SHARP THRESHOLD FOR THE BALLISTICITY OF THE RANDOM WALK ON THE
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Abstract

We study a non-reversible random walk advected by the symmetric simple exclusion process,
so that the walk has a local drift of opposite sign when sitting atop an occupied or an empty site.
We prove that the back-tracking probability of the walk exhibits a sharp transition as the density
p of particles in the underlying exclusion process varies across a critical density p.. Our results
imply that the speed v = v(p) of the walk is a strictly monotone function and that the zero-speed
regime is either absent or collapses to a single point, p., thus solving a conjecture of [40]. The
proof proceeds by exhibiting a quantitative monotonicity result for the speed of a truncated model,
in which the environment is renewed after a finite time horizon L. The truncation parameter L is
subsequently pitted against the density p to carry estimates over to the full model. Our strategy is
somewhat reminiscent of certain techniques recently used to prove sharpness results in percolation
problems. A key instrument is a combination of renormalisation arguments with refined couplings of
environments at slightly different densities, which we develop in this article. Our results hold in fact
in greater generality and apply to a class of environments with possibly egregious features, outside

perturbative regimes.
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1 Introduction

Transport in random media has been an active field of research for over fifty years but many basic
questions remain mathematically very challenging unless the medium satisfies specific (and often rather
restrictive) structural assumptions; see for instance [48, 72, 77] and references therein. In this article we
consider the problem of ballistic behavior in a benchmark setting that is both i) non-reversible, and ii)
non-perturbative (in the parameters of the model). To get a sense of the difficulty these combined features
entail, general results in case i) are already hard to come by in perturbative regimes, see, e.g., [24, 75]
regarding the problem of diffusive behavior.

Our focus is on a certain random walk in dynamic random environment, which lies outside of the
well-studied ‘classes’ and has attracted increasing attention in the last decade, see for instance [40, 43,
44] and references below. The interest in this model stems in no small part from the nature of the envi-
ronment, which is driven by a particle system (e.g. the exclusion process) that is typically conservative
and exhibits slow mixing. Even in the (1+1)-dimensional case, unless one restricts its parameters to per-
turbative regimes, the features of the model preclude the use of virtually all classical techniques: owing
to the dynamics of the environment, the model is genuinely non-reversible, and its properties make the
search for an invariant measure of the environment as seen by the walker (in the spirit of [49, 62, 47])
inaccessible by current methods; see Section 1.2 for a more thorough discussion of these and related
matters.

The model we study depends on a parameter p governing the density of particles in the environment,
which in turn affects the walk, whose transition probabilities depend on whether the walk sits on top of
a particle (advection occurs) or not. This may (or not) induce ballistic behaviour. Our aim in this article
is to prove that ballisticity is a property of the walk undergoing a ‘sharp transition’ as p varies, which
is an inherently non-perturbative result. Our results answer a number of conjectures of the past fifteen
years, and stand in stark contrast with (i.i.d.) static environments [46, 69], where the zero-speed regime
is typically extended. The sharpness terminology is borrowed from critical phenomena, and the analogy
runs deep, as will become apparent. Drawing inspiration from it is one of the cornerstones of the present
work.

1.1. Main results. We present our main results with minimal formalism in the model case where the
environment is the (simple) symmetric exclusion process, abbreviated (S)SEP in the sequel, and refer to
Sections 2 and 6 for full definitions. We will in fact prove more general versions of these results, see
Theorem 3.1, which hold under rather broad assumptions on the environment, satisfied for instance by
the SEP. Another environment of interest that fulfils these conditions is discussed in Appendix B, and is
built using a Poisson system of particles performing independent simple random walks (PCRW, short for
Poisson Cloud of Random Walks).

The SEP is the continuous-time Markov process 77 = (1;)¢>0 taking values in {0, 1}” and describing
the simultaneous evolution of continuous-time simple random walks subject to the exclusion rule. That
is, for a given realization of 7, one puts a particle at those sites x such that ny(z) = 1. Each particle then
attempts to move at a given rate v > 0, independently of its previous moves and of the other particles,
to one of its two neighbours chosen with equal probability. The move happens if and only if the target
site is currently unoccupied; see Section 6.1 for precise definitions. For the purposes of this article, one
could simply set v = 1. We have kept the dependence on v explicit in anticipation of future applications,
for which one may wish to slow down/speed up the environment over time.

On top of the SEP 7, a random walk X = (X,,),>0 starting from Xy = 0 moves randomly as
follows. Fixing two parameters p., po € (0, 1) such that p, > p., the process X moves at integer times
to a neighbouring site, the right site being chosen with probability p., resp. p,, depending on whether X
is currently located on an occupied or empty site. Formally, given a realization n of the SEP, and for all
n =1,

+1, withprob. pe1, (x,)=1 + Poly, (x,)=0

(1.1) X1 — Xp = .
" " —1, with prob. (1 _p°)1nn(Xn)=1 + (1 - po)lnn(Xn)zl



(notice that the transition probabilities depend on 7 since p, # p. by assumption). For p € (0,1) we
denote by P* the annealed (i.e. averaged over all sources of randomness; see Section 2.3 for details) law
of (1, X) whereby 9 is sampled according to a product Bernoulli measure ((1 — p)&y + pd)®?%, with
0, a Dirac measure at x, which is an invariant measure for the SEP, see Lemma 6.1. Incidentally, one
can check that except for the trivial cases p € {0, 1}, none of the invariant measures for the SEP (cf. [51,
Chap. II1I, Cor. 1.11]) is invariant for the environment viewed from the walker (to see this, one can for
instance consider the probability that the origin and one of its neighbours are both occupied). In writing
PP, we leave the dependence on v, p, and p, implicit, which are regarded as fixed, and we will focus
on the dependence of quantities on p, the main parameter of interest. For a mental picture, the reader is
invited to think of X as evolving in a half-plane, with space being horizontal and time running upwards.
All figures below will follow this convention.

We now describe our main results, using a language that will make analogies to critical phenomena
apparent. Our first main result is simplest to formulate in terms of the fast-tracking probability, defined
forn>0andpe (0,1)as

(1.2) On(p) = P7(Hy < Hoy),

where Hy, = inf{n > 0 : X,, = k}. In words 6,(p) is the probability that X visits n before —1.
Analogous results can be proved for a corresponding back-tracking probability, involving the event
{H_,, < H,} instead; see the end of Section 1.1 for more on this. The events in (1.2) being decreasing
in n, the following limit

(1.3) 6(p) < 1im 0, (p)

is well-defined and constitutes an order parameter (in the parlance of statistical physics) for the model.
Indeed, it is not difficult to see from (1.1) and monotonicity properties of the environment (see (P.3) in
Section 2.2 and Lemma 2.2), that the functions 6,,(-), n = 0, and hence 6(-) are non-decreasing, i.e. that
0(p) < 6(p') whenever p < p'. One thus naturally associates to the function 6(-) a corresponding critical
threshold

def.
(1.4) pe = sup{p € [0,1] : 6(p) = 0}.
The transition from the subcritical (p < p.) to the supercritical (p > p.) regime corresponds to the onset
of a phase where the walk has a positive chance to escape to the right. In fact it will do so at linear speed,
as will follow from our second main result. To begin with, in view of (1.4) one naturally aims to quantify
the behavior of 6,,(p) for large n. Our first theorem exhibits a sharp transition for its decay.

Theorem 1.1. For all p € (0, 1), there exist constants ¢y, co € (0,00) depending on p such that, with p,.
asin (1.4) and foralln > 1,

(i) 0n(p) < c1exp(—(ogn)>?), if p < pes
(ii) O0n(p) = co, if p > pe

The proof of Theorem 1.1 appears at the end of Section 3.2. Since § = inf, 6,, item (ii) is an
immediate consequence of (1.4). The crux of Theorem 1.1 is therefore to exhibit the rapid decay of
item (i) in the full subcritical regime, and not just perturbatively in p « 1, which is the status quo,
cf. Section 1.2. In the context of critical phenomena, this is the famed question of (subcritical) sharpness,
see for instance [53, 1, 36, 76] for sample results of this kind in the context of Ising and Bernoulli
percolation models. Plausibly, the true order of decay in item (i) is in fact exponential in n (for instance,
a more intricate renormalisation following [40] should already provide a stretched-exponential bound in
n). We will not delve further into this question in the present article.

Our approach to proving Theorem 1.1 is loosely inspired by the recent sharpness results [31] and
[33, 34, 32] concerning percolation of the Gaussian free field and the vacant set of random interlace-
ments, respectively, which both exhibit long-range dependence (somewhat akin to the SEP). Our model



is nonetheless very different, and our proof strategy, outlined below in Section 1.3, vastly differs from
these works. In particular, it does not rely on differential formulas (in p), nor does it involve the OSSS
inequality or sharp threshold techniques, which have all proved useful in the context of percolation, see
e.g. [35, 38, 17, 23]. One similarity with [33], and to some extent also with [76] (in the present context
though, stochastic domination results may well be too much to ask for), is our extensive use of couplings.
Developing these couplings represents one of the most challenging technical aspects of our work; we re-
turn to this in Section 1.3. It is also interesting to note that, as with statistical physics models, the regime
p ~ p. near and at the critical density encompasses a host of very natural (and mostly open) questions
that seem difficult to answer and point towards interesting phenomena; see Section 1.2 and Corollary 1.3
for more on this.

Our second main result concerns the asymptotic speed of the random walk, and addresses an open
problem of [40] which inspired our work. In [40], the authors prove the existence of a deterministic
non-decreasing function v : (0, 1) — R such that, for all p € (0, 1)\{p—, p+},

X

(1.5) PP-as., — — v(p) as n — o0,
n

where

def.
p— = sup{p:v(p) <0},

def. .
py = inf{p:v(p) > 0},

(1.6)

leaving open whether py > p_ or not, and with it the possible existence of an extended (critical) zero-
speed regime. Our second main result yields the strict monotonicity of v(-) and provides the answer to
this question. Recall that our results hold for any choice of the parameters 0 < p, < pe < 1 and v > 0.

Theorem 1.2. With p. as defined in (1.4), one has

(L.7) p— = P+ = Pe-

Moreover, for every p, p' € (0,1) such that p > p', one has

(1.8) v(p) > v(p).

The proof of Theorem 1.2 is given in Section 3.2 below. It will follow from a more general result,
Theorem 3.1, which applies to a class of environments 7 satisfying certain natural conditions. These will
be shown to hold when 7 is the SEP.

Let us now briefly relate Theorems 1.1 and 1.2. Loosely speaking, Theorem 1.1 indicates that v(p) >
0 whenever p > p., whence p < pc in view of (1.6), which is morally half of Theorem 1.2. One can in
fact derive a result akin to Theorem 1.1, but concerning the order parameter 6(p) = lim,, P*(H_,, < H1)
associated to the back-tracking probability instead. Defining p. in the same way as (1.4) but with 0 in
place of 6, our results imply that p. = p. and that the transition for the back-tracking probability has
similar sharpness features as in Theorem 1.1, but in opposite directions — the sub-critical regime is now
for p > pc(= pc). Intuitively, this corresponds to the other inequality p— > p., which together with
P+ < pe, yields (1.7).

Finally, Theorem 1.2 implies that v(p) # 0 whenever p # p.. Determining whether a law of
large number holds at p = p. holds or not, let alone whether the limiting speed v(p.) vanishes when
0 < p. < 1, is in general a difficult question, to which we hope to return elsewhere; we discuss this and
related matters in more detail below in Section 1.2.

One noticeable exception occurs in the presence of additional symmetry, as we now explain. In [40]
the authors could prove that, at the ‘self-dual’ point ps = 1 — p, (for any given value of p, € (1/2, 1)),
one has v(1/2) = 0 and the law of large numbers holds with limit speed 0, but they could not prove that
v was non-zero for p # 1/2, or equivalently that p; = p_ = 1/2. Notice that the value p, = 1 — p, is
special, since in this case (cf. (1.1)) X has the same law under P? as —X under P'~*, and in particular



X "% _X when p = % In the result below, which is an easy consequence of Theorem 1.2 and the
results of [40], we summarize the situation in the symmetric case. We include the (short) proof here. The
following statement is of course reminiscent of a celebrated result of Kesten concerning percolation on
the square lattice [45]; see also [23, 17, 58] in related contexts.

Corollary 1.3. Ifp, = 1 — p., then
(1.9) pe =% and 6(3) = 0.

Moreover, under PY/2, X is recurrent, and the law of large numbers (1.5) holds with vanishing limiting
speed v(1/2) = 0.

Proof. From the proof of [40, Theorem 2.2] (and display (3.26) therein), one knows that v(1/2) = 0
and that the law of large numbers holds at p = % By Theorem 1.2, see (1.6) and (1.7), v is negative
on (0, p) and positive on (p., 1), which implies that p. = 1/2. As for the recurrence of X under P/2,
it follows from the ergodic argument of [61] (Corollary 2.2, see also Theorem 3.2 therein; these results

are stated for a random walk jumping at exponential times but are easily adapted to our case). Since
0(p) < PP(liminf X,, > 0) in view of (1.3), recurrence implies that #(1/2) = 0, and (1.9) follows. [J

1.2. Discussion. We now place the above results in broader context and contrast our findings with
existing results. We then discuss a few open questions in relation with Theorems 1.1 and 1.2.

1.2.1. Related works. Random walks in dynamic random environments have attracted increasing at-
tention in the past two decades, both in statistical physics - as a way to model a particle advected by a
fluid [29, 59, 16, 42], and in probability theory - where they provide a counterpart to the more classically
studied random walks in static environments [9, 22, 26, 40, 44, 66].

On Z, the static setting already features a remarkably rich phenomenology, such as transience with
zero speed [71], owing to traps that delay the random walk, and anomalous fluctuations [46] - which
can be as small as polylogarithmic in the recurrent case [69]. On Z? for d > 2, some fundamental
questions are still open in spite of decades of efforts, for instance the conjectures around Sznitman’s
Condition (T) and related effective ballisticity criteria [72, 18], and the possibility that, for a uniformly
elliptic environment, directional transience is equivalent to ballisticity. If true, these conjectures would
have profound structural consequences, in essentially ascertaining that the above trapping phenomena
can only be witnessed in dimension one. As with the model studied in this article, a circumstance that
seriously hinders progress is the truly non-reversible character of these problems. This severely limits
the tools available to tackle them.

New challenges arise when the environment is dynamic, requiring new techniques to handle the
fact that correlations between transition probabilities are affected by time. In particular, the trapping
mechanisms identified in the static case do not hold anymore and it is difficult to understand if they
simply dissolve or if they are replaced by different, possibly more complex, trapping mechanisms. As
of today, how the static and dynamic worlds relate is still far from understood. Under some specific
conditions however, laws of large numbers (and sometimes central limit theorems) have been proved in
dynamic contexts: when the environment has sufficiently good mixing properties [9, 22, 66], a spectral
gap [7], or when one can show the existence of an invariant measure for the environment as seen by the
walk ([19], again under some specific mixing conditions). One notable instance of such an environment
is the supercritical contact process (see [25, 56], or [3] for a recent generalization). We also refer to
[5, 57, 20, 6, 27] for recent results in the time-dependent reversible case, for which the assumptions on
the environment can be substantially weakened.

The environments we consider are archetypal examples that do not satisfy any of the above condi-
tions. In the model case of the environment driven by the SEP, the mixing time over a closed segment or
a circle is super-linear (even slightly super-quadratic [55]), creating a number of difficulties, e.g. barring
the option of directly building a renewal structure without having to make further assumptions (see [13]
in the simpler non-nestling case). The fact that the systems may be conservative (as is the case for the
SEP) further hampers their mixing properties. As such, they have been the subject of much attention
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in the past decade, see [10, 11, 12, 22, 28, 40, 41, 43, 44, 52] among many others. All of these re-
sults are of two types: either they require particular assumptions, or they apply to some perturbative
regime of parameters, e.g. high density of particles [21, 26], strong drift, or high/low activity rate of the
environment [43, 68].

Recently, building on this series of work, a relatively comprehensive result on the Law of Large
Numbers (LLN) in dimension 1+1 has been proved in [40], see (1.5) above, opening an avenue to some
fundamental questions that had previously remained out of reach, such as the possible existence of tran-
sient regime with zero speed. Indeed, cf. (1.5) and (1.6), the results of [40] leave open the possibility of
having an extended ‘critical” interval of p’s for which v(p) = 0, which is now precluded as part of our
main results, see (1.7). We seek the opportunity to stress that our strategy, outlined below in Section 1.3,
is completely new and rather robust, and we believe a similar approach will lead to progress on related
questions for other models.

1.2.2. Open questions.

1) Existence and value of v(p.). Returning to Theorems 1.1 and 1.2, let us start by mentioning that
pe, defined by (1.4) and equivalently characterized via (1.6)-(1.7), may in fact be degenerate (i.e. equal
to 0 or 1) if v(-) stays of constant sign. It is plausible that p. € (0, 1) if and only if p, < 1/2 < p.,
which corresponds to the (more challenging) nestling case, in which the walk has a drift of opposite signs
depending on whether it sits on top of a particle or an empty site. Moreover, the function v(-), as given
by [40, Theorem 3.4], is well-defined for all values of p € (0, 1) (this includes a candidate velocity at p.),
but whether a LLN holds at p. with speed v(p.) or the value of the latter is unknown in general, except
in cases where one knows that v(p.) = 0 by other means (e.g. symmetry), in which case a LLN can be
proved, see [40, Theorem 3.5]. When p. is non-degenerate, given Theorem 1.2, it is natural to expect
that v(p.) = 0, but this is not obvious as we do not presently know if v is continuous at p,. It is relatively
easy to believe that continuity on (0, 1)\{p.}, when the speed is non-zero, can be obtained through an
adaptation of the regeneration structure defined in [43], but continuity at p. (even in the symmetric case)
seems to be more challenging.

Suppose now that one can prove that a law of large numbers holds with vanishing speed at p = p.,
then one can ask whether X is recurrent or transient at p.. A case in point where one knows the answer
is the ‘self-dual’ point p, = 1 — p, where the critical density equals 1/2 and the walk is recurrent. In
particular, this result and Theorem 1.2 imply that v(p) is zero if and only if p = 1/2, and thus there exists
no transient regime with zero-speed in the symmetric case. This also answers positively the conjecture
in [8] (end of Section 1.4), which states that in the symmetric case, the only density with zero speed is
in fact recurrent.

2) Regularity of v(-) near p. and fluctuations at p.. In cases where v(p.) = 0 is proved, one may
further wonder about the regularity of p — v(p) around p. (and similarly of 8(p) as p | p.). Is it contin-
uous, and if yes, is it Holder-continous, or even differentiable? This could be linked to the fluctuations
of the random walk when p = p,, in the spirit of Einstein’s relation, see for instance [37] in the context
of reversible dynamics. Whether the fluctuations of X under P?¢ are actually diffusive, super-diffusive
or sub-diffusive is a particularly difficult question. It has so far been the subject of various conjectures,
both for the RWdRE (e.g. Conjecture 3.5 in [14]) and very closely related models in statistical physics
(e.g. [42], [39], [60]). One aspect making predictions especially difficult is that the answer may well
depend on all parameters involved, i.e. p, po and p,. At present, any rigorous upper or lower bound on
the fluctuations at p = p. would be a significant advance.

3) Comparison with the static setting. In the past decade, there have been many questions as to
which features of a static environment (when v = 0, so that the particles do not move) are common to the
dynamic environment, and which are different. In particular, it is well-known that in the static case, there
exists a non-trivial interval of densities for which the random walker has zero speed, due to mesoscopic
traps that the random walker has to cross on its way to infinity (see for instance [63, Example 1], and



above references). It was conjectured that if v > 0 is small enough, there could be such an interval in
the dynamic set-up, see [14, (3.8)]. Theorem 1.2 thus disproves this conjecture.

Combined with the CLT from [40, Theorem 2.1], which is valid outside of (p_, p4+ ), hence for all
p # pc by Theorem 1.2, this also rules out the possibility of non-diffusive fluctuations for any p # p.,
which were conjectured in [14, Section 3.5]. In light of this, one may naturally wonder how much one
has to slow down the environment with time (one would have to choose ¥ = 14 a suitably decreasing
function of the time ¢) in order to start seeing effects from the static world. We plan to investigate this in
future work.

1.3. Overview of the proof. We give here a relatively thorough overview of the proof, intended to help
the reader navigate the upcoming sections. For concreteness, we focus on Theorem 1.2 (see below its
statement as to how Theorem 1.1 relates to it), and specifically on the equalities (1.7), in the case of SEP
(although our results are more general; see Section 3). The assertion (1.7) is somewhat reminiscent of
the chain of equalities %4 = w4 = U associated to the phase transition of random interlacements that
was recently proved in [34, 32, 33], and draws loose inspiration from the interpolation technique of [2],
see also [30]. Similarly to [32] in the context of interlacements, and as is seemingly often the case in
situations lacking key structural features (in the present case, a notion of reversibility or more generally
self-adjointness, cf. [24, 75]), our methods rely extensively on the use of couplings.

The proof essentially consists of two parts, which we detail individually below. In the first part, we
compare our model with a finite-range version, in which we fully re-sample the environment at times
multiple of some large integer parameter L (see e.g. [32] for a similar truncation to tame the long-range
dependence). One obtains easily that for any L and any density p € (0, 1), the random walk in this
environment satisfies a strong Law of Large Numbers with some speed vz (p) (Lemma 3.2), and we
show that in fact,

(1.10) vr(p—er) — L <w(p) <wvp(p+er)+ 0z,

for some 07, £, that are quantitative and satisfy dr,e7, = or(1) as L — oo (see Proposition 3.3).
In the second part, we show that for any fixed p, p + € € (0, 1), we have

(1.11) vr(p +¢€) > vi(p) + 3L,

for L large enough (Proposition 3.4). Together, (1.10) and (1.11) readily imply that v(p + ) > v(p),
and (1.7) follows. Let us now give more details.

First part: from infinite to finite range. For a density p € (0,1) the environment 7 of the range-L
model is the SEP starting from 79 ~ Ber(p)®” during the time interval [0, L). Then for every integer
k > 1, at time kL we sample 77, again as Ber(p)®7, independently from the past, and let it evolve as the
SEP during the interval [k L, (k+ 1)L). The random walk X on this environment is still defined formally
as in (1.1), and we denote P”"" the associated annealed probability measure. Clearly, the increments
(XL — X(k—1)1)k>1 are i.i.d. (and bounded), so that by the strong LLN, X,,/n — v (p) := E°[ X /L],
a.s.asn — o0.

Now, to relate this to our original ’infinite-range’ (L. = 00) model, the main idea is to compare the
range-L with the range-2L, and more generally the range-2* L with the range-2**! L model for all k& > 0
via successive couplings. The key is to prove a chain of inequalities of the kind

(1.12) vr(p) < wvar(p+ 51,L) + 51,L <. o< vgp(p+ Ek,L) + 5k,L <...,

where the sequences (i, 1,)x>1 of and (0y,1,)k>1 are increasing, with ey, := limy_,o €5 1, = or(1) and
0r, := limy_o 8k, = or(1). In other words, we manage to pass from a scale 2% to a larger scale
2k+17, at the expense of losing a bit of speed (0k+1,1, — Ok,1.), and using a little sprinkling in the density
(€k,L —€k—1,1), With 8 1, = €0,z = 0. From (1.12) (and a converse inequality proved in a similar way),
standard arguments allow us to deduce (1.10). Let us mention that such a renormalization scheme, which



trades scaling against sprinkling in one or several parameters, is by now a standard tool in percolation
theory, see for instance [73, 67, 30].

We now describe how we couple the range-L and the range-2L models in order to obtain the first
inequality, the other couplings being identical up to a scaling factor. We do this in detail in Lemma 4.1,
where for technical purposes, we need in fact more refined estimates than only the first moment, but
they follow from this same coupling. The coupling works roughly as follows (cf. Fig. 1). We consider

two random walks X(1) & pr.L and X(2) & peter.2L coupled via their respective environments 77(1)
and 7(?) such that we retain good control (in a sense explained below) on the relative positions of their
respective particles during the time interval [0, 2L], except during a short time interval after time L after
renewing the particles of n(*). In some sense, we want to dominate (1) by n(® ‘as much as possible’,
and use it in combination with the following monotonicity property of the walk: since p, > po, X ?
cannot be overtaken by X (1) if (?) covers n!) (cf. (1.1); see also Lemma 2.2 for a precise formulation).
Roughly speaking, we will use this strategy from time O to L, then lose control for short time before
recovering a domination and using the same argument but with a lateral shift (in space), as illustrated in
Figure 1. The key for recovering a domination in as little time as possible is a property of the following
flavour.

Let L,t,¢ > 1be such that L » t2 » ¢4, and let 9,1} € {0, 1}” be such that over
[—3L,3L], no (resp. 1) has empirical density p + ¢ (resp. p) on segments of length

¢. Then one can couple the time evolutions of 1, 7" as SEPs during [0, ¢] such that
(1.13) X

P(m(z) = nj(z), Vo e [-L +ct,L —ct]) =1 —tL exp(—c"e?tM4),

[ for some constants ¢, ¢/, ¢’ > 0.

Roughly, for ¢ poly-logarithmic in L the right-hand side of (1.13) will be as close to 1 as we need. We
do not give precise requirements on the scales ¢, ¢, L (nor a definition of empirical density), except that
they must satisfy some minimal power ratio due to the diffusivity of the particles. We will formalize
this statement in Section 3.1, see in particular condition (C.2.2), with exponents and constants that are
likely not optimal but sufficient for our purposes. Even if the environment were to mix in super-quadratic
(but still polynomial) time, our methods would still apply, up to changing the exponents in our condi-
tions (C.1)-(C.3).

The only statistic we control is the empirical density, i.e. the number of particles over intervals of
a given length. The relevant control is formalised in Condition (C.1). In particular, our environment
couplings have to hold with a quenched initial data, and previous annealed couplings in the literature
(see e.g. [15]) are not sufficient for this purpose (even after applying the usual annealed-to-quenched
tricks), essentially due to the difficulty of controlling the environment around the walker in the second
part of the proof, as we explain in Remark 5.5; cf. also [64, 4, 65] for related issues in other contexts.

Let us now track the coupling a bit more precisely to witness the quantitative speed loss d7, incurred
by (1.13). We start by sampling n(()l) and 77(()2) such that a.s., n(()l)(x) < 17(()2) (z) for all x € Z, which is
possible by stochastic domination. In plain terms, wherever there is a particle of nM), there is one of
7). Then, we can let ") and 7(®) evolve during [0, L] such that this domination is deterministically
preserved over time (this feature is common to numerous particle systems, including both SSEP and
the PCRW). As mentioned above, conditionally on such a realization of the environments, one can then
couple X (1) and X@ such that X §2) > X él) for all s € [0, L]. The intuition for this is that ’at worst’,
X @) and X sit on the same spot, where X (2) might see a particle and X () an empty site (hence giving
a chance for X ) to jump to the right, and for X (! to the left), but not the other way around (recall to
this effect that p, > po).

At time L, we have to renew the particles of 77(1), hence losing track of the domination of (1) by

77(2). We intend to recover this domination within a time ¢ := (log L)'°° by coupling the particles of 77531)

with those of n(L2) using (1.13) (at least over a space interval [—3L, 3L], that neither X (1) nor X(?) can
leave during [0, 2L]). Since during that time, X (1) could at worst drift of ¢ steps to the right (and X &)

make ¢ steps to the left), we couple de facto the shifted configurations 5! (-) with (?)(- — 2t). Hence,
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Figure 1: Coupling of X (1) 2 po.L gpg X (2) ' peter 2L The particles of 77(1) and their trajectories are pictured in black,
those of (® in red. In blue, from time 0 to L, is the trajectory of X, which is a lower bound for that of X(® . From time L to
2L, we split it between the rightmost (resp. leftmost) possible realization of X W (resp. X @). These correspond to worst-case
scenarios. Owing to the efficiency of the coupling (grey band), the discrepancy incurred at time 2L remains controlled with
high probability, but there is a barrier to how small this gap can be made, which is super-linear in log L.

we obtain that n(LlJ)rt(:c) < n(LQJ)rt(a: —2t) for all z € [-3L + ct, 3L + ct] with high probability as given

by (1.13). As aresult, all the particles of n(LlJ)rt are covered by particles of n(La)_t, when observed from the

worst-case positions of X gjt and Xflt,

Finally, during [ L+t, 2L] we proceed similarly as we did during [0, L], coupling ") with 5(®) (- —2t)
so as to preserve the domination, and two random walks starting respectively from the rightmost possible

(1)
L+t

increase, and we get that X 2(}4) < X 2(? + 2t, except on a set of very small probability where (1.13) fails.
Dividing by 2L and taking expectations, we get

respectively.

position for X and the leftmost possible one for X ﬁzt. The gap between X (1) and X () thus cannot

(1.14) vr(p) <wverp(p+e)+ 0, where § = O(M),

for suitable € > 0. The exponent 100 is somewhat arbitrary, but importantly, owing to the coupling time
of the two processes (and the diffusivity of the SEP particles), this method could not work with a value
of ¢ smaller than (log® L)/L. In particular, the exponent of the logarithm must be larger than one, and
this prevents potentially simpler solutions for the second part.

Second part: quantitative speed increase at finite range. We now sketch the proof of (1.11), which is a
quantitative estimate on the monotonicity of vy, equivalently stating that for p € (0,1) and ¢ € (0,1 — p),

(1.15) EFe[X ] > EP[X1] + 3L6y,

with 0, explicit and supplied by the first part. This is the most difficult part of the proof, as we have to
show that a denser environment actually yields a positive gain for the displacement of the random walk,
and not just to limit the loss as in the first part. The main issue when adding an extra density € of particles
is that whenever X is on top of one such particle, and supposedly makes a step to the right instead of
one to the left, it could soon after be on top of an empty site that would drive it to the left, and cancel its
previous gain.



We design a strategy to get around this and preserve gaps, illustrated in Figure 2 (cf. also Figure 5

for the full picture, which is more involved). When coupling two walks X7* faw PP, XPte Y pote with
respective environments 1”, n° €, our strategy is to spot times when i) X”*¢ sees an extra particle (that
we call sprinkler) and jumps to the right, while X” sees an empty site and jumps to the left, and ii) this
gap is extended with X7 then drifting to the left and X**¢ drifting to the right, for some time ¢ that
must necessarily satisfy ¢ « log L — so that this has a chance of happening often during the time interval
[0, L].

Once such a gap is created, on a time interval say [s1, s2] with sa — s1 = ¢, we attempt to recouple
the environments 1”, n°*¢ around the respective positions of their walker, so that the local environment
seen from X”*¢ again dominates the environment seen from X”, which then allows us to preserve the
gap previously created, up to some time 7" which is a polynomial in log L. As we will explain shortly,
this gap arises with not too small a probability, so that repeating the same procedure between times 7'
and (i + 1)T (for ¢ < L/T — 1) will provide us with the discrepancy 307, needed.

The re-coupling of the environments mentioned in the previous paragraph must happen in time less
than O(log L) (in fact less than ¢), in order to preserve the gap previously created. This leads to two
difficulties:

* in such a short time, we cannot possibly recouple the two environments over a space interval of
size comparable to L (~ the space horizon the walk can explore during [0, L]), and

» the coupling will have a probability » L' to fail, hence with high probability, this will actually
happen during [0, L]! In this case, we lose track of the domination of the environments completely,
hence it could even be possible that X” overtakes X**¢.

We handle the first of these difficulties with a two-step surgery coupling:

1) (Small coupling). We perform a first coupling of ” and 1”*¢ on an interval of stretched expo-
nential width (think exp(¢'/ 2) for instance) during a time s3 — sy = t/2 (cf. the orange region in
Fig. 2), so as to preserve at least half of the gap created. We call this coupling “small” because ¢ is
small (compared to L). If that coupling is successful, X”"¢ now sees an environment that strictly
covers the one seen by X”, on a spatial interval I of width = exp(tl/ 2) » t. Due to the length
of I, this domination extends in time, on an interval [s3, 7] of duration say t*°° (it could even be
extended to timescales = exp(tl/ 2)): it could only be broken by SEP particles of 1%, lying outside
of I, who travel all the distance to meet the two walkers, but there is a large deviation control
on the drift of SEP particles. The space-time zone in which the environment as seen from X/*¢
dominates that from X7 is the green trapezoid depicted in Figure 2.

2) (Surgery coupling). When the coupling in 1) is successful, we use the time interval [s3,T] to
recouple the environments 7” and 7°*¢ on the two outer sides of the trapezoid, on a width of
length 10L say, so that 7. (- + ¢/2) dominates 7/.(- — ¢/2) on the entire width, all the while
preserving the fact that °*¢(- + ¢/2) dominates 7”(- — t/2) inside the trapezoid at all times (for
simplicity and by monotonicity, we can suppose assume that X sp;a — XP, is exactly equal to ¢, as
pictured in Figure 2). This step is quite technical, and formulated precisely as Condition (C.2) in
Section 3.1. It requires that different couplings can be performed on disjoint contiguous intervals
and glued in a ‘coherent’ fashion, whence the name surgery coupling. Again, we will prove this
specifically for the SEP in a dedicated section, see Lemma 6.9. Since this second coupling operates
on a much longer time interval, we can now ensure its success with overwhelming probability, say
1 —O(L™109),

We still need to address the difficulty described in the second bullet point above, which corresponds
to the situation where the small coupling described at 1) fails. As argued, will happen a number of times
within [0,L] because ¢ is small. If this occurs, we lose control of the domination of the environments
seen by the two walkers. This leads to:
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Figure 2: Coupling of X” W proand XPte W pote during [0, T]. The black curve(s) represent the minimal gap created
between X” and X”¢ when all couplings succeed. The dashed blue lines represent the worst-case trajectories of the two
walks when the first coupling (between s2 and s3) fails. In this case item 3), the parachute coupling (not depicted) comes into
effect.

3) (Parachute coupling). If the coupling in 1) is unsuccessful, instead of the surgery coupling, we
perform a (parachute) coupling of 7” and 1”*¢ in [s3, T'] so that n?*¢(- — (T — s3)) covers n”(- +
(T — s3)), as we did in the first part of the proof. This again happens with extremely good
probability 1 — O(L~'%9). The price to pay is that on this event, the two walks may have drifted
linearly in the wrong direction during [ss3, 7’| (see the dashed blue trajectories in Figure 2), but we
ensure at least that Xé’fe — XP > —2(T — s3), and we have now re-coupled the environments
seen from the walkers, hence we are ready to start a new such step during the interval [T", 27, etc.
This last point is crucial, as we need to iterate to ensure an expected gain EPT¢[ X ] — EP[X ]
that is large enough, cf. (1.15).

We now sketch a back-of-the-envelope calculation to argue that this scheme indeed generates the
necessary discrepancy between EA*¢[X ] and E°[X]. During an interval of the form [T (i + 1)T]
fori =0,1,...,|L/T| — 1 (we take ¢ = 0 in the subsequent discussion for simplicity), with probability
~ 1 — e~“, we do not have the first separating event (around time s1) between X” "¢ and X”, and we
simply end up with X2 — X”. > 0, which is a nonnegative expected gain.

Else, with probability ~ ¢~“* we have the first separation happening during [s1, s2]. On this event,
the coupling in 1) (and the subsequent impermeability of the green trapezoid) succeeds with probability
> 1 — et and we end up with X — X > t, resulting in an expected gain of order ~ ¢.
If the first coupling fails, and we resort to the parachute coupling, we have a (negative) expected gain
~ —2Te t". Multiplying by the probability of the first separation, we obtain a net expected gain
~ e U (t — 2Te_t1/100).

Finally, we evaluate the possibility that the surgery coupling (in step 2) above) or the parachute
coupling 3) fails, preventing us to restore the domination of (- + X*) by n°*¢(- + X°*¢) at time T,
and we do not control anymore the coupling of the walks. This has probability O(L~1%9), and in the
worst case we have deterministically X £+a — X7 = —2L, so the expected loss is O(L™%).

Putting it all together, we get, for L large enough by choosing e.g. t = v/log L and T' = (log L)'®
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(it turns out that our couplings work with this choice of scales), that

_41/100

(1.16) EPTE[X0F) — BP[XE] = e (t — 2Te )+ O(L™%) = LW

As long as the surgery coupling or the parachute succeed, we can repeat this coupling for up to ~ L/T
times during [0, L], thus obtaining

(1.17) EPHE[XPTE] — BP[X?] = LW > o),
which establishes (1.15), with a sizeable margin.

1.4. Organization of the paper. In Section 2, we give rigorous definitions of general environments
with a minimal set of properties (P.1)-(P.4), and of the random walk X. In Section 3, we impose the mild
coupling conditions (C.1)-(C.3) on the environments, state our general result, Theorem 3.1, and deduce
Theorems 1.1 and 1.2 from it. We then define the finite-range models and give a skeleton of the proof.
In Section 4, we proceed to the first part of the proof, and in Section 5, we proceed to the second part
(cf. Section 1.3 reagrding the two parts). In Section 6, we define rigorously the SEP and show that it
satisfies all the conditions mentioned above. The (short) Appendix A contains a few tail estimates in use
throughout this article. In Appendix B, we introduce the PCRW environment and show that it equally
satisfies the above conditions, which entails that our results also apply to this environment. Throughout
this article all quantities may implicitly depend on the two parameters p., po € (0, 1) that are assumed to
satisfy pe > po, cf. above (1.1) (and also Section 2.3).

2 Setup and useful facts

In this section, after introducing a small amount of notation (Section 2.1), we proceed to define in Sec-
tion 2.2 a class of (dynamic) random environments of interest, driven by a Markov process 7 charac-
terized by properties (P.1)—-(P.4) below. We will primarily be interested in environments driven by the
exclusion process, which is introduced in Section 6 and shown to satisfy these properties. The frame-
work developed in Section 2.2 and further in Section 3 will allow our results to apply directly to a second
environment of interest, considered in Appendix B. We conclude by introducing in Section 2.3 the rel-
evant walk in random environment along with its associated quenched and annealed laws and collect a
few basic features of this setup.

2.1. Notation. We write Z_, resp. R, for the set of nonnegative integers, resp. real numbers. We use
the letter z € R x R exclusively to denote space-time points z = (x,t), and typically z,y,z’,y ...
for spatial coordinates and s, ¢, s’,t’, ... for time coordinates. We usually use m, n, . .. for non-negative
integers. With a slight abuse of notation, for two integers a < b, we will denote by [a, b] the set of
integers {a, . .., b} and declare that the length of [a, b] is |{a, . ..,b}| = b — a + 1. Throughout, ¢, ¢/, . ..
and C,C’, ... denote generic constants in (0, c0) which are purely numerical and can change from place
to place. Numbered constants are fixed upon first appearance.

2.2. A class of dynamic random environments. We will consider stationary Markov (jump) processes
with values in ¥ = (Z,)%. The state space ¥ carries a natural partial order: for two configurations
n,n' € X, we write n < n/ (or )’ = n) if, for all z € Z, n(x) < n'(x). More generally, for I < Z,
nlr < 7'|r (or | > n|r) means that n(x) < n'(x) for all x € I. For a finite subset I < Z, we use the
notation n(I) = > ; n(z). We will denote > and <. the usual stochastic dominations for probability
measures. Let J be a (fixed) non-empty open interval of R*. An environment is specified in terms of
two families of probability measures (P : 1y € ) governing the process (1;);>0 and (u, : p € J),
where 11, is a measure on Y., which are required satisfy the following conditions:

(Markov property and invariance). For every ny € X, the process (1;);>0 defined under
P is a time-homogeneous Markov process, such that for all s > 0 and x € Z, the process
(s+¢(x + -))¢=0 has law P"(*); moreover, the process (1;)¢=0 exhibits ‘axial symmetry’
in the sense that (1;(z — -))¢=0 has law P70~

P.1)
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(Stationary measure). The initial distribution 1, is a stationary distribution for the Markov
process P, More precisely, letting

(P2) P’ = fup(dno)P”O, peJ

the P?-law of (n:4+s)i>0 is identical to the P”-law of (1;);>o forall s > O and p € J. In
particular, the marginal law of 7; under P” is p, for all ¢ > 0.

(Monotonicity). The following stochastic dominations hold:

i) (quenched) For all 776 70, one has that P < <4 P | i.e. there exists a coupling of
(P3) (n)1=0 and (1¢)¢=0 such that ; < n; for all ¢ > 0.

ii) (annealed) For all p’ < p, one has that 1 o Sst. pp- Together with i), this implies that
P’ < P’

(Density at stationarity). There exists a constant ¢; > 0 such that for all p € J, for all
¢ € (0,1) and every positive integer /,

P’({no € X : |no([0,£ — 1]) — pl| = et}) < 2exp(—c120).

(P4)

A prime example satisfying the above conditions is the simple exclusion process, introduced and
discussed further in Section 6; see in particular Lemma 6.1 regarding the validity of properties (P.1)-(P.4).
We refer to Appendix B for another example.

2.3. Random walk. We now introduce the random walk in dynamic environment (RWdRE) that will
be the main object of interest in this article. To this effect, we fix two constants p., p, € (0, 1) such that
De > Po and an environment configuration 7 = (1)t With g, € ¥ (= Z%, see Section 2.2). Given
this data, the random walk evolving on top of the environment 7 is conveniently defined in terms of a
family (Up,)n>0 of i.i.d. uniform random variables on [0, 1], as follows. For an initial space-time position
z = (x,m) € Z x Z, let P be the law of the discrete-time Markov chain X = (X,,),>0 such that
X = x and for all integer n > 0,

.1 Xns1 = Xn +2 x 1{Up < (po — pa) {nn+m(Xn) = 0} + pa} — 1.

Let us call € Z an occupied site of 7; € X if 7, (x) > 0, and empty otherwise. With this terminology,
(2.1) implies for instance that when X,,, started at a point z = (x, ¢ = 0), is on an occupied (resp. empty)
site of 7, it jumps to its right neighbour with probability p, (resp. p.) and to its left neighbour with
probability 1 — p, (resp. 1 — p,). We call P,/ the quenched law of the walk started at z and abbreviate
P = P(% 0)> here quenched refers to the fact that the environment 7 is deterministic.

We now discuss annealed measures, i.e. including averages over the dynamics of the environment
7. We assume from here on that n = (7;);>0 satisfies the assumptions of Section 2.2. Recall that P
denotes the law of 7 starting from the configuration 7y € 3 and that P? is declared in (P.2). Correspond-

ingly, one introduces the following two annealed measures for the walk
2 poL) = [Pranpa ) pe,
3 PRl =[PP mes,

for arbitrary z € Z x Z.. Whereas the latter averages over the dynamics of 7 for a fixed initial config-
uration 7)o, the former includes 79, which is sampled from the stationary distribution ., for r. Observe
that P2 = § 11,(dno)P2°. For x € {n, p}, write P}, for IP)Z o) for all € Z, and write simply P* for Pg;.
We introduce a joint construction for the walk X when started at different space-time points. This
involves a graphical representation using arrows similar to that used in [40, Section 3], but simpler, which

12



(0,0)

Figure 3: A representation of L (in dashed black) with the arrows in blue, the space Z being horizontal and time going upwards.
The trajectory of X .9 s in red. Trajectories simply follow the arrows. Notice that two coalescing trajectories stay merged
forever.

will be sufficient for our purposes. For a point w = (x,n) € Z x Z, we let 11 (w) = z and ma(w) = n
denote the projection onto the first (spatial) and second (temporal) coordinate. We consider the discrete
lattice

(2.4) L=(2Zx2Z;)u ((1,1) + (2Z x 2Zy)).

Note that the process (X, n),>0 evolves on the lattice L. — (Z x Z.) defined by (2.4) when X =
(X7 )n=0 is started at z = (0,0) under any of P, and the measures in (2.2)-(2.3).

We proceed to define a family of processes (X = (XY )p>0 : w € L), such that X' = m1(w)
almost surely and (X7(10,0))n>0 has the same law as X under P(%,o)' Furthermore, X*' and X have

the property that they coalesce whenever they intersect, that is if X}fll = X for some w,w’ € L and
n,m > 0,then X%, = X%, forall k > 0.
LetU = (Uy),p, be a collection of i.i.d. uniform random variables on [0, 1]. Given the environment

1, we define a field A = (A )weL € {—1, 1} of arrows (see Figure 3), measurably in (1, U) as follows:
(2.5)  Aw = Ann(x),Up) =2 x L{Uy < (po — po)1{nn(z) =0} + pa} — 1, w = (x,n)€L.
For any w = (x,n) € L, we then set X" = x and, for all integer & > 0, we define recursively

(2.6) Xih1 = X+ Axp ntk)-

This defines the coupled family ((X;’)r>0 : w € L), and we note that trajectories the process
(XY, k4 n)k=0, where ma(w) = n, are embedded in (i.e. subsets of) L. In view of (2.1) and (2.5)-(2.6),

it follows plainly that the law of X 0.0 — (XT(LO’O)),@O when averaging over U while keeping 7 fixed is
the same as that of X under P(T[’) o) = P
We now discuss a variation of the construction specified around (2.5)-(2.6), which will be practical

in Section 5.2.

Lemma 2.1. Let ny € X and suppose that (n,U) are coupled under the probability measure @, with 1)
having marginal law P™ and (Uy,),,1 a collection of i.i.d. uniform random variables on [0, 1], in such
a way that under @, for all integers t = 0,

2.7 (Uy : mo(w) = t) is independent from F,
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where
(2.8) Fi =0 ((ns)oss<t, (Uw : m(w) <t —1)).
Then, defining X" = X" (n,U) as in (2.5)-(2.6), it follows that X (00) has law Po (cf. (2.3)) under Q).

Proof. We show by induction over k& > 1 integer that for all such k, the pair ((7:)o<t<k—1, (Xt)o<t<k)
has the same law under both () and P"® (which, for the duration of the proof, we extend here to denote
the joint distribution of (X, 1), by a slight abuse of notation). The initialisation at & = 1 is immediate,
since Q(X1 = 1) = pa1{no(0) = 1} + po1{np(0) = 0} and 7o is deterministic.

As for the induction step, assume the induction hypothesis for some k£ > 1, and condition on the o-
algebra Xy, := o ((n)o<t<k—1, (Xt)o<t<k). We first let i evolve between times k — 1 and k. Under both
Q@ and P and conditionally on X, we have that (7;)x_1<¢<k is distributed as (7;)o<i<1 under P7+-1,
given the marginal distribution of 7 and by the Markov property (P.1). Therefore, ((1:)o<t<k, (Xt)o<t<k)
has the same law under both () and P"™. Now, conditioning on F}, as defined in (2.8), and noticing that
(Mt)o<t<ks (Xt)o<t<k) (hence also ni(Xy)) are all Fi-measurable (for (X})o<;<k this follows from
(2.5)-(2.6)), we obtain that

29 Q(Xpt1 — Xy =1|F)
(2.5),(2.6)
= QUx, k) < Po | Fe)L{mi(Xy) = 1} + Q(Uix, 5y < Po | Fie)1{n(Xy) = 0}.

Now, by (2.8), and using that X, is Fi-measurable, we can evaluate the conditional probabilities in (2.9)
to find that

(2.10) Q(Xps1 — Xi = 1| Fi) = pe1{ni(Xi) = 1} + poL{nk(Xy) = 0}
=P"(Xpp1 — Xi = 1| Fi),

where the second equality comes from the independence of Fj and Uy under P, see (2.1) and (2.3).
Integrating both sides of (2.10) under ) and PP, respectively, against a suitable (Fj-measurable) test
function of ((n:)o<t<k, (Xt)o<t<k)s it follows that ((7:)o<t<k, (Xt)o<t<k+1) have the same distribution
under () and P°. This concludes the proof of the induction step. 0

We conclude this section by collecting a useful monotonicity property for the collection of random
walks defined above, similar to [40, Proposition 3.1]. Its proof hinges on the fact that the trajectories
considered cannot cross without first meeting at a vertex, after which they merge. In the sequel, for a
given environment configuration 7 = (7};)¢=0, we refer to X = (X®),=¢ the process defined as in
(2.6) but with 7 in place of 1 entering the definition of the arrows in (2.5). We will be interested in the
case where 7 and 7] are such that

(2.11) Nn(x) < 7 (2), forall (z,n) e L n K,

for some K < Z x Z.. The following result is already interesting for the choice 7 = 7, in which case
X% = X" below.

Lemma 2.2. Ifn,7 € ¥ and K < 7 x 7, are such that (2.11) holds, then for every w,w' € K with
m(w') < m(w) and wo(w) = mwo(w'),and for every n = 0 such that [ (w) — k,m(w') + k] x
[m2(w), mo(w) + k] € K forall 0 < k < n, one has that

(2.12) XY <X,
Proof. We only treat the case K = Z x Z to lighten the argument. The adaptation to a general K is
straightforward, as all possible trajectories considered for X and X lie in K by assumption. The proof

proceeds by a straightforward induction argument. Indeed, since ij”/ = m(w') and )N({;” = 71 (w), one
has that Xy’ — X’ = 0 by assumption. To carry out the induction step, one notes that X’ — X;L“' is even
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for any n > 0 with increments ranging in —2, 0 or +2, and combines this with the following observation:
if X% — X% =0, then

2.5)

W w (2.6 ~ w w
Xn+1 - Xn+1 = A A(X;Lul,ﬂg(w’)—l—n) = A(T/TL(XH )7 Uw) - A(nn(Xn )7 Uw) = 07

(X ma(w)+n) —
where the second equality follows using that 72 (w) = T (w’) (along with X* = X') and the inequality
is due to (2.11) and the fact that A(-,€) is increasing for any £ € [0, 1], which is straightforward from
(2.5). O

For later reference, we also record that for any w € L andn = m > 0,
(2.13) |1 Xy — Xl <n—m,

as follows clearly from (2.6).

3 Main results

In this section, we start by formulating in Section 3.1 precise coupling conditions that we require from
the environments, and which are of independent interest. These are given by conditions (C.1)-(C.3)
below (a flavor of the second of these was given in (1.13) in the introduction). Our main result, Theorem
3.1, appears in Section 3.2. It concerns the generic random walk in random environment defined in
Section 2.2-2.3, subject to the conditions of Section 3.1. Our standing assumptions will thus be that all
of properties (P.1)-(P.4) and the conditions (C.1)-(C.3) hold. We will verify separately in Section 6 that
all of these conditions hold for SEP. From Theorem 3.1 we then readily deduce Theorems 1.1and 1.2 at
the end of Section 3.2.

Towards the proof of Theorem 3.1, and following the outline of Section 1.3, we proceed to introduce
in Section 3.3 a finite-range approximation of the model, in which the environment is renewed after L
time steps and gather its essential features that will be useful for us. We then state two key intermediate
results, Propositions 3.3 and 3.4, which correspond to the first and second parts from the discussion
in Section 1.3; cf. also (1.10) and (1.11). From these, we deduce Theorem 3.1 in Section 3.4. The proofs
of the two propositions appear in forthcoming sections.

3.1. Coupling conditions on the environment. Recall the framework of Section 2.2-2.3, which we
now amend with three further conditions. These involve an additional parameter v > 0 which quantifies
the activity of the environment (in practice it will correspond to the rate parameter appearing in (6.1) in
the case of SEP). We keep the dependence on v explicit in the following conditions for possible future
applications, for which one may wish to tamper with the speed of the environment (for instance, by
slowing it down).

For the purposes of the present article however, one could simply set » = 1 in what follows.

The first two conditions (C.1) and (C.2) below regard the environment (7)o alone, which, fol-
lowing the setup of Section 2.2, is assumed to be specified in terms of the measures (P : 7y € X)
and (Mp : p € J) that satisfy (P.1)-(P.4). The first condition, (C.1), concerns the empirical density of
the environment. Roughly speaking, it gives a quantitative control on how (P.4) is conserved over time.
The second condition, (C.2), is more technical. In a nutshell, it states that if one environment 7 covers
another environment 7’ on a finite interval I at a given time, and if 77 has a larger empirical density than
1’ outside I at the same time, the evolutions of 77 and 7’ can be coupled in a way that 1 covers 1’ on a
larger interval after some time.

We proceed to formalize these two properties:

(C.1) (Conservation of density). There exists constants C, o € (0,00) such that forall p € J and € €
(0,1) (with p + ¢ € J), and for all £, ¢', H, t > 1 satisfying H > 4vt > C1£2c~2(1 + | log®(vt)|)

15



and ¢’ < /1, the following two inequalities hold. Let 779 be such that on every interval I of length
¢included [—H, H], one has no(I) < (p + €)€ (resp. no(I) = (p — €)€). Then

for all intervals I’ of length ¢’ included in
P | [—H +2uvt, H — 2vt]: y(I') < (p + 3e)0 | = 1 — 4H exp(—cae2l).
(resp. ne(I') = (p — 3e)l")

(C.2) (Couplings). There exists Co,C3 € (0,00) such that the following holds. Let p € J, ¢ € (0,1)
(with p + € € J), and Hy, Ha,t,¢ > 1 be integers such that min{Hy, Hy — H; — 1} > 10vt >
40 > Cy, vl > Cee™%(1 + |log®(v¢h)]) and ¢ > 80ve™ + v=2. Let ny, 7)) € ¥ be such
that 1o|[— 7, 71,1 > M0'l[— i, i) and such that for every interval I < [—Ha, Ha] of length |£/2] <
|I| < ¢, wehave no(I) = (p+ 3¢/4)|I| and nj(I) < (p + £/4)|I|. Then there exists a coupling
Q of two environments 7, )’ with respective marginals P, P"0 such that

3.1 Q(VS € [Ovt]7 ns‘[—H1+4ut,H1—4ut] Z n;‘[—H1+4ut,H1—4l/t]) =>1-20t eXp<_Vt/4)

and
(2)  Q(el[—Hyt6ut,Ho—60t] = Tl Hot6ut, Ho—6w]) = 1 — 5C3¢* Hy exp (—Cg,_l%ﬂ€2€> .

For later reference, we record the following two particular instances of (C.2), which correspond to
the cases where Hy = 0 and H; = 0, respectively. For convenience, we state them with better constants
and exponents than in (C.2). In fact, when verifying condition (C.2) for the SEP in Section 6.2, we will
first prove that these two conditions hold, and use them to prove (C.2).

(C.2.1) (No particle drifting in from the side). Let t, H > 0 and k > 1 be integers, and let 79, 7, € X be
such that | [—H,H| Z 6! [—m,H]- There exists a coupling Q of environments 7, 1’ with respective

marginals P and P"0 such that

(33)  Q(Vs € [0,t], msl[— m2umt, H—2ukt] = Mal[—Hr20kt, H—20k1)) = 1 — 20 exp(—kvt/4).

Informally, with high probability no particle of 1’ outside of [—H, H] can drift into [—H +
2ut, H — 2vt] (when k = 1 for instance) before time ¢ to perturb the domination of n’ by 7.

(C.2.2) (Covering 1’ by n). There exists Cy > 0 such that for all p € J and ¢ € (0,1) (with p + € € J),
the following holds. If H,t > 1 satisfy H > 4vt, v8 > 1 and vt'/* > Cue=2(1 + |log®(v)]),
then for all 7o, 1), € ¥ such that on each interval I < [—H, H]| of length |¢/2] < |I| < ¢, where
¢ = [tV4], no(I) = (p + 3¢/4)|I| and ny(I) < (p + £/4)|I|, there exists a coupling Q of 7, 7’
with marginals P, P so that

(B4 Qnel{— b +avt, H—avt] = T [~ Havt, H—a01) = 1 — CstH exp (— (C3(1+ ’fl))flgtm)-

In words, the coupling Q achieves order between 1 and 7’ at time ¢ under suitable regularity
assumptions on the empirical density of their initial configurations 7o and 7.

The third and last property ensures that if an environment 7 covers another environment 7" and has
at least one extra particle at distance ¢ of the origin (which typically happens if n has higher density than
n'), then with probability at least exponentially small in £, by time /, this particle can reach the origin
which will be empty for 7', while preserving the domination of 7’ by 1. We will combine this property
with the uniform ellipticity of the random walk on top of the environment to show that the walker has
at least an exponentially small probability to reach a position where 7 has a particle but not 7/, which in
turn yields a probability bounded away from zero that a walker on 7 steps to the right while a walker on
n' steps to the left (under the coupling mentioned in Section 1.3), hence creating the desired initial gap
that we will then exploit in our constructions.
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(C.3) (Sprinkler). For all p € J, for all integers H, ¢,k > 1 with H > 2uvfk and k > 4801 (v +
log(40) — log(po(1 — pe)r/2)), the following holds. If 7, 7, € X satisfy no(z) = nj(x) for all
x € [—H,H], no([0,€]) = n4([0,€]) + 1 and n)([—3¢ + 1,3¢]) < 6(p + 1)¢, then there is a
coupling Q of i/ under P" and 7 under P such that, with § = (v/2¢”)5(P+1D¢,

(3.5) Q(ne(z) > 0, my(x) = 0) = 26

for 2 € {0,1}, and with &' = &(po (1 — p.))8P+DE,
(3.6)  QU{VYs € [0, €], ns|[—mrvoume H-20ke) > Mel[—Hr+20me, 5 -20k0)}°) < 20e kvt < g,

3.2. Main result. Following is our main theorem.

Theorem 3.1 (Sharpness of v(-)). Let 1 be an environment as in Section 2.2 satisfying (C.1)-(C.3).
Assume that for all p € J, there exists v(p) such that

(3.7) P?-a.s., limn ' X,, = v(p).
n

Then, for all p, p' € J such that p > p', one has that

(3.8) v(p) > v(p).
With Theorem 3.1 at hand, we first give the proofs of Theorems 1.1 and 1.2. We start with the latter.

Proof of Theorem 1.2. Theorem 1.2 concerns the particular case where [P? refers to the walk of Sec-
tion 2.3 evolving on top of the exclusion process 7 started from product Bernoulli(p) distribution, for
p € J < (0,1). The properties (P.1)-(P.4) and (C.1)-(C.3) are indeed all satisfied in this case, as is proved
separately in Section 6 below, see Lemma 6.1 and Proposition 6.3.

In the notation of (1.6), we now separately consider the intervals J € {J_, Jy, J;}, where J_ =
(0,p-), Jo = (p—,p+) and J+ = (p4,1). The fact that the law of large numbers (3.7) holds for any
choice of J is the content of [40, Theorem 1.1]. Thus Theorem 3.1 is in force, and v is strictly increasing
on J forany J € {J_, Jy, J;+}. Since by direct application of (P.3) and Lemma 2.2, v is already non-
decreasing on J_ U Jy U J4, it must be (strictly) increasing on J_ U Jy U Jy altogether, and (1.8)
follows. In view of (1.6), the first equality in (1.7) is an immediate consequence of (3.8) with J = Jj.

As to the second equality in (1.7), recalling the definition of p. from (1.4), we first argue that p_ < p..
If p < p_, then by (1.5)-(1.6), X,,/n — v(p) < 0 PP-a.s. and thus in particular P?(limsup X,, < 0) = 1
(in fact it equals —oo but we will not need this). On the other hand, {H,, < H_1} < {H_; > n}
{X)r = 0, Vk < n}, and the latter has probability tending to 0 as n — oo under P?. Tt follows that
6(p) = 0 in view of (1.3), whence p < p., and thus p_ < p. upon letting p 1 p_.

Since p— = p4, in order to complete the proof it is enough to show that p, > p.. Let p > p,. We
aim to show that #(p) > 0. Using the fact that v(p) > 0 and (1.5), one first picks ng = no(p) = 1
such that P£(X,, > 0, Vn > ng) = 1/2 for any z = (m, m) with m > 0 (the worst case is m = 0, the
other cases follow from the case m = 0 using invariance under suitable space-time translations). Now,
observe that for all n > 0, under P?,

(3.9) {H, < H_1} > ({Xi — X1 = +1, V1 < k < ng}
N {Xong 1k > 0, VK = no} n {limsup X,, = —l—oo});
n—0oo

for, on the event on the right-hand side, one has that X,,, = no and the walk can in the worst case
travel ng steps to the left during the time interval (ng, 2ng], whence in fact X} > 0 for all £ > 0, and
H,, < oosince limsup,,_,., X, = +00. Combining (3.9), the fact that the last event on the RHS has full
probability due to (1.5)-(1.6), the fact that P(%p) (X — X1 = +1, V1 < k < ng) = (pe A po)™ on
account of (2.5)-(2.6) and the Markov property of the quenched law at time ng, one finds that

1.2 n 14
0n(p) = (pe A po)™ - P

(no,n0)

(Xngare > 0, VK =ng) = 27 (pe A po)™ > 0,
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where the second inequality follows by choice of ng. Thus, 8(p) > 0 (see (1.3)), i.e. p = p.. Letting
p | p+ one deduces that p, > p., and this completes the verification of (1.7). O

Proof of Theorem 1.1. Only item (i) requires an explanation. This is an easy consequence of [40, Propo-
sition 3.6], e.g. with the choice ¢ = (p. — p)/4 for a given p < p., and Theorem 1.2 (see (1.7)), as we
now explain. Indeed one has that {H,, < H_1} < {X,, = v(p. — €)n} under P” as soon as n is large
enough (depending on p); to see the inclusion of events recall that p. = p_ on account of (1.7), which
has already been proved, and therefore v(p. — €) < 0. The conclusion of item (i) now readily follows
using the second estimate in [40, (3.27)]. ]

3.3. The finite-range model P””. Following the strategy outlined in Section 1.3, we will aim at com-
paring the random walk in dynamic random environment, which has infinite-range correlations, to a
finite-range model, which enjoys regeneration properties, and which we now introduce.

For a density p € J (recall that J is an open interval of R ) and an integer L > 1, we define a
finite-range version of the environment, that is, a probability measure P** on ¥ 3 1 = (n,() : = €
Z,1t € R;) (see Section 2.2 for notation) such that the following holds. At every time ¢ multiple of
L, n; is sampled under P’ according to p, (recall (P.2)), independently of (75)o<s<¢ and, given 7y,
the process (1;+s)o<s<r has the same distribution under P** as (1s)o<s<r, under P, cf. Section 2.2
regarding the latter. We denote E”” the expectation corresponding to P#-~. It readily follows that 7 is a
homogenous Markov process under P~L_ and that P?L inherits all of Properties (P.1)-(P.4) from P?. In
particular y, is still an invariant measure for the time-evolution of this environment. Note that P»% is
well-defined and P»* = P?.

Recalling the quenched law P of the walk X in environment 7 started at z € Z from Section 2.3, we
extend the annealed law of the walk from (2.2) by setting P2"[.] = { 7L (dn) PY[] so that P2® = P?
corresponds to the annealed law defined in (2.2). We also abbreviate Prl — IP’S’L.

We now collect the key properties of finite-range models that will be used in the sequel. A straight-
forward consequence of the above definitions is that

under PPY {( X145 — Xir)o<s<r : k € N} is an i.i.d. family,

(3.10) with common distribution identical to the P?-law of (X)o<s<L-

Moreover, by direct inspection one sees that P# inherits the properties listed in (3.1) from P?; that is,
whenever P? does,

3.11) P~L satisfies (C.1), (C.2), (C.2.1), (C.2.2) (all for L > t) and (C.3) (for L > 0).

(more precisely, all of these conditions hold with P in place of P" everywhere, where P"" refers
to the evolution under P”% with initial condition 779 = 7). The next result provides a well-defined
monotonic speed vy (-) for the finite-range model. This is an easy fact to check. A much more refined
quantitative monotonicity result will follow shortly in Proposition 3.3 below (implying in particular strict
monotonicity of vz (-)).

Lemma 3.2 (Existence of the finite-range speed vy). For p € J and an integer L > 1, let

(3.12) vi(p) & EAL (X, /L) = B? [X,/L].
Then

(3.13) Pp’L'a‘S‘nLiT@ n ' X, = vr(p).
Moreover, for any fixed L, we have that

(3.14) the map p — vr,(p) is non-decreasing on J.

Proof. The second equality in (3.12) is justified by (3.10). The limit in (3.13) is an easy consequence
of (3.10), (2.13), the definition (3.12) of vz, and the law of large numbers. The monotonicity (3.14) is
obtained by combining (P.3) and Lemma 2.2. O
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3.4. Key propositions and proof of Theorem 3.1. In this section, we provide two key intermediate
results, stated as Propositions 3.3 and 3.4, which roughly correspond to the two parts of the proof outline
in Section 1.3. Theorem 3.1 will readily follow from these results, and the proof appears at the end of this
section. As explained in the introduction, the general strategy draws inspiration from recent interpolation
techniques used in the context of sharpness results for percolation models with slow correlation decay,
see in particular [31, 33], but the proofs of the two results stated below are vastly different.

Our first result is proved in Section 4 and allows us to compare the limiting speed of the full-range
model to the speed of the easier finite-range model with a slightly different density. Note that, even
though both v(-) and vy, (-) are monotonic, there is a priori no clear link between v and vr..

Proposition 3.3 (Approximation of v by vy). Under the assumptions of Theorem 3.1, there exists Cs =
C5(v) € (0,00) such that for all L > 3 and p such that [p — ﬁ, p+ @] cJ,

1 Cs(log L)1 1 Cs(log L)1
_ — < < .
logL) L v(p) UL('O+ logL) * L

With Proposition 3.3 above, we now have a chance to deduce the strict monotonicity of v(-) from that
of vr,(+). Proposition 3.4 below, proved in Section 5, provides a quantitative strict monotonicity for the
finite-range speed vy, (-). Note however that it is not easy to obtain such a statement, even for the finite-
range model: indeed, from the definition of vy, (+) in (3.12), one can see that trying to directly compute
the expectation in (3.12) for any L boils down to working with the difficult full range model. One of
the main difficulties is that the environment mixes slowly and creates strong space-time correlations.
Nonetheless, using sprinkling methods, it turns out that one can speed-up the mixing dramatically by
increasing the density of the environment. This is the main tool we use in order to obtain the result
below.

(3.15) oL (p

Proposition 3.4 (Quantitative monotonicity of vy ). Assume (3.11) holds and let p € J. For all ¢ > 0
such that p + € € J, there exists Ly = Li(p,€,v) = 1 such that, forall L > L,

3C5(log L)100

(3.16) vr(p +€) —vr(p) = 7

Propositions 3.3 and 3.4 imply Theorem 3.1, as we now show.

Proof of Theorem 3.1. Let p,p' € J with p > p/, and define ¢ = p — p/. Consider L > 3 v Ly1(p +
£/3,¢/3), so that the conclusions of Propositions 3.3 and 3.4 both hold. By choosing L sufficiently large
in a manner depending on p and p’, we can further ensure that (log L)~! < ¢/3 and [p — (log L), p +
(log L)~ U [p — (log L)~L, p' + (log L)~'] < J. Abbreviating a;, = L~ (log L)%, it follows that

(3.15) 1 3.14) c (3.14) , 2%
U(p) = UL(p — (IOgL) ) —Csap, = UL(p— §) —Csay, = UL(,O + g) — Csay,

(3.16) L (3.14) , . G1s) .
> vp(p +5) +2C5ar = vp(p' + (logL)™) +2Cs5ar = v(p') + Csar > v(p'),

yielding (3.8). O

4 Finite-range approximation of P’

In this section, we prove Proposition 3.3, which allows us to compare the speed v(-) of the full-range
model to the speed vy (-) (see (3.12)) of the finite-range model introduced in §3.3. The proof uses a
dyadic renormalisation scheme. By virtue of the law(s) of large numbers, see (3.7) and (3.13), and for
Lo and p fixed, the speed v(p) ought to be close to the speed vy 1, (p), for some large integer /. Hence,
if one manages to control the discrepancies between vqr+1y (p) and vorp (p) forall 0 < k < K — 1
and prove that their sum is small, then the desired proximity between v(p) and vr,,(p) follows. This is
roughly the strategy we follow except that at each step, we slightly increase or decrease the density p
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(depending on which bound we want to prove), in order to weaken the (strong) correlations in the model.
This is why we only compare v(-) and vz, (+) for slightly different densities at the end. This decorrelation
method is usually referred to as sprinkling; see e.g. [67, 74] for similar ideas in other contexts.

As a first step towards proving Proposition 3.3, we establish in the following lemma a one-step
version of the renormalization, with a flexible scaling of the sprinkling (f(L) below) in anticipation of
possible future applications. For x € R, let z_ = max(—z, 0) denote the negative part of z. Throughout
the remainder of this section, we are always tacitly working under the assumptions of Theorem 3.1.

Lemma 4.1. There exists Lo = Lo(v) > 1 such that for all L > L, all f(L) € [(log L)*°, L'/1°] and
all p such that (p — f(L)~Y40, p 4+ f(L)~Y40) < J, the following holds: there exists a coupling Qy, of
(X o<seor, i = 1,2, such that XV ~ PPL, X ~ Prte2l yigh e = £(L)~Y4, and

- @ _ xM) < _ —F(L)10
(@.1) Qo min (X2 -X{) < —f(1)) <e .
Consequently,

Q @ _ x
4.2) E L[oi%i’gi (x® - xM)_| <27(L),
and

Q: @ _ xO 2
4.3) Var (oiﬂi’fh (X = xM)_) < 2£(L)2

The same conclusions hold with marginals XV ~ PP2L and X2 ~ PrteL jnstead.

Proof. Towards showing (4.1), let us first assume that

there exists Lo > 3 such that for all L > Lo, (p + log™2 L) € .J and there exists a

4.4
D coupling @z of n0 ~ PPE and 5@ ~ PP Gt Q[G] > 1 - exp(— (L)),

where, setting t = [@J the ‘good’ event G is defined as

@.5) G ={nM(z) <n®(x), ¥(z,s) e [-3L,3L] x [0,L)}
N {ngl)(x) <P (x—2t), V(x,s) € [-3L,3L] x [L + ¢, 2L)}.

Given the above, we now extend the coupling Q. to the random walks X 1) ~ P and X@ ~ P”(Q),
defined as in Section 2.3, up to time 2L. To do that, we only need to specify how we couple the collections
of independent uniform random variables (Ul(vl) )wel and (U&,Q) )JweL (recall that L denotes space-time, see
(2.4)) used to determine the steps of each random walk; the walks X @ = 1,2, up to time 2L are then
specified in terms of (U, 7)) as in (2.5)-(2.6). Under Qp,, we let (Ul(ul))we]L be i.i.d. uniform random
variable on [0, 1] and define, for (z, s) € L,

@)~ gl ifL<s<2L

1 .
@) {U((I?S), ifo<s<L
(z—2t,s)’ <

) _ g

5) (z,s

(for definiteness let U, ((j ) when s > 2L). Clearly (UZ(UQ))MEL are 1.i.d. uniform variables, hence

X @ also has the desired marginal law. Now, we will explain why, on this coupling, (4.1) holds, and
refer to Figure 4 for illustration. We will only consider what happens on the event G defined in (4.5). On
G, by Lemma 2.2 with K = [~3L,3L] x [0, L], we have that X{*) > X" forall 0 < s < L. This
implies that X\*), > X" — 2t owing to (2.13). Let = n¥), define 7 by 7jn(z) = 0 (x — 2t) and

w= (X gjt, L+1t). Let X" and X" be random walks evolving on top of 7 and 7] respectively, and both
using the collection of uniform random variables U(}). Then, conditionally on n(LlJ)rt, n(LQJ)Ft and Xglt,
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time

2L

L+t

0

< |
-

\ ! 1
—3L —2L 0 2L 3L

> 7

Figure 4: The trajectory of X ") (resp. X ®)yis pictured in blue (resp. red). The trajectory of X coincides with that of X M
during [L + t,2L]. The tra]ectory of X* is in black (and shifted by —2t in dashed black). On the event G, the points X é L) for
1 = 1, 2 both lie in the interval [XL_t — 2t XL_t] where w = (1, L +t).

L+t = T1}, X7, has the law of XSL) and )?i”ﬁt — 2t has the law of the position at
time 2L of a random walk started at (7 — 2¢, L + ) and evolving on top of n®), using the collection
so that

and on the event {X

U@, In particular, it evolves on the same environment as X (2) and starts on the left of X él o

)N(QL" ;< éi) (by Lemma 2.2 applied with K = Z x Z* and = 7}). On G, using the second event
in the intersection on the right-hand side of (4.5), we can again apply Lemma 2.2, now at time L + ¢,
with X and X as described and K = [—3L + 2¢,3L — 2t] x [L + t,2L]. We obtain that X* , < X" ,
for all s € [t, L]. Thus, subtracting 2¢ on both sides and using the previous facts, we have on G that

Xs(l) -2t < XS(Q), forall 0 < s < 2L. All in all, we have proved that
(2 _ x@)y <«
Gc {ogi’i (X7 —x{V)_ <2t}

and therefore (4.1) follows from our assumption (4.4). The fact that (4.2) and (4.3) hold is a simple conse-
quence of (4.1) and a straightforward computation using the deterministic inequality (X 5(2) - X 5(1)) <
4L valid for all 0 < s < 2L and the fact that L > Ly > 3 (note that for L large enough, we have
(2L)2e~ T < £(L ) for all F(L) € [log™ L, L}0)).

It remains to show that (4.4) holds, which brings into play several of the properties gathered in

§3.1 and which hold by assumption. Let Ly > 3 be such that for every L > Lg and any choice of
f(L) =10g” L, with ¢ = f(L)~"/0 we have that p + ¢ € .J and

(4.6) L>t>10""1 4 =8 4 770810,

where t = | f(L)/2] as defined above (4.5).

We will provide a step-by-step construction of @z, in four steps. First, note that by (P.3)-ii), there
exists a coupling Q, of environments (7, (1 )( ):x€Z,te|0,L))and (n§2) (x) :x€Z,te[0,L]) such
that under Qr,, ") ~ P?L on the time mterval [0, L), n® ~ Pr+e2L on the time interval [0, L] and

such that Qz-a.s., 77751) (x) < 77752)(3}) for all z € Z and t € [0, L). We then extend Q, to time L for n(!)
by sampling n(Ll) ~ [ip, independently of (nt(l)>0<t< 1, and (nt(z))ogtg 1. In particular the above already
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yields that the inequalities required as part of the event GG in (4.5) which involve (ngl))0§t< 1, actually
hold Qy,-a.s.

Second, letting ¢ def- |t1/4], we define G to be the event that for every interval I < [—10L(1 +
V), 10L(1+v)] of length |£/2] < |I| < ¢, the inequalities n\" (I) < (p+¢c/4)¢and > (I) > (p+3¢/4)¢
hold (see the beginning of §2.2 for notation). By (P.4) and a union bound over the choices of such
intervals I, we get that

4.7 QL(GS) < 40¢L(1 4 v) exp(—c162£/32).

Attime L and on G, extend Qy, to the time interval [ L, 2L] by letting 7™M and n® follow their dynamics

P and P independently of each other (using (P.1)).

Third, we continue the construction of the coupling on G by applying (C.2.2) with H = 10L(1+v),

Ny = 77(5)(- — 2t) and 7, = 775;1)7 checking the assumptions using (4.6) (note indeed that we have

1+ |log?(vt)| < (vt)Y/® since vt > 10, and then that Cye—2(vt)"/8 < wt'/*). This implies that,
given n(Ll) and 17(5), on (51, there exists an extension of the coupling Q7, on the time interval [L, L + ¢]

such that, defining

4.8) Gy = {Vx € [-8L — 6vL,8L + 6vL], 0\, (x) < n\),(z — 2t)},
we have
4.9) QL(GS) < 10CstL(1 + v)exp (— C3 ' 2qe2tl/4).

At time L + t and on G§, we extend Qy, on the time interval [L + ¢, 2L] by letting (1) and (?) follow

. . (1) (2
their dynamics P2+t and P2+t independently of each other.

Fourth, we continue the construction of the coupling on G by applying (C.2.1) with g = n(Lzlt(- —

2t) and n)) = n(LlJ)rt, H =8L+6vL,k=1andtin(C.2.1)equal to L — ¢. This implies that, given n(LlJ)rt
@)

and 7, ,, on Ga, there exists an extension of the coupling Q, on the time interval [L +¢,2L] such that,
defining

(4.10) Gy = {Vx e [-8L,8L], s € [L +t,2L], n{V (z) < nP(x — 2t)},
we have
4.11) QL(GS) < 20exp(—v(L —t)/4).

Finally, note that G; n Go n G3 € G, so that (4.4) is a straightforward consequence of (4.7), (4.9)
and (4.11) provided that Lg is chosen large enough, depending only on v (as well as Cs, ¢; and Cy).
Note in particular that with our choices of (L), € above (4.6) and £(= cf(L)"/*), we have that min(L —
t,e2tV4 £20) > f(L)V20. All in all (4.4) follows. The case X(1) ~ PP2L and X(2) ~ Pr+el can be
treated in the same way, by means of an obvious analogue of (4.4). The remainder of the coupling (once
the environments are coupled) remains the same. O

We are now ready to prove Proposition 3.3. The proof combines the law of large numbers for the
speed together with Lemma 4.1 applied inductively over increasing scales. The rough strategy is as
follows. We aim to compare the speed of the full-range model v(p) to the speed of the finite-range model
vr(p) for some possibly large, but finite L, and prove that these two are close. For 6 < vr(p), we
know that the probability for the finite-range model to go slower than speed d goes to 0 on account of
Lemma 3.2. Thus, in a large box of size 2K L, the Lo-range model will most likely be faster than § as
soon as K is large enough. Lemma 4.1 is used over dyadic scales to control the discrepancies between
the 2% Lo-range model and the 2¥*! Lq-range model for all k from 0 to K — 1, and to prove that they are
small. It will be seen to imply that with high probability, in a box of size 2% L, the 2% L-range model
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will be faster than 6. Now, we only need to observe that when observed in a box of size 2K Iy, the 2K -
range model is equivalent to the full-range model. As Lemma 4.1 already hints at, this is but a simplified
picture and the actual argument entails additional complications. This is because each increase in the
range (obtained by application of Lemma 4.1) comes not only at the cost of slightly ‘losing speed,” but
also requires a compensation in the form of a slight increase in the density p, and so the accumulation of
these various effects have to be tracked and controlled jointly.

Proof of Proposition 3.3. We only show the first inequality in Proposition 3.3, i.e. for L > C(v) and p

lOg L)lUO
L

such that [p — (log L)L, p + (log L)~1] < J, abbreviating a7, = { , one has

(4.12) vr(p— (log L)1) — ar < v(p).

The first inequality in (3.15) then follows for all L > 3 by suitably choosing the constant C'5 since v, vy, €
[—1,1]. The second inequality of (3.15) is obtained by straightforward adaptation of the arguments
below, using the last sentence of Lemma 4.1.

For L > 1, define Lj, = 2L for k > 0. As we now explain, the conclusion (4.12) holds as soon as
for L > C(v) and p as above, we show that

(4.13) PP((Xp,/Li) <vr(p—(logL)™") —ar) — 0,as K — oo.

Indeed under the assumptions of Proposition 3.3, the law of large numbers (1.5) holds, and therefore in
particular, for all § > v(p), we have that P* (X, < dLk) tends to 1 as K — co. Together with (4.13)
this is readily seen to imply (4.12).

We will prove (4.13) for L > C(v), where the latter is chosen such that the conclusions of Lemma
4.1 hold for L, and moreover such that

100 1 .
4.14) (log L)~ + 7o logL>5and (3) 7 (kigEF +1
(0]

99
<
(log L)5/4 log log L )

< 1,forall k£ = 0.

For such L we define, for all integer K,k > 0, all p > 0 and all 6 € R, recalling the finite-range annealed
measures PP~ from §3.3,

Pl s =PI (Xp, <OLK),

4.15) (o0)
pp,K,6 = Pp(XLK < 5LK)

(observe that the notation is consistent with §3.3, i.e. P”»® = P?). In this language (4.13) requires that

pgx])g 5 vanishes in the limit K — oo for a certain value of 6. We start by gathering a few properties of

the quantities in (4.15). For all p’ € J, the following hold:

. 0
(4.16) Jim ks = O forall § < vz (p') (by (3.13)),
4.17) P ks =P s forallde [-1,1], K > 0and k > K,
(4.18) pfff){’ s and pE,’f,)K, 5 are non-increasing in p' and non-decreasing in 6.

As explained atop the start of the proof, owing to the form of Lemma 4.1 we will need to simultaneously
sprinkle the density and the speed we consider in order to be able to compare the range-Lj; model to
the range-Lj;, model. To this effect, let

(4.19) po = p— (log L) and pyy1 = p + (log L)%, forall k = 0,
as well as
(4.20) 60 = vr(po) — L™% and 641 = 8y — log”(L4,)/Ly, for all k > 0.
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A straightforward computation, bounding the sum below for £ > 1 by the integral SSO dz/(xlog2 +
log L)%/4, yields that

100 (4.14) 1 @19

B 9/4 9/4 o
(421)  limpy = po + > (log Ly,)™* < po + (log L) ™9 + (log L)7/4

k=0

Another straightforward computation yields that

(log Ly,)*° 3\ * / log2 9 (logL)® [3\*
(4.22) 27@ =) 2) klogLH) X S 4)

k=0 k=0
414 99 k14 100
@19 (log L) Z <3> @19 (log L) 1

S » X _72
L Prw) 4 L L

In particular, since (py) is increasing in k, (4.21) implies that for all K > 0, we have p > pg, and (4.22)
yields in view of (4.20) that x > vy, (po) — ar, with ar,(= L~ (log L)'%?) as above (4.12). Using this,
it follows that, for all K > 0,

() @i (K)
(4 23) pP Kvr, (pO)_aL o p, K, (pO) ar

4.18)
< pEfIi?K(SK - pﬂo,K 5o T Z (pPII:tllnysk+l 7pEJIZ),K 5k> )
0<k<K
As the left-hand side in (4.23) is precisely equal to the probability appearing in (4.13), it is enough to
argue that the right-hand side of (4.23) tends to 0 as X' — <o in order to conclude the proof. By recalling
that 9 < vr(pp) from (4.20) and using (4.16), we see that limp 4, pf)?
the first term on the right of (4.23).

We now aim to show that the sum over k in (4.23) vanishes in the limit X' — oo, which will conclude
the proof. Lemma 4.1 now comes into play. Indeed recalling the definition (4.15), the difference for fixed
value of k involves walks with range L; and L1, and Lemma 4.1 supplies a coupling allowing good
control on the negative part of this difference (when expressed under the coupling). Specifically, for a
given K > 1and 0 < k < K — 1, let X)) ~ Pre1:lesr and X () ~ PPe-le, Note that for i € {1,2},

one has the rewrite » Q) )
(2 (2 7
Xig = Z (X(Z+1)Lk+1 N XéLkH) '

0<l<2K—k-1

K., — 0» which takes care of

Therefore, due to the regenerative structure of the finite-range model, explicated in (3.10), it follows that,
for i € {1, 2}, under PPr+2—isLhva—i

(4.24) x{me N

Lyy1?
0<l<2K—k—1
i€ . . . . ) . :
where Xj(;::l, £ = 0, is a collection of independent copies of ngﬂ under PPr+2—irlhta—i,

Now recall the coupling measure Q;, provided by Lemma 4.1 with f(L) = (log L) and let us denote

by Q the product measure induced by this couplingfor the choices L = L and € = pg1 — pg in Lemma

(10 (20

4.1, so that Q supports the i.i.d. family of pairs (X Lova? XDeia > 0, each sampled under Q7. In

particular, under Q, for all £ > 0, X£k+)1 nd X£k+)1 have law PPr+1-Lk+1 and PPe-Li respectively. Now,

one can write, for any K > 1 and 0 < k < K — 1, with the sum over / ranging over 0 < ¢ < 2K—+~1
below, that

(k+1) (k) .1 15)
Porir, Ko — Ppi, Ko (ZXLk+1 LK(SIHl) (ZXLkﬂ LK(Sk)

< Q(ZXLk < Lk, ZXL?)I -~ LK5k> “2 Q(Z(X(l O _x 20y ¢ oKk 1og99(Lk)).

L1 Ly
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Now, using Chebyshev’s inequality together with Lemma 4.1 (recall that f(L) = log” L), it follows
thatfor K >1land0 < k< K — 1,

ngJrl)K& _p(k)K6 < 2K=F(log L)1 2
+1,K, 8,41 i, K0 (2K—k(10g L)% — 2Kk (log Lk)go)

«__

= 2K-k(k + 5)8

(4.25)
K
<272 4+ 224K78,

where the second line is obtained by considering the cases when & < K/2 or k > K /2 separately,
together with straightforward computations. The bound (4.25) implies in turn that

K-1

(k+1) (k) _K - Koo
Z <pﬂk+17K,§k+1 _ppk,K,dk) < K22 + 224K I 0,
k=0

which concludes the proof. O

S5 Quantitative monotonicity for the finite-range model

The goal of this section is to prove Proposition 3.4. For this purpose, recall that J is an open interval,
and fix p € J and € > 0 such that (p + €) € J. Morever, in view of (3.14), we can assume that
€ < 1/100. The dependence of quantities on p and e will be explicit in our notation. As explained
above Proposition 3.4, even if we are dealing with the finite-range model, the current question is about
estimating the expectation in (3.12), which is actually equivalent to working on the full-range model.
Thus, we retain much of the difficulty, including the fact that the environment mixes slowly. The upshot
is that the speed gain to be achieved is quantified, and rather small, cf. the right-hand side of (3.16).

The general idea of the proof is as follows. First, recall that we want to prove that at time L, the
expected position of XPT¢ ~ PPT¢ (where ~ denotes equality in law in the sequel) is larger than the
expected position of X ~ P? by 3(log L)'°°. The main conceptual input is to couple X and X**€ in
such a way that, after a well-chosen time 7' « L, we create a positive discrepancy between them with
a not-so-small probability, and that this discrepancy is negative with negligible probability, allowing us
to control its expectation. We will also couple these walks in order to make sure that the environment
seen from X7, is dominated by the environment seen from Xé’f“‘, even if these walks are not in the same
position, and we further aim for these environments to be ‘typical’. The last two items will allow us to
repeat the coupling argument several times in a row and obtain a sizeable gap between X7 and X £+E.
In more quantitative terms, we choose below T' = 5(log L)'°%? and create an expected discrepancy
of exp(—(log L)*/?0) at time T'. Repeating this procedure L/T" times provides us with an expected
discrepancy at time L larger than 3(log L)'%° (and in fact larger than L'+°(1)). We refer to the second
part of Section 1.3 for a more extensive discussion of how the expected gap size comes about.

We split the proof of Proposition 3.4 into two parts. The main part (Section 5.1) consists of con-
structing a coupling along the above lines. In Section 5.3, we prove Proposition 3.4.

5.1. The trajectories Y*. In this section, we define two discrete-time processes Y, and Y, ¢ €
[0, T, for some time horizon T', see (5.2) below, which are functions of two deterministic environments
n~ andn™ and an array U = (U,,)weL (see Section 2 for notation) of numbers in [0, 1]. This construction
will lead to a deterministic estimate of the difference Y,* —Y; ™, stated in Lemma 5.1. In the next section,
see Lemma 5.2, we will prove that there exists a measure (Q on (ni, U) such that under Q, Y~ dominates
stochastically the law of a random walk X” ~ P? (see below (2.3) for notation), Y ' is stochastically
dominated by the law of a random walk X ¢ ~ PP*¢, and we have a lower bound on E¢ Y/ — Y.,
thus yielding a lower bound on EPT¢[ X P*¢] — EP[X7].

The construction of the two processes Y= will depend on whether some events are realized for n*
and U. We will denote EFq, F, ... these events, which will occur (or not) successively in time. We
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introduce the convenient notation

(5.1) E_ ;Y EnEn.. nE; forallj>i>1,

and write 7, for the complement of £;_;. We refer to Figure 5 (which is a refined version of Figure 2)
for visual aid for the following construction of Y%, and to the discussion in Section 1.3 for intuition.
Let us give a brief outlook on what follows. The outcome of the construction will depend on whether
a sequence of events E1-FEg happens or not: when all of these events occur, which we call a success,
then YT+ and Y. have a positive discrepancy and we retain a good control on the environments at time
T, namely ™ dominates 7~ (or, more precisely, ~ shifted by Y; — Y;). When at least one of these
nine events does not happen, this can either result in a neutral event, where the trajectories end up at the
same position and we still have control on the environments, or it could result in a bad event, where we
can have YT+ < Y, (but we will show in Lemma 5.2 that we keep control on the environments with
overwhelming probability, owing to the parachute coupling evoked at the end of Section 1.3). Whenever
we observe a neutral or a bad event, we will exit the construction and define the trajectories Y+ at once
from the time of observation all the way up to time 7'. Finally, we note that the walks Y™ and Y~
are actually not Markovian. This is however not a problem as we use them later to have bounds on the
expected displacements of the actual walks X” and X**¢.
We now proceed to make this precise. For L > 3, define

(5.2) lg = |(log L)1%%°|, ¢, = |(log L)1 and T = 5/,
as well as
(5.3) so =L, 81 = 80 + Ly, S2 = 51 + 2630 and s3 = so + ego_

Let M > 10(v + 1)L, which will parametrize the spatial length of a space-time box in which the entire
construction takes place, and let YOir = 0. The definition of Y+ depends on the values of M and L, but
we choose not to emphasize it in the notation. Given processes

(54) Y= (T,Jra n, U)

on a state space 2 such that the first two coordinates take values in (Z.) [0.71%Z and the last one in [0, 17",
we will define the events E; = E;(v) below measurably in ~ and similarly Y* = (Y;*(v))o<t<7 With
values in the set of discrete-time trajectories starting at 0. Unlike the sample paths of X?, X**¢, the
trajectories of Y+ may perform jumps that are not to nearest neighbors. Probability will not enter the
picture until Lemma 5.2 below, see in particular (5.49), which specifies the law of . We now properly
define the aforementioned three scenarii of success, neutral events and bad events, which will be mutually
exclusive, and we specify Y'* in all cases.

Below s and ¢ always denote integer times. Define the event (see Section 2.2 regarding the notation
>)

(5.5) Ey Z{VS € [Ov 30]7 n;_‘[—M+2Vso,M—2uso] Z ns_|[—M+2Vso,M—2Vso)]}'

The event F guarantees the domination of the environment = by ™ and is necessary for a success,
while EY will be part of the bad event. On Eq, for all 1 <t < sg, let recursively

(5.6) Y7 =Y =Y + A (Y1) Uy- 4y)

t—17

where A was defined in (2.5), so that we let the walks evolve together up to time sg. On the bad event
EY, we exit the construction by defining

(5.7 Y, =tandY," = —t,forall1 <t <T.
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Figure 5: Trajectories of Y& during a time-interval of length 7. For readability, we only picture the scenario when the events
E; are all realized (except during [s3,T']). The picture is not up to scale (all linear stretches on the trajectories of Y+ have
slope 1, those of the grey trapezoid have slope 2v). The red disk represents a sprinkler (extra particle of n7\n™). The arrows
on the left indicate which of the coupling conditions (C.1)-(C.3) from Section 3.1 is being used to perform the coupling in the
given time interval. This is at the core of the proof of Lemma 5.2. The various couplings involved in the time interval sz, 7]
meet the necessity of having to restore domination of environments (possibly with a relative spatial shift) on a full space interval
of length M comparable to L with high probability, so as to be able to repeat proceedings in the next step.
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Next, define the events

5-8) Ey ={n ([Yey  Yey +4g]) > 5, ([Veg Yo +4g])}
N {05y ([Yeg =3y + 1, Y5, +36g]) < (p+1) - 64},

(5.9 E3 ={Vs €[50, 1], 15 [[- M (404 1)s1, M— (v 1)s1] = T |[— Mt (4v4+1)s1,M—(dv+1)s1] } -

The event E3 again ensures the domination of 7~ by 1" on a suitable spatial interval while Ey creates
favourable conditions at time sg to possibly see a sprinkler at time s;. On the event F;_3 (recall (5.1)
for notation), for all sg + 1 <t < sy, let recursively

(5.10) Y;t_ = Y?— = Y;t:l + A(nzt_—l()/;t:l)a U(Ytjl,t—l))’

so that the walks, from time sg, continue to evolve together up to time s; and, in particular, we have that
- +
(5.11) onFEy 3, Y, =Y.

In order to deal with the case where F; or Ej3 fail, we will distinguish two mutually exclusive cases, that
will later contribute to an overall neutral and bad event, respectively; cf. (5.40) and (5.44). To this end,
we introduce

(5.12) Eapis = {Vs € [50, ], 15 [ Ma2vr,v—20] = N5 |[—M420m,M 207}

On E1 n ES N E» pis, which will be a neutral event, we exit the construction by letting the walk evolve
together up to time 7', that is, we define

(5.13) Y =Y =Y, + A (YD) Uy gy forallso + 1<t < T
On the bad event (E1 N ESn Eibis) U (E1—2 n E¥), we exit the construction by defining

(5.14) Y, =tandY," = —t,forallsg +1 <t <T.

In the above, Y™ and Y~ may take a non-nearest neighbour jump at time sg, which is fine for our
purpose. Next, define

(5.15) By ={ng(Yy) = 10, (Y,) = 0},
(5.16) E5 ={Vs € [s1,52], 03 |[= M+ (6v+1)s2,M—(6v+1)55] = M5 [ M+(60+1)59, M—(60+1)s2] }

where E; states that the walkers see a sprinkler at time s; and E5 guarantees domination of the environ-
ments from time s; to s3. We will first define what happens on the neutral and the bad events. For this
purpose, define

(5.17) Eypis = {Vs € [51, T], 05 l[- M4 (av+1) T, M— (av+1)T]) Z N5 |[= M+ (4v4+1)T,M — (40+1)T] }-

Recall that on F;_3, we have defined Y+ up to time s1. On the neutral event £y _3 N Ef_5 N Ey pis, we
define

(5.18) Yy =Y =Y+ A (YD), Uym yopy)sforallsy + 1<t < T
On the bad event E'1_3 N Ef_5 N Ejf 1, we exit the construction by defining
(5.19) Y, =tandY," = —t,foralls; + 1 <t <T.

On the event E_5, because of the sprinkler, the walkers have a chance to split apart hence, for ¢ €
[s1 + 1, s2], we let

(200 Y =Y + Al (YD), U(Y* t 1)) and Y} = YT, + A, (VD)), U(Y+ t71))~

t—1%" t—1°
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Above, Y+ and Y~ evolve on top of their respective environments 17 and 1~ from time s1 +1 to time ss.
To be able to continue the construction from time sy to s3, we define two events Fg and E7 concerning
the environments from times s; to so. If we are on F;_g, between times s; + 1 and s we will require
that Y* and Y~ drift away, regardless of the states of n* and 1, using only the information provided
by U. For this purpose, define

(5.21) Es= () E

s1<t<so—1
where we set

{ 517

E6—{U(Y (t—s1).0) >p.} {UY L ts1) <po}f0rsl+1 t<sg—1.

(po,pe)} (recall that p, > p,) and
(5.22)

On E4 N E;', Y~ steps to the left and Yt steps to the right from their common position, thus creating a
gap at time s; + 1. Then for all s; < ¢t < s, as long as F4 and Egl to Eé_l happen, Y~ and YtJr are at
distinct positions and E} allows Y~ to take one more step to the left and Y+ one more step to the right.
Hence, using what we have constructed so far on F;_5, we have that

(5.23) onEi_¢, Y, =Y. +2(s2—s1),

and we still have the domination of ~ by n™ at time s9, cf. (5.16).

Since Y+ and Y~ are no longer at the same position, we are going to momentarily allow to lose
this domination in order to recreate it at time s3 but in a suitably shifted manner, namely, achieve that
nt (Yo +)lr = n (Y, + )1 for a suitable interval I, see (5.31). To do so, we first need favourable
conditions at time sy encapsulated by the event

(5.24) B { for all intervals I < [Y, — 3(v + 1)T, Y + 3(v + 1)T] with }

[22/2) < |I| < £2,n3,(I) = (p+ 3e/4)|I| and n5, (1) < (p+ €/4)|1|

The above requires good empirical densities at time so on an interval of length of order T" centred around
the common position of the walkers Y'* at time s;. On E;_7, we do not precisely control the position of
the walkers from time ss to s3 and define, for all so < ¢ < s3,

(5.25) R T R A (ML}

which corresponds to the worst case scenario assuming nearest-neighbour jumps. In particular, using
(5.25), (5.23) and (5.3), we have that

(5.26) onEi_7, Y} Y, =20

S3

We now need to consider the case where Eg_~ fails, and we will again distinguish two types of failure.
For this purpose, define

(5.27) Egpis = {Vs € [s2, T, n;r|[7M+(6u+1)T,M7(6u+1)T] Z 77;‘[7M+(6u+1)T,M7(6z/+1)T]}7

and, on the neutral event F/'i_5 N Eg77 N Eg pis, We merge Y T with Y~ at time s, + 1 and then let them
walk together, by defining

(5.28) Yo =Yoo = Yo + AL (V) Uy ), and
(5.29) Y, =Y, =Y, + A(n_( t71)7U(Yt:1,t71))’ forallsp +2<t<T

(above one line would be sufficient but we single out (5.28) because the merging will typically occasion
a jump for Y'*). On the remaining bad event E1_5 n E§_, N E§ s> we exit the construction in the now
usual way by defining

(5.30) Y, =tandY," = —t,forall so + 1 <t < T.
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It remains to define Y'* from time s3 to 7" on the event I, _7. The good event will require

def. ( 4 20 - 20
(5.31) B = {ng (- + 4 )‘[Y;l—z(wrl)T,Y;1 L2+ 1)T) 7 Moy (- — &g )‘[n;—Q(u+1)T,Y5;+2(u+1)T]}’
that is, we want that the environment 1™ seen from Y,! covers 1~ seen from Y, on an interval of length
of order T', which will enable us to let the walkers move in parallel (i.e. taking the same steps at the same
time), even if they are at different positions. Moreover, we want this domination to persist from time s3
to time 7', hence we require

def. _

(5.32) Ey = {VS € [Sg,T], "7;_( + 630)|[Y;1—2T,Y;1+2T] Z Mg ( - ego)’[YSI—QT,Y;l—i-QT]}'
On the good event Ey_g, we let, for ¢t € [s3 + 1, T,
(5.33) YV;" =Y,y + A, (YiZ) Uy - 4 —q)) and Y=Y 4+ Al (V) U(thl—ﬂgoyt—l))’

Note that above, we choose to shift spatially the collection (U,,) by 2630 spatially for Y, which corre-
sponds to the difference between Y~ and Y . Therefore, both walks are using the same U,, to determine
their next step. Using (5.33), (5.26) and (5.32), one thus proves recursively that

(5.34) on Ey_g, Y, =Y, =202 forall s3 <t <T.
Finally, on the bad event E{_, n ES_, we finish the construction by defining
(5.35) Y, =Y, +LY =Y —1lforalss+1<t<T-1,andY; =T,V =-T.

This ends the definition of the trajectories Y™ and Y . Let us emphasize once more that these trajectories
are not nearest-neighbour and not Markovian w.r.t. the canonical filtration associated to (n*,n~, U), but
that this will not prevent us from obtaining the desired bounds.

Below, we proceed to define our three key events and summarise in Lemma 5.1 some of the important
(deterministic) properties we will use.

* Scenario I: Good event. We define
(5.36) Egood & E1_y.
Notice that by (5.34), on the event Fgo0q We have that
(5.37) Y =Yy =200 >0,
and also that
(5.38) Vs € [0, s2], n3 l[—17m) = 05 |17

which follows by (5.16), (5.9) and (5.5), provided that M — (6v + 1)so > T Finally, (5.32) and
the fact that on Egooq, |V, | < 51 (by (5.6) and (5.10)) imply that

(5.39) Vs € [s3, T], nd (- + 2530)’[—T—2z30,T—2égO] > 15 |[-1,17-

* Scenario II: Neutral event. We define
(5.40) Enewra S (E1 A ES A Eais) U (E1—3 n E§_s A Eapis) U (Bi—5 0 E§_7 0 Egpis) -
Note that on Eypeytrals (5.28)-(5.29), (5.18) and (5.13) imply that
(5.41) Yi=Y;
and (5.29), (5.28), (5.20), (5.18), (5.13), (5.10) and (5.6) imply that
(5.42) Y, =Y, + Aln,_,(Y,Zy), U(Yj_l,t—l))’ foralll1 <t <T.
From (5.27), (5.17), (5.16), (5.12), (5.9) and (5.5), we also have
(5.43) Vs € [0, T, nf |-, > 15 |-715
provided that M — (6v + 1)T > T.
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* Scenario III: Bad event. We finally define the event

def.
Ebad = (Egood U Eneurat)” = Ef U (E1 0 ES 0 ES i) U (Fi—a 0 E§) U

(5.44)
(Bi—3 N Ef 5 N Efyis) U (Bios 0 E§_7 0 Egyis) v (Bi—7 0 Eg_g) .
In particular, (5.35), (5.30), (5.19), (5.14), and (5.7) yield

(5.45) YT+ =Y, — 2T = —T on the event Fpyq.

The next deterministic lemma is a restatement of (5.37), (5.41) and (5.45).

Lemma 5.1. The event Egood, Eneural and Eyag defined in (5.34), (5.40) and (5.44), respectively, form a
partition of €2 such that

(5.46) Vi =Y + 202 on Ege;
5.47) Y; = YT_ on Eyeytral;
(5.48) Y =Y, — 2T on Ep.

5.2. The coupling Q. We now aim to compare Y'* to X” and X”*¢, and to integrate over the dynamics
of the environments when started from a typical initial configuration. We will derive from this a bound
on the expected discrepancy between Y+ and Y, and thus on the one between X and X**¢. The main
result of this section is Lemma 5.2, which entails a coupling Q with these features. Lemma 5.2 is the
key ingredient in the proof of Proposition 3.4, which appears in the next subsection.

We will require the environments ™ and 7~ to have a typical initial configuration under P?*¢ and
P? in the following sense. Recall that p € J and € € (0, 1/100) have been fixed at the start of this section,
and that (p+¢€) € J. For M, L € N, we say that (], 1, ) € X2 (recall that & = (Z )% from Section 2.2)
is (M, L)-balanced if all of the following occur:

() ng (z) = ng (z) forall x € [—M, M],
(i) ng ([z,2 + [(log L)?| — 1]) = (p + £35)|(log L)?| for all @ € [-M, M — |(log L)?] + 1],
(i) g ([z, 2 + |(log L)?| — 1]) < (p + 155)|(log L)?] for all & € [-M, M — |(log L)?] + 1].

Lemma 5.2. There exists Ly = Lo(p,€,v) = 1 such that for all L > Lo, the following holds. For
all M € [10(v + 1)L,20(v + 1)L] and for every (M, L)-balanced choice of (ng ,ny ), there exists a
coupling Q = Q(ng o) of (n*,n~,U) with the following properties:

(549 T~ P gt~ P, and (Uw) ey, are i.i.d. uniform variables on [0, 1];

(5.50) There exist X* = X*(n, U) such that X+ ~ P and Q-a.s., the inequalities X, <
' Yy and Y5 < X} hold, with Y= = Y*(n™,n~,U) as in Section 5.1

(5.51) E° [Y/ =Y. ] =exp(— (log L)1/20);

Q (Erestart) =1~ L—1007 where

Eresiant = {Ya € [—(M — (8v + 3)T), M — (8v + 3)T), nj(z + Y;7) = np (z + Y;)}.

(5.52)
Proof. Let Ly > 1 to be chosen later, and L > L. Fix M € [10(v + 1)L, 20(v + 1) L], and let (ng , 1y )
be (M, L)-balanced. We construct the coupling Q below. We will then define X~ and X such that
(5.50) is satisfied. To prove the main estimate (5.51), we will control the probabilities of the events Egood,
Ereutral and Epygq emerging from the construction of Y*, and use Lemma 5.1. Finally, proving (5.52) will
require to bound the probability of losing the synchronisation of ™ and 7~ by time 7.

We split the proof into five parts: the construction of QQ and the proofs of (5.49)-(5.52).
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Part I: Construction of Q.

We will denote the natural filtration generated by the triplet (™, 7=, U) by

(5.53) Fi = o{ (0 o<e<ts (1 )o<e<t» (Uw)welma (w)<t—1 }» for t = 0.

Under Q, we first let U = (Uy,)wel be a collection of i.i.d. uniform random variables on [0, 1]. We now
define the coupling of = and 7" under Q in such a way that given F, the evolution of (nT)i<s<¢+1
has the right marginal P”:£ (up to time one), cf. (P.1). Moreover, throughout the construction of Q,
i.e. from (5.55) to (5.69) below, we will in fact ensure that for all integer ¢ € [0, T'], under Q,

(5.54) (Uy : m2(w) = t) is independent from F;.

We now proceed to specify nT under Q, and refer again to Figure 5 for visual aid. On the time-interval
[0, sp], we

(5.55)  couple (n™,n7)as (n,n') in (C.2.1) withno = ng, ny =ny, H = M,t = spand k = 1;

in particular, the domination 7o|[_g, 7] > 70l[—#,m) required by (C.2.1) is ensured by the fact that
(ng,mg ) is (M, L)-balanced; see item (i) in the corresponding definition above Lemma 5.2. Since
Ey e F5, by (5.5) and (5.53), we can observe at time sg whether 21 occurred. Conditionally on F, and
on EY, during [sg, ], we

(5.56) let = and ™ evolve independently with respective marginals P"s0 and P,

Recalling the definition (5.8), we have that Ey € F,,. Conditionally on F5, and on 1 n ES, we couple
(n*, ™) during the interval [sg, T'] as

(5.57) (n,7') in (C.2.1) with g = 07, o = 05y, H =M —2vsg,t =T —spand k = 1.

On Ej 2, note that |Y, | < so < si. Hence, as we now explain, during the time-interval [sq, s1],
conditionally on F,, and on I/1_5, we can

apply the coupling of (C.3) to n(-) = 1y ., (- + Yy, ) and 73 (-) = 0y, (- + Yo, ), t = 0,

5.58
(5:58) withl = lg, H =M — (2v 4 1)s1, k = |s1/¢4| and z = £ mod 2.

Note indeed that by (5.3) and (5.2), k > £, > 4801 (v + log(40) — po(1 — ps)v/2) for L large enough
and H = M — (2v + 1)s1 > 2vsy > 2vkly, = 2vlk for all L > 3, as required in (C.3). Together with
the definition of Fs in (5.8), this allows us to apply the coupling of (C.3).

So far we have specified n* for all of [0, 7] on E{_, and up to time s on E1_5. As we now briefly
elaborate, it is also plain from the construction above that the independence property postulated in (5.54)
holds for all ¢ < s;1. This is a trivial matter for ¢ < sg in view of (5.55), which does not involve U at all.
For s9 <t < s1, the only dependence on U arises through Y, ' via F3 and (5.58). However, on account
of (5.6), (5.7), (5.10), (5.13) and (5.14), Y, only relies on variables in U with time label at most so — 1,
whence the claim. In the sequel (more precisely, up to (5.69)), considerations along similar lines allow
to extend (5.54) to larger times ¢. These will not be made explicit.

Returning to the construction of Q, it remains to specify n* after time s; on the event E;_5. Recall
that by (5.9) and (5.15), both E3 and Ej are in Fy,. Over the time interval [s1, T'], conditionally on Fj,
and on E1_o n ES, we choose to

(5.59) let n~ and ™ evolve independently with respective marginals P"1 and P
On the other hand, conditionally on F;, and on E';_3 n EY, during [s1,T], we

couple (n*,77) as (n,7') in (C.2.1),

(5.60) ,
withH =M —(4v+1)s;, t=t=T—-s5, k=1
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Conditionally on Fg, and on E_4, during the time-interval [s1, s3], we

couple (n*,77) as (n,7') in (C.2.1),

5.61
(5-61) with H = M — (v + 1)s1, t=s2—s51, k=/|s1/(s2—s1)]

Note that £ > 1 in (5.61) by (5.3) and since L > Ly by assumption (upon possibly enlarging Ls).
Moreover, note that the conditions on the environments at time s; needed for (C.2.1) to apply in both
(5.60) and (5.61) are met owing to the occurrence of F3, see (5.9).

We still have to specify T from time s, onwards on the event £;_4. By definition (5.16), we have
that E'5 € F,. Hence, conditionally on Fy, and on E_4 n Ef, during [s2, T, we

(5.62) let p~ and 77" evolve independently with respective marginals P2 and P,

Using the definitions (5.21) and (5.24), we have that both E and E7 are in F,,. During [s2, 7], con-
ditionally on F, and on Ej_5 n E§_-, observing that the defining features of E5 (see (5.16)) allow to
apply (C.2.1), we

(5.63)  couple (n™,n7) as (n,1') in (C.2.1) with H = M — (6v + 1)s3,t =T — sy and k = 1.
Conditionally on Fg, and on E;_7, during [s2, s3], as we now explain, we

couple (" (- + Y, + £°),n (- + Y, = £2°)) as (n,7) in (C.2.2)

(5.64) )
with H = 3(v + 1)T, t = s3 — sg and (p, ) = (p, €).

Indeed, one checks that the conditions needed for (C.2.2) to apply are all satisfied on the event Ey
whenever Ly(p, €, ) is large enough. First, by choice of Ly and for all L > Lo, one readily ensures
(recall (5.2)-(5.3)) that all of 3(v + 1)T" > 4v(s3 — s3), v3(s3 — s2) > 1 and v/(s3 — s9)/* > Cye (1 +
|log®(v(s3 — s2))|) hold. Moreover, the conditions on the empirical densities of 7y and 7}, appearing
above (3.4) hold by definition of Ey at (5.24), since |(s3 — s2)'/*| > Eg by (5.3). Note that the relevant
intervals I in the context of (C.2.2), which have length [£/2| < |I| < ¢ with £ = |(s3 — s2)/*], may in
practice be much larger than those appearing in the definition of E7, but they can be paved by disjoint
contiguous intervals as entering Er. The required controls on the corresponding empirical densities 7o( 1)
and n(,(I) are thus inherited from those defining E. Similar considerations also apply below (whenever
either of (C.2.2) or (C.2) are used).

It remains to specify n* on the event E1_7 for the time interval [s3,7]. We now define an addi-
tional event whose realisation will allow us to couple 7= on the whole window of width order M at
time 7', regardless of whether the coupling at (5.64) succeeds or not; here, by “succeed” we mean that
the (high-probability) event appearing in (3.4) is realized. The following will play a key role when
establishing (5.52). We set

def.

(5.65) Epp & { VI < [-M + 2vs3, M — 2vss] with ||(log L)?]/2] < |I] < |(log L)?], }

N5 (1) < (p+ ¢/4)|I| and n (1) = (p + 3e/4) ||

The event ¢ above and Eg defined in (5.31) are both F,-measurable. Conditionally on F,, and on
E1_s n Eyp, during [s3, T], we couple

(" (- + Yy, + 60,0 (- + Y, —£)) asin (C2) with Hy = 2(v + 1)T,

(5.66)
Hy =M —2vs3 —s1,t=T —s3, { = 63200 and (p,e) = (p, €).

To this effect, we verify that for L large enough, by (5.3), (5.2) and since M > 10(v + 1)L, we indeed
have that min{H, Hy — Hy — 1} > 10vt > 400! > Cy, vl > Coe 2(1 + |log®(vf*)]) and ¢ >
80ve~! + v 2. Also, the domination on [ H1, H;] and the empirical density condition are respectively
guaranteed by definition of Eg at (5.31) and E¢ at (5.65).
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If Eg does not occur (hence we temporarily lose the domination of = by ™) but E1q does, we pro-
ceed to what was referred to as the parachute coupling in Section 1.3, in order to recover this domination
by time 7'. Precisely, conditionally on Fg, and on F1_7 n E§ n E1g, we

couple (n (- = T),n~ (- + T)) as (n,1) in (C.2.2)

(5.67) )
with H = M — T — 2vs3,t =T — sg and (p,e) = (p, €).

One checks indeed that the conditions of (C.2.2) hold, since for L large enough (recalling (5.3) and (5.2))
we have that H > 4vt,u8t > 1, vt'/* > Cue 2(1 + |log®(vt)|) and t*/* > |(log L)?], so that on E1
the condition on the empirical density holds.

The remaining cases are straightforward to specify. Conditionally on F,, on F1_g n Ef,, we

couple (n* (- + Y, + 630), n(-+Y, — K?IO)) asin (C.2.1)

(5.68) . o
with H =2(v + 1)T — £;°,t =T — s3,and k = 1.

Finally, conditionally on F;, and on E1_7 n E§ n EY,, during [s3,T'], we
(5.69) let n~ and ;" evolve independently with respective marginals P73 and P,

We have now fully defined the measure Q and with it the triplet (n™, 7, U) (in the time interval [0, T]).
The task is now to verify that with these choices, all of (5.49)-(5.52) hold. For concreteness we extend
all three processes (n*,n~,U) independently at times ¢ > T, using the Markov property at time 7" for
nE. These extensions will de facto play no role because all of (5.50)-(5.52) only concern matters up to
time 7.

Part I1: Proof of (5.49).

The fact that U has the desired law is immediate, see below (5.53). We proceed to show that n~ ~

P . Since the construction of 7~ only consists of successive couplings at times 0, 5o, 51, 52 and s3
where the marginals have the desired distributions (recall (C.2), (C.2.1), (C.2.2) and (C.3)), by virtue of
the Markov property (P.1), it is enough to check that the events deciding which coupling to apply at time
s; are Fg,-measurable for ¢ € {0, 1,2, 3}, which we already did at (5.56)-(5.64), (5.66), (5.67), (5.68)

and (5.69). Therefore, = ~ P"o . In the same way we deduce that n™ ~ P .

Part II1: Proof of (5.50).

We now use (n*,n~,U) to construct explicit functions X+ = X+ (T, U)and X~ = X~ (n~,U)
with the correct marginal laws X T ~ P . The case of X~ is easily dispensed with: we define X~ as
in (2.5) and (2.6) with (=, U) instead of (1, U). Since we have already established that = ~ P70 as
part of (5.49), it follows using (5.54) and Lemma 2.1 that X~ ~ P7o .

As for X *, we also define it via (2.5) and (2.6) using the construction specified around (2.7), replac-
ing (n,U) by (n*,U™") where U™ is defined as follows: for all w € L with mo(w) < s3 — 1, U} = Uy,
and for all w € L with o (w) > s3,

(5.70) Ut =

w

Uw_(%go,o) on El_g,
Uy on EY_g.

Recalling that F1_g € F,,, and hence is independent of (Uy,;w € L, ma(w) > s3), it follows that
X+ ~ P again by combining the established fact that n™ ~ P and (5.54). The rationale behind
(5.70) will become clear momentarily.

We show that X* as defined above satisfy Y7 > X7 and Y7 > X7 Q-a.s. To this end, note first
that on FEyyq and by (5.45), Y, = T and Y; = —T, hence Q-a.s. on Ey,g we have using the trivial
bounds X7 € [-T,T] that X, < Y, and Y} < X
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Second, on Eheyyral and by (5.42), under Q, the process (Y;” : 0 < ¢ < T) simply follows the
environment (1~, U) as per (2.5) and (2.6), and so does (X, : 0 < ¢ < T') by above definition of X .
Hence Y, = X .. Moreover, since Eneural © E7_g by (5.40), the process (X;r :0 <t < T) follows the
environment (n*, U) by (5.70). By Lemma 2.2 applied with (X, X) = (Y=, X*), (n,7) = (n~,n")
and K = [-T,T] x [0,T], recalling (5.43), we get that X7 > Y. Using (5.41), we finally obtain
XL >Y) =Y, = X7 Q-as. on Epeygral-

Third, on Eeooda = FEi—s, the process (Y, : 0 < ¢t < sp) follows the environment (n~,U)
by (5.6), (5.10) and (5.20), as is the case of X, so that X, = Y . Then by (5.25) we have that
Yy, = Y, + (s3 — s2) which guarantees that X_ < Y. From time s3 to time 7, X~ and Y~
follow the same environment (1, U) by (5.33) and thus, by Lemma 2.2 with (X, X) = (Y, X"),
(n,7) = (n~,n") and K = Z x [s3,T], we have that X, < Y.

Similarly for X* and Y'*, on FEgooq < E1—3, during [0, s1] the process X follows the environ-
ment (n*,U) while Yt follows (=, U) by (5.6), (5.10). By (5.38) we can apply Lemma 2.2 with
(X,X) = (Y*,X*), (0,7) = (n,n*) and K = [~T,T] x [0,s1] to deduce that Y, < X7.
Then during [s1, s2], both Y+ and X * follow (n*,U) (recall (5.20), and that Eeooq < Ei_5). Thus
Lemma 2.2 with (X, X) = (Y, X %), (0,7) = (n",n") and K = Z x [s1, so] ensures that Y < X
Q-a.s. on Egooq. Next, (5.25), which holds on E1_7 > FEgooq, implies that Y,f < X, given that X
only takes nearest-neighbour steps. Finally, since Fgooqa © E1-9, from time s3 to 7', both Y*tand X*
follow the environment (n*,U™), where U™ is as in (5.70) (recall (5.33); this explains the choice in
(5.70)). Applying Lemma 2.2 with (X, X) = (Y*, X)), (0,7) = (n*,n") and K = Z x [s3,T]
therefore yields Y; <X ;5 on Egooq. This concludes the proof of (5.50).

Part I'V: Proof of (5.51).

By Lemma 5.1, we have that
(5.71) EC[Y; — Y] = 262°Q(Egooa) — 2TQ(Eaa).

Recalling the definitions of Egooq and Ep,g from (5.36) and (5.44), as well as (5.2) and (5.3), it is thus
enough to show that

(5.72) (Q(Egood) =) Q(E1-g) > exp(—£2?)

and

(5.73) S QES) + Q(Er M ES A ES i) + Q(E1-2 0 ES) + Q(Er—3 0 ES 5 A ES i)

+QE1—5 n E_7 1 E§) + QEi—r 1 ES_g) < Q(E1—9)/(107).
Proof of (5.72). Recall E; from (5.5). By (5.55) and (3.3), which is in force, we get
(5.74) Q(ES) < 20 exp(—vso/4) < exp(—(L0),

the last inequality being true for L large enough by (5.3) and (5.2). Next, recalling (5.8), that 455 >
50 + 3y by (5.3) and that € < 1/100, and using that |Y, | < so, we note that

ESc U {(n ([e,z+0 —1]) < (p+¢€/2)0 <yt ([x,z+ 0 —1]) < (p + 2e)l'}°.
(5.75) xe[—4s0+1,4s0],
[€g/2]<t'<ty

We note in passing that we cannot locate precisely Y = without (possibly heavily) conditioning the
evolution of = on [0, so]. By (C.1) applied with either (1o, p,e) = (ny,p,€/20) or (no,p,e) =
(ny ,p + € ¢/20), both times with (¢, H,t) = (|log® L|, (4v + 8)sq, s0) and ¢ ranging from |¢,/2]
to {4 we have by a union bound on z and ¢':

(5.76) Q(ES) < (2 x 850 x £,)4(4v + 8)sg exp(—cae®|£y/2]/400) < 1/4,
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the last inequality holding for L large enough by (5.2) and (5.3). Note that we can indeed apply (C.1)
since (ng, g ) is (M, L)-balanced (see items (ii) and (iii) above Lemma 5.2), and M > (4v + 8)sg >
4vsg > Cre 2| (log L)2|(1 + | log®(vs0)|) and £, < /3¢ for L large enough.

Next, we aim to derive a suitable deterministic lower bound on Q(E3_4 | Fs, ), on the event E;_o,
which is Fy,-measurable. We aim to apply (C.3), cf. (5.58), and dealing with 5 is straightforward, see
(3.6), but E4 requires a small amount of work, cf. (3.5) and (5.15). To this effect, we first observe that
under Q, with 17, 7’ as defined in (5.58), one has the inclusions

(5.11),(5.15) _ _ _
577 Ei_4 ) Ns, (Y:?l) = 1,7’]81 (Y ) = O} N FEi_3

S1

> {me(x) = Lg(x) = 0 n {Y =Y

o l’} N E173a

where ¢ = {4 = 51 —sg and x = ¢ mod 2 on account of (5.58) and (5.3). Now recalling that the evolution
of Y~ on the time interval [sg, s1] follows (5.10) on E;_3, and in view of (2.5), one readily deduces that
the event {Y — Y, = w} is implied by the event £y _3 n F’, where F refers to the joint occurrence of

S
{U(Yf sotn) < po} for even integer n satisfying 0 < n < ¢ — 1 and {U(Yf > po} for odd integer
s s0

s ,so+n)
n satigfying 0 < n < £—1. (Observe indeed that, if £ is odd, whence = = 1, there will be one more step
to the right than to the left in the resulting trajectory for Y *). Feeding this into (5.77), applying a union

bound, using (3.6) and (3.5) (which are in force on account of (5.58)), it follows that on F7_o,
Q(E3—4 ‘}—So) = Q({W(UC) = 1”72(*%) = 0} NF ‘}—so) -0 = 2(5(]70(1 _p'))Z — = &

(see above (C.3) regarding § and ¢’); in the penultimate step above, we have also used that, conditionally
on Fy, the events {n;(z) > 1,n,(x) = 0} and F are independent. Combining this with (5.74) and (5.76),
we deduce that for L large enough, using (5.2),

(5.78) Q(E1_4) = 30 /4 — 20675 = &/2.

Next, recalling the definition (5.16) of E5 and that Ey_4 € F5,, by (5.61) and the bound given in
(C.2.1), we have that, Q-a.s. on E1_4,

(5.79) Q(ES | Fs;) < 20exp(—|s1/(s2 — s1)](s2 — 51)%) < exp(—4Lg) < exp ( — %E;OG),

for all L large enough by (5.3).

We will return to Elg momentarily and first consider 7. To compute the probability of F7, we take
a union bound over ¢’ such that |£2/2] < ¢’ < (2, use the definition (5.24) and the fact that (1, 75")
is (M, L)-balanced in order to apply (C.1) twice, once for = and once for n*, choosing in both cases
(¢, H,t) = (|(log L)?|,38(v + 1){g, s2) and, for n~, with (o, p,e) = (ng,p,€/100) and, for n*,
with (1o, p,€) = (g, p + €,€¢/100). Note that for L large enough by (5.3) and (5.2), we have indeed
M > H > 4vt > Cf?e72(1 + |log®(vt)|) and ¢’ < £2 < /1, as required in (C.1). We thus obtain that

2
(5.80) Q(EE) < 400(v + 1)£20¢ exp(—cae?| £]/10Y) < exp (— 2562),

where the last inequality holds for L large enough (depending on v, p and €). Putting (5.78), (5.79) and
(5.80) together and taking L (hence /,) large enough, it follows that

(5.81) Q(E1-5 N Er) = Q(E1-5) — Q(ES) = §'/4.

Concerning Ejg, we first observe that under Q, the field (U,, : s; < m2(w) < s2) is independent from
the o-algebra generated by F,, and (nti)slgtg@; this can be seen by direct inspection of the coupling
construction until time s2, paying particular attention (with regards to the evolution of n* during [s1, s2])
to (5.59), (5.60), (5.61) (and (5.56)), which all involve only either i) trivial couplings or ii) couplings
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relying on (C.2.1). In particular these couplings do not involve U at all. Using the previous observation
and recalling (5.21)-(5.22), it follows that Q-a.s.,

(5.82)  Q(Es| Foy, (0 )srtess) = (0o — Do) (po(1 = pa))™ ™71 = (pa — po) (po(1 —pa))*s .

Next, observe that E';_5 and E7 are measurable with respect to the o -algebra generated by F,, and
(n})slSKSQ owing to (5.5), (5.8), (5.9), (5.15), (5.16) and (5.24). Combining this with (5.81), and
recalling the value of ¢’ from (C.3), we obtain that

(5.83) Q(E1-7) = (po(1 = pa))*” 8 /4 = (po(1 — pa))* = exp(—£21),

where, in the last two inequalities, we took L (hence /,) large enough.
Recalling Eg from (5.31) along with the coupling defined in (5.64) and using that Fy_7 € F,,, we
can apply (C.2.2), and obtain that, Q-a.s. on E7_7, for large enough L (owing to (5.3) and (5.2)),

Q(E§| Fsy) < C3 x3(v+1)T(s3 — s2) exp ( — (C3(1 + 1/71))7162(83 — 82)1/4) < exp (—E;) ,
which implies that
(5.84) Q (E§| Er_7) < exp (—£y).

Next, we control the probability of E1g defined at (5.65). To do so, we take a union bound over ¢’ €
[ll(log L)?]/2],|(log L)?|] and, using that (ny ,ny ) is (M, L)-balanced, we apply (C.1) twice for any
fixed ¢ in this interval: once with (1o, p,€) = (1, p, €/20), once with (o, p,e) = (ng,p + €,€/20)
and both times with (¢, H,t) = (|(log L)?|, M, s3). Note once again that for L large enough by (5.3)
and (5.2), we have M > H > 4vt > C10%c7%(1 + |log®(vt)|) and ' < (2 < /1, as required for (C.1)
to apply. This yields, applying a union bound over the values of ¢, that for large enough L (recalling that
M < 20(v + 1)L),

(5.85) Q(Ef,) < 8M|(log L)*| exp (—eae’|log? L] /400) < exp(—£;>).

Finally, recalling the coupling (5.66) (together with (5.31), (5.32) and (5.65)), we have by (C.2), more
precisely by (3.1), for large enough L,

(5.86) Q(E§ | Ei1—s " Eig) < 20T exp(—v(T — s3)/4) < exp(—£17").

Putting together (5.83), (5.84), (5.85) and (5.86), we obtain (5.72), as desired.

Proof of (5.73). We bound individually the six terms comprising S on the left-hand side of (5.73). The
first of these is already controlled by (5.74). Recall the coupling defined in (5.57) together with the
definitions of F1, Fo and Ej3 ;s in (5.5), (5.8) and (5.12). Observe that by (5.57) and (C.2.1), we have
Q-a.s. on Ey n ES that Q(ES ;| Fso) < 20exp(—v(T — s9)/4). Hence for large enough L, by (5.3)
and (5.2), this yields ’

(5.87) Q(E1 N E§ n ES ) < exp(—£1%).

Recall now the coupling (5.58) and the definition (5.9) of E5. By (3.6) which is in force, we have
(5.88) Q(E1—2 1 B§) < 20 exp (—vly|s1/0y]/4) < exp(—£17),

for L large enough due to (5.3) and (5.2). Next, remark that

(5.89) B30 Ef 50 Efys € {EB1-a 0 E5} U {E1-3 0 Ef 0 Ef ).

On one hand, by (5.61) and (C.2.1) (recalling (5.16)) we have

(5.90) Q(E1—4 n E5) < 20exp (—v(s2 — s1)|s1/(s2 — s1)]/4) .
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On the other hand, by (5.60) and (C.2.1) (recalling (5.17)), we have

(5.91) Q(E1-3 n Ef N Ef ;) < 20exp (—v(T — s1)/4)
Together, (5.89), (5.90) and (5.91) yield that

(5.92) Q(E1-3 n Bf_5 A B 0) < exp(—£10),

for L large enough, again via (5.3) and (5.2). Similarly, by (5.63), (C.2.1) and (5.27), for L large enough
we have that

(5.93) Q(E1—5 N Bf_q 0 Efy) < exp(—010).
In view of (5.73), putting together (5.74), (5.87), (5.88), (5.92) and (5.93) yields that
(5.94) S < Q(Ei_1 N ES_g) + 5exp(—(17).

By (5.72), which has been already established, we know that 5 exp(—éém) < Q(E1-9)/(20T) for L
large enough by (5.2). Hence, in order to conclude the proof, it is enough to show that Q(E1_7nE§_g) <
Q(FE1-9)/(20T), or equivalently that

(5.95) Q(Es—g | E1_7) > 1 — (201)7".
Indeed,

FEi snFE
Q(Es—o|E1-7) = Q(Es | E1-7)Q(Ey | E18) = Q(Es | E1-7)Q(E1-9 !El—sﬁEm)W
Q(EYy) >
Q(E1-9)

= (1 — exp(—é‘;)) (1 — exp(—€;05)> (1 — exp(—ffoo) exp(ﬁ?)) ,
by virtue of (5.84), (5.86), (5.85) and (5.72) in the last line. For large enough L (recalling (5.3) and (5.2)),
this readily yields (5.95) and concludes the proof of (5.73).

> Q(Es | E1-7)Q(E1—9 | E1—8 N E1g) <1 —

Part V: Proof of (5.52).

Recall the event Fiegare from (5.52). The proof of (5.52) is relatively straightforward at this point,
we just need to keep careful track of those events in the above construction that can force us out of the
event Eiegare; this is key to get the rapid decay in (5.52). First note that Fyeygral S E2 pis U Ea pis U Fg pis
by (5.40), so that by (5.12), (5.17), (5.27) and (5.47) (and using that |YTJ—F| < T along with (5.2)), Erestart
holds on Ejpeyrra for large enough L (tacitly assumed in the sequel), hence Ef, . can only happen on
Egood U Epag. As we now explain, looking at the decomposition of Eggoq and Epaq at (5.36) and (5.44),
and inspecting closely the construction n* (and Y'*), especially in Part I of the proof, starting with the

paragraph of (5.65) until (5.69), one notices that £, can in fact only happen:
(1) on all but the last event (i.e. all but F1_7 n ES_g) defining Ej,q at (5.44), or
(ii) on E1_7 n EY, (see (5.65)), or
(iii) on E1_7 n E§ N Eqg if the coupling (C.2.2) applied at (5.67) fails, i.e. if the event

def. _
(5.96) B = {nf( = Dl msr+avrii—1—avr) = 07 (- + Do v+ T avrM—T—207) }

(cf. (3.4)) does not occur, or

(iv) on E1_g n E§ n Eq, or
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(v) on Ej_g if the coupling (C.2) (more precisely (3.2)) applied at (5.66) fails, i.e. if the event

def.

(5.97) B E {nf (- + Yy, + O = np(-+ Y, — 201}

withI = [-M + T + 6vT, M — T — 60T does not occur.

We now detail how the cases (i)-(v) arise. First note that, since Eregiart © (Ebad U Egood) as established
above, and since Fgo0q = E'1—g by definition (see (5.36)), after discarding item (i) from the above list it
only remains to investigate matters on the event F;_7, and the cases considered in items (ii)-(v) indeed
form a partition of this event, save for the additional specifications (“if the coupling...”) in items (iii) and
(v), which we now discuss. For item (iii), note indeed that if E'1_7 N Eg N F1g S Ejpaq holds (see (5.44))
then Y; = Y, — 2T by Lemma 5.1, and that since |Y,. | < T, if in addition E1; holds then so does
Erestare in view of (5.52). Similarly, regarding item (v), we have by (5.36) that F_19 & FEgooq 0 that if
E1_19 holds, Y;I = Yy + 220 by Lemma 5.1. Since [V — (Y, — £2°)] < T — s + 2% < T, if in
addition E7o occurs then gt Occurs as well.

Combining items (i)-(v) above and recalling (5.44) in the context of item (i), by a union bound we
have that

Q(Erestar) < Q(ET) + Q(E1 0 E5 0 E5 )
+Q(F1-2 n E5) + Q(E1-3 n Ef 5 N Ef i) + Q(E1-5 N E§_7 0 Eg i) + Q(EY)
+Q(E1—g N E§n E19) + Q(E1—7 n ESn Epn Ef)) + Q(E1—s n E19 n EY,).

By (5.74), (5.85), (5.86), (5.87), (5.88), (5.92) and (5.93), for large enough L we obtain that
(5.98)  Q(Efgan) < Texp(—£5") + Q(E1—7 n Ero 0 E§ 1 Efy) + Q(E1-s 1 E1g N EX).

As to the last two terms in (5.98), using the coupling defined in (5.67) and (C.2.2), we get

(5.99) Q(Ef||Ei1_7 n E§ n E19) < C3TMexp (— (Cy(1+ v 1)1 (T — 53)1/4)
< 03241706 -20(v + 1)L - exp ( — (C5(1 + V—l))—1€2£3.105) < exp ( . 6;05)7

where we used (5.2)-(5.3), the fact that M < 20(v + 1)L and took L large enough. Similarly, using the
coupling defined in (5.66) and (C.2) (more precisely (3.2)), we obtain that

(5.100)  Q(EYy|E1-s N E1g) < 5C3€1G/20M exp ( — (Cs(1 + V_l))_lezﬁgloo) < exp(—ég'm?’)_

Finally, putting (5.98), (5.99) and (5.100) together, and using (5.2) with L large enough, leads to
Q(ES ) < L™, This concludes the proof of (5.52) and thus of Lemma 5.2, taking Lo large enough
so that (5.58)-(5.100) (which represent a finite number of constraints) hold. ]

Remark 5.3. In the coupling Q constructed in Lemma 5.2, U is a priori not independent from (n™,n7);
for instance a synchronous evolution of n* (- + 2630) and 7~ after s3 could indicate that Eg, which
depends on U during [s1, s2], has happened.

5.3. Proof of Proposition 3.4. Let L > 1 be an integer satisfying L. > Ls(p, €, ), where Ly is given
by Lemma 5.2. Let k := |L/T'|, with T as defined in (5.2). We start with a brief overview of the proof.
To deduce (3.16), we will couple two walks 5( + ~ PPt and X~ ~ P’ on the time interval [0,iT],
1 < i < K, recursively in i. The processes X T will be specified in terms of associated environments
At ~ PPt i~ ~ P, and an iid. array U = (Uy)wer using Lemma 5.2 repeatedly, cf. (5.49)-(5.50).
We will denote @ the associated coupling measure defined below, which will also comprise associated
auxiliary walks Y+ that will be defined using the construction of Y'* in Section 5.1, iterated over i and
allow to keep control on the gap between X+ and X~ via a combination of (5.50)-(5.51). The very
possibility of iteration is guaranteed by the high-probability event Eiegtare in (5.52).
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We now proceed to make the above precise. For later reference we set M; = 20(v + 1)AL — (8v+3)1,
fori € {0,...,k — 1}. We further recall the filtration F; defined in (5.53) and write F; below when
adding hats to all processes involved. Finally, for all i € {0, ...,k — 1}, let

(5.101) et ﬂ { @i+ Vi) (- + Vi) s (Mj,L)—balanced}

(see items (i)-(iii) above Lemma 5A.2 for notation).
By successive extensions of @, we will construct a coupling such that the following hold for all
L > Ly (as supplied by Lemma 5.2) and i € {0, ..., k}:

((@—1) The processes (ﬁt Ty )ost<iTs ((7 )wel,ms(w)<iT—1 (absent when i = 0) and (At+)0<t<ZT are
defined under Q with the correct marginal laws. That is, 7jj ~ fip4e, g ~ Hp and (77 )o<t<it
has the same law as (the restriction to [0, ¢7']) of 77 under P . Moreover, (U JwelL, o (w)<iT—1
are i.i.d. uniform variables on [0, 1], and given 775, (XF)OgtgiT is ]?Z-T—measurable and has the
law of (the restriction to [0,iT"] of) X+ under P .

~

€ processes o<t<iT are J-yr-measurable an an ho A—a.s.
(@-2) Th VA Fi bleand X < Y7 and X35 = Y. hold Q

(@Q-3) Y;" =Yy =0,andif i > 1, with B; as in (5.101),

~

(5.102) IE@’[(?@-+ Tt ar) = Bz = V)| Fooor] 1oy > exp(—(log 1)!/2).

(Q-4) Q(BS) = 0andifi > 1, Q(BE|B;_1) < L~100.

For 1 0 we simply couple under Q two configurations 7), 7]0 ~ ppte and 7y ~ Hp such that
a.s. 1y (z ( ) = 1, (x) for all € Z, which we can do with probability one by (P.3). We set X0 =X; =
YJr Y_ = 0 Thus (Q 1) and (@ 2) are satisfied, and (Q 3) is trivial. Finally Q(BO) = 0 since 770
are in particular (M, L)-balanced, whence (Q 4) holds

Assume by induction that for some i € {0, .. — 1}, we have constructed a coupling Q with the
above properties. We now proceed to extend (@ SO as to have (Q 1)- (Q 4) with (i + ) in place of 1.
We first specify matters on the event B;. Condmonally on ]-'ZT, if B occurs, we let 7, and 7); evolve

independently for i7" < ¢ < (1+1)T according to Pt and Pir respectively, and independently of this,

we choose U, as uniform random variables on [0,1] in an i.i.d. manner, for w such that /T’ < ma(w) <
(i 4+ 1)T — 1. On B¢, wefurtherletYfT“H =Y} —tand Vi, = Y7+t forall 0 < ¢ < T and

(X} )iT<t<(i+1)T €volve asin (2.5) and (2.6) with ( ,U) instead of (n, U). With these choices it is clear

1)T<}2;_T<X;[’_T<X€;+1)T

@ -a.s., using the induction hypothesis and the fact that increments of X * are bounded from below by

—1. The inequality X )T S Y(z‘_+1)T is derived similarly.

We now turn to the case that B; occurs, which brings into play Lemma 5.2. Conditionally on ]?iT
and on the event B;, we couple (x,t) — 7, (x + YT) and (z,t) = 7,0, (z + Y 1) for z € Z and

that the inequalities in (Q—Z) hold on BY, since for instance }A/(Zr

€ [0,iT7], as well as (ﬁw+(0,i:r) cw e L, my(w) < T — 1) following the coupling of (n*,n~,U)

provided by Lemma 5.2, with the choice M = M;. The requirement of (A, L)-balancedness of the
initial condition needed for Lemma 5.2 to apply is precisely provided by B;, cf. (5.101).

Combining (5.49), the Markov property (P.1) applied at time ¢7’, and in view of the choices made

on BY, it readily follows that the processes (777 Jot<(i+1)T+ (U )welL,ms (w)<(i+1)T—1 thereby defined

have the marginal laws prescribed in (Q 1). Moreover, by above application of Lemma 5.2, the processes
X*andY* satisfying all of (5.50)-(5.52) are declared. Thus, setting

~

(5.103) Xz =YFr+YS, forall0<t<T,

S+ + +
i+t = Xip + X, Vi

T+t
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it readily follows, combining (5.103) and the induction assumption on the law of @t 0<t<iT> (5(\' * Yost<iT>
combined with the Markov property (P.1) and that of the quenched law, that (X +) o<t<(i+1)T declared

by (5.103) has the desired marginal law, thus completing the verification of (Q 1) with (1 + 1) in place

of 7. Next, we show (@ 3) and (Q 4), before returning to (Q 2). Since Y( )T YZJTr Y+ by (5.103),

the inequality (5.102) with (7 + 1) in place of 7 is an immediate consequence of (5.51). Hence (Q—S)
holds. Finally, by construction of the coupling extension on the event B;, which uses Lemma 5.2, and
in view of (5.103) arld (5.101), the failure of B; .1 on the event B; amounts to the failure of Fjegpar in
(5.52), from which (Q-4) follows with (¢ + 1) in place of 1.

It remains to show that (@ 2) holds with (7 + 1) in place of i. To this effect, we introduce two
auxiliary processes (Zt Jo<t<(i+1)T> defined as

H-

if0 <t
%+X if0 <t

iT,

(5.104) 7t = v
' ¢ ? T.

<
<

Combining the induction assumptlon (Q 2), the definition of Y and Z;” in (5.103) and (5. 104) (the

latter implying in particular that Z, 7t Y;C) one readily deduces from property (5.50) the Q almost
sure inequalities

~

— v — 7+
Zirnr S Yo <Z

(5.105) s

p and }/(—itrl)T
To deduce from this the analogous inequalities with X in place of Z, we apply Lemma 2.2, with
(X, X)=(Z*,X*),n=1=mn" (whence (2.11) plainly holds), mW') =25 =Y m(w) = X,
mo(w) = me(w') and K = Z x [iT, (i + 1)T] to deduce that Z( DT < Xg+1)T holds Q-a.s. Note that
the condition 71 (w’) < 71(w) necessary for Lemma 2.2 to apply is in force by induction hypothesis in
(Q-2). Together with (5.105), this yields one of the desired inequalities in ((Q-2) with ¢ 4+ 1 in place of 4.
The other one is obtained in a similar way using Lemma 2.2. This completes the proof of the induction
ste

pWe now use the coupling Q which satisfies (Q 1)- (Q 4)yforall 0 < ¢ < k(and L > L»), to
complete the proof of (3.16). To this end, we first extend the laws of X;r to all t > KT using the
Markov property, by samphng Xt WT+- 1ndependently conditionally on FkT In particular, recalling that
k = |L/T|, this implies that Xt i 1s declared under Q. We thus proceed to derive a suitable lower bound
on EQ [)A( FoX *] which is well-defined, and from which (3.16) will follow.

Using that ’Xn+1 XF| < 1foranyn > 0, we obtain (with k = |L/T']) that

~

(5.106) EQ[X; — X;]+27 > EQX} — X;]+2(L — kT) > B[R} — X..]

> BV - Yig)> Z EQ[(}ATTr - ?(1_1)T) ~ (Yir - Y(z_ 1)T)]
1<i<k
((%3) le —(log L)Y/20 9T Z B ) > %e_aogL)l/zo B 2L©(32_1)7

1<i<k

for large enough L, where, in the second inequality of the second line, we have used that )AfOJ—r = 0,
see (@—3), and in the last line, we have first used that the difference of increments is deterministically
bounded from below by —27" (see (5.103) and Lemma 5.1), and for the last inequality that the events B}
are increasing in ¢, cf. (5.101). We also used in various places that L — T' < kT < L

It remains to suitably estimate the probability @<B£—1) appearing in the last line of (5.106), for

which we use (@—4) and a straightforward induction argument to bound

~ ~ ~ (@-4) ~
Q(Bj_1) < Q(Bf_1|Br-2) + Q(Bf_y) < L'+ Q(Bfy) << (k—1)L7'0 < L™,
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using also in the penultimate step that @(Bg) = (. Feeding this into (5.106) yields that
(5.107) EQ[R; — R;]> Lo (DY 9195 o7 > 3Cy(log L)',

as soon as L is large enough (recall 7" from (5.2)). Dividing by L and applying (3.12) whilst observing
that X * has the same law under Q as X1 under PP+&L and X has the same law under @ as X7, under
PrL (5 107) implies that

(5.108) vr(p+0) —vr(p) = 3C5 L (log L),

which concludes the proof of Proposition 3.4. O

Remark 5.4. As mentioned at (1.17), we prove in fact a much stronger statement than Proposition 3.4,
owing to (5.107), namely that

(5.109) vr(p + 6) —vr(p) = L°W

where the o(1) denotes a negative quantity that goes to 0 as L — oo. This is however insufficient to
imply directly Theorem 3.1, and the renormalisation in Section 4 is still essential to improve (5.109) to a
right-hand side bounded away from 0 as L — 0.

Remark 5.5 (Necessity for couplings with quenched initial condition). We explain here the main reason
why we need quenched conditions for our couplings. In short, this is due to the lack of an invariant
measure (or reasonable proxy thereof) from the point of view of the walk.

More precisely, abbreviating ¢ = s — s1, the only a-priori lower bound we have for the probability
that X” and X**¢ drift away linearly from each other during [s1, s2] (corresponding to Q(Fj) at (5.82))
is exp(—C') for some large constant C' by uniform ellipticity — we are in fact precisely trying to derive
a better bound in this section.

But this gap is necessary to create a difference between X”7¢ — X” on a time interval of length
T. Hence, to accrue a significant gain in expectation between X**¢ — X”, we need to repeat this at
least exp(C't) times. Thus, during that time, X” and X?*¢ could straddle an interval of width at least
exp(C't). The main issue is that we have no a priori information on their local environment (which would
not be the case if we had access to an invariant measure and could estimate the speed of convergence
to it). Hence if the coupling (C.2.2), that we use between s; and ss on a interval much narrower than
exp(C't), was only valid under the annealed product Bernoulli initial condition (which is a priori not
what the walk sees), we could resort to the annealed-to-quenched trick (via Markov’s inequality) and
a union bound over exp(C't) intervals to control the probability that the coupling fails. However, the
failure probability at (C.2.2) is exp(—C't'/*) » exp(—Ct), hence we cannot obtain any non-trivial
bound this way. Note that this does not depend on the choice of ¢. Furthermore due to the diffusivity of
the environment particles and large deviation considerations, it seems unlikely that one could improve
the bound of (C.2.2) beyond exp(—Ct!/2).

This is why we resort to some quenched control, cf. items (i)-(iii) above Lemma 5.2, and also (5.101).
The empirical density was the most accessible and relevant statistic (in particular if the environment is
conservative, as is the case of SEP). For similar reasons, we had to establish (C.1) in a quenched setting,
to ensure that whatever the distribution of the environment around the walker at time 7" for some 7 > 1
(as long as it is balanced), there is still a uniformly low probability not to have the required empirical
density at time s; (see (5.80)) to perform the coupling of (C.2.2). Of course the necessity for quenched
couplings encapsulated in (C.1) and in particular (C.2), means that we have (more) work to do in order
to verify this in specific instances, as we do for SEP in the next section.

6 Exclusion process and couplings

We start by giving in §6.1 a formal definition of the main environment 7 of interest in this article, the
symmetric simple exclusion process (SEP), and first check that it fits the setup of §2.2, in particular, that
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the basic properties (P.1)—(P.4) listed in §2.2 hold. The main result of this section, proved in §6.2, is to
show that the SEP satisfies the conditions (C.1)-(C.3) stated in §3.1; see Proposition 6.3 below. This
implies that our main result, Theorem 3.1, applies in this case; cf. also Theorem 1.2 and its proof in §3.2.
We refer to Appendix B for another environment 7 of interest which fits this framework.

6.1. Definition of SEP and basic properties. We fix a parameter v > 0, which will be constant
throughout this section and often implicit in our notation. The (rate ) symmetric simple exclusion
process (SEP) is the Markov process on the state space {0, 1}7 (tacitly viewed as a subset of ¥, cf. §2.2)
with (pre-)generator

(6.1) Lf(ﬁ) = Z IL{77(J)‘)=1,77(y)=0}g (f(%cy) - f(ﬁ)) )

z,y€l:|z—y|=1

for n € {0,1}% and f in the domain of L, where Ny 1s the configuration obtained from 7 by exchanging
the states of = and y, i.e. such that 17,y () = 1(y), N2y (y) = n(x) and 1,y (2) = n(z) forall z € Z\{z, y};
see [51, Chap. VIII]. We denote Pg%P its canonical law with initial configuration 79 and drop the subscript
SEP whenever there is no risk of confusion. In words, (6.1) entails that the vertices x such that n(z) = 1,
which can be seen as the locations of particles evolve like continuous-time symmetric simple random
walks on Z with rate v that obey the exclusion rule; that is, particles are only allowed to jump onto
empty locations.

It will often be useful to consider the interchange process on Z, with generator L defined as in 6.1)
but omitting the exclusion constraint {n(z) = 1,7(y) = 0}, which interchanges the state of neighbors
x and y independently at rate v/2. We will use the following specific construction of this process. Let
E = {{z,x + 1} : x € Z} denote the set of edges on Z and P be a probability governing independent
Poisson counting processes P, of intensity /2 on R attached to every edge e € E. For any given
no € {0, 1}%, one defines (1;)=0 under P by exchanging the states of n at x and y every time the ‘clock
rings’ for P., where e = {x,y}. This is well-defined up to a set of measure zero. Then for every

(6.2) (n¢)t=0 has the same law under P and PgOEP.

This follows upon observing that the states of neighboring sites suffering the exclusion constraint can
also be exchanged. For our purpose, these two processes are equivalent, but note that they differ when
one distinguishes the particles of the system (for instance studying the motion of a tagged particle).

A useful feature of this alternative description is the following. A particle trajectory of the inter-
change process is obtained by following the trajectory of a state x € 7Z such that ng(z) = 1 (a particle)
under P. We won’t define this formally but roughly speaking, if e and e’ are the two edges incident on
x, one waits until the minimum of the first arrival times of these two processes (which is an exponential
variable with parameter v) and jumps across the corresponding edge. Then one repeats this procedure.
In particular, it immediately follows that

(6.3) for each x such that 79(z) = 1, the particle trajectory of = under P follows the
' law of a continuous time simple random walk with jump rate v.

Recalling the properties (P.1)—(P.4) from §2.2, we first record the following fact.

Lemma 6.1. With

(6.4) 1o = (1= p)do + p81) %%, pe T (0,1),

the measures (P : 1o € {0, 1}2) with P = P, and (u, : p € J) satisfy all of (P.1)~(P.4).

Proof. Property (P.1) is classical, see [S1, Chap. I, Thm. 3.9, p.27] along with Example 3.1(d), p.21
of the same reference. So is (P.2), i.e. the stationarity of the measure p1, in (6.4), see [51, Chap. VIII,
Thm. 1.12, p.369]. The required coupling (for two given initial configurations 7, < 7o) needed to verify
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the quenched monotonicity asserted in (P.3), i) is simply obtained by realizing the process = (1;)1>0
under the auxiliary measure P and P™ using the same Poisson processes (P.). In particular this
measure yields a coupling over all possible initial distributions, including 79 and 7, and this coupling is
seen to preserve the partial order 7, < 7 for all ¢ > 0. The monotonicity in (P.3),ii) is classical. Lastly,
upon observing that 1[0, /—1] is a binomial random variable with parameters ¢ and p under P ,, property
(P.4) is obtained by combining (A.3) and (A.4), which are well-known large deviation estimates. L]

In anticipation of §6.2, we now collect a simple lemma to bound the linear deviations of an SEP
particle, which we will routinely use in our couplings below.

Lemma 6.2. Let 7 = (Z;);>0 denote a simple random walk on Z with jump rate v, starting from 0 at
time 0, with law denoted by P. Forallt > 0 and k,a € N:

(6.5) P( max |Z,| > 2kwt + a)

< P(Z makes more than 2kvt + a jumps during [0,t]) < e~ (Zkvi+a)/s,

Proof. The first inequality is immediate since Z only performs nearest-neighbor jumps. As for the

second one, remark that the number N of jumps performed by Z during [0, ] is a Poisson random

variable with parameter v¢t. Hence by (A.1) applied with A = vt and © = (2k — 1)vt + a = (2kvt +
a)/2 > 0, we obtain that

((2k — Vvt +a)?
2(2kvt + a)

(6.6) P(N = 2kvt + a) < exp (— > < exp (—(2kvt + a)/8),

and the conclusion follows. O

6.2. Conditions (C.1)-(C.3) for SEP. We now proceed to verify that the conditions introduced in §3.1
all hold for the exclusion process introduced in §6.1, as summarized in the next proposition. Its proof
occupies the bulk of this section. These properties (above all, (C.1) and (C.2)) are of independent interest.

Proposition 6.3. For (P™ : 19 € {0,1}%+) with P = P&, J = (0,1) (cf. (6.4)), and with v as
appearing in (6.1), all of (C.1), (C.2), (C.2.1), (C.2.2) and (C.3) hold.

Proof. This follows directly by combining Lemmas 6.4, 6.5, 6.7, 6.9 and 6.10 below. U

We now proceed to investigate each of the relevant conditions separately. Throughout the remainder
of this section, we work implicitly under the assumptions of Proposition 6.3. In particular, in stating
that some property P ‘holds for SEP, we mean precisely that P is verified for the choice (P : ng €
{0,1}7+) with P = P&, for all p € J = (0,1), and with v the rate parameter underlying the
construction of SEP.

Lemma 6.4. The condition (C.1) holds for SEP, with no restriction on the choice of {' > 1

We give a brief overview of the proof. A key idea is to exploit the fact that SEP particles, although not
independent, are in fact ‘more regularly’ spread out than a bunch of independent random walks (starting
from the same initial positions), which is due to the inherent negative association of the SEP. This fact
is implicit in the bound (6.8) below, which is borrowed from [43] (itself inspired from [70]), the proof
of which uses in a crucial way an inequality due to Liggett, see [51, Chap. VIII, Prop. 1.7, p. 366],
encapsulating this property. With this observation, it is enough to argue that after time ¢ » ¢? (where £ is
the precision mesh of the empirical density of the initial configuration, as in (C.1)), random walks have
diffused enough to forget their initial positions and average their density, which follows from classical
heat kernel estimates.
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Proof. We focus on proving the upper inequality (i.e. when each 1y (I) < (p + £)¢), and comment where
necessary on the minor adjustments needed to derive the other inequality in the course of the proof. Let
p,e € (0,1), H,¢,t > 1 and 7o be such that the conditions of (C.1) hold. We will in fact show (C.1) for
an arbitrary value of ¢/ > 1 although the restriction to ¢’ < £ is sufficient for later purposes (note that the
statement is empty if ¢/ > 2(H — 2uvt)). Thus, let # > 1 and Z denote the set of intervals of length ¢’
included in [-H + 2vt, H — 2vt], and define

(6.7) M) =Y. PP(n(x) =1), Iel,

xel

the average number of occupied sites of [ after time ¢ > 0. Note that 7j9(I) = 79(/). By Lemma 2.3
of [43] (see also Lemma 5.4 of [70]) one knows that for all ¢ > 0 and suitable ¢z € (0, 0),

(6.8) P™ (n(I) = (1) + el') < exp(—coe?l)
(in fact the bound (6.8) holds for any initial configuration 7)5). Thus, if

(6.9) max (1) < (p + 2¢),

IeT
under our assumptions on 7y and ¢, then (6.8), a union bound over Z, and the upper bound on the
maximum in (6.9) yield that

(6.10) P ( max n(I) > (p+3e)l') <2H exp(—cae?l).

A companion inequality to (6.8) can be deduced in a similar way using the lower bound on the minimum

in (6.9) and exploiting symmetry, i.e. rewriting {n;(I) < (p—3e)¢'} = {&(I) > ((1—p) + 3¢)¢'} where

& = 1 — n, while observing that (&;)¢>o has law P%, cf. (6.1). The conclusion (C.1) then follows.
Therefore, we are left with showing (6.9). In view of (6.7), it is enough to prove that for every

x € [—H + 2vt, H — 2vt], and under our assumptions on 1)y and ¢,

(6.11) P(n(x) =1) < p+ 2e.

Let (Zs)s>0 denote a continuous-time symmetric simple random walk on Z with jump rate v, defined
under an auxiliary probability P, and let ps(z,y) = P(Zs = y|Zo = z), for x,y € Z and s > 0 denote
its transition probabilities, which are symmetric in = and y. Writing {n;(z) = 1} as the disjoint (due to
the exclusion constraint) union over y € Z of the event that 79(y) = 1 and the particle starting at y is
located at x at time ¢, it follows using (6.3) that for all x € Z,

(6.12) P (ny(z) = 1) = > pi(y, 2)mo(y) = D, pel,y),

YEZ yeSsS

where S := {y € Z : no(y) = 1} and we used reversibility in the last step. Using the rewrite (6.12), we
first show the upper bound in (6.11). Let us define ¢; = Cg+/vt log(vt), where the constant C > 0 will
be chosen below. Recalling that z € [— H +2vt, H—2vt], we cover the sites of [t—c;, x+¢;] € [-H, H]
using intervals Iy, . .., I, all contained in this interval and each containing ¢ sites, with ¢ = [(2¢;+1)/¢].
We may assume that all but the last interval I, are disjoint. For later reference, we note that |1, n S| <
(o +¢e)lforall 1 <r < g by assumption on 79. By (6.12), we have that

(6.13) PP(p(z)=1)< Y pley)+ Y, D) pilxy)

yeZ\[x—ct,x+ct] r=1yeSnli,

We will look at the two terms on the right-hand side separately. Using (A.1)), one knows that with N
denoting the number of jumps of a continuous time random walk with jump rate v until time ¢ > 0, one

45



has P(A) > 1 — Ce ™" with A := {2vt/3 < N < 4vt/3}. Combining this with the deviation estimate
(A.3) yields that

|4vt/3]

(6.14) > ey =BA)+2 Y BV =k) Y, P(Bin(k,3) = L)
YEZ\[z—ct,m+ct] k=[2vt/3] y'=cy
p |4vt/3] 2
< —vt _ .
Ce +2 ) P(N=k)exp < 16%)
k=[2vt/3]

C2log(vt) 1 e
< —ut/C g HOB\VL) <—<:
Ce + 2exp ( 16 ) S

where we choose Cg > /11, use that vt > C1, thus choosing C large enough, and use the conditions
from (C.1) for the last inequality.

Next, we want to deal with the points in the interval [z — ¢, = + ¢;]. Recall that a continuous-time
simple random walk with rate v at time ¢ has the same law as a rate 1 continuous-time simple random
walk at time vt. Hence, by [50, Theorem 2.5.6], for all x,y, z such that y,z € [z — ¢;,x + ¢] and
|z — y| < ¥, using that ¢; < vt/2 for C large enough, with C' changing from line to line,

pi(z,y) |z — 2 — |z — y|? < 1 Ix—yl3+|x—2|3)>
6.15) —ZL <e +C +
619 DEf <o ot ()2
0y/log (vt 52
(c og(u)+ L+ log7 (v )>\exp(C><1+
Vot Vut vCi
where we used that 4vt > C1£2c~2log?(vt) and £ > 1, from (C.1), and chose C} large enough. Using

[50, Theorem 2.5.6] again, we also have that, as soon as (] is large enough, using the conditions from
(C.D),

€
< exp g;

—_

(6.16) pile,2) < =< =

14

~

Now, recalling that the intervals [, are disjoint for 1 < r < ¢ — 1 and that they all have cardinality ¢,
using (6.15) and (6.16), we have that

6.17) >, >, pilzy) < 2 Z + ), pil,y)
r=1yeSn

r=1yeSnli, yeSnly
q—1 q—1

<<1+§>Z 2 min p(z, 2) + Z 3 S <1—|—3>(p—|—€)z’Ir‘géiI?Pt(x,Z)—i-ggIZ’

#lr yeSnl,

r=1yeSnli,
L€ €
(1 )p+52 2 pe(x,y) +3 s (—|—3>(,0+5)+

r=1yeSni,

C»D\Cf)

Putting together (6.13), (6.14) and (6.17), and using that p + € < 1, we obtain

€

6.18) P”O(nt(x)=1)<§+ (1+§) (p+e)+ 5 <p+2e.

This yields the upper bound in (6.11), and the upper inequality in (C.1) follows.

For the lower bound, which requires to change (6.11) to p — 2e < P (n(x) = 1), one uses
the estimate P70 (1, (z) = 1) > 23;} yesnr, Pt(z,y) instead of (6.13) and proceeds similarly as in
(6.17). O

Lemma 6.5. The condition (C.2.1) holds for SEP.
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Proof. Recall the construction in (6.2) of the SEP using P. Setting Q = 13, this yields a natural coupling
of n and n’ with marginal laws P"° and P, respectively, for any choice of initial distribution 79 and
n6- In words, the coupling Q identifies 7 and n’ as interchange processes and uses the same Poisson
processes (P.) on the edges of Z. Now if o[ > o[ m, 1] then under Q, we claim that

(6.19) {3z € [-H + 2kvt, H — 2kvt], s € [0,t], ns(z) < n}(z)} < U E(y),
yimg(y)=1,ly|>H

where E(y) is the event that the particle at y enters the interval [—H + 2kvt, H — 2kvt] before time
(s <)t. By (6.5) with a = |y| — H, we have

(6.20) Q(E(y)) < exp (=(2kvt +[y| — H)/8).

Applying a union bound to (6.19) and feeding (6.20) thus yields that the probability of the complement
of the event appearing on the left-hand side of (3.3) is bounded from above by

+a0 +0
2 Z Q(E(y)) <2 Z exp(—y'/8 — kuvt/4) < 20 exp(—kvt/4).
y=H y'=

O]

Remark 6.6 (Locality in (C.2.1)). For later reference, we record the following locality property of the
coupling Q constructed in the course of proving Lemma 6.5. Let Ey < FE denote the edges having
both endpoints in [—H, H]. Then the above argument continues to work for any specification of clock
processes P., P. for e ¢ Ep for n and 7/, respectively, so long as (Pe)cer and (P.).cr end up having
the correct law. This observation will be important when several couplings are ‘concatenated,” as in the
proof of Lemma 6.9 below (see also Figure 7).

Lemma 6.7. The condition (C.2.2) holds for SEP.

We first give a brief overview of the argument. Lemma 6.7 corresponds to a quenched version of [15,
Lemma 3.2] by Baldasso and Teixeira, in which 7y and 7, are sampled under P?*¢ and P” respectively.
We mostly follow their argument. Since fixing the initial environments induces some changes, and
because we will use a variation of this proof to show (C.2) for the SEP (Lemma 6.9), we detail below
the coupling of 7 and 1)/, seen as interchange processes. In doing so we also clarify an essential aspect of
this coupling; see in particular (6.23)-(6.24) below.

In a nutshell, the idea is to pair injectively each particle of 7’ with one of 7 at a relatively small
distance (of order ¢t'/4), during a relatively long time (of order ¢*/%), so that they perform independent
random walks until they meet (which has a large probability to happen since t3/* » (¢'/4)2), after which
they coalesce, i.e. follow the same evolution. To make such a matching possible, we ensure that with
large probability, 77 has more particles than 1’ on each interval of length roughly ¢!/4. Within the present
quenched framework, this property is now obtained by means of (C.1), which has already been proved;
see Lemma 6.4. Since the probability that at least one particle of 1’ does not get paired, i.e. does not
meet its match, is relatively high (polynomially small in ¢), we repeat this coupling; see also Figure 6.

Proof of Lemma 6.7. Let p € J, e € (0,1), and H,t > 1 and 7o, ), satisfy the conditions appearing
in (C.2.2). Recall that
¢ =|t"*] and let 7 = (3.

We abbreviate I = [—H + 2vs, H — 2vs] for s > 0 in the sequel.

Let Q = P @ P/, where P’ is a copy of P, with P, P’ governing the independent processes (P.),
(PL), respectively, cf. above (6.2). We will define a coupling of (1, 7") under Q (to be precise, a suitable
extension of Q carrying additional independent randomness), inductively in ¢ over the time interval
(47, (i + 1)7], for 0 < i < L. Suppose (7[0,i-], 7]{0 ZT]) have been declared under Q for some 0 < i < 4,
with the correct marginal laws for 7o ;) and 7/ [0,i7] (the case ¢ = 0 of this induction assumption holds
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Figure 6: Coupling performed in Lemma 6.7. The e are particles of 7, the o are particles of 1. The red links between pairs
of particles represent matchings. On the (bad) event B>, the particle with blue trajectory, in spite of having found a (nearby)
match at all stages 4, remains unpaired at time ¢.

trivially). We start by controlling the empirical densities of 77 and n’ at time 47, which are already defined
under Q. The original proof of [15] uses the stationarity of P” and P?*¢ and (P.4), while we resort
to (C.1) (cf. (6.29) below). Let

for all I with I < I;; of length |¢/2]| < |I]| < ¥4,
621) Gl’{de:f.{ iz of length |£/2] < |1 }

one has that i, (I) > (p + £/2)|] = . (I)

Observe that G  is automatically satisfied by assumption on 79 and 7;,.

We proceed to define (1ir+¢)o<i<r and (7, ,,)o<t<- under Q. If G ; does not occur, we sample
(71sr)o<t<r (and in fact for all £ > 0) in a manner as in (6.2) using the processes (P,) after time 7;, and
similarly for (14 )o<t<r using (P.) instead. Thus in this case 1’ evolves independently from 7 from
time 7; on.

If on the other hand (1 ; occurs, we proceed as follows. Let Pai; — [—H, H| denote the set

(6.22) Pai; = {z € I, : ns(z) = ny(z) = 1},

so that Pai;, is measurable relative to (7;, 772,'7)- We refer to Pai as the set of paired particles (at time s).
LetIl; = {x € I, : ns(x) = 1} and I, = {x € I, : n,(x) = 1}. Observe that Pais — II/. Our goal is to
reduce the size of their difference as s = i7 for< = 1,2, ... and eventually achieve equality when ¢ = ¢.

To this effect, we first define a matching, i.e. an injective map 1; : H;T — 1II,,, still measurable
relative to (7;r, 7727), as follows. The map 1); acts as identity map on Pai;,, a subset of both H;T and
I, cf. (6.22). For each z € I, \Pai;;, 1;(z) is a point in II;;\Pai;, at distance at most ¢ from z. As
we now briefly explain, owing to the occurrence of (1 ;, this can be achieved in such a way that ¢; is
injective. To see this, first note that one can write I;; as disjoint union of intervals of length |/| ranging
in [¢/2] < |I| < 4, as follows. One covers I;; with contiguous intervals of length ¢ starting at one
boundary, leaving a remaining interval I, at the other boundary of length less than ¢. If I, has length at
least [¢/2], one simply adds it, else unless I, is empty one cuts the penultimate interval into two halves
of length at least |¢/2| each and merges I, with the last of them. By construction any of the disjoint
intervals I thereby obtained has length |¢/2| < |I| < ¢ as required, and thus on the event G ;, see
(6.21), one knows that 7;-(I) = n._(I). Since the I’s are disjoint and their union is ;, it follows that
we can pair injectively each particle of II}_\Pai;; with a particle of II;-\Pai;; within the same interval.
We now fix any such matching 1; and call any two particles (x,¢;(x)) € I, x II;» matched. We note
that |z — v;(x)| < ¢ by construction.
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The evolution for (7;r+s)o<s<r and (ngT i s)o<s<r under Q (and on G ;) is now prescribed as fol-
lows. Both (7ir4.5)o<s<r and (7}, ;)Jo<s<r Will be realized as interchange processes as in (6.2), thus it
is sufficient to specify the relevant (Poisson) clock processes attached to each edge of Z. Let E'yy denote
the set of edges of Z having both endpoints in [—H, H]. For e ¢ Ey, (1ir+s)o<s<r and (1}, Jo<s<r
simply use the clocks of P, o 6;; and P, o 6;,, respectively, where 65 denotes the canonical time-shift of
the process by s. It remains to specify the clock processes for e € Ep. Let 77 = P, + P.. All clock
processes attached to edges e € Ey will be defined via suitable thinning of 73

First, one orders chronologically all arrivals for the processes 73 00, = (77 (s+1i7))ss0ase € Ex
varies (there are countably many such times and they are a.s. different so this is well-defined on a set
of full measure). Let oy = 0 and o1, 09 etc. denote the chronologically ordered times thereby obtained.
By suitable extension, Q is assumed to carry a family {X,, : n > 0} of i.i.d. Bernoulli variables with
QX,=1)=1-Q(X,=0) = % We regard X, as the label attached to o,,. Let R, be the thinned

process obtained from 735 by only retaining arrivals with label X,, = 1. Then,
(6.23) 7.+ir uses the clock process R. for each e € Fy (and P, for each e ¢ Eyy).

By elementary properties of Poisson processes and applying (6.2), it follows that (7s+ir)o<s<r has the
correct conditional law given 7);,; indeed by construction to each edge e of Z one has associated inde-
pendent Poisson processes having the correct intensity.

The definition of (7} )o<s< is analogous to (6.23), and the clock process R, for e € Ep un-
derlying the definition of (77§7+ s)o<s<r is specified as follows. For a particle = € H;T (resp. 1L;;), let
7;..(x) (resp. v;;.(w)) denote its evolution under n;,, . (resp. 7;-+.). Proceeding chronologically starting
at n = 1, one chooses whether the clock o, is retained or not according to the following rule. With
e = {x,y} € Ey denoting the edge of o,,,

if for some z € Hm—’ ’Yl 1O 1( ) = ’Yi;an_l(q/)i(z)) € {xvy}’

(6.24) . . .
then o, is retained iff X,, = 1, otherwise iff X,, = 0;

here we think of right-continuous trajectories so fyl’-; Un_l(z) is the position of the particle z after the
(n — 1)-th jump; in fact one could replace each occurrence of 0,1 in (6.24) by an arbitrary time s with
Opn—1 < s < 0Oy, since there is no jump between those times. In words, at time o,,_1, one inspects if
at least one endpoint of e contains (the evolution to time s of) two matched particles, in which case the
clock oy, is retained if it has label 1 only. If no endpoint of e contains matched particles the clock is
retained if it has label 0. The process (7}, , ;)o<s<- then simply uses the clocks R/, on edges e € F'y that
are retained according to (6.24) and such that o,, < 7. We will now argue that

(6.25) given 77/, the process (1}, ;)o<s< has law P"ir under Q.

To see this, one simply notes using a straightforward induction argument that the conditional law
of &, = 1{the n-th arrival in (P)ecp,, is retained} given &1,...&,_1, 01,... 0 X1,...,Xp_1 and
(Mir+t, Mirts)0<s<on_, is that of a Bernoulli—% random variable. From this and the thinning property for
Poisson processes it readily follows that R’ has the right law.

Overall we have now defined a coupling of (n,7) until time /7 < t. In case /7 < t we simply use
the same process (Pe) to define the evolution of both 7 and 7’ in the remaining time interval (¢7,¢]. The
Markov property (P.1), (6.23) and (6.25) ensure that 1), 7y’ indeed have the desired marginals during [0, ¢].
In view of (6.22), this immediately yields that

(6.26) {nt’[—H+4ut,H—4ut] = 771/5‘[—H+4ut,H—4ut]}c < {(H;:\Pait) N [—H +4vt, H — dvt] # @}-

The key of the above construction is that the latter event forces one of three possible unlikely scenarios.
Namely, as we explain below, one has that

(6.27) {(II}\Pai¢) N [—H + 4vt, H — 4vt] # &} < By U By U B,
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where B; = [ J/Z] T

B, — U one particle of 7 (Z\I;) ends up
27 in[—H + 4vt, H — 4vt] attime ¢t |’
(6.28)
Bs = BS { Jz € IIj s.t. v;,(x) € I;; and } :

infyepo,,) Zs(z) > Oforall 0 <i </

here /() refers to the evolution of particle = under 1’ and with z; = v, (), one sets Z!(z) =
s (@i) — Yis(Yi(2i))|. In words Z' follows the evolution of the difference between z;, which is
not paired at time i7 since Z§(x) # 0, and its match v;(z;), which is well-defined on the event Bf. Thus
B3 refers to the event that some particle x € H6 is found in [;, at time ¢7 for all = and never meets its
match during the time interval (i7, (i + 1)7].

We now explain (6.27). To this effect we first observe that (6.23) and (6.24) ensure that two matched
particles at some stage ¢ follow the same evolution once they meet (and thus belong to Paig for all later
times s) as long as they stay in ;. Therefore, on the event B{ n BS, on which (due to occurrence of B5)
no unpaired 7’-particle at time ¢ can arise by drifting in from the side, meaning that such a particle cannot
be seen in 77,(Z\I;) at any time 0 < s < ¢, the set (II}\Pai;) n [—H + 4vt, H — 4vt] being non-empty
requires at least one particle from IIf, to never meet its match at any of the stages 1 < i < ¢ (matching
happens at all stages due to occurrence of BY). That is, B3 occurs, and (6.27) follows.

To finish the proof, we now bound the (bad) events appearing in (6.27) separately. In view of (6.21),
we apply (C.1) (which now holds on account of Lemma 6.4) to ’ (resp. ) at time i7, with (p+¢/8, £/8)
(resp. (p+7e/8,¢/8)) instead of (p, ), with (H, ¢, iT) instead of (H, ¢,t) and with ¢’ ranging from |¢/2|
to £, which fulfils the conditions of (C.1) if C} is large enough so that H > 4vt and

min  4vit > 4vr > C102e 2 (1 + |log®(vt)|) =  hax 16’1625*2(1 + log?(viT)|).
N —

1<i<d—1

Recalling that ¢ = [tl/ 4] and summing over the possible values of ¢/, this gives that
-1

(6.29) Q(B1) < ). Q(GS,;) <4t'?Hexp (—c®27 (£ — 1)) .
i=1

We deal with Q(B3) by applying (C.2.1), which is in force on account of Lemma 6.5. Noticing that the
event indexed by s entering the definition of By in (6.28) implies that at least one particle of 7, (Z\Iy)
ends up in [—H + 2vs + 2uvt, H — 2vs — 2vt] before time s + ¢, we get using (3.3) with k£ = 1,
no = ns = 0, and I playing the role of [— H, H| that

a particle of 7,(Z\I) ends up in
(6.30) Q(B2) < Z Q| [-H+2v(s+1t),H—-2v(s+1t)] | <20texp(—vt/4).
0<s<t before time s 4 ¢

Finally, owing to our coupling in (6.23), (6.24), conditionally on (7,,7’,), u < i7, the process Z¢(x) is
a one-dimensional continuous-time random walk with rate 2v started at a point in [0, £] (owing to the
separation of x; and its match v;(z;)) with absorption at 0. If (Z)s>0 is such a random walk and Py,
denotes the probability for this walk starting at k& € [0, £], we have by invariance by translation and the
reflection principle:
631) oz e, % = O = Felmin, = 0 = Folmin % = =0

< 2Pp( max |Z| < 4) < 2P(Z, € [-4,1]).

0<s<T

Using again [50, Theorem 2.5.6] and taking C large enough (so that in particular 2v7T = ¢ > 2|z| for
any x € [—/, (]), we have thus for some universal constant C' > 0 (changing from one expression to the
next):

ct

exp(C(v 17t + Brv21r72)) < < Cy~ V2B,

. i <
(6.32) Olgl?gz Pk(ogg Zs > 0) VarvT

§
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Figure 7: Couplings used in the proof of Lemma 6.9. If the couplings of Step 1 (operating with time horizon ¢1) are successful,
then the only unpaired particles of 1’ at time ¢; are in the two red dashed segments, and there are enough spare particles of 7 in
the blue segments to cover these particles of 7" before time ¢2 (Step 2, using coupling ‘Variation of (C.2.2)’).

Recalling that ¢ > »~® and taking a union bound over = € II,, the previous estimate applied with the
Markov property for (1, 7’) yields that, as long as Cy is large enough:

(6.33) Q(Bs) < 2H(Ct~ /16,

Putting together (6.26), (6.27), (6.29), (6.30) and (6.33), we obtain that

Q(Uﬂ [— H+4vt, H—dut] X Nl [7H+4ut,H74z/t])
> 1 - 8tY2H exp (—e2e?27 (€ — 1)) — 20t exp(—vt/4) — 2H(Ct~/16)¢,
which is larger than 1 — CstH exp(—Cy ! VLHé‘Qtl/ 4) as required by (3.4) provided C; and C3 are chosen
large enough. O

Remark 6.8 (Locality in (C.2.2)). Similarly as in Remark 6.6, which exhibits an analogous property
for the coupling inherent to (C.2.1), the coupling Q yielding property (C.2.2) constructed in the proof
of Lemma 6.7 can be performed for any specification of clock processes (Pe, P.)e¢r,, used to define
n,1’, so long as the marginal laws of (P.)ccr and (P.)cep, are that of independent Poisson processes
of intensity v/2. This can be seen by inspection of the proof: the only ‘non-trivial’ joint distribution
concerns (P, P.)ecE,» Which are obtained by suitable thinning from (736)66 Ey» See in particular the
discussion around (6.23) and (6.24).

Combining the couplings supplied by Lemmas 6.5 and 6.7 multiple times, which will be permitted
owing to Remarks 6.6 and 6.8, yields the following result.

Lemma 6.9. The condition (C.2) holds for SEP.

Proof. Letp,c € (0,1), Hy, Ha,t,¢ = 1and ng, i}, € {0, 1}Z be such that the assumptions of (C.2) hold.
In particular, note that these entail that Ho > H;. Define

(6.34) t =0 ty=t; + 0.
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We proceed in two steps and refer to Figure 7 for visual aid. In the first step, we apply simultaneously
the couplings of Lemma 6.5 on [—H1, H1] and of Lemma 6.7 on [—Hso, Hy|\[—H1, H1], in the time-
interval [0, ¢1] (in doing so we shall explain how this preserves the marginals of 7 and 7). As a result,
we get that 1, (z) > n;, («) for all x € [—Hy + 2vty, Hy — 2vt;], except possibly around two intervals
around —H; and H, of width O(vty).

In the second step, we couple the particles of 7’ on these intervals with "additional" particles
of 1y, \n;, on [—Ha, Hy] (using that the empirical density of 7’ is slightly larger than that of 7 on
[—Ha, H3] by (C.1)), in a manner similar to that used in the proof of Lemma 6.7. This ensures that
with large enough probability, all these particles of 1’ get covered by particles of 1 within time to — ¢,
without affecting the coupling of the previous step on account of the Markov property. Finally, during
the time interval [to,t] we use again the natural coupling of Lemma 6.5, and conclude by showing (3.1)
and (3.2). We now proceed to make this precise.

Step 1: we construct a coupling Q; of the evolutions of 1 and 7’ during the time-interval [0, 1]
such that if we define the (good) events

Gy = {Vx € [-Hy + 2vty, Hy — 2vty], Vs € [0, t1] : ns(z) = nl(z)},
Gy = {Vax € [-Hy + 2vty, —Hy — 2vt; — 1] U [Hy + 2vty + 1, Hy — 2vtq] =y, () = g, (2)},

then

(6.35) Qi(G1 " Ga) > 1 - 3Cst Hyexp (~Cy 2220

The coupling Q; is defined as follows. Let (P.)ccr be a family of i.i.d. Poisson processes on R, of
intensity /2. These processes are used to describe the exchange times for 1 (seen as an interchange
process as in (6.2)), during the time-interval [0,¢;]. We now define the exchange times (P.).cr to be
used for 7 during [0, ¢1] as follows. For an edge e having at least one endpoint outside [— Hy, Hs] or at
least one endpoint inside [—H1, H1], set P, = Pe. It remains to specify P, for e with both endpoints
in [—Ha, Ho| but outside [—Hy, Hi]. This set splits into two disjoint intervals F., which are both
dealt with separately and in exactly the same manner. Thus restricting our attention to £, one couples
(P.)ecr, and (Pe)eck, in exactly the same manner as in the proof of Lemma 6.7, with the interval I,
defined as the set of all endpoints of edges in E ., playing the role of [—H, H]. The fact that Lemma 6.7
applies even though the processes P. and P’ have been specified for certain edges e ¢ E is owed to
Remark 6.8. Define /_ similarly and perform the same coupling of (P.).cr_ and (Pe)ccr._ -

Since the sets of edges E_, F; and E\(E_ u E,) are disjoint, it readily follows that (P.).cp is
an i.i.d. family of Poisson processes on R of intensity v/2. This ensures that under Qq, n ~ P and
n ~ P,

Now, by our assumptions on p, e, H,¢,t1,19 and 7], the above construction of Q; together with
Remark 6.6 ensure that Lemma 6.5 applies on the interval [—Hy, H1| with ¢ = ¢; and & = 1 (recall
to this effect that the relevant coupling for which (C.2.1) is shown to hold is simply Q = P, see above
(6.19), and that this coupling is also local in the sense of Remark 6.6). This yields that

(6.36) Q1(G1) = 1 —20exp(—vt1/4).

Second, our assumptions (taking C; > () and the above construction of QQ also allow us to apply
Lemma 6.7 on E_ and on E instead of [—H, H]|, with the same values of p, e and ¢, and with ¢t = ¢;
(in particular, 8¢; = (v2£)* > 1). We obtain that

(6.37) Q1(Gs) = 1 — 203t Hy exp (—Cgly—ils%) .

Combining (6.36) and (6.37) yields (6.35), since 20 exp(—vt;/4) < Cst1Ho exp(—Cgl%HEQE) if Cy
is chosen large enough. This concludes Step 1.
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Step 2: We now extend QQ; to a coupling Q2 up to time ¢, using a slight variation of the coupling in the
proof of Lemma 6.7 in the time-interval [¢1, t3]. For definiteness of Q9, on the complement of G1 N Go,
use (P.)ccr for the exchange times of both 7 and 1’ during the time [¢1,¢]. Focusing now on the case
where G1 n G5 occurs, the aim of the step is to show that we can have

(6.38)  Qa(nf, - Hidvts, H—tvts] < Meo|[—Htdvts, H—avts] | G1 0 G2) = 1 — Hyexp (—ﬁgﬁ) :

Fix any realization of 7, , 7} , such that G n G2 holds. Define Paig (cf. (6.22)) as the set of vertices in

I def. [—Hs + 2vty, Hy — 2vt4] containing both a particle of 7, and of 7] ,» and think of these particles

as being paired. Let Uy (resp. Uy) be the set of unpaired particles of 7, (resp. 7;,) in Iy. By definition of
G and Gy, the particles of Uy must be in [-H; — 2vty, —H; + 2vty| U [Hy — 2vty, Hy + 2vt;] when
the event G1 N G occurs; cf. Figure 7. Hence, on G n G2 we have that

(6.39) |Up| < 8uty.

Denote Bf  the event that on every interval of length between % and ¢° included in Iy, 1;, has at least
/10 > 8vt; unmatched particles (recall that £ > 80v/e by assumption). On By g, use (Pe)eck as
exchange time process to define both 7 and 7" during [¢1, ] (cf. the discussion leading to (6.2)).

Henceforth, assume that Bf j 1 G1 n G2 occurs. Following the line of argument in the paragraph
after (6.22), one matches injectively each particle of U/, with a particle of Uy at distance at most ¢°. In the
present context this is possible owing to (6.39) and occurrence of B ;. Then one couples the evolutions
of 1 and 7/, first during [¢1, 1 + £'°] as done in the proof of Lemma 6.7 during the time interval [0, 7].
Then iteratively at times ¢; +i¢'° for 1 < i < ¢* — 1, one performs on I; = [—Hy + 2v(ty +il'%), Hy —
2u(ty + i0°)] the same coupling at times i[t>*| on the event By ; that for any interval I < I; of length
ranging between % and £°, one has Ny iers (1) = 771,51+i€15(1)‘ On By ;, use (Pe¢)ccr for the exchange
times of both 7 and 7’ during the time interval [t; + i¢1°,¢].

Overall, this yields a coupling of (7. ,¢,,7,4,) With the correct marginal law (as in the proof of
Lemma 6.7). Finally one extends this coupling during [t2,t] on the event G N G2 N ﬂf:ol Bf ; by
using the same exchange times for 7 and 7. It follows that n ~ P and ' ~ P under Q».

In much the same way as in (6.26), it follows from the above construction that the complement of
the event on the left-hand side of (6.38) implies that at least one particle of 7’ in the interval [—Hy +
2ute, Hy — 2vts] is unpaired at time ¢9, which in turn (cf. (6.27)-(6.28)) implies the occurrence of

-1
( UJ BLZ-) U By U Bs

i=0
where

19_
B Zul a particle of 7, ,(Z\[—Hy + 2u(t1 + s), Hy — 2v(t; + 5)])
27 ends up in 7, ([—Ha + 4vty, Hy — 4vty)])

{at time ¢, one particle from 77;1 ([—H2 + 2vty, Hy — 21/151])}

hasbeenin [; forall 0 <7 < ¢* and remains unpaired

We now mimic (6.29), (6.30) and (6.33) to handle Zf:ol Q2(B1,i), Q2(B2) and Q2 (B3) respectively. In
detail, for the first term, we apply (C.1) with (H,t) = (Ho,i¢'?) for 1 < i < £* —1, and ¢’ ranging from
% to £°, noting that

(6.40) Hy > 4vil™® > 400" > C10*%e72(1 + |log® (we')]) = C1(i0*°)Y2e72(1 + | log® (vil"))).

For the third inequality, remark that v¢ > C1e=2(1 + |log®(v¢*)|) (taking Cy > C}), hence it is enough
to show that £%/2(1+|log®(v¢*)|) = 14 |log3(v0'?)|. But 1+ |log®(1¢'?)| < 144|log®(v¢*)|+601og ¢

53



(since (a + b)® < 4a® + 4b> for a,b > 0). Taking Cs large enough so that /1% and thus / is large
enough (recall that £ > 80v/c > v), we have 1 + 4|log®(v¢*)| + 60log ¢ < 1 + 4|log3 ()| + £ <
0O72(1 + |log3(v£Y)]) as desired.

For the second term Q(Bz), we use (C.2.1), and for the third term Q(B3), we note that a continuous-
time random walk with rate 2v started in [0, ¢°] will hit O before time ¢'° with probability at least
1—C0 /()2 = 1 — Ce=2 (note that v = Cy > 1 if we take Co > 1). We obtain that

Qo (Vz € [—Hy + 4vte, Hy — 4vts], 1, (z) = 7722 (x))
-1

=1- Z Q2(B1,i) — Qa2(B2) — Q2(Bs)

i=0

>1— 400 Hyexp (—cpe®277(0° — 1)) — 200" exp(—v0'°/4) — 2Hy(CL72)"

>1— Hyexp (_#ng) ,

if Cs in (C.2) is chosen large enough. This yields (6.38).

Let Q def- Q2. It remains to establish (3.1) and (3.2). Owing to the way the coupling Q is defined
during the intervals [0, t1], [¢1, t2] and [t2,t], Q has the following property: in [—H, H1], any particle
of i’ that is covered at some time s < t by a particle of 7 will be covered by this particle until time ¢,
or until it leaves [—H, H;|. Moreover, by assumption every particle of n{([—H;, H1]) is covered by a
particle of ng. Therefore,

(6.41) (Vs € [0,t], Nl = my +avt, 1y —avt] = Tl (= +avt, 1y — 0]}
t
c | |{a particle of n_(Z\[—H1, H]) enters [—Hy + 4vt, H; — 4vt] before or at time ¢}.

s=1

By Lemma 6.2 applied with (¢, k, a) = (t—s,2,4vt+x) forevery s < tandx > 0if (£ (Hi+x)) = 1,
a union bound over all particles appearing in the event on the right-hand side of (6.41) leads to the bound
on the Q-probability of the left-hand side by 2t >}, exp(—(4vt + x)/8) < 20t exp(—vt/4), and (3.1)
follows.

As for (3.2), first note that by (6.35) and (6.38), and for C'5 large enough, we have that

|4

(642) Q(n£2‘[—H2+4Vt2,H2—4Vt2] < nt2’[—H2+4l/t2,H2—4Vt2]) = 1- 4C3t1H2 €xp (_Ci’)_lyiﬂgQg) .

Since we use, during [t2, t], the same natural coupling as in the proof of Lemma 6.5, letting B, denote
the event that a particle of 7, (Z\[—Hz + 4vty, Ho — 4vto]) ends up in [—Ha + 6vt, Hy — 6ut] <
[—Hsy + 4vte + 2vt, Hy — 4vty — 2vt] in time at most ¢, we obtain, provided Cs is large enough and

abbreviating { = C5 17—11526’ that

Q0| -+ 60t 601 < Ml[— Hy +601, Ho—601])
> 1 —4Cst1 Hye ™S — Q(By) = 1 — 4Cst Hoe ™S — 20 "4 > 1 — 5C5t1 Hae ¢,
This shows (3.2) (recalling that ¢; = s by (6.34)), and concludes the proof. L]
The final result which feeds into the proof of Proposition 6.3 is the following.
Lemma 6.10. The condition (C.3) holds for SEP.

Proof. Let ¢ = 1, p € (0,1) and 7, be such that the conditions of (C.3) hold. In particular, these
imply the existence of g € [0, ¢] such that ng(x¢) = 1 and nj(z9) = 0. Let Q = P as above (6.2), by
which (n,n’) are coupled as interchange processes using the same exchange times (P, ).cz. As observed
in (6.3), under Q the particle of 7 starting at xy moves like a simple random walk Z = (Z;);>0 with
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jump rate v, and we have 7}(Z;) = 0 for all £ > 0 by construction of P. Hence, Q(n(z) > 0, ny(x) =
0) = Q(Zy = x) and therefore, in order to deduce (3.5) it is enough to argue that

(6.43) QZ =)= (%), z=0,1

Indeed, let ZEL (resp. Zf) denote the number of jumps of Z to the left (resp. right) during the time
interval [0, £]. These two variables are independent and distributed as Poi(/¢/2), which entails that, for
z=0,1,and g > x,

QZy=1x)= Q(Z(ZL =x9 — x)@(Zf“ =0)> (b)%—w (e_ey)' > (5)330—38 ot

2 To— X 2

> <L>xo_z o~ (t—(zo—)v

2e” ’

using that (g — z)! < 23° " < €777 in the third step. Since 0 < z9 — z < £ and v < 2¢”, (6.43)
follows for all zg > = (and x = 0, 1), and it is easy to see that the bound remains true in the remaining
case, i.e. when zg = 0 = 1 — z (now forcing ZEL = 0and Zf = 1 instead, which by symmetry of Zlf“
and Z f yields the same bound as when zg = x + 1). Overall this yields (3.5). Finally, since the marginal
of the coupling Q for (1, 7n’) is that of Lemma 6.5, we get the first inequality of (3.6) from (C.2.1) with
t = ¢. The second inequality follows from our condition on & (using that p < 1). O

A Concentration estimates

We collect here a few classical facts on concentration of Poisson and binomial distributions, that are
repeatedly use to control the probability that the environment could have an abnormal empirical density.
The PCRW case corresponds to Poisson distributions, and the SSEP to binomial distributions).

Lemma A.1. Let A,z > 0, and X ~ Poisson(\). Then
72
(A.1) P(X > XA+ x) <exp <—2()\+$)> .
If x € [0, \], then
22
(A.2) P(X <A—z) <exp <_2()\+33)> :
Letm e N,p e (0,1) and X ~ Bin(m,p). Then for all g € (0,1 — p), we have
(A3) P(X = (p + q)m) < exp(—mg®/3)
and for all g € (0,p):
(A4) P(X < (p— q)m) < exp(—mg’/2).

Proof. We get (A.3) (resp. (A.4)) from Theorem 4.4 (resp. Theorem 4.5) of [54] with ¢ = mp and
0 = q/p = q in both cases. We now turn to (A.1). By a classical application (and optimization) of
Chernoff’s bound (see Theorem 5.4 of [54]), one shows that

ef)\(e)\))drx

P(X =\ < V5
( + 1) O\ + 2)Me

=exp(—A— A+ x)(log(A+z) —logA —1)).

Hence for (A.1), it remains to show that
2

A+ A+ 2)(log(A+ ) —logh —1) > 0T a)
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Setting u = 142/ and multiplying both sides by /A this amounts to show that the map f : [1,00) — R
defined by
(u—1)?

2
remains non-negative. Indeed, f(1) = Oand f'(u) = 14+ 2u(logu —1) +u—(u—1) = 2(1+u(logu —
1)). One checks that logu — 1 > —1/u for all u > 1 (with equality iff u = 1) so that f’ is nonnegative
on [1, ), and this concludes the proof of (A.1). One proves (A.2) via the same method. ]

f(u) = u+u?(logu —1) —

B The PCRW environment

In this Appendix, we consider another environment, the Poisson Cloud of Random Walks (PCRW) pre-
viously considered in [41, 40] among others; we refer to the introduction for a more complete list of
references. For this environment, the parameter p € (0, c0) governs the intensity of walks entering the
picture. We show below, see Lemma B.1 and Proposition B.2, that the PCRW also fits the setup of §2.2
and satisfies (C.1)-(C.3). Hence, this environment yields another example to which the conclusions of
our main result, Theorem 3.1, apply. The proof is virtually the same as that of Theorem 1.2 given in
§3.2, upon noting that the relevant law of large numbers (3.7) in this context was also shown in [40],
yielding the existence of the speed v(p) at all but at most two values p = p4 (as for SEP). The PCRW
is defined below using random walks evolving in discrete time, following the practice of [40] and other
previous works, but the following results could easily be adapted to random walks in continuous time
(with exponential holding times of mean one).

B.1. Definition of the PCRW. The PCRW is a stochastic process n = (n:(z); x € Z,t € Ry) with
state space ¥ = Z”+ defined as follows: for any given initial configuration 79 € X and every = € Z,
place 1 () particles at . Then, let all the particles follow independent discrete-time lazy simple random
walks, i.e. at each integer time, any given particle stays put with probability 1/2, or jumps to its left or
right neighbour with the same probability 1/4. For ¢t > 0 and x € Z, let n;(x) be the number of particles
located at z. We denote by Pplgy the canonical law of this environment with initial state 79, and
frequently abbreviate P = P[%.. below.

B.2. Properties of the PCRW. We proceed to show that the PCRW environment has the desired fea-
tures, i.e. that the properties (P.1)-(P.4) listed in §2.2 as well as the conditions (C.1)-(C.2) appearing in
§3.1 all hold. The parameter p indexing the stationary measures will naturally vary in (0, c0). We will
in practice always consider a bounded open interval J = (K !, K) for arbitrary K > 1 below. The
constants cy, ...,y appearing as part of the conditions we aim to verify will henceforth be allowed to
tacitly depend on K. Note that this is inconsequential for the purposes of deriving monotonicity of v(-)
on (0, 0) (cf. (3.8)) since this is a local property: to check monotonicity at p one simply picks K large
enough such that p e (K1, K) = J.

For the remainder of this appendix, let K’ > 1 be arbitrary and .J def. (K1, K). We start by verifying
properties (P.1)-(P.4).

Lemma B.1. With
(B.1) 11, = Poi(p)®”,  pe (0, +m),
the measures (P : ng € {0, 1}2) with P = Py and (u, = p € J) satisfy all of (P.1)-(P.4).

Proof. Fix p > 0. Property (P.1) is classical, and follows readily from the time-homogeneity, translation
invariance and axial symmetry of the lazy simple random walk. Property (P.2) is also standard: if g ~
L, by suitably thinning the Poisson process one can realize 7 by decomposing 1 (z) = I(z) + c(z) +
r(x) for all x € Z, where [(z) (resp. ¢(z), r(x)) is the number of particles starting from x that make their
first move to the left (resp. stay put, and make their first move to the right), with (z), () ~ Poi(p/4),
c(xz) ~ Poi(p/2) and the family of variables (I(x), c(x), r(x)).ez is independent. From this one infers
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that 1 ~ p,, as mi(x) = l(z + 1) + ¢(z) + r(z — 1) ~ Poi(p) for all z € Z, and the variables 7 (x) are
independent as x varies.

As for property (P.3), it holds with the following natural coupling (which straightforwardly yields
the correct marginal laws for 7 and 7'): if ny(z) < no(x) for all z € Z, then one matches injectively
each particle of 7], to a particle of 7y located at the same position. The coupling imposes that matched
particles follow the same trajectory, and the remaining particles of 7y (if any) follow independent lazy
simple random walks, independently of the matched particles. Finally, Property (P.4) is a consequence of
the fact that under P, for every finite interval I and every time ¢t > 0, 1,(I) ~ Poi(p|I|), and combining
with the tail estimates (A.1)-(A.2). ]

We now establish the conditions (C.1)-(C.3).

Proposition B.2. For (P™ : 19 € {0,1}2+) with P = Plpw. p € J and with v = 1, all
of (C.1),(C.2), (C.2.1),(C2.2)and (C.3) hold.

The proof of Proposition B.2 is given in §B.3 below. We start with a coupling result (which for
instance readily implies (C.1) as shall be seen), similar in spirit to Lemma B.3 of [41], stating that the
evolution of the PCRW with a sufficiently regular deterministic initial condition can be approximated by
a product of independent Poisson variables. This is of independent interest (and lurks in the background
of various more elaborate coupling constructions employed in §B.3).

Proposition B.3. There exist positive and finite constants C7, cs and c4 such that the following holds.
Let p € (0,K), ¢ € (0,(K —p) A pnal)and H {,t € N be such that Cz/?> < t < H/2 and
(p + &)t MNogt)2l < cse. There exists a coupling Q of (P75, my, nP+e) with 1P+ ~ pyte (and
ne sampled under P ) such that, if ny € X is such that for any interval I < [0, H] with |I| = ¢,

(B.2) (p—5)<mo(l) (resp.mo(I) < (p+ 5)0),
then with G = {n"~*|[s m—¢) < Mel[e,a—n)} (resp- G = (el zr—g) < Pl eH—1)}),
(B.3) Q(G) = 1— Hexp (—ca(p+e) 'e®Vt).

Moreover, the coupling Q is local in the sense that (=<, n;, n*e )\[t, 1) depends on the initial condi-
tion ng through no(z), = € [0, H], alone.

We now prepare the ground for the proof of Proposition B.3. Let us abbreviate I; = [t, H — t]. We
use the framework of soft local times from Appendix A of [41] (the latter following Section 4 of [64]),
which we extend to fit our needs. We define a coupling QQ as follows. Let A (defined under Q) be a
Poisson point process on Z ® R with intensity 1 ® A where 1 stands for the counting measure and A is
the Lebesgue measure on R. For each z € I, set

(B.4) 1P E A ({2} x (0,p £ €]).

For z € Z\I;, let independently 1°%(z) ~ Poi(p + ¢). This indeed yields the correct marginal distribu-
tions 1+ in view of (B.1).

As for 7, given any initial configuration 79 € X let (x;);>1 denote an arbitrary ordering of the
positions of the (finitely many) particles of 7y([0, H]) (counted with multiplicity, hence the sequence
(x;)i=1 is not necessarily injective). Define for i > 1 and z € [—t, H + t] gi(z) = q(x;, z) with
(Gn)nen denoting the discrete-time heat kernel for the lazy simple random walk. Let &; := sup{t > 0 :
U.ez A({z} x (0,tg1(2)]) = 0} and for i > 2, define recursively

B5) &S sup{t=0: U,z A({z) x (0,6101(2) + ... + Em1gi-1(2) + tgs(2)]) =i — 1},

see Figure 5 of [41]. Note that since each g; has a finite support (included in [y; — t,y; + t]), the
&;’s are well-defined. In fact by Propositions A.1-A.2 of [41], the variables are i.i.d. Exp(1). For all
z € [—t, H + t], we define the soft local time

(B6) Gﬁo (Z) dif. 2 éiQt(JUia Z)a

1>1
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with &; as in (B.5). With these definitions, it follows, denoting

(B.7) h(z) S A({z} % (0, Gy (2))),

that the family (h(z)).ez is distributed as 7);, defined as the restriction of 7; under P restricted to the
particles of 1([0, H]). To see this, note that Q is such that, if u is the Z-coordinate of the particle of A
seen when determining &; at (B.5), then the particle z; of 79 moves to u by time ¢. Remark indeed that
by (B.5) and the spatial Markov property for Poisson point processes, the choice of u is proportional to
9i() = qi(x;,-) and independent of what happened in the first i — 1 steps. In particular, (h(2)).ey, is
distributed as 7|7,, since all the particles of 7|, perform at most one step per unit of time, and must
have been in [0, H] at time 0. Finally, independently of all this, let all particles of 79(Z\[0, H]) follow
independent lazy random walks.

Overall Q indeed defines a coupling of (n°~¢,n;,n?*¢) with the required marginal law, and the
desired locality (see below (B.3)) follows immediately from the previous construction. Moreover, (B.4)
and (B.7) imply that under Q, for all ¢t € N and 79 € 3,

{npishz < nt’It} < {VZ € It tp—ES Gm(z)},

(B.8)
{77t|1t < 77”+5|It} c{Vzel;: Gy(z) < p+e}.

It is now clear from (B.8) that the desired high-probability domination in (B.3) hinges on a suitable
control of the soft local time G, defined by (B.6). To this effect we first isolate the following first
moment estimate.

Lemma B.4. Under the assumptions of Proposition B.3, there exists Cg such that for all z € I,
B.9) (p—5)(1 - Coty/251) <EYGyy (2)], <p B Gy (2)] < (p+ 5)(1+ st 1)) -

Proof. Let ¢; = +/tlogt and fix z € [-H + t,H — t]. Cover [z — |¢t|,z + |ct]] by a family
(Ii)1<i<[(2[cd+1)/€] of intervals of length ¢, all disjoint except possibly /1 and I». We focus on the
upper bound on E2[G,,, (2)] in (B.9) (the lower bound is derived in a similar fashion). By assumption in
(B.2), we have that 79(I;) < (p + 5)¢ for all 4, hence, recalling that &; in (B.5) has unit mean,

B.6 [(2lee]+1)/¢]
B.10) E9G, ()] = Na(win) < D (ot )lIImaquz ) +2 > alz).
=1 =1

r=z+ct—1
We start by dealing with the last term above. By Azuma’s inequality, we have that

—1)? logt [logt Clp+ %
(B.11) Z qt(z,z) < exp <_(Ct2t)><e}<p<_ 028; + Otg >< (p\/g 2)’

r=z+cr—1

for some constant C' > 0, depending on K. Let us now handle the first term in the right-hand side of
(B.10). We start by noting that

[(2lee]+1)/4]
(B.12) 2221 (p+ 5)I i max g (z, )
[(2lee]+1)/€] [(2ee]+1)/€]
<(p+3) Z dMalzy) +(p+3) Z > max(q;(z, ) — ¢i(2,y))
yel; i=1 yel; reli
By [50, Proposition 2.4.4], we have that
(B.13) maxqt(z y) < Ct™ 172,
yeZ
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Recalling that at most I; and /s may overlap, the above implies that

[(2]ee|+1) /€]

(
(B.14) Z Dlazy) <1+ th(z,y)<1+C’7.
yel; yely ¢

It remains to deal with the last term in (B.12). By standard heat kernel estimates (see for instance [50,
Proposition 2.5.3] and [50, Corollary 2.5.4]) and a computation similar to (6.15), combined with a large
deviation estimate on the number V; of non-zero steps performed by the lazy random walk up to time ¢
(using Azuma’s inequality for instance), for all z,y € [z — ¢, 2z + ¢;] with |z — y| < £ and first assuming
that both |z — z| and |y — z| are even, leaving C' be a universal constant changing from line to line, we
have that

[t/4+ct] ect
qt(z,x) < Z P(N; = 2n)qan(2,y) x exp <Ct> +P(INy — £ > 2¢)
(B.15) n=|t/i—ct|

/1
< q(z,y) x < + C? Of; > + 2exp(—2logt),

where we have to choose C'7 (and hence t) large enough in the assumptions of Proposition B.3 The case
where both |z — z| and |y — z| are odd is treated similarly, considering 2n + 1 instead of 2n. If |z — z|
is even and |y — z| is odd, note that for all n such that |t/4 — ¢;| < n < [t/4 + ],

on + 1 1
P(N, = 2n) = tn_—;n-IP(Nt=2n+1)<< +Cﬁ)-P(Nt=2n+1),

where a corresponding lower bound holds in order to treat the case where |x — z| is odd and |y — z| is
even. Hence the result in (B.15) holds regardless of the parity of |x — z| and |y — z|. Using (B.15), we
obtain that

[(2lee]+1)/4] [(2lee]+1)/4]
(B.16) Z Z max (gt(z,2) — qu(z,y)) < Z Z CZM qt z,y) +

i=1  yel; i=1  yel;

logt logt
< CE«/T + Z a(z,y) <CY -

yely

where we used (B.13) and the fact that 1 < 2 < t/C+, chose C; (and hence t) large enough, and let the
value of C' change from one line to the next. Substituting (B.14) and (B.16) into (B.12) and feeding the
resulting estimate together with (B.11), into (B.10) yields that

o< o510y §) o0 ) BE)

and the conclusion follows. O

We are now ready to give the short proof of Proposition B.3, which combines the above ingredients.

Proof of Proposition B.3. We use the coupling Q defined atop Lemma B.4 and show that G, concen-

trates in order to exploit (B.8). To this end, first note that for all § < % ming q;(z, z)_l,

1
(B.17) EQ[eCn] = [ ————.
[ g 1 —0q(xi, 2)

Observe that only a finite number of factors may differ from 1 (which requires ¢ (x;, 2) > 0, hence
|z; — 2| < t). By (B.8), the probability Q(G¢) with G = {n¢|s g—q < 7°*|[t,—¢} is thus bounded
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from above by

(B.18) Q[3zel;: Gyy(z) > p+e] < HsupQ[Gy,(2) > p + €]

ZGIt

< Hsupexp{ — 9(p +e— Dzt qt(a:i,z)) + Dis1 02qt(xi,z)2} < Hexp{ — %7%‘7)2},

using (B.17), the exponential Markov inequality and the inequality log(1 — x) > —z — 22 for |z| <
% in the second step and optimizing over ¢ in the third, and abbreviating > ¢ = ;- ¢:(wi, 2).

Using (B.13) and then (B.9), we have

C

C
(B.19) ;qm,zf < \ﬁ;qt(%az) = G ()]
C [log t C C
< \/%(K+1+08(p+5)€ t> < %((Kﬁ-l)-l—CgCgé‘) < ﬁ,

where we used the assumptions of Proposition B.3, chose c3 small enough (depending on Cf), and let
the value of C' change in the last inequality (depending on K > 1). Moreover,

logt _ ¢ €
—~ A — = - — > -
Cg(p + 8)6 . 5 Cgese 1

provided that cs is small enough (depending on C's). Substituting the two displays above into (B.18)
provides the asserted upper bound on Q(G¢) in (B.3). For the other choice of G in (B.3), we bound,
using that log(1 + z) > z — 2%/2 forall z > 0,

(B.20) K+1zp+e— ) qni,2) >

=1

N ™

(B21) Q[3zel;: Gy(z) < p—e] < HsupQ[Gy,(2) < p—¢]

ZGIt

_ 2
< Hsupexp{ — 0(5 — P+ Dis1 @(i, z)) + %Zizl 02q; (z;, z)} < Hexp{ — %},
4
optimizing again over 6 in the last step. We conclude in the same way as for the upper bound. O]
p gag p y pp

B.3. Proof of Proposition B.2. The proof of Proposition B.2 follows immediately by combining Lem-
mas B.5-B.9 below, each of which focuses on one specific property among (C.1), (C.2), (C.2.1), (C.2.2)
and (C.3), which are proved in this order. Recall that J = (K !, K) for some K > 1 and that constants
may implicitly depend on K.

Lemma B.S. Condition (C.1) (with v = 1) holds for PCRW.

Proof. Let p,e, H,{,1 and 19 be such that the conditions of (C.1) hold. It is straightforward to check
that these imply the conditions for applying Proposition B.3 with (2H, 2¢) instead of (H, ¢), provided
that C is large enough w.r.t. C7, c3 and K. Hence, we can now use Proposition B.3 with (2H, 2¢) to
show (C.1).

Let 1 < ¢ < £. By (B.3) (with an appropriate coupling Q under which  ~ P and nf*¢ ~ 1.,
and translating [0, 2H | to [—H, H] by means of (P.1)), we have that

forall I’ ¢ [—H + 2t, H — 2t] 1.9
0 ) — — -
(B22) P ( of length £+ +(my(I') — pl') < 3e0’ =1 2exp( calp+e) e \/7€> D+
where
def. there exists an interval I’ of length ¢’ included in
P = Poke \ [ZH + 2t, H — 2] so that: [nPe(I') — (p + e)0'| > 2¢¢/

By (P.4) (which holds on account of Lemma B.1) and a union bound over all intervals I’ < [—H +
2t, H — 2t] of length ¢/, we have that p; < 2H exp(—cie¢"). Combining this and (B.22), noting that
ca(p + €)Wt = col = col! if we choose cz small enough w.r.t. K and cy, yields (C.1). O
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Lemma B.6. For every H,t > 0, and all o, 1 € X such that 1ol [o, i1 > Moo, m), there exists a coupling
Q of n, 0’ with respective marginals P™ and P such that

(B.23) Q(Vs € [0,1], Nslie,m—1) = M [t,Hft]) =1

Therefore, condition (C.2.1) holds for PCRW with v = 1.

Proof. Clearly, (B.23) implies (C.2.1), up to changing H to 2H and translating [0,2H ] to [—H, H]
(using (P.1), as established in Lemma B.1). We now show (B.23).

Let H,t > 0 and 79,7, € X be as above. Couple 1 and 1’ by matching injectively each particle of
no(z) to a particle of ng(z), for all z € [0, H], and by imposing that matched particles follow the same
trajectory (and by letting all other particles follow independent lazy random walks).

Since particles can make at most one move (to a neighbouring position) per unit of time due to the
discrete-time nature of the walks, no particle of 7, outside of [0, H] can land in [t, H — t] before or at
time ¢. Thus the event in (B.23) holds with probability 1. 0

LemmaB.7. Letpe (K1 K),e€ (0,(K—p)Apnal),and H,{,t € N be such that C70* <t < H/2
and (p + 3¢)(t Hog )2 < c3e/A. Let 1o, n) €  be such that for every interval I < [0, H] of length
¢, we have no(I) = (p+ 3e/4)C and nj(I) < (p +/4)L. Then there exists a coupling Q of n and 0/ such
that

(B.24) Q(m;

Consequently, (C.2.2) with v = 1 holds for PCRW. Moreover; Q is local in that (n;,n;)|[¢,;—¢) depends
on the initial conditions (no, 1) through no(z),ny(z), x € [0, H], alone.

(-] < Nelper—g) =1 —4H exp (—cap + e)~'e?Vi/4).

Proof. We first show how (B.24) implies (C.2.2). Let p,e, H, ¢, t,n and 7}, satisfy the assumptions
of (C.2.2) (in particular, { = [tl/ 4]). Then they also satisfy the assumptions of Lemma B.7 (with
2H instead of H), upon taking Cj large enough in (C.2.2). By (B.24) applied to [—H, H] instead
of [0,2H] (again using translation invariance, see (P.1), established in Lemma B.1), (3.4) holds with
C3 = max(4,c; 'K /2) since p + ¢ < K.

We now proceed to the proof of (B.24). Let p,e, H,/,t,nm9 and 7, satisfy the assumptions of
Lemma B.7. Then we can apply Proposition B.3 to 79 with (p + £,¢/2) instead of (p,¢), and the
same values of H, ¢, t. Similarly, we can apply it to 7, with (p — &,¢/2) instead of (p,e). This entails
the existence of two couplings Q' of (n;,7°*/%) and Q? of (n?*/2,1;), where n°*/2 ~ 11, », such
that, abbreviating I = [t, H — t],

B25) Q' (nilr, <L) A QX (PP, <miln) = 1— Hexp (— % (p+e/2)7'e2VE).

Applying [32, Lemma 2.4] with (X,Y) = (1;,7°*%/?) and (Y’, Z) = (n°**/2, 1), one can ‘chain’ Q!
and Q2, i.e. one obtains a coupling Q of (1:|7,,7°+</?|1,,m}|1,) such that the pair (n|7,,7°7/?|1,) has
the same (marginal) law as under Q! and (°+%/2|,,7,|7,) has the same law as under Q?; explicitly, a
possible choice is

Q(melr, = pasmils, = ne. 0" 11, = pe)
= Q' (melr, = pa [P T2\1, = pe) - Q¥ (i1, = ps [ P21, = pe) - Q (P2, = pe),

with p 4, pB, pio ranging over point measures on I;. On account of [32, Remark 2.5,2)] applied with the
choices e1 = 1 — QY(nj|r, < n?*/2|1,) and g3 = 1 — Q(n***/?|;, < 1¢|1,), Q has the property that
Qnil1, < melr,) = 1 —e1 — 2. In view of (B.25), (B.24) follows. The asserted locality of Q is inherited
from Q', i = 1, 2, due to Proposition B.3 (used to define Q). ]

Lemma B.8. Condition (C.2) with v = 1 holds for PCRW.
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Proof. Let p € (K™Y K),e € (0,1), Hy,Ho,t,¢ € N, and 19,7, € % be such that the conditions
of (C.2) hold. We proceed by a two-step coupling similar to the one in Lemma 6.9 and first give a short
overview of both steps; cf. also Fig. 7. In the first step, we couple 7 and 1’ during the time interval [0, ¢1],
with t; := ¢, using the coupling of Lemma B.7 on [~ Hy, Hs|\[—H1, H1] and the coupling given in
Lemma B.6, making sure that these couplings can be simultaneously performed on disjoint intervals. As
aresult, we get that 1, (x) > 7}, (z) forall 2 € [—Hy +t1, Hy —t1], except possibly within two intervals
around — Hy and Hq, of width O(t7).

In the second step, during the time interval [¢1,t], we couple the particles of 7' on these intervals
with "additional" particles of 7;,\n;, on [—Hz, Ho] (using that the empirical density of 7’ is slightly
larger than that of 1 on [—Hy, Hy] by (C.1)), using Lemma B.7. This ensures that with large enough
probability, all these particles of 1’ get covered by particles of n within time ¢ — ¢1, without affecting the
coupling of the previous step by the Markov property.

Step 1: choosing C5 large enough (in a manner depending on K, C7 and c3), as we now briefly
explain, the conditions of Lemma B.7 hold for ng, 7, with (H,¢,t) = (Hy — H; — 1,¢,t;) up to
translating [0, H| in either of the intervals [—Hy, —H; — 1] or [H; + 1, Hs]. Indeed, the choice t; = s
and the assumptions in (C.2) yield that

(p+32/2)(t7 og t1) /20 < (K 4 2)07Y% < (K 4 2)e/+/Ca < e3e/4,

where we choose (5 large enough depending on c3 and K.

During the time interval [0, ¢ ], we apply Lemma B.7, which we now know is in force, simultaneously
on [—Hy,—H; — 1] and [H; + 1, Hy]. This is possible owing to the locality property stated as part
of Lemma B.7 (see below (B.24)), since the couplings involved rely independently on the particles of
no([—Hz, —H; — 1]) and n{,([—H2, —H; — 1]), and those of no([H; + 1, H2]) and n,([Hy + 1, H2])
respectively. Moreover, by suitable extension of this coupling we can also couple, during the interval
[0, ¢1], the particles of ng([—H1, H1]) and n{([—H1, H1]) in the following way: match injectively each
particle of nj(z) to a particle of ng(x), for all z € [—H;, H;], and impose that matched particles follow
the same trajectory (note that this is precisely the coupling underlying the statement of Lemma B.6).

From the construction in the previous paragraph, the four groups of particles 7o(Z\[—H2, H2]),
no([—Hz, —Hi — 1]), no([—H1, H1]) and no([H1 + 1, H2]) evolve independently under Q, and within
each group the particles themselves follow independent lazy simple random walks. Hence under Q,
during [0, ], we have indeed 17 ~ P, and by a similar argument that 7’ ~ P"o.

Now consider the events & = {Va € [—Hy + t1, H1 — t1], Vs € [0,t1], ns(x) = nl(x)} and
E={Vre[-Hy+t1,—Hy —1—t1] U[Hy +1+t1,Hy — t1], ns,(x) = n;, ()} declared under Q.
By Lemmas B.6 and B.7, respectively, we have that

(B.26) Q(&1) = Land Q(&) = 1 — 8(Hy — Hy)exp (— ca(p + ) 1e?(?/4).
Then, define (still under Q) two further events
& = {for all intervals I  [—Hy + 2t1, Hy — 2t1] of length ¢% : 7; (I) < (p + 2¢/5)¢%}
&y = {for all intervals I < [—Hy + 2t1, Hy — 2t1] of length ¢% : n, (I) > (p + 3¢/5)¢%}.
We apply condition (C.1), which holds by Lemma B.5 ton/ with (p, e, £, ¢, H,t) = (p+¢/5,¢/20,¢,0?,2Hs, 1),
and to n with (p,e,¢,¢', H,t) = (p + 3¢/4,£/20,¢,¢?,2Ho,t;). A straightforward computation proves

that the necessary conditions are implied by the assumptions in (C.2). This yields

(B.27) Q(E3 N &4) = 1 — 16 Hy exp(—cae20? /400).

Step 2: since &£ holds with full Q-measure, we can, as in Lemma B.6, pair injectively each particle of
i, ([=Hy + t1, H1 — t1]) to one of 7;, on the same site, and impose by suitable extension of Q that
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paired particles follow the same trajectory during [¢1, t], all pairs being together independent. We obtain
in this way that

(B.28) Q(Ys € [0,t], Dslj—my e, 11 —0) = Ml [—pry 0,01 —7) = 1.

To complete the construction of Q it remains to describe the trajectory of the particles of 7, (Z\[—H1 +
t1, Hy — t1]) and n¢, (Z\[—H;1 + t1, H1 — t1]), and those of n, ([—H1 + t1, H; — t1]) that were not
paired. On (& N & N E3 N E4)°, let all these particles follow independent lazy simple random walks
during [¢1,t], independently from the particles paired at (B.28). On (€1 N &2 N E3 N &) S (&1 n &),
note that n;(x) = n,(z) for all z € [—Hy + t1, Ho — t1]\I1, where

I = [—H1 —t,—Hy+t — 1] ) [H1 —t1+1,H +t1].

We pair injectively each particle of 7 ([—H2 + t1, Hy — t1]\I1) to one of 7, on the same site, and
impose by suitable extension of Q that paired particles follow the same trajectory during [y, ], all pairs
being together independent.

For convenience, we introduce

Tty () = 0ty (@) = 04 () D e Hy sty Ho—ta ]\ 11}

(B.29) "
777/51 (.’L‘) = 7721 (x)]l{:ceh}»

which denote the number of particles of 7);, and 7, at position € Z whose trajectory has not yet been
described. It thus remains to cover the particles of 7' by those of 7] by time ¢. Let us first explain the
reasoning to establish this covering. Note that the two intervals making up I; escape to our couplings
during [0, t1], so that we can only guarantee that the empirical density of 7, is lower than p + 2¢/5, see
&s. Fortunately, &5 and &4 ensure that the empirical density of 7j;, is atleaste/5 on [—Ho+t1, Ho—t1]\ 11,
which is much wider than I;. We thus apply Lemma B.7 with a mesh much larger than |I;| = 4¢; in
order to ’dilute’ the particles of 7;,. By making this coupling independent of the other particles of 7,7’
previously paired, we will ensure that both 17 and 7" have the correct PCRW marginals.

We now formalise this coupling. By choosing C'y large enough, one can check, via a straightforward
computation, that the assumptions in (C.2) imply the necessary conditions to apply Lemma B.7 for 7
and 1/ of on [—Hy + 2t1, Ho — 2t1] with (H,¢,t, p,e) = (2Ho — 4t1,£5,t — t1,¢/40,¢/50). Hence by
Lemma B.7, we can extend Q such that

the trajectories of the particles of 7;, . and

(B.30) » . .
7, +. are independent of those paired at (B.28),

and such that (using that € < 1), on the event & N &y N E3 N &y,

~/

(B.31) Q(ﬁt|[—H2+2t,H2—2t] Z nt‘[_HQ_i_Qt’HQ_Qt] | (1, 77;)56[0,151])
>1—8Hsyexp (—0452\/t — t1/104) )

Let us check that Step 2 yields the marginals n ~ P™ and n ~ P during [¢1, t] (we have already seen
in Step 1 that n ~ P™ and  ~ P during [0,¢1] so that the Markov property (P.1) will ensure that
n ~ P™ and  ~ P during [0,¢]). Remark that the events &;, 1 < i < 4 are measurable w.r.t. the
evolution of 17 and 7’ until time ¢1. On (&1 N & N E3 N E4)°, by (B.28) and the paragraph below (B.29),
it is clear that all particles of 7, follow independent lazy simple random walks, and that the same is true
for n; - On & n & n & n &y, (B.30) and Lemma B.7 ensure that this is also the case. Therefore, we
have indeed that n ~ P and  ~ P,

Finally, we explain how to derive (C.2) from our construction. Note that (3.1) immediately follows
from (B.28) (with full Q-probability). As for (3.2), we have

def.
(B.32) Q= QUitl[—r+6t,12—6t] > N[ Ha+6t, Ha—6¢])

= Q7| (= myt2t, Ho—26] = Tl [— Hot2t, Ho—21])
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by (B.28) and (B.29). Thus, by combining (B.26), (B.27), (B.31) and (B.32), we get

Q=1-Q(& U & U ES) — 8Hy exp (—eae®y/t — 1/10000)
>1—32H,exp (—c2e?0/64) > 1 — 5C30* Hayexp ( — £2£/(2C3)),

choosing (s and C5 large enough (w.r.t. K, co and ¢4). This yields (3.2) and concludes the proof, since
(3.1) is implied by Lemma B.6. O

Lemma B.9. Condition (C.3) (with v = 1) holds for PCRW, the constraint on k with the pre-factor 48
now replaced by 24(K + 1).

Remark B.10. The modification of the pre-factor appearing in the constraint on k is inconsequential for
our arguments (and consistent with SEP where one can afford to choose KX = 1 since J = (0, 1)).
Indeed (C.3) is only used at (5.58), where this modified condition on k clearly holds for L large enough
(K being fixed).

Proof. We adapt the proof of Lemma 6.10. Let H,{,k > 1, p € (0,K),e € (0, K — p) and ng,
be such that the conditions of (C.3) hold. We can thus pair injectively each particle of n|([—H, H]) to
one particle of no([—H, H]) located at the same position. Moreover, y assumption there is at least one
particle of 70([0, £]) that is not paired. For s > 0, denote Z, the position of this particle at time s.

Let Q be a coupling of 1 and n’ during [0, ¢] such that paired particles perform the same lazy simple
random walk (independently from all other pairs), and all other particles of 7 and ;, follow independent
lazy simple random walks (which yields the marginals n ~ P and n/ ~ P"0). As in Lemma B.6, we
get that

(B.33) Q(Ys € [0,€], nsl(—rrre,m—a) = Ml [—Hre—g) = 1

and (3.6) follows.
It remains to show (3.5). Assume for convenience that £ is even (the case £ odd being treated in
essentially the same way). Similarly as in the proof of Lemma 6.10, we get that

(B.34) Qne(z) > 0, my(x) = 0) = Q(Z¢ = z, ny(z) = 0),

for z = 0, 1. Note that by our construction, the two events {Z;, = x} and {n,(z) = 0} are independent.
Clearly, we have that for both x = 0, 1,

(B.35) Q(Zy = z) = 47"

Note that there is no parity issue in (B.35) because Z performs a lazy random walk. Moreover, since
n6([—3€+ 1,3¢]) < 6(p + 1)¢ by assumption and since no particle outside [—3¢ + 1, 3¢] can reach 0 by
time £, it follows that at time ¢ — 1, there are at most 6(p + 1)¢ particles of 7 in [—1, 1], and each of
them has probability at least 1/2 not to be at « € {0, 1} at time ¢. Hence

(B.36) Q(ny(x) = 0) = 270+,

Putting together (B.34), (B.35) and (B.36), we get that the probability on the left of (B.34) is bonded
from below by (2¢)~6(°+1¢ whence (3.5). O
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