y = T,(L,)T,(Ly) = T,(L,)Ts(Ly ) and therefore [Ty(L,), T, (L,)] = 0. Sim-
ilarly, the requirement of single-valuedness of the wavefunction imposes the
constraint W, = 1 on the above mentioned Wilson loop. Such requirements

are all satisfied when

2

thLxLy =2mn, né€Z (1.136)

Rearranging the terms in the expression above, recalling Feynman’s relation
(1.78), we recognise the integer n as a familiar quantity:
n Qm

The quantisation integer n = N, corresponds to the number of vortices in
the unit cell.

Going back again to the analogy with a charged particle in a magnetic
field, we realise that this quantisation condition exists in complete analogy

to the quantisation of the magnetic field in quantum Hall systems.
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Numerical Methods

Many-particle systems are hard to describe analytically due to their com-
plex nature and hence usually numerical solutions are necessary. This need
drives, amongst others, the birth of a multitude of numerical methods for ob-
taining the solution to the Schrodinger equation and its non-linear versions,
which find applications in a growing range of fields. In particular we are
interested in one of those non-linear versions, namely the Gross-Pitaevskii
equation. Analytical solutions to the Gross-Pitaevskii equation are known
only in a few particular cases, some of which we have discussed in the pre-
vious chapter. With this motivation in mind, in this chapter we approach
the study of split-step numerical methods. Split-step methods fall under the
category of pseudospectral methods, which are in general faster than finite
difference methods (such as the Crank-Nicolson methods, for instance): this
is, of course, at the expense of losing accuracy; however the great power of
these methods is the ease of implementation and the small computational
power required. The founding idea consists of splitting the Gross-Pitaevskii
equation into two parts in order to isolate position and momentum opera-
tors, and then evolving the wavefunction by one step in position space and
subsequently in momentum space, alternating. This requires employment of

a fast Fourier transform (FFT) algorithm in order to switch from position

79
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to momentum space and vice versa; for this reason such methods are also
known as split-step Fourier methods, or SSFM, and can be extensively found

in the literature.

The Chapter will start considering a clever and powerful method to com-
pute the ground state of a general system, known as imaginary time propa-
gation. This method is conceived for linear systems but, as we will see, it can
be directly applied to non-linear problems as well. We will then introduce
split-step methods for linear systems, giving a few caveats for their imple-
mentation. In particular, we will demonstrate that the standard approach
looses accuracy for the non-linear problem at hand as well as for the case
of propagation in imaginary time, but we will be able to restore the correct

order of accuracy through a simple adaptation of the method.

2.1 Imaginary Time propagation

The problem of finding the ground state can be quite hard and only a few
exactly-solvable cases exists. However, it is possible to approach such a prob-
lem by seeking a solution to the corresponding equation of motion in imag-
inary time 7 = it, whose solutions are formally obtained through the prop-
agator exp(—7H). In general, any initial condition, under the action of the
operator exp(—7H), will in this way converge asymptotically to the ground
state for 7 — oo. This technique, usually employed for linear Schrodinger
systems, is known by the name of imaginary time propagation. As we shall
see, the extension to non-linear systems is not trivial, but can be done in

practice at no extra cost.

Let us consider for the moment the case of a system described by an
arbitrary linear Hamiltonian H; then, the equation of motion is
dyp

ih-y - = Hv. (2.1)
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An important property of H is its hermiticity, from which it follows that its
eigenvalues are real and non-negative. Moreover, the corresponding eigen-
functions ¢, form a complete orthonormal set, giving an orthonormal basis
of the underlying Hilbert space. Consequently, it is possible to expand the

wavefunction as

where ¢, = (¢, |1¥), and write its time evolution in terms of the eigenstates

and eigenvalues of H as

Y(t) =Y cpe Bt (2.3)
where ¢,, is such that H¢, = E,¢,. A Wick rotation of the time parameter
t = —i7 transforms (2.1) into a diffusion type equation, and its unitary time

evolution (2.3) into an exponential decay:
W(r) =Y cue B/, (2.4)

As one can see, when propagating forward in the imaginary time 7, each
eigenfunction will decay exponentially to zero, with a rate of decay propor-
tional to its corresponding eigenvalue FE,,. Therefore all the states will die off

exponentially faster than the ground state:

an; o o~T(En—Eo)/h (2.5)
0

As a consequence, the proportion of the ground state will increase with in-

creasing imaginary time: indeed we have the limit

lim <¢(T)|CO¢O(7)> — lim cge—2TEo/ﬁ _
T—00 <1p(7')’1p(7')> T—00 Cge—QTEO/ﬁ + Zn Cn€—27—En/h

1, (2.6)
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which means that for large 7 we obtain
V(1) = coe M (0) + O (e " E1=Eo)/1y (2.7)

Notice that the ground state is found up to a constant factor. It is therefore
necessary to normalise after each imaginary time propagation. In conclusion,

the ground state can be written as

Yo = lim = (2.8)

Theoretically, this procedure works only by choosing an initial condition
which overlaps with the ground state, i.e. if ¢y # 0. However, in practictice
one finds that the ground state is achieved even if ¢y = 0: this is due to the
small numerical errors which might artificially create such an overlap at any
point in the imaginary time propagation procedure. Of course, such initial
conditions require more time to achieve convergence, and an appropriate

choice of the initial state can significantly speed up the algorithm.

2.1.1 Imaginary time propagation for non-linear sys-

tems

The procedure we have just described is particularly suited to explain the idea
behind the imaginary time propagation procedure. This however, relies on
the assumption that a complete set of orthonormal eigenstates exist. This
might not be guaranteed in the nonlinear case. In order to see whether
the imaginary time propagation indeed drives a state to the lowest energy
eigenfunction of the Hamiltonian operator, we can proceed as it follows.
Consider the evolution |¢)) = —H |¢) where H now is nonlinear, obtained

by the Wick rotation 7 = it of the Gross-Pitaevskii equation, under the
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constraint of constant normalisation

/w%nﬂmsz. (2.9)

The dot denotes here a derivative with respect to 7 multiplied by the reduced
Plank constant: 1) = h%. The process of normalisation (2.9) amounts to
multiplication of the wavefunction by a factor: ¢ — e~ ). Because of this

reason, it is equivalent to solving the following:
hop = —H — M. (2.10)
The equation of motion in imaginary time and its complex conjugate

[9) = = (H =) v,

(Wl ==l (1 - 4). o

can be multiplied now by ()| and |¢) respectively and then summed, to

obtain:

Or(lw) =200 | (H - )| v) =o0. (2.12)

This allows us to obtain an expression for the time derivative of the parameter

A

s = wlHlY) (2.13)

(¥[¥)
Writing for the energy E = (¢ |H| ), it becomes apparent that (2.13) rep-
resents the energy per particle — a quantity, we recall, which is conserved
in real time but not in imaginary time. Considering now the specific case of
the Gross-Pitaevskii equation, we can write the Hamiltonian as a sum of its

linear and non-linear terms: H = H,+ gp, where p = 1? denotes the density.
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Taking for simplicity N' = (¥|¢0) = 1, the imaginary-time variation of the

energy can then be found as it follows:

2 (W 1Hol ) + (0 Hol ) + & (19 101) + (1ol ) + (6 01

~( |(Ho+gp = A) Ho|¥) = (6 [Ho (Ho + go = A) |4} + g ({8 lel v + (1] )
—2(H3) — g{pHo + Hop) + 2\(Ho) — g (((Ho +gp— X) Py + (p (Ho +gp— A>>>
—2(Hg) — 29(pHo + Hop) — 29°(p%) + 29\ (p) + 2\(Ho)
—2((Ho + 9p)*) + 2 ((H5) + 29(Ho) (p) + ¢°(p)?)

(Ho+gp)?) = (Ho + gp)?| = —2((H?) — (H)?)

{ (- <o

-2

(2.14)

This result shows that the energy is a monotonically decreasing function of
the imaginary time 7, which is reassuring. Therefore, in the long imaginary-
time limit the system is guaranteed to converge at least to a local minimum.
This in turns should lead the system to eventually converge to the ground
state (in most cases) even if there is no initial overlap with it, or if the system
is initialised in a local minimum: once a state ¢; satisfying the equality above
is achieved, any numerical error which drives the system into a higher energy
state will be smoothed out by the imaginary time propagation bringing the
state back to the state ¢;; on the other hand, any numerical error driving
the system to a lower energy state will necessarily make the imaginary time
propagation procedure drive the state to a lower energy state. An example
of such a process is presented in the following Fig. 2.1. Despite the system
being initialised in the local minimum B, numerical errors can build up a
non-zero density in the global minimum A, thus decreasing the overall energy.
The system will eventually evolve towards the true minimum. Notice that

this happens independently of the space separation between A and B, or
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Figure 2.1: An example of a pathological system in which imaginary time
propagation achieves nonetheless the true ground state. Despite the density
being initialised in the local minimum B (solid black line), the system will
eventually evolve towards the true minimum A when propagated in imaginary
time. The potential is shown in red. The dashed blue line refers to the
building up of a nonzero density in the true minimum A due to numerical
errors, as explained in the text.

the magnitude of the potential between the two minima. In fact, the same
would happen if considering a particle inside an infinite box potential, and an
adjacent box potential with lower energy. This is because the process does
not occur through tunnelling, but exclusively thanks to the accumulation
of numerical errors and can thus be sped up by employing a larger time
step. This heuristic argument does not clearly have universal validity, but
it probably fails only in presence of very pathological systems and initial
states; empirically, we do not find any initial condition which would not
eventually converge to the true ground state, even though we cannot rule
out the existence of one in which the imaginary time propagation would not
be able to drive the system out of a local minimum.

Although this argument guarantees the eventual convergence in most sce-
narios, still it does not guarantee an effective rate of convergence. As men-
tioned before, it is better, in terms of efficiency, to start the propagation in
imaginary time from a state overlapping with the ground state. In practice,
it is convenient to initialise the wavefunction with random complex values so
that it is statistically guaranteed the presence of any possible state.

Now that we have a method to achieve the ground state by propagating in
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imaginary time, we need an algorithm to actually compute the propagation.
The method we chose is a pseudo-spectral method, and we are now going to

explain in detail how it works.

2.2 Methods for propagation in time

The problem of solving the time dependent GPE can be tackled with sev-
eral methods, most notably with Crank-Nicolson or other finite difference
methods. This class of methods is very powerful as it ensures unitarity for
arbitrary time steps; furthermore the time step is limited only by the re-
quirements on the accuracy but not from stability considerations. On the
other hand, it is a fairly expensive computational method, of uneasy imple-
mentation and not preserving gauge invariance [107]. The alternatives to
Crank-Nicolson are various, but we will focus on split-step pseudo-spectral
methods. This choice is computationally cheaper and particularly suited for
our problem. Unfortunately it does not conserve the total energy but, as we
will see, it is possible to implement a workaround which restores unitarity.
From now on and for the rest of the Chapter, for the sake of brevity, we will

be using units in which h =m = 1.

2.2.1 Time propagation

Split-step methods were originally developed for the case of linear equations
such as the linear Schrodinger equation. Consider a system described by the

following initial value problem

Op = (A+ B)y,

2.15
w(O) = o, ( )

with formal solution ¢ (t) = e4+B)y,. Split-steps methods aim to approx-

t(A+B

imate the operator e ) by an appropriate combination of the operators
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e and eP!, when [A, B] # 0. More specifically one can write

o(A+B) _ H enALebiBL L O (9) (2.16)

i=1

where a;, b; are constants to be determined and where the order p is ob-
tained for some large enough m. The values of a; and b; can be determined
by matching the p-th order expansion of the left and right hand side of (2.16).
This procedure is particularly useful because we might know how the oper-
ators e and eP* operate individually but not how e(A*5* operates. This is
exactly the case in our problem, as we will see later.

A first example, is what is known by the name of Lie splitting:
c(ATB)E _ AL BL | ) (t2) ’ (2.17)
or equivalently
(HA+B) _ Bt At 4 ) (t2) ’ (2.18)

which is known to be of order one. In order to verify this, we can look at
the error €(t) = Yapprox(t) — ¥(t), where ¢,,pr0x is given by the propagation

through the approximate Lie splitting as Yapprox = €'y, In details:

€L(t) _ [6AteBt _ 6(A—f—B)t] @Z)O
2 2
-| <1+tA+ %AMO (t3)) (1+tB+%BQ+O(t3)) +

- <1+t(A+B)+§(A+B)2+O(t3))}%

2

t2 t2 t
:[1+tB+532+tA+t2AB+5A2—1—t(A+B)—5(A+B)2+O(t3)}¢o
t2
=5 (A, Bl + O ().

(2.19)
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As we can see this method is accurate to first order, exhibiting a local error of
the order of O (¢?). A more accurate splitting is instead the following second

order method, known as Strang splitting [108, 109]:
e/ ATB) — eaBeteal | O (). (2.20)

The Strang splitting is also known as the symmetric split-step method since

t t . .
the operator S = ezBet4e2? preserves time symmetry, i.e.

SH)S(—t) =1, (2.21)

while, as one can easily verify, it is not the case for the operator used in
(2.17). As mentioned, the Strang operator S is able to attain a higher order
of accuracy and, by using a bit more algebra, it is possible to show that the
associated error is

t3

5S(t) = E ([Bv [Ba AH - [Av [A7 BH) ¢0 + 0O (t4) . (2'22)

The simplicity of the method allows for an easy implementation in any
algebra package such as Mathematica: in [71], Javanainen and Ruostekoski,
having employed Mathematica’s algebra package, report to have obtained
coefficients for an expansion up to order O (t5). The usage of symbolic cal-
culations in carrying out these expansions proves necessary as the expansion

becomes intractable with growing orders.

The convergence and stability of the methods can be demonstrated [110],
provided that (sufficient and necessary conditions) ||e"4|| < 1, ||e'Z|| < 1
and |‘et(A+B)H < 1.
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2.2.2 Split-step methods for linear Schrodinger equa-

tion

The split-step procedure outlined above becomes particularly interesting
when applied in conjunction with Fourier diagonalisation. Let us see what

this means in particular for the linear Schrodinger equation:

0

iaw (x,t) = Hotp (z,t) , (2.23)

where the linear Hamiltonian is given by Hy = K +V, with the kinetic energy

and time-independent potential given by

K=-iv
2 (2.24)
V =V(x).

Let us consider the Strang splitting () = e "Holyhy = e 7K/ 2e=1VEe =ikt 2y
Recalling that the kinetic energy operator is diagonalised in momentum

—iKt/2

space, the evaluation of the operator e is better done in momentum

space leading
e K2y T [e—itk2/2]: o] | . (2.25)

where F[-] denotes the Fourier transform. Therefore, the whole splitting pro-
cedure, combined with the Fourier diagonalisation, amounts to the following

operation, performed repeatedly for each time steps At:
it + At = FH a2 [mvarpet a2 E )] (2.06)

Such steps can be carried out numerically by employing the readily available
FFT algorithms.
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2.2.3 Split-step methods for the non-linear Gross-Pitaevskii

equation in real time

The method outlined above can be generalised almost straightforwardly to
the non-linear case, even if caution must be taken in order to preserve the
order of accuracy. Let us then consider the particular case of the Gross-

Pitaevskii equation:

% = (Ho+ g o) v. (2.27)

We could now be tempted to write an effective potential as

Vepr =Vi(x)+glvf. (2.28)

However, this proves inconvenient as the Strang splitting, in this non-linear
case, loses its second order accuracy and becomes first order accurate. Ja-

vanainen and Ruostekoski [71], suggest instead the following recursive method:

¢0 = ¢($; t)a
Yy = exp _thK Yo,
. - ) (2.29)
Yo = exp [—iAt (V(z) + g |cotho + crtn])] ¥,
Y(z,t+ At) = exp _iétK s.

As we can see the method is analogous to the standard Strang splitting, but
the crucial difference is the step by step evaluation which allows to use a more
“up to date” version of the wavefunction when calculating v5; choosing an
appropriate linear combination it is in fact possible to regain the second order

accuracy. In order to do so, we consider the expansion of the wavefunction
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at the first step:

Y(z,t+ At) = (1 + AtO, + %ﬁaf + 0O (At3)) U(z, 1), (2.30)
where
D =i (Ho+gluP) v,
8;7? =i (Hy+ g ) 5~ ig (@b%—f + wa;i*) , (231)

et cetera. Expanding now the exponentials in (2.29) we can try to match the
terms in (2.29) with those in (2.30). Once again an algebra package suits this
task perfectly. The result one can find, is that the second order accuracy is
achieved if and only if ¢ = 0 and ¢; = £1, which means one has to employ in
expansion (2.29) the most recent version of the wavefunction. The authors,
in [71], trying different cases, showed that this most recent version of the

wavefunction seems to be the best choice, giving the most accurate answer.

It is possible to find this same result following similar considerations:
consider the Hamiltonian H = K + V| where the potential incorporates now
the non-linear interaction term, V' = V(x) 4+ gp. Denoting by p the density

entering the Strang splitting, and consequently V' = V(p), the real time
propagation achieved by the Strang splitting is given by

St + At) = o iKAL2, VAL —iKAL2 | O(Atg)} b(t)

_ :e—mt + O(At3)] b(t) (2.32)

i N7 At 72 3
= |1 iltH — = H’ + O(A#)| (t),

where clearly H = K + V. At the same time, from the Gross-Pitaevskii
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equation 0y = —iH1 one finds

At? At?
where we have made use of the fact that 021 = (H? — ig0;p)tb. Subtracting
(2.33) and (2.32) and equating this to zero:

At? ~

S(t+ At) — YOPE(t + At ~ At

U(t)

. - At2 3
= —iAt(H— H) + zTgatp + O(At)
, - At? 3
= igAt(p — p) — ngatP + O(At°) =0,

(2.34)

where H? — H? = 0+ O(At) .Thus, to second order in the time step At, we
find
~ At
p(t) = p(t) + 78%(?5)
At

(2.35)

Therefore, the second order accuracy of the Strang splitting is restored in
the non-linear case of the Gross-Pitaevskii equation, as long as a more ‘up to
date’ wavefunction is used. Numerically such a wavefunction can be obtained

by a simpler first order Lie splitting as

. . 2
ﬁ: 6—Z%V(p)6—z%l(,¢ ) (236)
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As a consequence the correct splitting reads

X N - At - At 2
i i {_mtv <‘e_’%v(p)e_1%[{¢‘ )] S L oAr).

(2.37)

However, it is possible to simplify this result further. Consider the first

order expansion of (2.36), disregarding for simplicity the trapping potential,

so that V' = gp:
_'Mv( _ MK At 2 2
e "2 ’ 1—2—gp 1—27}( Y| + O(At?)
2
‘(1 —zggp—Z%K> Y| + O(AY)

(w* il i g ) (w ~ 2Ky - ﬂgmp) +o(a)
p

+ z— (YK p* —*Kap) + O(AL?).

(2.38)

Now, it is possible to observe that to first order, (2.36) is equivalent to
2 At
=|({1—-i—K
(-5m)e
At At
- (1 + iTK) o <1 - Z'?K) b+ O(A?). (2.39)

= PSR — U K) + O(AF),

2

+ O(A#?)

- At
‘6*17

so that to second order we have

A At 2 At 2
At e_z%v(p)eﬂ%[{@b’ :Atleﬂ%Kw’ +O(A). (2.40)
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Thanks to (2.40), it is then possible to simplify (2.37) into the splitting

At

e_iA;K@D‘Z)] e 2R L O(A),  (241)

e AL — =I5 K oy {—iAtV <

which corresponds exactly to the procedure (2.29) described in [71].

2.2.4 Split-step method for the non-linear Gross-Pitaevskii

equation in imaginary time

Unfortunately, the second order method proposed by [71] and discussed so
far, works exclusively for real time propagation. When we consider instead
propagation in imaginary time, this method loses its second order accuracy
although performing better than the standard Lie splitting. This result is
shown in Fig. 2.2. Luckily, we can still find a procedure which is second order
accurate in imaginary time. Proceeding as it was done before in real time,
recalling the Gross-Pitaevskii equation in imaginary time is 0,9 = —H1), one
finds, as in (2.35), that
~ AT

A(r) = plr + 50, 242

which can be achieved again numerically with a first order Lie splitting
2
G=le TV T Ky (2.43)

However, in imaginary time there is no equivalent for (2.40), i.e. in general

T T 2 T 2
Ar 6_%‘/(%_%%’ 4 Af‘e—%%‘ +O(AT). (2.44)
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— Lie splitting
Javanainen-Ruostekoski
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Figure 2.2: A plot of the error as a function of imaginary time step for differ-
ent methods (arbitrary units). The accuracy of the Javanainen-Ruostekoski
Strang splitting (2.29) described in [71] for real time propagation does not
carry over to imaginary time propagation. In imaginary time the method is
first order accurate. On the other hand, it is possible to see (right) that a
different procedure (2.45) can be used which attains second order accuracy.

Thus, in order to attain second order accuracy one must employ the full

splitting as

2
e HAT — o T K oxp [—ATV (‘eA‘;V(”)eA?TKw‘ )1 e T 4 O(AT?).

(2.45)

Notice that this modification of the splitting procedure, while increasing
the accuracy of the method, it does not increase its complexity, introducing
only one additional Hadamard product (which has complexity O(n), to be
contrasted with the complexity O(nlogn) of the fft algorithm). In particular,
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the whole procedure can be written as:

@Z’O = ZZ’(% t)a
[—ATK ]
wl = exXp 9 7vb(b
r i T 2 (246)
1y = exp —A7'V(|€_A7V(Iw1| i) | ¢,
AT
W(x, T+ AT) = exp 27 ).
Equivalently we could have considered the splitting
e—HAT _ 6—%V(pb)€—A7K€—%V(pG) + O(ATS) (247)
In this case the requirement found is
1 ~
5 (Pa(t) + (1)) = p(t) = p(7 + AT). (2.48)

Moreover, the splitting (2.47) can be written as

(e_%v(pb)e_%l(> (e_%Ke_%V(p“» )= (e_%v(”b)e_%K> (T + %) + O(AT?),

(2.49)
which suggests that to first order in A7 we have

po = P+ O(AT?)
(2.50)

= p(7 + %) + O(AT?)
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Therefore, the splitting (2.47) achieves second order accuracy provided that
Pa = pp = p(T7 + A7/2), or in full

e AT — exp {—%V < e%TKeAQTV(p)Q/}‘Q)] oATK

- exp {—%V (

(2.51)

T T 2
e_ATKe_ATV(p)¢‘ )] +O(AT).

As for the other splitting (2.45), only one additional Hadamard is introduced
in order to restore the second order accuracy. In particular, no additional
Fourier transform is required, thus not affecting the complexity of the whole
method to leading order.

Finally let us make a short comment on the time step. Consider for sim-
plicity the error associated with the Lie splitting previously given in equation
(2.19). Writing now the Hamiltonian as a sum of its linear and nonlinear
parts as H = Hy + gp, it is straightforward to see that the error, to a first
approximation, depends linearly on the interaction strength g: |e| ~ g|A#?|.
It is therefore necessary, when comparing two solutions at two different in-
teracting regimes, that the two time steps are carefully chosen, one larger
than the other, so that the accuracy on both solutions is guaranteed to be
the same. This will be particularly important when considering transitions
between different states, as the boundaries of such transitions are determined

by the difference in the energy associated with each state.

2.3 Outlook

In conclusion we have described the imaginary time propagation method,
proved the energy is monotonically decreasing in imaginary time also for
the non-linear Gross-Pitaevskii problem, and found that the method can be
employed to seek ground states of the system. Further, we have discussed

various split-step methods to propagate in time, demonstrating that the stan-
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dard Strang splitting does not retain its second order accuracy when applied
to non-linear systems. More specifically, we have shown that the method
firstly put forward in [71], restores the second order accuracy in real time.
Lastly, we have shown that the latter drops again in accuracy if employed in
imaginary time; we have therefore described a method which achieves second
order accurate imaginary time propagation and, crucially, at no expense for

the algorithmic complexity.



Chapter

A Discrete Model for Infinite Vortex

Lattices

“When one has a particular problem to
work out in quantum mechanics, one
can minimise the labor by using a
representation in which the
representatives of the most important
abstract quantities occurring in the

problem are as simple as possible.”

P.A.M. Dirac, from The Principles of
Quantum Mechanics, 1958.

The most straightforward approach to study systems governed by mean-
field Gross-Pitaevskii theory, and the most employed in practice [101, 111,
112], is to directly discretise and solve the equation of motion (1.14) with
positive effective frequency weg > 0, using numerical techniques such as the
Crank-Nicholson method or the standard split-step Fourier method [107]. In
this way, the condensate has finite spatial extent being confined by the har-

monic trapping potential. For such calculations, one chooses computational

99
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grids sufficiently large, so that the wave function effectively vanishes at the
boundary. This makes the boundary conditions involving the phase of the
wave function irrelevant, thereby also allowing for the direct application of

standard Fourier methods.

However, this approach has substantial drawbacks. First of all, the un-
derlying trapping potential obscures and distorts the configuration of the
vortex lattice, as it was shown in [93]. In order to infer the ideal periodic
configuration of vortices, one must require the mean inter-vortex spacing /g,
to be much smaller than the size of the condensate. In practice, this means
one must numerically simulate systems with at least ~ 100 vortices, which is
extremely inefficient given that the space of possible configuration becomes
considerably vast with growing number of vortices. Secondly, as we have just
mentioned, one needs to take a sufficiently large computational grid so as to
ensure the wave function vanishes at the boundaries. This means the com-
putation becomes remarkably inefficient, as many computational grid points
are devoted to points of little interest. The method we are going to describe,
aims at overcoming such complications. Specifically, we are going to focus on
the case where the effective frequency vanishes w.g = 0, so that the conden-
sate is spatially extended and the ideal vortex lattice is expected to form. We
will seek solutions to the Gross-Pitaevskii equation (1.69) which are periodic
in p, by enforcing the required twisted boundary conditions (1.133) on the
wave function. As a result, unnecessarily large computational domains can
be avoided and systems sizes can be chosen on the order of the vortex lattice

spacing.

In particular, we start this Chapter by introducing a discrete lattice model
whose energy retains the same gauge symmetries as the continuous energy
functional and converges to the energy functional as the lattice spacing de-
creases. Then, motivated by the magnetic translation group, we introduce
the so-called magnetic Fourier transform and formulate the continuous Gross-

Pitaevskii problem that yields the wave function with the correct periodic
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structure. This correct problem arises since the magnetic Fourier transform
naturally incorporates twisted boundary conditions which must be satisfied
for rotating condensates. We then turn to showing how spatial discretisation
of the discrete model can be achieved through a discrete version of the mag-
netic Fourier transform and how to compute it rapidly using standard fast
Fourier transforms. Further, we implement it with the split-step time inte-
gration scheme described in the previous Chapter 2. We test the method by
showing that it reduces to known results obtained in the lowest-Landau-level

regime.

3.1 A non-linear Hofstadter model

When confronted with the problem of the energy functional (1.68), one can
opt for the direct discretisation of the operators entering (1.68). This pro-
cedure has the major drawback of not preserving the hermiticity and gauge
symmetry of the system. Instead, a more accurate route to take, consists in
choosing an appropriate lattice model which reduces to the energy functional
of interest (1.68) in the continuum limit. In doing so, we can require that
the discrete Hamiltonian is Hermitian, and that the resulting discrete model
inherits the exact gauge symmetry of the continuum model. With this in
mind, let us then consider a linear Hofstadter Hamiltonian [113], defined on

a square lattice of size N, x N, which can be written compactly as

H=—wd e Ay, (3.1)

(4:k)

where the notation (i, j) denotes sums over closest neighbouring sites i and
j. The exponential phases factor exp(—% frzk A - dr) arise from the so-called
Peierls substitution [113, 114], needed to correctly incorporate the gauge
fields into the lattice model. With an obvious change of notation such that

each site is labelled by its In the Landau gauge A, = 2mQ(0,z), we can
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write for the Peierls factor

1 Tn41,1
0, = —/ A - dr,

h Fo

L (3.2)
Qy = E, /T ./4 -dr.

n,l

With an obvious change of notation, such that the positions on the lattice
are determined by the integer values n and [ according to r,; = (nay, lay),
with a,, a, the discretisation lattice constants, the previous Hofstadter model

(3.1) can be written more explicitly in the Landau gauge A = 2m£(0, z) as

- Z [wx(¢;+1,l¢n,l + ¢;,l¢n+1,l) + wy(€i9y¢27l+1¢n,l + e_ieyw;ﬂbn,l—f—l)} ;

n,l

(3.3)

where 6, = 0 and 6, = 2mQa,x/h; because of the choice of the gauge,
particles tunnelling in the y-direction acquire a phase, while those tunnelling
along the z-direction are unaffected. This, as we will also see later, explains
the reason for choosing the Landau gauge, namely the simplification of the
problem. Here, we have also allowed for anisotropic tunnelling by introducing
the two tunnelling amplitudes w, and w,. We defer for the moment the
discussion on the need for anisotropic tunnelling (Sec. 3.4.2), but state here
that it will be of fundamental importance for what follows. The integers n
and [ labelling respectively the x-direction and the y-direction on the lattice,
are clearly required to satisfy the constraints 1 < n < N, and 1 <[ <
N,. In the above (3.3), the first two terms account for nearest-neighbour
tunnelling along the z-direction, while the last two for nearest-neighbour
tunnelling along the y-direction. Now, through the identification v,; =
V@ (agn, a,l), expanding to second order, we can indeed check that this

lattice Hamiltonian reduces, in the continuum limit, to the linear part of the
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Gross-Pitaevskii theory (1.105):

~ [ dndy [ (@ + @) 0leny) + w0 o+ a)o(ay) + ]
<= [ anyfun (V00 + blin,0) + ER 00) ) o)+
+ wy e <w*(x, y) + a0y (2, y)" + %305 (z, y)") Y(z,y) + C-C-}
_— / dady [2(% +wy cos(0,)) ]2 + 2wyi sin(6,)a, D,
— w20, 00 — wya2 os(6,)0,1" 0, |
~ - / dady[2(w, + w,) |l - wy%fw - 2w,i6,,0" O,
— wea20pt)* Onth — wyaldyh* yw]

2
= / dzdy [;—mva + 2mOP22? Y| — 2Ryt yz/}} — 2(wy + wy)N,
(3.4)

which, up to factors not contributing to the dynamics of the system, is equiv-

alent to
/dd ! [(—ihV — Ap) | (3.5)
xdy | — |(—ihV — : .
Y om L
In the last line of (3.4), we have made the following choice for the tunnelling
parameters:
h2
e omaz
Wy = 2ma?’

Therefore one can write the following expression for the discrete energy which

accurately describes, to second order in spatial discretisation, the full Gross-
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Pitaevskii theory in the Landau gauge:

Ed - Z [wx¢;+1,lwn,l + wyewyw;lq_lwn,l + C.C.]

n,l

U
+ D Sl + 2(ws + w, N

n,l

(3.7)

Here we have introduced the on-site interaction U = g/a,a,, for later con-
venience. Because in the limit &/ = 0 the above reduces to the well-known
Hofstadter model (3.1), we will refer to (3.7) as a generalised Hofstadter model
because of the anisotropic tunnelling and the nonlinearity distinguishing it
from (3.1).

We can now write the equations of motion for a system described by the

energy functional (3.7), from the variational principle

0Fy

i, = 5 (3.8)
n,l

which more explicitly, ignoring terms unimportant for the dynamics, reads

POy = — Wy (Vny10 + Vno14)

| . (3.9)
— Wy (6_19y¢ﬂ,l+l + eleywn,l—l) + u‘wn,l|2wn,l'

One can realise here, that the above equation can be conveniently diago-

nalised by eigenfunctions of the form @fbvml = e~ Hkoaznthyayl)

(Jn-l—l,l + ,’Zn—l,l) = 2cos(kxax)7$n,la

- . ~ (3.10)
(eileywn,lJrl + eleywn,l71> - QCOS(kyay - ey)wn,l'

So that the equations of motion (3.9) are now concisely written as

ihdn, = — [210:5 cos(kza,) + 2w, cos(kya, — 0,) + L{|1Zn7l|2] Ung. (3.11)
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As we have discussed in Sec. 1.5, the system must respect the twisted bound-
ary conditions (1.133). We will discuss in the next section how to implement

such boundary conditions.

3.2 Twisted Boundary Conditions on the lat-
tice

The only problem we are left with is that concerning the implementation of
the twisted boundary conditions (1.133). In particular we are after a term
which enforces such boundary conditions allowing us at the same time to
retain periodicity over the remaining terms of the Hamiltonian allowing us
to diagonalise them in momentum space. We will then start with a simplified

1D problem, which is instructive for the following.

3.2.1 1D lattice, Open Boundary Conditions

-0 —®

Figure 3.1: 1D system with open boundary conditions.

Consider the system presented in Fig.3.1. Here there is no tunnelling be-
tween site n = N and site n = 1 and vice versa. The Hamiltonian describing

such a system is the following:

N-1

H=—wd (it + U 0n) . (3.12)

n=1

Adding and subtracting a term chosen ad hoc, one can find a term in the

Hamiltonian which describes a 1D system with periodic boundary conditions
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and diagonalise such a term in momentum space:

N-1
Ho=—w)  (Vnthnss + Ghtn) — w (Pt + P1on) +w (Pt + i)
n=1
N
= —w E (w;¢n+l + ¢Z+1¢n) +w (?/fjvwl + Q/JTwN) )
n=1

(3.13)

where with > we denote a sum with periodic boundary conditions, so that

Y = Y1

Figure 3.2: 1D system with periodic boundary conditions. Here site N + 1
corresponds to site 1.

The first term is promptly diagonalised in momentum space and the

Hamiltonian becomes

T
= —2w cos v w 3 01 ¥
H =2 Zk: (k)ven + <¢N> (1 0) <¢N>. (3.14)

Since the splitting of the Hamiltonian operator will allow us to consider the
time evolution of each term independently, we can focus our attention on the
evolution of the second term only: the operator splitting can be then done
as before. The evolution of the second term in (3.14) is then described by

the following equation

i0, <¢1) =w <O 1) (wl) , (3.15)
(N 1 0/ \¥n
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which leads to the propagator

P =0 o)

3.16
= cos(wAt)1 — isin(wAt) (? (1)) . (310

This expansion is important as it allows us to write

{ 1 (t 4+ At) = cos(wAt)yy (t) — isin(wAt)py(t) ‘ (3.17)

U (t + At) = cos(wAt) Y (t) — i sin(wAt)i(t)

This method enables us to efficiently diagonalise the relevant operators in
momentum space, while having open boundary conditions. As we will see

now, this method is easily generalised to the case of our interest.

3.2.2 2D lattice model with Twisted Boundary Condi-

tions

We consider now the lattice model introduced in (3.3): the underlying dy-
namics is schematically represented in Fig.3.3. As for the previous case, we
are facing the problem of implementing a condition at the boundary while
retaining some sort of periodicity to ensure we can diagonalise in momentum
space. As per what found in Sec. (1.5), one can promptly realise that in the
Landau gauge we have standard boundary conditions along the y-direction
and twisted boundary conditions along the x-direction. In particular the

twisting phases are

20myL,
h (3.18)

O,
@y

0,
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and the boundary conditions read

U(z,y) = e P(a + La,y),

. (3.19)
w(l‘, y) = 671@%(1’, Y+ Ly)'

Similarly we can write the expression for the discrete twisted boundary con-

ditions as

i©
wnJer,l =e' ””%,z;

o (3.20)
Unien, = €V Pny.

This time we will take into consideration different hopping in the two different
directions from the start. Since the interaction term plays no role in the
current discussion it will be disregarded and reintroduced when needed. As
we will see the twisted boundary conditions can be applied by performing
a transformation on the appropriate set of terms. Let us continue for the

moment our considerations on the system with PBC.

Let us split the energy functional (3.7) as

u
Ey=Ep+ By + ) S nl, (3.21)

n,l

where

E, = —wy Y [y by + c.c] + 2w, N,

n,l

E, = —w, Z [ei9y1/):7l+11/)n,l + c.c.] + 2w, N.

n,l

(3.22)

Since in the Landau gauge the boundary condition along the y-direction
is a simple periodic boundary condition (0, = 0), the terms in E, can be

promptly diagonalised. Let us then consider the term E,. This can be broken
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Figure 3.3: Schematic dynamics on the 2D system in the Landau gauge. A
particle tunnelling acquires the phases 6, and 6, given in (3.2). For a system
respecting periodic boundary conditions one has ¥y.1 = ¥;. On the other
hand, a system respecting twisted boundary conditions has ¥y,; = €©=1)y,
where the twisting phase is as given in (3.18).

into two parts as it follows:

Ny |N.—1
E, = —w, Z Z (w;kprl,lwn,l + C‘C’) - (w}ﬁ\/z,lez—&-l,l + 1/J}kvz+1,l¢Nz,l)
=1 | n=1 ~~ d ~~ d

internal tunnelling external tunnelling

(3.23)

We can then proceed, as we have done in the preceding Sec. 3.2.1, by adding
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and subtracting the term w, (¢}, ¥1, + c.c.), and find

Ex = Wy Z E (w:+1,lwn,l + C.C.)

o (3.24)
— (VN Na10 — Vi, o1 + c.c.)

Once again, the first term in the above expression can now be straightfor-
wardly diagonalised. On the other hand, applying the twisted boundary

conditions (3.20) to the second boundary term we find

+ .
* * wll 0 6—191' —1 wll
— +cc) = ’ . -
(wNI,ld}Nerl,l wNz,ﬂ/}l,l ) (wle el@z -1 0 wNz,l

(3.25)

Therefore, the second term in E, leads to the following propagator:

e~ Oz _
P (1;N,) =exp [—iwx <<€i®zo_ 0 ( 0 1)>t] . (3.26)

Notice that, upon the introduction of z = €*®+ — 1, the previous can be

written as

0 *
P(1; N,) = exp | —iw,|z| </l t| = exp [—iw,|z|Mt]. (3.27)
z/|z| 0
M

Now matrix M has the nice following properties
Tr(M) =0, det(M)=-1 (3.28)

which allow us to infer that its eigenvalues are A\; o = +1. Moreover, M is
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Hermitian (MT = M): the spectral theorem tells us then that M is diag-
onalised by a unitary operator U/; with this information we can proceed as

follows:

P(1; N,) = UTU exp [—iw, | 2| Mt UTU

1 0
=UNexp | —iw,|z t
p[ || (0 _1>

cos(wg|z|t)1 — i sin(w,|z|t) <(1) 0 )] U

—1

U

=Uyt

(3.29)

1 0
= cos(wg | 2| UTIU — i sin(w,|z|t)UT (0 1) U

= cos(w,|z —isin(wg|z 0 /14
= cos(uy]elt)L — isin(u |<]1 (ZM g )

This result allows us to find the following expression for the enforcing of the

twisted boundary conditions:

Yr(t+ At) = cos(w,At|z|)y(t) — isin(wat|z|)Z—*2/)Nz7l(t)
‘Z‘Z . (3.30)
Yy, 1 (t+ At) = cos(w, At|z]) YN, (t) — isin(wat]szwu(t)

3.3 The Magnetic Fourier Transform

The procedure (3.30) we have just described to enforce the twisted boundary
conditions, turns out not to be the most natural way to go, nor a particularly
efficient one. We will now show that a more natural approach exists and
a more efficient one as well. In order to do that, we will go back to the
continuum, and subsequently translate the results back onto the lattice.
The conventional Fourier transform allows us to expand the wave function
1 in a basis of functions which are eigenstates of the canonical momentum

operators and which satisfy periodic boundary conditions. We would like
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then to generalise this approach to our system; here we will expand in terms
of eigenfunctions of the generators of magnetic translation and require the
twisted boundary conditions to be satisfied. Let us consider once again then,

the generators (1.117), in the continuum:

I, = Pz — Qme - ax)\y

(3.31)
I, = p, — Oy,

in a general gauge. It is straightforward to see that these operators have
eigenfunctions of the form e™=®ei2may/heiM/h £ (1)) and et*w¥/heN/h g (1) respec-
tively, with eigenvalues hk;, for some arbitrary function f of the y-coordinate,
and g arbitrary function of the z-coordinate. Indeed, writing the eigenfunc-

tions as

1, |kz) = hky |ks) ,

(3.32)
Hy ’ky> = hky ‘ky> )

we can proceed by looking at the transformation elements between the coor-

dinate and momentum representations:

(| [ ka)

3.33
(@] Iy | o) 55

Rk, (x| ky) ,
(—ihd, — 2Qmy — 0. \) (x| k),

where we have acted with the operator I, first on the right and then on the
left. Equating the last two equations we find the ODE

—ih0y (x| ky) = (Rky + 2Qmy + 0.N) (x| ks) (3.34)
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with solution

(x| k) = f(y)exp [/ (zkx + %Qme + %&M) dx} 8.35)

= exp {zkwx + %2mey + 72_1/\] f(),

leading to the eigenfunction given above. One can proceed similarly to find

the eigenfunction of II,. Then, one can make use of the identity operators

L= [ 1) (b, (3.36)

o0

(since the set |k;) is an orthonormal basis of the Hilbert space), to write an

expression in the position basis as

) = / " Jk) (k) dks. (3.37)

o

This allows for the wavefunctions to be expanded as
w(x y \/ﬁ/ l z1‘+ QQm:cy-i- )\]d}(k‘x,y)dkx;

¢(x y \/%/ yy+ﬁ/\ 1/1(% ky)dk%

and consequently, inverting these relations, we have then found a way to gen-

(3.38)

eralise the Fourier transform to what we call a Magnetic Fourier Transforms
(MFT):

kg:ac—I— 20mzy++ )\]w(x’ y)dx,

Dlkes) = = /

w(:c ky)

(3.39)
Pt g, ) dy.

vl

The MFT amounts to a standard Fourier transform plus an additional gauge
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dependent phase factor ): this allows to easily implement the MFT by
means of standard fft packages. It is also straightforward to check that
the normalisation factors of the Fourier Transform and MFT are the same:
indeed

MFT [h(z,y)] = F [eCd(z,y)]
e CF T MET [W(x, y)]] = ¢(x,y), (3.40)
e CFTF [e(x,y)]] = v(z,y).

For the same reason it is also straightforward to see that Parseval’s theorem'
holds for the MFT.

If we now restrict our discussion, as done in the previous section, on
a finite square domain L, x L,, then the momenta become quantised in
multiples of 27/L;, the MFTs become

LT 2Qm
Ubey) == [ el ey ),
(3.41)
k) == = [yt ey,
and the corresponding inverses
20Qm
iﬂ(l' y Z kxa:—l—ixy—k )\(zy)]w(kx’y)’
\/_
(3.42)
w kyy—i- )\xy (./E k )

The MFT we have just described naturally incorporates the twisted boundary
conditions which must be satisfied by the system. We will now complete the
building up of our model, started in the preceding section, employing the

MFT and showing how it diagonalises the relevant terms in the Hamiltonian.

L% f@)g () do = [ F(k)g* (k) dk.
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3.4 The Discrete Model

Let us now go back to the expression for the discrete energy (3.7), which

presented in a general gauge reads
Eq=FE, + Ey + Eint7 (343)

with
Ey=—w, »_ [e7" ¢} ni1 +cc] + 2w,

E, = —w, Z ™%y b1 + c.c] + 2w, N, (3.44)

n,l

Uu
Eint = Z §|wn,l|4a

n,l

which is, as we mentioned, accurate to second order in the spatial discreti-
sation: E — Ey = O(a2) + O(a2). Introducing a discrete expression for the
pure gauge as A\, ; = A(a,n, a,l)/h, and also, for simplicity, the dimensionless
quantity B = 2Qmaga,/h, one finds from (3.2), that in a general gauge the

expression for the tunnelling phases are given by

990 = >\n - )‘n )
e (3.45)
Qy = Bn + )‘n,l—i—l - /\n,l-
We can write the discrete Magnetic Fourier Transform (AMFT) as
¢k Z ilken+Bnl+X, | Yot
Xy \/_
(3.46)

- kl A
wnky \/—Z Z +"l¢n,
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and the respective inverses as

1 . ~
wn,l _ Z el[kzn+8nl+)\7l’l]wkx,l7
kz

VN,

1 ilkylrni] 7
Yy = oA ; eilkviA ‘l]?/)n,ky.

We are now ready to consider the action of the dAMFT on the energy func-

(3.47)

tional (3.43). Consider the term entering E,:

(

™

_w”/);,ﬂbnﬂ,z +c.c.) =

—i0
e —i[kan+-Bnl+A, ;| T« ) i[kx (1) +B(n+1) 4+ 1] T
N, [(Ze | ]Ww,z) (Ze[ o ]1%.,1 +c.c
ks ks
71’917 i(Bl+)‘n+1 lf)‘n l) ~ ~
€ € ’ ’ —ik!n* ikz(n
- N, ZZ@ K, e T |+ e
* ky K,
iBl 2
e ik, |
N, [Ze o || |+ e
1 i(ks+Bl) —i(kz+BU)Y |, 2
= F (6 z + e © ) ’wk‘z,l
T fow
2 ke + B 0|
= — cos (k,
N, 2 (ks + )‘Wz,l

(3.48)
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Similarly, one can consider the term entering E,, and find

(eiwyz/}:;lwn,l+1 + c.c.) =

—if),

e . ~ ) ~
=5 Ze z[kyl-i-)\n,z]w;’ky _ Z ez[ky(l+1)+)\n,l+1],l/}n7ky 1.
Y ky by

_19 ( n,l4+1— A'rLl

_ Z Ze ik}, l zky(lﬂ)zzm% + c.c.

n

e—iBn Z " IZ 2
= el v n,ky 4+ c.c.
N, ™
1 A _ ~ 2
_ F Z <ez(ky—8n) + e—z(k’y—l’)’n)) ¢n,ky
Y Ky
2 -2
= — Z cos (ky, — Bn) |¢¥nk,
N, ™
(3.49)
We can therefore write for the energy components F, and Ey:
-2
E, = 2w, Z Z cos (k, + Bl) ’Wml + 2w, N,
Lo o (3.50)
E, = —2w, Z Z cos (ky — Bn) [y, | + 2w,N.
ky

Finally, recalling the trigonometric relation 2 sin? (2) =1 — cos(x), we can

2
incorporate the constant terms in the above expression and obtain

E, —4wx251 (k +Bl> ‘wkz,

kx)

B, = 4w, Y _sin’ ( >

n,ky

Y

2

wn ey
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Notice the gauge invariance of both expressions in (3.51). This form of
the energy functional, in which all the three terms are diagonal in their
respective spaces, allows for an easy and efficient implementation of the split-

step methods described in Chapter 2.

3.4.1 The Split-Step Magnetic Fourier Method

The system described by the energy functional Ey = E, + E, + Ei,, where
each term is diagonal, is particularly suited to be solved by split-step meth-
ods. Since we are interested in the ground states of such a system we will
make use of the generalised second order method (2.51), consisting in the
imaginary time evolution of the equations of motion associated with the
energy functional Ey, once again obtainable through the Wick-rotated varia-
tional principle (3.8) —h0;,; = 6E4/0¢;, ;. The resulting wave function will
be the minimiser of the energy functional E;. As discussed in Chapter 2,
the method of choice for simulations involving the real time dynamic of the
system is instead the method described in equation (2.29), as proposed in
[71].

Because the energy functional Fy; is composed of three pieces, the splitting
method (2.51) needs to be applied twice. The split-step MFT procedure, to
advance the wave function v (7) evolving through the imaginary-time Gross-
Pitaevskii equation by a single time step A7, then proceeds with the following

computations:

1. gy = e Hin(Pa) 5 4p(7)

2. Py = MFT,! [e*HI%M]:Tx [wl]]
3. g = MFT," [ % MFT, (1]
A4y = MFT [e—Hz%Mfo [%]]
5. (T + A7) = e~ Hint (00) 377 o),

where MFT, and MFT, are the operations defined in (3.46). The quan-
tities in the exponents directly follow from (3.44) and (3.51). In particu-
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lar, H, = 4w, sin® (#), H, = 4w, sin® (@), and Hi(p) = Up. As
discussed in Chapter 2, for certain choices of the densities p, and p, (e.g.
putting p, = pp = [¢)(7)[* or even p, = [¢)(7)[*> and p, = [¢4|?), the method

will lose its second-order accuracy. Instead, one finds that with the choices
_H F)|2) AT

the method will be second-order accurate. Additionally, as considered in
Chapter 2, at the end of each time-step propagation, the resulting wavefunc-
tion should be normalised.

Note that the extension of the split-step method from linear to non-linear
equations, as done above, is of small influence on the computational time.
For instance, if we put ¢ = 0 making the Gross-Pitaevskii equation linear,
the computational cost of the split-step method at leading order will not be
affected. The MFT can be implemented in a straightforward way by using
existing fast Fourier transform packages as it can be written in terms of direct

multiplications and Fourier transforms as:

MFT, ]
MFTy Y]

F [e7Brlemniqp] (3.53)
Fy [e7 ] (3.54)

where F, and F, denote the standard Fourier transforms. Thus the MFT
algorithm is as fast as the conventional fast Fourier transform to leading
order. More specifically, for N discretisation points, the method has N log N

computational cost.

3.4.2 Dynamical variation of the aspect ratio

Thusfar we have neglected the discussion on the anisotropic tunnelling ampli-
tudes w, and w, introduced in (3.3). As discussed in Chapter 1, the ground

state solution of a homogeneous rotating superfluid consists of a triangular
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lattice of vortices carrying quantised circulation. The unit cell describing a
triangular lattice necessarily has an irrational aspect ratio. Hence, the in-
troduction of the anisotropic tunnelling amplitudes was foresightedly made
necessary by the need to account for irrational aspect ratios. In fact, we can
relate the anisotropic tunnelling amplitudes to the aspect ratio of the com-
putational unit cell as R = i—z = %—Z z—; In order for the discrete theory to
accurately describe the continuum theory, the discretisation lattice constants,
a, and a,, must be the smallest length scales in the problem. Specifically, we
require a, a, < &, lo. On the other hand, we note that the discrete theory

remains well-defined and physically relevant away from this limit.

With this in mind, assuming N, = N,, we can once again re-formulate

the energy functional as

2

. k,+BlL\ |~
Ed[wn,h R] = 4\ /wzwy (R Z Sll’l2 ( 2 ) ‘wkz,l
kz,l

e (M)

wn ey

U
> -+ Z Elwn,l‘4-
n,l
(3.55)

The energy functional E,; can be directly minimised with respect to R as

dR dEy

and the minimiser found is
— 2
3 sin? (ky_zgn> Unk,
R = moky (3.57)
3 sin? ’@/Jm

kzv

Notice this implies that the total energy is minimised when £, = E,. Then,

at the end of each time-step advancement in the split-step procedure, we
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can vary dynamically the aspect ratio of the computational unit cell by en-
forcing (3.57). In the long imaginary time limit, the wave function and the

aspect ratio will both converge to the true minimisers of the energy functional
Ed [wn,la R] .

25 a

20 40 60 80

Figure 3.4: Convergence of the lattice model aspect ratio to the continuum
value R = /3 for increasing number of computational points N = N;N,.
The simulation considers a periodic unit cell containing two vortices.

The minimiser R of the lattice energy functional, is therefore going to
be exact for the given wave function. However, this is going to be just
an approximation to the true continuum minimiser. More specifically, the
accuracy is going to be a function of the number of computational points (or
equivalently the size of the lattice discretisation constant). In Fig. 3.4 we
considered an infinite triangular lattice with two vortices per unit cell. The
true minimiser in the continuum limit is R = v/3: Fig. 3.4 shows the lattice

minimiser quickly converges to this value.
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3.5 Numerical Tests

In this Section, we will provide some preliminary applications of the split-
step magnetic Fourier method, showing how it can reproduce known results in
appropriate regimes and also how these results can be extended. We start by
considering the lowest lowest-Landau-level regime, since this case has several

known results with which we can compare.

To characterise vortex lattices, following [72], it is helpful to introduce
the dimensionless inhomogeneity parameter

8= AM (3.58)

PR
(f ¢ 2dxdy)
where A = L,L, is the area of the computational unit cell. This dimen-
sionless parameter depends only on the geometry of the system, i.e. on the
geometry of the vortex lattice. Moreover, it is of particular interest because it
. . . N2 .

can be directly related to the interaction energy of the system as § 3=, with
N = [|¢[*dzdy. In the LLL regime the remaining terms in the energy are
quenched, thus minimising the energy is equivalent to minimising 5. When
the number of vortices is restricted to two per computational unit cell, one

can compute [ analytically as a function of the aspect ratio R [306]

5R) = [ 2 (12 + 2~ 7). (350

with

o0

fo = Z ef7r72(2m+n)2/27 (3.60)

m=—00

where the vortices are placed within the unit cell so as to maximise the
separation between neighbouring vortices. A depiction of equation (3.59)

can be found in Fig. 3.5. The minima correspond to the aspect ratios
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Figure 3.5: Plot of the inhomogeneity parameter defined in equation (3.59).
The stationary points corresponding to triangular and square lattices are

labelled.

Ra = {3%, 3_%}, where one finds triangular lattices, while the local maxi-
mum has aspect ratio Rg = 1 corresponding to a square lattice. The corre-

sponding values of 34 are reported in the following Table 3.1.

A = 1.159595
A =1.180341

Table 3.1: Minimum and local maximum of the inhomogeneity parameter 34
corresponding to triangular and square lattices respectively.

Recall that a unit cell commensurate with that of the ground state vortex
lattice of infinite spatial extent must be chosen to obtain the ground state
energy. Unit cell sizes differing from this will introduce frustration. Therefore
B should be minimised with respect to R. One expects minima to occur at
aspect ratios which are commensurate with a triangular vortex lattice [36,

115]. Since B(R) = B(R™1)?, in the following we will restrict our attention

2This can be proved by realising that fo(R) + fi(R) = fo(R/4) and that
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Figure 3.6: Numerical solutions for N, =4 and N, = 1 leading to triangular
and square lattices. The aspect ratios are R = 2/v/3 and R = 1 respectively.

to R > 1.

We now turn to numerically computing § using the split-step magnetic
Fourier method. For fixed values of R and //&, starting with an initial
randomised state, the imaginary-time GPE is evolved on a 256 x 256 grid
until a time-independent state is obtained. Convergence as a function of the
time step A7 is also checked. In Fig. 3.7, several curves of § versus the
aspect ratio R are shown for different values of ¢ /¢ for systems containing
two vortices per computational unit cell. In the limit /o < £ one finds
excellent agreement with the LLL analytical expression 34 as expected. The
scheme naturally allows one to extend beyond the LLL regime for which
simple analytical expressions for 3 are not available. As ¢q/¢ is increased,
one finds that § decreases, reflecting the system’s tendency towards a nearly
uniform density (apart from the vortex cores) in the large interaction limit.
Also, as expected, the minimum for all curves occurs at R = /3, which is

commensurate with the triangular vortex lattice. A local maximum occurs

fo(R) =4/ ﬁ fo (ﬁ) The first expression can be shown by expanding the series telescop-

ically, while the second follows directly from the Poisson summation formula. Plugging
these two into (3.59) one obtains that 3(R) = 3(R™1).



3.5. Numerical Tests 125
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1.18 =L/ =2 .
lo/§ =4
+€Q/£ =38
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Figure 3.7: Numerical results of the dimensionless inhomogeneity parameter
B (3.58) characterising the interaction energy of the system as a function of
the aspect ratio of the computational unit cell. Excellent agreement is found
between the numerical results and the analytical expression 34 in the lowest
Landau level regime.

at R = 1 which corresponds to the square vortex lattice.

Because the energy of the system is an extensive quantity, one might
expect the energy per particle, F = %, to be unchanged when the size
of the computational cell is increased ceteris paribus. This is only true,
however, for computational unit cells commensurate with the ground state
vortex configuration as increasing the size of the cell while keeping the vortex
density fixed allows the system to have more degrees of freedom. In the
following, we consider doubling the spatial dimensions of the computational
unit cell from one containing two vortices to one containing eight vortices.

From general principles one will have Eg < Eg where Eg and E’g are the
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1 125 15 1.7 2 225 25 275 3 D 7 9
R

Figure 3.8: The energy per particle of systems with two and eight vortices
in the computational unit cell, E, and Ey, as a function of the ratio R.
The former provides an upper bound for the latter. The triangular lattices
corresponding to the ground states are degenerate and the arrangements of
the vortices in each of the ground states of the eight-vortex system are shown.

energies per particle of the systems with smaller and larger computational
unit cells respectively.

In Fig. 3.8 the energy per particle obtained using the split-step magnetic
Fourier method is shown for systems having two and eight vortices per com-
putational unit cell. As expected, we have Eg < Ej for all curves. The
curves coincide near R = /3 which is commensurate with the triangular
vortex lattice in both cases. The system with eight vortices can also achieve
a triangular vortex lattice at aspect ratios R = 4/ \/§, 4+/3 and we note that

degenerate minima of Eg occur at these values. The computation has been
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carried out for ¢n/¢ = 1 but the same results—namely E, being an upper
bound for Eg, their equivalence close to R = V3 and the existence of the

three degenerate minima for Fg—hold for any ratio £o /€.

3.6 Outlook

In conclusion, we have described a computational method which can effi-
ciently find the minimum energy of an infinite vortex lattice within Gross-
Pitaevskii mean field theory. We have shown how to extend the conventional
split-step Fourier method to include twisted boundary conditions through use
of the magnetic translation group. We have tested the method for particular
cases, and showed that it reproduces known results in the lowest Landau
level regime.

In the subsequent chapters we will consider multicomponent systems. It
turns out the method we have just described requires one additional essen-
tial ingredient if one wants to use it to investigate such multicomponent
systems. This is however true only in the case of repulsive inter-species
interactions. Therefore a natura extension of the method can be used to in-
vestigate systems in which the inter-species interaction is attractive. Thus, in
the following chapter, we will briefly study a scalar two-component system
with attractive inter-species interactions, before discussing how to extend
the model and investigate more complicated repulsively interacting systems

in the subsequent chapters.
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Chapter

Mixtures of Attractive Superfluids

In this brief Chapter, we are going to briefly consider the case of attractive

interspecies interactions g2 < 0 in a mixture of two rotating superfluids.

The response of the system under rotation in this attractive regime, is
arguably more intuitive, even more so for homogeneous systems. This is pos-
sibly the reason why the problem did not receive much attention in the past
years. The attractive interaction between the two species translates onto the
interaction between vortices of different species, which turns out to be at-
tractive as well. As a consequence, it is for instance simple to conclude that
the ground state of such a system when the masses of the constituents of the
two components are equal is going to consist of two perfectly overlapping tri-
angular vortex lattices. However, when investigated more thoroughly, these

systems can exhibit interesting and unexpected characteristics.

The method used to simulate attractive multicomponent systems is akin
to the method presented in the preceding Chapter 3: one can just evolve a
set of coupled equations of motions, one for each of the order parameter of

each component.

129
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4.1 Locking of vortices

In the early works [116, 92], the case of two condensates under rotation and
within an harmonic confining potential was considered for small deviation
from unity of the constituents’ masses ratio my/m;. Under such conditions,
one would expect, from Feynman relation (1.78), to find the two components
rotating at the same driving frequency €24, and therefore with unequal vortex

densities. However, this turns out to be true only on average. One finds

X : Species 1 vortex
QO : Species 2 vortex

Q, <\Q ,
/07; *O
o B X0
=y +
‘o o

Figure 4.1: Depiction of bound vortex pairs for species with masses m; > mso
[116]. Within a certain locking radius r. the vortices of the two species form
bound pairs which rotate together at the driving frequency, while the two
superfluids adapt their rotational rate so as to allow for equal vortex densities.
Outside the disk defined by 7., the pairs become unbound, both vortices and
the superfluids rotate at the driving frequency and the two vortex densities
become unequal.

instead, for large enough attractive interaction, that there exist a locking
radius 7. within which the two components do not rotate at the driving

frequency, but at angular velocities inversely proportional to their masses, so
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that m1€2; = ms€y. The vortex densities in turn, are forced to be the same
in this region. This implies that within the locking radius, the vortex lattices
of the two condensates are perfectly overlapping, locked together, rotating
at the driving frequency €24 lying between €2; and €2,. Outside the disk
defined by the locking radius, one finds a short healing region where pairs
of vortices of the two species are paired, and eventually the two condensates
will be found rotating at the same frequency and vortices of different species
unbound. In particular, in this outer region, the vortex densities will be
found to respect pg,l)mz = pq(?)ml, as expected on average from Feynman
relation (1.78). This counterintuitive result, derives from a purely quantum
effect, with no analogue in classical physics.

An explanation to this phenomenon can be found in the competition
between the vortices attractive force and the Magnus force!'. Indeed, equating
estimates obtained from gaussian ansatzs for the wave functions, it is possible

to find an expression for the locking radius as

[7 mi + Mo

4th\/E mp — Mo

3 (4.1)

Te = ‘912’

where equal average densities p; = po = p and equal healing lengths &; = & =
(and consequently equal interaction strengths g; = go = ¢g) were assumed.
The expression for the locking radius, interestingly reveals that very
quickly, for large mass ratios, this effect vanishes, exception made for the
two vortices sitting at the centre of the trapping paraboloid. The effect is
therefore expected to be observable especially in the range 1 < my/my < 2.
This is indeed the case considered in [116] where, motivated by the experi-
mentally relevant case of a mixture composed of the isotopes 33Cs-8"Rb, it
was taken the mass ratio m;/my = 1.5 [117]. Lastly, it is important to notice
that also for large rotational frequency €2; the radius is quenched, and no

such effect should be expected in the limit of vortices.

Lorentz force in the charged particle in a magnetic field analogy.
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4.2 Vortex lattice configurations

The case of two-species condensates for large rotation rates under attrac-
tive interactions was investigated in [118] for components with different con-
stituents masses. In particular, only integer mass ratios were considered.
Recalling the Feynman relation (1.78), it is clear that to different masses are
going to be associated different vortex densities, if equal rotation is assumed
for each components. This is certainly the case for mass ratio much larger
than unity, even more so in the limit of large number of vortices and low
inter-species interaction, as we have argued in the previous section.
Similarly to the case of unitary mass ratio, one finds that in general the
two vortex lattices tend to arrange in a triangular configuration. As we will
discuss in further detail in the last Chapter 6, such states can be achieved
without frustration only for certain mass ratios: only in these cases are in fact
the two lattices commensurate. Deferring the proof to Chapter 6, we now
simply state that two triangular lattices with a mass ratio m; /ms = 2 are not
commensurate. On the other hand, the mass ratios m;/ms = 3 and my /my =
4 do allow the corresponding triangular vortex lattices to be commensurate
(deferring again the proof to the last chapter). In Fig. 4.3, a summary of
some of the ground state configurations for different integer mass ratios is
given. Notice in particular the configuration corresponding to the mass ratio
my/me = 2. Because two triangular lattices would not be commensurate, the
system can choose in this case, the second best configuration which minimises

the total energy, namely the square lattice configuration.
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Figure 4.2: Schematic depiction of the regular vortex lattice ground state
configurations attainable for a binary system of rotating condensates [118].
When the triangular vortex lattices associated with each mass ratio (and
hence vortex density ratios) are commensurate, then the overlapping of these
such triangular lattices provides the ground state configuration of the system.
The triangular lattices associated with the mass ratio my/my are not com-
mensurate. For this reason the configuration minimising the total energy is
not a combination of two triangular lattices but a combination of two square
lattices instead.

4.3 Multiply quantised vortices

For large enough inter-species interaction strength gio, vortices in the heav-
ier species will start forming bounded n-tuples, where n is the integer mass
ratio. At the same time the vortices in the lighter species will arrange into a
triangular configuration and each n-tuple will be centred on one of the lighter
species vortices. The distance of the n vortices composing each n-tuple is con-

trolled by the strength of the inter-species interaction. When g5 approaches
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Figure 4.3: Schematic depiction of bounded pairs of vortices (a) and multi-
ply quantised vortices (b), in the heavier species. The configuration of the
vortices in the lighter species as well as that of the bounded pairs and of the
multiply quantised vortices is triangular.

the miscibility /immiscibility boundary, the numerical calculations [112] seem
to suggest that the n-tuples collapse into a single multiply quantised vortex
with n quanta of circulation. Clearly, for large n (i.e. for large mass ratios),
the existence of such multiply quantised lattices will also depend on the rel-
ative intra-species interaction strengths. In fact, for sufficiently large n, one

can expect not to find such states when g; = gs.



Chapter

Mixtures of Repulsive Superfluids:

Equal Masses

“See how Mathematick rideth as a queen

cheer’d on her royal progress thru’out nature’s realm;
see how physical Science, which is Reason’s trade
and high profession, booketh ever and docketeth

all things in order and pattern.”

Robert Bridges, Testament of Beauty, 1929.

In this chapter we will build on the previously introduced non-linear Hof-
stadter model in order to incorporate more than one component into the
system. Although one might néively think that the generalisation to two
components is as trivial as writing two coupled equations of motion, it turns
out that the model developed in Chapter 3 requires two extra degrees of
freedom for each extra component added to the system.

We will begin this chapter discussing on the extension of the method pre-
sented in the previous Chapter 3 and then proceed to apply the full method

to the study of a system composed of two interacting superfluids.

135
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5.1 Reconsidering boundary conditions for mul-

ticomponent systems

To begin, for simplicity, let us consider again in more detail the case of a
single-component Bose-Einstein condensate under uniform rotation in the
continuum. The physical quantities describing such a system are the gauge
invariant velocity v = %Vé’ — %A and the superfluid density p. Both of
these quantities follow from the condensate order parameter 1) = \/ﬁeie and
the vector potential corresponding to uniform rotation for which we choose
the Landau gauge: A = 2mQ(0, x).

Now let us consider an infinite periodic vortex lattice. Without loss of
generality, we may choose an L, x L, rectangular unit cell that tiles the
system. The superfluid velocity and density must have the periodicity of this

unit cell, namely

v(z+ L,,y) =v(z,y+ L) =v(x,y),

(5.1)
p(x+ Lo,y) = p(z,y + Ly) = p(z,y).
From the first equality, the x-periodicity requirement reads
81-0 T+ Lx, = axg x,Y),
( y) (z,y) (5.2)
0y0(x + Ly, y) —2mQL, = 0,0(x,y),
so that upon integration one gets
O(x+ L,,y) =0(x,y) + ,
( y) =0(z,y) + f(y) (5.3)

O(x + Ly, y) — 2mQLy = 0(z,y) + g(x),

with f(y) and g(z) general functions of the y and = coordinates only, which
clearly have to satisfy f(y) = 2mQL,y + g(x). Thus we find that g(x) = &,
is a constant, and f(y) = 2mQL,y + k.. Thus one finds that the phase must
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satisfy

20m
O(x+ Ly,y) =0(x,y) + —— L,y + kg
( y) =0(z,y) + —— Ly (5.4)

O(x,y+ L,) = 0(z,y) + Ky

where the constant &, is obtained from the integration of the y-periodicity
condition. For the sake of convenience and clarity, let us introduce a rescaled
version of these constants, namely the phases 7; = k;/L, appearing above
in (5.18) and (5.19). Next we introduce the magnetic translation operator
defined in Chapter 1, T'(r) = en™ where I, = p, — 2mQy and II, = p,
are the generators of magnetic translation in the Landau gauge (1.117) [1].
Then one can verify that the periodicity condition for the superfluid density,
p(z,y) = p(x + L,,y) = p(z,y + L,) and velocity, Eq. (5.4), can be written

succinctly as

ey, y) = Fap(a, ) = €7 E (),

i | | (5.5)
oo (z, y) = (. y) = €M Ivb(,y).

Now let us consider magnetically translating this wave function by —r =
—(ra,7y): U(x,y) = T(—r)Y(x,y). Due to the symmetries of the problem
(namely that the generators of magnetic translation commute with the kinetic
momenta), the energy per unit area corresponding to v (z,y) is the same
as that of ¢(z,y). Moreover the densities of these two wave functions are
? = p(x — 12,y — 1)
Therefore the vortex lattice given by 1 is related to that given by v by a

identical apart from translation: p(z,y) = ]zﬂ(w,y)

simple translation. By choosing r to satisfy

2mSQr, = —h1y,

2mQr, = ht,

(5.6)
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we have the simplified boundary condition

b(z,y) (5.7)
b(w,y) (5.8)

etMleleq)(z, y)
et lua) (2, y)

which was the condition taken by us previously in [1] (see Appendix A). A
closer look at (5.5) reveals that one can alternatively consider the following

transformation of the operators of the magnetic translation group

This corresponds to a gauge transformation ¢ — ¢ with A = m,x+7,y. As
can be readily verified from (5.5), the transformed wave function is invariant

under magnetic translation across a unit cell.

Through the above considerations, one sees that by specifying 7, and 7,
a particular unit cell of the vortex lattice is specified. Changing 7, and 7,
will translate this unit cell, but will not affect the energy per unit cell or the
vortex geometry of the periodic system. Thus, without loss of generality, we
can set 7, = 7, = 0 for the single component system. However, for the two-
component system, such a freedom does not exist. In the method described
in Chapter 3, we have set the 7-parameters for the first component to zero,
while keeping those of the second component as degrees of freedom to be

minimised over.

5.1.0.1 An example

Consider for example the case of two overlapping triangular lattices. In order
to obtain two interlaced triangular lattices, as those depicted in Fig. 5.1(a),

one of the two lattices needs to be shifted with respect to the other by a

vector r = (O,j:%) = ( %}zg@’Ly, —5 n?’;fLI) Recalling the Feynman relation
(1.78), and realising that in Fig. 5.1 p, = —2— for each component, it is

LyLy
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straightforward to see that

Ko =F 2mQL, —~ = F2 vaILy = 3F4—7T,
3h 3 3 (5.10)
[{y g
| | [ e (e |
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Figure 5.1: Two possible ways of overlapping two triangular lattices with
equal lattice constant. The square and circle marks refer to points (vortices)
corresponding to different lattices. In (a) is what we refer to as interlaced
triangular lattices, while in (b) are shown two interlaced oblique lattices.

On the other hand in order to obtain two interlaced oblique lattices with
aspect ratio R = /3, as in Fig. 5.1(b), the shift required is given by the

vector r = (£%,0), which gives the following phase factors:

ke = 0,

L, L.L (5.11)
Ky = £2mQL,— = £27p, Y =427,

Y2h

Thus, it is clear that in this case the same geometrical arrangement can be
equivalently achieved with x, = k, = 0. Moreover, a similar result can be
found for the case of two interlaced triangular lattices in Fig. 5.1(a): all that

is necessary is to take a number of vortices N, = 6 per unit cell. Then, in
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this case, we can also take k, = Kk, = 0.

This example shows that the extra phases x;s, are not needed provided
one takes the right unit cell. However, there is a catch. First of all, larger
unit cells are both less accurate (because the density of computational points
is lower) and take longer to converge (because the space of possible config-
urations is larger). Moreover, the r; parameters provide a simple mean to
probe the state of the system and its phase transitions. To be more specific,
it allows for instance to distinguish between configurations (a) and (b) in
Fig. 5.1, while there is no parameter allowing to directly distinguish such
configurations in a unit cell with N, = 6. Thus, although not strictly neces-

sary, it is more efficient to take the 7; parameters into consideration.

5.2 Computational framework for multicom-

ponent systems

The computational framework introduced in Chapter. 3 can now be gener-
alised to multicomponent systems, provided we bear in mind the arguments
given at the beginning of this chapter.

The two-dimensional energy functional associated with a system of N;
coupled species in a rotating frame of reference is given, within Gross-Pitaevskii

mean field theory, by

E:/5[¢1,...,sz]d$dy, (512)

where the energy density is

N.
1 h 1
Elr, s dn,] :Z[%\V%F + §mjwf7“2|¢j\2
J

j=1

(5.13)

1
— 0iQL; — wilus?| + 50"
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Here, L, = —ih(x0, — y0,) is the angular momentum operator along the z-
axes, {2 is the rotational frequency, and m;, u;, w; are respectively the mass,
the chemical potential, and the trapping frequency of the jth species. The

matrix

51 glNS
G=1 : . (5.14)

9iNs -+ gNs

accounts for intra and inter-species interactions which are related to the s-
wave scattering lengths a;i.: g; = dwh%a;;/m;, gir. = 27h2ae(mi+my) /mimy.
Finauy pT = (|¢1‘27 R ‘sz
two species do not phase separate is for G to be positive semi-definite; this can

2). The miscibility condition which ensures the

be analogously expressed in terms of the dimensionless parameter previously
introduced as o < 1.

The energy density functional (5.12) can be rearranged in a convenient
way: introducing the symmetric gauges A; = Qm;(—y,x) and setting the

ﬁ‘:

effective frequencies w§" = /w? — Q% = 0, we can write (5.12) as

2m;

N 1
Elr, .. w] =) {— (—ihV — A" = ey _—
j 5.15

where we have retained the chemical potentials y; for later convenience. No-
tice that this term can be removed at any time, as it does not contribute
to the dynamics of the system, and because the total energy can be con-
sistently obtained by the appropriate normalisation of the wave functions.
The preceding energy functional, leads to N, corresponding coupled Gross-
Pitaevskii equations ihd;p; = E /9] describing the dynamics of the system.
The above form of the energy density functional is particularly appealing as

it makes the gauge invariance of the system explicit. This property allows us
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to switch to the Landau gauge .A? = 2Q0m;xy without affecting the energy

functional (5.12). Such a perspective will prove useful later.

We now approach the problem of the discretisation of the energy (5.15)
following the arguments put forward in Chapter 3 and in [1]. More specifi-
cally, upon defining ¥ = (3, ...,%y,)T, we consider the coupled generalised
Hofstadter model

Eq=— Z [\IJIL,ZW(I)‘I’z(x)‘I’nH,l

n,l

T OF N
+ U WOSWW,,,, + h.c.} (5.16)

1 _
X |5t o~ vl v
n,l

defined on a grid of N, x N, points taking values r = a,nx + a,ly, with
n,l € Zt, n < N,, | < N,, with lattice constants ax = Lj/Nj, and with
L,, L, being the lengths of the computational unit cell. In the above, w @),
W®) account for the anisotropic tunnelling for each component while the

& arise from the Peierls substitution needed to incorporate the gauge fields:

h? 1 1
Wk = — diag {—, e —} ,
2aj, my my, (5.17)
@g“) = diag [e*i‘sy’“Bln, . ,e*iéy’“BNsn] )

As we have discussed in the preceding chapter, the energy (5.16) reduces to
the energy functional (5.12) provided that the lattice constant is the smallest
length scale in the problem. In doing so, provided one considers the Landau
gauge, it is possible to verify the following identifications: B; = 2Qm;a,a,/h,
U=Glasa, and @ = diag[, ..., un,] — 2(W® + W®). As we have men-
tioned, an alternative to fixing the chemical potential is to fix the total par-

ticle numbers per unit cell as [ |¢;]2dzdy = Nj.
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We next perform N,—1 local gauge transformations on the wave functions

of the additional components:

-y (2) .y (Ns)
U, — diag |1, e, .., e ] T, (5.18)

where the pure gauges are \V) = 9 )agjn + Téj)ayl. Clearly here we have

taken Tx(l) = 7'351) = 0, which can be done without any loss of generality, as
discussed. Inserting (5.18) into (5.16), one finds that

(Ns

®) s diag [176—%2)%’ et Day, | | B0, (5.19)

The terms aj entering the phase factors in the above equation (5.19)
arise from the Peierls integrals calculated over the Hofstadter computational
lattice vectors. A comment on the need for this gauge transformation will

be given below. We further assume that ¥, ; can be expanded in the basis

of states
~ ~ ~ ~ T
\Ijkz,l = <wl;kzla ¢2;k11, s 7¢N5;kzl>
B B B B T (5.20)
\Iln,ky = <¢1;nkya ¢2;nky7 oo 7¢N5;nky)
as
1 i(kgn+Bjnl) T
Vijini :\/—F Z € Tkt
’ (5.21)

1 L~

¢j;nl E—— Z emyle;nky'

VN, 4
Y

This is equivalent to demanding V¥, ; to be an eigenfunction of the mag-

netic translation operators with eigenvalue equal to one. In doing so, we

also automatically satisfy the required twisted boundary conditions [1, 106].

Inverting the relation in (5.21), we can then define the discrete magnetic
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Fourier transform (dMFT) of the jth component as

wj skl \/— Z 671 (kan+Bjnl) w] inly
(5.22)

—ikyl
"y wj;nb

G =3

which will be fundamental for the diagonalisation of the problem at hand.

A comment is needed concerning the gauge transformation given above
and the boundary conditions of the system. The gauge transformation (5.18)
has the effect of introducing two new degrees of freedom contributing to an
overall phase of the second component’s wavefunction. In Chapter 3, the
wave functions were taken to be invariant when magnetically translated along
a vortex lattice vector. While this constraint is appropriate for the single-
component case, it must be relaxed for the multi-component system. For the
present case, we must consider the whole set of possible states obtainable
by translating one component with respect to the other. Clearly one needs
to translate only one of the two components to obtain such a set. Such a
translation is accounted for by the parameters (ng] ), 7'?5 )) introduced in (5.18)
and (5.19).

As discussed in the previous chapter, the employment of the magnetic
Fourier transform (MFT) diagonalises the kinetic part of the model. The ex-
pansion (5.21) is of great importance as it allows, through its inverse (5.22),
for the diagonalisation of the linear (kinetic) part of the model (5.16). The

discrete energy (5.16) can now be written compactly as

Ey =4R Z iy WK,S”)l\fkaJ

kz:

W g
t= Z‘I’ WK}, Vu, (5.23)

1
S Lot

n,l
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where we have defined the matrices accounting for the kinetic terms

. [ k, + Byl Ky + Byl + 70
Kliz)z =diag |[sin (%),...,sif( + N52+T )

(kB ky — B "
Kéygy —diag |sin? (yTln> ..., sin? ( Y Ns2n Ty ,

(5.24)

— ol
and introduced W = (W(x)W(y)) 2 denoting by ‘o’ element-wise exponen-

tiation. We have also introduced the aspect ratio R = % = Z—y, which

explicitly accounts for anisotropic tunnelling.

Each term in (5.23) is now diagonal and the minimisation of the energy
functional with respect to ¥ can thus be achieved by solving the associ-
ated equations of motion in imaginary time in conjunction with a split-step
method; a further minimisation is then required with respect to 7,, 7, and
R. Holding U, 79 and 7' ﬁxed it is straightforward to show that (5.23) is

minimised by requiring

Sy Vi, WEL W,

- o (5.25)
Zkz,l \Ijkx,lWKkm,l\Ijsz

R —

Similarly one can find that holding ¥ and R fixed, the discrete energy (5.23)

is minimised with respect to 79 and Ty(j ) by choosing

, [ in(ky + Bjl)|0k,.4]2 -
20 = aretan | et S0 ¥ BT (— S cos(ke + BD)|
Zk y) cos(k; + B;l) ¥k, 112 kol
, sin(k, — B:n)|[ Wi i 2 -
7_25]) — _ arctan an ( Y J )|1{ij7 7ky| ] +7T® —ZCOS(k’y . Bjn)|¢j;n,ky|2
Zn Ky COS(ky - Bjn)|¢j;n7ky|2 n,ky

(5.26)

where ©(x) is the Heaviside function.
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The minimisation of (5.23) can then be performed numerically by repeat-
edly alternating the minimisation with respect to ¥, R and the 7Y ), T?Sj ). As
before, the minimisation over ¥ can be performed by solving the imaginary-
time Gross-Pitaevskii equations using a split-step method. In practice, we
find that it is most efficient to perform more steps to evolve ¥ and less for the
remaining parameters. A schematic description of this algorithmic procedure

is given in the following Fig. 5.2. Finally, one must check for convergence in

Random ¥
harwj - _%

Minimise over
R, 70 1)
as per (5.25), (5.26)

Convergence
in ¥, R, ngj), nj”?

Ground
State

Figure 5.2: Schematic description of the algorithmic procedure. The equa-
tions of motion in the top left of the figure are obtained by Wick-rotating
the Gross-Pitaevskii equations to imaginary time 7 = it.

the time step and the discretisation lattice constants.

5.2.1 The relation between model and physical param-

eters

The parameters entering the model described so far do not necessarily re-

late directly with the physical parameters needed to characterise each vortex
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lattice configuration. For this reason, we will devote this section to the de-
scription of the relation between this two sets of parameters.

Consider the diagram presented in Fig. 5.3 for a system of two components
made of constituents of equal masses. The black circles represent locations of
vortices in the lattice of one species, while the grey squares represent vortices

in the second species lattice. The relevant parameters needed to describe such

[val
[vi]’

and the vector r = r;vy + rovy defining the relative translation between the

a configuration, are the aspect ratio R = the angle n = arccos (Vy - ¥2)

two lattices.

] 7 ||
; , ;
/ :
/
B /
- ’ -8--

’ vy

Figure 5.3: The diagram defines the parameters R = |va|/|v1|, n and 7.

As we have discussed, the 7; parameters are directly related to the relative
translation of lattices as mandated by equation (5.6). However it is not clear
yet what relation there exist between R and 7 and the parameters of the
model. In order to understand the nature of such a relation we need to
consider carefully what possibilities we have in the computational unit cell.

More specifically, it is particularly interesting to look at the interlaced
square lattices case: in fact here it is possible to find two completely equiv-
alent unit cells, both shown in Fig. 5.4. The first unit cell has aspect ratio
R. = 1 while the second one Ry = 2. Consider now the first unit cell: when
the aspect ratio R is varied this has the effect of changing the angle of the in-
terlaced square lattices which continuously transform into interlaced oblique

lattice. It is now straightforward to find that the angle characterising such
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Figure 5.4: Two equivalent unit cells tiling a system made of two interlaced
square lattices.

an oblique lattice is given by 7 = min(2 arctan R,, ™ — 2 arctan R,,). On the
other hand, the lattice aspect ratio is untouched so that R = 1. Consider now
instead the second unit cell: at the variation of its aspect ratio R, something
different happens. This time the effect is a change in the aspect ratio of the
lattice R. In particular it is easy to see that the relation linking these two
aspect ratios is simply R = R;/2. This time what remains untouched is the

angle characterising the lattice which stays constant: n = /2.

5.3 Components with equal masses: the phase

transitions

For simplicity, we will consider here the case of a mixture of two superflu-
ids with constituents of equal masses m; = msy, which in turn implies equal
vortex densities. Furthermore we will also take the particle densities to be
the same. An early important result for equal masses in the repulsive regime
g12 > 0 was obtained semi-analytically in the LLL [66], assuming equal scat-
tering lengths for the two coupled systems a1 = ass, and consequently equal

intra-species interactions for this equal masses case: g1 = go = ¢. This as-
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sumption in particular allows for the achievement of an SU(2) symmetric
system. One consequence for such a system is, for example, that the sys-
tem becomes invariant under the exchange of the two superfluids, as it was

discussed in Chapter 1.

90. |
= 75,4 /

Y g o —

172t

1/3 + e
-

0 bt

2.
o

1. ‘

0 0.17 0.37 0.93
(0.4

Figure 5.5: Results from the early work of Mueller and Ho [66]. The relation
of the parameters used in these plots with those used in our treatment can
be understood by comparing with Fig. 5.6.

In [66], the two superfluids were found to transition, at the variation of
the parameter o = g12/,/g192, between four different states. This results
are summed up in the plots presented in Fig. 5.5 below; we will perform a
reparameterization of the problem which are more suitable for our treatment
(see also Fig. 5.6), as it will become apparent later. The attractive regime is
simple and consists of two perfectly overlapping triangular lattices. At low
positive interacting strengths (0 < a < 17 = 0.172) the ground state consists
of two interlaced triangular lattices with a vortex of the first species centered
between three vortices of the second species. At T} the first transition occurs:

for 77 < o < T5 = 0.373 the system is found to be made of two interlaced
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oblique lattices with varying angle 7; the vortices of the first species are
now sitting centered between four vortices of the second species. The second
transitions occurs when 7 = 90° giving place to two interlaced square lattices.
The system remains stable in this state for T, < o < T3 = 0.926 until the
third and last transition takes place. For v > T3 the square lattices, following
a spontaneous breaking of symmetry, continuously stretches into interlaced
rectangular lattices of aspect ratio R. We recall that above the boundary
«a = 1 the two superfluids become immiscible and the so-called stripe phase
is obtained [70]. In this region the density of each superfluid concentrates
in the central area perpendicular to the long side of the rectangle. Because
these results were obtained in the LLL, the connection to experiments is not
immediate as most experiments on vortex lattices are away from this regime.
The method outlined in the previous sections allows for the extension of these
results to regimes of larger intra-species interaction or slower rotation rates.
In Fig. 5.6 we present a detailed characterisation of the transitions undergone
by the system as reflected by the behaviour of the the two parameters n and
R. In particular, n experiences a discontinuous jump at 7}; this transition is
also marked by a discontinuous jump in the parameter r; = ro. The second
transition 75 is characterised instead by a discontinuity in the derivative
of . Finally, the last transition 73 is marked by a discontinuity in the
derivative of R. This result can be directly compared with that of [66]. It
is also possible to notice that, at the SU(2) symmetric point, the lattice
configuration is independent of the strength of the interactions. Here we
find a lattice configuration consisting of two interlaced rectangular lattices
of aspect ratio R = v/3, such that the combination of the two lattices gives

rise to a triangular lattice.

Let us finally comment a bit further on the phase transitions. It is in
fact worth noticing that the order parameter critical exponent is given by
f =1/2, as it is after all expected for mean field theories. In the spirit of the

Ginzburg-Landau treatment of phase transitions [79], we can exploit one of
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Figure 5.6: Extension of the results from [66]. When varying «, the parame-
ter R describes the second order transition transforming a square lattice into
a rectangular lattice; the parameter n instead, experiences at first a jump,
signalling a first order transition responsible for the transformation of the tri-
angular lattice into the oblique lattice. Further observing the behaviour of 7,
it is possible to spot where another second order transition occurs, continu-
ously transforming the oblique lattice into the square lattice. For components
of equal masses one always obtains minimisers satisfying r; = 5. At the oc-
currence of the first order transition r; experiences a discontinuity as well:
this permits the transition from the triangular to the square configurations.
The beginning of the immiscible regime area is highlighted in grey.
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the symmetries of the system to study the phase transitions. In particular,

recall that £ (R) = E(1/R), so that E(R + 1) is approximately even at
1
ﬁ.

We can then write the symmetry associated with the energy functional as?

E(¢) = E(—¢), and ¢ R2L 0. This is the familiar condition for ¢* Landau

theory. The symmetry allows for an expansion in terms of even powers only

the origin' (see for example Fig. 3.5). Let us now introduce ¢ = R —

as:

E(¢) = co(a) + c2()” + ca(a)g” + O (¢°) . (5.27)

The smooth expansion coefficients ¢; entering the expression above, really
are functions of all the parameters ¢; = ¢;(g, «, 74, 7). Here it will suffice to
consider the dependence of such coefficients on o = g12/¢g only. Truncating
at the fourth order, we must assume c4 to be positive in order to have the
energy bounded from below. For cy(a) > 0, the free energy as a function of
R, has a minimum at R = 1 (i.e. at ¢ = 0). On the other hand, when c¢(«)
becomes negative the symmetry breaks: the transition therefore occurs at

co = 0. We can thus expand the coefficient ¢y around the critical point a*:
ca(a) = é(a — ), (5.28)

for some constant ¢,. Notice that when R = 1, all the non-zeroth order terms
vanish: consequently co(«) is interpreted as the energy associated with the

interlaced square lattices. Now, setting OF /J¢ = 0, one finds the minimiser

'More rigorously, one can show that the requirement f(z) = f (%), imposes a constraint

on the expansion coefficients ¢;(a)s. In particular, expanding f(1+ ) — f(H%m), one finds
that f'(1) = 0, f"(1) = =3f"(1), fO(1) = 60f”(1) — 104 (1), etc. As a consequence,
it must be that the coefficients of the expansion of E(R), respect the conditions ¢; = 0,
Cco = —c3, €5 = g — 2¢4, etc. Minimising the free energy with these coefficient constraints,
still leads to the result for the critical exponent R(a) ~ |a — a*|2.

-1
*Notice in fact that R = § + 3/6? + 4, and (§ £3y/@+4) =-$+1/57+ 14,
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of E(¢) to be

N

_ 2 o
¢ = 201 (" —a)Z. (5.29)

Consequently, the minimiser of E(R) is given by

EQ 1 52
R(a) =/—(a—a")? £ /— (e —a*)+4. 5.30
(@) =i =)t [ @—an)+ (530)
Furthermore, since from symmetry considerations (cf. Section 1.2.1) we know

that R(a = 1) = /3, we can write an expression for the critical point:

=1 —. 5.31
a 35 (5.31)
The behaviour of R(«) can be made clearer by considering small variations

around the transition point. Let us then expand around ¢ = 0, as

. gb 1 9 . ¢ ¢2 4
R=5+5Ve+d=g+ 1+8+0(¢) : (5.32)
so that to first order in ¢, we can write
Co 1
R(a) =14 4/— (e —a")2. (5.33)
804

The critical exponent is then 8 = 1/2, as it was mentioned before. The same

argument holds for R(g) when we consider a fixed a.

When considering the transition from interlaced triangular to interlaced
oblique lattices instead, there is no symmetry principle we can invoke which
allows to expand the free energy in even powers only. The other relevant
order parameter here are the 7;s which are periodic with period 27/L;. The
presence of a non-zero cubic term in particular, gives rise to a different kind

of transition (a first order transition) in which the global minimum suddenly
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jumps from one local minimum to another. This results in a discontinuity in

the order parameter, as shown in the second and bottom panels in Fig. 5.6.

5.4 Components with equal masses: the phase
diagram

It is now possible to go even further and explore the phase diagram going to-
wards the Coulomb limit: Fig. 5.7 shows the complete phase diagram for the
ground states of two interacting superfluids. As can be intuitively expected,
for a < 0 a configuration consisting of two overlapping triangular lattices
is found. In the particular case of a = 0, a configuration consisting of two
non-interacting triangular lattices is found instead and the ground state is
degenerate with respect to translations of the two lattices. The red lines in
Fig. 5.7 mark the three phase boundaries 77, 75 and T3 corresponding to each
phase transition occurring for o > 0; the colours encode the value of either
¢ or R. For states below T, the only varying parameter is ¢. The colour
coding the highest value of ¢ is the same as the colour coding the lowest
value of R: this appears in the region between T3 and 75, where neither of
these two parameters varies. Above T3 the varying parameter is R and the
colour code changes accordingly. Although in the LLL the square configura-
tion is predominant, our results demonstrate that in the Coulomb limit the
triangular lattice configuration takes over while the other configurations are

suppressed.

5.4.1 Linearity of the phase boundaries

While it is convenient to study the phase space in Fig. 5.7 as a function of the
parameters o and /&, this approach conceals some very simple properties
of the phase boundaries T}, T5 and T3. In Fig. 5.8 the phase diagram is plot-

ted in terms of the alternative parameters g and gi». One sees that the phase
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Figure 5.7: Phase diagram describing the ground states of two interacting
superfluids of equal masses and same particle number per unit cell N; = Nj.
The abscissa represents the intraspecies interaction strength (which is as-
sumed to be the same for both species) while the ordinate the interaction
strength amongst the two different species. The area of the phase space be-
low T5 is characterised by the parameter ¢, while that above is characterised
by R. Transition T} is of first order, while 75 and T3 are second order tran-
sitions. For completeness the trivial attractive regime (« < 0) is included as
well, showing a ground state consisting of two overlapping triangular lattices.
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boundaries asymptotically become linear in the Coulomb regime. An argu-
ment explaining this behaviour goes as follows. Deep in the Coulomb regime,
the energy of the system is dominated by terms representing interactions. In

this limit, one can write the energy density as

g 1
E(g,912) ~ 5(0? + Pg) + g1201P2 = 5902 + (g12 — 9)p1p2s (5.34)

where p = p; + p is the total density. Since a phase boundary T(g) between

a phase configuration A and a configuration B can be defined as the value
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Figure 5.8: Linear phase boundaries in the miscible regime. 7; marks the
boundary between the triangular phase and the oblique phase, T divides
the oblique and the square phases and 7’5 is the last phase boundary leading
to the rectangular phase.
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of the interspecies strength such that E4(g, g1o =T) = EB(g, 912 =T), it is

possible to write an expression for T'(g). In particular, one finds that

T(g)

_ 1<P?4,1> + <P,24,2> - <p2B,1> - <PQB,2>
g 2 <pB,1PB,2> - <ﬂA,1PA,2>

: (5.35)

where brackets denote spatial average. Next, we note that deep in the
Coulomb regime, variations in the total density are energetically prohibitive
and so the total density, at this level of approximation, is constant. For in-
stance, while p; will approach zero near a vortex in 1)y, py will have a local
maximum there, making the total density nearly constant. Writing density
with respect to its average as dpa1 = pa1 — (pa1) (with similar notation for

the other components) we then have

g 2((dpB10pB2) — (6pa10pA2))

T(g)  (9p%) — 2(6pandpas) — (3ph) + 2(0pp10pp2) (5.36)

In the Coulomb limit, the variances in the total densities become negligible

and the leading order behaviour of the phase boundaries can be found to be

lim M =1. (5.37)

g— g
Therefore, the phase boundaries have the form Tj = g+ a;* where the in-
tercepts a;, are determined by the kinetic energy difference between the
two configurations and likely cannot be determined from such simple argu-
ments. Operating the appropriate transformations to the phase boundaries
in Fig. 5.7, we obtain the linear phase boundaries Tj presented in Fig. 5.8.
The numerical solution for the phase diagram indeed verifies these simple
arguments.

For computational convenience, the phase space in Fig. 5.7 was calcu-

3In the next Chapter 6 a generalisation of this expression to general particle numbers
N1 # N, masses m1 # meo and intra-species interaction strength g; # go will be given.
The derivation is presented in Appendix B.



Chapter 5. Mixtures of Repulsive Superfluids: Equal
158 Masses

lated with two vortices per species per unit cell. Considering a unit cell
containing only one vortex per species, as done for instance in the early work
by Abrikosov [72], does not allow for configurations other than the square
and rectangular lattices. The smallest unit cell needed to obtain the correct
ground states contains a minimum of two vortices (per species). The results
obtained in this setting can be found to be consistent with those obtained in
larger unit cells, as long as the size of the cell is appropriate (namely if the
unit cell contains an even number of vortices). For other unit cells (e.g. a
unit cell containing an odd number of vortices per species) one will in general
observe frustrated lattices. However, such configurations of the system have

higher energy densities and are therefore disregarded.



Chapter

Mixture of Repulsive Superfluids: the

General Case

We will now move on to study systems of two superfluids with different com-
ponents’ atomic masses. While the extension of the method developed in
the previous sections is fairly straightforward, it is important to devote some
attention to a problem which we have so far ignored, namely that of com-
mensurability. In this chapter we will start by discussing the implications of
non unitary mass ratios on the possibility to achieve a consistent and peri-
odic infinite vortex lattice. Recall that given two superfluids with different
atomic masses, the Feynman relation (1.78) clearly indicates that the ratio
of vortex densities will be proportional to the mass ratio:
ma Pv

S ) 6.1
=t (6.

This allows the system to explore new exotic phases and configurations.
However, as we will show, this also constitutes a constraint for some sim-
ple configurations that will not be allowed in the system because of lack of
commensurability. More specifically, we will show that even for simple mass

ratios (e.g. mg/my = 2) it will not be possible to find regular triangular

159
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ground states. In this scenario, the lack of commensurability implies, for
large enough systems, the rise of frustration.

With this in mind we will present a phase diagram, analogous to that
presented in Fig. 1.6 in the previous section, for the case mq/m; = 2, showing
that although the state consisting of two interlaced triangular lattices is not
allowed, the system can still achieve novel unexpected configurations.

At last we will discuss in generality the results for higher mass ratios

giving a summary of a few results in Table 6.1.

6.1 General considerations regarding commen-

surability

Until now we have ignored an issue that presents itself when considering
infinite vortex lattices, namely that of commensurability. We could do so be-
cause we were considering the case of two species with equal atomic masses.
If we are to investigate the nature of such systems in more generality we ought
to first discuss the topic of lattice commensurability. The simplest scenario
is which such issues arise is that occurring close to the zero intraspecies in-
teraction point a = 0: here, from fundamental considerations, one expects
each component to be found in a triangular lattice configurations. Because
of the lack of interaction between the two atomic species there is not a pre-
ferred position of one lattice with respect to the other. However, as soon as
we consider an infinitesimal positive interaction @ = ¢ we would expect the
two lattices to arrange as to maximise the distance between each other, in
order to minimise the energy arising from their interaction. The ith lattice
associated with a species made of constituents of mass m;, with magnetic

length Eg) =4 /%, built on the basis vectors b;s can be written in general-

ity as A; = {68) (2:b1 + Ribo + ...) | 2is Kiy e € Z}, and given two lattices Aq

and As, a sufficient condition for commensurability is that the diophantine
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equation |A;| = |Ag| has a countably infinite number of solution. Considering

triangular lattice simplifies things as only two basis vectors are necessary:

More specifically the two basis vectors are given by by = [1,0] and by =

[1 /2,V/3/ 2}, so that the commensurability condition then reads
m
Ez (3 + 61 + K1) = 75 + Jakin + K3 (6.3)
1

As one would expect, the condition for commensurability is clearly satisfied
for the trivial case of m;/mg = 1. Let’s consider then the next simplest case

of my/my = 2: the condition above (6.3) becomes

2 (5 + k1 + K1) = (95 + 262 + K3)- (6.4)

Assume that there exist a set of nonzero integers j1, k1, J2, ko € Z\{0} satis-
fying the above equation. The left hand side in (6.4) is even, so even must
be the term on the right hand side. In turn, for this to be the case both j,
and ko are to be even. If that’s the case, we can introduce two new scaled

integer variables 7, = 72/2, Ko = K2/2 so that
2 (g1 + g1k + K1) = A(J; + oF2 + Ry). (6.5)

Thus, by the same argument, also j; and x; both must be even. Now, it
is possible to write any even integer 7 as 270, for some integer J and odd
integer ©,. Therefore
2(2*107 + 270 0, + 225000 ) = (22200 + 2720 0, + 227207
22t (02 28 e 0, + QUK iI=) o2 ) — 92)2 (02 +2% 720 0,, + 2= 0) 62 .
(6.6)

1
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If 2J; + 1 > 2.J5 then we can write

22(J17J2)+1(0]21 + 2K17J10j10%1 + 22(K17J1)02 ) — (0]22 4 2K27J20]20H2 + 22(K2*J2)02 )

(6.7)

Clearly, (6.7) is a contradiction as the left hand side is even and the right hand
side is odd. Mutatis mutandis, the same holds for 2.J; +1 < 2.J;. Thus we
have proved by contradiction that two triangular lattices, one twice as dense

as the other, are not commensurate as (6.4) holds only when j; = k; = 79 = ko = 0.

With more generality it is possible to find that (6.3) has more than one
solution (the trivial one) if and only if the mass ratio is a Loschian numbers

[119], namely if it can be expressed as

M2 207 =1,3,4,7,9,12,13, .. (6.8)
my
for any p > v with pu, v € Z. This result can be proved by realising that the

following factorisation

(12 + pv 4+ V) (P + k1 + K2) = (2 + Jokia + K2), (6.9)

always holds with 7o = uj — vk, kKo = V(51 + k1) + pkq. For a given Loschian
mass ratio it is possible to find that one vortex lattice will be rotated with
respect to the other by an angle # = arctan ( ﬁ”) Thus we find § = 0

2u+1 )
if and only if the mass ratio is a perfect square. This result (6.8) has a

clear geometrical interpretation: in a triangular lattice, the distance from
the origin of the elements of every set of points equidistant from the origin
is given by the square root of a Loschian number. This is clearly depicted
in Fig. 6.1. Looking at the figure it is also possible to better understand
where the above expression for 6 comes from: the integers p > v composing
the Loschian number (u? + pv + v?), exactly give the closest point to the

r-axis at a distance (u?+ pv +v?) from the origin as ub; + vby. The simplest
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Figure 6.1: Geometrical significance of Loschian numbers. In a triangular
lattice, the distance from the origin of the elements of every set of points
equidistant from the origin, is given by the square root of a Loschian number.
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Figure 6.2: On the left: two non-commensurate triangular lattices with cor-
responding mass ratio my/m; = 2. In the presence of non-commensurability
one would in practice observe geometrical frustration. On the right: two
commensurate triangular lattices with my/m; = 3.

case of two such nontrivial commensurate triangular lattices occur for a mass
ratio of 3 and is depicted in Fig 6.2: the two lattices are rotated at an angle

0 = /6 as expected.

To sum up, we have shown that for the case of mass ratio 2, the two asso-
ciated triangular vortex lattices are not commensurate as 2 is not Loschian.
However we might still be able to find commensurate states for stronger inter-
actions between components. Let’s consider then another lattice: the square
lattice. In this case we have the basis vectors b; = [1,0] and by = [0, 1], thus
the commensurability condition reads

mg

oy Ut 1) = (5 4 13). (6.10)

Similarly to what was done before, one can easily realise that the following
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Figure 6.3: Geometrical significance of (6.12). In a square lattice, the dis-
tance from the origin of the elements of every set of points equidistant from
the origin, is given by the square root of the sum of squares (6.12).

equality holds
(1* + )5 + K1) = (53 + K3), (6.11)

provided that jo = pj1 + vry and ky = pky — vy;. Therefore, given two

integers p1 > v € Z, the diophantine equation (6.10) is satisfied by requiring

M2 242 21,2,4,58.9,10,.. . (6.12)
my

This time the lattices will be found tilted with respect to each other at an

angle § = arctan <ﬁ> The geometrical interpretation of such a result is

analogous to that of the triangular lattice and is depicted in Fig. 6.3.
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6.2 The mass ratio my/m; =2

As we have just discussed, since the ratio my/m; = 2 is not Loschian, and
thus being it impossible to find a regular arrangement for the two triangular
vortex lattices, we will find a non-commensurate configuration close to the
non-interacting limit o ~ 0. Nonetheless we might still be able to find other
states which are commensurate for higher interspecies interactions. This
mass ratio is of particular relevance, as in experiments one can achieve it
with good approximation with the mixture of isotopes *'K-*"Rb (with mass
ratio msy/my ~ 2.1)[120, 121], but also *'Rb-'"Yb (my/m; ~ 2.0014) and
818r 18Er (my/my ~ 2.0013).

Again as before we restrict our analysis to equal /¢ for both compo-
nents. Fig. 6.4 presents the ground states’ phase diagram associated with
the mass ratio my/my = 2. As it is possible to observe, in this scenario we
encounter two new commensurate ground states. For a = 0, as expected
from arguments made earlier, we find a region of non-commensurate ground
states. The first transition we find when increasing « is of second order and
transforms the lighter species ground state into a square lattice, while the
lattice associated with the heavier one is transformed into a snub-square lat-
tice. Such configuration has lattice parameter (v/3 — 1)65()1 )| where we can
take 68 ) to be the lattice constant of the first component due to its simpler
lattice geometry.

Increasing o further, we encounter a second transition, again of second
order: the lighter species’ vortex configuration is transformed into a triangu-
lar lattice while the heavier is transformed into a honeycomb lattice as shown
in Fig.6.6. For the honeycomb case one easily finds the lattice parameter to
be 5 /+/3.

Fig. 6.5 shows instead the phase diagram obtained under the condition of
equal healing lengths €M) = ¢ = ¢, In this regime one finds different intra-
species interaction strenghts, in particular g, = 2g». It is interesting here to

notice the important role that strong interactions play for the existence of
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Figure 6.4: Phase diagram for two rotating superfluids with atomic mass
ratio msy/my = 2. The intra-species interaction strengths are taken so as to
satisfy Eg)/g(l) = 68)/5(2) = lq/€&. As discussed in the text, this system does
not have a commensurate ground state for small inter-species interactions.
One should hence expect to observe frustration in this regime. For stronger
interactions one finds instead two novel vortex configurations: the snub-
square lattice and the honeycomb lattice.

certain configurations. In fact, close to the LLL, we cannot find a snub-square
configuration and the system evolves from a non-commensurate configuration
to the honeycomb-triangular state.

At last, let us mention that the result (5.37) given in the previous chap-
ter describing the phase boundaries as affine functions of the intra-species

interaction strength, can be generalised to the case of different intra-species
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Figure 6.5: Phase diagram for two rotating superfluids with atomic mass
ratio my/m; = 2. Here the intraspecies interactions are taken so as to have
equal healing lengths in each component £ = ¢ = ¢,

interaction strengths g; # g»'. More specifically, in the Coulomb limit, one

can write:

T = \/q192 + a. (6.13)

for some intercept a. It is straightforward to see that the above equation
(6.13) reduces to the linear relation in (5.37) for g; = g¢». This result is

particularly interesting, as it allows for a the characterisation of a vaster

ISee Appendix B.
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Figure 6.6: The continuous transformation of the Square-SnubSquare lat-
tices into the Triangular-Hexagonal lattices, occurring between the transition
boundaries 15 and T3.

phase diagram in the Coulomb limit. Once the intercept is obtained from
the simplest linear case g; = g9, equation (6.13) allows us to infer, at least
under the approximation of strong inter-species interactions, the behaviour
of the phase boundaries for arbitrary interaction strengths g; # go. Notice
however, that the same argument cannot be extended to the mass ratio, as
at its variation different configurations are expected. The intercept should

thus be though of as depending on the mass ratio.

6.3 Higher mass ratios

We now turn our attention to the case of higher integer mass ratios.  Ta-
ble 6.1 provides a summary of the commensurate lowest energy configurations
we find for the first integer mass ratios. The next integer case, namely that of
mass ratio ms/m; = 3, might be of interest for the experimental realisation
with isotopes “'K-'#3Cs (my/m, ~ 3.2)[122], for "Li-**Na (mq/m; ~ 3.3), or
for 2Cr-'%'Dy (my/m; = 3.1561). In this case we can find again a complete
commensurate phase space. For a &~ 0 we find two commensurate triangular
lattices, one tilted with respect to the other by an angle # = w/6. When the
interactions are stronger we find at first that the lighter component’s vortices
form a triangular lattice, while the heavier component arranges its vortices

into a kagome lattice with parameter Eg ) /2. For higher interspecies interac-
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Ground . Symmetry
mgp
m1 | State Species Type Group
/ \ 1: Triangular pbm
2: Triangular p6m
1: Oblique p2
[/ 2: Oblique p2
1
1: Square pdm
2: Square p4m
1: Rectangular pmm
2: Rectangular pmm
1: Square pdm
2: Snub Square pdg
2
1: Triangular pbm
2: Honeycomb p6bm
1: Triangular pbm
2: %Triangular pbm
1: Triangular pbm
3 2: Kagome pbm
1: Triangular pbm
2: Shifted-Rectangular p2
1: Triangular pbm
2: }lTriangular pbm
1: Triangular pbm
4 2: Fishbone Square pgg
1: Triangular pbm
2: Non-Regular Hexago- cmm

nal

Table 6.1: Commensurate ground states for different mass ratios. For each
lattice it is given its symmetry classification in IUC notation. We denoted
by ‘%Triangular’ the triangular lattice with unit cell an nth of the unit cell
area of the lattice denoted as ‘Triangular’.
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tion, closer to the miscibility-immiscibility boundary a = 1, the latter turns
into a shifted-rectangular lattice (with lattice parameter ES ) /2) while the
lighter component retains its triangular arrangement. Notice that through-
out the whole phase diagram, the lightest species remains stable in its tri-
angular configuration. This is a feature that seems to persist at higher mass

ratios.

Finally, the last mass ratio we consider is my/m; =4 which could be
implemented with the isotopes BNa-®"Rb which have mass ratio ms /my ~
3.8 [123] or even more accurately with “'K-'%Dy (my/m; ~ 4.0021). As
mentioned at the beginning of this section, because this mass ratio is a perfect
square, at a =~ (0 we can obtain two commensurate triangular lattices tilted

with respect to each other by an angle # = 0.

When « is increased, the symmetry is broken along one direction and
we observe the formation of a new state made of squares with diagonal
D = /3 — 1, centered on the points belonging to the triangular lattice
formed by the lighter species. The squares are arranged as on a fishbone,
tilted at an angle # = +7/12. For higher inter-species interactions, this state
smoothly transitions to a state made of rectangles hinged in a fishbone shape
overlapping the lighter species’ triangular lattice. The rectangles are found
centred on the vortices of the lighter species, characterised by a diagonal of
length D = (1 ++/7)/3, aspect ratio (1 + 2v/7)/3+/3 and tilted at an angle
6 = F arccos (, /% + %) At last, yet a further increase of the interaction
parameter « leads to a lattice made of non-regular hexagons centered on the

triangular lattice of the lighter species.

Notice again that the vortex lattices corresponding to the lighter com-
ponent tend to retain their triangular arrangement for higher mass ratios.
This occurs because of the requirement for £q /¢ to be the same in both com-
ponents. For the case of unequal masses in fact, although this requirement
implies equal interaction strength between particles of the same species in

both components g; = g9, the same does not translate to the force between
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vortices of the same species. Recalling (1.92), it is simple to conclude that the
force between two vortices of the same species scales as |F;| ~ gjsz ~ 1/m;,
i.e. it is inversely proportional to the constituents’ masses. Moreover, a sim-
ilar calculation [116], suggests the force between two vortices of two different

species scales as

§16 1

~ . 6.14
E 4+ my+my (6.14)

|F12| ~ |912|

Therefore, for my > my, we have that |F;| > [Fy| > |Fi2|. As a consequence,
it is reasonable, for sufficiently large mass ratios, to consider the influence of
the vortex configurations in the heavier components, as a mere perturbation
to the configuration of the vortex lattice in the lightest component (this is
of course true only as long as we consider g; =~ go). With this simple logic,
we can then infer that for higher mass ratios, the lighter component will
always have the strongest interaction within the system and will, ipso facto,
be stable in the triangular lattice configuration, while the heavier component
will arrange its vortices around it so as to minimise the total energy, as it is

after all observed in the results from the numerical simulations.



Conclusion

“The path comes into existence only when we

observe it.”

Werner Heisenberg, The physical content of
quantum kinematics and mechanics, 1927
(contained in Quantum Theory and
Measurement by J.A. Wheeler and W.H. Zurek)

In this thesis, a novel scheme to investigate systems respecting quasi-
periodic boundary conditions was presented, allowing for the study of binary
mixtures of superfluids, and leading to a characterisation of the whole phase
diagram and prediction of novel exotic ground state configurations.

The scheme relies on the introduction of the Magnetic Fourier Transform
(MFT) (3.39), which generalises the action of the Fourier transform to system
symmetric under the operations of elements of the Magnetic Translation
Group (MTG). The MFT allows for the expansion of the wavefunction in a
basis of eigenstates of the generators of the MTG (3.38), and the resulting
integral transform, satisfies the required twisted boundary conditions (1.133).
Furthermore, the MFT diagonalises the linear kinetic energy terms in the
Hamiltonian.

The MFT is then applied in conjunction with a non-linear generalised
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Hofstadter model, which is proved to describe the system under considera-
tion in the continuum limit, while preserving the exact gauge symmetries of
the continuum model. The gauge fields are introduced through the (gauge-
dependent) Peierls substitution, but we arrive at a diagonalised form of the
model which does not depend on the choice of the gauge (3.51). The result-
ing equations of motion are used to evolve the system in imaginary time,
through a split-step method. The evolution in imaginary time is proved to
lead to the lowest energy state even in the case of non-linear systems, but it
is also shown that the standard split-step methods loose in accuracy when
propagating in imaginary time rather than in real time. A novel splitting is
then introduced (3.52), which attains second order accuracy in time when

propagating in imaginary time.

This approach overcomes a number of complications present in the pre-
viously employed methods. On one hand, it allows to attain a much higher
efficiency: in the standard computational approach, the system is simulated
within an harmonic trap with periodic boundary conditions, thus requiring
large computational cells in order to allow the wavefunction to decay to zero
at the boundaries, and consequently wasting many computational points on
regions of limited interest. Moreover, the approach presented here permits to
study periodic unit cells, thus allowing the investigation of the perfect infinite
vortex lattice arising naturally, without the disturbance of the confinement
which acts to distort it. The employment of a fundamental periodic unit
cell also greatly reduces the number of effective degrees of freedom as less
vortices are taken into consideration: when considering the system within
the confining potential, aside to the previously mentioned side effects, one
would also need to consider a large number of vortices in order to be able to
infer the structure of the resulting vortex lattice, resulting in a much more
complicated energy landscape to minimise over. Finally, another major ad-
vantage brought forth by our approach, is the possibility to classifying the

resulting states in terms of parameters directly entering the model, thus al-
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lowing for a more quantitative characterisation of the system. To sum up,
with the method presented in Chapter 3, one can attain solutions both more
efficiently and much more accurately.

We have then employed this scheme to study binary superfluid systems,
first where components’ constituents have equal masses, and then in the more
general case. In the first case, a characterisation of the full phase diagram
was provided in Fig. 5.7. This result extends the previous characterisation of
such systems due to Mueller and Ho [66], which was however restricted to the
lowest Landau level regime. Further, a discussion on the commensurability
of periodic lattices has been given: in particular we have shown that two
triangular latices are commensurate if and only if the ratio of their densities
— which in the case of superfluid vortex lattices equals to the ratio of the
components’ constituents masses — is Loschian (6.8) (or its reciprocal). A
characterisation of the full phase diagram has been given for the mass ratio
mo/my = 2 as well (Fig. 6.4). A summary of the different ground states
found for different mass ratio is provided in Table 6.1. Finally, a relation has
been derived (6.13) which accurately describes the phase boundaries, marking
the point of transition from one configuration to another, as a function of
different coupling strengths, in the Coulomb limit.

Although we have here restricted our attention to binary scalar mixtures
of superfluids, the scheme we have presented warrants further investigation in
more complex systems such as spinor condensates, and systems under more
general gauge fields. The effectiveness of this scheme has already encouraged
others [124] to choose this approach into the investigation of vortex lattices,

and we hope it will foster even more research in the future.
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Appendix A

Significance of the phases 7, and 7

Let us start considering the following expression
I, (t) = e # (O en (001 (A.1)

with ¢ being a dummy parameter. The expressions for the generators of the
magnetic translations are those in given in the general gauge by equation

(1.117) in Chapter 1. From Heisenberg’s equations of motion we find

1 1

—i0L,(t) = £ [I1- 1, IL: ()] = o [Iry, 1L (2)]
= 12mfQry,

where we have used the commutation relation (1.118). Thus, integrating
—0,I1,(t) = 2mQr,, we find

II,(¢t) = I, (t = 0) — 2mQr,t. (A.3)
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Setting now ¢t = 1, we obtain

I,.(1) = e n MO en (M) — ], — 2mQr,. (A.4)
Similarly, from
I, (t) = e~ # (D i (00t (A.5)
we obtain
Ol (t) = 2mQry, (A.6)
and thus
IT,(t) = IL,(t = 0) + 2mQr,t. (A.7)

To sum up, we have proved that

(3

e_ﬁ(H'r)eré(H‘r) = II, — 2mQr,,

i 2. (A8)
e_ﬁ(n'r)Hyeﬁ(H'r) = II, + 2mQr,.
It follows as a consequence that
e—%(n,r)e%Hszeé(n.r) _ e%(nz—mmy)Lz’
v . . . A9
efé(ﬂ-r)e%HyLye%(H-r) _ e%(l‘[y+2mQrI)Ly. ( )
Let us now consider equation (5.5)
M, L iTe L
er ez, y) = e (e, y),
(@9) (@9) (A.10)

ervlvyy(z,y) = el (a, y),

and introduce the magnetically translated wave function ) such that e™iLig) = 1),
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so that the original wave function can be written as ¢(z,y) = T(r)Y(z,y),

where r = (r,,7,), . Then, we can look at how e'=L= operates on

eiHIsz — einLzeilTr,l?Z — GiTzLIGiH.rQZJ

e—lereszLz elerw — eszme

i ~ : - (A.11)
eﬁ(H172mer)sz — eszsz
67%2mﬂryLzﬁ& _ eiTszd’
therefore
—2m8r, = 1,h. (A.12)
Similarly one can find
2mQr, = 1/h. (A.13)

These are the results presented in (5.6).
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Appendix B

Linearity of the phase boundaries

Consider the energy density

&= %P% + %Pg + g12p1P2 (B.1)
Since a phase boundary T(g) between a phase configuration A and a con-
figuration B can be defined as the value of the interspecies strength such
that E4(g,g12 =T) = EB(g,g12 = T), it is possible to write an expression

for T(g). In particular:

g2 = g1 g2 =
=(Ph1) + 2 (Pha) + T(paipay) = = (pp1) + = (o) + T{pp1pB2)

2 2 2
(B.2)

where brackets denote spatial average. Then we can write an expression for
the phase boundary as

= _ La1 (o) = (ba)) + 92 ((Pho) = (0bo)) (B.3)

2 (pB.1PB2) — (PA1PA2)
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Let us now introduce the density variations

0pej = Poj — (Pej) = Poj — Nj. (B.4)

Clearly we have (dp, ;) = 0. We can now start computing the terms in (B.3):

the terms in the numerator become

<P124,j> = <5P,24,j> +N727 (B.5)
<P2B,j> = <5P2B,j> +-/\/’j27
so that
(Ph;) — () = (00%h ;) — (00 ) (B.6)
In the denominator we find instead
(pa1paz) = (0pa1dpasz) + NiNa, B.7)
(ppapB2) = (0pp10pB2) + NiNs.
Then we can rewrite (B.3) as
T 191 <<5P124,1> - <5PZB,1>) + 92 (<5P,24,2> - <5P2B,2>). (B.8)

2 (0pB10pB2) — (0paidpas)

Let us now introduce the total densities corresponding to each configuration

Pe = Pe1 + pe2. From this definition it is easy to find that

(0pe.1) +(0p22) = (0p3) — 2(0pa10pa2). (B.9)
Using this expression, the first term in the numerator becomes

(0p%1) — (6pF1) = (6p%) — (0p%) — 2(6paidpaz) + 2(0pB10pp2) — (0p%2) + (0p%.),
(B.10)
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and similarly for the second term. Now the expression for T reads

s g1t 92 (0p%) — (dp%)
T=g+g+
CRRE 2 (0pB1dpB2) — (6pa1dpaz)
g (0pha) —(0pBa)  ga (0pha) — (0pBa)
2 (0pB,10pB2) — (0paidpaz) 2 (0pidpB2) — (0pa10pag)
(B.11)
It is convenient here to introduce the following:
D = (0pp.16pB2) — (0paidpaz),
_ <5P,24,1> - <5PQB,1>
2D | B.12
5 () = Oro) (B.12)
2D ’
_ (0p%) — (0pp)
2D ’
so that it is possible to write compactly
T=g1+g+ (g1 +9)7— 08— goon. (B.13)

Before continuing, it is necessary to make a couple of remarks. First of all,

it is important to notice that

1
o+ = o5 ((00h1) + (0ph2) = (0r5.) — (09%2))
= % (<5p?4> — (0p%) +2(0pp10pB.2) — 2<5PA,15PA,2>) (B.14)
5
1
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So, o + 8 = v+ 1. This already allows to re-write the expression for the

phase boundaries as

T =agi + Bgs. (B.15)

Now we would like to consider the limit in which both g; and g, become large,
while preserving a constant ratio between the two. To this end, we write the
ratio of the two interaction strengths as u = ¢1/go. Moreover we write each
of the interaction strength parameters as g; = gox;, with x1 = px2, in order

to be able to write

|

% = X2 + x20. (B.16)
0

The Coulomb limit can then be achieved by taking gy — oo. Because in
the Coulomb limit the variances in the total densities become negligible, one
finds that

lim v =0, (B.17)
go—0o0
and as a consequence
lim a+ 5 =1. (B.18)
go—o0
Therefore we can take the limit:
. T
lim — = pxoa + x2(1 — ). (B.19)

go—20 go

and write, in the Coulomb limit

T=ag +(1—a)g +a. (B.20)
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for some intercept a. In the limit of equal interaction strengths ¢ = g2 = g,
recalling the equality (B.18) valid in the Coulomb limit, this further reduces

to

T=g+a;. (B.21)

Let us then proceed, trying to find an expression for a. In particular let us
look at the ratio §/a: going back from the expression in terms of density

variations to expressing the parameters a and 3 in terms of densities one can

find

(B.22)

Let us now assume the following ansatzs [73] for the vortex lattice density

profile:

262 -
o= Il (rm )

med;
= X (B.23)
_ 2¢7 B
PBj = Pj H (m+1) :
mE?ﬁj m

where we have denoted by @; and ¥; the sets of vortex positions in the jth
component, with configurations A and B respectively. With these expres-
sions, the integrals in (B.22) can be computed exactly . One finds that the

numerator and denominator in (B.22) are written, to leading order in ¢, as

2 2 37’ 2
() = (Pbs) = 75756 Yo Il —lrul. (B.24)

1€d; meB;

where we have dropped terms that do not depend on the vortex positions,
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and where we have assumed, as it is legit for small s, that

/IT:[(%Jrl)_er%;/(%H)_er. (B.25)

The ratio of the sums factors of each component entering (B.24), assuming

mi = Mo, can be written as:

2 2 nl = rw|

1eq, medy

> %l Jral

1e@d; me¥,;

1. (B.26)

Thus, we have found that in the Coulomb limit we can write an expression

for the ratio in equation (B.22) as

B_ |n

. B.27
« g2 ( )

Recalling that in the Coulomb limit we have § = 1 — «, we consequently find

an expression for the two parameters:
7 ~1
V 92
7 ~1
B = (, /= + 1) :
g1

Finally, we can write the general expression (B.20) for the phase boundaries

(B.28)

as

T = \/g192 + a. (B.29)
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