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Abstract
The modern theory of polarization does not apply in its original form to systems with non-trivial
band topology. Chern insulators are one such example. Defining polarization for them is compli-
cated because they are insulating in the bulk but exhibit metallic edge states. Wannier functions
formed a key ingredient of the original modern theory of polarization, but it has been considered
that these cannot be applied to Chern insulators since they are no longer exponentially localized
and the Wannier center, obtained from the Zak phase, is no longer gauge invariant. In this article,
we provide an unambiguous definition of absolute polarization for a Chern insulator in terms of
the Zak phase. We obtain our expression by studying the non-quantized fractional charge bound
to lattice dislocations. Our expression can be computed directly from bulk quantities and makes
no assumption on the edge state filling. It is fully consistent with previous results on the quantized
charge bound to dislocations in the presence of crystalline symmetry. At the same time, our result
is more general since it also applies to Chern insulators which do not have crystalline symmetries
other than translations.

1. Introduction

The modern theory of polarization [1, 2] marked a major step in the understanding of the microscopic
behavior of electrons in crystals. By treating changes in polarization as the fundamental physical quan-
tity, this theory allows for the extension of a notion of dipole moment per unit volume to periodic crys-
tals via a Berry phase formalism. This is particularly non-trivial because the electrons do not behave
as point charges but are rather governed by wavefunctions. A major consequence of this result is that
changes in polarization can be cast in terms of Wannier functions [3, 4], with the electronic charge
centers being simply given by the Wannier centers. Moreover, the surface charge theorem [2] allows
for the sensible definition of an absolute polarization also in terms of the Wannier centers. This theory
assumes that the system is insulating throughout and that globally smooth Bloch states can be con-
structed. However, there are systems with non-trivial band topology for which these assumptions do not
hold. Chern insulators, characterized by an integer topological invariant known as the Chern number,
are the canonical example of such a topological band system. For such systems, there is a difficulty with
defining the polarization via the surface charge theorem because the charge density on the surface can be
varied arbitrarily by changing the occupation of the edge states. So the question we will ask is: ‘Is there a
meaning to polarization in a Chern insulator?’

The extension of the modern theory of polarization to Chern insulators has received a considerable
amount of attention in recent years [5–9]. In reference [5], it was shown that the change in polarization
during an adiabatic deformation could be computed for a Chern insulator without the use of Wannier
functions. Moreover, the surface charge theorem [2] was also extended but was shown to depend on
the filling of metallic edge states, where these edge states were treated on a separate footing. More
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recently, [8] showed how bound charge at an interface between two Chern insulators with the same
Chern number could be used to identify a polarization difference between them, focusing mainly on
systems with inversion symmetry. Since [5], much progress has also been made on defining an abso-
lute polarization for topological crystalline insulators (TCIs) [10]. These systems possess additional crys-
talline symmetries beyond translations, such as inversion symmetry, which means that a sensible defi-
nition of polarization must be quantized to high symmetry points in the lattice. A straightforward way
to probe absolute polarization in these systems is via fractional charges bound to lattice defects [11, 12].
For TCIs without an exponentially localized and symmetry-preserving Wannier representation, charges
at lattice dislocations can still be written in terms of weak topological invariants based on eigenvalues of
crystalline symmetry operators [13, 14]. Charges bound to lattice disclinations can be found in a simi-
lar fashion [15] and this has been crucial to the study of the recently introduced higher order topologi-
cal insulators [16, 17], which are insulators that do not possess gapless edge states but can instead have
topologically protected corner states. In the recent references [6, 9], a topological field theoretic approach
was used to define absolute polarization for TCIs with non-trivial Chern number via the aforementioned
bound charges at lattice dislocations and disclinations.

In this article, we present a more direct and microscopic approach to defining and evaluating abso-
lute polarization for a Chern insulator via the Zak phase [18], so that it can be expressed explicitly in
terms of the bulk wavefunctions of the electrons. In previous work [19], we studied changes in polar-
ization under adiabatic deformations within a Wannier state picture and obtained results consistent
with reference [5]. In this article, we determine charge bound to crystalline lattice defects in general
Chern insulators, requiring only bulk translational invariance. Using this, we are able to determine a
simple gauge-invariant expression for the absolute polarization that is a bulk quantity. The expressions
for relative polarization [19] and absolute polarization are connected in a very simple way which will be
explained. While our result is consistent with those found in TCIs, it has the advantage of not relying
on crystalline symmetries other than bulk translational invariance and is in this sense more general. For
such systems, the dislocation charge can take on a continuous range of values as Hamiltonian parameters
are varied, in contrast to TCIs involving extra crystalline symmetries.

The paper is organized as follows. In section 2, we set the notation and, to be self-contained, provide
known results on surface charge and polarization for 1D and 2D systems. Key formulas that will be used
later are derived. Section 3 contains the main results of the work. We present a derivation of the bound
charge found on a lattice dislocation for a general Chern insulator. In section 4, we further demonstrate
the validity of our result by verifying it for a paradigmatic tight-binding model of a Chern insulator. In
section 5, we discuss and conclude.

2. Background

The purpose of this section is to set notation and to motivate known results in the context of the
present problem that will be needed later.

2.1. Setup and notation
In this article, we shall work exclusively within the tight-binding framework. Extending our results to
continuum models should not pose any difficulties. With this in mind and assuming that we always have
translational invariance in the bulk, we use a basis composed of states of the form |R→⊗ |α→, where R
is the lattice vector of the unit cell, and α describes the degrees of freedom within a unit cell. For sim-
plicity, we will use a 2D square lattice geometry with lattice constant a throughout this work, but the
extension to other 2D lattice geometries should be straightforward.

Within the tight-binding framework, there are two conventions for the choice of position operator.
We shall use the position operator which treats all intra-cell degrees of freedom as being placed at the
origin of each unit cell. In other words, we use the position operator given by

r̂=
)

R

R |R→〈R|⊗1. (1)

We make this choice for simplicity; a position operator with knowledge of any crystal basis could be
used instead, but this requires information not explicitly contained within the tight binding model. In
the context of changes of polarization, the two different choices correspond to different ways of measur-
ing the cell-averaged adiabatic current. A good discussion of this is given in reference [20].
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The aim of this work is to present a microscopic definition of polarization for a Chern insulator
which is consistent with the trivial (Chern number zero) case. The polarization for a trivial 2D insula-
tor can be written in terms of separate ionic and electronic contributions as P= Pe +Pion. For a single
band, the electric polarization as given by the modern theory of polarization [1] is

Pe =− er

Vc

(
mod

eR

Vc

)
, (2)

where e> 0 is the charge quantum, r= (x,y) is the bulk Wannier center within the unit cell, R is a real-
space lattice vector and Vc is the area of the real-space unit cell. Note that Pe is gauge invariant up to a
polarization quantum for a trivial insulator, for which exponentially localized Wannier functions can be
constructed. The bulk Wannier center can be expressed in terms of the Bloch states as

r=
Vc

(2π)2

ˆ
BZ
dk A(k) , (3)

where A(k) = i〈uk|∇k |uk→ is the Berry connection of the band in terms of the cell-periodic parts of the
Bloch states. In the rest of this work we will drop the ionic contribution to the polarization, taking the
ionic charges to sit on sites of the Bravais lattice (i.e. the ions are placed at points corresponding to real
space lattice vectors R). Reincorporating it, if needed, is a straightforward exercise.

2.2. Surface charge
One of the major places where a notion of absolute polarization plays a role in trivial insulators is the
surface charge theorem [2]. In order to define absolute polarization for Chern insulators, it is natural to
investigate whether this theorem can be extended to a Chern insulator. The surface charge theorem for
a trivial 2D insulator relates the polarization defined by (2) to the bound charge per unit length on an
edge of the system as

σ = P ·n
(
mod

e

a||

)
, (4)

where n is the unit normal perpendicular to the edge and a|| is the lattice constant in the direction par-
allel to the edge. This theorem assumes that the edge has the same translation symmetry as the bulk,
and that it is insulating. In fact, this relation can be viewed as a way of defining the absolute polariza-
tion as it is uniquely fixed (modulo polarization quanta) by the bound charges on the edges of a con-
ventional insulator. We can also use this to define polarization when there are non-topological metallic
edge states, in which case the edge can theoretically be doped so that it becomes insulating. It is remark-
able that these edge charges are determined by bulk properties [2] for the conventional case.

On the other hand, matters become less straightforward if the edges are metallic in a topological
sense (i.e. they cannot be doped to make them insulating), like for the case of Chern insulators. (From
this point onwards, we shall mean such edge states whenever we refer to metallic edge states.) How these
metallic edges are populated will certainly influence the surface charge. The method of edge termination
or weak disorder will influence the edge filling, and therefore the polarization if defined using this logic.
In the remainder of this background section we will motivate the surface charge theorem in 1D and 2D,
highlighting difficulties encountered for a Chern insulator. Some of the results derived in this section
will also be crucial to the derivation of the main result of this article.

2.2.1. 1D surface charge theorem
We will now motivate the classic 1D surface charge theorem within the context of a tight-binding model.
The main result of this subsection will be used extensively throughout the manuscript. Consider a finite
1D system, with lattice constant a, which is periodic in the bulk with the ions placed at the origin of
each unit cell. Each unit cell in the bulk is charge neutral in the ground state. Thus, given our conven-
tion for the tight-binding position operator (1), it follows that the total charge density in the ground
state (including the ionic contribution) vanishes in the bulk. If instead the position operator were to
include intracell positions of the lattice basis, then a cell-averaged charge density would have to be used
instead. We now place a partition in our system at a unit cell boundary somewhere deep in the bulk,
dividing the system into a left part and a right part. We can then write the charge at the right edge of
our 1D system as

Q1D
R =−eTr(PSR)+ eN ion

R , (5)
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Figure 1. (a) Partitioning a 1D system deep in the bulk for the edge charge calculation. The ions are shown in red while the elec-
trons (in the form of their Wannier centers) are shown in blue. The vertical dashed line denotes the partition. The regions into
which the left and right spatial projectors, as well as individual cell projectors, project are shown. (b) Schematic of the flow of the
HWF center of the effective 1D system as ky is taken from 0 to 2π/a. The solid (brown) arrows depict the non-trivial winding of
the Wannier center for a Chern insulator, while the dotted (black) arrows depict the flow in the trivial case.

where P projects onto the single-particle states that are occupied in the many-body ground state of the
insulating system, SR is a spatial projector which projects onto the right side of our partition and N ion

R

is the number of ions on the right side of the partition. We use a set of coordinates such that the unit
cell immediately to the right of the partition is the ‘home’ unit cell (that is, the origin of that unit cell is
taken to be the origin of the coordinate system).

Next, we can construct an exponentially localized (Wannier-like) basis for the occupied subspace of
our finite system using the eigenstates of the projected position operator PxP [21, 22], where the posi-
tion operator x is given by the x-component of (1). Deep in the bulk, these correspond to the maximally
localized Wannier functions constructed using Bloch states for the periodic case. Denoting the basis state
localized to the jth unit cell by |wj→, and its corresponding projector by Wj = |wj→〈wj|, the projector P
can now be written in this localized basis as P=WL +WR, where we have separated the left and right
contributions WL =

∑
j→LWj and WR =

∑
j→RWj. Similarly, the spatial projectors onto the left and right

of the partition can be written as SL =
∑

j→L Sj and SR =
∑

j→R Sj, where Sj projects onto the jth unit cell.
Figure 1(a) shows a schematic of a 1D system partitioned into two pieces, with the various spatial pro-
jections around the partition labeled.

Returning to (5), we can then expand the trace as follows:

Tr(PSR) = Tr(WLSR)−Tr(WRSL)+Tr(WR) , (6)

where we have used the fact that SR + SL = 1. Note that

Tr(WLSR) = Tr(W−1S0)+ (Tr(W−2S0)+Tr(W−1S1))

+ (Tr(W−3S0)+Tr(W−2S1)+Tr(W−1S2))+ . . . (7)

Given the exponential localization of the |wj→’s, the sets of terms in the expansion (7) decay exponen-
tially. This is because we are computing the densities of our localized states to the left of the partition
at sites on the right which are further and further away. Thus, only those contributions local to the par-
tition will be non-trivial. Such contributions are purely from the bulk. A similar argument applies to
Tr(WRSL). Using the translational invariance of the bulk, we can therefore write

Tr(PSR) =
)

n

nTr(W0Sn)+Tr(WR)

=
1

a
〈w0|x |w0→+N e

R, (8)

where N e
R is the (integer) number of localized electronic charge centers on the right of the partition.

Finally, noting that we can take 〈w0|x |w0→ to be the bulk Wannier center (since the home unit cell is
deep in the bulk), we arrive at the celebrated 1D surface charge theorem

Q1D
R =− e

a
〈w0|x |w0→+ e

(
N ion

R −N e
R

)
. (9)

The second term in (9) is an integer multiple of e, which counts the total number of ions and Wannier
centers to the right of the partition. The first term, which is the bulk dipole moment per unit length,
gives a fractional charge at the edge of the system when the bulk polarization is non-zero. It should be
emphasized that this dipole moment is a bulk quantity whilst the second term in (9), though sensitive
to edge details, is restricted to be an integer multiple of e. Therefore the 1D edge charge (up to a charge
quantum) is determined entirely by bulk properties, even if there are surface irregularities. The above
can be directly compared with (2) and (4).
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2.2.2. 2D surface charge
We now consider extending the 1D surface charge theorem to the 2D case through the process of dimen-
sional reduction [23]. Recalling that we are considering a square lattice with lattice constant a, we take
the system to be periodic along the y-direction and open along the x-direction, corresponding to a cylin-
drical geometry. Then, ky remains a good quantum number and we have an effective 1D system for each
value of ky. That is, we can take an inverse Fourier transform of the bulk momentum space Hamiltonian
in just the x-direction in order to obtain an effective real-space 1D Hamiltonian H(ky) for each ky.

The total charge QR on the right edge of the system can be found by summing over ky the effective
1D edge charges Q1D

R (ky) as given by the 1D surface charge theorem given in equation (9). Using this,
the surface charge density on the right edge of the system can be written as

σR =
QR

aNy
=

1

aNy

Ny−1)

i=0

Q1D
R

(
kyi
)
, (10)

where Ny is the number of lattice sites in the y-direction, and kyi = 2π i/aNy for i = 0, . . .,Ny − 1 are the
discrete admissible ky values for our finite system.

Let us now consider the flow of the 1D Wannier center during a full cycle of ky, which is illustrated
in figure 1. There are two possibilities which preserve periodicity in ky. We can have the trivial case
where the Wannier center returns back to its original starting position, or the topological case (Chern
insulator) where it winds non-trivially, ending up in its starting position but within a different unit cell.
In either case, the Wannier center may cross the unit cell boundary at various ky; each time that this
occurs, the first term in (9), which lives in a fixed ‘home’ unit cell, jumps by an integer. Such a jump is
generically canceled out by an equal and opposite jump in the number of charge centers to the right of
the home unit cell (given by the second term in (9)).

For the trivial case, the above means that the overall 1D edge charges Q1D
R (ky) do not have any

jumps. Indeed, a trivial insulator is characterized by the absence of metallic edge states—any edge states
present are gapped from the bulk and so can be assumed to be either fully filled or fully empty, result-
ing in zero charge transport between the edges. On the other hand, for the topological case, charge must
be transported from one edge to the other. This is to counteract the bulk Wannier center winding while
preserving ky periodicity. This corresponds to a Chern insulator which has chiral metallic edge states,
whose filling can be made to switch from left to right at arbitrary ky by altering the chemical potentials
on the two edges in the cylindrical geometry.

Since the bulk is translationally invariant in the x-direction, the 1D Wannier functions |w0(ky)→ for
the home unit cell in (9) are given by the so-called bulk hybrid Wannier functions (HWFs), which for
the home unit cell are defined by

|wnky→=
√

a

2π

ˆ 2π/a

0
dkx |ψnk→ , (11)

where the |ψnk→’s are the Bloch states for the nth band and are normalized according to 〈ψnk|ψmk ′→=
δnmδ(k− k ′). Using (9) with these HWFs in (10) and approximating the sum by an integral in the limit
of large Ny, we can write, to leading order in Ny,

σR =− e

2π

ˆ 2π/a

0
dky

[
1

a
〈wnky | x̂ |wnky→+Nky

]
+ o(1), (12)

where Nky is a single integer representing the second term in (9).
In the trivial case, it is possible to choose a globally smooth gauge for the Bloch states which makes

the bulk HWF centers smooth in ky. Since we argued that the overall bracketed expression in (12) does
not have any jumps in the trivial case, this makes the integer function Nky also smooth and thus con-
stant. As a result, (12) reduces to the standard surface charge theorem (4) in the thermodynamic limit
for the trivial case. On the other hand, in the topological case, such a globally smooth gauge is not pos-
sible. For this case, the bracketed expression will experience a jump as a function of ky due to the wind-
ing of the Wannier centers.

3. Polarization for Chern insulators

In this section, we present the main result of this article. We first discuss the difficulties of using surface
charge to define polarization for a Chern insulator (namely that it depends on filling of edge states), and
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ask the question: ‘How can polarization be expressed as a bulk quantity for a Chern insulator?’ We then
show that fractional charge bound to a lattice dislocation provides us with such a bulk polarization.

3.1. Polarization through surface charge?
In the previous section, we discussed how a notion of absolute polarization can be defined via the sur-
face charge for a trivial insulator, where both edge and bulk states are insulating. We also discussed
some of the differences one encounters when following the same arguments for a Chern insulator. It is
therefore natural to ask whether it is still possible to reduce (12) to the form of (4) in order to obtain a
gauge invariant bulk polarization P.

For a Chern insulator, we have shown that the bracketed expression in (12) for the surface charge
must have a discontinuous jump at some ky due to the non-trivial winding of the Wannier center (which
is equivalent to the existence of metallic edge states). Moreover, the precise ky at which this jump occurs
depends on the edge state filling. For instance, one can adjust the chemical potential on one edge of the
cylinder, which will certainly alter the resulting surface charge. Indeed, it was shown in [5] that while
it is possible to write the surface charge for a Chern insulator in the form (4), the resulting P depends
on a choice of momentum space origin arising from the edge chemical potential. As a consequence, the
resulting polarization is not a bulk quantity and is not gauge invariant.

These difficulties for Chern insulators can be manifestly seen in the standard Modern Theory of
Polarization expressions (2) and (3). In particular, for a Chern insulator, the Wannier center depends
on the chosen gauge for the Bloch states. This is in contrast to a trivial insulator, for which the Wannier
center is gauge invariant modulo a real-space lattice vector as long as we consider exponentially localized
Wannier functions. In [19], it was shown that the Wannier center can be continuously shifted by per-
forming a singular gauge transformation, while maintaining optimal power law decay (which is ∼ 1/r2

for a Chern insulator).
Having polarization as a universal bulk material property is certainly desirable. In the following, we

will therefore abandon the present approach of defining polarization through surface charge and instead
focus on crystalline defects.

3.2. Fractional dislocation charge
A dislocation in a 2D insulator is a topological point defect characterized by a non-trivial translational
holonomy which is given by the Burgers vector B. The role of absolute polarization in the existence of
fractional bound charges at dislocations in TCIs has been studied extensively in recent times [6, 9, 13,
17]. For crystalline insulators that admit an exponentially localized Wannier representation, it has been
shown that the dislocation bound charge is given by

Qdefect = P×B (mod e) , (13)

where P is the usual polarization in terms of bulk Wannier centers. For more general TCIs, including
when there is no exponentially localized Wannier representation, it has been shown that the disloca-
tion charge can be found in terms of so-called weak topological invariants defined in momentum space,
which arise from the underlying crystalline symmetries [11–14, 24].

In this work, we obtain the dislocation charge for a 2D Chern insulator in terms of a Wannier repre-
sentation. We show how this provides a natural definition of absolute polarization, by writing the defect
charge in the form (13) and showing that we obtain P as a bulk quantity. Crucially, we do not require
any crystalline symmetries beyond translations for this definition. Consequently, our approach is more
general than previous results, which either assumed exponentially-localized Wannier states or crystalline
symmetries such as rotations or inversion.

In what follows, we focus on a single band with C=±1 for simplicity. In reference [19], an expres-
sion for the change in polarization for a 2D Chern insulating band under an adiabatic deformation was
found. This work used a gauge for the topological band with a vortex in the Brillouin zone. This allows
the Brillouin zone to be covered by a single, albeit singular, gauge. (see appendix A for more informa-
tion on the vortex construction.) Using this construction, it was shown that the change in polarization for
a 2D Chern insulating band under an adiabatic deformation can be found in terms of a Wannier repre-
sentation as

∆Pn =− e

Vc
∆rn +

eC

2π
ẑ×∆kvn, (14)

where ∆rn is the change in the Wannier center while ∆kvn is the change in the vortex position of the
Bloch states. This requires a choice of gauge where the singularity appears in the form of a vortex, but
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Figure 2. Dislocation in a square lattice with a cylindrical geometry. Note that the right hand edge has one fewer lattice site com-
pared to the left hand edge. The core of the dislocation is the lattice site colored yellow, which has only three nearest neighbors.

note that (14) extends easily to gauges with multiple vortices, where there is a corresponding term for
each vortex. This gauge invariant expression was derived by starting with the adiabatic current and so it
provided a physical and unambiguous measure for changes in polarization. Indeed, the term involving
the vortex position arose directly from integrating the adiabatic current and noting that mixed partial
derivatives do not commute at the vortex [19].

It is then natural to ask whether we can simply ‘cancel out’ the ∆’s in (14) in order to obtain a
notion of absolute polarization. Such a definition would be gauge invariant up to a polarization quan-
tum in the usual way, which is promising (see appendix C). It turns out that this is indeed the right def-
inition and we present a direct derivation of this result by carefully computing the dislocation bound
charge.

Let us consider the same finite square lattice as in the previous section and create a single disloca-
tion by removing a partial row of atoms at fixed y-coordinate. Such a dislocation has a Burgers vector of
B= a(0,1). Then, we can put the entire defect lattice into a cylindrical geometry, such that ky is a good
quantum number far away from the dislocation, as shown in figure 2. In particular, we can consider the
edges of the cylinder to still be translationally invariant in the y-direction. We note that the left edge has
Ny sites as usual, but the right edge now has only (Ny − 1) sites.

We now wish to write down expressions for the total charges on the two edges of this system using
the 1D surface charge theorem result (9). Even though the entire system is no longer fully translationally
invariant in the bulk due to the defect, we can separate the system into three regions by partitioning out
a sufficiently large region centered at the defect. Then, the leftmost region is translationally invariant in
its bulk and so we can write the total charge on the left edge of the system in terms of the correspond-
ing bulk HWFs of the left region by summing the effective 1D edge charges (9) over the allowed values
of ky (in the same way that we obtained the 2D surface charge (10)). This gives, for the left edge,

QL =+
e

a

Ny−1)

i=0

〈wnkyi | x̂ |wnkyi→ (mod e) , (15)

where kyi = 2π i/aNy for i = 0, . . .,Ny − 1 as before. Note that the change in sign is due to the fact that
we are considering the left-hand edge. Note also that the second term in (9), which contains details
about the filling of the metallic edge states, does not appear in (15) because that term is always an inte-
ger multiple of e. This shows that (15) should be independent of edge filling (since it is taken modulo
e), which is promising.

A similar expression can be obtained for QR, the charge on the right edge, by changing the sign and
replacing Ny with (Ny − 1) everywhere, noting that this would also lead to a different set of discrete ky
values. This discrepancy in the number of sites on the two edges may lead to a fractional contribution
to the total edge charge. Crucially, this fractional contribution must be matched by an exactly oppo-
site fractional charge at the point defect, since the total charge of the entire system must be an integer
and the defect is the only point in the bulk where translational invariance is broken. In other words, the
fractional charge bound to the dislocation must be given by [13]

Qdefect =−(QL +QR) (mod e) . (16)

We observe that a dislocation is zero-dimensional, as opposed to an edge which is one-dimensional, and
so localizes any fractional charge to a single point. This makes it more natural for defining polarization
as opposed to the edge charge density, whose fractional part can change non-trivially even due to integer
contributions to the total edge charge.

We are interested in the fractional defect charge (16) in the thermodynamic limit Ny →∞. The edge
charge (15) admits a leading order approximation similar to (12), but multiplying an extra factor of
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Ny. Then, if we naively use just the leading order terms, we end up with the defect charge being sim-
ply given by Qdefect =−ae(Ny − (Ny − 1))xn/Vc (mod e) =−aexn/Vc (mod e), which would take us
back to a gauge dependent definition of absolute polarization.

However, this cannot be the correct fractional defect charge since we argued above that the fractional
part of QL given by (15) (and similarly for QR) must be independent of edge filling. It turns out that we
are missing a key term by stopping at leading order. Recall from section 2.2 that the bulk HWF centers
wind non-trivially for a Chern insulator and that this causes the home unit cell HWF center to jump
at some ky. It can be shown that the location of this jump depends on the gauge chosen for the Bloch
states. More specifically, the Zak phase, which gives the home unit cell HWF center, jumps precisely at
kvy, the ky-coordinate of the vortex position of the Bloch states. The reader is referred to appendix B for
a full derivation of this result. Due to this, it turns out that there are sub-leading order contributions to
the edge charges QL and QR that lead to a non-trivial correction to Qdefect in the thermodynamic limit.

Going to sub-leading order in Ny for the asymptotic expansions of the total edge charges
involves approximating the error between the finite sum in (15) and its corresponding integral

(e/a)(aNy/2π)
´ 2π/a
0 dky 〈wnky | x̂ |wnky→= (eNy/a)x̄n in the thermodynamic limit. Note that due to peri-

odicity of the Zak phase and the fact that it has a jump discontinuity, we can write it as the sum of a
smooth and periodic function fn and a sawtooth function. That is,

1

a
〈wnky | x̂ |wnky→= fn

(
ky
)
+C

(
Θ
(
ky − kvyn

)
−

aky
2π

)
, (17)

for ky ∈ [0,2π/a], where Θ is the Heaviside step function.
Within the aforementioned error term, we use (17) for the quantities in the sum and integral. The

contribution from fn(ky) can be neglected when Ny →∞; this follows from the interesting fact that the
error in approximating a finite Riemann sum of Ny points of a smooth, periodic function with the cor-
responding integral is exponentially small in Ny [25]. The contribution from the sawtooth function can
be evaluated directly using the mathematical identities

M−1)

m=0

(
Θ(m∆x− x̃)− m

M

)
=

M− 1

2
−
⌊

x̃

∆x

⌋
(18)

and
ˆ M∆x

0
dx
(
Θ(x− x̃)− x

M∆x

)
=

M∆x

2
− x̃, (19)

where +·, is the floor function. This gives, to sub-leading order,

QL =
aeNy

Vc
xn + eC

(
aNy

2π
kvyn −

⌊
aNy

2π
kvyn

⌋
− 1

2

)

=
aeNy

Vc
xn + eC

(
aNy

2π
kvyn −

1

2

)
(mod e) . (20)

We note that this sub-leading order term is an O(1) correction to the total charge, and so would go into
the O(N−1

y ) part of the asymptotic expansion for the surface charge (12). Thus, it vanishes in the ther-
modynamic limit for the surface charge. On the other hand, it persists as an O(1) contribution to the
fractional defect charge as we shall now see.

Using the same arguments, a similar expression to (20) can be found for QR. This is given by

QR =−
ae
(
Ny − 1

)

Vc
xn − eC

(
a
(
Ny − 1

)

2π
kvyn −

1

2

)
(mod e) . (21)

Combining these, we can find the fractional charge bound to the dislocation using (16), which gives

Qdefect =−a

(
e

Vc
xn +

eC

2π
kvyn

)
(mod e) . (22)

As stated above, we can see that the sub-leading order terms for QL and QR have contributed an O(1)
correction to the fractional defect charge. Recalling our choice of B= a(0,1), we can now observe that
this is of the form Qdefect = Pn ×B (mod e), where

Pn =− e

Vc
rn +

eC

2π
ẑ× kvn

(
mod

eR

Vc

)
. (23)
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Since we considered a Burgers vector of B= a(0,1), (22) only gives us the x-component of Pn. However,
we can similarly consider a dislocation with B= a(1,0) in order to obtain the y-component of Pn.
Note that this expression for Pn agrees with the formula for relative polarization given by (14). Similar
to (14), our expression for Pn also extends to higher Chern numbers, with a sub-leading correction term
for each unit vortex.

Thus, we can now define the absolute polarization of a Chern insulating band via (23). This is natu-
ral for three reasons. Firstly, it straightforwardly extends the polarization-induced defect charge response
to a Chern insulator as seen above. Secondly, this definition is gauge invariant in the usual way (see
appendix C). While the Wannier center alone is no longer gauge invariant under gauge transformations
which move the vortex, the sub-leading correction term compensates for the drift in the Wannier center
thus making (23) gauge invariant. Thirdly, we have found that (14), which was derived in [19] starting
from the physical adiabatic current, now also provides a physical definition of absolute polarization by
‘canceling’ the deltas.

As a result, we have solved the problem we had with using the surface charge to define absolute
polarization. We emphasize that our result applies to Chern insulators without additional crystalline
symmetries (in which case the polarization is not quantized) and provides a gauge-invariant Berry phase
formulation, thus being more general than existing work. In the next section, we demonstrate this result
numerically for a specific model.

4. Numerical results

In order to verify our result numerically, we use a spin-rotated Qi-Wu-Zhang (QWZ) model [19, 26]
with bulk momentum space Hamiltonian

H(k) =−b(k) ·σ, (24)

where b(k) = (u+ cos(kx)+ cos(ky), sin(kx), sin(ky)+ δ). Here u is a parameter, δ is an onsite staggering
potential and σ = (σx,σy,σz) are the Pauli matrices. We will use u= 0.5 for which the δ = 0 model has
Chern number C= 1. Moreover, the staggering δ has been introduced to break inversion symmetry and
induce a change in the polarization of the model. The corresponding real space model lives on a square
lattice with two degrees of freedom per unit cell.

We can then evaluate our formula for the absolute polarization, given by (23), of this model for a
range of values of δ. We note that the gauge invariance of (23) affords an amount of flexibility in doing
so. We recall that the Wannier center can be computed as an integral of the Berry connection over the
Brillouin zone. Furthermore, the location of vortices can be found by numerically computing the cir-
culations over an array of regions covering the Brillouin zone. Building on previous work [19] we have
opted to fix the gauge to correspond to the optimally localized Wannier functions. That said, it should
be emphasized that the expression being evaluated is gauge invariant (23) (up to polarization quanta).
Therefore, there are easier ways to compute this quantity in practice. Namely, one can compute 1D Berry
phases for each ky (i.e. Zak phases) in a gauge independent fashion (with a fixed choice of branch cut
throughout), in which case there will be a jump at some ky. This would correspond to kvyn in our for-
malism (see appendix B). Here we compute P using the first approach in order to explicitly verify (23)
as directly as possible via the construction of optimally localized Wannier functions.

We then compare our theoretical absolute polarization computed this way with an unbiased real-
space calculation of the fractional charge bound to a lattice dislocation in the same model. For this, we
inverse Fourier transform our model (24) into a real-space tight binding model and place open boundary
conditions on both directions. We then create a dislocation with Burgers vector B= a(0,1) by removing
a partial row of atoms and appropriately adjusting the bonds in the real-space Hamiltonian such that the
model maintains local translational invariance except at a single site (the ‘core’ of the dislocation). We
then diagonalize this defect Hamiltonian and construct the projector P which projects on to the set of
occupied states. Since the bulk unit cell of the system is charge neutral, we can find the fractional charge
bound to the defect via

Qdefect =−eTr(PSdefect) , (25)

where Sdefect is a spatial projector which projects onto a sufficiently large region centered around the
defect core. This is the same concept used in (5) for the 1D edge charge. Note again that this only
works when the electron orbitals are located at the atomic sites. If not, we once again require a suit-
ably smoothened charge distribution. Practically, we choose this region around the defect such that its

9
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Figure 3. Plot comparing the theoretical absolute polarization Px for the QWZ model (blue line) with the numerical value P̃x
obtained from a real space dislocation charge computation with fully open boundary conditions (red dots). Note that Px and
P̃x have units of−e/a. The theoretical values were calculated by constructing Wannier functions and using (23). The real space
dislocation charge calculation was done using clean system sizes ranging from approximately 70a × 140a up to 100a× 200a,
with charge counted in R × R regions around the defect for R= 17a and R= 25a respectively.

boundary is equally as far away from the defect as it is from the edge of the system. We emphasize that
the charge counted this way is not affected by the filling of edge states since the edges are far away from
the region around the defect considered.

The results obtained are displayed in figure 3. The real space calculation agrees almost perfectly with
the theoretical value predicted by (23), with absolute errors generally ranging from 10−6 − 10−7. The
largest relative error is 0.08% for δ = 0.75 and this is because the system size used in the real space cal-
culation is not sufficiently large in comparison to the correlation length for complete convergence in that
case. We note that at δ =

√
3/2≈ 0.866, a gap closing has occurred and the system is no longer a Chern

insulator, and so we do not cross this value. As a final remark, we note that our model has inversion
symmetry for δ = 0 and this is correctly reflected in the quantized polarization of 0.5 obtained in this
case. For this case, the real space model has a filling anomaly [17] which must be taken into account,
meaning that we cannot have exactly half filling due to a two-fold degeneracy at zero energy, with one
state localized to the defect and the other to the edge. Therefore, we must fill either both or neither of
these states in order to correctly count the charge around the defect up to integer. These bound states
are a by-product of the non-trivial polarization and the crystalline symmetry in the clean δ = 0 model
and the existence of a defect. We do not observe this filling anomaly in the clean real space model as it
is concealed by the metallic edge states (unlike for an obstructed atomic insulator).

5. Conclusion

In this article, we have shown that a microscopic definition of absolute polarization can be obtained
unambiguously for a 2D Chern insulator by using fractional charges at lattice dislocations. This was
done without assuming any crystalline symmetries apart from translations, thus generalizing existing
work. Our result is consistent with recent work for TCIs, such as reference [8] which studied differences
in polarization via interface charge, and reference [6], which studied absolute polarization via topological
field theory. Finally, we demonstrated our result numerically by considering a particular tight-binding
Chern insulator model. We approached the polarization from the perspective of bound charge on a crys-
talline defect. An interesting future direction will be to answer the question of whether our definition of
polarization correctly predicts other bulk effects such as the electric field experienced by a free electron
placed into the system. We conjecture that it should, since it is the only way to make the usual Wannier
center definition gauge invariant.
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Appendix A. Vortices in Bloch states for a Chern insulator

In this section we briefly study Bloch state vortices for a Chern insulator. As discussed in the main text,
it is impossible to pick a globally smooth gauge for the Bloch states of a Chern insulating band. Instead,
we can construct a gauge for which the Bloch states are smooth everywhere except at a single point in
the Brillouin zone. The nature of this singularity is characterized by the Chern number, which is the
integer topological invariant given by

C=
1

2π

ˆ
BZ
dk Ω(k) , (A1)

where Ω(k) is the smooth, gauge invariant Berry curvature. Note that Ω(k) =∇k×A(k) in regions of
the Brillouin zone where the Bloch states are smooth. However, it is crucial to note that this is not true
at the singularity. Instead, since the Berry connection is periodic across the Brillouin zone, we can use
Stokes’ theorem to argue that [19]

∇k×A(k) = Ω(k)− 2πCδP (k− kv) , (A2)

where δP is the Brillouin zone periodic Dirac delta function and kv is the position of the singularity.
Note that the integral of the RHS of the above over the entire Brillouin zone is zero, which is consistent
with Stoke’s theorem. We then refer to the singularity at kv as a vortex because the phase of the Bloch
states winds non-trivially around it. To see this, note that we can use a gauge transformation to make
the Bloch states locally smooth around kv. In other words, inside a disc Dε of sufficiently small radius
ε> 0 about kv, we can write

|uk→= e−iθ(k−kv) |ũk→ , (A3)

where |ũk→ is smooth inside Dε. Then, if we integrate ∇k×A(k) over the entire Brillouin zone while
noting that ∇k×A(k) =∇k× Ã(k)+∇k×∇kφ(k− kv) in Dε, we find that

ˆ
Dε

dk ∇k×∇kφ (k− kv) =−2πC. (A4)

Thus, letting ε→ 0, we deduce that

∇k×∇kφ (k− kv) =−2πCδP (k− kv) , (A5)

and so we say that the Bloch states have a vortex of winding number −C at kv. We may later also refer
to this as an antivortex because of the relative minus sign with respect to the Chern number.

Appendix B. Jump in the Zak phase

In this section, we study the jump discontinuity in the Zak phase, which gives the HWF centers, for a
Chern insulator. The Zak phase [18] is defined to be the Berry phase acquired by the Bloch states in a
path across the Brillouin zone. For a path γ across the Brillouin zone, the Zak phase is given by

φγ =

˛
γ
d" ·A(k) , (B1)

where A is the Berry connection. Note that such a path γ is a closed curve due to the periodicity of the
Brillouin zone.

11
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Figure 4. Figure showing the integration region to demonstrate the jump in the Zak phase.

Specializing to our case where we have a square (or rectangular) Brillouin zone, the Zak phase for a
horizontal path across the Brillouin zone for a fixed ky is given by

φx

(
ky
)
=

ˆ 2π/a

0
dkx Ax (k) , (B2)

where a is the lattice constant. Recall from the main text that the hybrid Wannier functions characterized
by ky, which is a good quantum number when we have translational invariance in the y-direction, are
given by

wnky (r) =

√
a

2π

ˆ 2π/a

0
dkx ψnk (r) , (B3)

where ψnk(r) are the Bloch states for the nth band, and a is the lattice constant. Dropping the band
index, the corresponding hybrid Wannier centers can be written in terms of the Zak phase (B2) as

〈wky | x̂ |wky→=
a

2π
φx

(
ky
)
. (B4)

Let us now consider a Chern insulator with Chern number C. Then, as seen in the previous section,
there must be at least one vortex in the Bloch states. We shall consider the case of just a single vortex
at position kv = (kvx,kvy), which must have winding number C. We wish to understand what happens to
the Zak phase φ(ky) as ky passes through kvy. Consider a rectangular region Rε of width 2ε, where ε> 0,
in the Brillouin Zone with the vortex inside it, as shown in figure 4.

Then, using Stokes’ theorem and A2, we have
˛
∂Rε

d" ·A(k) =
ˆ
Rε

dk ∇k×A(k) =
ˆ
Rε

dk Ω(k)− 2πC. (B5)

On the other hand, a direct calculation gives

˛
∂Rε

d" ·A(k) =
ˆ 2π/a

0
dkx

[
Ax

(
kx,kvy − ε

)
−Ax

(
kx,kvy + ε

)]
+

ˆ kvy+ε

kvy−ε
dky

[
Ay

(
2π

a
,ky

)
−Ax

(
0,ky

)]
.

(B6)
Taking the limit of both (B5) and (B6) as ε→ 0 yields

φx

(
k+vy

)
−φx

(
k−vy

)
= 2πC (B7)

where φx(k±vy) = limε→0± φx(kvy + ε) are the right and left limits respectively. Thus, the Zak phase jumps
by 2πC when we pass through the vortex. The hybrid Wannier center, given by (B4), then correspond-
ingly jumps by aC and therefore the 1D polarization jumps by C.
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Figure 5. figure showing values of ϕx(ky) at different values of ky in the Brillouin zone for a gauge transformation with a vortex-
antivortex pair. An anti-clockwise arrow represents a circulation of 2πC.

Appendix C. Gauge invariance of the absolute polarization

In this section, we show that the expression we obtained for the absolute polarization is gauge invariant.
We begin by recalling that the polarization for a Chern insulating band is given by

Pn =− e

Vc
rn +

eC

2π
ẑ× kvn

(
mod

eR

Vc

)
, (C1)

where rn =
1

VBZ

´
BZ dk A(k) is the Wannier center and kvn is the vortex position. Now consider a gauge

transformation of the Bloch states of the form |unk→ → e−iθ(k) |unk→. Then, the Berry connection trans-
forms as

An (k)→ An (k)+∇kφ (k) . (C2)

If the position of the vortex is not changed under this gauge transformation, then it is clear that the
Wannier center can only move by a lattice vector and so Pn is gauge invariant. Therefore, let us focus
on so-called singular gauge transformations, which are gauge transformations that move the position of
the vortex.

Consider a gauge transformation that moves the vortex from kvn to k̃vn. Then, in light of (C2)
and (A2), we must have

∇k×∇kφ (k) = 2πC
(
δP (k− kvn)− δP

(
k− k̃vn

))
. (C3)

This can be thought of as creating a vortex-antivortex pair of winding numbers C and −C respectively at
positions kvn and k̃vn respectively.

Moreover, under such a gauge transformation, Pn transforms as

Pn → Pn −
e

(2π)2

ˆ
BZ
dk ∇kφ (k)+

eC

2π
ẑ×
(
k̃vn − kvn

) (
mod

eR

Vc

)
. (C4)

Focusing on just the x-component, note that

ˆ
BZ
dk

∂φ

∂kx
=

ˆ 2π/a

0
dky ϕx

(
ky
)
, (C5)

where

ϕx

(
ky
)
=

ˆ 2π/a

0
dkx

∂φ

∂kx
= 2πn

(
ky
)
, (C6)
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for an integer function n(ky). Note that this follows from the fact that eiθ is required to be Brillouin
zone periodic. We shall focus on a specific class of gauge transformations for which n(ky) = 0 if φ is
smooth. Thus, for singular gauge transformations, which are manifestly not globally smooth, we shall
assume that any non-zero values for n(ky) are caused by the introduction of the vortex-antivortex pair.

Suppose for the moment that kvyn > k̃vyn. Then, using arguments identical to appendix B (essentially
treating ϕx(ky) as a Zak phase), we obtain that

ϕx

(
ky
)
=






0 0! ky < k̃yvn

2πC k̃yvn < ky < kyvn

0 kyvn < ky ! 2π/a,

(C7)

as illustrated in figure 5. Thus, using (C5), we obtain
ˆ
BZ
dk

∂φ

∂kx
=−2πC

(
k̃yvn − kyvn

)
. (C8)

It can be shown that the same result holds when kvyn > k̃yvn. Moreover, a similar approach can be used
to obtain, for the y-component, that

ˆ
BZ
dk

∂φ

∂ky
= 2πC

(
k̃xvn − kxvn

)
(C9)

Thus, we have that
ˆ
BZ
dk ∇kφ (k) = 2πCẑ×

(
k̃vn − kvn

)
. (C10)

Putting everything together, we obtain that

− e

(2π)2

ˆ
BZ
dk ∇kφ (k)+

eC

2π
ẑ×
(
k̃vn − kvn

)
= 0, (C11)

and so returning to (C4), we see that Pn is indeed gauge invariant.
As a final remark, we note that a singular gauge transformation cannot be constructed such that it

annihilates the original vortex but does not create a new one. We should expect this to be impossible
since we would be changing the total winding of the Bloch state vortices, thus changing the Chern num-
ber. Indeed, note that if eiθ(k) were periodic, then ∇kφ(k) would also be periodic and so has zero circu-
lation around the Brillouin zone. Thus, by Stokes’ theorem, we must have

´
BZ dk ∇k×∇kφ(k) = 0. In

other words, the total winding number of any vortices within the gauge transformation has to be zero if
it is to be periodic.
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