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Abstract

We consider the Gaussian free field ¢ on Z<, for d > 3, and give sharp bounds
on the probability that the radius of a finite cluster in the excursion set {p > h}
exceeds a large value N, for any height h # h,, where h, refers to the corresponding
percolation critical parameter. In dimension d = 3, we prove that this probability is
sub-exponential in N and decays as exp{—F(h — h*)QIOJgV ~ } as N — oo to principal
exponential order. When d > 4, we prove that these tails decay exponentially
in N. Our results extend to other quantities of interest, such as truncated two-point

functions and the two-arms probability for annuli crossings at scale N.
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1 Introduction

This article investigates the percolative properties of excursion sets {¢ > h} of the Gaussian free
field ¢ on Z? in dimensions d > 3, for varying height parameter A € R. This model, the rigorous
study of which was initiated in [2], and more recently re-instigated in [19], serves as a benchmark
example of a (non-planar) percolation model with strong, algebraically decaying correlations.
One of its appealing features is the rich interplay with potential theory for the underlying random
walk, which is beneficial to its study. A central role is thus played by electrostatic notions such
as capacity, see e.g. [1], [5], and more recently [20], [16], [15], [3], [21], [4], which will also feature
prominently in the present work.

Our main focus concerns the radii of finite clusters in the excursion sets {¢ > h}, which we
set out to introduce. Under a suitable probability PP, the field ¢ is the centered Gaussian field
with covariance E[p,p,] = g(z,y), for z,y € Z¢, where g(-,-) denotes the Green function of the
simple random walk on Z?, see . The critical parameter for percolation of the associated
excursion sets {¢ > h} = {x € Z%: @, > h} is defined as

(1.1) he = ho(d) = inf{h € R : im P[0 &2 aBy] = 0},

where, with hopefully obvious notation, the event in refers to a (nearest-neighbor) path in
{¢ > h} connecting 0 and OBy, where By = Bx(0), By (z) == {y € Z% : |y — 2|00 < N} for all
r€Z% N >1, and OK refers to the inner (vertex) boundary of a set K C Z%. It is known that
0 < hy < oo for all d > 3, see [2], [19], [9], and that the infinite cluster, when existing, is almost
surely unique. Auxiliary parameters h and h., satisfying h < hy < hy, were frequently used in
the past, respectively characterizing a phase of ‘well-behavedness’ for the infinite cluster and a
strongly subcritical regime, in which connectivities decay rapidly. Recently it was proved in [11]
that

(1.2) h = hy = Ry

As a consequence, one knows the following: there exists ¢; = ¢1(d,h) > 0 and ¢ = ¢(h,d) > 0
such that, for all N > 1

(1.3) Pl0 <28 0By] < eV if b > ha(d) (= hus(d)),
(1.4) P [LocUniq(N, k)] < e N if h < h.(d) (= h(d)),

where the ‘local uniqueness’ event in (1.4)) is defined as
(1.5)  LocUniq(N,h) = {{¢ > h} has a unique connected component crossing Bay \ By} .

Here and in the sequel, a set S C Z¢ is said to cross V \ U, for U ¢ V C Z% if S has a connected
component intersecting both U and dV. The estimate is inherited from the bounds for the
‘existence’ and ‘uniqueness’ events usually appearing in the definition of A, see e.g. (1.10)—(1.11)
in [8], which assert that for all h < h (= hy) and N > 1,

there exists a connected component in _eN©l
[ {¢ > h} N By with diameter at least N/5 ] =€ and
(1.6)
[ any two clusters in {¢ > h} N By having diameter at } < g—cNCI
least N/10 are connected to each other in {¢ > h} N Bay | — ’



where the diameter of a set is with respect to the sup-norm. Indeed, follows by straightfor-
ward gluing arguments, combining the events in at a fixed number of scales commensurate
with N. Stretched exponential bounds such as , and typically arise as a by-
product of certain static renormalization methods, see e.g. [19] regarding , which exemplifies
this phenomenon. Little is otherwise known about the true order of decay for the probabilities
in and . To date, the best available results are due to [17, [18], which solely concern
the subcritical regime and yield that holds with ¢1(d,h) = 1if d > 4 and h > h,, along

with an upper bound for P[0 £ OBy] of exponential order N/(log N)3*¢, for any £ > 0, when
d=3and h > h,.

Our findings address these matters. Our main results are most easily formulated in terms of
a ‘truncated one-arm event’. We refer to the discussion following the statement of Theorem
below regarding extensions of and to other quantities of interest. Upper bounds in the
spirit of those obtained below for h > h, have also been derived in [7] for the so-called metric
graph associated to Z¢. Contrary to what is suggested in Section 1.3 of [7], the logarithmic
factor in dimension three is not an artefact.

Theorem 1.1. If d = 3, then for every h # h, one has

log N p=h
(1.7) lim % log P[0 255 9By, 0 <1 o0] = —%(h ~ h)%

N—o0
In higher dimensions, we have the following:

Theorem 1.2. For every d > 4 and h # hy, there exist C = C(d, h), ¢ = c(d,h) > 0 such that
p>h
(1.8) eON < P08 9By, 0 ¢/ o0] < eV,

Theorems and [I.2] follow immediately by combining the results of Theorems [3.1] and
below, which separately deal with the corresponding lower and upper bounds, respectively. In
fact, as asserted in these two theorems, and continue to hold when h < h, if one
replaces the event in question by LocUniq(N, h)¢, see (1.5). Together with the disconnection
upper bound from [20, Theorem 5.5], which yields that disconnecting By from 0Bsy decays
exponentially at scale N9~2 when h < h,, this is easily seen to imply that

log N

(1.9) lim

N—oo

log P[2-arms(N, h)] = —%(h — )% ifh < h, and d = 3

along with a statement similar to (1.8]) when d > 4, where ‘2-arms’ refers to the existence of two
disjoint crossing clusters of {¢ > h} N (Ban \ By).
Concerning the truncated two-point function, defined as

p>h
(1.10) 7 (z,y) = Plx &2 y, © /> o], for z,y € Z% and h € R,

which is symmetric in x and y and satisfies T}Er<1‘, y) = T,ET(O, y — x) by translation invariance
of the set {¢ > h}, our results readily imply (cf. the proof of Theorem below) that the
asymptotics (L.7) and (L.8) also hold for 7*(0, Ney), h # hy, where e; denotes the unit vector



in a coordinate direction of Z?. More generally, with | - | denoting the Euclidean distance, one
may also expect that for arbitrary z,y € Z¢,

1 —
(1.11) lm 08179l

T
log 7% (z,y) = —=(h — hy)?, when d = 3.
|z—y|—o0 ’x_y| h( ) 6( )

We refer to Remarks and 2) below regarding the (technical) modifications to our
argument needed to prove and compelling evidence for its truthfulness. Finally, let us
emphasize that, while leads to a form of Theorem indicating that h, is approached at
the same rate both as h \, hy and h  h,, a version of our findings could be stated in terms
of h and h.. only, much as in [20], [I5], [3], thus yielding and upon applying (1.2)).
This is the sole place where is used.

We now highlight some ideas behind the proofs. One is immediately struck by the discrepancy
in the strength of the above results. This is closely related to the fact that the random walk does
not ‘see’ one-dimensional sets (such as bounded off-critical percolation clusters) when d > 4.
Our proofs witness this structural difference between the cases d = 3 and d > 4 very clearly. To
see this, first observe that (see Lemma for precise statements) as N — oo,

cap(([0,...,N]NZ) x {0} 1) ~=——— when d = 3, whereas
(1.12) ( InZ)>x{0y™) 3log N

cap(([O,...,N]ﬁZ) X{O}d_l) = N, when d > 4.

Now, the coarse-graining described in more detail below (from which we eventually deduce the
upper bounds in , ), yields a sum two terms for the probability in question. One of them
corresponds to a truncated version of ¢ (a local field, independent at large scales), for which
a corresponding one-arm event decays exponentially in N, regardless of the dimension d. The
other term, which carries the long-range dependence, stems from the behavior of the harmonic
field in a collection of well-separated boxes, and will turn out to behave in a manner proportional
to cap(([0, ..., N]JNZ)x {0}%71) to leading exponential order. In view of (L.12)), this means that
the harmonic term clearly dominates in dimension 3, whereas the two terms live at the same
exponential scale in dimension four and higher (and in fact the local term is typically larger).
The lower bounds derived in Section [3| further reflect this disparity. For d = 3, in the
subcritical regime, we use a change of measure argument in order to draw a finite path in
{¢ > h} in a thin horizontal tube. The supercritical regime requires a more delicate treatment,
as discussed below. Intuitively, the field shifts itself by the right amount in a suitable region as
to make the event in question typical, cf. Lemma [3.2] for a general result in this direction, which
is of independent interest. The limit on the right-hand side of thereby emerges in the
corresponding Radon-Nikodym derivative as half of the leading order pre-factor for the capacity
of the shifted region, which is close to that of a line of length N, see , times the square
of the height gap. Similar arguments have been used in the study of hard wall conditions for
¢, see [1], and disconnection probabilities for supercritical excursion sets, see [20]. Importantly,
the monotonicity of the events in question (common to these references) is absent for the one in
when h < h,, which requires that we ‘insulate’ the path, i.e. build an interface in {¢ < h}
to shield it away from oco. This makes the implementation of our lower bound strategy relatively
involved in the supercritical regime and forces us to introduce Dirichlet boundary conditions to
decorrelate constituents of opposite monotonicity. In sharp contrast, the lower bounds in
follow by ‘FKG-type’ arguments, which do not witness the critical parameter h, at all, see .



Most of our work goes into proving the upper bounds required for Theorems and [I.2]
summarized in Theorem below. A stepping stone towards this is a certain coarse-graining
scheme for paths, developed in Section {4 (see in particular Proposition below), which we
now briefly describe. Roughly speaking, for a path 7 of linear size N, the coarse-graining of
v, formalized in Definition [4.2] only retains the trace of v in a system of ‘well-separated’ boxes
at scale L < N. Importantly, the scheme walks the fine line of operating at a preferential
entropic cost (parametrized by a function I'(-), see (4.13)), (4.14))), while retaining a sufficiently
‘large’ piece of path when measured in terms of capacity. This latter property, ensured by
Proposition see , is crucial for the precise estimates we aim at.

In the subcritical phase h > h,, the above scheme is used to cascade a connection event such

as {0 £ OBy} from scale N down to scale L(< N). For each of the boxes at scale L in
the resulting collection, the occurrence of a crossing in that box is split into a similar event for
a localized field with good decorrelation properties as the box is varied, and the occurrence of
an atypical behavior for the corresponding harmonic average, see —. The leading-order
contribution is thereby carried by the harmonic field in all but a small fraction of L-boxes,
which we control by means of state-of-the-art estimates developed in [20], cf. Lemma below.
The strength of these estimates hinges on a suitable capacity lower bound for the underlying
collection of boxes, which Proposition [£.3] provides.

The resulting two-scale estimate for the one-arm event can then be applied iteratively, see
Proposition below, to boost an a-priori bound such as (but see Remarks and
below to accommodate much weaker a-priori bounds) to the desired decay in a finite number
of steps, if L is carefully chosen as a function of N (as will turn out, L needs to grow poly-
logarithmically in N). In fact, two steps suffice if one starts from .

The derivation of the desired upper bounds in the supercritical regime, see and in
Theorem is considerably more involved. When h < h,, connections become typical and the
cost displayed in and measures the difficulty to avoid the infinite cluster. Our approach
revolves around an event G, see , ensuring roughly speaking that any macroscopic path
at scale N will have ap ‘contact points’ in each of by interfaces all of which are connected to
infinity in {¢ > h}. These contact points are in fact local areas at a microscopic scale Lg in
which a certain insertion tolerance property holds (which the model does not possess as such due
to the strength of the correlations), thus yielding a small i.i.d. cost to avoid connecting to the
infinite cluster. This property is conveniently defined in terms of a ‘mid-point’ extension of ¢
that was used in [§], see and (incidentally, we also take advantage of this extension
to deal with competing monotonicity properties of the path and the insulating interface when
deriving the lower bounds for d > 4 and h < h.).

An upper bound on the key quantity P[G] is then derived using a bootstrapping scheme,
see Proposition below, which works roughly as follows. Starting from a certain (localized)
good event G, at base scale L > Ly, comprising a local uniqueness property at that scale and a
number az, (= 1 to begin with) of contact points to the ambient cluster for any large path, see
Definition for which a suitable a-priori estimate is available (cf. Lemma , the scheme
does one of two things: i) in intermediate steps, it re-produces the same event G, at larger scale
N, improving on both its likelihood and the number ax of contact points (eventually we need
anby to grow linearly with N when d > 4 and sub-linearly but with ayby > N/log N when
d = 3); ii) in the final step, the scheme generates the target event G, creating multiple interfaces
by stacking good boxes at scale L. In either case, the scheme witnesses this improvement on a
certain event, see , defined in terms of the coarse-graining from Proposition and for



which a dichotomy (involving local fields and harmonic averages) holds, see (5.65))-(5.67). The
proofs of the desired upper bounds then follow somewhat similarly as in the subcritical case.

We now briefly describe the organization of this article. Section [2] gathers several preliminary
results that will be used in subsequent sections. Section [3] proves the lower bounds corresponding
to Theorems [I.1] and [I.2] see Theorem [3.I] Section [] supplies the coarse-graining scheme for
paths, see Proposition which will be instrumental in deriving the upper bounds. The proof
differs depending on whether d = 3 or d > 4, which are dealt with separately in Sections
and The desired upper bounds are then derived in Section The sub- and supercritial
phases are considered separately in Sections and

Our convention regarding constants is the following. Throughout, ¢,d,C,C’,... denote
positive constants that may change from place to place. Numbered constants are defined the
first time they appear and remain fixed thereafter. All constants may depend implicitly on the
dimension d. Their dependence on other parameters will be made explicit.
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2 Preliminaries and capacity estimates for tubes

In this section, we gather several ingredients that will be used in the sequel. We first introduce
some more notation and state a topological condition on paths yielding the existence of blocking
interfaces, see Lemma, below. We proceed to recall certain aspects of potential theory for the
random walk on Z? and supply suitably precise capacity estimates for ‘tubular’ sets, including
‘porous’ versions thereof, see Lemmas below. Finally, we discuss important properties
of the free field ¢, including a certain mid-point extension of ¢.

We consider Z¢, d > 3, endowed with the usual nearest-neighbor graph structure. We write
x ~ g if £ and y neighbors, i.e. if z,y € Z¢ and |z —y| = 1. We use | - | to denote the Euclidean
and | - |so the £°-norm in Z% as well as d(-,-) and du (-, ) to denote the corresponding distances
between sets. Recall that By (z) denotes the box of radius N around x with respect to | - |oo,
and let By (U) = U,ep By() for U C Z%. For U C 2%, 0U :={x € U : Jy ¢ U s.t. y ~ z}
is the inner (vertex) boundary of U and U¢ = Z%\ U is the complement of U in Z¢. We also
define the outer boundary of a set U C Z% as 0ouiU = O(U€). For U,V C Z%, we write U CC V
to indicate that U has finitely many elements. A path « in Z¢ is a map v : {0,...,k} — Z? for
some integer k > 0 such that |y(i+1) —~(i)| = 1 for all 0 <1 < k. A *-path is defined similarly,
with | - |s replacing |- |. A (x-)connected set U C Z? is a set such that any points z,y € U can
be joined by a (x-)path whose range is contained in U. Throughout, we use the words connected
component and cluster interchangeably to refer to maximal connected sets.

We now state a useful criterion for the existence of ‘dual’ surfaces separating two sets, which
is interesting in its own right. In the sequel for any U cC Z4, let US denote the (unique)
connected component of U¢ having infinite cardinality, and define OextU = O(US,), the exterior
boundary of U. For any two finite sets Uy, Uy C Z%, we say U; is surrounded by Us, denoted
as Uy < Us, if U is contained in some finite connected component of Z¢ \ Us. Notice that the
relation ‘=<’ is in fact a partial order.



Lemma 2.1 (Existence of blocking interfaces). Let V C Z% be a box and U C V. Also let
Y C V\U be such that any x-path between U and OV intersects ¥ in at least k > 1 points. Then
there exist x-connected subsets O1,...,O of ¥ such that S < 01 = ... =X Og.

Proof of Lemma[2.1. An obvious consequence of the hypothesis of the lemma is that U is not -
connected to OV in V\ ¥ D U. It then follows e.g. by [6, Lemma 2.1] that the exterior boundary
of the *-connected component €75 of U in V'\ ¥ is itself *-connected, which we pick as O1. Notice
that U < O; and Op C X by definition. Now observe that the hypothesis of the lemma still
holds with k — 1, €;; U Oy — which is a *-connected set — and X\ (C}; U Oy) substituting for ,
U and X respectively. Thus, by iterating the same argument k£ times we deduce the lemma. [

We now review various aspects of potential theory on Z¢ which will be used in the sequel.
We denote by P, the canonical law of the discrete-time (symmetric) simple random walk on Z?
starting at = € Z%. We write (Xn)n>o for the corresponding canonical process and (6,,),>0 for
the canonical time shifts. For U C Z%, we introduce the following stopping times: the entrance
time Hy = inf{n > 0: X,, € U} in U, the exit time Ty := Hya\y; from U and the hitting time
Hy =inf{n >1: X, € U} of U. We write

(2.1) gu(z,y) =Y PuXn=y,n<Ty], fora,yecz’
n>0

for the Green function of the walk killed outside U. By [14], Theorem 1.5.4, with g = gza, one
has the asymptotic formula

(2.2) g(x) = g(0,2) ~ eafa*™7, s [a] = oo,

(where ~ means that the ratio of both sides tends to 1 in the given limit), for an explicit constant
o = ca(d) € (0,00) with ¢2(3) = 2. For K CC U C Z%, we introduce the equilibrium measure
of K relative to U,

(2.3) eK,U(x) = Px[ﬁ[( > TU]leBK

and its total mass

(2.4) capy (K) = Z exu(x),

x

the capacity of K (relative to U). We will omit U from all notation whenever U = Z%. One has
the last-exit decomposition, see, e.g. [I4, Lemma 2.1.1] for a proof, valid for all K cC U C Z4,

(2.5) Po[Hyx < Ty =Y gu(@.y)exu(y), for all z € Z°.
Yy

Summing ([2.5)) over x € K, one immediately sees that
K]

maxgex Y_yex 9U (T, y)

K]

minazEK ZyGK qgu (.TJ, y) ‘

(2.6) < capy (K) <

One also has the following sweeping identity (see for instance (1.12) of [20] when U = Z9):

(2.7) exu(y) = Pep y[Hrx <Tu, Xp, =y, for every K C K'cc U andy e Z%



Summing over y in (2.7)) gives
(2.8) capy (K) = capy (K')Ps

eK’.U

[HK < TU],

where exr () = exr p(-)/capy(K’) is the normalized equilibrium measure. In particular, it
follows immediately from that capy (K) is increasing in K. Note also that capy (K) is
decreasing in U for fixed K. We will also use the following variational characterization of the
capacity: for K cc U C Z¢,

1

(2.9) capy (K) = infy By (0)’

where Ey(v) = Z v(@)gu (z, y)v(y)

w?y

and the infimum runs over all probability measures supported on K.
We now give precise bounds on the capacity of certain sets of interest. The capacity of a
ball classically satisfies

(2.10) eN42 < cap(By) < CN42, for all N >0,

see, e.g., [14, (2.16)]. We are typically going to work in certain (cylindrical) ‘tube domains’,
which we introduce now. Given L < N, the tube of length NV and width L, which we denote by
Tn(L), is defined as the L-neighborhood of the N-line segment [0, N] x {0}¢~!. Formally,

(2.11) Tn(L) == ([-L,N + L]NZ) x ([-L, L] N Z)%*.

We abbreviate T (0) = T, which is a line of length IV, and routinely omit the intersection with
Z from our notation below. We now derive certain capacity estimates for tube domains which
will be useful in the sequel. We start with the line.

Lemma 2.2 (Capacity of lines). For d = 3, one has

T N
2.12 Ty) ~ ———— N
( ) cap(Tn) 3Tog N as N — oo,

whereas for d > 4, there exists c3(d) € (0,1) such that for all N > 1,
(2.13) c3N < cap(Ty) < c3 ' N.
Proof. Using (2.2)) with the precise value of ¢3(3), we obtain
3
Z g(z,y) <2 Z g(z,y) ~ —log N, for all x € Ty.
yeTN yex+Tn 7T

Substituting this into with the choice K = Ty and U = Z¢ yields the asserted lower bound
in . By a similar argument, using and noting that the Green function is summable
along one-dimensional sets when d > 4, one obtains both upper and lower bound in ([2.13)).

It remains to show the upper bound in (2.12). For § € (0,1), letting

Ty =Ty (0) :==Tn\ ([0, N'°JU[N = N'~°, N]) x {0}%),
one bounds the equilibrium measure by 1 to obtain

(2.14) cap(Tw) < 2(1+ N'70) + Y ey ().
€Ty



To take care of the sum over Ty, on the right-hand side, one sums (2.5)) for K = Ty and U = Z¢
over z € Ty and foregoes the terms with y € Ty \ Ty. Together with (2.14]) this yields

N +1
infyeT]; ZxGTN g(iL’, y) ‘

(2.15) cap(Tn) < 2(1+ N'7%) +

Now by definition of Ty and using (2.2]) again we obtain for any x € T},

doglwy) =2 > g(ﬂc,y)~(1—5)%logN-

yeTN yex+Ty1-5

Plugging this into (2.15)), we get that limsupy_, ., == <£N ) < ﬁ, whereupon the upper bound

us

3 log N
in (2.12)) follows by taking 6 — 0. O
Remark 2.3 (Rotational invariance of asymptotic capacity for lines). Let u € R? with |u| = 1

be any unit vector. Then the asymptotic expression in remains valid if one replaces Ty
by the line segment joining 0 and Nu discretized in the following manner. For any z € R3, let
[z] denote a point in Z? achieving the minimum distance between z and Z3. Now let Ty, C Z?
consist of the points [jv/3u] for all integers j between 0 and [N/+/3]. Notice that it is always
possible to choose the points in such a way that they are distinct. By this construction and the
triangle inequality we have, for any z,y € R3 such that [z], [y] € T,

o —yl = V3 <|la] = [yl < o —y| + V3

and consequently g(x,y) ~ g([z],[y]) as |x — y| — oco. The asymptotics on the right-hand side
of now follow for cap(Tv ) by the exact same arguments as in the proof of Lemma
Indeed, the additional 1/ V/3 factor appearing in the numerator in owing to reduced cardi-
nality compared to Ty gets canceled by the 1/4/3 factor appearing in the denominator because
of the increased separation between successive points in T ,. In fact, the asymptotics
should hold for any ‘reasonable’ discretisation of the line segment between 0 and Nu.

We will need the following upper bound on the escape probability from a sufficiently dense
subset of the line in order to derive capacity estimates for thicker tube regions. We will also
use this result in Section [ while proving Lemma which will involve porous versions of these
sets (i.e. containing holes).

Lemma 2.4 (Visibility of (porous) lines). For all N > 1, T C Ty and x € Z* such that
doo(z, T') < N/100, the following holds. If, for some ~ > 0,

(2.16) |B,(x) NT| > ~r, for all v satisfying doo(x,T) <17 < N

then

log(1 + doo(, T))

(2.17) Pp[Hp = o0] < C(v) log N

Proof. Throughout the proof, constants may depend implicitly on . Let kg, k1 be two integers
with kg smallest so that de(x, T) < 10% and k; largest such that 10" < N. Notice that k1 > ko



when N > (', which we may assume and that kg = ko(x). Consider the boxes Uy = Bk (z),
for kg < k < k1. By ([2.16]), one knows that

(2.18) U NT| > c(7)10F, for all kg < k < ki

Since 3 ey, nr 9(2,2') < Ck uniformly in z € Uy NT by (2.2), it follows from (2.6) and (2.18)
that cap(Up NT) > ¢'10% /k for all kg < k < k1. Therefore, fixing L > 1 such that

(2.19) 271 < eyt (g()|x]) < 2, if |2]eo > L
it follows that for all z such that doo(x,T) > L, all ko(= ko(z)) < k < k1 and y € Oout Uk,

25 . J10% c
(2.20) P, [HUmT < TUk+1] > 1/11er gUkH(z,z’)cap(Uk NT) > cl0 k ’ > T
2,2 k

In obtaining ([2.20)), we also used the fact that gy, ,, (2, 2') > cg(z,2’) for z,2" € Uy. Indeed, by
the Markov property we have g(z,2") = gu,,,(2,2') + E. [g(XTUk+1 ,2")], and on the other hand,
the definition of (Uy)k,<k<k, readily implies that |y — 2’| > 5(|z — 2’| V L), for all y € U4,
which together with gives E, [g(XTUkH,z’)} < 39(2,7) .

Now consider the process {Z; : k > 0} on NU {A} defined by Zy = 0 and for k£ > 1,
conditionally on Zy,...Z_1,

(2.21) 7 = {kv if Zy—1 # A and Hy,_,nr o1, > Ty,

A, otherwise.

Using the strong Markov property we get that Z. is a Markov chain under P, and (2.20|) implies
that P2, # AlZy—1 # A] < 1 — £ for all kg < k < ky. It follows that for all z with
doo(xa T) > L,
221) k
(2.22) PlHr=od] < PlZy#Mk<k<k]< [] (1 - %) <0,
ko<k<ki !

which yields for such z, as kg < Clogdoo(x,T) and k1 > clog N (see above ([2.18))). To
handle the case d(x,T) < L, the strong Markov property at the time of first exit from T (L),
see (2.11), with L given by (2.19), implies that P,[Hp = oc] < sup, Py[Hr = oc], with the
supremum ranging over y € OoutIn (L) and still follows from as doo(y,T) > L.
This completes the proof. ]

We now move on to capacities of tubes whose width is a fractional power of their length. In
the sequel, let Tj@k = Tn(EN?) for 6 > 0, k > 0 (cf. (2.11))), and abbreviate T]‘i, = Tji,’l.

Lemma 2.5 (Capacity of tubes). The following bounds hold for d = 3. There exists C1 € (0,00)
such that for every § € (0,1) and N > C(9),

(2.23) cap(T%) < (1 + C16) cap(Tw),
(2.24) capng(T]‘z/) < C16 L eap(TY).



Proof. We claim that for every x € 0T ;i, and y € 8Tj{,’2, one has
(2.25) P,[Hp, = o0] < Co and Py[HT]{f = 00| > ¢d, for all N > C(9).
Before proving ([2.25]) let us deduce the lemma from it. By the sweeping identity (2.7]),

cap(Tn) = Pe_, [Hry < 00] = cap(TR) Pe, [Hry < o),

s 5
TN N

and (12.23]) follows directly from the upper bound in (2.25). Also, by decomposing on the first
exit time of T’ ]{772, one finds that

Py[Hypg = o0 =) Pu[Hpg > Hrg e X,
y
for all z € T%, which combined with the lower bound in ([2:25)) implies that ers, () >co ers, T, (z).
Summing over x € T]‘i, yields (2.24]). We proceed to the proof of the bounds in (2.25)).
The upper bound in (2.25)). The bound is obviously true for § > 1/2 by letting C' > 2, whereas

for § € (0,1/2) the hypotheses of Lemma El hold with 7 = Ty and any z € 9T% for all
N > C(6), whence the upper bound in ([2.25)) follows from (2.17).

The lower bound in . Below we will use B} to denote the two-dimensional box [—L, L]2.
First of all, notice that for any y = (y1,y2,y3) € 8T]‘z,72, either (y2,y3) € OBjys or y €
{—|2N?|,N + |2N°]} x [-2N?,2N°]?2. We deal with the former case first. To this end let
us consider the projection X’ = (X ),>0 of (X, )n>0 onto its last two coordinates, which has
the law of a (lazy) simple random walk in Z?. Let H{, denote the entrance time in U for X’ and

= y} Py[HT]‘{, - 00]7

T 2)°

abbreviate H/, = H flgﬁvs and H/,,, = H}, Bl Applying Exercise 1.6.8 in [14], we get
(2.26) PyHLy < HL > cd, if |y] > 2N°,

whenever N > C(§). Now since {(w2,23) : © € Tys} C B, the inclusion

{How < Hi,naHva ol =00} C {HT;{, = oo}
holds and consequently, by the strong Markov property, we have

(2.27) Py[Hypg = o0] > Py[H,

out

< H! inf P,|Hs = .
m] z:doo(z}%\r)ZION Z[ T]‘f, OO]

However, by the last-exit decomposition (2.5)) and ([2.2)),

s / Cap(T]lE])
Pz[HT]éV < oo < cap(Tyy) Zrlréa%{% 9(z,2") < C———="=, when do(z,Tn) > 10N.
N

In view of Lemma and ([2.23)) which, let us recall, requires only the upper bound in (2.25)),

the right-hand side in the previous display is bounded by logCN. Plugging this and the bound

into (2.27), we deduce the lower bound in in the case (y2,y3) € 0By ;-

To deal with the case when y € {—[2N?|, N +[2N°]} x [-2N?, 2N?]? let us assume without
loss of generality that y; = —|[2N?| and note that, by means of the strong Markov property and
the previous case, it suffices to show that

(2.28) P H' < Hps] > ¢, where H' = Hjp

2N§
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To this end, let (X.),>0 denote the projection of (X,,),>0 onto its first coordinate and consider
the event
G ={H_|jons | (X') < H_| s (X")}

which has a constant positive probability under P, by the standard gambler’s ruin estimate. It
follows from the definition of 7% that HT}E, > H_|jons) (XY = H' on G and hence

(2.29) GN{H'>H'"y c {H' < Hrs}.
On the other hand, we have
GN{H'< H'} C {X} = —[10N°], X}, € By}

An implication of the condition on the right hand side above is that Bgys(Xp1) NTS = 0,
whereas By, s C Bgy;s(X}1). Denoting H = Hj 1) © 01, we therefore have
(2.30) (GN{H" < H'}) N {X}y C0Byys(Xjp)} C {H' < Hrg }.

However, since all two-dimensional axial projections of (X,,),>0 have the same law, we can
deduce via a union bound that P,[X }{aB | € 0By s ()] > ¢ uniformly for all = € Z%. Hence,
8N

in view of ([2.30]), we get, applying the strong Markov property at time H',

Py[H' < Hpy |G H' <H'] > ¢

with y as in (2.28). Combined with (2.29)) and the fact that Py[G] > ¢, this yields (2.28) and
consequently the lower bound in (2.25)) in this case. O

We conclude this section by reviewing some important features of Gaussian free fields. For
U C 7%, we write Py for the law of the centered Gaussian process with covariance gu (-, ), with
gu as given by (in particular P = P,q following our above convention). Notice that under
Pyr, the field ¢ is almost surely 0 on Z¢ \U. For U C 7%, we further introduce the Gaussian
fields (functions of @)

(2.31) &Y = Eu[px,, ] ZP (X7, = vley, VY=g, —¢€Y,  forazezl

The field £V will be referred to as the harmonic average of ¢ in U and 9V as the local field in U.
Plainly, ¢V = ¢, (and therefore ) = 0) for all x € Z4\ U. As in [I9, Lemma 1.2], one observes
that ¢V is independent of ¥V and that (¥¥),cz4 has law Py under P.

It will be convenient at times to consider a certain extension of the above setup. Let M¢
denote the set of mid-points of the edges of Z¢. We regard Z% := Z¢ UM as the graph obtained
from Z? by splitting every edge of Z% into two (and adding the corresponding mid-point to the
vertex set). Let X = (Xn)n>0 be the discrete-time random walk on Z¢, which at each step jumps
with uniform probability to one of its neighboring vertices in Z%. Let P; denote the canonical
law of X with starting point Xo = & € Z% By suitable extension of P, one defines a centered
Gaussian field ¢ = ($z);74 such that

(2.32) E[3:55] = Z Pi[X,, = 9], for &, € Z°.
n>0

11



Indeed, it follows from (2.32) and ([2.1) that E[p,$,] = g(z,y) whenever x,y € Z%, whence
(2.33) Plza =
The decomposition (2.31)) also extends and one obtains that
(2.34) ¢=¢&"+4¢V, for V.C Z% where ENX = E; [@XT ];
v

here £ and ¢ are independent Gaussian fields and

(2.35) E[yY¢)] = ZP w=10,n<Ty], for &,jec 7%

n>0

where with hopefully obvious notation, Ty = Ty (X) denotes the exit time of X from V. The
analogue of the restriction property - ) for the harmonic extension is then the following. For
U c 7% defining U == U U {x €Z%: 3z eUst |z — a:| 2} noting that X7, under P, has

the same law as XT under P, for any = € Z¢ and using , one sees that
(2.36) E)ga = €Y.

We conclude with a particular instance of ([2.34)), which will prove useful on several occasions.
Let

(2.37) p=E+9

be the decomposition (2.34]) corresponding to the choice V = 7Y, i
%d > meMdmey Pm i T € 7% (where ~ refers to neighbors in Zd), m = %L = P if m € M,

and by (2.35),

(2.38) (12)peza is a field of i.i.d. centered Gaussian variables with variance 1/2 each.

2 r7d
le. & = % =

3 Lower bounds

The main result of this section is the following
Theorem 3.1 (Lower bounds). The following holds:
i) If d =3, then

log N
(81)  forallh> h., liminf %8 T 10g Pl0 25 9By > —g(h — )2,
—00

log N p=h
(82)  forallh < h,, liminf %8 T 10g Pl0 25 9By, 0 </ o0 > —%(h — )2

i1) If d > 4, then for all h € R,

gp>h

p>h
(3.3) hmlnf — log]P’[O OBn, 0 </ 00| > —o0.

Moreover, the bounds and (3.3) also hold for the event LocUniq(N, h)¢ (see (1.5))) in place

12



3.1. General entropic lower bound. The following lemma will be used in the course of
proving Theorem but is of independent interest. The lower bound it asserts in will
follow by a change of measure argument, see e.g. the proof of Theorem 2.1 in [20], or Lemma 2.3
in [I], for results of a similar flavor. Given an event A € B(RX), K c Z? and a height parameter
h € R, we define

(3-4) At = AMp) = {p), —h € A},

where, with hopefully obvious notation |, — h refers to the field (restricted to K) shifted by
—h coordinatewise.

Lemma 3.2 (Entropic lower bound). Let Ky CC Uy C Z% be subsets with capy, (Kn) — oo.
Let Ay € B(REN) and I C R be an interval such that, for every h' € I,

(3.5) Py, [AR] — 1.

Then for every h ¢ I,

1 1
3.6 liminf ———— log Py, [A%] > —Zd(h, I)2.
(3.6) Noo capy, (Kn) o8 UN[ N] -2 (h, T)

Proof. Recall the following fact, which is a consequence of Jensen’s inequality, see e.g. the
discussion following (2.7) in [I] for a proof. Given two probability measures P and P’ such that P
is absolutely continuous with respect to P, and an event A with positive P-probability, one has

(3.7) P[A] > }fb[A]e*(l/ﬂi’[A])(H(@IIF’)H/e),

where H(P|P) :=E [log %} is the relative entropy of P with respect to P. Abbreviate K = Ky

and U = Uy in the sequel. Pick h ¢ I and b’ € I. Using ({2.5), it follows by an application of
the Cameron-Martin theorem, see e.g. [13~, Corollary 14.1] with the choice (in the notation of
[13]) & == (h — W){ex,u,p) € L*(P), that Py defined by

dPy
dPy

(h— I)?

(3.8) = exp {(h - h')<eK’U, cp> - ?capU(K)}

is a probability such that ¢ has the same law under Py as ¢ + f under Py, where

(3.9) f(z) = (h—W)P|Hx < Ty, = € Z°.

(indeed observe to this effect that in (14.3) of [13], one obtains p¢(¢.) = ¢. + Evl§p.] = . + f.
by (2.5)). In particular, f = h — A’ on K, whence Py[A"(p)] = Py[A" (¢ + Nl = Py [AY (¢)]
which tends to 1 as N — oo by (3.5)). Moreover, by (3.8) and (3.9), noting that E¢s [<€K7U, g0>] =
<6K’U, f>, one sees that

~ . h—h 2 h—H 2
H(Py|Py) = (h— K)Eu[{exu,¢)] — (2)03PU(K) = (2)0apU(K)'

Applying (3.7)), taking logarithms and letting N — oo now readily yields (3.6)), since b’ € I was
arbitrary. O
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3.2. Lower bounds for d = 3. In this section, we show the lower bounds and ,
which will both follow from an application of Lemma with carefully chosen events A" in
as to implement sufficiently cost-effective strategies for connection. The asserted bound
bears the additional difficulty that the event in question is not monotone, which makes its
proof more involved than .

Proof of (3.1) and (3.2). We begin with the proof of (3.1]). Recalling the notation from (2.11)),
define the thin cylinder Ky := Ty (L), with

(3.10) L :=8[(log N)*/!]

(cf. (T3), (T4) regarding c1) and let Fy = {0} x [-L, L)', Fy = {N} x [-L,L]%"!. Note
that F'y C Ky and that 0 € Fy;, while FJJ\} C 0Bp. For h € R, consider the event

(3.11) Al = A}J'V,L = {Fy and Fy are connected by a path in {¢ > h} N Ky},

which is of the form ((3.4)).
Let us first check that P[A%] — 1 for all b’ € I := (—o0, h). In view of (3], one readily
sees that

N ({Brjs <2 0B} N LocUniq(L/4, 1)) o 7, C AL,
ke{—L,—~L+1,...N+L}

where 7., © € Z%, denote the canonical space shifts for P. Now, combining the bounds of (11.6)

and in view of (3.10) one deduces that P[By, s &2, OB1] > 1—e<08N)*  Together with (T.4)
and a union bound, this is easily seen to imply limy IP’[A%] = 1, as desired. Lemma thus
applies with Uy = Z% and yields for any h > hs,

log N

(3.12) lim inf log P[Aly] > —%(h — )2

using that cap(Kn) ~ % N as N — oo, which follows directly from (2.23)), monotonicity cap(-)

log N
and ((2.12)).
Next, by the FKG-inequality for ¢, one knows that P[Fy C {¢ > h}] > exp {—C(h)L*'}.
In particular, in view of (3.10)), it follows that

log N
N

(3.13) lin inf logP[Fy C {¢ > h}] =0, for all h € R.
— 00

Recalling A% from (3.11)) and the fact that 0 € F, one observes that A% N {Fy C {p > h}}
implies {0 &2 9B ~ }- Hence, (3.1) follows directly from (3.12)), (3.13]) and the FKG-inequality.
We now show (3.2)). For arbitrary 6 > 0, let Dy C Uy C Kx be defined as Dy = TN(N‘S)

Uy =Tn(2N?), Ky := T (3N?) (see (2.11)) for notation) and abbreviate ¢V = ¢Un N = ¢pUn
cf. (2.31)). For an additonal parameter € > 0 and h < h, + €, consider the event

>h
(3.14) Ol o= {0puUy <75 0Ky} 1 {infpy €5 > —(he -2 — h)},
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and note that C']}{, is of the form with K = K; observe to this effect that due to ,
the condition ¢V > —(h, + ¢ — h) can be recast as > yeuy Pl Xy, =ylloy —h) = —(hs +¢),
i.e. as a condition on the field ¢. — h restricted to Uy(C Ky).

We now argue that C’J}\L, is typical as N — oo for every h € (hy, hy + ). For such h, the

probability of {JouUn & 0Ky} vanishes as N — oo follows from ((1.3) and a union bound.
Next, for x € Dy one has

E[(ﬁﬁf] Z Px[XTUN = y]PfE[XTUN = z]g(y, z) = Z PIE[XTUN = y]EI[g(XTUN > y)]

)
= " PiXn,, =ylg(z.y) < Cdist(z,U§) 42 < N2,
Yy

where the equality in the second line is obtained by applying the strong Markov property at
time Ty, , noting that © € Uy whereas y ¢ Uy. It then follows from a union bound over Dy
and a standard Gaussian tail estimate that Plinfp, €V > —(h. +¢ —h)] = 1 as N — oo for all
h € (hy, hy + €) (alternatively one could also use Lemma below to deduce this). All in all,

in view of (3.14]), one obtains
(3.15) P[C%] — 1 as N — oo for every h € (hy, hy + ).

Using (3.16)) and applying Lemma one infers that for every h < hy (and all §,e > 0, implicit
in the definition of C%,),

| 1
1 liminf ——— log P[C%] > —=(h, — h)2.
(3.16) inf ey o8 [CR] = =5 (he = h)

In the notation of , let fl?\, = A}JLV,LNM'
contains a crossing in {¢ > h} intersecting both ‘slices’ F' ﬁ as defined below , but with
L = |N°|. Combining the occurrence of fl}]{, and the insulating property of the disconnection
event in , one deduces that

In words, fl?\, is the event that the cylinder Dy

~ h (th
Al nch U {z &= OBnN(x), © </ oo}
TEFy
for all h € R, and hence by a union bound and translation invariance, that
p>h

1
(3.17) P0 <28 0By, 0 L o0] > ’F_‘P[A’]i, N COwl.
N

Since the event C’]’{, in (3.14) is Fug, = o(pz; ¢ € Ug)-measurable, one has, applying the
decomposition ([2.31)),

(318)  PlAk NCX] = E[PIANIFug )iy ] = E[Puy [A% (- +€V)]1ey ] > Buy [AY TIPICK),

where in the last step, we used monotonicity of the event fl’]{[() along with the control on &V
supplied by (3.14]). A useful lower bound on Py, [A]](}‘+E] is obtained as follows. First, mimicking
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the argument following (3.11)) (the fact that the value of L has increased is only beneficial), one
deduces that

(3.19) li]r]nIP’[/i}jV] =1 for all h < h,.

Then one writes, for all A < h,, with g9 = %(h* — h),

Py [AK] = P[AK (™)) > P[AR ("), sglpﬁN < eg] > PA}F(p)] — P[s];lpﬁ’v > &)

By (3-19) and since h + g = &(h + hs) < h, the first term on the right-hand side tends to 1
as N — oo. By similar considerations as above ([3.16)), one sees that P[supDN &N > eo] — 0,

yielding that Py, [fi’](,] — 1 as N — oo for every h < h,. Thus, Lemma applies and gives,
for all 5, > 0

1 ~ 1
2 liminf ————— logP Alte] > Z 2
(3.20) imin capy. (DN og Py, [AN ] > 5¢

(note also that capU (DN) > cap(Dy) —> 00, as required for Lemma to apply). Finally,

combining 1 , with the bounds , , and using ([2.23)), -, noting that

|Fy| < ON°W=1) one Obtams for all h < h and g, 5 > 0,

p2>h
(3.21) li\rrggf@logP[O 2N 0By, 0575 0] > —7<(h ~ (14 Cro) + Croe?).
The result now follows from by first letting £ — 0 and then § — 0 (recall (2.12)).

It remains to argue that continues to hold for the event LocUniq(NN, k)¢ defined in ([L.F)).
To this end, using invariance of P under translations and rotations by multiples of /2 along
coordinate axes, denoting by Hy(z) = x + {y = (y1,...,va) € Z* : y1 = N}, one deduces that
for all h < hy and x € Zd,

(3.22) lim inf log N log Plx (aBN( )N Hy(z)), = <(p7>Lh> oo] > _E(h hi)?.

N—o0

Now, fix a point z¢g € 9By N Hx(0) (for instance z¢ = (N,0,...,0) say). Then it follows that

(3.23) {By &= oo} N {1,‘0 &= (0B (z0) N Hy (20)), o 20722) oo} C LocUniq(V, h)“.

Indeed, the first event on the left-hand side of (3.23) implies that %, the infinite cluster in
{¢ > h} is a crossing cluster of Bay \ By, whereas the second event yields that ,, the cluster

of zp in {¢ > h}, also crosses Boy \ By and that €,, N ¢ = 0, whence (3.23). From (5.74) in
Section one knows that for all h < h,,

N p>h
(3.24) lim —2 log P[By /1 o0] = —

N—oo
Note that (5.74]) makes use of the upper bounds derived in Theorem below. However, the
proof of Theorem 5.1} - does not rely the lower bound which is being presently derived (nor
on any of the bounds stated in Theorem 3.1} - 1| for that matter) Combining (3.24]) with (3.23 and
- the claim readily follows.
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3.3. Lower bound for d > 4. We now supply the proof of . A straightforward strategy
consists of opening all the vertices in the line segment Ty = T (0) (recall for notation)
and closing all vertices in its outer boundary Oyt 1. However, the Gaussian free field does not
satisfy a uniform finite-energy property, which would make this easy to implement. Moreover,
unlike in the subcritical case, one cannot immediately apply the FKG-inequality as the event in
question is not monotonic. In order to deal with these issues, we make usage of the midpoint

extension ¢ introduced at the end of Section , see in particular (2.32)) and ([2.33)).

Proof of . Recall the decomposition of 3. Now let T = T U ot Ty (where Ty is
viewed as a subset of Z¢, whence Ty C Z%) and let My = {m € M¢: m ~ x, for some z €
Tx}. Using the fact that the absolute value of the Gaussian free field on any transient graph
(and thus in particular of ¢ on Z%) satisfies the FKG-inequality, see e.g. (1.3) and Corollary 1.3
in [12], one obtains that

(3.25) P|é,] < 1, Vo € Ty > P[|@m| < 1, Vm € My] > P[|@m,| < 1]MN] > O,

where the first inequality follows because éx is the mean of ¢ evaluated at its neighbors and my
refers to an arbitrary reference point in M?. As a consequence, one has, for all h € R,

p=h
P0 <28 0By, 0 45 00] > Plpg > h, Vo € Ty, @y < h, YOoutTN]

e3n . _ . 5
> Pll&| <1, Ve eTyn, vy >h+1, Ve eTn, ¢y <h—1, Yy € OoutIn]

: ; =
E2 pg,| <1, Vo € Ty PIX > h+ 1T PX < h— 1)0nTN] 75 (=CN,

where in the penultimate step, we also used independence of 1,/3 and é and X is a N(0,1/2)-
distributed random variable. One easily adapts the above argument in order to create two
“insulated” paths in {¢ > h} joining By to 0Ban at an exponential cost in N, thus obtaining
the lower bound for the event LocUniq(N, h)¢ instead. This completes the proof of
and with it that of Theorem [3.1] O

4 Coarse-graining

We now prepare the ground for the upper bounds that will be derived in the next section. The
main result of this section is a certain coarse-graining scheme for paths, see Proposition
below. Its proof is split over Sections and which deal with the case d = 3 and d > 4,
respectively. The key effect of the scheme is to keep the capacity of the ‘coarse-grained path’
above a certain threshold, see , , while maintaining good control on the entropy
factor for its possible choices. The notion of ‘coarse-grained path’ is formalized in Definition [4.2]
It depends on a function I'(-) parametrizing this entropy, see (4.13]) and (4.14)).

We now describe the precise setup. We consider positive integers L > 1 and K > 100 and
introduce the lattice

(4.1) L =1L(L) = LZ¢
along with the boxes

(4.2) C.=2+10,0)¢, D,=z+[-3L,4L) U, =2+ [-KL+1,L+KL—1)?
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as well as
(4.3) C,=z+|[-L,2L)%, D,:=z+[-2L,3L)¢

attached to z € L. Notice that C, C C’Z - l~?z C D, Cc U,. When considering more than one
scale in a given context, we will sometimes explicitly refer to the associated length scale L by
writing C, 1, = C’Z,C~'Z7L — C, etc. Using the notation of [20, Section 4], for any z € L, we
introduce the decomposition

(4.4) o=+

where & == £,* = Ex[goXTU ] for all z € Z4, cf. (2.31)), and ¢* = ¥V=, with U, as in (£.2]). Recall
that ¢* has law Py,. Letting U, = (U, NZY)U{z € Z¢: 32 € (U, NZ) s.t. |z — 3| = L}, we
further define for z € IL the extended harmonic average

g (€

(4.5) E=- (" Elpg ), v=¢-&,

Uz

where ¢ refers to the extension of ¢ to the graph Z%, see the discussion leading to . On
account of ([2.33) and (2.36)), one thus has £7|za = £7 and 1)*|z4 = 1*. Moreover, if

(4.6) C C L is a non-empty collection of sites with mutual | - |o-distance at least 2K L + L,

then denoting by % = (1;:%) for z € C, one has that

zeZds
(4.7) the Gaussian fields {£, 1)*, z € C}, where £ = (ég)zec #c0,» are independent.

Given C as in , we write
(4.8) Y =%(C) = U C,.
zeC

The following precise result will be useful.

Lemma 4.1 (Control of harmonic average). For all K > 100, there exists a(K) > 1 with
limg 0o a(K) = 1 such that, for every a > 0, one has

(4.9) lim sup sup { log]P’[ZQ{SBZp &> a}} 1 <a _ %4 caf&]))j Czrg%) } <0,

where the supremum over C runs over the sets satisfying (4.6), supp_ refers to the supremum
over all points in D, NZ% and r4 =7V 0 for any r € R.

Proof. With &% in place of €%, (4.9) is proved in [20, Corollary 4.4]. To extend the result to £z,
observe that, for any rmd—pomt i € (D,NZ%\ Z% the neighbors z and mg of # (in Z%) both
belong to D, NZ%. Furthermore by harmonicity of fz in D, NZ4, cf. and ., one has
fz = (fxl + fm) = (5:1:1 +&Z,), whence §z < a whenever &; < a for i = 1 2. Together, these
observatrons yield that .

{supp 74 &* = a} C{supp, za & > a},

and the claim follows. O
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We will be interested in families of collections C satisfying (4.6]) with certain finer properties.
In what follows, let Ay be any of the elements in

(4.10) Sy = {Bn, Ban \ By, DO’N \ CN’O,N}, for N > 1 (see below (|4.3]) for notation).

In line with the wording below (L.5), for U C V cC Z% we say that a *-path v in Z? (see
Section [2| for its definition) crosses V' \ U if «y intersects both U and oV. If U = {0} we omit
the reference to U; e.g. when v crosses By we mean that 7 intersects both 0 and 0By.

Definition 4.2. (K > 100, L > 1, N > 10KL). Let " : [1,00) +— [0,00). A family A =
Aﬁ . (An) of collections C C L is called I'-admissible if

all C € A have equal cardinality n := |C| satisfying n € [%, %], where
(4.11) u(z) =z if d = 3 and u(z) = z(logx)? if d > 4, (4.6)) holds for all C € A

and D, =D, C Ay for all z € C,

for any *-path  crossing Ay, there exists C € A such that ~y
crosses D, \ C, (with C; =C, 1, D, =D, as in (4.2)), (4.3)) for all z € C,

(4.13) log |[A| <T(N/L).

(4.12)

The main result of this section is the following:

Proposition 4.3 (Coarsening of crossing paths). For all K > 100, L > 1, N > 10KL and
AN € Sy, there exists a T'-admissible collection A = AﬁL(AN) with the following properties.

i) Ifd=3,
(4.14) ['(r) = CoK 'rlog(r Vv 2),
and there exist positive numbers \(K) € (0,1] satisfying
(4.15) limg 00 A(K) =1,

such that, for all p € (0,1),

(4.16) lim inf inf it ot PE) S kya—p)
N—soo Lo(N)SL<Li(N) CEA  (¢cc cap(Tn)
Cl=(1-p)lc]

with ¥ = B(C) (see (.8) for 2(-)) and (Lo(N), L1(N)) any sequence with limy Lo(N) = co
and L1(N) < N/10K satisfying lim loghfg# =0.

i) If d > 4,
(4.14]) ['(r) = Cor
and (4.16)) remains valid with Lo(N) =1, L1(N) = N/10K and for some A\(K) € (0, 1].

Moreover, the above conclusions continue to hold with A = By \ Ben, for any € € (0, %), upon
replacing Ty by T—oyn in (4.16).
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Remark 4.4. 1) The statement of Proposition could even be generalized to the case Ay =
Bn \ B:n, for any ¢ € (0,1), with suitable modifications. Specifically, the condition in
relating L and N would involve K and ¢, and ¢35 in would depend on €. We
refrain from such extensions since we will only be interested in the limit € | 0 in the sequel.

2) The differing complexities I'(r) in , , reflect different procedures in implement-
ing the coarse-graining depending on whether d = 3 or d > 4. An interesting question
this brings about is the following: can one devise a coarsening scheme in dimension 3 (for
instance the strategy employed for d > 4, or a variation thereof), which would be more
cost-effective, i.e. reduce I'(r), ideally getting rid of the logarithmic factor in , while

retaining the controls (4.15)), (4.16)) on the capacity?

3) The coarse-graining scheme used in case d = 3 can also be employed in dimensions d > 4
in such a way that continues to hold. The resulting higher combinatorial complex-
ity, see , already yields near-optimal asymptotic upper bounds for the quantities of
interest. We refer to Remarks [£.7] and 5.10] below for further details.

The proof of Proposition [4.3] is split over Sections and which deal separately with
the cases d = 3 and d > 4.

4.1. Proof of Proposition for d = 3. Let L > 1 and N > 10K L be integers. We
consider the case Ay = By. The small adaptations needed to account for the remaining cases
in Sy, see , as well as for Ay = By \ Ben, are indicated at the end of the proof. For each
i=1,...,nwithn:=|N/3KL|—1 (note that n > 1), define the concentric shells S; := 0Bsx ;.

By paving S; with boxes of the form C, = 240, L)? for z € L, and considering the successive
first exits of the path v from each of the sets enclosed by S;, one finds for each i = 1,...,n a
point z; € IL such that

(4.17) C,, NS; # 0 and v crosses Dzi \ Cs,.

Note that D,, C By for alli = 1,...,n. We then define A = A% , (By) as the family consisting
of all collections C := {z; : 1 <i < n} that can be obtained in this way.

We proceed to verify the conditions of Definition for T'(-) as in (with d = 3).
Properties (4.11)) and (4.12)) are immediate by construction. Regarding the cardinality of A, one
notes that the number of choices for z; is bounded by (C¥)4~!, whence |A| < (CF)"@=Y from
which follows with I'(-) given by (4.14)), for suitable choice of Cs.

It remains to argue that holds, with A\(K) satisfying . This will be done in two
steps, corresponding to Lemma§andbelow. We begin with a reduction step (Lemma,
consisting of replacing the set X appearing in (recall ) by the ‘porous line’

[(1—p)n]
(418) Ty = |J (H+10.L)x{0}?), with % :=S;N([0,00) x {0}?) (= (3LK3,0,0)).

i=1

Lemma [4.6] then compares the capacity of porous and non-porous lines.

Lemma 4.5. For all p € (0,1),

5
(4.19) lim inf inf it it PSSk,
N—oo Lo(N)XL<N/10K CeA CcC Cap(TN)

IC|>(1=p)IC|
for suitable \(K) > 0 satisfying (4.15)) and any Lo(N) with limy Lo(N) = oo.
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We prove 9) using a projection argument, first by rigidly displacing the boxes in 3 onto
R x {0}2 then by “packing them together” along this axis to obtain the “homogenous porosity”
of Ty. Since these operations essentially reduce the (¢2-)distances between pairs of points in >,
the capacity expectedly decreases. This intuition is formalized below.

Proof of Lemmal[{.5 In view of (2.2)), for any ¢ € (0,1) we can choose Lo(g) > 100 such that
(4.20) 3 '7|g(0,2) € [1 —&,1/(1 — )], whenever |7|o > Lo.

Let L > Lo(e). Notice that % in (£.18) is such that Cs,, cf. ([.2), is the (unique) box among
those paving S; intersecting the positive half-line Z, x {0}2. Now for C € A and z; € C as in
[@17), let 7(2;) := 2. Importantly, 7 is an (£2-)projection, in that

(4.21) |7(2) = 7(2")| < |z = 2|, for all 2,2’ € C and C € A.

Indeed, by construction, holds with | - | in place of | - | and follows because
|7(2) — 7(2")| = |7(2) — 7(2')|00 and | - | < |-|. The map 7 extends naturally to a bijection
defined on the set ¥ (cf. (4.8)) by setting 7(y) = 7(z) + y — 2, if y € C. for some z € C. In
words, 7 sends any point in C, to the corresponding point in C7 (..

Recalling the notation from , for any probability measure p supported on ¥, with
W =topand X, = {r(2):z€ Z} it follows that

(4.22) E(p)= > pf(2)g (), 7' (y)w'(y) < r-Elrop)
x,yeiq—

with

(4.23) K= sup 9 (T @),y ))

- 9(z,y)

The quantity & is suitably bounded as follows. By translation invariance of the Green’s function,
if 2, y belong to the same box C, for some z € C, then g(7—(z), 7 (y)) = g(z—y). Otherwise,
ie. ifx € Cr(;) and y € Cr(,y for 2, 2’ € C with 2 # 2/, using the triangle inequality and ,
one readily infers that |z —y| < |77 (z) -7 (y)|+4V/3L, for all z, y € %,. With this observation,

returning to (£.23) and using (4.20), which is in force as |z —y| A |71 (z) — 7~ (y)| > KL > Lo
whenever x and y belong to different boxes, one finds that

|z — y| >§1+C/K

K<1V ( sup — — ,
(= e e L @) — 1)) = (e
2,2'€C, 242

using in the last step that [771(z) — 771(y)| > K L. Substituting this bound into (4.22)), taking
an infimum over p, noting that p — 7o u is a bijection between probability measures with
support on ¥ and ¥;, and applying the variational formula (2.9), one obtains the lower bound

(4.24) cap(X) > (1 — C/K)(1 — €)2cap(%,).

In view of -, in order to produce the set fN, cf. (4.18]), one trims 3, as follows. First,

let T}, : U[ (1=p)n] Cs, and note that T C T}, whence cap(Ty) < cap(Th). Observe that the
elements of C, and hence of C, are naturally ordered according to increasing index ¢, cf. below
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(4.17). Now one only retains the boxes in 3, corresponding to the first [(1 — p)n] elements of C
in this ordering (recall that C has at least this many elements), and only keeps the intersection
of the resulting set of boxes with the line Z x {O}2 thus obtaining overall a smaller set ¥ %,
whence cap(3,) < cap(3,). The resulting set 3 is in natural bijection with T 18 essentlally
by removing the gaps, one by one by rigidly shlftmg all the intervals to the (say) right of the
gap by a suitable constant amount to the left. This operation either leaves the relative position
between two points x,y € E’ unchanged or reduces their Euclidean norm, but in the latter case
never as to fall below KL > Lg (a lower bound on the gap size in T). With this observation,
a similar argument as above, using and ( - yields that

(4.25) cap(S;) > cap(E) > (1 — e)2cap(Th) > (1 — )%cap(Ty).
By letting e — 0 (and therefore L > Ly — oo as well as N > 10K L — o), (£.24) and ( -
imply (4.19) with A\(K) =1 - C/K.

We proceed with

Lemma 4.6. For all K > 100, p € (0,1),

T
(4.26) liminf S2RIN)

>1-p,
s N oo cap(Tn) — P

where the iminf regards any sequence (N, Li)k>0 satisfying log Ny, /log L, — oo as k — oc.
Proof. Let Ty = Ti(1—pyn)3xr+L (recall that n = [N/3LK| —1 and (2.11) for notation). On

. o Tn) .
account of (2.12)), it sufﬁcis to S/}\IOW that liminf /7o EZEE% ) > 1 and (4.26]) directly follows.
By definition, see (4.18)), T C T and

(4.27) for all z € Ty, d(z,Ty) < 3KL.
Hence, by (22.8]), (4.26]) follows at once if we argue that
(4.28) liminf inf Pp[Hz <oo]=1.

N/L—o0 IETN

In view of (&.27), Lemma [2.4] applied to T = Ty C Ty and z € Ty yields that

log L
log N

Py[Hz = oo] < C(K) — 0 as log N/log L — oc.

Thus, (4.28) follows, which completes the proof. O

With Lemmas and at hand, we can conclude the proof of (and (4.15)) for
Ax = By. The remaining cases in Sy, see , i.e. Ay = Bony \ By, resp. Ay = DQN \ C’o,N
are dealt with by considering instead S; = 0B 3k i, resp. S; = d([-3K Li — N,2N + 3K Li)?)
(cf. ), for 1 < i < n, and adapting the subsequent arguments accordingly. In particular,
the bound for |A| remains valid for these choices. The set Ty in changes accordingly
whence z; = (N + 3LK4,0,0), resp. Z; = (2N + 3LKi — 1,0,0). The statements and proofs of
Lemmas 4.5 and then remain valid.
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In the case Ay = By \ Bey for a given ¢ € (0, %), one considers the shells S; = 0B N143KLi»
for1 <i<n:=|[(1—¢)N/3KL|—1 (note that n > 1 when N > 10K L). Then, defining T as
in (whence z; = ([eN] + 3LK1,0,0)), Lemma remains valid and Lemma as well
upon replacing Ty by T(1_.n in . The lower bound with T{;_.)y instead of Ty
then follows as above. This concludes the proof of Proposition in the case d = 3. O

Remark 4.7. The above coarse-graining scheme also applies when d > 4. As a result, one
obtains a I'-admissible collection A’ = Aﬁ (An)', with T'(-) as defined in (4.14) for d = 3,

ie. I'(r) = %rlog r, and with u(z) = z in (4.11)), so that the statement for d > 4 holds
with A’ in place of A. Only requires an explanation. Repeating the steps leading up to
, one shows an analogue of Lemma without the condition (4.15]). The proof essentially
remains the same except that one simply uses ¢ < |z|7"2¢(0,2) < C for all z € Z? instead of
(4.20), which is sufficient since one only aims at a A(K) > 0 in (4.19). Then Lemma gets

replaced by the statement that cap(T) > cK *1(1 —p) for all L > 1 and N > 10K L, which
cap(Tn)

follows by covering Ty with at most C'K shifted copies of the set Ty and using monotonicity and
subadditivity of cap(-) (see e.g. Proposition 2.2.1(b) in [14] regarding the latter). The slightly
higher combinatorial complexity of the collection A’, reflected by the logarithmic factor in T'(-),
cf. , only yields near-optimal upper bounds for d > 4, see Remarkbelow. The presence
of the additional logarithm is remedied by the approach of Section

4.2. Proof of Proposition for d > 4. We introduce the length scales
(4.29) Lo:=1, Ly :=[2(1+én)Ln], with g, == (m +1)"2, m >0.

Note that 2™ < L,, < C2™ for all m > 0, which will be used frequently below. Throughout
the proof we use Cz7k,C~'Z,k,Dz,k and U, to denote the boxes C’Z,C’Z,Dz and U,, see ,
corresponding to the length L = L, for any z € Z%. Also let éz,k = 2+ [—Lp+Ly_1,2Lp—Ls,_1)?
and observe that C, ; C CA’ng - C’ZJ{;.

We first define a certain coarse graining of paths crossing generic shapes, see Lemma [4.§]
below, which will later be applied inductively to define an admissible collection with the desired
properties. Roughly speaking, the idea is to implement a cascading scheme on the path + of
diameter N, thus only retaining its trace in a system of well-separated boxes at scale L (naturally
indexed by the leaves of a binary tree of depth ~ log,(/N/L)), see for instance [10], Section 8.1
for a gentle introduction to this circle of ideas in a related model. The precise recursive scheme
underlying the proof of Lemma [4.8| refines ideas from [19} [I§], thereby improving the amount of
information kept when iterating the construction from a scale L,, ~ N to Ly, ~ L for suitable
0 < kg < ng. In particular, retaining merely the information that full annuli are crossed at
smaller scales (as done in [I8]) makes it difficult to derive the lower bound (4.16)). This leads to
the notion of shapes which we introduce now.

A shape at level k anchored at z € Z? is any %-connected subset S of C’Z,k \ C’;k, where

C’;k = C, 1 \ 0C, 1, intersecting both 0C, j and aézvk. The collection of all shapes at level k
anchored at z will be denoted by S and Sy, = |J,cz¢ S-x is the set of all shapes at level k.
Any face F' of C, ) (i.e. any set of the form F' = (0C, ;) N {2z’ = a} for some 1 <i < d, a € Z)
intersecting S will be called an exposed face (with respect to S).

In what follows, let T,,, n > 0, denote the (rooted) complete binary tree of depth n (with
|T,| =2") and let £(T,) = {0,1}" (with £L(Ty) = {@}, the root) be its set of leaves. The leaves

of T,, provide a natural indexing set due to the recursive dyadic manner in which the coarsening

scheme operates, cf. (4.32)).
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Lemma 4.8 (Coarse-graining of shapes). For any integers n > k > 0, z € Z¢ and all shapes
S €S.p, there exists a family As = Ag, with

(4.30) log|As| < CL,,_
of collections D = {(2(€), S(€)) : £ € L(T,_)} C Z4x Sy, satisfying the following three properties:
(4.31) S(¢) C S and S(€) € S, 1, for all £ € L(T,, ),

if n > k, the sub-collections D; = {(2(¢),S(¥)) : £ € L(Tp—rs)}, i = 1,2, of D, where
(4.32) T,—ps, i = 1,2, denote the two binary sub-trees of T, with depth n —k — 1, belong
to Ag, and Ag, for some shapes S1,S2 € Sp—1 such that doo(S1,52) > 2ep—1Ln—1,

for any x-path v C S crossing C’z,n \ Cyn, there exists D € Ag such that

(4.33) for all £ € L(T,,_), v induces a x-path ' C S(¢) crossing Cyp) 1, \ Caey

Proof. Fix k > 0. We proceed by induction over n > k. When n = k, we simply choose Ag to
be the singleton set consisting of D := {(z, S)} whence (4.30)), (4.31)) and (4.33) hold.
Suppose now that for some n > 0 and each S € §,,, there exists a family Ag satisfying

(4.31))-(4.33)), and such that, for some b,,_j, € (0,00),

(4.34) sup log |Ag| < by Ly_k
SeSn

(note that holds for n = k with by = 0). Consider a shape S € S, 41 for some z € Z4.
Choose a fixed set of vertices T1 C C 41 of cardinality |T1| < C3 such that Cy,,, C C; 541 for
all w € Ty and the faces of the boxes {Cy, »;w € T1} form a cover of the exposed faces of C,, 1.
Now, since Cy,, C C; 541 for all w € T, given any *-path «y crossing CN’ZJLH \ C n+1, one finds
z1 € T such that + induces a path v crossing C’zl n\ Czim- Furthermore if v C S, it follows
that 41 C S,, where S, C S is the *-connected component of SN (C., » \ C}, ,,) containing 7;.
It is clear from this definition that S;, € S, ».

By a similar reasoning, one finds a set 1o C C’Z n+1, see below ) for notation, with
|T2| < Cy such that for some zy € T, v exits CZ n+1 for the last time through Cuyn C CZ 41
Since 2z € C, n+1 and consequently C’z2 nCC, n+1, we deduce from these definitions that ~y
induces a path o crossmg CZ2 n\ Czn. Now, let S,, € S, be defined as the *-connected
component of SN (Cy,n\ Cy, ,,) containing y. Note that 72 C 5., C S\ C..ni1. Now recalling

that S,, C C‘Zhn Cz+[—Lp,Lpt1 + Ln) , it follows that

. {@29)

(435) dOO(SZ]_7SZQ) > doo([_Lna LnJrl + Ln)da 8outC’O,nJrl) > Ln+1 - 2L 25nLn
Therefore, upon defining Ag to be the collection of all D such that the restriction of D to the
leaves of the left and right sub-trees of T, 41— of depth n — k correspond to some D; € Ag,
and Dy € ASZQ, for some z; € T7 and z9 € T5 respectively, then the properties (4.31)-(4.33))
follow as an immediate consequence of the above construction and the induction hypothesis. In
particular, the distance constraint in (4.32) (at level n + 1) is exactly .

Finally, observe that

(4.36) |As| < |Ty| - |Ta| sup |Ag/|* < C3Cy sup |Ag/|>.
S'eSy S'eSn

Together, (4.34), (4.36)) and (4.29) readily imply that a bound similar to (4.34]) holds with
n + 1 in place of n and b, 11 == by + bgL(fiiS‘l), from which (4.30]) follows with the choice
C = limy, 00 by (< 00). O
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The next result entails a capacity estimate which will be key in deducing (4.16)). For a given
shape S € S, and a collection D = {(2(¢),S(()) : £ € L(T,—x)} € Agy (with Agy, as given
by Lemma [4.8)), consider a collection B = {B({) : £ € L(T,_x)} of boxes such that, for all
te ‘C(Tn—k)a

(4.37) B(f) = z+[0,7)¢, for some z € Z% s.t. BU)NS({) #Band 1 <r < %@ch-
Now, define the set
(4.38) Ss(D)= |J B, foDCD

EL(Trk):.

(z(0),S(¢)eD
and
4.39 nk = inf inf inf inf inf p! Sg(D)),
(439) e = 0l L oIl g gnt, o heap (Sa(D)

|D|>p| D

with the infimum over B ranging over all collections of boxes satisfying (4.37). The following
lemma supplies suitable lower bounds on the quantity &y, k.

Lemma 4.9. (d > 4) For anyn >k > 0, one has
26n k

T~ ont
1+ Ci(EHLn)d,Q

(4.40) st > 27T A

As a consequence, for all for alln > k > 0, one has
(4.41) Kok > 2" A 62" Frp g

Proof. Consider S € S,41, D € Asg = Agy, a collection B satisfying and D C D with
|D| > pD for some p € (0, 1]. Consider the sub-collections D; and D, of D given by (4.32),
define D; := DN D; as well as the sets SB(ﬁi) for i = 1,2 in similar fashion as , so that
Sp(D) = Sp(D1) U Sz(Dy). By (#.32) and (4.37) and since n > k, one has

(442) dg(SB(ﬁl), 55(152)) Z EnLn-

Now, since Sg(D) D Sp(D;) for i = 1,2, using the sweeping identity (2.7), one bounds

(143)  cap(S5(D) £ 3 equpy(x)+ _max  PilHgpy <o) D egyp)(2):
2€Sp(D;) 2€55(Ds—s) 2€S8(Ds—_i)
Using ([2.5)), one finds, for i = 1,2,
max  P[Hg, 5y <oo] <cap(Sp(Di)) — max  g(zy),
2€Sp(D3—;) 2€88(D3—:),y€SB(D;)

The maximum of Green’s functions on the right-hand side is bounded by C(e,,L,)?~% in view of

(4.42) and (2.2]). Now substituting these bounds into (4.43)) and adding the resulting estimates
for i = 1,2, one deduces in view of (4.39) that

4.44 cap(Sp(D)) > L ~ [~ > r T .
(4.44) p(58(D)) = cop (s (15))(;;31)(5(5(@233 = > (sQ(Zn)];v (SB(D2))
14 ¢ cap(Ss (;ant)?:EQ B(D2 | | 14 O cap(Ss (EiLn():ZEQ B(D2
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However, since cap(Sg(D)) > cap(Sp(D1))Veap(Ss(D2)) =: Z due to the monotonicity of cap(-),
see (2.8), distinguishing whether = > 2"*1 in which case cap(Sz(D)) inherits this lower bound,
or Z < 2" in which case one applies (4.44)), it follows that

- D 2K
cap(S5(D)) > 1D (2041 5 2k )

Z S
D| L+ C Ty
yielding (4.40). The lower bound (4.41)) follows from (4.40) and a straightforward induction
- G _
argument, with ¢ = [[>2 (1 + CW) 1> 0 (see (4.29)). O

We now complete the proof of Proposition [£.3|for d > 4. Let L > 1 K > 100 and N > 10K L.
We first introduce the collection A = Aﬁ (An) for any Ay € Sy and verify that it is I'-
admissible. Let ng be maximal such that L,, < N/10, which by (4.29)) implies that

(4.45) N/30 < Ly, < N/10, and let Ly, 1 < 5L < Ly, .

Note that kg < ng. The set A will be defined in terms of the coarse grainings Agy, of a
fixed number of shapes S € S,,, which we now introduce. Let V° C Z¢ consist of 0 and
any point 2z € Ly,,Z?% such that b, ,, = 2 + [0, Ly, )¢ intersects OBsgn/p Or 8[—%, %)d. Define
SO = {C.g \ bomg : 2 €V} C Sy In view of (.10), observe that any s-path ~ crossing Ay
induces a *-path crossing S for some S € S°.

Now, let k € [ko, no] be such that

(446) 2ep_olp_o <2KL + 3L <2, _1Lj_1

and consider the subset of leaves ¢/ € L(T,,—k,) of the form ¢ = ¢ x (0,...,0) =: £y, where
¢ € L(T,,_x) is arbitrary and (0,...,0) € £(Tk_g,) is fixed. For a given shape S € S° and
a collection Dy € Agp,, “prune” Dy = {(2(¢'),S(¢')) : ! € L(Tpy—k,)} (and forget the anchor
point z(¢')) to obtain the collection D = {S(¢y) : £ € L(T,,—x)}. Let A" denote the collections
D thereby obtained as D ranges over Agy, and S € S°. The collection A = Aﬁ 1 (An) is then
defined as (recall L from (4.1))

A=A{C= WOeerr,yr) (D) €L, 3D ={S(to) : £ € L(Tng—t)} € A

(4.47)
s.t. Cy(g)7L N S(E(]) =+ @ for all £ € E(Tno—k)}'

We now verify that A defined in is T-admissible. The fact that |A| satisfies with
() as in follows from (4.30)), the fact that |S°| < C, whence log|A’| < CLy,_,, and
since the choice of points in C for a given D € A’ is bounded by CITro-#l Overall, this gives
log | A| < CLyy—k,, as desired (note that Ly,_x, < CN/L by (4.45)).

The crossing property can be seen as follows. Let v be a %-path crossing Ay. As
noted above, v induces a crossing for one of the annuli shapes S € S°. By there exists
D € Ag, such that the following holds for every ¢ € L(T,,_j). The *-path 7 induces a *-path
~' crossing éz(g)’ko \ C.(0),k, With 7" C S(£p). In particular, by paving the part of 9S({o) adjacent
to C(p),k, Py boxes Cy 1, for y € L and by choice of Ly, in ([4.45), one finds a point y(¢) such
that By(g)’ £\ Cy(o),1. is crossed by /. The resulting collection C belongs to A and follows.

Regarding (4.11)), observe that n = |C| = |£(Tp,—&)|, whose logarithm is comparable to

Ly, /L, hence to N/(KL(log KL)?) using ([4.45)), (4.46)) and the fact that c(log KL)™2? < g}, <
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C(log KL)~2. The required separation property then follows from and . In-
deed, the latter (applied inductively) implies that any two shapes S({), S(¢,) with £ # ¢’ €
L(T,,,—k) are each subsets of two shapes S(¢), S(¢') € Sk separated by 2e_1 L1 > 2KL + 3L,
see ([4.46). Hence S(fy), S(¢,) inherit this separation. On account of ([4.47)), the resulting points
y(€), y(¢') are then at ¢>°-distance at least 2K L + L.

Thus A is I'-admissible. To see that the capacity lower bound holds, first observe that
L > FepLy by upon choosing ¢7 small enough and choose (> 1) satisfying

cr T 1 ¢y
4.48 1< < (7 A 7).
( ) 2K el — \2 K

In particular » < L. Now consider an arbitrary collection C € A and note that
(4.49) each box Cy(y) 1, y(£) € C, contains a box B({) satisfying (4.37) (with n = ng);

indeed this follows immediately by construction of C ) 1, which intersects S (¢) by definition,
see (4.47), and the fact that » < L.

Together, , and imply that for any C € A and any sub-collection C C C
with |C| > (1 — p)|C| for some p € (0, 1), cap(X(C)) > cap(S5(D)), for some family B satisfying
, where D refers to the collection generating C, see , and D C D is the sub-collection
of D corresponding to the indices ¢ € L(T,,,_;) appearing in C C C. Tt follows that

. . ([@39) (@41) o
(4.50) (1-p)"teap(B(C)) = kngr = cK@2IN,

where the last inequality is obtained by combining the fact that 2 > ¢N due to (4.45) (see
also the note following (4.29))) and observing that

4.39 4.48]

2 F g = cLp'cap(B,) = K~ %I;fOL;@lcaP(BsmLm)
(4.51) =
-2.10 -4.29
B k-2 gy L3102 5 o),
> Jnf >

The bound (4.16) follows immediately from (£.50). If Ay = By \ Bey for some ¢ € (0, %), one
simply sets A]I\? L(AN) = .A]KV, (BN \ Byy2), which has the desired properties. This completes
the proof of Proposition [4.3] for d > 4. O

5 Upper bounds

Using the coarse-graining scheme developed in the last section, see in particular Proposition
we now derive companion upper bounds to the lower bounds obtained in Theorem The
main result of this section is:

Theorem 5.1 (Upper bounds).
i) If d =3, then

log N
(5.1)  for all h > hy, limsup % log P[0 <28 0By] < —%(h — )2,

N—oo

log N p=h
(5.2) for all h < h,, limsup %logP[O &2 0BN, 0 </ o] < —%(h* —h)%

N—oo
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i1) If d > 4, then

1
(5.3) for all b > hy, limsup — log P[0 <=5 9By] < 0,
N—o0 N
. 1 p>h p=h
(5.4) for all h < hy, limsup N log P[0 «+— OBy, 0 </ o] < 0.
N—o00

Moreover, the bounds (5.2)) and (5.4) also hold for the event LocUniq(N, h)¢ (see (1.5))) in place
p=>h
of {0 28 9By, 0 <45 o).

In spite of a common thread, the treatment of the subcritical (h > h,) and supercritical
(h < h,) regimes involve significantly different ideas. The supercritical case is more involved,
mostly due to the additional disconnection constraint present in the events. Correspondingly, the
upper bounds of Theorem are furnished separately in two subsections. Section [5.1] contains

the proof of (5.1]) and (5.3), Sectionthat of (5.2)) and (5.4).

5.1. Upper bounds for the subcritical phase. We start by giving an overview of the proof
strategy leading to and . To any path connecting 0 to 9By in {¢ > h}, one associates,
in view of Proposition a collection of well-separated boxes of carefully chosen size L < N,
each containing a box-to-box crossing at scale L. By the decomposition of ¢ into the sum of
1 and & within each such box, it follows that when h > h,, either £ is atypical for all but a small
proportion of the boxes, or the localized version of the event, involving crossings in {¢) > h.+e},
behaves atypically for the remaining boxes. The corresponding events Ey j, and Fi 1, (for ¢ and
&, respectively), are defined in below. Together, they yield the central estimate , which
drives the subsequent upper bounds. The key control on the event Fy ;, involving the harmonic
average, derived in Lemma for d = 3 and Lemma for d > 4, is obtained by combining
Lemma and the capacity estimates of . The resulting bound ends up carrying the
leading order in . The localized event Ey j, is dealt with in Lemmas and and
essentially inherits a given a-priori estimate (for instance ) Pitting the resulting bounds
against the entropy factor coming from the choice of coarse-grainings in Proposition
leads to an improved bound on the one-arm probability, for suitably chosen box sizes L. This
scheme can be applied as a bootstrapping mechanism, see Proposition below, thus yielding
the desired bound starting from in several steps (in contrast, a single step suffices
when d > 4).

We now render the above precise. Let h > h' and € € (0, h — h’). Referring to the notations
from (4.1)—(4.4)), given L > 1, K > 100 and a vertex z € L. = (L), we introduce the events

. wZZh’-',-% ~
(5.5) {z is y-bad} == {C, £——5 9C.}, and
(5.6) {2 is &-bad} = {Sgp F>h—h—=).

We also refer to the box C, as ¥/&-bad whenever z is ¢ /(-bad. Next, for any N > 4K L and
and p € (0, 1), consider the events

3C € Ay and C C C with |C| = [p|C]]
such that all the sites z € C are ¢-bad [’

3C € Ay, and C C C with ](?|~: IC| — [p|C|]
such that all the sites z € C are &-bad,

EN,L = E][\%L(pv h’v hlvg) = {
(5.7)
FN,L = F]{/(,L(pv h, h/,E) = {
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where Ay 1, = Aﬁ 1 (Bn) is the admissible collection given by Proposition Since p = &*+1*
on U, D C, and D, D C, it is then a consequence of the property (4.12) of A,z and (5.5),
(.6), (57) that

(5.8) P[0 <=5 9By] < P[En.1] + P[Fy.1].

The following (a-priori) bound will be useful in dealing with (5.5) and the event Ey r in
(5.7). It will also apply to a different notion of i-badness in the next subsection, hence the

general formulation. Consider an arbitrary increasing set A € B(Réz). Then, in the notation of
(3.4)), if for some ' € R, e >0 and L > 1,

(5.9) PIAY (¢)] < e /@) with log2 < f(L) < cs(e)L,
then
(5.10) P[AMTE(p?)] < e ),

Indeed, (5.10) follows immediately from the decomposition ¢ = £* + * valid on U, whence

PAY+E (1)) < BIAY ()] + P inf & < —¢/4] <PIA" ()] +e7250 'L 00,

where in the penultimate step we used Lemma for the singleton C := {z} along with the
lower bound cap(C}) > cL from (2.10) (valid for all d > 3).

At this point we consider the cases d = 3 and d > 4 separately.

Upper bound for d = 3. Recall from that the quantity P[0 & 0By] decays stretched
exponentially in N for every h > h, with some exponent 8 = c¢;(h) € (0,1). In what follows, we
will bootstrap this decay to the one asserted by in — as will soon turn out to be necessary —
two steps. This is encapsulated in the following proposition, from which the upper bound
will quickly follow.

Proposition 5.2 (Bootstrap). Let b’ € R and ' € (0,1) be such that

1 /
(5.11) lim sup N7 log P[0 &2 0Bn] < 0.

N—oo

Then for all h > h', the following improved bounds hold, depending on the value of . If
B <1/2, then

1
(5.12) lim sup — log P[0 &2 OBN] < 0 for every f < 1,
N—o0 N

whereas if 3/ > 1/2, then

log N

(5.13) lim sup

N—o0

log P[0 <28 0By] < %(h W2,

Assuming Proposition [5.2] to hold, we first give the short:
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Proof of . Let h > h.. By (1.3) we have at any height h' > h, with exponent
B = c1(h') > 0. Therefore, by (5.12)), we obtain that holds for every b/ > hy, and 8/ <1 —
in particular for 8/ = 3/4 (say). Consequently, we obtain the bound in for any h' € (h., h).
The result now follows by sending k' — h,. O

Remark 5.3. Proposition highlights in a transparent form the paradigm underlying our
strategy to obtain sharp upper bounds. Indeed, a similar (but considerably more involved)
bootstrapping mechanism is at work in the supercritical regime; see Section [5.2l The choice
as a starting point for the bootstrap reflects the fact that stretched exponential estimates
naturally come out of the static renormalization arguments leading to the existence of a non-
trivial subcritical regime, see [19]. One could forego one step in deducing as is implied
by the strongest available results [I7, [I§], but our findings do not rely on these. Moreover, we
will face similar issues in the supercritical regime, where such results are not available a-priori.
In fact one could even deduce the desired bound from a much weaker a-priori estimate
than a stretched-exponential bound by bootstrapping a few more times, see Remark below.

We now aim at showing Proposition Its proof combines individual estimates for P[Ew 1]
and P[Fi 1], cf. (5.7) and (5.8]), which are supplied in the following two lemmas.
Lemma 5.4. (p € (0,1), K > 100, h > W, e € (0,h — h')). If (5.9) holds with A" (o) =
{Ch BN 8C~’0} for some L > 1, then with En, 1, = E{\%L(p, h,h',e), for all N > 10K'L one has

(5.14) logP[EN 1] < n(Clog(nK) — pf(L)),

where n = |C| for any C € A (cf. (4.11)) in Definition[{.3).
Proof. On account of (5.7) and by a union bound, one obtains

PlEn) < |An,L| ([;ﬂ) CGSjip sup P[z is ¢-bad, Vz € (]
N,L _CcCC

(5.15) |5|=Wﬂ
< Cnlog(nK) qup sup P[z is ¢-bad, Vz € C]
CE.AN,L ~(?CC
[Cl=[pn]

where the second line follows using (4.13)), (4.14) and the lower bound on n from (4.11]) in order
to bound | Ay, L|.~NOW, due to the independence property (4.7) and by translation invariance,
one has, for any C C C € A with |C| = [pn], since ([5.9) holds,

- (-5),(-10)
P[z is ¢-bad, Yz € C] = P[0 is -bad] "] .g eI,

which together with (5.15)) gives (5.14)). O

Next we present the relevant bound for P[Fy ]. Fix any function L;(N) such that Li(N) >
(log N)? for any v > 0 and N > C(v) and such that (log Li(N)/log N) — 0 (cf. below (4.16])
in Proposition .

Lemma 5.5. (p € (0,1), K > 100, h > I/, e € (0,h — h')). For any 6 > 0, one has

log N AMK)(1—
(5.16) lim sup sup 8 log P[Fin.1] < _TAE)(A - p)
N-oo Lel(log N)2+0,11(N)) NV

h—h —e/4)?
6 a(K) ( 6/ ) Y
with a(K) and A(K) as appearing in Lemma and Proposition respectively.
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Proof. Recalling (5.6) and (5.7]), and proceeding as in ({5.15]), one finds that

logP[Fy 1] < Cnlog(nK)+ sup sup logIP)[ ﬂ { sup &£ >h—h — 5/4}]
CEAN,L ccC = z€D;

(Cl=n—[pn] =€

Denoting the event on the right hand side above by F (é), we get, combining Lemma the
capacity lower bound (4.16)) from Proposition and the fact that n < N/LK by (4.11)),

sup sup sup IOg ]P)[F(C;)]
Le[(log N)2+0,L1(N)] CeAn L CcC
[Cl=n—[pn]

2 A1 = p)

O i ) eap(Tn)(1 + on (1),

where

N
d=06(N,K,p,0) = C\/)\(K)(l — p)K3(log N)2+0cap(Ty)

— 0, as N — o0,

using the asymptotics for cap(Ty) from (2.12)) in the last step. Finally notice that

N

log(nK) < ———
nlog(nK) < e Ny

for L > (log N)**Y.

The lemma follows by combining the previous displays along with the asymptotic of cap(Ty). O
With Lemmas and at hand, we proceed to the

Proof of Proposition[5.9. Let b’ € R be such that holds and consider h > h' and ¢ €
(0, h — h'). First choose K > 100 large enough and p € (0,1) close enough to 0, both depending
on h, h' and ¢, such that, applying Lemma one obtains, for all § > 0, N > C(e, h, 1, 0) and
L € [(log N)**?, L1 (N)],

(5.17) logP[Fy ] < ——=(h—H —¢/2)?

E

log N

(recall to that effect that both a(K) and A(K)(1 — p) converge to 1 in the limit p — 0 and
K — oo by Lemma and (4.15) in Proposition respectively). Now for any N > 103, let

(5.18) L = L(N,0) := (log N)**?,

for some € > 0 to be chosen. Notice that with (5.18)) and by (5.11)), the condition (5.9)) holds

with A" (¢) = {Co <22 8Co) and f(L) = e(i, #)LF whenever N > C(e, h, /.6, f'). With
this choice of f(-) and since nK < N/L by (4.11), it follows that

Clog(nK) — pf(L) < —pf(L)/2, for all N > C(e, h, .0, 5)
as soon as

(5.19) 2+0)8 > 1.

31



Hence applying Lemma and using the lower bound on n from (4.11)), one gets (with L as in
G19)

(I, B)pN
K(log N)(2+9)(1*5/) ’

(5.20) logP[EN L] < —

provided (5.19) is satisfied and N is sufficiently large. Plugging the bounds from (5.17) and
(5.20) into (5.8]) we immediately deduce, letting N — oo and then £ — 0, that

. (log V)"
5.21 1 —_—
(5.21) im ~

N—o0

log P[0 <228 0By] < —%(h — 1)

for any value of § satisfying

B>@2+0)(1—pF), if@2+0)1-pF)>1

(5.22) B8=1, otherwise

and any choice of § > 0 such that (5.19) is satisfied. If 8’ < 1/2, the conditions # > 0 and
(2+6)(1 —p) < 1 cannot simultaneously hold. Hence, in this case, choosing for example

0 = 0(p') so that (2+ 0)p" = 2, whence (5.19) is satisfied, (5.21)) yields the bound (5.12)). On
the other hand when ' > 1/2, the conditions (5.19) and (2 + 0)(1 — ') < 1 can be recast as

-2

1 1
(0<)@_2<0<1—5’

(note that the interval of admissible values for 6 is non-degenerate because 5 > 1/2). So
choosing for instance 6 = m — 2, we obtain (5.21]) with 8 =1 (since (24 6)(1 — 5') < 1

holds), which is (5.13)). O

Remark 5.6. A careful examination of the proof of Proposition [5.2] reveals that a stretched
exponential a-priori bound such as ((5.11) is not required to arrive at (5.1]). Indeed one could for
instance obtain the same result by means of a few additional bootstrapping steps starting from a

p>h |~

AL 285l < 0 for some §'(h) > 0 and all b > h,
(or even a k-fold composition of log, for some fixed integer £ > 1). Combining with other existing
methods, see e.g. [17], one would further obtain that (5.1)) holds as soon as P[Cy p, £ dCo.1)
is bounded from above by a suitable ¢(d) € (0,1) uniformly along a diverging subsequence of

scales L. Similar conclusions could be drawn in the supercritical regime, cf. Remark 1).

much weaker estimate of the type lim supy,

Upper bound for d > 4. We now supply the proof of (5.3)). Throughout the remainder of
Section[5.1] for an arbitrary level b > h, (as appearing in (5.3))), we simply fix b’ = (hy+h)/2, e =
(h—1')/8, p=1/2and K =100 in (5.5)—(5.7). The events Ex 1, and Fy,p, thus effectively depend
on the sole parameter h. The following two results replace Lemmas and respectively.

Lemma 5.7. (d >4, h > hy) For all L > C(h) and N > 103L one has

(5.23) P[Ey 1) < e ¢WN/L,
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Proof. The proof mimics that of Lemrna 4] with small modifications. Proceeding as in ([5.15)),
using (4.13)), (4.14) and the bound (logL) <n from ([4.11]) to bound |.A100 |, one finds,

(524) ]P)[EN,L] < eC’n(iog L)QP[O is w—bad] [n/2] < en(C(log L)ch(h)Lﬂ)’

forall L > 1, N > 103L, where the first inequality also relies on the independence property .
and the Second one on the fact that (| and . comblne to give a suitabie bound on

P[0 is ¢-bad]. Using the lower bound on n yet again, 3)) readily follows from . O

Remark 5.8. The conclusions of Lemma would remain unaltered if one replaced (1.3) by

the (weaker) assumption that P[Cy , &2 9Cy 1] < echlog L*** for some ¢ = e(h) > 0 and
all L > 1, h > h,. This is related to the power in the definition of ,, in , and could be
relaxed to a “1+¢&”-condition by suitable modification of and the subsequent arguments of
Section which would lead to a corresponding improvement of the lower bound on n in (4.11)).

The analogue of Lemma is

Lemma 5.9. (d >4, h > hy) For some C(h) > 0,

1
(5.25) lim sup sup —logP[Fyn 1] < 0.
N—oo  Le[C(h),N/10K]

Proof. For arbitrary L > 1, N > 103L and any given collection C € A = Aloo and C C C with

IC| = n — [n/2], one obtains by virtue of ( and (2.13) that cap(¥) > cN. Together with
Lemma this is seen to imply that,

(5.26) ]P‘[ ﬂ{jggz > h_i— %}} < eV

(with A/, € as defined above Lemma whenever L > C(h) and N > 103L, noting that
C|
cap() ~
bound over the choices of C € Ay, and C C C, (5.25)) is easily seen to follow since log|A| <
Cn(log L)? < CN, see (|5.24)) and the upper bound on n from (4.11). Thus, the resulting

< ¢L~! becomes suitably small for such L, cf. (4.9). In view of (5.7)), applying a union

combinatorial complexity doesn’t spoil the upper bound in (5.26)) whenever L > C’(h). O
Proof of (5.3). The upper bound (j5.3)) follows immediately by combining (5.8]), (5.23)) and (5.25)
upon choosing L = C(h) large enough to ensure both Lemmas and are in force. O

Remark 5.10. Following up on Remark we describe which upper bounds can be derived for
d > 4 using the collection A’ (obtained by follovving the coarse-graining scheme used for d = 3).
For h > h,, fix I/, ¢, K and p as above and define Ey ; = ENL(p,h W.e), Fyp asin
(-7). but with .A’ in place of A. Slnnlarly as in (5.8), by admissibility of .A’ one sees that

P[0 &2 <= 0BN] < P[E)y ;| +P[Fy ;]. Using 4.16), (5.26) and recalling the larger combinatorial
complexity of [A’| (as in (5.15) ) for 1nstance) one ﬁnds that

@E11) o )
(5.27)  P[Fj ] < eOnlosni)gmethIN T2 (ONBEE—eN < o=¢/(NN ' if C(h)log N < L < cN.,
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Regarding P[E'y /], observe that the bound (5.14) from Lemma [5.4| holds with EY ; instead of
En 1. This crucially uses the fact that n = |C| for C € A’ satisfies the lower bound (4.11]) with
u(x) = x, which is used in the proof of Lemma As a consequence, one obtains

SN

(5.28) PlEy ] <e ¢ 1, if f(L) > ClogN, L <cN,

assuming (5.9) holds with A" (¢) = {Cq &2 dCo}.
As we now explain, one can deduce from ((5.27) and (5.28)) that for any integer k& > 1

p>h

(5.29) P[0 <28 0By] < e WN/M0s™NE or all N > 1, b > he,

where log(k)(-) denotes the k-fold composition of log(-). To obtain one proceeds as fol-
lows: in a separate (first) step, starting from , one chooses f(L) = c¢(h)L and L =
C(h)(log N)1+cfl, whence ((5.27) and (5.28) apply and yield for k = 1 with C5 = ¢;* —¢1.
Now, assuming to hold for some k > 1, one chooses f(L) = ¢(h)L/(log®) L)% and
L = C(h)log N (log +1)]\7)05, whence and apply (in particular holds with
this choice of f(-) due to (5.29), and the conditions on L and f(L) in (5.27), are met)
and readily yield with k& + 1 instead of k.

Note that is nearly and that the obstruction to obtaining the desired result
comes from competition between the entropy of A’ and the local fields leading to , not the
contribution from the harmonic average, which exhibits the desired exponential decay.

5.2. Supercritical phase. We now proceed to the proofs of and in Theorem
along with the corresponding statements for LocUniq(N,h)¢, h < hs, which we will actually
prove first. In all cases, our argument revolves around a notion of good event Gy, see ,
which will allow us to construct ambient clusters with certain desirable properties. The bottom
line is that it will be costly for any large connected set to avoid connecting to any such ambient
cluster. This is quantified in Lemma The desired estimate for P[Gy] is then arrived to by
means of a renormalization scheme, starting from a certain localized good event G., see Defini-
tion [5.43] which satisfies a suitable a-priori estimate, see Lemma Importantly, the scheme,
whose essential features are captured by Proposition [5.14] improves not only probabilistic esti-
mates but also the number a of contact points inherent to the definition of G, see , in each
step of the iteration. The proofs of and for all events of interest follow by combining
Lemma Proposition and Lemma and are presented at the end of this section.

For f : Z% — R (cf. above (2.32) regarding Z? > Z%), we define the local average (Af), =

(2d) 71>, emdimen fmo for @ € Z94. For integers Ly > 1 and M > 1, we then introduce the set
(5.30) M(f)={x€Z: (Af)y > —M for all y € Bar,(z)}, M = M(p)

(note that Bor,(z) C Z? by definition and recall the extension ¢ from (2.33)). Due to the
decomposition @ = £ + 1) from , this means that M = {z € Z9 : fy > —M,y € Bar,(z)}.
The condition used in the definition provides us with a uniform insertion tolerance bound
on the set M which will be used in the proof of Lemma below (see around the display
(5.37)) and which — as already noted in the beginning of Section — is not otherwise true.

We now introduce a key (good) event, involving various parameters, which roughly ensures
the existence of ambient clusters with desirable properties. Throughout this section, let

(5.31) N, L, Ly be integers with N > L >2Ly>1, M > 1 and a,b € Ny,
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and assume that Ay € {Bany \ By, By \ Bon,0 € (0, %)} is arbitrary, unless specified otherwise.
To avoid clumsy notation, we will keep dependence on the quantities appearing in and
AN implicit in the sequel, except for the ones that are subject to change in any given context.
The intermediate scale L will first appear in Definition below. For h' € R, the event
Gy = Gn(Lo,a,b, W/, M) is defined as

3 disjoint connected sets €; C (Anx N {p > h'}), for 1 <i < b, such
(5.32) Gn =< that any *-path v crossing Ay contains points z; j = x; ;(y) satisfying
Bry(zij)NEGNM#D, foralll <i<band1l<j<a.

Notice that the sets &; in may very well be connected in Ay N {p > h'}. For b’ € R,
consider the sigma-algebra Fjy = o(@y, 1{ps > W'}z € 7,5 € M%) and notice for later
reference that M, the event Gy as well as the sets €1,...,%, are all Fj/-measurable. Our
interest in G stems from the following

Lemma 5.11. (h < F/, (5.31). There exists ¢ = c(h,h’', Lo, M) > 0 such that, with Gy =
GnN(Lg,a,b,h') as defined in (5.32)), the following holds if a > C(Lg, h,h', M) and b > C(Lg).

p>h o>h'
(5.33)  For Ay = By \ Bow, Pl0 <28 0By, 0 </ 00] < P[G%] + P[Byy </ 00] + e~

w>h'

(5.34)  For Ay = Bay \ By, P[LocUniq(N, h)] < P[G%] + P[By </ dBan] 4 =2

Proof. We only give the proof of (5.33). The proof of (5.34]) follows by straightforward mod-
ifications of the argument. We begin by introducing an auxiliary event G’y as follows. With
h" = (h+ h')/2 and for A > 0, the event G’y (\) occurs if all of the following hold:

i) the set {¢ > h”} contains an infinite cluster ¢ which intersects B,y .

ii) Letting .¥ = By N % N M, there exists — for any *-path v crossing By \ Boy — a set
S C v with |S]| > Aba such that B, (z) N # 0 for every z € S.

The parameter A, chosen below in ([5.38)), will ensure a certain well-separatedness property.
Clearly the event G’y () is measurable relative to F,» (cf. below (5.32))). We will argue that for
suitable ¢, A > 0 each depending on h, ', Ly only,

p>h
(5.35) P[0 =% 0By, 0 /% o0 | Fir]Lay (o < e, and
(5.36) P[GN(N)° NGy N {Boy £25 00}] < e~obe,

from which readily follows.

The proofs of and both hinge on the following representation of the conditional
distribution of {¢ > h} under P[-|Fp~]. In what follows, given p = (pz),ez¢ with p, € [0, 1],
let P, denote the corresponding product measure on {0, 1}Zd, with canonical coordinates Y =

(Y2)peza, so that Pp[Y; = 1] = p, for all x € Z%. By means of (2.37)) and (2.38), one infers that
for all h > h,
the law of (1{¢x > h}),ezqe under P[-|F;] is Pp with p; = Plp, > h|F;], x € 74,

5.37 ~ -
(5.87) pz =1ifz €{p>h} and py > cg = cg(h,h, M) if v € Br,(M).
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Indeed, regarding the last part, on the event {g, < h}, one has by (2:37) and (2.38) that

11— 2(V2A&) : tributi :
Plp, > h|F;] =1 N where ®(-) denotes the distribution function of a standard

Gaussian random variable. In case x € B, (M), one obtains the desired lower bound using that

co> —M by (5.30) and h > h whilst noting that limg_, &:5) =0 for any s,t € R with s < t.
3 D(t—E)

With (5.37) at hand, we proceed to show (5.35)), (5.36)), starting with ([5.35) and choosing
(5.38) X :=1/(3|Bsr,|)? (so that [2v/Ab] < b/|Bsr,| when b > C(Lo)).

The choice of A in ([5.38]) will soon become clear. Let C'(0) denotes the cluster of 0 in B,N{y > h},

under the measure P[-|Fj/] taw P,. We explore C(0) vertex by vertex starting from 0 in a

canonical way, i.e. checking at each step the state of the smallest (in a fixed deterministic
ordering of the points in Z%) unexplored vertex in the exterior neighborhood of the currently
explored piece of C'(0). We do so until the first time we discover a vertex x; € C(0) (there may
not be any) which is in the exterior neighborhood of some By, (y1) with y; € . (note that .7
as defined in ii) above is Fjr-measurable). At this point, we explore the state of every vertex in
Br,(y1). By definition, . C € so € intersects Br,(y1). We stop the exploration if some vertex
of € N Br,(y1) lies in C(0), which occurs for instance if all the vertices of Br,(y1) belong to
C(0). Otherwise we continue exploring C'(0) until we discover a vertex x2 € C(0) in the exterior
neighborhood of By, (y2) for some yy € .\ {y1} which was not visited by the exploration yet.
As before, we then explore the state of every vertex in By, (y2), stopping the exploration if C'(0)
intersects € in that box and continuing otherwise. We proceed like this until either stopping or
discovering the whole cluster C'(0). By construction, if the algorithm stops prior to discovering

C(0), the event {0 &2 oo} occurs.

Using the above algorithm, one deduces the following. Let 7 := |{y1,¥2,..., }| denote the
number of points y; discovered until the algorithm stops (possibly 7 = 0). Then in view of
property ii) above, with X = \/|Br,+1],

/ p>h p=>h /
(5.39) G\ N {0 €25 9By, 0 <25 5o} € {r > Nba)

(in particular, the right-hand side implies {7 > 1} whenever a > C(h,h/, Ly), as stipulated
above (5.33)). Moreover, by means of and (5.38), one sees that under P[-|F,] and on
the event G'\()), conditionally on {7 > n} for some 0 < n < Nba, the event {T = n + 1}
occurs with probability at least ¢j, where cg(h, h”, Lo, M) = co(h, K, M)Pro+1l (with ¢g as in
(5.37)). Together with , this readily implies that the left-hand side of is bounded
by (1 — cj)M**, as claimed.

We now turn to the proof of . Recall that Gy N {Bsn <£h/> oo} is Fp-measurable.
We will in fact show that

(5.40) P[GN(N)° | Fi]1{G N, Bow <225 00} < e=obe,

which implies (5.36). Under P[-|F}/] and on the event Gn N {Bon RZIR oo}, fix a path v in
the infinite cluster of {¢ > h'} crossing Ay . Notice in particular that vy C €, cf. i) above. By
definition of Gy, see , and by suitable labeling (using for instance the above ordering of Z9),
one finds disjoint connected sets 6; C (Ay N {p > K'}), for 1 <i < [2¢/Ab] (with A as in (5.38))
and corresponding points z; ;(70), 1 < j < [V/Aa], satisfying By, (z;;(70)) N%; N M # 0 and
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|21, (70) — @i j»(70)|oo > 2Lo for any (i,) # (i’,5') and all 1 < i,i" < [2v/Ab], 1 < 4,5" < [V Aa].
Thus, letting

(5.41) I={i:z;j(v) &2 %; for some 1 < j < (\F)\cﬂ}

it follows that under P[- |Fj/] and on the event {B,x £2n o0, GN},
(5.42) Gi(N)° C {|I] < VAbl;

indeed for an arbitrary *-path - crossing Ay, the occurrence of GG guarantees the existence of
vertices x; ;(7) such that By (x; ;(7))NGNM # 0, for every 1 <4 < [2¢/Ab] and 1 < j < [VAa].
Moreover, if i € I, then in fact 4; C %€ on account of (5.41). Hence, if |I| > v/Ab, the set
S = {zij(y) :i € I,1 < j < [VAd]} satisfies the properties listed in ii) above and

follows (the occurrence of i) is ensured by that of {B,x £27, oo}, which is conditioned on).

Finally, using (5.37), (5.38), (5.41]) and the separation of the points x; j(v0), 1 < i < [2V/Ab],
1 < j < [VAa], one infers that |I] stochastically dominates (under P[-|F;/] and on Gy) a
binomial random variable with [2v/Ab] trials and success probability 1 — (1 — clg)(ﬁ‘ﬂ, where
c10 := ¢y(h, 1, Lo, M). Thus,

}p[m < \/Xb‘]:h,]lGN < 2[2W\b1(1 _ clo)fﬁzﬂﬁb < e—cha

for suitable ¢ = ¢(Lg, h, h', M), as soon as v/Aa > C(Lg, h, h', M), whence (5-40) readily follows
from (5.42)). This completes the proof of (5.36) and with it that of Lemma [5.11] O

The upper bounds and , as well as the corresponding bounds for LocUniq(h, N)¢,
will eventually follow from Lemma As will turn out, all estimates will ultimately be
carried by the upper bound for P[G§;]. Our next step is thus to derive suitable upper bounds
on P[G], which we achieve by a renormalization scheme operating as follows. In a single step,
the scheme goes from a base scale L to a larger scale N, cf. . Whereas b as appearing in
(5.32) remains effectively fixed through the iteration (as will turn out b will grow roughly like
N/u(KL), cf. (4.11)), the scheme is designed to simultaneously improve on both the growth of
a:=ay in and the strength of the estimate on P[G%,] in each step. Roughly speaking, this
will boost ay, from being of order 1 to growing faster than L/(log L)¢ when d = 3 and linearly
in L when d > 4, whence the error terms in - become sufficiently small.

The starting point of the argument is a certaln good event G,, which we now introduce,
and for which we will later supply a suitable a-priori estimate, see Lemma In the sequel,
X = (X?)zeL, where x* refers to either ¢ or U*, see . We write x* for the restriction of x?
to Z%. Recall (£1))-([@4), (5-30) and (5.31)) regarding notation.

Definition 5.12. (Good event). For hy < hy < hy € R and z € L, the event G,(\) =
G.(X, Lo, L,a, h1, ha, hs, M) occurs if all of the following hold:

C. is connected to 9D, in {x* > hs} and for every 2’ € L such that |z — 2|c < L,

4
(543) all clusters of {x* > hy} crossing D, \ C, are connected inside D, N {x* > h;}.

letting .%, = D, N €. N M(x?) where €, denotes the cluster of C, in {x* > h;},
(5.44)  there exists — for any *-path ~ crossing D, \ C, — a set S C vy with |S| > a
such that Br,(z) N7, # 0 for every z € S.
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Henceforth we routinely suppress the dependence of G, on parameters which stay fixed. Note
that G, indeed depends on ¢, the extension of ¢ to z°, through M(x?) in -, see - We
now introduce, abbreviating ¢ = (1/1 )zer, and for € > 0,

(5.45) HL = G. ()N {sgp 1£%] < e},

(5.46) H2 =G, (¢ ﬁ{mf{z —e},

each inheriting the dependence on parameters from G, and where, as in (4.9), supp_/infp, refer
to the suprema/infima over all points in D, N Z%. Let gq = %(1 A (hg — h1) A (hs — h2)). The
key features of (5.43)-([5.46) are summarized in the following

Lemma 5.13 (Gluing; hy < he < hg, € € (0,¢9), (5.31))).

For z € ]L'; with ()Zlaf(Q) € {(85712)7(1!;3@)} and gl = gz(xlahlahQah&M)) g2 = gZ()Zthl -
g,ho+e,hs —e, M +¢), one has

(5.47) G' N {supsup €7 < e} C G,
z' D,

with 2’ ranging over all points in L with |2' — 2|0 < L. In particular,
(5.48)  P[G%] > 1— e ) whenever P[GY] > 1 — e 2 (1) with 41og(d) < 4f(L) < cs(4e)L.
Moreover, for z,2' € L with |2/ — z|e = L, if HL N H', occurs for some i € {1,2},

all clusters of {EY > ha + &} crossing Dy \ C’y, fory € {z,2'}, belong to a single conn.

5.49
(5.49) subsets €, of {¢ > h1 —e} N (D, UD,), which crosses both D, \ C; and D, \ Cy,

where ZY = ¢, e1 = and =4 =Y, e2 = 0, and

for any *-path v crossing Dy \ é'y, fory € {z,2'}, there erists a set S C 7y

5.50 -
(5.50) with |S| > a such that Br,(x) N Dy N E, . N Mpyr1e(@) # 0, for all z € S.

Proof. We write M = Mjs throughout the proof to make the dependence on M explicit,
cf. (5.30). The two-sided control on the harmonic average in and imply that for
all h € R and ¢ € {1,2}, any connected subset of {x; > h} N D,/ is contained in a connected
subset of {x3-; Z h — e} N D,, for any 2’ € L with |2’ — 2| < L. Applying this repeatedly in
the context of ( readily yields the corresponding property for the event on the right—hand
side of (| - Regardmg , recalling the local averaging operator A from above , on
B2L0(D )(C Zd) one has that Axz2 = A(x1 +£%) > Ay — \Aé | > Ax1 — ¢ by linearity and using
that |A&?| < A|€?| <& on BgLO(D ), whence MM(X1) N D, is contained in MM+5(X2) ND..

The implication ((5.48) follows readily from upon applying e.g. ) for a single box
(along with the bound on the capacity of a box as given by ) to control the tails of the
harmonic average

To obtain , first observe that regardless of the choice of i € {1,2}, by (5-43), (5-45),

and the fact that any path crossing D,/ \ Cs also crosses D, \ C. (see (4.2 and .
the followmg holds: all clusters of {¢)¥ > hy} crossing Dy \ Cy, for y € {2,2'}, belong to a single

connected component €, . of ({1/* > h1} N D,)U({¢p* > h1}ND.s), which crosses both D, \ C,
and D,/ \ C,/ (the last part is due to the first item in ([5.43]), which guarantees the existence of
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such a crossing for ¥¥ above level hg > hg). The control on the lower tail of &7, €% present in
(5.46) (and (5.45)) implies that ¢, .- belongs to a connected component of {¢ > hy — ¢}, thus
yielding in case ¢ = 2. The upper bound on &%, y € {z,72'}, in further implies that
any cluster in {¢ > ho + €} crossing D, \ Cy is part of a crossing cluster of {¢)¥ > hy}, whence
follows for ¢ = 1.

Finally, the property (| is inherited from when H! N ’Hi, occurs, regardless of
i € {1,2}. For, by constructlon the cluster of Cy, in CKZ - contains the cluster of Cy in {¥ > hy}
for y € {2,7}, and (M (9¥) N D) C (MM+E( 5) N D,), since Ap = A(ypY +§y) > AYY — ¢ in
Bor,, (Dy) if the event ”;‘-lZ occurs (this only uses the lower bound on fy) O

We now set up the bootstrapping scheme that will lead to a suitable control of P[G§;]. The
index 7 € {1,2} in , and below reflects the fact that intermediate steps (correspond-
ing to ¢ = 1) and the final step (corresponding to i = 2) of the argument need to be dealt with
in distinct ways. The coarse-graining scheme developed in Section [4 now enters the picture.
Referring to Proposition for integers K > 100, N > 10K L, we let A! = AﬁL(f)g,N \ Co.n)

and A* = A} [ (An) (with Ay € {Bx \ Bon, Ban \ By}, 0 € (0,1/3), as below (5.31)), and
define, for p € (0,1),

(5.51) Hyp=( U () H

CeAl  Ccc  z2eC
ICI=plc]
We elaborate a bit more on the central role of the event H ]i, 7, in Remark 2) below. The
next result is at the heart of our argument. It shows that Hy ; typically reproduces the event
from Definition (implicit in H!) at a higher scale N and with an improved choice of a (for
i =1), as well as the target event G from (for i = 2).

Proposition 5.14 (Bootstrap; h; < hs < hs, - p € (0,1),K > 100, = 1,2). With
HNL = HNL(a hi,he, hs,e, M, p), whenever (I](VL) > C, one has the inclusion

Go(@,N,a' hy — e, ha+e,hs —e, M +¢), ifi=1, fore e (0,&0),

5.52) (HE; NQiy) c
( ) ( N,L N) {GN(a,b,h1—€,M+€)7 ifi =2, for alle >0,

where O% = {Co N g2hes 0Dy N}, Q% = RZ* and
(5.53) b= [{5 u()I](VL)J a’ = ba.

Remark 5.15. 1) In , one also has the inclusion H]\lfL C Gn(a,b, hy — €) since HAl[’L -
HZ? N, L The weaker condltlon on the harmonic field entering the definition of H2, cf. ( -
and , will play a role in obtaining the sharp bound . for d = 3. The asserted
result . ) for d > 4 could be obtained by means of H. (and H} ~.1,) alone.

2) (The role of p). In view of (5.33)), (5.34) and (5.52), our goal in bounding P[G%;] becomes
to control the probability of (H}V )¢, which by definition, see , entails the existence
of at least one collection C € A’ containing a large fraction (1 — p) of (bad) points z for
which H¢ does not occur. The sacrifice of a small fraction p > 0 of (good) points inherent
in is utilized in the proof below in order to create b interfaces (growing linearly with
p) with certain good properties, implied locally by the occurrence of #¢. This eventually
leads to the desired improvement over a.
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Proof. The proof uses Lemma [2.1] as a crucial ingredient, applied to the renormalized lattice
L = L(L) rather than Z¢. For any A C Z%, we use L4 to denote the set of all z € L. = L(L)
such that ANC,, 1 # 0 (see (£.1) and (4.2)) for notation). In what follows, let U = L, o ifi=1
and U = Lp_, (resp. U = LBN) if i =2 and Ay = By \ Bon (resp. Ay = Ban \ BN) In a
similar vein, let V' = ]L~07N ifi=1and V =Lg, or Lp,, ifi =2.

_ Now let ¥ C L denote the collection of all points z € L\ U such that H’ occurs and
D, CDgnifi=1,resp. D, C By or Bay if i = 2. As we now explain, on Hzl\'f,Lv

(5.54) X C L satisfies the hypotheses of Lemma [2.1| with U,V as above and k = {JFIP{]BJ -1

To see , consider any *-path 71, in L crossing V' \ U. By suitably interpolating between
successive vertices of 4, one creates a *-path « in Z¢ such that v|p = y.. Let C € A; be the
adm1551ble collection corresponding to -y, i.e. such that ( - ) holds. Then by definition, see
, if HNL oceurs, there exists C C C such that H: occurs for all z € C, hence C C ¥, and
- follows since |C| > k on account of (5.51) and (@.11).

With in force, applying Lemma we deduce the existence of disjoint *-connected
subsets O1 < ... < Oy (each part of L) of ¥ all of which surround U. By definition of =, it
follows that (O; + Do 1) N (O + Dy,1,) = () as soon as |i — j| > 7. Consequently we can extract
from {O; : 1 < i < k} a subcollection {0} : 1 <4 < k'} with k' > k/8 such that (O, + Dy 1) are
pairwise disjoint subsets of A with V' = L4. Now for each j € {1,...,k'}, by *-connectedness
of O}, the fact that H' occurs for every z € 0’(C %) and using property (5.49)), one finds that
the connected sets €, ., for z,2' € O; with |z — 2| = L, are contained in a single connected
subset € of {¢ > h1 —e} N (O’ + Dy 1,). The sets €}, 1 < j < K, are disjoint by construction.

Moreover by -,
for any *-path ~ crossing f)Z,L \ C’Z,L, for some z € O;-, there exists a set S C «v
with |S| > a such that Br,(x) N D, NG N Mprie # 0, for all 2 € S.

(5.55)

In addition, if i = 1, (5.49) yields that
(5.56)  all conn. subsets of {¢ > hg + ¢} crossing Dz,L \ C’ZJ; for some z € O;- intersect ;.

We now explain how the inclusions ( - ) follow from this, and ﬁrst consider the case ¢ = 1.
In view of Definition [5.12] this amounts to verlfymg ) for x*, x* = ¢, with N in place of L
and at the heights given by -, as well as w1th a’ in place of a. First, the connection
required in is ensured by Q}V

To proceed further, we need the following observation. For a s-path ~ on Z%, define the trace
A% of 4 on L as follows: v(0) is the unique point in L such that v(0) € Cir),L (recall that these
boxes partition Z¢, see [£.2)). Set ng = 0. Given *(0),...,7"(k — 1) and no, . ..nk—1 for some
k>1, setnk—inf{n>n;C 1:7(n) ¢ Corge_ny i} and (k) EILissuchthaty(nk)EC L(k),L
By construction 7% is a #-path on L. Moreover, if v crosses Do N\Co ~, then v crosses VAU. As
the sets €, 1 < j < k', each surround U, it follows that for each *-path 7 crossing Do N\ Co N,

(5.57) there exists {z; : 1 < j < &'} C 4" such that distye (1) (2;,0)) < 1.

Indeed, (5.57)) follows for instance by extending v to a nearest-neighbor path 4% on L, which
only requires adding vertices at unit £°°(LL)-distance from ~%. The path ¥ crossing V' \ U in
turn intersects O;- for all 1 < j <k’ by [0, Lemma 2.1] and the surrounding property of each O;-.
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Now, returning to the verification of (5.43)), consider a cluster of {¢ > hy + ¢} crossing
DO N\ C’O ~. Extracting a crossing path v from this cluster it follows by definition of 71L that
7 induces a crossing in D, 1, \ C,,0, with 2z as in (recall that O} + Do, C Dy N)-
Hence, 7 induces a crossing in Dy, 1, \ C'yl 1, for some y; € Ol with |21 — y1| oy < 1. Thus, v
intersects €1 by ((5.56 - All in all, each cluster of {¢ > hy + ¢} crossing Do N \ Co N intersects
%) C {¢p > h1 —e}. Since %] is connected, the second part of ([5.43 - ) follows.

To deduce relative to the event Go(p, N,a/,hy — e, ha +e,hg — e, M + ¢) in ,
one proceeds as follows. Repeating the above argument for all j € {1,...,k'} using and
(5.57), one first observes that the cluster of {¢ > h3 —e} crossing Do n \ Co v stipulated by Q},
intersects each ¢, and therefore

(5.58) %0, the cluster of Cy n in {¢ > hy — €}, contains € for all 1 < j <k’

NOW still by the same argument, every *-path v crossing Do N\ C’o ~ induces a crossing in

Dy 1\ Cy 1, for some y; € O’ and all 1 < j <k (in fact v is also connected to every €; but
we won’t use this). By - there exist sets S; C « for all 1 < j < ¥/, each of cardlnahty at
least a, such that Br,(x) N Dy, NC; N Mpie 7é () for all x € S; and one can replace €; by %
in the previous intersection due to . By construction the sets S are disjoint, Thus letting
S = U Sj, one obtains by (5.55) that |S| > k’a > (k/8)a, whence |S| > a’ on account of

and ( whenever - ) > C. All in all, S has all the properties required by (|5.44 -
We now verify (9 in case i = 2. Consider a *-path ~ crossing Ay. By - ¥ 1nduces

crossings in Dy]’L \ C'y]’L for suitable y; = y;(v) € O; and all 1 < j < k. Applying (5 ,
we obtain for every j € {1,...,k'} a set of points {z;, = zjx(y) : 1 < k < a} such that
Br,(xjr) N ﬁyj NE; N Marye # 0. In view of (5.32)), the inclusion for i = 2 follows since
the sets €} are connected subsets of Ay N {¢ > h; —e} and k' > b. O

Our last missing ingredient needed prior to proceeding to the proofs of and is an
a-priori estimate for the event G, from Definition at levels below h,, which is available by
current methods and which we supply next. This a-priori bound will play a role akin to (|5.11))
in the subcritical case and enable us to initiate the bootstrap argument in Proposition [5.14

Lemma 5.16 (A-priori estimate). hy < hy < hg < hy, € € (0,60 A 3(hs — hg)). There exist
Lo > 1, M > 1 and c11 > 0, each depending on h = (h1,ha, h3) and € only, such that for
Go = gO(XvLOaLnaa =1,h, M) with X € {¢7¢} and #il = C(d), one has

(5.59) nhrgo LC“ log P[G] <
Proof. 1t suffices to consider the case y = ¢. The case x = ¢ then follows by applying (5

The bound - with x = ¢) will follow by applying results of [§] to the graph Vi (with unlt
weights). For x € Zd we consider the events (at scale Lo, see (4.2) for notation)

>hs+
(560) A}t = {C%LO ﬁi—i 8D{L',LO}
(5.61) A2 = all clusters of { > hg — &} crossing Dy 1, \ C'%LO
. .= are connected inside D, 1, N {p > h1 + ¢}

(5.62) A3 = {M D Dy r,}
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with M = M(p) as defined in and M = (log Lo)?. For A = \(d) (> 100) sufficiently
large —the choice of A corresponds to the constant 20c;gC1o appearing e.g. in (8.3) of [§], and in
the present case C'ig = 1 and c;g is determined by the isoperimetric constant on Zd) — one then
sets, for x € Z%, with A = 1.1\, {p = 3%V 12\ and L,, = 5 Lo, for 1 <k <3,

gﬁ,o = ﬂ A’;
YEBAL, (®)

Avc]zn = ﬂ (an 1 U gk _ ), forn > 1.
Y,2€(Ln—1ZNB5 . (¢)): d(y,2)>Ln

(5.63)

Since hg+¢€ < hy, combining the bounds in and applying a second union bound over B)r,,,
one infers that that limyz, P[;ﬂ;,o] =1 for £ = 1,2. Similarly, one shows that limy, IP’[AE’O] =1
using a standard Gaussian tail estimate (note that var((A@)o) > ¢) and applying a union bound
over Dy 1, and Byr,. All in all, one obtains that limp, P[gg,o] =1foralll <k <3 In
particular, by choosing Lo = Lo(h, €) sufficiently large, one can ensure that the conditions (7.5)
and (7.6) in [8] are satisfied, whence Proposition 7.1 therein applies and yields that

(5.64) P[(AY )] <272 forall 1 <k <3 andn >0,

where the primed events xz{v:’;’n refer to those defined in , but with sprinkled parameters
(h1,ha,h3) in place of (h1 + &,ha — &,h3 + ¢) in (5-60)-(5.62). Note to this effect that the
event Al;,O is measurable with respect to the restriction of ¢ to Z N By, (), as required
for Proposition 7.1 in [§] to apply, and that a slight extension (of the underlying decoupling
inequality (2.20)) is required when k = 2, cf. , in order to take care of the two opposite
directions of monotonicity. To conclude, one applies Lemma 8.6 in [§], which implies that

whenever (), g’;’n occurs, any two connected sets in Byy, of diameter at least (\/20)L,, each,

are connected by a path v C Bayr,, such that [, /TI;’ o occurs for all x € v. Due to the (primed
versions of the) choices ([5.60))-(5.62)), this event is readily seen to imply Gy with L = [(A/10)L,].

The bound (5.59)) then follows from (5.64)). O

We are now ready to assemble the pieces and prove (5.2)) and (5.4). In view of (5.52)), this
entails probing into the complements of the events H N t=1,2, from (5.51)). In the spirit of

(5.5), (5.6), for z € L = L(L) we say that
(5.65) {z is ¢-bad} == G5(¢), and

. . _J{supp, & > e}, ifi=1
(5.66) {z is (&,i)-bad} = {{insz E < ) i,

whence z is either ¢-bad or (£,4)-bad whenever H! occurs, cf. (5.45)), (5.46). By (5.51)), it then
follows that for any p’ € (0,1 — p) and i € {1,2},

(5.67) (Hyp)" C EnpUFyp,

where

such that all the sites in C are i-bad

oo 3C € A’ and C C C with |C| = Cl = TplCIT = TPIC]]
L such that all the sites in C are (&,14)-bad '

i {HCEAi and C C C with |C| = [¢|C]] }
EN,L — 5 ’
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At this point we consider the cases d = 3 and d > 4 separately.

Upper bound for d = 3. Combining Proposition Lemmas and with a bootstrap
argument (similar in spirit to the one leading to the corresponding subcritical upper bound), we
proceed to give the

Proof of . Let h < h,. We assume in the sequel that € € (0, h*lgh) and set hy = h, — 12¢,
ha = h, — 8 and hg = h, — 4e, whence € € (0,9 A %(h* — h3)) (cf. below regarding &g).

In the first step, we take the bound given by Lemma as our input and improve it (along
with the parameter a) via Proposition applied with ¢ = 1. To this end, we first choose
Ly and M, both depending on h,e only, such that Lemma [5.16] is in force. Then, applying
Proposition with these choices for Ly and M, as well as K = 100, p = 1/2 (see (5.51])) and
a = 1, the inclusion (5.52)) and ((5.53)) yield that

>h3 &

P[(Gon)] < P[(Hy )]+ P[Con </ ODon].

for all L > 2Ly and N > CL, where Gy y = g0(¢,L0,N a=|%], h1 e ho+e hy—e, M +e¢)
and Hy NI = HNL(LO,a =1,hy, ha, hs, e, M, p = 7) Incorporating ([5.67) with the choice p’ = %
and the upper bound on disconnection probability given by Theorem 5.5 in [20], we obtain from
the previous display, under the same assumptions on L and N that

(5.68) P[(Go.n)) < PIEN, 1) + P[Fy ] + eV,

In view of (5.66)), adapting the argument used in the proof of Lemma |5.5 - to the present case
where A! = AN L(DO ~\ Co N), using symmetry and applying a union bound (costing an

inconsequential factor ([n /ﬂ) where n = |C|, C € A') to get rid of absolute values in ((5.66]) and
FZ{, 1, we deduce that

PIFL,] < e MmN | for all N > C(h, ) and (log N)® < L < Ly(N)

(with Ly(N) as fixed above Lemma [5.5). On the other hand, in view of (5.65)), retracing the

steps that led to the proof of Lemma [5.4 H and -, replacing the input bound ( . by l-b
for Y = 1) (whence f(L) = ¢(h,e)L), one finds that for all L = L, as appearing in Lemma

satisfying L € [C(h,e)(log N)?/°1 ¢N] and N > C(h, ¢),

—c(h,e
P[EY ] < e "

Ll c11 .

Substituting the estimates for P[FJ{, ;] and IP’[E}V ;] into (5.68) and choosing L = Ly, with
ng = no(N, h,e) = inf{n >0 : L, > C(h,e)(log N)»x(3:2/c11)} ' we obtain for all N > C(h, ),

(5.69) P(Go(@, Lo, Nyan,hy — &, hy + &, hg — e, M + )] < e /'),
where ay = Lﬁj and f'(N) = (bg%%w. This yields the desired improvement, both in

terms of a and the probabilistic bound, over the a-priori estimate from Lemma [5.16

In the second step, we start with the improved bound (5.69) and feed it to Proposition
(in case i = 2) to derive an estimate for the event Gy in (5.32), for a suitable choice of the

parameters. Thus applying (5.52)) with the height parameters from ([5.69) in place of (hy, ho, h3),
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g’ :=hy —h —2¢(> 0) in place of € and Ly = Ly(h, ) as in the previous step, we obtain, for all
L > C(h,e), K > 100, p € (0,1) and N such that (I](VL) > C, using the decomposition ([5.67)),

(5.70) P(Gn(ar,b,h+e,M')] < PIEY ;] + P[FR 1],

with b as given by , M' = M + hy — h — ¢ and where the events E]2V7L, F]%I,L inherit the
parameters from H2 ; = HZ ;(ar,h1—¢, ha+e, hs—e, &', M +e, p), and depend on an additional

'€ (0,1—p). Now; mimid(’ing the arguments of the previous step to bound the probabilities
on the right-hand side in , but this time using f’ instead f (as implied by ) when
estimating P[E% ~.z), and with a view to (compare with the definition of Fy r, in and
the proof of ([5.16} - ) when dealing with P[F’ ]%, 1], one obtains the following for the choice L = Ly,
where ny(N, h,¢) = inf{n > 0: L, > (log N)3}, whence (log N)? < L,, < C(h,¢)(log N)3: For
K large enough, o (in the case Ay = By \ B,n) and p close enough to 0, all depending on h
and € and p' =1 — 2p,

(5.71) PG (dly, by, h+ e, M) < e 8PP 2P for all N > C(h,e),

where aly = ar,, and by = L%J

With (5.71)) at hand, we now deduce ([5.2)) and first consider the finite-volume event LocUniq(N, h).
Plugging (5.71)) (with Ay = By \ B,n) into (5.34) with A’ = h + ¢, we obtain for N > C(h, ¢),

T (hy—h—C p2h ;o
(5.72) P[LocUniq(N, h)e] < e~ " h=C9’ 5 4 p[By <7L> OByN] + e NN
< 2e*%(h*fhfc€)2$ + e*C(h/)N

)

where the second line follows by Theorem 5.5 in [20] and since blyaly > c(h,e)m.

letting N — oo and then € | 0.

The upper bound in for the truncated one-arm event will follow similarly from
and upon supplying a suitable upper bound for the probability of disconnecting B, from
infinity above level h' = h + ¢ (here 0 = o(h,&) > 0 refers to the choice that leads to (5.71)),
which is not readily available for us to use. To circumvent this issue, we combine the upper
bound for the local uniqueness event derived above and the disconnection upper bound
from [20] as follows: consider the sequence of events, for some integer M > 1,

51 = {BN & 8B4MN}7

Eor, = LocUniq(h', 2" M N) and Eapy1 = {Byigpy < &2t

836 ZkMN} fOI' k > 1.

It readily follows from the definition of LocUniq, see (1.5)), that {By RZN 00} C Np>1 Ek-
Therefore, applying a union bound and subsequently using the bounds from [20] and - for
the respective probabilities, we get for any M > 1 and N > C(h,e, M),

o>h
IP)[BN <7L> OO]
(5.73) N -
< ZP[&?] < Ze—c(h'mMN " Ze—c(h*—h ) ok AN < o Clhm h’)Qlog(m.
k>1 k>0 k>1
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Since M is arbitrary, (5.73) implies that

log N p=h
(5.74) lim —2 log P[Byn </ o0] = —o0.
N—oco N

for all h < h,. Similarly as with (5.72)), (5.2) readily follows from (5.74), (5.71]) and (5.33)). O

Upper bound for d > 4. Similarly to the subcritical phase, the proof of upper bounds simplifies
in higher dimensions.

Proof of . Let h < hy. We choose hi, ho, hg as in the beginning of the proof of and
simply fix € := (hs — h)/20. Following the same line of reasoning that led to the bound (5.69),
except for applying Proposition with ¢ = 2 directly (instead of i = 1) with o = i in case
Axy = By \ By, , and using analogues of Lemmas and in place of Lemmas and
respectively, to bound IP)[E}V ;] and P[F ]{, 1], thereby choosing L = C'(h) large enough, one finds
that for all N > C(h),

(5.75) P[Gv(a=1,b= [c(h)N].hy — &, M +¢) < o,

Here M = M(h) and Ly = Lo(h), implicit in the definition Gy, cf. and (5.32), are
chosen as in the proof of when applying Lemma Plugging for the choice
An = Byy \ By into with ' = hy = (> h) and using Theorem 5.5 in [20] in order to
bound the disconnection probability, we get

1
(5.76) lim sup Nlog P[LocUniq(N, h)“] < 0.

N—oo
Regarding (5.4 for the truncated one-arm event, proceeding similarly as in the case d = 3, we
p>h
first derive from (5.76) and the disconnection upper bound from [20] that 3 log P[By </~ oc]

tends to —oo as N — oo, from which (j5.4) follows upon applying (5.33) and using (5.75) with
Ay = By \ Byys- O

We conclude with a few comments.

Remark 5.17. 1) Analogues of Remarks and also hold in the supercritical regime.
Namely, at the expense of iterating a few more times, initializing the above scheme
does not require the full strength of the stretched exponential a-priori bound provided
by Lemma Moreover, when d > 4, replacing the admissible collection .A* inherent
to the definition of Hy ; in by the corresponding collection (A’)? (cf. Remark ,
which employs the coarse-graining strategy used for d = 3, one can derive analogues of
for LocUniq(V, k)¢ or the event in when h < hy. The proof essentially follows
the line of argument of Remark applying Proposition with ¢ = 1 for all but the
k-th step (where k > 1 refers to any target number of iterated logarithms, cf. ) The
important thing to notice is that the number a of contact points, albeit always growing
sublinearly in the macroscopic scale due to the choice of L, improves suitably along with
the bound on Gy through intermediate steps of the iteration.
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2) (Two-point functions). We now briefly discuss the amendments to our methods that

would be required to obtain the asymptotics for the truncated two-point function.
Regarding lower bounds, in the arguments leading to and , one would need
to ‘tilt’ the construction, thus following the £2-geodesic between x and y) rather than a
horizontal line, in order to force a connection between z and y. An asymptotic capacity
estimate for such a discretized ¢*-geodesic similar to (2.12) (when ||z — y|| = N) is given
by Remark Corresponding analogues of (2.23)) and ([2.24]) would also be required. The
former relies on the visibility Lemma [2.4] which is robust with respect to ‘tilting’ of the
above kind. To adapt the proof of , one could compare to a random walk on R? with
Gaussian increments, whose law inherits the symmetries of R? and to which the arguments
leading to the lower bound in can be extended, and then rely on the results of [22]
for comparison with X. The relevant upper bound for would naturally follow by
adapting our coarse-graining and bootstrapping scheme to a framework with FKuclidean
balls replacing ¢>°-ones (although, since L < N in practice, one may in fact get away by
coarse-graining using ¢°°-boxes at scale L).
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