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1 Introduction

The present work studies the percolation phase transition of Gaussian free field level sets
on Z% d > 3, which provides a canonical example for a percolation model with strong,
algebraically decaying correlations. It was first proved in [3] that the corresponding critical
level h.(d), see (1.4) below for its definition, satisfies h.(d) > 0 for every dimension d > 3
and that h.(3) < co. It was later shown in [20] that h.(d) is finite in every dimension d > 3,
and strictly positive when d is large, with leading asymptotics as d — oo derived in [7]. We
prove here that this parameter is actually strictly positive in all dimensions d > 3. This
answers a question from [3], see also Remark 3.6 in [20], and fits with numerical evidence
from [12], see Section 4.1.2 and Figure 4.1 therein. A corresponding classical result for
Bernoulli site percolation, piit®(Z) < % for d > 3, has been known to hold for several
decades already [4].

Our construction of infinite clusters (by which, adopting the usual terminology, we mean
unbounded connected components) of excursion sets for the Gaussian free field crucially
relies on another object, random interlacements. The model of random interlacements has
originally been introduced in [21] to study certain geometric properties of random walk
trajectories on large, asymptotically transient, finite graphs. The Dynkin-type isomor-
phism theorem relating interlacements and the Gaussian free field, see [23], has repeatedly
proved a useful tool in their study, see [23], [25], [18], [10], [27] and [1]. In particular, the
cable system method introduced in [10] provides a continuous version of this isomorphism
theorem, from which some links between the level sets of the Gaussian free field and the
vacant sets V¥, u > 0, of random interlacements can be derived. This method was used in
[27] and [1] to find a suitable coupling between those two sets, and was applied in the case
of transient trees. It was also proved in these papers that, under certain conditions on the
geometry of the tree T, the critical parameter h,(T) for level set percolation of the Gaus-
sian free field on T is strictly positive. As will become apparent below, the isomorphism
theorem on the cable system can be paired with renormalization techniques from random
interlacements, and in particular from [16], which imply a certain robustness property of
7% = 74\ V* with respect to small noise, to yield similar findings on Z4, for all d > 3.

Let us now describe the results in more details. For d > 3, we consider Z? as a graph,
with undirected edge set F/, and take uniform weights equal to 1 on all edges in F, so that
the sum of all weights around a vertex x € Z¢ is 2d. For x,y € Z%, we write x ~ y if and
only if {z,y} € E. Noting that Z? d > 3, is transient for discrete time simple random
walk, we define the symmetric Green function by

1 o
(11) g('ruy) = ﬁEx[Zl{Xk:y}:L x?ZUEZda
k=0

where (Xj)>0 denotes the simple random walk on Z? starting at x under P,. We also set
g(z) = g(0,z), for z € Z%. We define PY, a probability measure on RZ" endowed with its



canonical o-algebra generated by the coordinate maps ®,, € Z¢, such that, under P¢,

(1.2) (Py),eza is a centered Gaussian field with
' covariance function E¢[®,®,] = g(x,y) for all x,y € Z*.

(Any random field ¢ = (¢,),ez¢ With law P on RZ* will henceforth be called a Gaussian
free field on Z4). We are interested in level sets of ®, and for every h € R, denote by

{z JELN oo} the event that # € Z4 lies in an infinite connected component of
(1.3) EZh = B2 @) = {y € 2% &, > h},

and by n(h) its probability, which does not depend on the choice of z. The function 7(-) is
decreasing, and it is natural to ask whether it is strictly positive or not. This leads to the
definition of the critical point

(1.4) ho(d) L inf {h € R; n(h) = 0} .

By ergodicity, this definition corresponds to the phase transition for the existence of an
infinite connected component in E2", see Lemma 1.5 in [20]. It is not a priori clear whether
|hs] < oo or not, and a summary of the status quo was given in the first paragraph. In
summary, it is known that h.(d) € [0,00) for all d > 3, and that h.(d) ~ (29(0)logd)*/?
as d — oo. Our main result is the following lower bound in all dimensions.

Theorem 1.1.
(1.5) hi(d) >0, for alld > 3.

Moreover, there exists hy > 0 such that for all h < hy, there exists Ly > 0 such that E="
contains an infinite cluster in the thick slab Z* x [0,2Ly)%2.

In fact, one can replace E=" by {y € Z% K(h) > ®, > h}(C E>") for sufficiently large
K(h) in the previous statement, see Remark 5.3,2) below. As an immediate corollary of
Theorem 1.1, we note that there exists an open interval I C R containing the origin and
such that, for all h € I, the level set EZ" and its complement E<" = Z4\ E>" both percolate

(with probability one). This follows readily from (1.5) and the fact that E<" W B>k for
all h € R, by symmetry of ®. In particular, choosing A = 0, this implies that

(1.6) ® almost surely contains two infinite sign clusters (one for each sign).

Put differently, Theorem 1.1 asserts that the critical density p&(d) = PY[®¢ > h.(d)] satis-
fies p¢(d) < 3, for all d > 3, thus mirroring the result pf*°(Z?) < 1, see [4], for independent
Bernoulli site percolation on Z¢, d > 3. However, the elegant geometric arguments devel-
oped therein to “interpolate” between two- and three-dimensional structures do not seem
to transfer to the current situation: the correlations present a serious impediment. More-

over, there is no obvious monotonicity of p%(d) (or h.(d)) as a function of d. One may
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also conjecture that p&(d) < psi*e(Z%), the critical density for independent site percolation
on the lattice, based on the reasonable intuition that positive correlations “help” in form-
ing clusters of EZ". We do not currently know a proof of this (nor of the more modest
conjecture p&(d) < psite(Z%)).

A key tool in the proof of Theorem 1.1 is a certain isomorphism, see Theorem 2.2
below, which gives a link between random interlacements and the Gaussian free field.
We now explain its benefits in some detail, and refer to Section 2 for precise definitions.
Suppose that w denotes the interlacement point process defined in [21], with law P!, and
let w" be the process consisting of the trajectories in the support of w with label at most
u. Somewhat informally, w" is a Poisson cloud of bi-infinite nearest neighbor trajectories
modulo time-shift whose forward and backward parts escape all finite sets in finite time.
One naturally associates to w", see for instance (1.8) in [23], a field of occupation times
(Cy)wezd, where £y, =l (w") collects the total amount of time spent at x by any of the
trajectories in the support of w®. The interlacement set at level u is then defined as

(1.7) T ={x e Z% l,, >0}

It corresponds to the set of vertices visited by at least one trajectory in the support of w®.
For any u > 0, the set Z" is almost surely unbounded and connected [21]. The following
isomorphism was proved in Theorem 0.1 of [23], and has the same spirit as the generalized
second Ray-Knight theorem, see for example [8], [11] or [25]:
(1.8)
1 1
lp + =2 under P! ® P¢ has the same law as | =(®, + V2u)? under P€.
’ 2 zeZd 2 zeZs
If one attaches to each edge e of Z¢ a line segment I, of length %, the resulting “graph”

Z4 is continuous and called the cable system, see Section 2. On this cable system, one
then defines probabilities PC¢ and P! under which the fields (®,),cz and (lyu)zeze admit

continuous extensions ® = (P, )pe7a and (= (Eaau)xezd It was proved in [10] that for each
u > 0, a continuous version of the isomorphism (1.8) also holds on Z¢, see (2.14) below, and
in particular (somewhat inaccurately, but see (2.14), (2.15) below for precise statements)
the sign of ®, + /2u is constant as long as 0, « > 0, and thus (using (1.10) below) for all
h > 0, P-a.s. the set

(1.9) {x € Z% ®, > —h} contains an unbounded cluster in the cable system Z.

This result was already known to hold on Z? without the isomorphism theorem [3], where
it had been derived using a neat contour argument. It is interesting to note that, on the
cable system, (1.9) is actually sharp, because P%-a.s. the set

(1.10) {z € 7% o, > 0} does not contain unbounded clusters in the cable system A

see Proposition 5.5 in [10], which sharply contrasts with (1.6). All in all, the infinite cluster
in £79 (part of Z?), which exists by Theorem 1.1, “scatters” into finite pieces upon adding
the field on the edges, but the infinite cluster of EZ~" does not, for ever so small z > 0.



On our way towards proving Theorem 1.1, we will also show that a truncated version
of the level sets in (1.9) contains an unbounded cluster on Z?. Indeed, it was proved in [16]
that the intersection of the random interlacement set Z* with a Bernoulli percolation having
large success parameter still contains an infinite cluster in Z¢. By showing a similar stability
result on the cable system, see Proposition 4.1, and using the isomorphism theorem on the
cable system, we will obtain, cf. Theorem 3.1 and Corollary 4.9 below, that the truncated
(continuous) level set

(1.11) Ay Lz eZ% —h < D, < K(h)}

contains an unbounded cluster on Z¢ for all A > 0 and large enough, but finite K (h)
(with K(h) — oo slowly as h ~\, 0). Let us now briefly describe in how far this helps in
proving Theorem 1.1. By construction, one can view EIVD, the Gaussian free field on the cable
system Z?, as a Gaussian free field on Z¢ with Brownian bridges of length % attached on

the edges, see (2.6). On an edge in the set ﬁh, those Brownian bridges never go below —h,
which happens with low probability for small h. We are going to use this low probability
on the edges to go from —h < ® < K(h) to h < ® < K(h) on the endpoints of theses
edges and for small enough h, see in particular Lemmas 5.1 and 5.2, which will then imply
that the set {x € Z%; ®, > h} has an infinite cluster on Z¢, as asserted.

We now explain the organization of this article, and highlight its main contributions. In
Section 2, we recall the definitions of the Gaussian free field and random interlacements on
the cable system, and the link between the two via the aforementioned isomorphism theo-
rem. In Section 3, we collect a few preparatory tools by showing some strong connectivity
properties, a large deviation inequality as well as a version of the decoupling inequalities
for random interlacements on the cable system. Most of these are well-known, but existing
results do not entirely fit our needs.

The construction of the infinite cluster comes essentially in three steps, Proposition 4.1,
Corollary 4.9, and Section 5, which are the main reference points of this paper. Proposi-
tion 4.1 is a fairly generic result, which, roughly speaking, for any coupling of a continuous
interlacement and a free field, see (4.1), yields a percolating interlacement cluster, with
good control on the free field part, and some room to play with along the edges. Its proof
follows a standard static renormalization scheme from [16], [18], assembling the results of
Section 3. In Corollary 4.9, we “translate” Proposition 4.1, for a certain choice of the
coupling, to show that suitably truncated level sets of the Gaussian free field on the cable
system contain an unbounded connected component. The reference level for the excursion
sets of Corollary 4.9 is —h, for (small) positive h. Section 5 contains the device to “flip the
sign” and pass from —h to h on the vertices, as indicated above. Together with Corollary
4.9, this then yields a proof of Theorem 1.1.

In the rest of this article, we denote by ¢ and C' positive constants that may change
from place to place. Numbered constants such as Cy, ¢y, Cy, C],... are fixed until the
end of the article. All constants are allowed to implicitly depend on the dimension d and
a parameter ug > 0, which will first appear in Lemma 3.2 and throughout the remaining
sections.



2 Notation and useful facts about the cable system

In this section, we give a definition of the Gaussian free field and random interlacements
on the cable system that will be useful later. We also discuss some aspects of the Markov
property for the Gaussian free field and its consequences, and recall the isomorphism
theorem which links random interlacements and the Gaussian free field.

For later convenience, we endow the graph Z? with a distance function d(-, -) which is
half of the usual graph distance, i.e., half of the {!-distance on 7. We define Vy = {2z, x ~
0}, so that, for all x,y € Z% with x ~ y, we can write y = z+ 2'0 (z,y) for a unique v, ) € V.
Note that d(z,z 4 sv) = 1, for all z € Z* and v € V. We attach to cach edge e = {z,y}
the following interval of length % :

ot 1 1
(2.1) L o+t te (0,5) ) = {y+togmi te (0.5) ]

which is homeomorphic to an open interval of R of length 3 1 and we write I, = I, U{z,y}.

The cable system 74 is then defined by glueing these 1ntervals through their endpoints.
74 \ Z¢ is now the union of such I., one for every edge e € E, and one can view 74
as a subset of R with distance d(z,y) = %[z — yl|;, where || - Hp denotes the usual ¢P-

distance on R? for p € [1,00). For all e € E and z;, 2o € I, we define (z1,2) C 72 as
the open interval in I. between 2z, and z,. We also define the distance between two subsets
Ay and Ay of Z¢ by d(Ay, As) = inf,ca, yea, d(z,y), and the diameter of a subset A of Z?
by 6(A) = sup, ,cad(z,y). For 0 < Ry < Ry, we introduce the boxes [Ry, Ry)? = {z €
R% 2z € [Ry, Ry) for all i = 1,...,d}. The set Z? will henceforth be considered as a subset
of Z¢ and we will call vertices the elements of Z<.

_ One can define a continuous diffusion X on the cable system Zd via probabilities
P, z e Zd, with continuous local times with respect to the Lebesgue measure on Z4.
We now describe this construction somewhat informally, and refer to Section 2 of [10] and
Section 2 of [9] for precise definitions. One simple way of defining X is to use the Brownian
excursions: starting from some vertex xy € Z¢, one chooses randomly and uniformly an
edge leaving g, and runs a Brownian excursion on it. One repeats this process until one
of these Brownian excursions reaches height %, i.e., until another vertex y is reached on Z.
The local time of this process in zg is a.s. finite and has an exponential law with parameter
2d. One then repeats this process starting from y until another vertex is reached, and so
forth, thus obtaining a diffusion X starting from zy € Z?. The projection of its trajectory
on Z< has the same law as a simple random walk on Z<. For x € Z%, v € V; and t € (0, ;)
one can also define the diffusion X starting from z := 93 + tv by running a Browman
excursion on either {z — sv; s € [0,¢]} or {z + sv; s € [0, 5 — t]} with probability 3 each,
and repeating this process until either =z or = + %U is reached Once one of these two
vertices is reached, X behaves like the diffusion starting from this vertex, as previously
described. We call g(x,y) for z,y € Z? the Green function of this diffusion with respect to
the Lebesgue measure on Zd, and its restriction to Z? is the same as the Green function
on Z4 defined in (1.1), so the identical notation does not bear any risk of confusion.



We endow the canonical space {2y of continuous real-valued functions on 74 with the
canonical g-algebra generated by the coordinate functions CIDx, T € Zd and let PY be the
probability on 2y such that, under IP’G,

(2.2) (&)x)xeid is a centered Gaussian field with
. covariance function E¢ [5m<§y] = g(x,y) for all z,y € Z°.

With a slight abuse of notation, any random variable ¢ = (;), 7. on the space of con-
tinuous functions C' (Zd, R) with law P under P will be called a Gaussian free field on the
cable system Zd, and it is plain that the restriction of a Gaussian free field on the cable
system to Z? is a Gaussian free field on Z.

Let us recall the simple Markov property for ¢. Let K C 74 be a compact subset with
finitely many components, and let U = 74 \ K. For all z € Zd we define

(23) Eg - Eﬁv &XTU 1{TU<OO} and QZmU = QELB - Nga
where Ty := inf{t > 0; X, ¢ U}, with the convention inf () = oo, is the exit time from U

of the diffusion X on Z?. Moreover, for all z,y € Z%, we define gu(z,y) the Green function
with respect to the Lebesgue measure on 74 in y of the diffusion X under P, killed when
exiting U. Then,

(2.4) (#Y),c54 is a centered Gaussian field with
' covariance function gy (x,y) for all z,y € Z°.

Furthermore, this field is continuous, vanishes on K and is independent of o(p,, z € K).
A strong Markov property is also known to hold, but we will not need it here, see Section
1 of [27] for more details.

Following standard notation, we say that (B;):cpo,) is a Brownian bridge of length I > 0
between x and y of a Brownian motion with variance o at time 1 under a probability P?
if the process

t
(2.5) W, = Bt—zy—<1—z)az, te 0,1,

is a centered Gaussian field with covariance function

0'281(l — 82)

(2.6) EZ (W, W,,| = for all s1, s5 € [0,(] with s; < 55

(the process (Wi /V10?%)icp01) is a standard Brownian bridge). Let e € E, 21 # 2 € 1.,

veVyandte (0, %] such that zo = 23 + tv, and let sq, s € [0, ¢] such that s; < so. Under

P, 14,0, until time 77, .., the diffusion X behaves like a Brownian motion on I. beginning
in z; + s;v until the hitting time of (z1, 22)¢. Since the local time at 0 of a Brownian motion



starting in 0 has the same law as the absolute value of this Brownian motion, see for
instance Chapter VI, Theorem 2.3 in [17], the local time at z; + sov of X under P, 14,
until time 77, .,)c is
281(t — 82)

" )

The Markov property for the Gaussian free field implies that, under P (under which ¢ is
a Gaussian free field),

G(z1,20) (21 + 510, 21 + S90) =

t—s S
27 <~Z sv_—~z __Nz )
( ) Pz1+ t Pz tgp 2 s€[0,4]

is a centered Gaussian field with covariance function (g, z.)(21 + 510, 22 + 520))s; s0c0,4)>
and is independent of o(3., z € Z4\ (21, 22)), and thus it is a Brownian bridge of length ¢
between 0 and 0 of a Brownian motion with variance 2 at time 1. In particular, knowing
@ | Z% the Gaussian free field on the edges (($.).cr.)ecr is an independent family of
random processes such that, for each x ~ y € Z%, the process (©.).c I{,,y Das the same law
as a Brownian bridge of length % between @, and ¢, of a Brownian motion with variance
2 at time 1, as mentioned in Section 2 of [10]. More precisely, let

(2.8) B = Guettvg, oy — 2Py, — (1= 2t)@,,, for all t € [0,1/2] and e € E,

where we have given an (arbitrary) orientation (x.,y.) for each edge e = {z.,y.} € E.
Then, under ﬁ, (B®)cer is a family of independent Brownian bridges of length % between
0 and 0 of a Brownian motion with variance 2 at time 1. Note that this provides an
explicit (and simple) construction of a Gaussian free field on the cable system starting
from the Gaussian free field (,),ez¢ on Z4: if one links independently each x ~ y € Z¢
via a Brownian bridge on Iy, , of length % between ¢, and ¢, of a Brownian motion with
variance 2 at time 1, then the resulting process is a Gaussian free field on the cable system.
In view of this construction, we will later need the following result on the probability that
the maximum of a Brownian bridge exceeds some value M (see e.g. [2], Chapter IV.26).

Lemma 2.1. Let z, y be two real numbers, M > max(z,y) and, under P5, (By)icp, @
Brownian bridge of length | between x and y of a Brownian motion with variance o* at
time 1. One has

(2.9) [PB( sup B, > M) — exp <_

te(0,]]

2<M—x><M—y>).

lo?

Let us now turn to the definition of random interlacements on Z%, as in [10] or [27]. The
usual definition of random interlacements on Z?, see, for example, [21] or the monograph
[5], can be adapted to define a Poisson point process w on W* x [0, 00), where W* is the
space of doubly infinite trajectories on 74 modulo time-shift, endowed with its canonical
o-algebra. Recall the law (P,), 7. of the diffusion X on the cable system, started at z € 7.
The intensity measure of w is characterized as follows: for some Ry, Ry € Z with Ry < R,
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let K = [Ry, R]NZ%, let K := K NZ% let &" be the point process which consists of the
trajectories in w with label at most v > 0, and let @}i( be the point process comprising the

forward trajectories of w" hitting K and beginning at the first time K is reached. Then
wi is a Poisson point process with intensity measure uF, = Y cx i ()P, where ex
is the usual equilibrium measure of K.

One then defines

(2.10) (Zz,u)zeid the field of local times of random interlacements, for u > 0,

as the sum of the local times of each of the trajectories in the support of w". The restric-
tion of these local times to Z¢ has the same law as the occupation times (¢, ,,),eze for
random interlacements on Z¢ alluded to in the introduction, cf. above (1.7). The random
interlacement set is defined as

(2.11) I" = {x € Z% 0, > 0},

which is an open connected subset of Z?. Note that {xreZze f“} has the same law as
v, cf. (1.7).

We also recall the following formula for the Laplace transform of (¢,,),czq, see for
instance [23], (1.9)—(1.11) or Remark 2.4.4 in [24]: for all V : Z¢ — R with finite support
K C 7Z¢ and satisfying

(2.12) |GV [l < 1, where GV (z) = Y gz, y)V(y),

yezd

with g(-,-) as in (1.1), one has

B exp{ Y V@)eu}| =explulV. (1= GV) g}

( = exp {u Y Vi) Z(GV)”(x)}).

xEeZ4 n=0

(2.13)

We now describe in words how to construct the random interlacement process w* at
level © > 0 on the cable system from the corresponding random interlacement process w*
on Z*. Let us assume that one of the trajectories in the support of w* on Z? is jumping
from z to y with x ~ y € Z? (at some point). One adds Brownian excursions on the
edges leaving z in a similar fashion as for the construction of the diffusion X: as long as
the height of the Brownian excursion is strictly smaller than %, one chooses uniformly an
edge leaving x and runs this excursion on it, and repeats this process until one of these
Brownian excursions has height larger than %, and one runs this excursion on Iy, ,; until
hitting y for the first time. One then repeats this process starting from y and one iterates
over all jumps of the trajectory. Note that the process thereby obtained has the same law
as X. Doing this independently for all the trajectories in the support of the interlacement

process w" yields a Poisson point process which has the same law as w".



Random interlacements are useful in the study of the Gaussian free field on the cable

system Z4 because of the existence of a Ray-Knight-type isomorphism theorem proved in
Proposition 6.3 of [10], see also (1.30) in [27].

Theorem 2.2. For each u > 0, there exists a coupling PY between two Gaussian free fields
¢ and 5 and a random interlacement process w on the cable system 74 (i.e., under I?PJ’“, the
law of ¢ and 7 is PC each, and the law of w is the same as under ﬁﬂ) such that v and W
are independent, and I?P/’u—a.s.,

1/ 2~ 1. =
(2.14) 3 (g&m + \/2u) =Ly + 575, for all x € 7%,

where (Lyu),c7a 5 the field of local times of the random interlacements process w at level u,
cf. (2.10).

This coupling will be essential for the proof of Theorem 1.1. In particular, we are going
to use results from the theory of random interlacements, along with the coupling (2.14),
to deduce certain properties of the level sets of the Gaussian free field. For now, let us
note that P*a.s. on Z%, cf. (2.11), one has | + v2u| > 0, where & refers to the Gaussian
free field from the coupling in Theorem 2.2. Since 7" is connected (and unbounded, by
construction) and since z € 74 @, is continuous, either @, > —+/2u for all 2 € 7,
or §, < —/2u for all € Z*. But Proposition 5.5 in [10], cf. also (1.10) above, implies
that the set {z € Z% 3, < 0}, which contains {z € Z% @, < —v/2u}, only has bounded
components, hence

(2.15) PY —as., Vo € I% @, > —V/2u.

In particular, this means that the negative (upper) level sets percolate on Zd, see (1.9).

3 Connectivity and a large deviation inequality for 7v

The following result, which is proved over the next two sections, is essentially a refinement of
(2.15), which allows us to truncate ®, cf. (2.2), at sufficiently large heights. This important
technical step will be helpful in dealing with the fact that dis a priori unbounded on sets
of interest.

Theorem 3.1. For each hy > 0, there exist positive constants Cy and co only depending
on d and hgy, with Cohy® > 1, such that for all 0 < h < hg, with

(3.1) K(Rh) = {/log (f‘))

PG _a.s. the set
(3.2) Ay E {r et —n <D, < K(h)}

contains an unbounded connected component in Z°.

9



The proof of Theorem 3.1 will involve an application of the isomorphism (2.14), and
therefore hinges on a corresponding statement “in the world of random interlacements,”
see Proposition 4.1 at the beginning of the next section. The proof of the latter requires
some preliminary results on the geometry of 7%, which we gather now. In the remainder
of this section, we consider, under P!, and for each u > 0, the random interlacement set
T* at level u on the cable system, see (2.11), and (/,), 54 the field of local times of the

underlying interlacement process w", see (2.10). The following lemma asserts that T¢ is
typically well-connected.

Lemma 3.2. Let d > 3, € € (0,1) and uy > 0. There exist constants ¢ = c(d, e, uy) and
C = C(d,e,up) such that for all u € (0,ug] and R > 1,

(33) P! ﬂ {z < yinIN[—eR, (1 + 6)R)d}) >1-Cexp (—cR"™),

z,yeZ*N[0,R)?

where, for measurable A C id, the event {x < y in v N A} refers to the existence of a
continuous path in the subset I N A of the cable system connecting x and y.

This property is essentially known, see for instance Proposition 1 of [15] or Lemma 3.1
in [16]. However, we need to keep careful track of the dependence of error terms on the
intensity u. For the reader’s convenience, we have included a proof of Lemma 3.2 in the
Appendix.

Next, we will need to know how much time the trajectories of random interlacements
typically spend in a large box with sufficiently high precision. This can be conveniently
formulated in terms of a large deviation inequality for the local times.

Lemma 3.3. Let d > 3 and € € (0,1). There exist constants ¢ = ¢(d,e) and C = C(d,¢)
such that for alluw >0 and R > 1,

- 1 ~
(3.4) ]P’I< ‘ﬁ Z Cys — u‘ > e - u) < Cexp (—cR?u).
z€[0,R)4NZ*

Proof. Abbreviate B = [0, R)* N Z% and, for A > 0, let V(z) = (|Bg|) ' Alzepyy. It
follows, cf. (2.12) for notation, that uniformly in z € Z¢4,

(3.5) GV() =AY gfé;j” < KI\R*,

yEBR

using that g(x,y) < |z —y|?>~%, for 2,y € Z%. Hence, for A = \gR%2, with \g < K; ', one
obtains that |GV ]|, < 1, for all R > 1. In view of (3.5), applying Markov’s inequality
and using (2.13) then yields, for all \g < K; ' and R > 1,

IF’I< % Z Zm > (1+ z—:)u) < exp{ — MRy <(1 +e)— (14 Z(Kl)\o)”)> }

z€l0,R)4NZ n>1
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The right-hand side is bounded from above by C'exp (—cRdfzu) upon choosing A(g) <
K ' small enough such that Y ons1(K1A0)" < €/2. In a similar fashion one bounds for V,
A as above,

ﬁ;[( % Z me < (1 — g)u) = I?P;I< eXp{ — Z V(x)zx,u} > 67(17€)>\u>

z€[0,R)4NZ x€Z4

<op {Mor 2 (1 -2) - (1- Y (K00)) ).

n=1
from which (3.4) readily follows. O

As a direct application of Lemmas 3.2 and 3.3, we derive lower bounds for the proba-
bilities of the following events.

Definition 3.4. For all u, v’ > 0, and integer R > 1, the events E}é’“/ and FE’"I are defined
as follows:

(a) E}‘%’“/ occurs if and only if for each e € {0,1}, the set (eR + [0, R)%) N Z* contains a
connected component A, such that

~ 3
Z gym > ZUIRd’

yEANZ4
and such that the components (Ac)cc(o,134 are all connected in 7N [0,2R)".

(b) Fi" oceurs if and only if for all e € {0,1},

~ 5
Z Ey,u < ZU,Rd.

y€(eR+[0,R)4)NZ4

Note that for fixed «’ > 0, the events (E}‘%’“l)wo are increasing in u (since u — zw is)

and that the events (F;’"l)wo are decreasing in u. The following consequence of Lemmas
3.2 and 3.3 is tailored to our purposes in the next section.

Corollary 3.5. Let d > 3 and ug > 0. There exist § € (0,1), positive and finite constants
C = C(d,uy) and ¢ = ¢(d,ug) such that for all u € (0,up] and R > 1,

(3.6) P (EQ ") 21— Cexp (—cRYu)
and
(3.7) PI(FR ") 21— Cexp (—eR2u).
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Proof. Let § = ¢. We begin with (3.7). In view of Definition 3.4, it follows from Lemma 3.3
applied with u(1 + §) instead of u and translation invariance that for all e € {0,1}% and
u > 0,
B S Twiin < 2R
z,u(140) 4
z€(eR+[0,R)4)NZ4
~ 1 ~ 15 (34
> P! T Z Uy u(igs) < ﬁu(l +0)] > 1-— Cexp(—cRd_Qu),

z€(eR+[0,R)4)NZI
which is (3.7).

In order to obtain (3.6), fix any two constants e = e(d) € (0,1) and u = pu(d) € (0,1) in
such a way that (1 —8¢)4(1 — u)(1 —8) = 2. For all e € {0,1}, we define the inner boxes
B.(¢) = eR + [2|eR], R — 2|eR|)% Tt is sufficient to prove (3.6) for R satisfying eR > 1,
which we now tacitly assume. We then have [B.(¢) N Z%| - (1 — pu)(1 — &) > 2R, where |A]
denotes the cardinality of A C Z?. According to Lemma 3.3,

- ~ 3 -
P! Z EI,UU,(;) > ZRdu > P!

TEBe(e)NZ4

1 ~
W Z Ceui—s) > (1 — p)u(l —9)
€ TEB, (e)NZ4

>1—Cexp (—cRd’Qu) .

We now define AL = B.(¢) N 219 According to Lemma 3.2, for every e € {0,1}%, all
the vertices of A! are connected in 70— N (eR + [|eR|, R — |eR])%) with probability at
least 1 — C exp(—cRY"u), and on the corresponding event we define A, € 209 N (eR +
[leR], R — |eR])?) such that A! C A, and A, is connected.

Still according to Lemma 3.2, all the A, for e € {0,1}% are connected with each other
in 74(=9 N[0, 2R)* with probability at least 1 — C exp(—cRY7u), which gives (3.6). O

Since the events E;’u/ and F};’u/ are defined in terms of local times and not in terms of
the occupation field (1 {wefu})xezd7 we now give a slightly different version of the decoupling
inequality presented in [14] valid for the local times on the cable system. This inequality
will later enable us to use £ v and Fp* " as seed events of a suitable multi-scale argument.
In what follows, let Q¥, u > 0, be the law on Q = [0, 00)% Z% of the local times (Zx,u)erd
of random interlacements on the cable system 72, and let (72),e74 denote the canonical

coordinate functions on Q, i.e., for all f € Q and z € Z%, 7,(f) = f(z).
Theorem 3.6. Let A, and A, be two measurable non- intersecting subsets of Zd Assume

that s = d(Al,AQ) > 1, and that the minimum r of the diameters of A1 and Ag 18 finite.
Then there exist ko(d) and k1(d) such that for all w > 0 and ¢ € (0,1), for any functions

fi : Q = [0,1] which are o(1,, x € A;) measurable for each i € {1,2}, and which are both
increasing or both decreasing,

(3.8) Q'[f1.f2] < QUUEI[A]Q I fo] + rio(r + )% exp(—rieus®™?),
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where the plus sign corresponds to the case where the f;’s are increasing and the minus
sign to the case where the f;’s are decreasing.

Proof. Let A; and A, be the smallest subsets of Z? such that for all i € {1,2}, and
all z € AZ, there exist y,z € A; such that z € I{y -}- Note that A, NZ% C A;. Since

d(Ay, Ay) > 1, the sets A; and A, are not intersecting (recall that the distance between
two neighbors of Z¢ is 5) For two measures p; and ps, denote p; < g the absolute
continuity of p; with respect to ps. The proof of the main decoupling result, Theorem
2.1 in [14], see in particular Section 5 therein, implies that, for each u > 0, there exists
a coupling Q! between the random interlacement process w on Z? and two independent
Poisson point processes w; and wy having the same law as w, such that, for B C Z<,
denoting by (w");p the point process consisting of the restriction to B of the trajectories

in w" which hit B,
(3.9) Qi[(wf(lfs))\/xi < (W"))a, <€ (w (1+s))‘A” i=1,2] > 1—ko(r+s)? exp(—rie2us’"?).

For each u > 0 and i € {1,2}, under an extended probability @i, one then constructs an

interlacement process @, (179) at level u(1 — ) on the cable system by adding independent

Brownian excursions to the edges visited by the trajectories of the random interlacement

process w;' (17 on 7%, see Section 2 below (2.11). We now construct a random interlacement

u(l— u(l—e)

process w* at level u using w, ) and w*. Tts trajectories are the trajectories of &,

which have a projection on Z? already contained in w" (i.e. all the trajectorles of , u(l- 5)

the event in (3.9)) and the trajectories of w" which are not already in wi 79 lifted to Zd

u(l—e)

using additional independent (of @;' and w") Brownian excursions on the edges. We

repeat this construction to obtain a random interlacement process @“(1 *) at level u(l+e)

1+€

in a smnlar way from @* and w;" . Then, an analogue of (3 9) holds for these processes

~ 1—e¢) ~u(l4e€)
oo, o a

; and w,

under QI In particular, denoting by o, U and E u(l+e) thelr

T,uy T u(l—e)

respective local time fields on the cable system, see (2.10), it follows that
(3.10) @[[ u(i—e) < Zu < Z;u(lﬁ), ved;, i=1, 2] > 1 — ko(r+ s)" exp(—rie2us?)

The inequalities in (3.8) are a direct consequence of (3.10). O

4 Percolation for the truncated level set

In this section, we prove Theorem 3.1: for each h > 0, there exists a finite constant K (h)
such that the level set of the Gaussian free field on the cable system truncated below level
—h and above level K(h) contains an unbounded connected component. We will actually
show a similar statement for random interlacements and use the coupling from Theorem
2.2 to obtain a slightly refined version of Theorem 3.1, stated below in Corollary 4.9. The
corresponding statement for random interlacement, see Proposition 4.1, essentially asserts
that one can intersect the continuous interlacement set Z¢, the set {x € Z%; |p,| < K} and
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a Bernoulli family on the edges with parameter p and still retain an unbounded connected
component in Z? for sufficiently large K and p close enough to 1. The proof of this
statement bears similarities to the proof of Theorem 2.1 in [16], where it is shown that
the intersection of Z% and a Bernoulli family with parameter p on Z? not necessarily
independent from Z*, contains an infinite connected component in 74 for large enough p.

Henceforth, for a given p € (0,1) (and d > 3), let QP be any coupling between a
Gaussian free field ¢, a random interlacement process w and a family of independent
Bernoulli random variables on the edges BP = (0?).cp with parameter p, i.e.,

under @p , the law of (), 74 is @G, the process w has the same law as under P!

(4.1) and (0?)ccp is an i.i.d. family of {0, 1}-valued random variables with

@p(eé’: 1) = p for each e € E.

In particular, ¢, w and B? need not be independent, and in fact, we will later use a coupling
such that (2.15) holds. For any level u > 0, we define the random interlacement set Z* as

in (2.11) and the local times (£, 4),.74 as in (2.10) in terms of &w. We further denote by ¢
the restriction of @ to Z¢ and by Z" the restriction of Z% to Z¢.

Proposition 4.1. (d > 3, up > 0, (4.1))

There ezist positive constants Cy, c¢1, C] and ¢}, only depending on d and ug, satisfying
Ciug® =1 and Cjug' < 1, such that for all u € (0, uo], with

(4.2) K(u) < \/log (%) and  p(u) <1 — Clut,

there exists Lo(u) > 0 such that, if p € [p(u), 1], then QP-a.s. the set

(4.3) zzlv;’p = (f“ \I“)U{x €T |g.| < K(u) andVy ~ z, |@,| < K(u) and 07,y = 1}

contains an unbounded connected component in the thick slab Z2 N [0,2L0(u))?2.

We now comment on (4.3). First, note that Z% C Z%, so saying that Z;,p contains
an unbounded connected component implies that gjw N Z? contains an infinite path such
that all the edges of this path are in f“, and for all vertices x on this path and all y ~ =z,
|0z < K (u) and fo’y} = 1. Proposition 4.1 is true for any choice of coupling probability
@p satisfying (4.1). Once its proof is completed, we will choose the coupling introduced
in (2.14). This will automatically enforce the lower bound —h required for the proof of
Theorem 3.1, since g;’p C I*. A good choice of Hl{’w}, cf. Lemma 4.10 below, will then
zﬂlow to control the field along the edges. To this effect, (4.3) essentially guarantees that on

A, , we are dealing with Brownian bridges whose boundary values are uniformly bounded.
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The proof of Proposition 4.1 follows a strategy very similar to the proof of Theorem 2.1
in [16], but we need to pay diligent attention to the dependence on w in order to obtain
the explicit bounds (4.2). We use a renormalisation scheme akin to the one introduced in
Section 4 of [16], which uses a sprinkling technique developed in [21] and later improved
in [22] and [14]. For n > 0 and Ly > 1, we define the geometrically increasing sequence

(4.4) L, =1Ly, where Iy =4l(d) and I(d) = 4(5 - 4¢ + 1)
and the coarse-grained lattice model
Gg° = LyZ* and GE = L, 7% c G, for n > 1.

Note that, albeit only implicitly, the sequence L, depends on the choice of Ly, which is
the only parameter in this scheme. For x € G0, we further introduce the boxes

(4.5) Ao =Gl N (z+[0,Ly)%),

and note that {AL: x € GEo} forms a partition of G2 ,. For a given collection of events

z,n)

indexed by G&°, that we denote by A = (Az),eghos
0
such that Gi% = A, for all 2 € GL°, and for all n > 1 and x € Gko,

we define recursively the events GL9, (A)

(A) N GEo

xr2,n—1

(A) ?

x1,n—1

(4.6) GoA= |J Gk

L
xl,mQEAx%

le—xz\oo2lL(—d">

where | - |, stands for the ¢*-distance on Z?. For each x € Z4, let T, be the translation
operator on the space of point measures on W*, the space of doubly infinite trajectories
on Z4 modulo time-shift such that, if y is such a measure, then T, () is the point measure
where each trajectory in the support of i has been translated by z. Moreover, in a slight
abuse of notation, let 7, be defined by

(4.7) Gor=T,@)

We introduce a family of events on the space ¢y, on which QP, cf. (4.1), is defined.
Recall the events EZO“/ and F' 2‘0“/ from Definition 3.4 (henceforth tacitly viewed as subsets

of Qeoup)-
Definition 4.2. For each u > 0, integer Ly > 1, K > 0 and p € [0, 1] let

(a) (Blow) Lo be the family of increasing events such that, for all x € G{°, the event
0

Elov = 771 (EL") occurs,

(b) (Fﬁo’“)xeGLO be the family of decreasing events such that, for all z € G°, the event
0

L(),u J— —1 u,u
F,ot =1, (FL0 ) occurs,
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(c) (CEoK) .o be the family of decreasing events such that, for all z € G§°, the event
T&h0

CLoK occurs if and only if for all y € (z + [—1,2Lo + 1)%) N Z%, we have ¢, < K,

(Lo, K
(d) (C2*"),eq
CLoK occurs if and only if for all y € (z + [—1,2Lg + 1)) N Z%, we have ¢, > — K,

r, be the family of increasing events such that, for all x € GOL 0 the event
0

(e) (Dﬁo’p)xeGLo be the family of events such that, for all 2 € G§°, the event DLo® occurs
0

if and only if for all e € (z + [—1,2Ly + 1)) N E, we have 67 = 1.

A vertex z € G0 is called a good (Lo, u, K, p) vertex if
(4.8) CLoK q CLoK q DLow q ELow n plow
occurs, and otherwise a bad (Lg, u, K, p) vertex.

The reason for the choices in Definition 3.4 and (4.8), with regards to Proposition 4.1,
comes in the following.

Lemma 4.3. (u>0, Ly > 1, p € (0,1])

If (xg, 21, .. .) is an unbounded nearest neighbor path of good (Ly, u, l?(u),p) vertices in G,
then the set | J;oo(x; + [0,2L0)%) contains an unbounded connected path in A, . cf. (4.3).

u’p,

Proof. Let x,y two neighbors in G5°, and assume that there exists e € {0,1}? such that
z + eLy = 1. Since ELo* holds, there exist two random sets A, o C Z% N (z 4 [0, Lo)?) and
Age CT"N (2 + eLy+ [0, Lo)?) which are connected in Z% N (z + [0, 2Le)%), and such that
the sum of the local times on the vertices of each of those two sets is larger than 3uLg.
Moreover, since F}>" occurs, the sum of the local times on the vertices of A, U Ay is

smaller than %uLg because A, . UA, o C 7N (2311 + 10, Lo)?). Hence, A, . NA, o # 0, and
this implies that A, is connected to Ay in Z% N (z + [0, 2Lo)?).

Applying the above to each of the neighbors in our path (z¢,x1,...), we get that for
all i € Ny, Ay, o is connected to A, o in Z% N ((z; + [0, 2L0)%) U (2441 + [0,2L0)%)). Thus,
one can find an unbounded connected path in Z* N U2y (@i + [0,2L0)%), and this path is
actually in Z;yp since |¢,| < K(u) and 02 = 1 for all z,e € U2, (2; + [—1,2L0 + 1)%) by
Definition 4.2, (c), (d), (e). O

To prove that an unbounded nearest neighbor path of good (Lo, u, K (u),p) vertices in
G{° exists for a suitable choice of the parameters, we pair our good (seed) events with the
renormalisation scheme (4.6) to show that, if being a good seed is typical, i.e., if it occurs
with probability sufficiently close to 1, then the probability of being good “at level n” cf.
(4.6) and (4.21) below, is overwhelming. The respective bounds for all events of interest,
cf. Definition 4.2, can be found in Lemmas 4.4, 4.6 and 4.7 below. We first consider the
events (ELo*) ;4 and (FLo) ;4 and take advantage of Corollary 3.5 and Theorem 3.6
to show the following.
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Lemma 4.4. (uy > 0)

There exist Cy = Co(d, ug) and Ch = C(d, ug) such that for all u € (0,ug] and Ly > 1 with
2

(4.9) Q [GEo, (BRo)9)] < 272",
and for all u € (0,uo] and Ly > 1 with Ll/7 > Cl,
(4.10) Q” [Ghe, (FLo)e)] < 272"

Proof. We only prove (4.9). The proof of (4.10) is similar. Fix § € (0, 1) as in Corollary 3.5,
and let ¢’ € (0,1) be small enough such that

u(l —0)
HZ:l (1 - 3_';)

(with ug = u(1—9)). For all z € G}°, let ELow’ = T;l(EZE)U/), cf. (4.7) and Definition 3.4,
and note that Efowv = ELov Tet n > 0. For all Ly > 1, n € Ny, i € {1,2} and

€ GLo such that |21 — 2o|o = % = 4L, the events GLo ((ELount11)e) are (Lo, 2 €
x; + [0, L, + Lo)?) measurable, and

<u, Y/n >0

(4.11) Uy =

1
Sni=d (1 + [0, Ly, + Lo)* 22 + [0, L, + Lo)?]) > d(21,22) — 2(Ln + Lo) > Ly.

By Theorem 3.6 applied with ¢ = 1 — = §'27""1 and since the events (ELo*%)¢ are
decreasing in u, there exist two constants C’ and ¢ mdependent of u, n and Ly such that

(4.12)
@ [GLo,, (BLomivy) A Glo | ((BLounsvye)]

T1,n T2,n

<Qr [GLo ((EFo ™)) ] Qv [GLo (ER))] + C(sn + Ly + Lo)? exp (—cusl247").

T1,n T2,

We have chosen [$2 > 8, see (4.4), whence for L(l)ﬁu > c(d, ug),

1

(4.13)  3°C(sp + Ly + Lo)*exp (—cus? 24™") < C'exp ( — cuL1/72”) S @

We now prove by induction over n that for all z € G0, and all u € (0, ug,

1

. 7
W, if L(l)/ u Z C(d, UO)-

(4.14) Q (G, (BP))] <

For n = 0, the bound on the right-hand side of (4.14) is purely numerical. Thus, it is clear
from Corollary 3.5, and since Gi% ((ELomon)e) = ELowou see above (4.6), that if one takes
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Lé/ "u large enough (only depending on uy and d), then (4.14) holds for n = 0 on account
of (3.6). Suppose now it holds for n — 1 > 0. Then, according to (4.6)

@[ (BR))] < swp - QG5 (BP0 NGye, Ly (BF))]

L
T1,T2 eAz,On

\$1—Sc2loo>lL(7")
< 1
< o

where the last equality follows from (4.12), (4.13) and the induction hypothesis, and (4.14)
follows. The claim (4.9) then follows from (4.11), (4.14) and the fact that the (EL(”“’“')C
are decreasing events in u. O]

We now turn to the Gaussian free field part CE-K and CLoX | sce (¢) and (d) in
Definition 4.2, of the good events in (4.8). Sprinkling techniques have been used successfully
in investigating level set percolation of the Gaussian free field, see for example [20], [18] or
[7], and also [19] with regard to non-Gaussian measures. These techniques imply similar
results as for random interlacements, and this is mainly due to the fact that decoupling
inequalities as (3.8) also hold for the Gaussian free field. With hopefully obvious notation,
in writing ® 4 ¢ below, with ® as in (1.2), we mean the field whose value is shifted by
c € R everywhere.

Theorem 4.5 ([13, Corollary 1.3]). Let A; and Ay be two non intersecting subsets of 7.2,
define s = d(Aq, As) and assume that the minimum r of their diameters is finite. Then,
there exist positive constants r((d) and k\(d) such that, for all ¢ € (0,1), and any two
functions f; : RZ" — [0,1] which are o(®,, z € A;) measurable for each i € {1,2}, and
either both increasing or both decreasing,

(4.15)  EC[£1(®) fo(®)] < EC[f1(P + &)|EC[fo(® % )] + wpy(r + 5)% exp(—r|e?s972),

where the plus sign corresponds to the case where the f;’s are increasing and the minus
sign to the case where the f;’s are decreasing.

Theorem 1.2 in [13] gives a slightly better inequality, but (4.15) will be sufficient for our
purposes, and readily yields the following analogue of Lemma 4.4 for the events pertaining
to the free field.

Lemma 4.6. There ezist constants C3(d) > 1 and C%(d) > 0 such that for all Ly > Cs
and K > 0 with

(4.16) K > Ci\/log(Ly),

one has
(4.17) @ |Gh ((ChF))| <27 and Q@ |Gl ((€RF))] <27
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Proof. One knows from (2.35) and (2.38) in [20] that if K > C'y/log(Ly) for some constant
C large enough,

(K—C log(LO))2

(4.18) @p [(650’K>T = @p [(COLO’K>C} = @p< sup Og > K) <e T @

x€[—1,2Lo+1)4

The claim (4.17) now follows by induction over n from (4.18) and Theorem 4.5 in exactly
the same way as Lemma 4.4 was obtained from Corollary 3.5 and Theorem 3.6. [

Finally, we collect a simple estimate for the Bernoulli part of our good events D%o»,
see part (e) in Definition 4.2.

Lemma 4.7 ([16, Lemma 4]). There exists Cy = Cy(d) such that for all Ly > 1 and
p € (0,1) satisfying

Cy
(4.19) p > exp <_L_g> ,
one has
(4.20) Q" [GEo, (DRor)e)] < 272"

The bounds of Lemmas 4.4, 4.6 and 4.7 allow for a proof of Proposition 4.1 by means
of a standard duality argument. On account of Lemma 4.3, this requires an estimate on
the probability to see certain long (dual) paths. The relevant events, see (4.22), can be
suitably expressed in terms of bad vertices at level n, as Lemma 4.8 asserts.

Recall the definition of good (Lg,u, K,p) vertices in (4.8). For n > 0, we call z € GLo
a bad n — (Lg,u, K, p) vertex if the event

(1.21) G5, ((CH5)) UG, ((62)9) UG, (D)) LG (BL)) UG, (FX"))

occurs, and a good n — (Lo, u, K, p) vertex otherwise. Note that a good 0 — (Lo, u, K, p)
vertex is simply a good (Lo, u, K, p) vertex. We say that (zg,x1,...,%y,...) is a *-path in
Ggo if for all i € {0,1,...}, z; € G5 and ||2; — 2i41]|s0 = Lo. For each u, K > 0, integer
Lo>1,p€(0,1),0 < M < N with M, N multiples of Ly, and 2 € Go™, let

Hpy(x; Lo,u, K, p) = {(z + [-M, M]%) is connected to (z + 9[—N, N|%) by

(4.22) ) ) I
a *-path of bad (Lo, u, K, p) vertices in GOU}.

Here, 9[—N, N]¢ denotes the boundary of the set [~N, N]¢. The following lemma asserts
that Hﬁ” (x; Lo, u, K, p) can only happen if there is a bad n — (Lg, u, K, p) vertex in the
box of radius 2L,, around z.

Lemma 4.8. For all integers n >0 and Lo > 1, u, K >0, p € (0,1), and x € Gﬁo,

(4.23) Hii"(x; Lo, u, K,p) C U {y is n — (Lo, u, K,p) bad}.

yeGLON(z+[~2Ln,2Ly)%)
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Proof. This is a consequence of Lemma 4.4 of [18] (with N = 5, r = [(d) and Lo,
as in (4.4) above). We include the proof for the reader’s convenience. We proceed by
induction over n: it is clear that (4.23) is true for n = 0, and we assume that it holds
for any choice of z up to level n — 1. If Hif"(x; Ly, u, K,p) occurs, there exists a x-path
7 of bad (Lo, u, K, p) vertices in G3° from (v + [~ Ly, L,]%) to (z 4+ 9[~2L,,2L,]%). This
path intersects the concentric (*-spheres (v + 9[—L,, — 16iL, 1, L, + 16iL,,_;]?) for all
i €{0,...,m—1}, where m = 5-4% + 1 (recall that Iy = 16m). In view of (4.4), for all
i €{0,...,m— 1}, one can thus find y; € GX°, N (z + 0[—L,, — 16iL,,_1, L,, + 16iL,,_1]%)
such that N (y; + [~ Ly_1, Ly—1]%) # 0.

For each i € {0,...,m 1}, since (y; + [~2L,_1,2L, 1]%) C (x + [-2L,,2L,]%), the
connected *-path 7 in G§° connects (y; + [—Ln_1, Ln_1]?) to (y; +0[—2L,_1,2L,_1]%), and
thus the induction hypothesis implies that there exists z; € (y; + [~2Lyn_1,2L,_1)?) which
is (n — 1) — (Lo, u, K, p) bad, and in particular z; € G2 ,. There are m = 5-4% + 1 such z,
and since there are only 4¢ vectors in GLon (x +[-2L,, 2Ln)d) , one can find z in this set
such that ALo cf. (4.5), contains at least 6 different z;. By (4.21), one can thus find k # j

xTo,n’

in {0,. — 1} and A4y € {(CLoK)e, (éLo Kye (DLop)e (ELow)e (FLow)e} such that 2,

and z; are in A:’;jon, and Gzon 1(Ap) and Gzon 1(Ap) both occur. Moreover,

sz - Zj”oo 2 Hyk - yjHoo - 4Ln71 2 12Ln71 2 Ln/l(d)a

which, in view of (4.6), implies that GL (Ag) occurs, and thus zq is n — (Lo, u, K, p)
bad. O

By Lemmas 4.4, 4.6 and 4.7, we know that for all u € (0, ug], and for a suitable choice
of the parameters Ly, K and p, the probability that a vertex is n — (Lo, u, K, p) bad is very
small. Lemma 4.8 then yields that a x-path of (Lg, u, K, p) bad vertices in GOLD exists with
very small probability only, and on account of Lemma 4.3, we can prove Proposition 4.1
using a Peierls argument.

Proof of Proposition 4.1. Choose a constant Cs5 = Cs(d, ug) large enough such that, upon

defining
Lo(u) = [C{,/UT‘ y

one has Lo(u)Y"u > max(Cy, C3), cf. Lemma 4.4, and Lo(u) > Cs, cf. Lemma 4.6, for all
1, € (0,up]. One can now find constants ¢, C1, ¢} and C’ such that if (4.2) holds, then
K(u) = C3v/log(Lo(u)), cf. (4.16), and p(u) > exp(—7 ( 7), cf. (4.19), for all u € (0, uo].
Let us now fix arbitrarily some u € (0, 4] and p € [p(u ) 1]. Lemma 4.8, Lemmas 4.4 and
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4.6 and Lemma 4.7 can now be applied with Ly = Lo(u), K = IN((u) and p, to yield

@ (72 (0 Lou), w, K (u).p)

(423) -
< 4°QP(0is n — (Lo(u), u, K(u),p) bad)

(4.21

Sl (i)« @ o (@8]
@ fo (o)) o ((80my)] @ [ ()

< 5-44-2—2",

using (4.9), (4.10), (4.17) and (4.20) in the last step. Since this bound holds for all n > 0,
and, in view of (4.4), HY(0; Lo(u),u, K (u),p) C H75(0; Lo(u), u K (u),p) for any n € N
such that 2L,, < N, one can find constants ¢, C > 0 depending only on d, v and ug such
that, for all integers IV,

(4.24) Q¥ (Hév (05 Lo(w), u, K (u), p)> < Cexp (—eN°).

Given (4.24), the argument proceeds as follows. For any set A C Z2 x {0}¢72, de-
fine (zg,...,x,,...) to be a nearest neighbor path of good (Lo(u),u,f?(u),p) vertices
in GL™ N (Z% N {0}9-2) that connects A to oo if the z; € GE™ N (Z2 N {0}42) are
good (Lo(u),u, K (u), p) vertices, ||z; — zi1]l1 = Lo(u) for all i € {0,1,...}, 7y € A and
|zi]|co — 00, as i — oco. Now, assume that there exists no unbounded nearest neighbor
path of good (Lo(u), u, K (1), p) vertices in GL*™ N (Z2 x {0}4-2), and in particular that for
all M € Lo(u) - N = N, there is no nearest neighbor path of good (Lo (u),u, K (u), p) ver-
tices that connects [M, M]? x {0}¢72 to co. Then by planar duality, for all M € N,,
there exists a #-path 7 around [—M, M]? x {0}4-2 in G.°™ N (Z2 x {0}%2) of bad
(Lo(u), u, K (u),p) vertices. If N > M denotes the smallest multiple of Lo(u) such that
zy = (N,0) € N, x {0} is in 7, then HY (xx: Lo(u), u, K (), p) occurs. Thus, the prob-
ability that there is no infinite nearest neighbor path of good (Lo(u),u, K (u),p) vertices
in G2°™ (72 x {0}%2) that connect [M, M]? x {0}9-2 to oo is bounded by

Z Q" (HéV(O; Lo(u),u, I?(u),p) < Z Cexp (—cN°).

NeN,:N>M NeNy:N>M

This is true for all M € N,, hence the probability of having no unbounded nearest neighbor
path of good (Lo(w), u, K (u), p) vertices in GL*™ N (Z2 x {0}%-2) is 0. Lemma 4.3 then
implies that the set AVZW percolates (almost surely), for any u € (0,uo] and p € [p(u), 1],
and the claim of Proposition 4.1 follows. O]

With Proposition 4.1 at hand, it is possible to deduce Theorem 3.1 for a good choice
of coupling Q? in (4.1). The idea is to use (2.14), and to suitably couple the Bernoulli
percolation BP with {|@| < K(h)} on the edges. We prove the following slightly stronger
version of Theorem 3.1.
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Corollary 4.9. For each hy > 0, there exist positive constants Cy and cy, only depending
on d and hy, with Cohy® > 1 such that, for all 0 < h < hy, with K(h) as in (3.1), there
exists Lo = Lo(h) > 0 such that P¢-a.s. the set
(4.25)

~ 3 def. = =~ N =

AN@) {x e 70\ 7% &, > —h} U {m €Z% Vv eV, Vt e [0, 5}, 1B, 1] < K(h)}
contains an unbounded connected component in the thick slab 72 x 0,2L0)%.

We first comment on why Corollary 4.9 implies Theorem 3.1. Since D is continuous,
asserting that A} has an unbounded component is tantamount to saying that there exists
an infinite path in the set {z € Z% ®, > —h}, and that in addition, for every y € Z¢
at distance less than 1 from a vertex on this path, |£Iv>y| < K(h) holds. In particular this
infinite path is also in Ay, see (3.2), and Theorem 3.1 follows.

The key to the proof of Corollary 4.9 is the following lemma, by which one can essen-
tially couple a Bernoulli percolation {57 = 1} on the edges with sufficiently large success
parameter p > 1 — Cjut, cf. (4.2), with {|@¢| < K’} on the edges for K’ large enough.

Lemma 4.10. Let © be a Gaussian free field on the cable system under P. For all ug > 0,
there ezist positive constants Cy and co such that, for all u € (0,uo], with K(u) and p(u)

as defined in (4.2), h = v2u and K(h) as defined in (3.1), the following holds: under P,
there exists a family of independent Bernoulli variables BP™ = (05(“))6@ with parameter
p(u) = p(u), and the property that

foralle ={z,y} € E, if |p,| < K(u) and |¢,| < I?(u),

(4.26) _ S
then {95(“) =1=Vzel, |g.|<K(h)}.

Proof. Let u € (0,ug] and h = v/2u. With C, ¢;, C} and ¢; as given by Proposition 4.1,
fix constants Cy and ¢y depending only on ug and d such that

K () = \/log <<25_0/2) . \/10g ( 51) . \/_ o <012uca )
2 R (u) + \/_% log (1—719(11))

Let (B¢)ccp be as defined in (2.8), and recall that (B¢).cp is an i.i.d. family of Brownian
bridges with length % of a Brownian motion with variance 2 at time 1. For all e € E, define

(4.27)

. e iyt 1
(4.28) o) _ 1, if |Bf| < K(h) — K(u) for all t € [0, 3],
0, otherwise.
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Then (95(“))66 is an i.i.d. family of Bernoulli variables with parameter

E

plu) <P (ve e [0,1/2), [Bf] < K(h) ~ K(u)).

Moreover, by symmetry (the boundary values of B¢ are both 0) and Lemma 2.1,

Blu) > 1—2P ( sup B > K(h) — f((u)> 1 2ew (205 () = K(w))?) S ),

t€[0,1/2]

and, using (2.8) and (4.28), for all e = {z,y} € E such that ¢, < K(u) and ¢, < K (u),

O =1 = Ve [0,1/2], |Gring, — (126, — 2tp,| < K(h) — K(u)
= Vzel, .| < K(h),

whence (4.26). O

Proof of Corollary 4.9. Let uy = %‘2), and, for any h € (0, hol, define u = %2 Let P* be

the coupling from Theorem 2.2, under which there exist a Gaussian free field ¢ and a
random interlacement process @ such that (2.15) holds. For this ¢, let BP*) = BP(")(3) be
the family of independent Bernoulli variables under P¥ introduced in Lemma 4.10. This
yields a coupling QP satisfying (4.1), with parameter p(u) > p(u). One can now apply
Proposition 4.1 to obtain that, PU-a.s, the set g;ﬁ(u), cf. (4.3), contains an unbounded

connected component in the thick slab Z2 x [0, Lo(u))?, and thus (4.26) yields that P*-a.s.
the set

(4.29) (ZU N (Z22\ Z4)) U {z € 2% Vv € Vo, Yt € [0,1/2], |Gasrn| < K(h)}

contains an unbounded connected component in the thick slab Z2 % [0, Lo(u))?. Now (2.15)
implies that the set defined in (4.29) is included in A} (¢), and Corollary 4.9 follows. [

5 Percolation for positive level set

In this section, we prove our main result, Theorem 1.1, with the help of Theorem 3.1.
A key ingredient is the following observation: we have shown (in Theorem 3.1) that the
set {z € 7% —h < b, < K (h)} contains an unbounded connected component for large
enough K (h), cf. (3.1). Suppose that z € Z? is a vertex inside this unbounded component,
and that I, is attached to x (recall that & = o | Z%). Then, since ® behaves like a
Brownian bridge on I, see (2.8), the probability that ®, > —h for all z € I. becomes very
small as h \, 0. In fact, if e = {z,y}, for sufficiently small A > 0, it is more costly to
keep d>—h along the entire cable I, than to require ®, > h (at the vertex x only!),
knowing that —h < ®, < K(h) and |®,| < K(h), see Lemma 5.1 for the corresponding
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statement. Accordingly, the probability that the set {z € Z%; —h < &, < K(h)} contains
an unbounded connected component becomes smaller than the probability that the set
{x € Z% h < ®, < K(h)} contains an infinite cluster (in Z?) as h goes to 0, which
implies Theorem 1.1. The precise formulation comes through a slightly abstract coupling
argument, which is the content of Lemma 5.2.

Comparing the probability that ®, > h knowing that —h < ®, < K(h) with the
probability that the Brownian bridge on I, remains above level —h in a uniform way
requires some control on the Gaussian free field ® in the neighborhood of x, and for this
purpose we are actually going to use Corollary 4.9 instead of Theorem 3.1. We define, for
x € Z% and v € V;, the open subsets U%" and U?® of Z¢ by

(5.1) U™ = ¢ + [0, iv) and U* = | J U™ =2+ [0, iv)

veVy veVp

We call K* = 9U?* the boundary of U*, which has exactly 2d elements, and define K =
U,eze K7 Henceforth, we set

(5.2) ho = 1

in all the previous definitions and results, and in particular in Corollary 4.9 (this value is
chosen arbitrarily in (0,00)). For any h € (0, 1], we define K (h) as in (3.1) (with ¢, Cy
numerical constants depending only on d by the choice (5.2)). We further define two
families of events (E}),cze and (F},"") ezdvev, (Part of Qq, cf. above (2.2)) by

(5.3)

Bt ={@,0, > —hf 0 {vy € K% |8, < K(h) } and Fy* = {¥z € U &. > —h},
as well as

(5.4) Ep=J E;t and Gy = | (ER' N EY),

veV) veEVD

and the (random) subsets of Z%
(5.5) Ey, = {z € 7% E} occurs} and G, = {z € Z% G% occurs}.

For all K C Zd, we denote by Ak the o-algebra o (¢, z € K). We note that the sets U”
are disjoint when x varies, cf. (5.1) and (2.1), and that the events E;"" are A.-measurable.
Corollary 4.9 implies that (G}, contains an infinite connected component, and the goal is to
go from this to the percolation of Ej, N{x € Z%; ®, > h}. The following lemma makes the
above observation, see the discussion at the beginning of this section, precise.

Lemma 5.1. There exists hy € (0,1] such that for all h € (0, hy] and z € Z°,

(5.6) PO (GE | As) < P (EF N {®, > h} | Axe) .
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Proof. Let us fix some z € Z% Tt is sufficient to prove that there exists hy € (0, 1] such
that for all h € (0, hq] and all v € Vj,

~ 1
(5.7) e PE (Fy" N {®, < 2R} | Axe) < leEszP’ (h < @, < 2h| Ax=).

Indeed, if (5.7) holds, then

PO (GF | Axs) = PO (GE N {D, > 2h} | Ak ) + P9 (G2 N {D, < 2h} | Axr)

(5.4) ~ ~
< POGEN{®, > 2} [ As) + Y PO(ER N FY° N {®, < 20} | A=)
veVY
(5.7) ineel 1 G T,
P (GE N {®, > 2h}|A,<z)+ﬁZIP (EP" N {h < ®, < 2h} | Ax=)
veVy

<PY(E; N {®, > h} | A),

noting that G7, E;"" C E¥ in the last inequality, and (5.6) follows. We now show (5.7).
Let us fix some v € V. We begin with the study of ®,, by decomposing it suitably. It
follows from the Markov property, cf. (2.3), that @Uz =, — BU is a centered Gaussian
variable with variance gy=(z, z). The value of the variance gUz(:zr r) = o2 does not depend
on z € Z* (it actually follows from Section 2 of [10] that 0§ = 2;). Moreover, on the event

EM it is clear that |3Y"| < K(h). Thus, on the event E", since the harmonic average
BY" is Axe-measurable, we obtain, for all A > 0,

PO (—h < @, < 20| Ag) = PO (—n < Y7+ B < 20 ’ Ac:)
1 2h _ aU=\2
2wog J-n 205
1 (37 / 2 y? ui" |
= T2 exp 207 B exp 207 exp g y
CEN 2hK (h)
. < - h .
(5.8) 2ol exp ( 207 x 3hexp 22

A similar calculation shows that on the event E}"", for h > 0,

[\

/\
Hj
[N}

;

~—

2
\/271'0'8 20 a9

Culd) = sup {3eXp (Wi(h)) X exp (W) } ,

99

Define
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and note that Cs < oo since hK (h) — 0 as h — 0, cf. (3.1). Hence, by (5.8) and (5.9),
(5.10)  1geoP (—h < @, < 20| Axs) < ColpzoPY (h < @, < 20| Age) , for b € (0, 1].

Let us now turn to the events F, . It follows again from the Markov property for the
Gaussian free field, see in particular the discussion below (2.7), that, knowing Ax=yy,y, the

process (5z>ze[]z,v is a Brownian bridge of length }L between ¢, and <T>x 1o of a Brownian

motion with variance 2 at time 1. Using Lemma 2.1, one can then find hy € (0,1] such
that, for all h € (0, hy], on the event E}" N {—h < &, < 2h},

B (B | Axeugay) = BC ( min & > —h ’ Afcxu{x})
—1— exp <—4(h @) (h+ 5“%}))

< 1—exp(—12h(K(h) + h))
1
2dCq

We now conclude using (5.10) and (5.11): for all h € (0, h4],

(5.11) <

1o B9 (F2 0 {®, < 20} | Axe) E'E [1EZ’”m{fh<<I>z<2h}ﬁG (£ | Axeugs) ‘A’Cz]
O L BE (Ch < By < 20| Axe)
2dCg "
(510) 1
< ﬁlE,f”P (h < P, < 20| Ak:),
which is (5.7). =

Lemma 5.1 roughly asserts that it is more likely to have {®, > h} than to have G,
(on E7) and we know by Corollary 4.9 that G}, has an infinite connected component. The
proof of Theorem 1.1 now hinges on the following result.

Lemma 5.2. Let (E;,&;) fori € {1,2,3} be three measurable spaces, let X, Y and Z be
three independent random variables under P with values in Ey, Es and Es respectively, and
let A€ £ ®&E3 and B € £ ® E3 be such that

(5.12) P((X,Z2) e A|Z) =P((Y,Z) € B| Z), P-a.s.

Then, on an extended probability space, there exists a random variable Y independent of Z
and with the same law as'Y under P such that

(5.13) (X, Z)e A & (Y,Z)€e B, P-as.

N.B.: with a slight abuse of notation, the probability measure on the extended space is
still denoted by P in (5.13). We will use this notation throughout the proof.
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Proof. We may assume that P ((X, Z) € A) € (0,1), otherwise we simply take Y = Y. By
suitably extending the probability space on which P is defined, we introduce a family of
independent Fy-valued random variables Y, i = 0,1 and z € Fj3, independent of X, Y and
Z such that for each z € E3 and C' € &,

P(Y?€C)=P(Y €C|(Y.2) ¢ B) and P(Y!€C)=P(Y €C|(Y,2)€ B)
(if P((Y,2) € B) = 0 we just fix an arbitrary value, say 0, for Y0, and if P((Y, z) €B)=0
we do the same for Y!). Let Pz be the law of Z, then, for Pz-almost all z € E3, (Y?,2) ¢ B

and ()N/Zl,z) € B, P-a.s. Define p = 1y(x z)eca}, and Y = )Nfg We have that for all F, € &
and Fz € 53,

P((f/, Z) € Fy x Fg) - / P(Y? € F)dPy(z)

F3

— / P(Y? € B)P((X,z2) ¢ A) +P(Y) € B)P((X,z2) € A)dPy(2)

:/ P(Y € By, (Y.2) ¢ B) + P(Y € By, (Y, 2) € B)dPy(=)
=P(Y e F,)P(ZecF;),

where we used (5.12) in the third equality. Thus, Y is independent from Z and has the
same law as Y. Moreover, for P; almost all z € Ej,

(X,2)ed < p=1 & (YP,2)€B, Pas.
and this gives (5.13). O
We now proceed to the

Proof of Theorem 1.1. Let h € (0,hy], with hy as in Lemma 5.1. We will show that
E>"(®1), cf. (1.3), where ®F is a Gaussian free field, see (5.16) below, percolates in a
sufficiently thick slab for any such value of h, thus obtaining Theorem 1.1. The Markov
property for the Gaussian free field, see (2.4), (5.1) and (2.1), implies that the family

(®Y"),cza is i.i.d. and independent of Ag, and that for all z € Z? and z € U*,
b= a0

where (B/,Um)wezd is Ax-measurable. Let (\;),ez¢ be an ii.d. family of random variables

independent from ® under P¢ (tacitly assumed to be suitably extended), with common
law Unif([0, 1]). Note that for all z € Z,

pé (Ax <PC (G2 | Ag) ‘Aﬁx)

=BG (G | Axe) & BC (U Eptn{¥zeus B+ 30 > —n} |A;Cz> ,

veVy
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where E,"" € Ax. for all v € V. For each x € Z%, we can now use Lemma 5.2 with X = \,,
Y = ®Y% and Z = Y=, to find an i.i.d. family of random variables (®V"),cz« independent

of Ax= and with the same law as (®V"),czs (note that the latter are independent, as z
varies), such that, for each x € Z¢4,

(5.14) (e <POGEI A} = | R n{vz e U B 4+ 70" > -,
veV)

Similarly, we find an i.i.d. family of random variables (®FV"), .z« independent of Ax. and

with the same law as (®Y"),czq, such that, for each = € Z¢,

(5.15) (A <BO(BE N {®, > W} [ Ace) } = Bf 0 { B + &7 > ).
We now define, for all x € Z? and z € U® U K*,

(5.16) 6; = EE”” + CEZ_’UI and &)j = Egz + 5:U®

Then & and ®* have the same law as ® and are thus Gaussian free fields on the cable
system. Using Lemma 5.1, (5.14) and (5.15), we obtain that for all z € Z%,

(5.17) G," C B0 {®) > h}
and in particular
(5.18) G, C Ef n{z ez & > h}

where G, and G, (resp. E;* and E;"), are defined as in (5.4) and (5.5), but for the
Gaussian free field @~ (resp. ®¥). In deducing (5.17), we have also used that E, *(®+) =

g,f(CID), since both events are Ay.-measurable, see (5.3), and thus independent of U and
oHU",

Finally, by Corollary 4.9, there exists Ly(h) > 0 such that the set AVZ((T)*), cf. (4.25),
contains a.s. an unbounded connected component M in the thick slab 72 x 0,2L0)%72.
By definition, see (5.5), M NZ* C G, , and thus, on account of (5.18), M NZ¢ C {x €
7% &+ > h}, hence {z € Z% ®F > h} contains a.s. an infinite connected component in
72 x [0,2L)"2. O

Remark 5.3. 1) The result of [20] is actually slightly better than Theorem 1.1 in high
dimensions: if d is large enough, there exist hy = ho(d) > 0 and Ly = Lo(d) > 1 such that
the level set {x € Z9; ®, > hy} percolates in the slab Z? x [0,2Lg) x {0}?~. However, in
all dimensions d > 3, the set {x € Z%; ®, > h} never percolates for h > 0 in Z? x {0}%2,
as explained in Remark 3.6.1 of [20].

2) It is possible to get a result similar to Theorem 3.1 for the positive level set of the
Gaussian free field ® on Z¢ just constructed, thus obtaining the following strenghtening of
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Theorem 1.1. For all h < hy, let K(h) be as in (3.1) for hy = 1, then the set {z € Z%; h <
®, < K(h)} contains a.s. an infinite connected component. Indeed, using an argument
similar to that of Lemma 5.1, one can prove that, conditionally on Ay, the probability of
GFN{P, < K(h)} is smaller than the probability of E¥f N{h < &, < K(h)} and the result
follows.

3) Theorem 2 in [16] can also easily be extended to the Gaussian free field: for each h < hy,
the set {x € Z%; ®, > h} contains an almost surely transient component. Indeed, looking
at the proof of Theorem 2 in [16], see also Theorem 1 in [15], we can use (4.24) instead of
(5.1) in [16] to obtain that the set gﬁw defined in (4.3) contains an unbounded connected
and transient component for p € [p(u), 1]. Using the same coupling as in Lemma 4.10, we
get that this is also true for the set gz defined in (4.25), and the coupling of Lemma 5.2
tells us that {z € Z% ®, > h} also contains an infinite connected and transient component
for h < h;.

4) Another parameter h < h, has been introduced in [6], and a similar one has been used
n [26]. This parameter describes a strong percolative regime for E2" when h < h, ie.
all connected components of E2" in [—R, R]? with diameter at least % are connected in
[—2R, 2R]? with large enough probability when R goes to oo. It has been proved that
h > —oo and it is believed that actually h = h., but it is still unknown whether h>0or
not. Our methods may perhaps help in that regard.

Appendix: Proof of Lemma 3.2

The proof of Lemma 3.2 is very close to the proof of Proposition 1 in [15], but we need to
remove the dependence on u of the constants, and make the dependence on u of the error
term explicit instead. We will henceforth refer to [15] whenever possible, and in particular,
Lemmas 3 to 6 and 11 in [15] do not involve u at all, so we will use them without proof.
Recall w®, the interlacement process on Z¢, and w*, the interlacement process on the cable
system, obtained from w* by adding independent Brownian excursions as explained below
(2.11). We denote by 7 the set of edges traversed by at least one of the trajectories in
supp(w"). Now observe that the event that every x and y in 7un [0, R)¢ be connected in
7" N [—eR, (1 4+ €)R)?, which is the event of interest in (3.3), is more likely than every =
and y in %N [—1, R+ 1)? being connected in Z* N N[—eR, (1 —l—&t)R) Thus, we only need to
show the respective statement of Lemma 3.2 for 7* instead of I“ cf. Lemma A.5 below.
The idea of the proof is to show that there exists C' > 1 Such that for every integer
R > 1 and every x,y € I N [~ R, R)?, the vertices z and y are connected through edges
in 7% N [—CR,CR)? with high enough probability. It is quite hard to directly link z and
y, especially if R is large. Therefore, let us define w;f ég for i € {1,2,3}, three independent
Poisson point process with the same law as w*/3, such that w* = Zlg L Wi ég Let us call
Iu/ % the set of vertices visited by at least one of the trajectories from supp(w; ) denote

by I“ /* the set of edges traversed by at least one of the trajectories from supp( v 3)
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and let C;L/B(Z,R) be the set of vertices connected to z by edges in Z“?{g N [—R, R)? for
i € {1,2,3} and z € Z% We are going to prove that, if z € Iﬁ;’ and y € I;ﬁ{f’, then
oh / 3(ac,]i’) and C. / 3(y,R) are big enough, and that one can connect these two sets by
edges in f;f ég N[—CR,CR)% with high probability. In particular, this will imply that z and
y are connected through edges in Z* N [~CR,CR)? with high probability.

We first recall a property of the Poisson distribution (see for example (2.11) in [15]):

let N be a random variable which has Poisson distribution with parameter A\, then there
exist constants ¢ < 1 and C' > 1 independent of A such that

P(ASN<SCAN >21—Cexp(—c)).

For A C Z¢ finite let N% be the number of trajectories in supp(w®) which enter A, and
write Xi,..., Xyu for the corresponding trajectories, parametrized such that X;(0) € A
and X;(—n) ¢ A for all n > 0. Note that Xi,..., Xy« depend on u and A even if this is
only implicit in the notation. Then N is a Poisson variable with parameter ucap(A) and

(A1) P! (cucap(A) < N4 < Cucap(A)) = 1 — Cexp (—cucap(A)).

Here, cap(A) is the capacity of the set A, i.e., the total mass of the equilibrium measure of
A. The following standard bounds will soon prove to be useful: For any A C [-R, R)¢NZ%
and R > 1,

(A.2) cap(A) < cap([-R, R)?) < CR*? and cap([—R, R)?) > cR*2.
The next lemma gives a bound on the probability to connect the two sets C} / g(x, R) and
C¥3(y, R) in I;j/g N[-CR,CR)% in terms of capacity.

Lemma A.1. There exist constants ¢ = ¢(d) > 0 and C = C(d) < oo such that for all
R >0 and u > 0, for all subsets U and V of [-R, R)?,

ZvN[-CR,CR)¢
—

P'(U V) > 1— Cexp (—cR* *ucap(U)cap(V)) .

Proof. If there is a trajectory among (X1, ..., Xz ), which hits V after 0 and before leaving

[~CR,CR)%, then U is connected to V through edges of Z" N [~CR, CR)’. We can use
Lemma 11 in [15] to lower bound the probability of a trajectory to behave accordingly by
cR*™4cap(V), and thus we infer

TuA[_ d cuca
P! (U HNRORCR) V) >1—P/(NE < cucap(U)) — (1 — cR*eap(V)) ™"

(A1), (A.2) -
> 1—Cexp(—cR* “ucap(U)cap(V)).
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We are now going to prove that Cap(Cu/ 3(35 R)) and cap(C"/ 3(y, R)) are large enough

with high probability, and in particular that they grow faster in R than R*Z*. For all u > 0,
A C 74 finite and T a positive integer, we define the set ¥(u, A,T) by

(A.3) U(u, A, T) = U{X <n<T}

Lemma A.2. Foralle € (0,1), k > 1 and 0 > ¢, there exist constants ¢ > 0 and C' < oo
such that for every u € (0,up), A C Z? finite and T a positive integer,

(A4) P! (cap (¥ (u,A,T)) > ¢ min <ucap(A)T%,TW)>
> 1— Cexp (—cmin (Ta/Q, ucap(A))) ,
and, if AC B = [-kT°, kT?),

1+e

+
2E,T 2

(A.5) P! (Q/(u, AT)C B+ [—T1 )d) >1—Cexp(—cT*u).

Proof. (A.4) is a simple consequence of Lemma 6 in [15] and (A.1). In order to prove (A.5),

let us first define h(T,¢), the probability that the simple random walk on Z? beginning
14¢ 14+¢

in 0 leaves [—T"2 ,T72 )¢ before time T. Hoeffding’s inequality yields that h(T,e) <
Cexp(—cT*). Moreover, taking B = [—kT°, kT?),

]P)I <\II(U7A7T> C B+ [_TlgeuTH_E) > = ]P] (W(U’B’T) CB+ [_TI;E’T%)(L)

>1—P! (Ng > Cucap(B)) — Cucap(B)h(T, )

(A.1),(A.2) . Ty
>1—Cexp(— cuT" ) CuT=29 exp (—cT°)
>1—Cexp(—cTu).

]

We now iterate this process to find the desired bound on cap (C*%(z, R)). Consider a
sequence of independent random interlacement processes (wy)r>1 at level u which define
an independent sequence (Vy),., such that for all k& > 2, ¥} has the same law as W (see
(A.3) for notation). For each 2z € Z%, let X* be the trajectory with the smallest label u
contained in w; such that X*(0) = 2. For all z € Z% u > 0 and T positive integer, we

recursively define a sequence of subsets (Uék)(z, T))k>1 of Z4 by
UM (2,T) = {X*(n), 0<n < T},

and, for all £k > 2
UM (z,T) =y (u, UFD(z,T),T) .

In the next lemma, we iterate the results of Lemma A.2 to find lower bounds on the
capacity of Uéd_m(z, T) and upper bounds on the diameter of U&d_Q)(z, T).
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Lemma A.3. Foralle € (0, %], there exist constants ¢ > 0 and C' < oo such that for every
u € (0,up], z € Z¢ and positive integer T,

d—2

(A.6) P! (ﬂ {cap (Uék)(z, T)) = u*! (CTlQ)k}) >1—Cexp (—CT€/2U)
k=1

and
d—2

(A.7) P! <U {Uék)(z,T) Cz+ [—legs,legs)d}> >1—Cexp(—cT u).
k=1

Proof. Let us introduce the shorthand Uk = U&k)(z,T ), and note that, albeit only im-

plicitly, Uk depends on z and T'. We first prove (A.6). For ugc < 1, using recursion, the
event in (A.6) is implied by the event

d—2

{cap (US)) > chEE} N ﬂ {cap (Uqgk)) > cmin (ucap (quk’l)) T%S,TW)} .

k=2

Lemma 6 in [15] tells us that

l1—¢

P! (Cap (Uqgl)) > T2 ) >1—Cexp (—CT€/2) >1-Cexp (—cT5/2u) '

We only need to prove (A.6) if ¢7%/2u > 1, and then ¢TIz u > T2 and (A.4) gives that
forall 1 <k <d-—3,

P! (cap (U£k+1)) > cmin <u0ap (U'L(Lk)) 75 ’ T%)

1—e¢ k
cap (U1) = w1 (1'% )
1—¢ k
>1—Cexp (—cmin <T6/2, (cTTu> )> >1—-Cexp (—cTe/Qu) _

The proof of (A.7) is simpler: we only need to use the fact that h(T,e) < Cexp(—cT*)
for k =1 (see the proof of Lemma A.2 for the definition of A(T,¢)), and then proceed by
induction with (A.5) for k > 2. O

Corollary A.4. For all ¢ € (0, %], there exist constants ¢ > 0 and C' < oo such that for
every u € (0,u), z € Z* and R > 0,

P/ (2 € T", cap(C*(2, R)) < cR1-I02083) < Coxp (~eR2u)

where C*(z, R) is the set of vertices connected to z by edges in 7N [—R, R)“.

Proof. For all & € (0,up), let w@ 2% .= S92 where (w?);»; are the independent

random interlacement processes at level u used in the definition of (Uék)(. , )) L1 See above
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Lemma A.3. Furthermore, let Z@ be the random interlacement set associated with w¥ and
Z(@=2)% the random interlacement set associated with w(?=2% By definition, w(®" 2)“ has
the law of a random interlacement process at level (d — 2)u, and if z € Z¥ then Uu (2, T)
is a connected subset of Z(W=2% for all k € {1,...,d—2}, z € Z¢ and positive integer T.
In particular, if z € Z{ and if the event in (A.7) occurs with ¢ in that formula taking the
value of some 6 € (0, 3), then

U2 (2,T) € D%z (d—2)T).

Using Lemma A.3 we obtain, for all 6 € (0,3), @ € (0,u], 2 € Z% and positive integer T,

P! <z € T", cap (C(d_ma(z, (d— 2)T12ﬂ)> < g 3) < Cexp (—CT(S/Za) .

€

The result follows by taking @ = %, T = L(dTRQ)Q_EJ and 0 = 3=. u

We now have all the tools required to connect z,y € Z% N [—R, R)? through edges in
N [-CR,CR)4, as mentioned at the beginning of the Appendix.

Lemma A.5. There exist constants ¢ > 0 and C < oo such that for every u € (0, ug],
R >0 and x,y € [-R, R)¢,

- a c
P! (x,y e 1", {x HNRORCR) y} ) < Cexp (—ch/Gu) i

Proof. Using the notation introduced at the beginning of the Appendix, we have
Fun_ d ¢ 3 - a c
Pl (x’y e 1", {xI Nl CRCR) y} ) <3P (m eIy e TP {wz Nl CRCR) y} )
ij=1

Let us now fix 4,5 € {1,2,3} and let k € {1, 2,3} be different from i and j. We define the
events

E, = {cap <C’7L/3(3: R)) CR@ud’g} , By = {cap <C;/3(y,R)> > CRz(d‘o‘_z)ud’?’} ,

and note that F; C {z € IZB/,B} and Ey C {y € I]“ég} Thus,

U~ d ¢
pl (x e Ty EI%:},{ 4N CRCR) y} )

] ( { T A[~CR.CR) })
<SP (BiNE)\(Ci(x) ™ +—  Ci(y)
(A.8)

4P <{x e TP\ E1> + P <{y € TP\ EQ) .
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For uRY® > 1, we can now use Lemma A.1 to bound the first summand of (A.8) as

7M30[-CR,CR)?

P! ((E1 NEy) \ {c;(a:)

Cf(?ﬂ}) < Cexp (—ch_du x RY5 u2(d_3))
< Cexp (—ch/Gu) )

The second summand of (A.8) can also be bounded using Corollary A.4 with e = 3, and
the result follows. O

We now come to the

Proof of Lemma 3.2. Lemma 3.2 is a simple consequence of Lemma A.5. Indeed, let us
define R’ = |eR/2C | with C as in Lemma A.5, and we can assume without loss of generality
that eR > 2C. We define for each z € Z% the events

A,(zl) = {I“ N (z +[-R, R’)d) + @} and AEQ) = m {:c fumzt[_—a@smd y} .

x,y€L4N(2+[—2R' 2R")%)

Note that these events depend on our choice of v and R even if it does not appear in the
notation. It follows from the definition of random interlacements, (A.2) and Lemma A.5
that

P'(A) > 1 —exp (—cR"?u) and P! (A?)) > 1 — OR* exp (—cR"Su) .
In particular we get that

2€[0,R)4NZ4

Let us call A the event on the left-hand side in the previous line, and suppose that A
occurs. Then, for all z,y € Z%N [0, R)¢, one can find a path of nearest neighbors between
x and y in [0, R)%. Moreover, if z and 2’ are two neighbors in [0, R)¢, then (z+[-R/, R")%)U
(2 +[-R,R)Y) C 2+ [-2R,2R')4, so every vertex in

(A.9) TN (z+ [-R, R)%) is connected to every vertex in Z% N (z + [~ R, R)%)

by a path of edges in 2N (z+[—eR, cR)%) C Z7"N[—¢R, (1+¢)R)?, and the sets in (A.9) are
not empty. This tells us that if A occurs, then every z,y € Z%N [0, R)¢ can be connected
by edges in Z% N [—eR, (1 + €)R)4, and thus A implies the event on the left-hand side of
(3.2). O
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