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Today: We will discuss background info 
for project and sub-projects 



Start by considering simple statistics problem


<latexit sha1_base64="tndkWKGffdoQXG6uk9N4f38oqhc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOaByRJmJ7PJkNnZZaZXCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw9up33zi2ohYPeAo4X5E+0qEglG00mOt5J2Ra5J0vW6h6JbdGcgy8TJShAy1buGr04tZGnGFTFJj2p6boD+mGgWTfJLvpIYnlA1pn7ctVTTixh/PLp6QU6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDKHwuVpMgVmy8KU0kwJtP3SU9ozlCOLKFMC3srYQOqKUMbUt6G4C2+vEwa52WvUq7cXxSrN1kcOTiGEyiBB5dQhTuoQR0YKHiGV3hzjPPivDsf89YVJ5s5gj9wPn8ACc6POA==</latexit>

P (1) = p1

<latexit sha1_base64="tX108mhg4jgnwnu8e7JLAEVZN4Q=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOaByRJmJ7PJkNnZZaZXCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw9up33zi2ohYPeAo4X5E+0qEglG00mOt5J6Ra5J03W6h6JbdGcgy8TJShAy1buGr04tZGnGFTFJj2p6boD+mGgWTfJLvpIYnlA1pn7ctVTTixh/PLp6QU6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDKHwuVpMgVmy8KU0kwJtP3SU9ozlCOLKFMC3srYQOqKUMbUt6G4C2+vEwa52WvUq7cXxSrN1kcOTiGEyiBB5dQhTuoQR0YKHiGV3hzjPPivDsf89YVJ5s5gj9wPn8ABr+PNg==</latexit>

P (0) = p0 (heads)


(tails)


 is the probability mass* function
P(n)

*Some people just call it the probability function


 (normalisation)

1

∑
n=0

P(n) = 1

This is the full story


Coin flip!




Density matrix


Let’s encode the probabilities in the diagonal components of matrix:

<latexit sha1_base64="KzWJ02ZVS8hpWXrzxEns3Wkh86s=">AAACIXicbVDLSgMxFM34rOOr6tJNsCjiosyIVDeC6MZlBdsKnWHIZG7bYCYTkoxYhv6KG3/FjQtFuhN/xvSB+DoQOJxzLrn3xJIzbTzv3ZmZnZtfWCwtucsrq2vr5Y3Nps5yRaFBM56pm5ho4ExAwzDD4UYqIGnMoRXfXoz81h0ozTJxbfoSwpR0BeswSoyVovJJoHoZPsVBDF0mCpkSo9j9wJWRh/fwAQ4C98ASLCPfDUAkX4moXPGq3hj4L/GnpIKmqEflYZBkNE9BGMqJ1m3fkyYsiDKMchi4Qa5BEnpLutC2VJAUdFiMLxzgXaskuJMp+4TBY/X7REFSrftpbJN2v57+7Y3E/7x2bjonYcGEzA0IOvmok3NsMjyqCydMATW8bwmhitldMe0RRaixpbq2BP/3yX9J87Dq16q1q6PK2fm0jhLaRjtoH/noGJ2hS1RHDUTRA3pCL+jVeXSenTdnOInOONOZLfQDzscnUZGhKw==</latexit>

ω =

(
p0 →
→ p1

)

|0⟩ = (1
0) |1⟩ = (0

1)
Rule for computing probabilities:  ,  
p0 = ⟨0 |ρ |0⟩ p1 = ⟨1 |ρ |1⟩

Off diagonal elements are irrelevant for classical coin

Same (but less efficient) formulation as that on previous slide



Density matrix: going quantum


The following properties are imposed on matrix ρ :

• It is Hermitian: .  The dagger symbol  means take 
transpose and complex conjugate. 


• It is positive semi-definite: 

• It traces to one: 

ρ = ρ† †

⟨ϕ |ρ |ϕ⟩ ≥ 0,∀ |ϕ⟩
Tr(ρ) = 1

Additionally: a dm is called pure if . Otherwise it is mixed.ρ2 = ρ



Info on states


 denotes a column vector


  is a row vector we get by taking the conjugate transpose of  


We further require normalisation: 


 is often called a state

|ϕ⟩

⟨ϕ | |ϕ⟩

⟨ϕ |ϕ⟩ = 1

|ϕ⟩



Info on Hermitian matrices


A† = A

Its eigenvalues are real


Its eigenvectors can be taken to be orthonormal

A |ϕn⟩ = λn |ϕn⟩ ⟨ϕn |ϕm⟩ = δnm



Problem!


<latexit sha1_base64="qMIetNWucNgsYYk9zea47YfDTNs="></latexit>

ω =

(
p0 ε
ϑ p1

)

Constraints on  and  ?α β

Ans:  and  . For pure state,  β*=αp1p2≥|α|2p1p2=|α|2



Why the extra trouble?


Because in quantum, states like  (ie superposition of 

heads and tails) are just as natural as  and . 

1

2
( |0⟩ + |1⟩)

|0⟩ |1⟩

We can measure the quantum coin with respect to arbitrary 
orthonormal basis { |ϕ0⟩, |ϕ1⟩}

Born rule: probability to measure the system to be in state 
 is |ϕn⟩ pn = ⟨ϕn |ρ |ϕn⟩

Off diagonal elements are necessary to encode all this 
info

Collapse: After the measurement, the density matrix will 
become the state that is observed.



Instructive example


<latexit sha1_base64="4Pgcnz4M5IKzOLM3WZQrryuHyUc="></latexit>

ω1 =
1

2
|0→↑0|+ 1

2
|1→↑1| =

(
1/2 0
0 1/2

)

<latexit sha1_base64="D/jrVUtnaCyNkSzhe+/eFoECvGo="></latexit>

ω2 = |ε→↑ε| =
(
1/2 1/2
1/2 1/2

)
<latexit sha1_base64="yaNGkgbA0ci5vw2vT4e4JiYAQXw=">AAACKHicbVBLSwMxGMzWV62vVY9egkWoCGW3SPUiFr14rGAf0C0lm2bb0Gx2TbJC2e7P8eJf8SKiSK/+EtN2FW0dCExm5iP5xg0ZlcqyxkZmaXlldS27ntvY3NreMXf36jKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwB9cTv/FAhKQBv1PDkLR91OPUoxgpLXXMyxF0QkmhIxDvMQIvoOMJhGM7iR15L1RcShJYGEHrJ3ECR9D+vh13zLxVtKaAi8ROSR6kqHbMV6cb4MgnXGGGpGzZVqjaMRKKYkaSnBNJEiI8QD3S0pQjn8h2PF00gUda6UIvEPpwBafq74kY+VIOfVcnfaT6ct6biP95rUh55+2Y8jBShOPZQ17EoArgpDXYpYJgxYaaICyo/ivEfaSLUrrbnC7Bnl95kdRLRbtcLN+e5itXaR1ZcAAOQQHY4AxUwA2oghrA4BE8gzfwbjwZL8aHMZ5FM0Y6sw/+wPj8AvQlpKo=</latexit>

|ω→ = 1↑
2
(|0→+ |1→)

Encodes classical 
uncertainty

Encodes quantum 
uncertainty

(pure state)

Convince yourself: we cannot distinguish between these two 
systems by only measuring in the heads / tails basis. But we 
can distinguish if we use another orthonormal basis. Can you 
think of one?



More on pure states


<latexit sha1_base64="Why+yM27K0aYLIz/HD14sVqhMas=">AAACDXicbVDLSsNAFL3xWesr6tLNYBVclUSkuhGKblxWsA9oQplMp+3QySTMTISS9gfc+CtuXCji1r07/8ZJm4W2Hrjcwzn3MnNPEHOmtON8W0vLK6tr64WN4ubW9s6uvbffUFEiCa2TiEeyFWBFORO0rpnmtBVLisOA02YwvMn85gOVikXiXo9i6oe4L1iPEayN1LGPPTmI0BUaIy9WDHkSiz6nyON5z8Rxxy45ZWcKtEjcnJQgR61jf3ndiCQhFZpwrFTbdWLtp1hqRjidFL1E0RiTIe7TtqECh1T56fSaCToxShf1ImlKaDRVf2+kOFRqFAZmMsR6oOa9TPzPaye6d+mnTMSJpoLMHuolHOkIZdGgLpOUaD4yBBPJzF8RGWCJiTYBFk0I7vzJi6RxVnYr5crdeal6ncdRgEM4glNw4QKqcAs1qAOBR3iGV3iznqwX6936mI0uWfnOAfyB9fkD0DKazA==</latexit>

ω = |ε→↑ε|
They can be written as:

Clearly, ρ2 = ρ

Often we work with  itself rather than  when we have 
pure state

|ψ⟩ ρ

Born rule: pn = |⟨ϕn |ψ⟩ |2 = ⟨ϕn |ρ |ϕn⟩

More standard quantum language…



Two quantum coins


 will be a 4x4 matrix.


Conventional basis: 

ρ

{ |00⟩, |01⟩, |10⟩, |11⟩}

Same Born rule: P(n, m) = ⟨n, m |ρ |n, m⟩

But what if only subsystem 1 is measured?

Ans:  P(n) = ∑
m

P(n, m)



Two quantum coins


Suppose “n” is measured for state of subsystem 1.

DM after measurement:  where ρ′￼ =
PnρPn

Tr(PnρPn)
Pn = ∑

m

|n, m⟩⟨n, m |

What then is probability of second state being “m”?

Born rule: P(m |n) = ⟨n, m |ρ′￼|n, m⟩

“Collapse”

With a bit of work we see: P(m |n) = P(n, m)/P(n)

Bayes theorem! (Excellent sanity check)



Entanglement
Let’s consider two coins. Alice has one, Bob has the other. Take the coins to 
be in the entangled state:


|ψ⟩ =
1

2
( |0⟩ |0⟩ + |1⟩ |1⟩)

Alice’s

Bob’s


Alice
 Bob




Entanglement

Alice
 Bob


Probability that Bob’s coin is heads provided Alice saw heads: 100%

Probability that Bob’s coin is tails provided Alice saw tails: 100%


Alice looks at her coin first. Then Bob looks at his.


Alice’s measurement outcome influenced Bob’s coin!


Try working through this using machinery on previous few slides 



The Schrödinger Equation

It describes how states evolve


i
d
dt

|ψ > = H |ψ >

 is a Hermitian matrix determined by some physical system
H

Need  to be Hermitian for normalisation of  to hold for later timesH |ψ⟩

Important but not main character of project




Superposition states are easily obtained

Evolve according to:

i
d
dt

|ψ > = H |ψ > H = (0 1
1 0)

Solve and get: |ψ > = cos(t) |0⟩ − i sin(t) |1⟩

Start with |0⟩



Planning

This is a lot of info. Take it away and experiment with it. Try to derive results 
and explore. Look things up, talk with friends, talk with me, etc if confused!

I want to leave plenty of time in these meetings for unstructured discussion. 
This meeting included!

This lecture was crash course on general background info. Next ones will 
focus on projects.

Pursue what you find interesting. Deviations (within reason) from suggested 
directions are encouraged.


