CRITICAL EXPONENTS FOR A PERCOLATION MODEL ON
TRANSIENT GRAPHS
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Abstract

We consider the bond percolation problem on a transient weighted graph induced by
the excursion sets of the Gaussian free field on the corresponding cable system. Owing
to the continuity of this setup and the strong Markov property of the field on the one
hand, and the links with potential theory for the associated diffusion on the other, we
rigorously determine the behavior of various key quantities related to the (near-)critical
regime for this model. In particular, our results apply in case the base graph is the three-
dimensional cubic lattice. They unveil the values of the associated critical exponents,
which are explicit but not mean-field and consistent with predictions from scaling theory
below the upper-critical dimension.
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1 Introduction

Critical phenomena represent a fascinating challenge for mathematicians and physicists alike. An
emblematic example is that of second-order phase transitions, especially in models that are both
non-planar and remain below a certain upper-critical dimension (above which mean-field behavior
is expected). In such “intermediate” dimensions, which are often physically most relevant, the
regime near the transition point remains largely uncharted territory.

The present article rigorously investigates this problem in a benchmark case. Namely, given
a weighted graph G, transient for the random walk on G, we study the bond percolation model
obtained by considering the clusters of G induced by the excursion sets of the Gaussian free field
¢ on the continuous graph (or cable system) 5 D G associated to G, see f below for
definitions. On the lattice Z¢, d > 3, the study of the corresponding discrete problem, i.e. the
percolation of excursion sets of ¢|g, was initiated in [25] and more recently reinvigorated in [30].
The corresponding cable system free field ¢ and its connections with Poissonian ensembles of
(continuous) loops and bi-infinite Brownian trajectories on G have recently been studied in [26],
[36], [27], [11], [10] and [40]. Among these links, those relating ¢ to the model of random
interlacements, introduced in [32], stand out. For, as will turn out, the interlacements essentially
set a characteristic length scale £ for the percolation problem we study.

Our main results, Theorems and below and their consequences, Corollaries
and describe the near-critical regime of the phase transition for the above percolation model
by rigorously deriving various associated critical exponents. These exponents capture the behav-
ior of the system at and near the critical point; see e.g. Section 1 of [23] or Sections 9.1-9.2 in [17]
regarding the heuristic picture for independent (Bernoulli) percolation. In essence, our results
determine a unique set of exponents, listed in Table [I] on p9] along with a related “capacity
exponent” k, see . In special cases, the numerical values of some of these exponents are
implicitly contained in [10] and [26].

The exponents we derive all turn out to be explicit rational functions of two parameters:
the first one, v, cf. on p and , describes the decay of the Green’s function for the
underlying random walk, and thus controls the decay of correlations. The second parameter, «,
is geometric and governs the volume-growth of the base graph (see condition on p. In
the parlance of renormalization group theory [41} [42], the set of exponents we infer for each pair
(v, ) characterizes the “fixed point” corresponding to the “universality class” of this percolation
problem. Importantly, the resulting values satisfy all scaling and hyperscaling relations, which
are (heavily) over-determined by our findings, and approach the corresponding mean-field values
as v 1 4 in case the walk is diffusive, i.e. & = v+ 2. We defer a more thorough discussion of these
matters to the end of this section (cf. below ) The long-range dependence of the model,
manifest through v, presents the advantage of inducing a certain structure on the field. This is
in contrast to the much studied, but locally more amorphous Bernoulli percolation model, for
which celebrated results have been derived on two-dimensional lattices, see [31] and references
therein, or on Z? for sufficiently large d (in the mean-field regime), following [18], cf. [19] for an
extensive account; see also [§], [14] for recent progress on Z3, and [9] regarding excursion sets of
continuous Gaussian fields with rapid correlation decay.

We now describe our results. We consider G = (G, )\) a weighted graph, where G is a
countable infinite set, A\;, € [0,00), x,y € G, are non-negative weights with A\, , = A, > 0,
Az = 0, and an edge connects x and y if and only if A\, , > 0. We assume that G is connected,
locally finite and transient for the random walk on G, which is the continuous-time Markov chain
generated by

(11) L) = 3 3 hay(F () — F(a),
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for suitable f : G — R, where Ay = 3} . Az,y. We write G for the metric graph (or cable system)
associated to G, obtained by replacing each edge by a one-dimensional segment of length 1/2); ,
and gluing these segments through their endpoints. We denote by P, the law of the Brownian
motion on G when starting at = € G and by X. the corresponding canonical process. This
diffusion can be defined in terms of its Dirichlet form or directly constructed from a corresponding
discrete-time Markov chain by adding independent Brownian excursions on the edges beginning
at a vertex; we refer e.g. to Section 2.1 of [13] for details regarding the construction of the
measure P,.We denote by g(-, ) the Green function associated to this Brownian motion, that is
the density of the local times of X. at infinity with respect to the natural Lebesgue measure on G ,
which attaches length 1/2); , to every cable. The corresponding Gaussian free field ¢ = (¢z) g,
with canonical law P, is the unique continuous centered Gaussian field with covariance function

(1.2) Elpspy] = g(z,y), x,y€G.

In view of , the behavior of ¢ is deeply linked to that of the underlying diffusion, and our
findings greatly benefit from this interplay, as will soon become clear (see for instance Theorem
below).

In order to discuss geometric properties we further endow G with a distance function d(-,-).
For many cases of interest, one can afford to simply choose d = dg, the graph distance on
g, ie. dg(x,y) = 1 if and only if A\, , > 0 (extended to a geodesic distance on G), but see
below and the discussion following , which may require a different choice. We write
B(z,r) ={ye G:d(z,y) <r}, ze G, r >0, for the discrete balls in the distance d and tacitly
assume throughout that the sets B(x,r) have finite cardinality for all z € G and r > 0. In the
sequel, we define K < G to be bounded if K N G is a bounded (or equivalently, finite) set.

We now consider

(1.3) 0, an arbitrary point in G,
and introduce, for a € R,

def. >~
K= K* A G, where

(1.4) N
Ra def

the connected component of 0 in {z € G : ¢, > a}
(with K% = K% = (¥ if g < a) and the percolation function
(1.5) Oo(a) def P(K® is bounded) (= P(K® is bounded)), a € R.

One can also give an alternative (purely discrete) description of the random set K¢ in
without reference to G as follows. Conditionally on (¢g)seq, the field ¢ (on G) is obtalned by
adding independent Brownian bridges on each edge {z, y} of length 1/2); ,, of a Brownian motion
with variance 2 at time 1, interpolating between the values of ¢ at the endpoints (see e.g. [12]
(2.5)—(2.8)] for the case of the Euclidean lattice; this discussion remains valid in the present setup
of transient weighted graphs). In light of this, £® can be viewed as the open cluster of 0 in the
following bond percolation model on G: given the discrete Gaussian free field (¢).ec, one opens
each edge {x,y} independently with conditional probability (see e.g. [6], Chap.IV, §26, p.67)

(1.6) 1—exp{—2Xsy(pe —a)s(py —a)+} (with zy =2 v 0, z€e R).
In view of ([1.5)), one defines the critical parameter associated to this percolation model as

(1.7) ax = ax(G) =inf{a e R: Oy(a) = 1}.



The regime a > a, will be referred to as subcritical and implies that the probability for
{¢ = a} to contain an unbounded cluster (anywhere in 5) vanishes for such a. Correspondingly,
this probability is strictly positive when a < a., which constitutes the supercritical regime. By
adapting a soft indirect argument due to [7], one knows that a, > 0 for any transient G. We will

virtually always (except in ((1.10)) assume that
(1.8) Oo(a)|,_, = 1.

As shown in our companion article [I3]|, see Theorem 1.1,1) and Lemma 3.4,2) therein (see also
Remark [3.2}f1)| below), the condition (1.8)) is generic in that it is satisfied for a wide range of
graphs G. For instance,

(1.9) any vertex-transitive graph G (with unit weights) satisfies (|1.8)

see Corollary 1.2 in [13]; for examples of graphs not verifying , see Proposition 8.1 in [2§].
In combination with | - ) below, ([1.8)) essentially Settles the continuity question for this phase
transition, which includes in partlcular all graphs in Our first theorem concerns the
observable cap(K®), with K® as in (T.4)) and where cap(-) denotes capacity, see below, which
plays a prominent role in this context. In only assuming (cf. also ), the following result
holds under very mild conditions on G.

Theorem 1.1. For allae R and u = 0,
(1.10) Efe **K") 1 {7 2 R bounded}] = P(& # K¥Z*"* bounded).

In particular, if (1.8) holds, then

(1.11) E[e_“cap(’%a)l{l%“ bounded}| = ®(a) + 1 — ®(\/2u + a?), for alla € R, u > 0.

We refer to ( . ) below for the denS.lty corresponding to the Laplace transform in
The emergence of the observable cap(lC“) is an instance of the aforementioned 1nterplay Wlth
potential theory for the underlying diffusion. Theorem [I.I] has several important consequences,
among which the following two immediate corollaries.

Corollary 1.2. If (1.8) holds, then
(1.12) Op(a) =2®(a A 0), a€R,
where ®(a) = P(po < a). In particular, ax = 0, the function 6y is continuous on R, and

(1.13) fim L= 00(e) _ )2

Tl -
where g = ¢(0,0).

In the special case G = Z%, d > 3 (with unit weights), the formula was shown in [I0],
albeit by different methods (see also [27] for a version of this result on finite graphs). Along with
the other findings of [10], cf. ED and Remark -,. below, these all turn out to be immediate
consequences of Theorem D In view of ., these results are in fact true in far greater
generality, and underlying them is the fundamental quantity Cap(lCa) which is integrable.

The Laplace functional ( entails all the information about the capacity of bounded
clusters at any height, including at and near the critical point a, = 0, as reflected by:




Corollary 1.3. If (L.8) holds and ay satisfies limy N'2ayn = ao € [—00, 0], then

femdt ﬂ\ff 3/2exp( 22t> dt.

Theorem [I.T]and its corollaries are proved in Section [3|using an approach involving differential
formulas developed in Section [2] see in particular Lemma [2.3] and Corollary 2.6l The derivation
of these formulas relies on the strong Markov property for <,0 and a sweeping identity, which
makes cap(l%a) naturally appear, see for instance or and Remark .

The appeal of Theorem [I.1] and Corollaries [I and - is in no small part due to the level
of generality in which they hold. We forewarn the perceptive reader not to mistake as an
indication of perpetual mean-field behavior, cf. also below. Indeed, the results following
below will show otherwise. In order to gain further insights, we make an additional assumption
on G, namely that there exist an exponent v > 0 and constants ¢, ¢’ € (0,00) (possibly depending
on v) such that

(1.14) \/NIP’(cap(lEaN) N, Ko~ bounded) —

(Gy) c<g(z,r) < and cd(x,y)" < g(x,y) < dd(z,y)™" forallx #ye G,

where d(-,-) refers to the distance introduced below . The condition actually implies
(L.8)), as follows by combining Corollary 3.3,1) and Lemma 3.4,2) in [13].

We will also often require the graph to be a-Ahlfors regular, i.e. there exist a positive exponent
a and ¢, € (0,00) (possibly depending on «) such that the volume growth condition

(Va) cr® < M B(z,r)) <dr® forallzeGandr > 1,

is satisfied (recall that B(x,r) refers to the discrete ball of radius r around = € G, cf. above (]1.3])).
Moreover, we will at times rely on two additional technical assumptions (see also Remark
regarding a possible weakening), which we gather here for later reference:

(1.15) Azy/Az =cp forall z ~ye G (ie if \yy > 0);

(1.16) there exists an infinite geodesic (0 = yo,y1,...) for dgr
' such that dg:(yk, yp) < c2d(yk,yp) for all k,p =0

Condition is a standard ellipticity assumption in this context, which together with
and forms a natural set of requirements from the perspective of the walk. Indeed, in case
d = dg the results of [16] imply that , and are equivalent to upper and lower
Gaussian (in case f = a — v = 2) or sub-Gaussian (in case § = o — v > 2; note that g > 2
always holds, cf. below) estimates on the heat kernel ¢; of the walk on G of the form

(1.17) ct™s eXp{ - (W)ﬁil} <qla,y) < s exp{ - <d(m’y)ﬂ)ﬁil}

ct 't

for all z,y € G and t > 1 v d(z,y). Condition , which always holds in case d = dg
(see [37] regarding the existence of infinite geodesic “rays” for dg,) is tailored to certain chaining
arguments that will be used to build long connections in {¢ > a}. Its necessity is further
explained in Remark In fact, can often be weakened and together with , the
two conditions are in a sense complementary, see Remark for more on this.

A canonical example satisfying all of , , (1.15) and (1.16) is the Euclidean lattice
G =74 d > 3, with unit weights and for the choices d(-,-) = dg(-,*), v =d — 2 and @ = d. In
particular, the emblematic case G = Z3 corresponds to v = 1 More generally, this setup allows
for disordered (random) uniformly elliptic weights ¢ < A, < ¢ (in fact, (G,)) and (1.15) alone




only require A, , > ¢, and implies Az, < ¢’; see Lemma 2.3 in [I1]). Our results then hold
in a quenched sense, i.e. for almost all realizations of \.

Furthermore, all four conditions hold for instance for the examples discussed in (1.4) of [11],
which include Cayley graphs of suitable volume growth, as well as various fractal graphs (possibly
sub-diffusive). The flexibility in the choice of the distance d takes into account that the heat
flow on G may well propagate differently in different “directions”, for instance if G has a product
structure, which typically requires choosing d # dg for to hold; see Proposition 3.5 in
[11] for more on this, as well as [11] and references therein for further examples. An instructive
case in point is the graph G = Sierp x Z considered in [33] (endowed with unit weights), where
Sierp is the graphical Sierpinski gasket, whose projection on Sierp is sub-diffusive, and which is
a canonical example of graph with v < 1, see [3], 22].

Note that, since G is assumed to be transient, once , and are satisfied,
combining Theorem 1 and Proposition 3(a) in [2] (see also (2.10) in [II] for as to why our
assumptions entail A\, , > ¢ for  ~ y, as required in [2]), and Proposition 6.3 in [16] one
necessarily has, in case d = dg,

(1.18) 0 <v < a—2 (and in particular, o > 2).

Moreover, combining Theorem 2 and Proposition 3(d) in [2], together with Theorem 2.1 and
(4.2) in [16], one knows that for any set values o and v satisfying (1.18)), there exists a graph
satisfying (G,)), (Vo)) and (1.15]) (the latter follows by inspection of [2], see p.13 therein), as well

as (|1.16]) since d = dg, for these graphs. In the sequel, whenever we assume (V4)), (G.)) to hold
simultaneously (for some distance function d), we tacitly assume ((1.18)) to be true.

Now, assuming only (G,)) to hold (see p, we consider the quantity

(1.19) ¥(a,r) L P(r <rad(K*) <), forr>0aeR

(cf. (1.4) for the definition of K%), where rad(A) et sup{d(0,z) : x € A}, for A < G with 0 € A,
as well as the truncated two-point function

(1.20) 770, 7) et P(z € K, K* bounded) (= P(z € K, K® bounded)), a € R, z € G.
The quantity P(z € 160), z € G, admits an exact formula, first observed in [26], which follows by
combining Propositions 5.2 and 2.1 therein. Under (G,|) (and ) it yields that for all z € G,

2 0
1.21) 73'(0,2) = = arcsin <%> =d(0,2)27°" as d(0,x 0, withn=v—a+ 2,
(121) ~f7(0,2) = 2 02 = 4(0,2) (0,2) = o, with
where f = g means that ¢f < g < ¢/f for some constants ¢,c’ € (0,00) (see the end of this
introduction for our convention regarding constants). With regards to (0, ), by comparison
with the capacity functional, i.e. using Corollary [I.3]in case ay = 0, see Remark [4.2] below, it is
a simple consequence that for all r > 1,

(1.22) er V% < P(0,7) < drv? ifv <1,

(1.23) er 2 <p(0,7) < & (r/(logr) =IH T2ty > 1;

see also [10] for when G = Z¢, d > 3, derived therein together with bounds on the critical
window; see also Remark below regarding improvements on the latter.

Our second main result gives precise estimates on 1(a,r) (and similarly for 7t*(0, z)), quan-
titative in a and r, which are in line with a prediction of [38] [39]. We refer to the discussion

around ([1.31)—(1.35)) and to Theorem and Corollary below for further insight into the
length scale £ = £(a) introduced in (|1.24)).



Theorem 1.4 (under (G,) and (L.15)). With

(1.24) &(a) = et |a\77 (with the convention £(0) = ),
the following hold:
(i) If v < 1, then for alla € R and r > 1

(1.25) c3(0,7) exp{ — C4<§(Ta)>l/} < Y(a,r) <(0,7) exp{ — C5<T>V}.

(i) If v = 1, then for alla e R and r > 1,

exp{ —c5 12?5(3)2)) }, ifv =1,
(1.26) P(a,r) <P(0,r) x

exp{ — 057'@2}, ifv> 1.

Furthermore, if and (1.16)) are also satisfied, then for v =1 and all |a| < ¢

(r/€(a) R
log((r/&(a)) v 2)}’ if gy ¢ (1, (log (a))),

with cg € (0,1). Further, if ¥(0,r) = r—Y2 (cf. (1.23) then (L.27) holds for all v =1
Moreover, the upper bounds in (1.25)), (1.26) remain valid upon replacing ¥ (a,r) by 72(0,z)
everywhere, with r def. d(0,x) = 1; furthermore, in case holds and d = dg,, the lower bounds

in (1.25)) remain valid for |a| < ¢, as well as (L.27) for r = &(a)(log&(a))“

We refer to the discussion around Theorem 1.7 - at the very end of this introduction regarding
lower bounds for related quantities 1/1, T cf. , which include the regime v > 1, and to the
recent article [I5] concerning results related to and for the discrete problem on Z3,
which witness { = £(a) in yielding the bounds c§(a)‘1 < f@ log¢(a,r) < /&(a)™! valid for
all large enough r > R(a) but lack any quantitative control on R(a).

The version of for 7" including the sharp pre-factor as a — 0 will be crucial for our
purposes, see Corollary below. Upper bounds for ¢(a,r) akin to , but without the
correct pre-factor ¢(0,7) were derived in [I0]. In essence, all bounds for ¢ in case ¥ < 1 in
Theorem [I.4] as well as all off-critical upper bounds (when r/¢(a) > - ¢) can straightorwardly
be deduced either by direct comparison between rad(K®) and cap(K®) in combination with
Corollary or, in the case of , by means of a suitable differential inequality. We return
to the lower bound on ¢ and 7' (as well as in case of 7, for which comparison
estimates with the capacity observable already fail) shortly, which illuminate and rely on
different ideas.

We now discuss important consequences of Theorem starting with the role of £ in ED
as a natural length scale for the percolation problem . For v < 1, (1.25)), (1.26)) and (1.27)
exhibit £ as the right correlation length in this model, Wlth exponent (not to be confused with
the parameter v from , whence the subscript)

log(§(a)) (: 2>’

(1.27)  9(a,r) = c3yp(0,7) x exp{ —c4

14

(1.28) ve &~ lim osa)

which confirms a conjecture of [38] [39]. We refer to - - below and to Corollary (8.2 - 2| for
a more careful treatment of the correlation length.

Let [K?| = |K* A G| denote the volume (cardinality) of K% The following result, which
follows from Theorem relates a quantity v governing the divergence of the expected volume
of K% (when bounded) as a approaches 0 with the exponents v, from and 7 introduced in
. Its meaning in the context of scaling theory is further explained in the discussion at the
end of this introduction.



Corollary 1.5 (Scaling relation). For v <1, if (G,)), , (1.15) hold and d = dg,, the limit

def log(E[|K*[1{|K?| < o0}])

1.29 = —1i
(1.29) U a0 log |al
exists and
2
(1.30) v =ve(2— 1) (:70‘—2).

For v < 1 one even has the stronger result E[|C%|1{|K?| < o0}] = |a\*27a+2

for the definition of =).

We refer to Proposition for the precise bounds on E[|K%|1{|K? < oo}] and to Re-
mark for related results regarding a “renormalized” volume observable. The “softer” con-
clusions of Corollary which witness the correct scaling factor £ and integrability in r/£, will
follow from the “hard” estimates of Theorem Namely, we use the versions for 7\"(a,z) of
in case v < 1 and of ([1.26) and (1.27)) in case v = 1, while following the heuristics behind
the scaling equality , see for instance [I7], Chap. 9, to deduce Corollary . The fact that
the exponent cg appearing in is less than 1 is absolutely instrumental in obtaining
when v = 1.

We now return to the lower bound(s) in (and below) and their proofs, which
are instructive. In both cases, we rely on a change-of-measure argument, somewhat similar to
the one used in [I5], but quantitative (the arguments in [15] operate at fixed level a as r — 0);
see also [5], [35], for arguments of this kind in various contexts involving ¢. We modify P so as
to shift a given level a € (0, 1] to —a, which is (slightly) supercritical, in an appropriate region.
This effectively translates the problem into building the desired long connection to distance r
at the new level —a with sizeable probability. The intuitive renormalization picture is that this
ought to happen by stacking boxes of side length roughly equal to £(—a) = &(a) as given by
(L.24), which “start to see a good chunk” of { > —a}.

The approach delineated above yields the bound below for 1Z . The bound is more
subtle and requires amendments to this strategy. In essence (see also Fig. |I{on p. , we explore
a piece of the cluster of K inside Bg(q), then apply the Markov property and perform the change
of measure in the complement of the explored region, without getting too close to its boundary.
On a suitable event, the explored part (as opposed to the single point 0) is sufficiently “visible”
for the gluing constructions performed below (for essentially the same reasons as those explained
around ) The explored part thereby manifests itself precisely as multiplicative “critical
cost” ¥(0,7) in the lower bound . However, establishing this rigorously requires some care
since the (Dirichlet) boundary condition forced by the exploration acts as a trap, which has the
tendency to “kill” connections in the system Z“ of “highways” used below. An important role
in this context will be played by certain “bridge” trajectories, which emanate from the explored
region and link to the net of highways.

Our approach to building the highways is driven by two key estimates, summarized in
and below, which can be regarded as partial substitutes for two essential ingredients that
are usually available in planar settings at criticality: (i) squares of arbitrary size are crossed
with probability 1/2 (duality symmetry), and (ii) rectangles are crossed with sizeable probability
across all scales (a “Russo-Seymour-Welsh™type bound); see e.g. [17], Chap. 11, see also [24] for
latest developments in this direction.

Our replacements for (i) and (ii) harvest a powerful and profound link between ¢ and the
random interlacement sets (Z%),~0 on G, see e.g. Section 2.5 in [I3] for their precise definition in
the present context. The random sets Z% QN, u > 0, can be jointly defined in such a way that
T" is increasing in u and its law is characterized by the property that

(1.31) P(Z" A K = &) = e “E) for compact K < G

as a — 0 (recall below




(see the beginning of Section [2| below regarding compactness). In fact, Z% is realized as the
trace of a Poisson cloud of bi-infinite transient continuous trajectories with intensity measured
by u, and thus has only unbounded connected components. We will only use the fact here that
whenever holds, there exists a coupling Q of (Z*),~0 and ¢ such that

a2
(1.32) Q-a.s., ZT2 c{p=>—a}, foralla>0

(this follows by adapting the result of [34] to the cable system G and using continuity as first

noted in [26]). The inclusion ((1.32)) hints at I% typically forming the “backbone” of percolatmg
clusters in {p > —a} see [30]. Correspondlngly, our key estimates at scale & = &(a), cf. (1.24),
assert that, if (G,)), (Va) and (1.15)) hold, one has (assuming v < 1 to avoid unnecessary clutter)

1. inf P(B, Z=% 0Bu, >

(1.33) AL B 0Bur)|,_¢() = ©;
1.34 inf P(LocUni > ¢,
(1.34) s (LocUniq(a, )|, _¢(,) = ¢

and the infima in question converge to 1 in the limit A — 00 upon choosing r = A\{(a) instead, see
. ) below; here, roughly speaking, LocUniq(a,r) can be characterized through its complement

the “absence of local uniqueness” event LocUniq(a,r)© that there exist two points in 7 n

Bo, which are not connected by a continuous path of 7% within By, (see . ) for the exact

definition). The bound (|1.33) follows readily by combining (|1.32), (1.31) and the two-sided
estimate cap(B,) = r¥ for r = 1 (see (3.11) in [I1]), and £(-) given by (1.24) emerges naturally as

—ucap(B;y 1;2,4
(1.35) e ueap( ”%frq) =
Our contribution is thus to obtain (1.34)), which follows from a sharp bound on P(LocUniq(a, r)°)
“in terms of a®r¥,” for v < 1 and more generally if a > 2v, cf. , with logarithmic corrections
when o = 2v. Estimates of this flavor, albeit non-optimal in r and non-quantitative in u, were
first derived in [29]. The precise estimate we obtain, which is of independent interest, is stated
in Theorem [£.1] below.

One can then attempt to give a complete overview of the critical exponents associated to the
phase transition f on the basis of scaling theory, the corresponding system of equations
being now (over-)determined. We refer the reader to Sections 9.1-9.2 of [17], or Section 1 in [23]
regarding heuristics. Corollary see in particular , implies that in very broad generality
— namely assuming only (see also (L.9)), which guarantees that a = 0(= a,) is critical,
cf. [I3] for a thorough investigation into the validity of this assumption — one has

(1.36) =1,
where 3 is defined via
(1.37) 1—0p(a—ay) =1—0p(a) ~clal®, asa— 07,

and ~ means that the ratio of both sides tends to 1 in the given limit (often, one more cautiously
expects that W — [, see e.g. (1.3) and (1.8) in [23]). Under the assumption (G,)), it

further follows from (1.25)) and (1.23) that

2
(1.38) p=—,forv<landpe [— 2] for v > 1,
v’



where p is the one-arm exponent at criticality, i.e.,

B lng(()? ) l
logr P

Next, with correlation length exponent v, given by (1.28)), see also (1.24) in Theorem
the results of Corollary guarantee for v < 1 the existence of the volume exponent ~ near

criticality defined by (1.29) (in fact, one would typically consider the limits a N\, 0 and a ' 0
separately) and ([1.30]) is an instance of a scaling relation relating the exponents 7, v, and 1 from

(1.21)). Further to ([1.30]), scaling theory predicts the relations (in case of ((1.41)) at least so long

as « or v remain below a certain upper-critical value)

(1.39) as 1T — o (with ¢ asin (1.19)).

(1.40) A=66,2—a.=p(0+1)=~v+25, (scaling)
(1.41) ave =2 — e, ap=0+1, (hyperscaling).

Here, S, v¢, 1, p and v have been introduced in (1.37), (L.48), (L.21), (L.39) and in (L.29),
respectively (see also below regarding ). We refer the reader to (1.2) and (1.5) of [23]
concerning the quantities supposedly described by «, and A in the context of Bernoulli percola-
tion (assuming Ap = A for all £ > 2 in the notation of [23], see also (9.7) in [I7]), and further
to Chap. 9 of [I7] for an explanation of the heuristics behind (T.40) and (T.41) on Z9¢, d > 2.
These readily generalize to any graph satisfying except for the informal derivation of the
relation v = 1v.(2 — n), for which some control on the size of the boundary of a ball is needed.
The heuristic behind Corollary [I.5] cf. the proof of Proposition [84] indicates that this scaling
relation should also hold for different percolation models on any graphs satisfying .

Assuming all of the relations (1.30)), (1.40) and (1.41)) to hold, the values of any two exponents
are typically sufficient in order to determine a unique set of exponents. Feeding e.g. and
into (1.30)), (1.40), (1.41) yields the following:

Exponent Qe I3 ~ ) A p | ve n K

Value || 2—22|1*|22_9|2e¢_7 | 2a_

LM

2 _ w || 1%
Vyoz—l—Z 3

Table 1: critical exponents as a function of the parameters v (< 1) and « in (G.)), (Va). Values with an asterisk
hold without restriction on v > 0 (and even in much greater generality, cf. (1.9)).

Some comments are in order. First of all, and crucially so, the values for v., n and = thereby
obtained are consistent with (and (1.28))), (1.21)) and (1.30). It is further remarkable that
the exponents in Table [I] are rational functions of a and v, and, in case the random walk is for
instance diffusive — that is if a = v + 2, cf. — which applies e.g. to Z%, d > 3 (with unit
weights), all exponents can be expressed as functions of the sole parameter v > 0 that governs
the Green’s function decay in . Moreover, in view of Corollary we may add a “capacity
exponent” k to the list, whence

(1.42) P(cap(K®) > N) = N™", as N — o0, with x = 1/2,

as soon as the base graph G satisfies (1.8) and (1.15). Indeed, (1.42) is obtained from the
corresponding asymptotics for the random variable cap(K'), implied by (1.14) and valid under

: KO . . . .
(1.8) only, using that EZEE IEO; € [c1,1] (with ¢; as in (1.15)), which follows readily from (2.5)

below with the choices K = K9, K’ = KO upon integrating over x € G.
We now list one more consequence of the above results regarding the volume of K at the
critical point when v < 1. Recall that |[K?| = |[K* n G|, cf. (1.4).




Corollary 1.6. (v < 1). If (G.), and (1.15)) hold, there exists ¢ = c(a,v) € (0,00) such
that, with ¢ = 1{v = 1}/2, one has

(1.43) P(IK°| = n) < en” 27 log(n)’, for alln > 1.

In particular, assuming the existence of a volume exponent § at criticality given by

_ log(P(IK°] > n))

1.44
( ) logn

—1/0 as n— o,

we deduce from that § < 22 — 1, for v < 1 (if § exists). In view of the value for § listed
in Table |1, the upper bound in (1.43)) is thus presumably sharp up to logarithmic corrections.
The bound follows readily by combining , and a first-moment argument. The
short proof, given at the end of Section [f], is an adaptation of the argument giving Prop. 7.1
in [20]. We thank T. Hutchcroft for pointing out this reference to us.

We now discuss extensions of to the regime v > 1. Rather than working with 1 defined
in directly (but see Proposition , we consider the function

(1.45) B(a,r) L P({Bea) <% 0B\ Be(a) <% ©0}),

(depending on & given by ((1.24])), where B, = B(0,r) refers to the discrete ball centered at 0
in the metric d, cf. above (1.3)), 0B, = {z € B, : 3y € G\B, s.t. Ay, # 0} and with hopefully

obvious notation {A JELNY } is the event that A and B are connected by a path of open edges
in the description given above (1.6]), or equivalently by a (continuous) path in {¢ > a}.

Theorem 1.7. If (G.), (Va)), (L.15) and (L.16) hold, one has for all |a| < ¢ and r > 1,

~ ~ (gtay)” .
Cc3 exp{ —C4 (log(g(’"i(vg))l{”zl} }7 Zf V< 17
(1.46) P(a,r) = Gzexp{ — &;ﬁ(log(% v 2))7}, ifl<v<§,

3
v

Ghexp{ — Cigfy(log(glyy v 2)7 (05 &)=}, ifv = $, £ > clloge)®,

with £(a) as in ([24) and where c; = (1 —1/v)(2v + 1 + {a = 2v}) and cs = 2(1 — ). If
d = dgy, (1.46) remains valid when replacing P(a,r) by (0, z), see (B.7), with r el d(0,z) > 1.

When 1 < v < /2, the bounds remain valid for ¢ in place of ¢ (as well as 71F), with
the correct prefactor, if one assumes the lower bound in to be sharp, see Proposition
below. Much as in , one can consider a “renormalized” volume observable, which roughly
speaking counts the number of balls of radius £ in an (approximate) tiling of G visited by I%“,
see below. This quantity is expectedly of order unity in case £ is the correct correlation
length scale in the problem. The bounds yield a lower bound of constant order uniform in
aasa— 0, forall 0 <v< g, see Remark see also Remark for corresponding lower
bounds on E[|IC*1{|K*| < oo}] in the regime 1 < v < §, which depend on the true behavior of
»(0,7) in and yield a potentially sharp estimate on v in case the lower bound in is
exact.

We now briefly return to matters regarding the correlation length for the present model.
In view of Theorems [I.4] and [I.7, one may expect off-critical bounds of the following form:
under sensible assumptions on G (including, at the very least, ) and for some functions
fv i [1,00) — [0,00) and & : [-1,1]\{0} — (0,00), one has, for all » > 1 and |a| < ¢ with
r/€(a) =1 (and even without the last restriction),

(1.47) ¥(0,7) exp{ —cfy (%)} < (a,r) <(0,7) exp{ — C’fu<£,€a)>}.
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The correlation length is perhaps most intuitively defined as the quantity &’(+) satisfying (1.47)
(assuming such a bound to hold), or a similar two-sided estimate for the truncated two-point
function 77(0, z) from instead of 1 (a,r), with d(0,z) in place of r (or possibly a different
distance function, intrinsic to K%). Associated to &’ is a correlation length exponent, which we
define somewhat loosely to be such that

 log(€'(a))
log(a)

(if this limit exists). We refer to Corollary below which asserts that, assuming ((1.47)) to hold,
(1.48)) is consistent with (1.28)), i.e. £’ = ¢ for v < 1, and deduces from ((1.26)) and (1.46)) that

(1.48) — v, as a—0 (with &(-) such that (1.47) holds)

2
(1.49) Ve € [7,2] for 1 <v < a/2.
v

Finally, we note that the values in Table [I| converge towards those corresponding to a mean-
field regime as v 1 4 and a 1 6, which corresponds on Z? to d 1 6. In fact, one knows by
above and (1.16) in [I], see also Exercise 4.1 in [T9], that the triangle condition holds if G' = Z¢
when d > 6. In view of [I, 4] or Theorem 4.1 in [19], this indicates that 5 = v =1 and § = 2
likely hold for such d, i.e. these exponents expectedly attain their mean-field values, see also [40)]
for related results. Note that if a mean-field regime is to appear for sufficiently large values of v,
it can only happen for v = 4 by .

We conclude by observing that knowing the values of p, 8, v., n as well as (roughly
the status quo for v < 1), the scaling relations alone are enough to obtain all remaining
exponents a., 6 and A, and the hyperscaling relations are then automatically verified.

The remainder of this article is organized as follows. In Section [2, we derive certain key
differential formulas, see Lemma [2.3] and Corollary [2.6] which are applied in Section [3]to deduce
Theorem and Corollaries and Section [] concerns comparison estimates and upper
bounds for the connectivity functions considered in Theorem[I.4] The outstanding lower bounds,
e.g. of (part of Theorem are split over Sections @ and E They rely on a sharp local
uniqueness estimate (cf. the discussion around ), which is derived separately in Section
see in particular Theorem therein, which is of independent interest. The various pieces are
gathered in Section [§] to yield the proof of Theorem [I.4] Its various consequences, including the
proofs of Corollary [[.5] and of Theorem are presented at the end of Section [§

Throughout, ¢, c,¢, ¢, ... denote generic positive constants that change from place to place
and may depend implicitly on the parameters a and v in , , whenever these condi-
tions are assumed to hold (they also implicitly depend on the specific values of the constants
¢, appearing in , , which we assume fixed once and for all). Numbered constants
c1,C92,C1,Ca, ... are defined upon first appearance in the text and remain fixed until the end.

2 Differential formulas

In this section, we develop certain formulas involving derivatives with respect to the parameter a
of fairly generic random variables of the excursion set {¢ > a} for the free field ¢ on G, cf. (11.2]).
We then specialize to functionals of the cluster K® (recall (L.4)), see Lemma and Corollar
below. These results will play a central role in the sequel.

It will be convenient to introduce an auxiliary geodesic distance don G attaching length 1
to every cable of G (thus d interpolates dgy, the graph distance on G). We refer to topological
properties of subsets of G below as relative to the topology induced by d and denote by 0K the
boundary of a set K < G. Note that K¢ is bounded in the sense defined above if and only
if it is d-bounded.

11



We now briefly review a few selected elements of potential theory for the diffusion X under
P, that will be needed below. For U < G open, we write gy for the Green function of X. killed
outside U, whence g = 95 and the two are related by

(2.1) gu(z,y) = g(z,y) — Euog(Xr,, 9)1{Ty < ®}], x,y,€G,

where Ty = inf{t > 0 : X; ¢ U} denotes the exit time from U. The identity (2.1 is an immediate
consequence of the Markov property. For compact K < G, we write e = €, g for the equilibrium

measure of K relative to G , which is supported on a finite set included in 0K (see for instance
(2.16) in [I3] for its definition in the present context; we only add the subscript G to our notation
in Sections @ in which G and other cable systems are considered simultaneously, cf. (5.1))). Its
total mass

(2.2) cap(K) < f dex (< )

is the capacity of K. We now introduce the equilibrium potential hi(x) = Py(Hg < o), for

r e @G, with Hx = Te e = inf{t > 0: X; € K} denoting the entrance time of X. in K, and more

generally, for suitable f : G — R,

(2.3) Wl (2) Y B [f(Xu )1{Hg < o}], € G (whence hg = hi=Y).
By suitable extension of (1.7) in [30], one obtains that

(2.4) Gex = hi on G;

here Gu(z) = §g(x,y) du(y) is the potential of y, for a measure p with compact support in G.
For later purposes we also record the following sweeping identity, see Section 2 of [13], valid for
compact sets K, K’ ¢ G with K < K:

(2.5) P

et (Xt = 2, Hg < 0) = ek (x) for all z € g,

where P, = { P, du(x). More generally, in view of (2.3]), we obtain for suitable f : G >R,
(2.6) (ekr, h§<> = {eg, f), for compact K, K’ with K < K,

writing (i, f) = { fdu for the canonical dual pairing. We now introduce the linear functional

(27) MK dgf. <€K7 SO>’

which will play a central role in the sequel. Note that My is Gaussian with mean E[Mg] = 0

and combining 7 and , one finds that

(2.8) E[M%] = cap(K).

We are interested in derivatives (with respect to a real parameter a € R) of random variables
(2.9) F(a) = F(a)( ) with F(a)(go) = FI((O)(()O —a) forallaeR

and |F | < o0, FY () € o(1{py = 0}, 2 € K),

where, with hopefully obvious notation, ¢ —a refers to the field shlfted by —a in each coordinate,

and K < G is compact and connected (for d) For such K, let h™¢ = h ~ Y see . for notation,
so that

(2.10) h=%x) = —ah(z), forac R,z € G (with h(z) = hi(z) = Pp(Hg < 0)).

12



One checks using (2.7)), (2.8) and applying the Cameron-Martin formula, see e.g. [2I], Theorem
14.1, that ¢ + h~* has the same law under P as ¢ under P,, where

dP, a?

P - exp{ —aMpy — —Cap(K)}

(2.11) .

(to obtain this, one applies (14.6) in [21] with the choice ¢ = —aM (€ L?(P)), noting that : e :
is precisely the right-hand side of , see also Theorem 3.33 in [2I], and observing that, by
means of (14.3) in [2I] and (2.4), above, one can rewrite p¢(¢s) = ¢ — aEB[Mip,] =
0r — a(Geg)(x) = ¢z + h~%x), z € G). From this, one readily infers the following

Lemma 2.1 (under (2.9)).

d o (@ @
(2.12) TE[F] = ~E[Mx - F),
d2

T ElF] = —Cove (ME. F).

(2.13)
Proof. Regarding the first derivative, by (2.9) and (2.10]), one has that Fl(f)(go) = F[((O)(cp —a) =

FI(? )(go +h™%) since h™* = —a on K. Hence, applying a change of measure and using (2.11]), one
has

%E[F}?] TE[F ()]
a2
= E[( — My — acap(K)) exp{ —aMg — ?cap(K)}Fl((O)(SO)]

—a 0 0 —a a
= Ea| (—Cercsp = W) FQ(9)| = ~E[Mic - R (0 + )] = —E[ My - FP].
Similarly, for the second derivative, one obtains from (2.12)) and by change of measure

d? prp@y _ 4 o’ 0)
—@E[FK | = @E[(MK + acap(K)) exp{ —aMpk — Ecap(K)}FK (gp)]
2

~ E| (cap(K) — (Mx +acap(K))?) exp { — aMx — T-cap(K) | F{O(¢)
= Eo| (— (oo = h™) + cap(K)) i ()
= E[(~ M + cap(K)) i ()],
from which (Z-I3) follows on account of (2:8). O

Remark 2.2. Analogues of the differential equalities (2.12) and (2.13) hold for the (discrete)
Gaussian free field on G. These can be obtained as direct consequences of (2.12)) and (2.13]), by
considering K an arbitrary finite subset of G and noting that ¢ extends the discrete free field
on G.

Whereas so far everything applies to G itself, the next calculation is specific to G. For
compact, connected K < G containing 0 (cf. . write

(2.14) Ex[-] % E[()1{K* < K}]

(cf. . ) for the definition of IC“), where K = K \0K. Recall the strong Markov property of ¢
(see e.g. [36, (1.19)] for details): for O = G open, let Ap denote the o-algebra o(¢,, 2 € O). For
compact K < G we consider AK = [).ogAxk=, where K¢ is the open e-ball around K for the

e>0
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distance d. We define a (random) set K to be compatible if K is a compact connected subset of
G and {K < O} € Ap for any open set O < G, and let

(2.15) A% def. {Ae eA;: An{KcK}e A for all compact connected K < G with K # &}

The Markov property then asserts that for any compatible K, conditionally on .A,C,

(2.16) (¢2) g is @ Gaussian field with mean hi and covariance 98k

with kg as defined in (2.3) and 96\ above (2.1). The following lemma is key. A useful variant
can be found in Remark 2) below.

Lemma 2.3 (K < ggompact,Nconnected, 0 € K). For all bounded F : 29— R such that
F(Z) =0 and ¢ — F(K*(¢))1{K%(¢) bounded} is measurable for all a € R, one has

d - - N
(2.17) £EK[ (K")] = —aEk [cap(K*)F(K*)].
Remark 2.4. The formulas (2.17) and (2.21)) below indicate the special role played by the ob-
servable cap(K®), as derivatives of generic functionals F/(K®) under Ex involve interaction terms
between F(K%) and the capacity functional.

Proof. Let
(2.18) K4 ={zxeG:0 o zin{p=>a}nK}
We will use the fact that, for any measurable function f : R — R with f(Mg) € L*(P) (see (2.7)

for notation), one obtains the following as a consequence of the strong Markov property: for all
a€R, N >0, P-a.s. on the event {pg = a},

(2.19) E[f (M) | AL, | = B[f (N (Mg, cap(K) — cap(K§)) ],

where, conditionally on ¢, N (-, -) is a Gaussian random variable with the given mean and variance
under E[-]. To deduce (2.19)), one observes that, on the respective event and conditionally on
A;éa , by (2.16)) the random variable My is Gaussian with mean (see (12.3) for notation)

K

ek, ,Ca>.< €Ra >:M/€g(
and variance (using the notation (Gypu)(-) = {gu (-, z) du(z))

<€K,G§\,€%{€K> <€K,G€K> — <€K,E6K[g(-,XHN )1{H~a < OO}]>

B (o, Gex) — (ex, Geg >" p(K) — cap(Rs).

Moreover, since ¢ = a on the support of eg, (which is contained in 6/%“), on the event {I%a c
K, o = a} we have that

Ke=Ka @;HC 22 ~a
(220) MI%?( =K <€]€a7s0> < ]Ca) >! acap(/C )

With (2.19) and (2.20) at hand, one then obtains (2.17) by applying the formula (2.12)) with
the choice Fl(f) = F(KY)1{K® ¢ K} = F(K")1{K® = K, o > a} (the last equality holds since
F(&) = 0 by assumption), which satisfies (2.9), by conditioning on A+a , using (2.19) with

f(z) =z and (2.20)), and noting that FI(( is A;é(}(—measurable. O
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Remark 2.5. 1) Proceeding similarly as above, starting from (2.13) (for the same choice of
Fl((a)), using (2.19) and (2.20)), and observing that

Covp (M2, F®) BV EDpr o (0) —cap(Re) +a2eap(R®)2) FL| —cap(K) - E[F),
one deduces upon cancelling terms proportional to cap(K), in view of (2.14)), that

d2

2.21 —
(2.21) 92

Ex[F(K®)] = Ex[cap(K®) (a*cap(K®) — 1) F(K%)].

2) By slightly modifying the argument of Lemma one further obtains the following. Let
K < G be compact and connected, 0 € K and /%% be as in ([2.18)). For all F : 29 — R,
measurable such that F() = 0 and F(K%) € L*(P) for all a € R, one has

d

(12.17) - d—E[F(l%‘}()] > aE[cap(lz%)F(ﬁ‘}{)] and
2 ~ ~ ~ ~
@-21]) = ;—IE[ F(K%)] = Ex[cap(K§) (a*cap(K%) — 1) F(K%)], if a > 0.

To obtain , , one proceeds as in the proof of Lemma . but in absence of
the event {IC“ c K } cf (2.14), the conditional mean Mg a of Mk given A+ on the event

{po = a}, see (2.19), verifies MK?{ = <6K%, oy = acap(lC“ ) since ¢ = a on the support of
Ca (part of 8IC‘}().

Next, we proceed to take the limit K G under suitable assumptions. For F satisfying the
conditions of Lemma we define

(2.22) ¥r(a) = E[F(K*)1{K* bounded}], aeR.

where boundedness is relative to J, see the beginning of this section. The following result will
a-posteriori (once Theorem is proved) be strengthened under suitable assumptions on G, see
Corollary [3.3]in the next section.

Corollary 2.6. Let I < R be a closed interval and F : 2% LR bea function satisfying the
assumptions of Lemma[2.3 If

(2.23)  Zpe LMI x P), where Zp(a, ) "L —acap(R())F(K*())1{K*(¢) bounded},

then for all a,b € I, with pp(v) = E[Zp(v,-)], one has

b

(2.24) vr®) ~ vr(@) = | prlo)do

a

Proof. Abbreviate ¢ = ¢p, ¢ = pp and let Ky < G with 0 € Ky, N = 0, be an increasing
sequence of compact sets exhaustlng G. For each N, defining vV (a) = E[F(K“)1{K* = Kn}]

and ™M (a) = —aE[F (K*)cap(K*)1{K* < KN}], one obtains for all a,b € I, integrating (2.17)
with K = Ky,

(2.25) MM@—waszwmmU
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Since ¢ — F(K*)1{K® bounded} € L®(P) for all a € I, in view of (2.22) one infers v (a) X,

Y(a) for all a € I by bounded convergence. One then uses that

b b
J (p— go(N))(v) dv‘ <E[J dv |v|F(l€”)cap(l€”)1{l€” bounded, KY n (Kn)© # @}]

a

0 (by (2.23) and dom. convergence)

in order to deduce ([2.24)) from (2.25)) by passing to the limit. O

Remark 2.7. One can formulate analogous conditions for allowing to take the limit K G.
The resulting formula is more delicate to manipulate, but instructive. Indeed, the minus sign
present in (and in the corresponding limiting formula) may cause cancellations; see Remark
2) in the next paragraph for an example.

3 Cluster capacity and the function 6,

Asa ﬁrst application of the above differential formulas, we prove Theorem [I.T]and Corollaries[I.2]
and [1.3] Tt is now clear that F(K%) = f(cap(K®)) for suitable f : R — R looks to be a promising
choice since or yield an autonomous system of differential equations in (a, cap(K%)).
Moreover, as noted in Remark the utility of formulas such as (2.17), (2.21) or (2.24) for
more general functionals F'(-) largely rests on having access to information about the capacity
functional.

A key ingredient is the following result. We recall that g = g(0)(= cap({0})~ 1), and we denote
by jtq the law (on (g~*,00)) of the random variable cap(K®)1{& # K* bounded} under P.

Lemma 3.1. For all a,be R,

(12 _ 12
(3.1) fl/;‘b’(t) zexp{—(Qb)t}, te (gL, ).

Proof. We assume that a,b > 0. The case a,b < 0 is treated similarly, and the remaining cases
follow by splitting the relevant interval at 0. Consider

(3.2) F(K®) = 1{cap(K®) € A}, a € R,

for A < R, bounded, measurable, such that ]P’(cap(lCa) € A) > 0 and with 0 ¢ A. The latter
implies that F'(&J) = 0. Clearly, the map ¢ — F(K*)1{K® bounded} € L*(P) for all a € R and
|Zp| < asup A, whence (2 is satisfied for any bounded interval I. Thus, Corollarym 2.6(applies,
and (2.24)) yields that wp( ) P(cap(K®) € A, K* bounded) is differentiable a.c. in a € R, with

derivative

(3.3) diIP’(cap(l%a) €A, K bounded) = —aE[cap(l%a)l{cap(I%a) €A, K bounded}].
a

Specializing to the case A = (t — ¢,t] for some ¢t > ¢! and ¢ < ¢, (3.3)) implies that
d ~ ~ ~
(3.4) — . log pa ((t — &,t]) = aE[cap(K?®) |t — e < cap(K?®) < t, K bounded}] € (a(t —¢), at],

from which we infer

b 0O v S
dlog p Ei(i e, 1)) ) - pa((t — .1]).

(3.5) (¢~ =,1]) = exo (|

a
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Substituting the bounds (3.4) into (3.5) one obtains that, assuming without loss of generality
that b > a,

2_,2 1 t—e.t 2,2
e*ti(b 7 < i'ub((—g’]) < ef(tfs)(b 2 ), forallt>g ! e<t,
Lpa ((t —e,1])
from which (3.1)) follows by letting £ — 0. O

We now first give the

Proof of Theorem[I1.1] For all a € R and u > 0, changing levels from a to v/a? + 2u, one obtains
that

N - 0
E[e—ucap(lca)l{@ # K bounded}| = J e " dpq(t)

g—l

” V=
= - dpt for50(t) = P( # KV T2 bounded),

which entails (1.10). The identity (1.11)) is then an immediate consequence of ((1.10]) since
E[e*“‘iapma)l{ﬁa =} =P(po < a) = ®(a), (1.8) implies that KV2uta® s hounded P-a.s. and
P(KV2ut9® 2 o) = P(pp = V2u + a2) = 1 — &(v/2u + a?). O

Proof of Corollary[1-:3 One has the identity, valid for all u > 0, a € R (see Lemma 5.2 in [13]
for a proof), §;” pa(t)e " dt =1 — ®(v/2u + a?), where

1 1
Tyt g )

In view of (|1.11]), one thus obtains from ({3.6|) that for all a € R,

(3.6) pa(t) e 21 {t > g7 1),

(3.7) cap(K®) has density pq(-) under P((-), & # K* bounded).
The tail estimate ([1.14)) then readily follows from ([3.6]). O

Remark 3.2. 1) By adapting the argument yielding Theorem above, one also obtains,
without further assumption on G, that for all a > 0,

(3.8) cap(K?) < o0, P-a.s.,

as implied by Theorem 3.1 in [I3]. In particular, together with Lemma 3.4,2) of [13], (3.8)
readily yields that (1.8]) holds on any vertex-transitive graph. We now briefly explain how
to deduce (3.8). Rather than applying (2.24) (which builds on (2.17)) with F'(-) given by

(3.2) as in the proof of Theorem one uses (2.17)) with F(-) = 1{cap(-) € (s,t]} for
g ! <s<t<w(sothat F(F) = 0), to find instead of Lemma that

(b — a?)s

(3.9) P(s < cap(Ky) < t) < P(s < cap(K%) < t) exp{ — 5

}, for a < b,

with IE%( as defined in . Letting first ¢ — oo, then K G using monotonicity of
cap(-) and finally s — o0 in (say with a = 0) yields for a > 0. To treat the
case a = 0, one uses again with s = ¢~ ! and lets K G, then t — oo and b | 0.
The left-hand side of thereby converges to P(¢g = 0) = % and the right-hand side to
P(cap(K®) < o0) — P(pp < 0). The claim for a = 0 follows.
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2) We refer to our companion article [I3], see in particular Theorem 3.9 therein, for an alterna-
tive approach to the above results by entirely different means; namely, exploiting a certain
isomorphism theorem, due to [36], relating ¢ and random interlacements on 5, which is
shown in Theorem 1.1,2) of [13] to hold under the sole assumption , and turns out to
be equivalent to (1.11]).

3) Note that, if (1.8) holds, then by (1.11]

(3.10) E[efucap(lca)] =®(a) +1—P(\2u+a?), foralla >0, u > 0.

Assume on the contrary that (3.10]) holds. By (1.10|) (which always holds), (3.10) can be

equivalently recast as
(3.11) ]E[e_ucap(’%a) 1{K® unbounded}| = IP’(I% V2uta® unbounded).

One readily deduces from (3.11)) with ¢ = 0 and (3.8) that, if (1.8) does not hold, then
KY2¢ is unbounded with positive probability for all u > 0, thus recovering the dichotomy
ax € {0, 00} implied by Corollary 3.11 of [13].

We now proceed with the

Proof of Corollary[I.3. Choosing v = 0 in (1.11]) and observing that ®(a)+1—®(|a|) = 2®(aA0),
the claim ((1.12) follows. The remaining conclusions are immediate consequences of ([1.12]) and
the fact that a, = 0, see above (|1.8§]). O

As a further consequence of Theorem one obtains the following improvement of Corol-

lary under .

Corollary 3.3 (Differential formula). If (1.8) holds and F satisfies the assumptions of
Lemmal2.5, then (2.24) holds for all a,b € R.

Proof. Taking derivatives in w in (|1.11)) and setting u = 0, one finds that

(3.12) E[cap(K*)1{K® bounded}] = Q f(a), for all a e R\{0}.

where f(-) = ®'(-) denotes the density of ¢g. Hence,

€2) L :
f E[|Zr(a,)|]da "< ||F\Oof la| E[cap(R)1{R bounded}] da B2 | F|., < oo,
R R

i.e., Zr € L'(R x P) (in spite of the divergence in ([3.12) when a — 0). Thus, condition (2.23)

holds and the claim follows by applying Corollary [2.6] O
Remark 3.4. 1) One can alternatively deduce Theorem as an application of Corollary
Consider
(3.13) PR =1(R 2 2} B 100 2 a)

(in particular F'(¢) = 0), whence

3.14)  Oo(a) D PR is (@)bounded, o > a) + P(go < a) B2 yp(a) + ().
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By (2:23), (3.12) and (3.13), one finds that E[Zp(a,-)] = f( ), for all a # 0, which

extends to a plece\mse continuous function of @ € R. Thus, applymg Corollary [3.3] which
applies to F' in , it follows that for all a € R,

(13.14)

0o(a) 14 09(a) — 00(0) B2 1+ vp(a) — v (0) + B(a) — B(0)

1+ L (= o) do-+ B(a) = (0) = 1+ (1 = sign(a) (9() ~ B(0))

which is (L.12) ((0) = 3).

2) One could also obtain ([I.12)) with the help of (2.21)) (but using more information, i.e. the
second moment E[cap(K?)?], for a > 0). Indeed, one can pass to the limit in (2.21) with
F given by (3.13). One then obtains, in view of (2.22)) and (3.14)), that for all a # 0,

(3.15)  64(a) = ¢ip(a) + 9" (a) = E[cap(K®)(a*cap(K®) — 1)1{K* bounded}] + @ (a).

By means of (1.11)), one computes, for a # 0, with g = ¢(0,0),

E[cap(ﬁa)Ql{lza bounded}]| = %( — f(\/m) . #)

V2u + a2/ lu=0
1 1 1
=IO * 5 fal)

From this and (3.12)), one thus obtains in (3.15), noting that ®”(a) = f/(a) = —2f(a),
that

21 1 1
3.16 07 (a) = f(a a—+f~a—— + ®"(a) = — f(a)(|a| — a
(3.16) @) = S(@)(j + ol = ) + 2@ = _f(@(lel —a)

for all a # 0, which readily gives (1.12)); one notes the perfect cancellation in (3.16]).

4 Connectivity upper bounds

In this short section, we derive the upper bounds ((1.25)), on the truncated radius and two-
point functions 1 and 7Y, introduced in and , and even the full strength of
in case of . This corresponds to a certain choice of F' in , see for instance below. In
one way or another, all the results of this section revolve around the idea of comparing with the
cluster capacity observable and thus rely on the information supplied by Theorem [I.1} which was
derived in the previous section. We also show how comparison with cap(lza) immediately yields
the estimates , ED on Y at criticality, together with bounds on the critical window, see
Remarks E and -,|__-Z| below.

We now introduce suitable balls on g which will be used throughout the remainder of this
article. Recalling the discrete balls B(z,7) < G (relative to d, cf. above , note that these
are not necessarily connected in nearest-neighbor sense), we define E(x r) c G for r > 0 and
z € G as consisting of B(z,r) and all the cables joining any pair of neighbors in B(z,r) (i.e. any
z,y € B(z,r) s.t. Ay > 0). We abbreviate B, = B(0,r). Since B(z,r) is finite by assumption,
the sets B(z,r), B(z,r), for x € G, r = 0, are Compact in the sense of Section (see the
beginning of that section). Moreover, whenever and (L.15)) hold, one knows by (2.8) of [11]
that d(z,y) < codg (v, y) for x,y € G hence By, (a: 1") c B(z,cgr) for any x € G and r > 0 (here
By, (z,7), x € G, r > 0, refers to the discrete ball with respect to dgr 1nstead of d).

Throughout the remainder of this section, we assume that | and ( are in force. Let
fv: Ry — Ry be defined as f,(r) =r" if v <1, f,(r) = m if v=1 and f,,(r) =rifv>1.
One has the following inclusions.
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Lemma 4.1 (under (G,)) and ({ - For all v > 0, there exist c19,c11 € (0,00) depending on v
only such that for all a € R and r = 1, with A(a,r) = {r < rad(K*) < w0},

(4.1) A(a,r) o {cror” < cap(K®) < o},
(4.2) Ala,r) < {11 fo(r) < cap(K®) < oo}

Proof. Recalling the definition of rad(-) from below (L.19), if rad(K®) < r, then K is included in
{z € G :dg(z,B(0,r)) < 1} union with all cables between neighboring pairs of points in this set.
Thus, if rad(K®*) < r, then Ke < EHCQ (cf. above ([2.1)) regarding cy), hence by monotonicity of
cap("),

(4.3) cap(K%) < cap(B(Hcg)r) < cyor, forallr > 1,

see for instance (3.11) in [1I] and (2.16) in [I3] regarding the last inequality, which relies solely
on and ( - In the opposite direction, when rad(K®) = r, one has
(4.4) cap(K®) = cap(K?) = inf cap(A) = ci fu(r),

AcG connected
rad(A)=>r

see for instance Lemma 3.2 in [I1] regarding the last bound. Here, connectedness is meant with
respect to dgr, and K? is connected by definition, see (1.4). Together, (4.3)) and (4.4) also imply

that rad(K%) = oo if and only if cap(K%) = o0, and ([{.1)), (£.2) follow. O

Remark 4.2. As a ﬁrst application of (4.1)), (4.2) and Corollary we deduce the bounds ([1.22])
and (| - Using with ax = 0, one first notes that for all b > 0, s > 1,

0
(4.5) P(bs < cap(K°) < o0) = J t732 At =, 5712,
bs

where f =; g means that cf < < d f for some constants ¢, € (0,00) depending only on b and
v. Together with (4.1) and , the asymptotics (4.5) give ¥(0,r) = r ~¥/2 when v < 1 (recall

the notation from (|1.19)), which is (1.22)). Similarly 1' (4.2) and (4.5) yield (1.23) in case

v=1.

Next, we give the

Proof of (1.25) and ( - For all a € R, one has, for b > 0, r > 1 and v > 0, usmg .
and .,

eba’r” P(br” < cap(K") < o0) = P(br” < cap(K®) < o)
(46) —2b, 2.V 2br —2b 2,V =0
>e T f po(t)dt = c(b,v)e” " P(br” < cap(K”) < o),
b

v

where we also used (4.5)) in the last step. From (4.1)), (4.2) and (4.6]), together with (1.22]) one
readily deduces the lower bound in ([1.25]), and also the upper bound if one allows for a constant

¢(> 1) in front of ¥(0,7). Such direct comparisons fail to yield the right order for both upper
and lower bound when v > 1, see Remark -,. below.
We now give an argument which yields the desired upper bounds in ((1.25) and ([1.26]). For
k > 0, we consider the function (for arbitrary v > 0)

(4.7) Te(a) = " Iv M a, r), fora e R

(which implicitly depends on r > 0) with f, as defined above (4.1). We will show the following
simple
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Lemma 4.3. (v > 0). There ezists r1(v) > 0 such that, if k € (0, k1], with 7, = L7,
(4.8) sign(a)7.(a) <0, for a.e. a€R.

(In particular 7, is a.e. C' on R).

By integrating the differential 1nequahty (4.8) between 0 and a € R, one 1mmed1ately deduces
in view of . that w(a r) < e~F10°fv(") " from which the upper bounds in and
(1.26) follow since a*r” = (r/¢(a ))” It thus remains to give the

Proof of Lemma[{.5 We consider

(4.9) F(K®) = La(ay),  recalling that A(a,r) = {r <t1ad(K®) < o0}, for r >0, a € R,

and study the corresponding observable ¢r(a,r) = ¥(a,r) (see (1.19) and (2.22)) for notation).

One first observes, using , that the condition is satisfied with I = R for F' given
by . Moreover, since F' is bounded and F(J) = 0, applies and one deduces that for
(almost) all a € R\{0},

%w(a,r) _E[Zi(a, )] = —aE[eap(RY)1{r < rad(K?) < o0}].

Hence, for all kK > 0 and a.e. a > 0,

(4.10)

7.(a) = a(26f, (r)Y(a,r) — E[Cap(lza)l{r < rad(K?) < oo}])e”CLQfV(”)

<411) ra a ka? fu (r)
< aX(¥(a,r) — P(cap(K®) = A, r < rad(K*) < o0)) e /w17,

where A = 2kf,(r). But due to ([@.2), one knows that rad(K®) > r implies cap(K®) > A

whenever x < k1 2 ¢p /2, whence (4.11]) gives 7/ (a) < 0 for almost all a > 0 and (4.8)) follows
by symmetry. O

With Lemma [4.3| shown, the proof of ([1.25) and (1.26]) is complete. O

Remark 4.4. 1) We briefly describe how to adapt the above arguments to yield the versions
of the upper bounds in ([1.25) and ) for 7T, For any x € G\B,, defining A(a x) =

{0 =% z,K* bounded} the inclusion still holds when replacing A(a,r) by A(a, z)
(indeed A(a,z) < A(a,r)). Hence, mlmlcklng the proof of (4.8), but using F = 1 2(a)

instead of F, cf. (4.9), one finds that sign(a)7,(a) < 0 for £ small enough, where 7,;(a) =
era’ fu(r) t“(a x), and the analogues for 7" (a, z) of and of the upper bound in
readily follow. Note that, as opposed to v, we do not claim here the version for 7' of
the (off-critical) lower bounds in asserted as part of Theorem |1.4 These will be
supplied, along with the proofs of and 7 by a separate argument in Section

2) Proceeding similarly as in Lemma but using (4.1]) instead of (4.2)), one can easily prove
that for all v > 0 there exists ko(v) < o such that for all k > ko

(4.12) sign(a)7.(a) = 0, for a.e. a € R,

where 7, (a) = e’ 4(a,r). This directly implies that (a,r) and (0, r) are of the same
order when r < t€, for any choice of v > 0 and ¢ > 0. Indeed, for k > ka(v),

(413)  $(0.1) = ) = Fu(@e ™ > Fula) S al(0) = eh(0,7)

for all r > 1 and a € R with r < t£.
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3) When v > 1, (4.1) and (4.6]) yield the lower bound ¢ (a,r) = e_mQ"U]P’(c’r < cap(l%o) < ),
which does not exhibit the desired leading exponential order, cf. Corollary Regarding
the upper bound, one has, for a # 0, r > 0,

(4.2) ~ (13.6) ~
Y(a,r) < Pleinfu(r) <cap(K*) <o) < e_C““Qf"(’")IF’(ch,,(r) < cap(lCO) < )
(=)

1

(1.23)
6_011a2f”(r)1[)(0,cf,,(7“);) ? c(log(r v 2))1u=1r%(l’—%)e—cn(ﬂfu(r)w(()’7«)7

which has the correct exponential order, cf. ((1.26)), but is only pertinent sufficiently “far
away” from criticality, i.e. in the regime of parameters caf, (r) = loglog(r v 2) when v = 1
or ca’f,(r) = logr if v > 1 (rather than ca®f,(r) > 1).

4) (Critical window). Suppose (G,)) and (1.15]) hold. If » < 1 then (1.25) implies in particular

that
Y(a,r)
¥(0,7)
In case v = 1 and a > 0, one can deduce good bounds on the critical window as fol-
lows: 9(a,7) = c(0,7)(= e~ Y?) if r < a2 on account of and (L.23), and

Y(a,r)/¢¥(0,r) — 0 as r/({(a)log(r)) — o on account of (1.26)). In particular, in case
G = 73 (with unit weights), this improves on the bounds (12) and (13) from Theorem 6

in [10]. Similarly, in the supercritical regime a < 0 (cf. (14) and (15) in [10]), using that
P(0 <% 0B,) < 9(0,7) + (1 — By(a)), for all r > 0, one finds with the help of (T.13) that

v/2

— 0 if and only if |a|r"/* — 0.

>a L23) , logr 12\ . r _
P(0 0B,) < ¢(0,7) + ca ( < ¢ (—T ) ), if Toe(r) < ¢(a), a € [-1,0],

— oo for a € [—1,0]

. . =a IP(O >a 6BT) Cl(l|
2 - =
and Slmllarly since ]P)(O > 5Br) 1 00(&) that © ) 2B, 20,0

5) (The condition (|1.15))). The only place (1.15]) entered the proof of (1.25) and (1.26]) is
through Lemma E specifically to obtain (4.3)) and (4.4]). Inspecting the proofs of (3.11)

and of Lemma 3.2 in [I1] shows that (1.15) is only used to deduce that (cf. (2.8) in [I1])

(4.14) d < cdg,

Thus, Lemmal4.1] as well as (1.25), (1.26)) continue to hold upon replacing (1.15) by (4.14).
Condition (4.14) may be better suited to deal with examples (G, A) in which one tinkers

more severely with the conductances (indeed the requirements (G,)) and (1.15) imply a
uniform lower ellipticity bound A, , > ¢, see (2.10) in [I1]).

5 Local uniqueness at the critical scale

We now derive a suitable local uniqueness estimate at scale &, cf. (1.24), which in particular will
imply bounds like (1.34)), see Corollary below. This estimate really concerns connections in

the interlacement set Z%, u > 0, from which useful results for ¢ can be gleaned by means of the

coupling in (1.32)). Its general form (quantitative in the parameter u > 0 and a generic length
scale R > 1) is stated in Theorem Weaker results of this kind have been derived on Z,

d = 3, in Proposition 1 of [29], see also Lemma 3.2 in [12] for a quantitative bound in « valid in

the regime R > u"F for £ « 1, and extended to any graph satisfying (G,)), (V.) and (1.15) in

Section 4 of [11]. All these bounds however, are too weak for our purpose, notably because they
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do not cover the regime of scale R ~ w~v when u « 1, which corresponds to R ~ £ in view of
(1.32). The scale u~v forms a natural barrier, being the smallest radius for which balls become
“visible” for an interlacement trajectory in I“,ch. and below.

In the sequel we tacitly assume that K < G is a compact set. For such K, let

(5.1) Gx 2 the unbounded connected component of G\K

(see . 6.5)) below regarding its uniqueness). The following results, in particular Theorem- 5. 1| below,
are of independent interest, already in case K = ¢ (whence G K = g) For the purposes we have
in mind, the removal of K in should be thought of as corresponding to the exploration of part
of the cluster K® in . In view of the Markov property ([2.16) - for the free field, the explored
region K will effectively act as a Dirichlet boundary condltlon for X. Accordlngly, we consider
PéK the canonical law of the interlacement process on g k and Z% g & the interlacement set
at level u > 0, whose distribution is characterized by the property that

(5.2) EC:K (I* n C = &) = exp{—ucapg, (C)}, for all compact C' < G

(see the paragraph following Corollary regarding capg (+), see also Section 2.5 of [I3] for the
deﬁnitioil of @g} in this context). In particular, (5.2)) reduces to (1.31)) when K = .

Let 7% denote the set of edges of G traversed entirely by at least one of the trajectories in
the support of the interlacement point process at level u. For z € G and R > 0, let Bg(z, R)

refer to the set of edges of G whose endpoints are both contained in B(z, R). For z € G as well
as u, R > 0 and X > 1, we introduce the event

(5.3) LocUniq, g2(2) € (| f{o <y inI"n Bp(z AR)}.
z,yeI*NB(z,R)

Note that the event in (5.3]) implies a “local uniqueness” for interlacements both on the discrete
graph G and on the cable system, in that if {z < y in Z" n Bg(z, AR)} occurs, then x and y are
connected by both a discrete path in Z" n B(z, AR) and a continuous path in Z% n B(z, AR).

Theorem 5.1 (under , ,N). There exist c12 € (0,1), ¢13,c14 € (1,0) such that for
allu >0, R>1, compacts K < B(0,R) and z € G with d(z,0) = c14R - 1{K # J},

— . c 012(u A 1)RV % .
(5.4) Pg. (LocUniq,, g(2)°) < cexp{ — (bg(R)N{a—?V}) L ifa=2w

where LocUniq,, g(z) denotes the event in (5.3) with the choice A = c13.

We refer to Remark below regarding an upper bound for @5 (LocUniq,, (2)) in the
K )
regime o < 2v and the discrepancy between the two cases. In particular, Theorem yields
the following instructive estimate with regards to the definition of £(-) in ((1.24)), which follows

immediately from (5.4)) with K = .
Corollary 5.2 (under (G,)), , (1.15). If « > 2v, then for allu >0, s > 1, z € G, one has
(5.5) @g(LocUniquvsuq/y (2)°) < cexp(—c s7iT).

We now prepare the ground for the proof of Theorem [5.1} Throughout the remainder of this

section, we tacitly assume ’~ and ([1.15) to hold. We write PY% for the canonical law
of the Brownian motion X on G killed when exiting G, see (5.1, i.e. of the process X., i,
under P. (for convenience, entering a cemetery state A ¢ G upon being killed). In particular,
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P = P_QN. Associated to this process is the capacity functional capg~K(~), defined similarly as
cap(-) = capg(-) in (2.2). Indeed, capg (-) is given by (2.19) in [I3] if one regards Gk as the
cable system associated to the graph Gx with vertex set G = (5 x N G) u 0K, killing measure

=wifx e (Gxg n0K) and 0 otherwme and weights /\xy, z,y € Gk, given by )\ﬁy = Ay
Whenever z,y € G and )\m’y = m if x € G, y € 0K, where p(-,-) denotes the Euclidean
distance on the cable of G containing x and y (viewed as a line segment of length 1/2), . with
z € G the corresponding other endpoint). R

For later reference, we record the following estimates on Gx which mirror (GL) away from
the boundary. Using that gz (z,y) < 96, (z,y) < g(z,y) for all z,y € Gx, where K denotes

K

the union of K and the closure of all cables intersected by K (so in particular oK < G) and
applying Lemma 3.1 in [11], it follows that there exists ¢15 = 1 such that if d(z,0) > ¢15R and
K < B(0,R),

(5.6) c<gg (v.2) < ¢ and cd(x,y)”" < 96, (T, y) < dd(x,y)™", forallz+#ye B(z,R),

where gs  denotes the Green function killed outSIde Grc, cf. (2-1). Proceeding similarly as in the
argument leading to (3.11) in [II], (5.6) (and ( in case K @) then yields

(5.7) cR” < capg, (B(z, R)) < /R, forall R>1, K c B(0,R), d(z,0) > c15R - 1{K # &}.

For z € G and R > 0, we define the set C(z, R) as consisting of the vertices z € B(x, R)
visited by the diffusion X before the first time it exits B(x, R). We begin with a lower bound on
capg, (C(x, R)), which for K" = (§ can be viewed as refining Proposition 4.7 in [L1].

Lemma 5.3 (K G compact). For z € G, R,t > 1 with RV > 2t and B(z,R) c éK,

cRY

G N -
(5.8) PYx (capgK (C(z,R)) < Hog(R) o=2]

) < cexp(fc't%), if = 2v

Proof. Let Z = (Z,)n>0 denote the discrete-time skeleton of the trace process on G of the

diffusion X under P, = PY (cf. (2.4) and below in [I3] for the definition), which has the law of
the discrete-time Markov chain with transition probabilities induced by , and write Zjg ) =
{Z, :0<n<t},t>0 ByLemma 44 in [II] applied in the case N = 1 and since a > 2v
is equivalent to o/ < 2, where = a — v, with equality if and only if @ = 2v, there exist

positive constants ¢ and ¢4 such that Pg (cap(Z[07(Ru/t);a/V]) > cRY/(tlog(R)H=2})) > ¢y, for
all 1 <t < %R”. Hence, by the Markov property, we get that for all such ¢ and all M > 0,

(5.9) P (capg (Zio ar(a o) < cRY/(tlog(RMO=21)) < (1= e16)°M.
Moreover, by (3.17) in [11],

(tﬁ/”)l/(ﬁ 1)

(5.10) P (Zigpsrojyo 0 Bla, R # @) < ,forall M >1,1<t<R"2.

Combining (5.9)) and (5.10) with the choice M = tv and noticing that C(x, R) > Zjg rr(gvjiysiv
under the complement of the event appearing on the left-hand side of ( -, we obtain
cR¥

G N e
(5.11) P; (Capg(C(ZUaR)) < thg(R)l{a:QV}

) < cexp(fc't%), if > 2v.

Since B(z,R) < QK, the law of Z until the first exit time of B(x, R) is the same under Pg
and PgK, and so still holds when replacing ng by ngK As capg (A) = capg(A) for all

Ac QK, . ) follows. O
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We now define é“(a:, R) under PgK ®@§K as the union of C(z, R) and the vertices y € B(x, R)

connected to any vertex in C(z, R) by a path of edges in 7% A Bpg(z, R) (see above (5.3]) for the
definition of f“) The attentive reader will notice that the following proof of Theore could
avoid the use of C*(z, R) and be reformulated in terms of C(z, R) only. The use of C%(z, R) is
justified by a possible extension to the case a < 2v, see Remark for details, and it creates
little extra difficulty in the proof of Theorem which still applies when a < 2v.

Proof of Theorem[5.1] Let z € G and abbreviate B* = B*(z, R) and for A > 1, Bf = B(z, AR),

Bg, = = Bg(z, AR), see above ) for notation. Throughout the proof, given u > 0 we tacitly

assume that R is large enough so that (u A 1)R¥ > 1. For u > 0, we decompose Z" = f/4

I;L/Zl v Z;/4 v 11/4, where Iu/4 k e {1,2,3,4}, are independent interlacement sets at level u/4
each. Similarly, let Ik/ be obtained from I;:/ * in the same manner as Z% from T", whence

T = f;‘/4 U fg/4 U f;f/4 v fff/4. For k € {1,2,3,4}, we denote by Z¥, .. .,Zzlﬁ,k the (equivalence

classes of) trajectories in the Poisson point process Z;:/Zl which hit B?, and for each i € {1,..., N},
we decompose Zf canonically into its (Mz-k many) excursions sz,p ez f Ak each started when

hitting B* and ending when exiting B5.
Combining (5.7) and the fact that Ny is Poisson(ucapg (B*)/4)-distributed it follows by a
standard large deviation estimate for Poisson random variables that

(5.12) @QNK(N’“ cuR”) < exp(—cuR"), for all u > 0, R > 1 with d(2,0) > ci5R.

We now derive a suitable upper bound on the tails of MF, k€ {1,2,3,4}, i€ {1,..., Ny}. Using
(2.4) on Gk, one finds that for all A > ¢(> 1) and R > 1 with d(z,0) = c15AR - 1{K # 4,

5 (5.6) ©G.7) / 1
(5.13) sup P9%(Hp- < ©0) < ¢((A—1)R) “cap(B?) 2 ¢ < -
©€dB; A=1)» "2

where ep. & denotes the equilibrium measure of the set B in Gx. As a consequence of ([5.13),

for A = ¢, the random variables Mf, i€ {l,..., Ny}, are stochastically dominated by independent
geometric random variables with parameter 1/2 each. Therefore, using a union bound, a standard
concentration inequality entails that for such A and all k, if d(z,0) = c;5AR - 1{K # &},

(5.14) @g (N < cuR”,3i < N, MF > cuR”) < (cuR")e —eult”

1

Henceforth, we simply fix a value of A\ such that - ) holds. For each k € {1,2,3,4}, we then
denote by Afp . the event that Ny < cuR” and Mk < cuRY for all i € {1,. Nk} and take
A% = AR,1 N AR,2 N AR,3 N A% Ra- 1t follows from and - ) that for all R

(5.15) @QK((AE)C) < cuRYe " if d(2,0) = c15AR - 1{K # &}
(for all K — B(0, R)). Let us define the sets C:”;n as consisting of the vertices z visited by Z",
well as the vertices y € B connected to such z by a path of edges in B | 025/4. In particular, if

x € T% n B?, then z belongs to 5’"” for some m € {1,2,3,4}, i€ {1,..., N} and j € {1,... M}},
and any n € {1,2,3,4}. For v > 1 we then infer that

: U z
U oy B,
z,yel* N B*

as

MP M

Ny i g

Np R
< U UUU U@, «amL"oBpah

p,me{1,2,3,4} i1=1i2=1j1=1 jo=1
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where to each m,p € {1,2,3,4} we associate n the smallest element of {1,2,3,4}\{m,p} and
k the smallest element of {1,2,3,4}\{m,p,n}. Next, denote by A the o-algebra generated by
the point processes underlying Iil / 4, Ig * and Iff/ * In view of , returning to the previous
display, applying first a union bound over p, m, then conditioning suitably and applying a second
union bound, one finds that for all v > 1,

EC?K (LocUniqu’M (2)€, A}%)

< 16(cuR”)* sup EQK[ sup @(jK (51’2 o C™? in fgﬂl N BE oy | A)lA%ImA%m],

e 11,J1 2,J2
m=1,4 11,42,J1,J2

(5.16)

where the indices i1, i2, j1, j2 are all A-measurable, i ranges over {1,... N1}, iz over {1,... Np},
g1 € {l,...,M{*} and jo € {1,...,M2}. We then choose v € (1,00) large enough such that,

by an adaptation of Lemma 4.3 in [II] to the current setup (using (5.6), (5.7) and (5.14])), the
following holds: on the event

51,2 cRY Am2 cRY
67 {eang, (G5 > tlog(R)l{a—2V}} ~{eapg (C5) > fiogrmyie=m }

if d(z,0) = c150AR - 1{K # J}, we have

= 512 Sm2 . Su/d _ 51,2 5m,2
Pg~K (Cil,jl PN CZ-M-2 in Ig/ N B,ZEW)\ | .A) < exp ( — cuR ”capg~K (Cilvjl)capg} (Ciz,jg))

_ cuRY )
+2 log(R)2~1{a:2u} !

(5.18)

< exp (
using the bounds from (5.17)) in the second line. Moreover for all k € {1, 4},

5 u _ . i pk2 cR”
Ps. (AR,,C,HZ < Ni,j < Mg, CapgK(Ci,j ) < W)

cRY >
t log(R)l{a=2u} ’

(5.19)

P ) i Ak,2
< Py, (3i < (cult), j < (cuR”), capg, (CF) <

where for every ¢ < N and j > M;, and every ¢ > N and j > 1, we define (?lka = (. Since,
conditionally on the starting point of the respective excursion, the random set é;ka stochastically
dominates C/4(x, (A —1)R) (under P, ® P) for a certain vertex z € G (cf. below Lemma
for notation), and C%*(z, (A — 1)R) o C(z, (A — 1)R), the probability of the event in (5.19)
can be estimated using Lemma and a union bound. Due to (5.15)), (5.16) and (5.18), the
desired bound ((5.4]) thus follows from (5.8) by taking ci13 = v, c14 = c15v\ and t = ¢((u A
1)R?/log(R)?>Me=2"})) 251 with ¢ such that R” > 2t is satisfied for all R > 1, as required for
Lemma [5.3] to apply. O

Remark 5.4 (The regime a < 2v). Proceeding similarly as above, one deduces under the assump-
tions of Theorem [5.1] that, for all w € (0,1), R > 1 and z € G with d(z,0) > c14R - 1{K # &},

— . c1zuRP e )
(5.20) Pg. (LocUniq,, g o4(2)¢) < cexp{ — (log(R)C') }, if @ <2v,
where § = o — v. To obtain (5.20)), one replaces Lemma by the following estimate, valid for
all z € G, u> 0 and R,t > 1 such that R¥ > 2t and B(x, R) c C:K, with M = Rﬁt_g,

cRY

et
tv M
; )écuR”exp{fic( A uM)

log(M)

(5.8) P @F; (CapgK €%z, R)) < } if a < 2.
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Once (j5.8’) is shown, the proof of ([5.20) - proceeds exactly as that of Theoremu above but using
@ mstead of ., cf. below , which yields the choice t = (uR”log(R)?)?, whereupon
5.20) follows using the inequality v > [ and noticing that log(M) < C'log(R) When uRP > 1.
The proof of is somewhat more technical and we omit it here. Thus, for a < 2v, our
current methods do not provide us with a bound similar to (even for K = (), that is a
decay of IP’ (LocUmqu r(2)9) to 0 as uR” increases to o0; such a decay would in turn improve
the bound from Remark -,. 2)| below to a bound similar to

In fact, we do not expect that uR” — oo is sufficient for IP’ (LocUmqu r(2)°) as defined
in . ) to decay to 0 in the regime o < 2v, essentially because the capacity of the range of one
random walk in a box of linear size R grows as R’ cf. for instance Lemma 4.6 in [IT], and 8 < v.
As a consequence, one may therefore seek alternative approaches in intermediate “dimensions” by
modifying the event LocUniq,, g 5(2) in order to produce local connections through Z*. Finding
such a connection strategy remains an interesting question in this regime.

6 Connectivity lower bounds

With Theorem at our disposal, we now proceed to supply the proofs of the lower bounds in
and , see Proposition m 6.1| below. The arguments presented here are quite flexible,
and we will explam in Section I how to adapt them to i) obtain the outstanding lower bounds
for ¢(a,r) in and ii) deduce all corresponding lower bounds for 7t*(0, ) in Theorem
The assumptlon ) below, which allows for a (possible) logarithmic correction to the radms
function at crltlcahty when v = 1, is known to hold with ¢(r) = ¢(logr)'/? for v = 1 by

and with ¢(r) = ¢ when v < 1 by - Recall € = £(a) from (1.24)).
Proposition 6.1 (under (G)), (Va), (1.15) and (L.16)).

(6.1) there exists q : [1,00) — [1,00) s.t. ¥(0,7) < q(r)r™/? for all r > 2,

for some v e (0,5), then there exist positive constants ¢, ¢ and " such that with ¢ =¢(a),

r val
62 vl = w0 | () - Tl

whereb=0ifv<1,b=1ifv=1and b= —cy if v > 1.

Throughout the remainder of this section, we suppose that the assumptions , ,
and of Proposition are in force. Figure 1| gives an idea of how the relevant connection
event for w(a,r) will be implemented. The underlying construction will be gradually unveiled
over the course of this section and the next.

Our starting point is an estimate on the capacity of a piece of the cluster K@ truncated at
the critical scale £ = {(a). For L > 1, we abbreviate IC“ IC“ oLy S (2.18) for notation.

} for all a e [-&,] and r = '€,

Lemma 6.2 ((Near-)critical estimate, v € (0,5)). If (6.1) holds, one has for all 0 < a < c,

(6.3) P(cap(K¢®) = c178”) = € 2q(5) 7",
(6.4) (cap(ng) c17&” ) P(cap(l%g“) > 6175”) exp{—cq(§)}.

The proof of Lemma is presented in Section [} In case v = 1 this lemma applies with
q(&) = (log 5)l thus yielding an effective regime, in Which the second term in the exponential
of (6.2) dominates, of the form, say, (r/¢) = (log f) ¢ for any ¢ > 0. A somewhat weaker
version of Lemma can be obtained by rather simpler means, and yields a version of but
with % + ¢ replaced by a large exponent (larger than 1, except if is assumed to hold with
b = 0), see Remark below. This is insufficient for later purposes, notably that of deducing
Corollary [I.5]
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Forced shift (in £})

L} (dotted region)

Figure 1: Connecting 0 to B, in three steps: 1) exploring the near-critical cluster I%g at scale & (red), with

associated cost controlled by Lemma 2) connecting /Eg when cap(K¢) is large enough to a multiple of that
scale via a killed-surviving interlacement trajectory (green), cf. Lemma and its proof in Section |7} 3) bridging
the remaining distance using optimal local uniqueness by means of Theorem (blue).

Proof of Proposition[6.1 We first observe that under (G,)), , (1.15), there exists c1g € (1, 0)
such that for all R > ¢,

(6.5) there exists a connected component of BC?S r\Br which contains dinBe,sr

(indeed this follows from the first conclusion in the proof of Lemma 6.5 in [II]). Henceforth,
we tacitly assume that 0 < a < ¢ with ¢ chosen small enough so that (6.5) holds whenever
Rz¢=¢ (CL).~ -~ ~

Let K  B¢(c G) be a compact set, soon to be chosen as K = ng, cf. also the red region in

Fig. |1} For such K, by (6.5) and in view of (/5.1]), with B r as defined at the beginning of Section
one has

Applying an argument akin to (5.13), involving (2.4), (G.)) and (5.7) (with K = (), one finds

o = c1g suitably large such that for all compacts K < B,

(6.7) c€ Vcap(K) < hg(x) < - for all x € GinBye  (see (2.3) for notation).

DN |

Now, recalling that Ke = 16% , see (2.18]) for notation, writing P95 for the canonical law of the
3
Gaussian free field ¢ on the cable system Gx associated to the graph G, (cf. below ((5.5) for its
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definition), whence P9 =P as given by ([1.2)), it follows from the Markov property ([2.16|) that

(6.8) (¢z — %, (2)) <., has the same law under Pg(- | AL ) as o under P .
lcg €T ;Cg ]C£

On the event {cap(lCa) c17€"}, the shift hw ( , see ([2.3) for notation, can be bounded from

below uniformly in Bgf using as

(6.9) inf h% (z) =a inf Py(Hg, <®)>a inf Py(Hg, <) = ca def 2pa.
x€Bs¢ 3 z€By¢ 3 €0inBoe 13

In words, means that when its capacity is suitably large, the conditioning on /%g induces a

. © . I I . ad . . .
shift hl%g which is “felt” everywhere in B¢, see Fig. |1 In view of and , we thus obtain

(6.10) Y(pa,r) = E[1{cap( ng ) = a7 }P K¢ (A (ICg,a,r))],
where for K < Eg we set

d a continuous path 7 in ET from K to 0y, B
(6.11) A(K, a,r) = with ¢, > —pa for all z € T N (Bye\K)
and ¢, > pa for all x € m N (B, \Boe¢)

In view of ([6.10), we aim at finding a suitable lower bound on the probability of A(K,a,r) under
PY9% for all admissible choices of K Bg with large enough capacity. The desired result .
will then quickly follow from this bound and Lemma

Consider a geodesic path v = (0 = yo,y1,...) from (1.16) with dgr(yk, yp) < c2d(yk,yp) for
all k,p and recall from the beglnnlng of Section {4| that d(x,y) < codgr(,y) for all z,y € G. We
now introduce a parameter ¢’ used in the definition of £} in - below and a length scale ¢ >
which will play an important role in the construction that follows. From now on we assume that
(see Theorem [5.1| regarding c13)

(6.12) o' > 1, r > 100cy and (4cg) v (0€) < £ < r/(10c13 v o).

In view of , and since 0 < a < ¢ < 1, the condition on r is no loss of generality.
For k such that 1 < k < 1+ [(2 + 4r/l)coca] =: Ny, fix a point zp € v N (Bg(0, (k +
1)€/(4¢9))\Bgx (0, k€/(4cg))) (such zy, necessarily exists by assumption on ¢ and since 7 is a graph
distance geodesic) and define, with zp = 0,

(6.13) Ly = U B(zg,c13f) and L) = (B(:UO,J’E) V) Eg)\B(:Bo,Jf),
0<k<Ng,

We write Ly, EZ for the corresponding sets obtained by replacing B(zy, -) with B (z, ) everywhere

in (6.13) (see the beginning of Section regarding continuous balls B(z,r)). Note that since
o > cig, see above (6.7), one has £, < G for any K < B¢ by . One easily checks, using
that dgr(xg, Tp41) < for the first inclusion below and ((1.16)) for the second one, that

(6.14) B(zg41,¢/2) € B(wg, L) for all k < Ny — 1 and B(zn,,,4/2) = (G\B(0,1)).

The length scale ¢ in (6.13)) will be carefully chosen below (see (6.19))). In the sequel, we always

assume that K c Eg is compact but otherwise arbitrary. We now introduce the measure ngtf ,
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defined similarly as P, in (2.11), but when considering P9% instead of P = P9 and with the
choices ' = —2pa and K = L}, in (2.11]). Thus, c.f. below (2.10),

(6.15) ((‘OI):L"EZ[/ has the same law under ngg as (pz + 2pa) _» under pIx .

(EGLZ/

Recall that capg~K(‘) denotes the capacity on éK, see the paragraph following (5.5 regarding
its definition. Since M i (see (2.7) for notation) is centered under P9% | we have Eag}lf [M 52] =
2pacap§K (L}). As a consequence, due to (2.11), we get for all @ > 0 that

Ok

~ dPyy 5 o ~
(6.16) Eg’g [log d[[lii(jx] = 2pangz [MEZ] - 2(pa)2capg~K (Ly) = 2(pa)2capg~K(52).

Using (6.16)), a classical change-of-measure argument — see for instance below (2.7) in [5] — yields
that for all K < B¢ compact, all 0 < a < c and r, ¢, ¢’ such that (6.12)) holds,

5 5 2(pa)?caps (/3’) +1/e
617 PgK A K,a,r = ]P) vl A K,aa’l" [$2:€ — — Ik ¢
(6.17) (A( ) = P55 (A( )) exp B (4( )

It thus remains to find suitable bounds on the various quantities appearing on the right-hand
side of (6.17). We collect these separately in two lemmas, the proofs of which will be supplied
in Section m The first lemma gives an upper bound on the capacity of £j. Care is needed due

to the presence of the “boundary condition” arising from the removal of K in QNK, see (5.1]). Let
fi)=t"vifv <1, f(t) =log(t) if v =1 and f(t) = 1if v > 1.

Lemma 6.3. For allv > 0 and r,{,0" satisfying (6.12),

. c(a)yrrer—t
(6.18) sup capg, (Ly) < OO

where the supremum ranges over all compact sets K Eg.

We now bound nglf (AL(K ,a,r)) suitably from below, which involves choosing the scale £.
Recall that Z’K implicitly depends on the parameter o’ > 1, see (6.13). We refer to Remark
with regards to extending the following result to the case a = 2v.

Lemma 6.4 (v € (0,%5)). There exist o' > 1 and M > o(> 1) such that, with £ = {(a) and

2v+1

r v
(6.19) 0= Mg(log 5) ,
for all compacts K B , all ae (0,c) and r = c19€,
3

(6.20) B9 (A(K, ) = (1 — exp(~¥ (pa)cap(K)).

Let us now explain how to conclude assuming Lemmas and to hold. Let v € (0, ).
For 0 < a < ¢(< %), returning to (6.10)) and applying (6.3)), (6.4)), one obtains with £ = £(a) that

v

(6.21) Wpa,r) = € 2q(€) " exp{—cq(€)} inf P (A(K, a, 7)),
where the infimum ranges over all compact subsets of Eg satisfying cap(K) = ¢17£”. In order

to apply (6.17) and get a lower bound on the quantity P95 (A(K, a,r)) appearing on the right-
hand side of (6.21]), the conditions (6.12)) must be met. Fix ¢/ > 1 (and M) such that the
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conclusions of Lemma hold and let ¢ be given by (6.19). For 0 < a < ¢(< %), recalling
& = £(a) from ((1.24), we may assume that £ > 4cg, as required by (6.12)) (note that the condition
¢ > of is automatically satisfied as M > o in (6.19)). Letting u(z) = z/(logz) 2 and
c20 = c19 vinf{x > 0:u(z) > (10013 v o’)}, we then see that r satisfies all conditions in (6.12))
whenever r > cy9&, and moreover ) holds. For K with cap(K) = ¢17¢€¥, the latter implies
that nglf(A(K, a,r)) = c (recall that pe (0,1) is fixed, see (6.9)).

Thus, going back to (6.21]), applying (6.17]), which is in force, and substituting the uniform
lower bound for Paglg (A(K,a,r)) yields that for all 0 < a < ¢ and r = 20,

(7“/5)”“}
log(r/£)®

in obtaining , we also used (| and applied the capacity bound with ¢ as in
(6.19) to deduce that capg ([,E) < cr? when v < 1, capg (Eg) < log(r/g) When v =1 and

capg (E’) Cm (log 5)C7 when v > 1. Finally, to get (6.2)) for @ > 0 from (6.22)), one bounds

(6.22) blpa,r) > € 3q() " exp{ — cq(€) -

v r=
500~ & 40,9902 % v (0,902

and notes that the factor ¢(¢)~2 can be absorbed into exp{—cq(£)} in . The corresponding
estimate in for —c < a < 0 follows by symmetry, using Lemma 4.3 in [I3|, which applies in
the present setting (this again follows from Theorem 1.1,2 in [I3]) and Lemma 6.1 in [13], recalling
that implies in particular that holds). This completes the proof of Proposition
subject to Lemmas [6.2] [6.3] and [6.4] which are proved in the next section. O

7 Proofs of the three intermediate lemmas

We now supply the proofs of Lemmas and which were assumed to hold in the previous
section, thereby completing the proof of Proposition For intuition, we refer the reader to
Figure [l We begin with the

Proof of Lemma[6.9 Let 0 < a < 1/10 and & = £(a). We first show (6.3)). Let K = 162/2 and

<
consider the event A = {cap(K) > sq(¢)~2¢"} for s > 0. Combining (6.1) and the tail estimate
(1.14)) from Corollary in case ay = 0, one sees upon choosing s € (O, 1] small enough that

(7.1) P(A) > P(cap(K®) = sq(€)72¢") — P(K® & Bej) = q(€)€™%.

Deducing from involves strengthening the capacity lower bound (in a twice larger box
and at level —a) to reach order £”. This will be achieved by forcing an interlacement trajectory
onto K and using a refinement of the isomorphism theorem , as follows. Applying (Isom)
on p.4 of [13], which is in force under the present assumptions, one infers that

(7.2) P(cap( N=s f”) [ (cap(ll 2 A Eg) > s’f”)lA];

— — 2
here Z%°/2 refers to the interlacement set at level u = % (with law P = Pj5) and I}% /2 to the set

obtained as the trace of all the trajectories hitting K (goverged by the independent probability
P), run from the time they first visit /C until first exiting Be. In particular, the event on the

right-hand side of ([7.2]) implies that T2 K + &.
— 2
We now derive a suitable lower bound on ]P’(Cap(I’%/ N Bg) §'€¥). Conditioning on the

number of trajectories visiting K (with respect to which the event {Z%/2AK # ¥} is measurable)
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as well as their entrance pomts in € and denoting the corresponding o-algebra by F, the following
holds. On the event {Z%/2 A K # g}, writing xo(e 0K) for the starting point of the trajectory
with (say) smallest label visiting IC which is F-measurable, and applying Lemma 5.3 with
K=, t=1and R = ¢, one sees that for s’ = ¢;7 small enough,

P(cap( /2 N Bg) c17&” i]:) Py, (cap(C(mg,f)) > 0175”) =c

(on the event {Z%°/2 A K # &}). Returning to (7.2), it thus follows that

(3D CE[(1- e 2 cap(K ) 1,4].

'\/_ — 2 ~
(7.3) ]P’(cap(lC5 Y = c17€”) = cE[P(Z° 2AK ) 14]
Now, inserting the lower bound cap(l%) sq(€ )_25” valid on the event A, recalling that £V = a2,
using that 1 —e™ > cx for x € [ and (| . is readily seen to imply . The bound

1]
. ) follows by Comblnlng - . ) and Proposmon m for K = Be. O

Remark 7.1. Proceeding similarly as in ([7.1)) but at level a > 0 directly while taking advantage
of the upper bound (1.26|) for ¢ proved in Section {4f as well as (3.6, (3.7), one obtains when
v = 1 for small enough s € (0, 1] that

P(cap(K¢) = s¢(log€)™") = P(cap(K?) = s¢(log€) ') — P(K ¢ Be) = (log&)¢™/?,

using also ((1.14]) and the upper bound in (1.23)) in the last step. In comparison with (6.4]) (com-

bined with (6.3])), the present lower bound is easier to prove since it does not require the change-
of-measure (A.1]), and gives a better estimate but for a weaker event. Crucially, only producing
cap(/Cg) of order £(log&)~! rather than ¢ has rather dramatic effects. Indeed, retracing the

arguments in the proof of Proposition one arrives at the bound Pagflf (A(K, a, r)) > c(log €)™t
obtained from (6.20]) (with K = /%g), which manifests itself unfavorably in the exponential (6.17)).

We now turn to the proofs of Lemmas[6.3] and [6.4] which require some further preparation due
mainly to the presence of the Dirichlet boundary condition on K inherent to Gr. In the e sequel,
let K Q be compact. Recall IF’ , the canonical law of the interlacement process on Q K from

‘. Its intensity measure v¥ is deﬁned on a space of continuous doubly-infinite trajectories w*
on Gi U {A}, where A is a cemetery state. Denoting by 7* the canonical projection identifying
equivalent trajectories up to time-shift reparametrisations, one may assume that w* = 7*(w)
for some doubly-infinite trajectory w = (w(t))er with w(0) # A, and both its forwards and
backwards parts (w(+t));>o can either be killed — that is reach A after a finite time, which
corresponds to exiting QNK through 0K — or survive, i.e. escape to infinity (in possibly finite
time) without reaching K. Henceforth, we call a trajectory w (and a fortiori w* = n*(w)) killed-
surviving if its backwards part is killed (—) and its forwards part surviving (+). We denote by
WZ*_ the set of these trajectories. Similarly, W*_ consists of all trajectories whose backwards
and forwards parts are both killed. We then define two intensity measures

(7.4) vE =Ty v v = (e Ly 08,

which induce two processes on Gx (UA) (under the measure FQNK) with respective intensities uvX,

and uvX, for u > 0. We refer to them as killed-surviving and backwards-killed interlacement
processes, respectively, and write 7" and Z" for the corresponding interlacement sets at level
u (cf. also Section 2 in [28] and Corollary 3.4 therein for an alternative description of these
processes). These processes will play a central role below.

We begin with the following useful lemma, which in particular determines the total intensity
of the killed-surviving process; see the beginning of Section [2] for notation.

32



Lemma 7.2 (K c Q compact, QK as in (5.1)). For all compacts L < gK such that every
unbounded continuous path on G starting in K intersects L (when viewing G as a subset of g)

(7.5) capg~(K) = <6£7g~K - 6£7g~, 1-— hK> = fdl/KJr.

Proof. By Lemma 2.1 in [13], we can assume without loss of generality that K, L < G. As in the
proof of Lemma let (Z)n=0 denote the discrete-time skeleton of the trace of the diffusion
X on G U {A} under PY or P9% for z € (Gx n G). We write Hy(Z) = inf{n = 0: Z, € U}
and Hy(Z) = inf{n > 1: Z, € U} for the first hitting and return times of Z in U with the
convention inf (¥ = co. In view of (2.4) in [I3], Z is a Markov chain which jumps from y to z with

probability A, /A, under Pg7 and Z under PY% has the same law as Z killed at time Hp (Z)
under P¢. Due to (2.6) and (2.16) in [I3], we thus have, for all z € L,

)‘;1(657@( - 65@) ()

— PYK(H(Z) = w) — PY(H(Z) = o0) = PY(H(Z) < He(Z)) — PE(H(Z) = o)

x

— PO(Hy(Z) < o0, Hg(Z) < Hp(2)) = PI<(H(Z) = o0, Z is Killed)

where in the third equality we used the fact that Hg(Z) = Hp(Z)(= o) when Hp(Z) = oo
since every connected and unbounded paths starting in K hits £, and in the last equality that
the event Hy (Z) < oo under PY corresponds to the event that Z is killed, i.e. that HaA(Z) < oo,

under PY%. Hence,

lerg. —€rgl—hix)= Z )\xPEK(Z survives)PgK(ﬁg(Z) = 0, Z is killed)
(76) zel
= 2 LQK (Z surv1ves)PgK(Z is killed | Hz(Z) = o).
zel

But by definition of the intensity measure v, see for instance (2.9), (2.11) and (3.9) in [28], the
second line of is precisely the measure of the set trajectories in W*__ hitting £, that is all
of WZ*, by assumption on £. Thus, the second equality in holds.
Since v is invariant under time reversal, see for instance Remark 3.3,1) in [28], equals
K (Wi_), the intensity of trajectories whose backwards parts survive and forwards parts are
killed, which is equal to

Z €r g QK PgK (Z is kllled)PgK(Z survives | Hy(Z) = o)

zel
= Y \PP (H < )P (H(Z) = o0) = P, ,(Hk < ) = capg(K),
el
where we used ([2.5)) in the last equality, and we conclude that (7.5 holds. ]

We now proceed to the

Proof of Lemma[6.3 By (6.13]) and definition of the continuous balls (a: r) at the beginning
of Sectlon one knows that capgK (E’ ) = capg,_ (£}). Combining (6.7) and ) for the choice

L = L, which satisfies the assumptions of Lemma since every unbounded path from K < Bg
intersects Oj Bye < L in view of (6.13)) and since £ > 0§, we obtain that

capg, (£7) — capg(Ly) = {egy g, —€py 60 L)

(7.7)
< 2<e£27g~K e & 1 — hg) = 2capg(K) < c£”,
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where we used (5.7)) in the last inequality. Moreover it follows from (5.7)) and (6.13]) that
(7.8) capg~(£2) < capg(Le) + c(a") er.

Let us now bound capé(ﬁg). Using (G.)), it follows that for all = € £, assuming = € B(xg,, c13¢)
and letting I consist of all indices k = 0 with |k — ko| = 2 + 8ci3cgca divisible by [2 + 8ci3cgce]
(note that the corresponding balls B(zy, c13f), k € I, are disjoint, and that |I| = cr/¢),

2 g(x,y) = Z Z g(x,y) = Z e inf d(z,y)~".

yeLy kel yeB(zy,c130) ey YeB(zkesd)

Since d(x,y) < cl|k + 1 — ko| for all y € B(xy, c13¢) and

(7.9) D+ 1—kol ™" > > (k+1)7" = cf(r/0),
kel 1<k<[2rcgea/l]
k=0 mod [2+48ci3cgca]

we obtain that

Z g(z,y) =tV f(r/l), forall ze Ly.
yeLy

Clearly |£¢| < c*F by (Va), and so using the bound cap(Ly) < |Lel/infrer, e r, 9(2,y), which
follows by summing for K = L; over Ly (note to this effect that, £, being a subset of G,
er, coincides with the equilibrium measure for the discrete chain generated by , see (2.16)
in [I3]), we obtain

v—1
(7.10) capg(Le) < Cfr(i/g) for all 4cg < £ < r/10c¢33.

Noting that £V < rf*~1/f(r/¢) since £ < 15+ (6.18)) follows from (7.7)), (7.8) and (7.10). O

It remains to give the

Proof of Lemma[6.4. The following considerations hold for any r,¢ (and 0 < a < ¢) satisfying
the conditions appearing in ((6.12)), which we assume to hold in the sequel. The spgciﬁc choicewof
¢ in (6.4) will only be made at the very end (see below (7:20)). Recall that K < Bg. Define L

to be the union of B(0,0’¢) n Gx and B(zk, c13f) N G, 0 < k < Ny, cf. (6.13). Under I[Dg}t? as
defined below (6.14]) and due t~o 6;15, (‘Pz)meif has the same law as (¢, + X)a:eif under PYx
where x = 0 and x = 2pa on [Zf\ng, and thus by (6.11]),

(7.11) PY% (A(K,a,7)) = P9 (K < 0B, in {p > —pa} n LK)

»

where K < 0in B, in A G means that there exists a continuous path 7 in A from K to 0inB;.
We now further delimit the region in which we will construct the path achieving the connec-
tion in (7.11)). To this end we first choose o’ > (1 + cgcach,)? large enough so that

(7.12) there exists a connected component of B(yr ¢,y 1)¢\B(e,, +1)¢ containing i B, /7,

where ¢}, = c14 v ¢15 v (c13 + c18 + 1) (see Theorem and regarding c13, c14 and ¢15),
which exists using with R = /o' /c1g and taking ¢’ > 1 sufficiently large. The specific
choice of ¢}, and the explicit lower bound on ¢’ will ensure that various sets, e.g. all the vertices
pertaining to the set S which we introduce next, are sufficiently distant from 0, as required in
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(7.13) and (7.19) below. With ¢’ fixed, by Lemma 6.1 in [11], there exists a set S with |S| < ¢

for some constant ¢ (independent of ¢) such that

(7.13)  Bor—ciy—1)\B(e,,+1¢ © | B(2,£/4), B(z,c13) = £f and d(2,0) > ¢}( for all z€ §

z€S

(this follows by considering {z € A({/4) : z € B(gr_¢,3)¢\Be, ¢}, where A({/4) is the set defined
in Lemma 6.1 of [I1]). Let S" = {2 € S: B(z,¢/4) n duB, 5, # &} There exists 29 € S’ such
that one can find some vertex y € B(20,¢/4) Ny N 0in B, /57, where v is the geodesic from .
By definition of the vertices xj, kK < Ny, above in terms of 7, and since r > o'/, there
exists also some Ny, < Ny, such that dg(y,zn,,) < ¢/(4cg), and therefore d(zo,7n,,) < €/2.
Consequently, by (7.12) and (7.13)), for all z € S’ there exists a nearest-neighbor path = =
(70, -+, ) © Upes B(w, £/4) of vertices joining mg € B(z9,¢/4) and 7, € B(z,¢/4), and if we
fix z; € S so that m; € B(z;,¢/4) for all i € {1,...,p} (with 2, = z) we have

(7.14) B(z,4/2) € B(zn,,,t) and B(z;,£/2) < B(zi-1,¢) for all 1 <i < p.

We proceed to define a suitable event implementing the desired connection in and
refer to Fig. [1| for visualization. Let u = (pa)?/4 and P = S U {zy,k € {Np,,...,Ne,}}. By
applied to G K, there exists a coupling Q of ¢ under P9X with Z2* under @QNK such that
{¢ = —pa} o I?", and T?" splits into two independent interlacements Z%' and Z%? at level u
such that Z?* = Z%! U T%2. We denote by LocUniqu(az) the same event as in with the
choice A = c13, but for the interlacements Z%2, and note that for every = € P, all the edges in
w2 A Bpg, (z,c13¢) (where Ek is the set of edges associated with G, cf. the paragraph following
(5.5)) have their respective cables included in Z?* n Ef by definition of f2”, Bp, (z,c130), see
above , [,Nf and S| see . We then define Z%" as the set of vertices hit by any trajectories
in the interlacements process associated to Z%! whose backwards parts are killed on K, which
has intensity uv, see (7.4)), and %M as the set of vertices visited by any trajectories in 7!
before their first exit time of B(0,0'¢). Let us consider the (good) event

(7.15) G = {zzvlvfmzw?m | Bz /2) # @}m (N ({LocUniq®)(x)} A (T~ B(x, £/2) # &}).

zeS’ zeP

By , the definition of the local uniqueness event in and by the construction of Ef ,
S as well as ', see in particular (6.13), (6.14), (7.13) and (7.14), the occurrence of G entails
that K is connected to 0y, B, by a continuous path in Z?* N Ef{ , and hence the event on the
right-hand side of occurs under Q. Defining for all s € [0,1] the event G, = {3z € 5" :
capg, (%" ~ B(z,£/2)) = st¥}, we therefore have

(7.16) ngg (A(K,a,r)) " Q(G) = E}[Q(G | T"")1¢ |
We will bound Q(GY) for suitable s and Q(G | Z%!) on the event G’ separately from below.

Let us first derive a bound on Q(GY%). To this end, fixing an arbitrary ordering of S’ and
whenever |, o B(2,4/4) N 7% is not empty, we denote by Z%! € S’ the smallest vertex z € S’
such that B(z,¢/4) is hit by the trajectory in 7% with smallest label, and by X% the first
entrance point in B(Z™“!,¢/4) of this trajectory; otherwise, i.e. if |, B(2,£/4) N ot =
O we set X! = Z%! = 0. Recalling the definition of C(z,¢/4) from above Lemma we
have that, conditionally on Z*! and X%! and on the event that (g“’l,X”’l) # (0,0), the set

745 ~ B(Z%1,1/2) stochastically dominates C(X ™!, ¢/4) under P)g({jl. Hence, by Lemma
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which applies due to ([7.13), and by choice of ¢}, below (7.12)), together implying that
B(X"!,4/4) = Gk, we obtain for all s small enough that

Q(GY) > EQ[PYE, (capg, (C(X™,£/4)) > s )1{3z € §': B(z,4/4) n T # )]

(7.17)
> (1- cexp(—c’sil/”))(@(fl ze 8 Bz, 0/4) nT"Y £ &).

Let Ifi c ﬂ’l(c T%1) refer to the killed-surviving interlacement set corresponding to Z%!, see

below (7.4). By definition, Z" ’Jlr comprises the range of all trajectories in a Poisson process of

intensity w/f{+, and if I”i’}r # (J, we have that 7% A 8inB\/;é # (f. By definition of S’, see

below (7.13), this means in turn that there exists z € S’ such that B(z, £/4) n T % 5. Now,

Lemma [7.2| implies that the number of trajectories in the process underlying Zﬁ’}r is a Poisson

variable with parameter ucapg(K ). Thus, returning to (|7.17)), we infer that for sufficiently small
sp € (0,1) (henceforth fixed),
(7.18) Q(G,,) =

Q(3ze 8t Bz, t/4) n I % @) = ~ (1 —exp (— ((pa)*/4)capg(K))),

N~
N =

where we used u = (pa)?/4 in the last equality.
We now bound Q(G | Z%!) on the event G, cf. (7.16]). By (L.16]), our choice of Ny, see above

(7.14), and of o', see above ([7.12)), we have, for all k > Ny,

1 1 1 Vo' —1
(T19)  d(@,0) > —dy(0r,0) > —dn(an, . 0) > ——d(an,,.0) >

0=yl = eyl
C2C9

C2C9

In view of (7.19), (7.13) and since o > 2v by assumption, Theorem (with, say, up = 1)
applies with R = ¢ and any z € P (note also that K < By < By for any / satisfying (6.12))).
Thus, using (5.2)) and the bound |P| < ¢r/¢, for any r, ¢ satisfying (6.12]) we obtain that

(5-4),(5.7) y gk ,
(7.20) QGF | T1)1y, EUED ot | (et e,

Finally, choosing ¢ as in ([6.19), since u = ca? and by (1.24)), we find that for all M > 1,

T\ 2v+1 r 1r
rzem(logl) <l
u c og ¢ T
whence both terms on the right-hand side of ((7.20]) tend to 0 as M — oo. Hence choosing M > ¢’
large enough, we can arrange for Q(G* \I“’l)lgzso < 1. Combining this with (7.16), (7-18) and
noting that the present choice of ¢ implies r = (10c13 v o’)¢, as required by (6.12), under the
condition r = c19€ and a < ¢, we obtain ((6.20]). [

8 Denouement

Combining the upper and lower bounds derived in Sections [4 and [6] respectively, we now com-
plete the proof of Theorem [I.4] and explain in particular how to adapt the arguments from
Section |§| which yield a lower bound for 1, to deduce similar bounds for 1Z and, importantly, 72",
cf. (1.45) and (1.20) for their respective definitions. The proofs of Theorem as well as those
of Corollaries [I.5] and [I.6] are presented at the end of this section.

Proof of Theorem[I.]]. The proofs of (1.25) and (1.26) appear in Section [4| (following Re-
mark . As we now explain, the lower bound (1.27)) follows from Proposition First

observe that the condition o > 2v (with « from ([V,,))) appearing in Proposition always holds
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when v = 1 due to (1.18). Now, in view of ([1.23)), the proof of which is given in Remark [4.4111)
the condition (6.1]) holds with ¢(r) = c(logr)'/? when v = 1 and thus the asserted lower bound

follows from when r > ¢(a)(log&(a))® and |a| < ¢, for any choice of ¢g € (3,1). In
the near-critical regime r < &, the lower bound follows from (4.13) with the choice t = 1
(see also Remark for an alternative approach). Finally, in case 1(0,7) = /2, Proposi-
tion applies with ¢(r) = ¢ (cf. ) and gives for all r > ¢, which is complemented
in the near-critical regime by means of with ¢t = ¢ sufficiently large, thus yielding overall
that holds for all > 1 and |a| < ¢.

Note that Proposition also provides an alternative proof of the lower bound in
in the regime r/§{ > ¢. This is relevant for pending adaptations of this proof to deduce the
corresponding lower bounds for 7', for which the easier arguments of Section || are not available,
cf. Remark . We return to duly discuss matters around 7" further below.

We now turn to the bounds on the truncated two-point function 71" asserted as part of

Theorem The (analogues for 7" of the) upper bounds in (1.25) and (1.26)) are detailed in
Remark [1.4][1)] It remains to explain how to adapt the arguments of Sections [f| and [7] to obtain
the desired lower bounds on 7. We highlight the significant changes.

Assuming (G,), (Va)), (L.15) and d = dg — the latter renders (L.16]) superfluous — to hold,

and for v € (0,%), we will argue how to deduce lower bounds similar to the ones in (6.2)) for 7*
under the assumption (6.1]), from which the analogues of ((1.27)) and of the lower bound in (|1.25))
for 7% will then be deduced. We focus on a > 0 as the remaining cases follow by symmetry.

Defining K¢ (x) similarly as in (2.18) to be the connected component of z in {¢ > a}n B(x,§),
by the FKG-inequality and Lemma [6.2| we get for 0 < a < ¢ that

(8.1) P(cap(K¢) = c17€”, cap(KE(x)) = c17€6”) = € q(€) 2 exp (—cq(€)).

Let r = d(0, x). For all compacts K < Eg and K' < E(m,f), consider (cf. (6.11))

there exists a continuous path 7 in B(0,7) from K to K’
A(K,K' a,r) = { with ¢, = —pa for all z € m n ((B(0,06)\K) U (B(z,cé)\K"))

~

\
and @, > pa for all z €  ~ (B(0,7)\(B(0,0¢) U B(z, 0€)).

One easily verifies that still holds when adding {cap(l%g(:n)) > 17"} in the indicator
function, replacing ¥ (pa, r) by 74 (0, z), g~l€g by §,€au,€a(x) and A(/Eg, a,r) by A(/Eg, l%g(ac), a,r).
Next, one repeats the sausage construction around 1} (in which the path 7 is eventually
built) but replacing the geodesic v = (0 = o, y1, . .. ) originating in and considered above
by a geodesic y joining 0 and z. One then sets L] = (£} U B(z,0'0))\B(z, o).
With this setup, an analogue o for A(K, K',a,r) holds when replacing EN’K by Eg . One
=

then proves an analogue of Lemma|6.3|for the quantity supy g capg (Eg) with the supremum

ranging over compact sets K < Eg and K’ c é(ﬁ,f), which yields the same upper bound as
in . The proof is similar and relies on Lemma applied directly to K u K’ (instead of
K). Note to this effect that L] has the required “insulation” property, i.e. any unbounded path
starting in K U K’ intersects Z’g’

Next, one shows under the assumptions of Lemma [6.4] that

(8.2) Pi’Z“K' (A(K,K',a,7)) = ¢(1 — exp(—c(pa)*cap(K))) (1 — exp(—c’(pa)?cap(K"))),

for all compacts K E(O,f), K < E(w,{), which replaces (6.20). Here the measure Pagfg VK

refers to the free field on C:KU k', shifted by 2pa in the region ZZ and extended harmonically
outside (with a Dirichlet boundary condition on K u K’). We return to the proof of (8.2
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shortly. Combining the above results, following the line of argument leading up to (6.22), one
deduces that if (6.1)) holds,

(8.3) Toa(0,2) = E77q(6) % exp {—Eq(f) - W} for all a € [-&, @] and r = ¢,

the only difference between and coming from the discrepancy between the bounds
and (8.I). In view of (L.21)), if r/¢ is large enough then £ < 77(0,z), and yields
lower bounds for 7 similar to (6.2).

This readily translates into lower bounds for 7% akin to when v < 1, a € (0,¢21)
and 7 > c92€(a), and when v = 1 and to r 22 &(a)(log&(a))®. Moreover, when v < 1,

a € (0,c91) and 79 < 1 < ¢226(a), where 79 = 022051;, defining b > a such that r = c22£(b) one
obtains for 7 > ¢ (whence b < ¢21) that

7o' (0,2) = 7,7(0,2) = 75"(0, z) exp(—ca(r/(b))") = eg"(0,2) = e7g"(0, z) exp(—ca(r/&(a))").

Finally, the analogue of for (0, z) when 7 < rg and a € (0, cg1) is trivial.

Let us now go back and comment on the proof of . We proceed similarly as in the
proof of Lemma but take u = (pa)?/6 and split the interlacements Z3* on Gx k- into three
independent interlacements Z%!, Z%2 and Z%? instead. We then define S, and S’ similarly as
around but replacing all the balls centered at 0 by balls centered at x, and let

G =Gn {zﬁv” A T2 A U B(z,0/2) # @},

zeS},

with G given by and where Z%%* is the set of of vertices hit before their first exit time
of B(z,0'f) by any trajectories in the interlacement process associated to Z%3 whose backwards
parts are killed on K’. Then under a coupling Q operating on the cable system Gk, the event
G™ implies that K < K'in {p > —pa}n(LeuB(0,0"0)UB(0,0"0)) "G kv, and so its probability
is a lower bound for ]P’ffZUK' (A(K, K’,a,r)). To bound the probability of G, we then proceed
as in (7.16)—(7.20)), but now conditioning on Z*! and Z"*, and adding the event G/, (z) = {3z €
St cap(Z“** A B(z,0/2)) > sof”}. The probability of the event G',,(z) is bounded from below
as in by a constant times the probability that 743 A U.cer B(2,0/4) # &.

It remains to argue that this term and the one corresponding té G;O produce the two factors

present in . Since d(z,y) < d(z,K) for all y € Uzesg B(z,4/4), ﬁ,3,z N Uzesg B(z,0/4) # &
as soon as Z%3 contains a trajectory whose backwards part is killed on K’ but forwards part is
not killed on K’. In order to determine the average number of such trajectories by means of ,
we introduce long one-dimensional chains on the boundary edges of K. These chains absorb the
effect of the Dirichlet boundary condition on K and present the advantage of giving rise to an
augmented graph which is completely massless (and to which Lemma applies).

Specifically, we define a discrete set K, as in Remark 2.1 in 28], see also Remark 2.2 in [13],
which contains for each cable touching K an infinite sequence of vertices converging to K. Adding
Ky to the vertex set Gi defines a new graph G’ def. g}’?, see Lemma 2.1 in [13], so one can
view Gk as a subset of G’ and the killing measure vanishes on G’. Since G, = QII?S 5 (see below
for notation) one can then see Gik as a subset of g}{,, and the trajectories on g}(, can
only be killed on K’ (and not K). The number of trajectories in Z%3 whose backwards part are
killed on K’ and whose forwards parts are not is then equal to the number of killed-surviving
trajectories for the interlacement on G, which by and Lemma is a Poisson random
variable with parameter ucapg (K') = ucapg (K'), see (2.16) in [13]. Using the inequality
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capg (K') = capg(K’), we obtain that

Q(G’SO () = c(l — exp(—ucapé(K’)).

A similar result holds for the event G , but replacing K’ by K, and since G, and G’ (z) are
independent (8.2) follows. O

We now first prove Theorem which also directly relies on the findings of Sections

Proof of Theorem[1.7]. Assume that v € (0, /2] and recall the definition of £, from A
change-of-measure similar to - ) but dlrectly for the unconditioned Gaussian free ﬁeld on Q
gives, for all 0 < a < ¢ and r, ¢ satisfying (6.12)) (with ¢’ = 1),

~ - 5~ 2a2caps(Ly) + 1/e
(8.4) Y(a,r) =P9(A(a,r)) = Pg A(a,r)) exp{ — A
(Ala,r)) = By (Ala,r)) exp ¥ (Ao

where g(a ) = {Bg(a) Z% OnB, } and 24 a0 oW corresponds to the measure from with
def.
K =

(¢z+2a) 7, under PY. One then estimates capg(Ly) and chz,e (A( a,r)) separately. The relevant

upper bound for capg(ﬁg) (which replaces Lemma has been derived in ((7.10). The analogue
of Lemma [6.4] in the present context is the claim that, with

' [(log §)2(1og 2)]11/.1{01—21/}7

which extends the definition (6.19)), for all 0 < a < ¢ and r/§ > ¢(log & ) Ha=2v}

L, and —2a in place of a. Thus, in particular, (p.) Z, under IP’g has the same law as

2v+1

(8.5) 0= Mg(log 2)

(8.6) P, (A(a, 1)) = c.

Assuming to be true, follows in a regime 0 < a < co3 and r = c24€(log 5) =20}
using , the upper bound on capg(ﬁg) (with ¢ as above) and much in the same way
as (6.2)) is derived below Lemma with small modifications in case o = 2v. In case a > 2v,
the regime where holds extends to all » = 1 by reducing the region of a to the interval

0 < a < ca3cy,®. For such a, and € < r < e (the case r < ¢ is trivial, cf. (1.45)), one picks

b > a such that r = c94£(b) (note that b = (0247“*1)% < c2,a < c93) whence

P(a,r) = d(b,r) > Eexp (= ca(r/E(H) log((r/E(h)) v 2)7) > 2,

as desired. Finally the case a < 0 in ((1.46) follows by symmetry, as explained at the end of the
proof of Proposition [6.1]
It remains to explain how to adapt the proof of Lemma to obtain . We replace the

event G from (|7.15)) by
NZ,T

={Beay nI" # B} 0 ﬂ ({LocUniqy, o(zx)} 0 {Z" ~ B(ak, £/2) # &}) for u = a’/2.
k=0

Then under the coupling Q from (1.32)), the event G implies that Bg,) is connected to
Om B, in K™% n Ly, and so its probability is smaller than ]P’gg(g(a,r)). We thus only need
to show that Q(G) = ¢ in the relevant regime of 7/6. When a < 2v, the bound Q(G) > ¢
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follows for r/£ > ¢ by Combining and Theorem [5 wh1ch yield a similar bound on @(GC)

as the upper bound in , and notlng that ucap(Bg > ¢ by (1.24] - and - When
« = 2v, the analogue of the first bound appearmg below 0) (which eventually guarantees

that Q(G°) < c < 1) becomes uf”(logf)=2 > (10 (log€)2”Jrl due to the presence of the
logarithm in The additional factor present in in case a = 2v Compensates the term
(log ¢)~2. Then . follows upon observing that the condltlon r = ¢l with £ as in is met
when o = 2v and r > cf(logf) .

Finally, one can obtain lower bounds similar to but for

(8.7) 27(0,2) L P({B(0,£(a) < B, £(a)\(B(0,£(a) <5 wo}).

by changing the event A(a,r) appearing in (8.4) into {B(0,£(a)) <% B(x,&(a))} and adapting
the above arguments. We omit further details. O

Remark 8.1. 1) In case o = 2v, the attentive reader will have noticed that the condition

> c£(log §) Ha=2v} appearing above (as well as the corresponding one in ((1.46]))
can in fact be replaced by the requirement that r/¢ > c(log 5)%(log log )¢, for large c.

Along similar lines, the conclusions of Lemma [6.4] can also be extended to include the case
«a = 2v with the choice of ¢ from 7 thus yielding (and ) for the same regime
of r/¢. However, the (best-possible, i.e. with ¢(r) = ¢) resulting estimate in Proposition [6.1]
is implied by . This is ultimately due to the additional presence of the logarithm in
Theorem 5.1 when o = 2v.

2) When «a < 2v, one could proceed as in the above proof of Theorem [1.7] - by taking ¢ =

a % (logaﬁ 7“) | log a\c for suitable choice of ¢, ¢ (cf. - In view of ( -, one can
then show that the conclusions of Lemma [6.4] still hold for this choice of ¢, which leads to
(note that Lemma holds for any value of v > 0)

2(8— V+1

(8.8) 1;(@,7“) > exp{ — cua rlog(a 2/67“)C| log a|cl},

if a > 0 and ra??/|logal®’ is large enough. Proceeding similarly as in (T.49), the best
result one could hope to obtain is thus v, € [w, 2] when a < 2v. This lower bound
would however only be of interest when 8 — v +1 > 0, that is « > 2v — 1, and a < 2v

(which e.g. is never the case of Z¢, d = 3; it would require d € (4, 5)).

3) Let us explain why one needs to assume that holds when v > 1 to obtain lower
bounds as in . Suppose that and hold for some distance d and some v < 1
and o > 2, and let d, = d° for some b < 1. It is easy to check that dp is a distance, and
that (G,,) and (V) hold for d, with v, = v/b and a; = a/b. Let us define Uy as in (L.45)),
but for the distance dp. It then follows from for the distance d and a union bound
that (note that (1) = 1)

p(1,7) = P(1,7%) < cexp (=), r=1

In particular, ((1.46|) cannot hold for the distance d, when b = v, that is 1, = 1 nor when
b < v, that is v, > 1. The only hypothesis which is not verified for the distance dj is ((1.16)).
Note that (|1.25)) is however equivalent for the distance d and the distance d, when b > v,
that is vy < 1.

With the full strength of Theorems and at our disposal, we proceed to show their
corollaries. We begin by comparing the results of Theorem with the expected two-sided
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estimate (1.47)), thereby relating & from ((1.24) to the quantity & defining (1.47). By (1.25)), if
. holds for some v < 1 then so does (1.47) with f,(¢) = t¥ and £ = £, with £ as in ((1.24)).

Although - is not fully determined for larger values of v by Theorem [1.4 -, the upper bounds
on ¢ from (|1.26)) and the lower bounds on 1/} from (|1.46)) are already sufficient to obtain rigorous
information about ¢, in the following sense.

Corollary 8.2. If (G.), (Va), (L.15), (L.16) and (1.47) hold, then for allt > ¢’ and |a| < c

(59) Flt) = oy md €(a) = (@), if v = 1.
(8.10) fu(t) =t and (lmgfca% <€(a)<da™? ifl <v<a)/2

with the convention cg = 0 if v < /2 (cf. (1.46))).

Proof of Corollary[8-2 If v = 1 and (1.47) is verified, then fixing a = ¢, it is clear from ((1.20])
and (1.27)) that f,—1(r) =< r/log(r) for r > ¢/. Now (still assuming (1.47)) (1.26)) implies that

1
¢(a) < ca™? o8(r) la| >0, r > 2.

log(r) —log(¢'(a))’

Taking the limit as r — 00, we obtain ¢’(a) < ca™2. Finally, (1.27) directly yields ¢/(a) > da™.

Let us now assume that v € (1,a/2] and ({ - is verified. On account of (L.16), one can
lower bound v(1,r) by the probability that the cable corresponding to each edge along a path
from 0 to 0, B(0,7) of length at most cor for the graph distance is entirely included in {p > a},
and so by the FKG-inequality (and using e.g. (1.6)), it follows that #(1,7) > exp(—cr). This
implies directly that f,(r) < r. Moreover, with @ = 1 implies that fl,( ) = cr and
&(a) < da=2. For the reverse inequality, combining the FKG-inequality, , G,)) (to obtain
that ¢ < E[p?2] < ¢ for all z € G) and (L.6), we have the (crude) bound

—2a/v

(8.11) ¥(a,r) = P(Beay = Kd(a,r) = (e25)°* " P(a,r),

valid for all 0 < |a| < 1. Therefore by (1.46) and ( we have, for all 0 < |a| < ¢ and
r = ¢(a)(log&(a ))3/” (and even all r > 1 When v < a/2)

(8.12) ¢(a) = [c& " (a)(logr/&()" (log £(a))* + ¢ log(1/eas)a 2/ r 1],

from which £'(a) = c&(a)/|loga|"+e follows upon choosing 7 = ca=2(@+1)/¥ which satisfies
r = €(a)(logé&(a))®” as required in order for (T.46) to apply. O

Remark 8.3. As implicit in the previous proof, some care is needed for large values of a, i.e. when
a reaches the size of typical fluctuations for the local observable ., and this may affect the
behavior of ¢’(a) in in this regime. Indeed, refining slightly the lower bound above
by using the Gaussian tail estimate P(X > z) > cxLe™"*/2 valid for z > 2, where X is a
standard Gaussian variable, one obtains that 1(a,r) > (ca te=¢*")" whenever a > 2,/g and for
all 7 > 1 Where g = Sup,eq g(x, x), which is finite under . Together with the upper bound
from ([1.26)) this yields in case v > 1 that

(8.13) —r~Yloge(a,r) = a® as r — o0, whenever a > 2/ !

On the basis of Table [T see p. [0} and the conjectured mean-field behavior for large values of
v, one may expect these asymptotics to fail when a « 1, and (8.13) represents an obstacle in
obtaining any improvement.
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Next, we turn to Corollary [I.5 which will quickly follow from the following result, the proof
of which relies on the bounds for 7" derived in Theorem

Proposition 8.4 (v < 1).
(i) If (G.), and (1.15)) hold, then with ¢ = (a — v)1{r = 1},

(8.14) E[|K*1{|K?| < o0}] < c|a| T 2og(|a| 7t v 2)8, for all a] < ¢
(i) If in addition d = dgy, then with & = ¢ - 1{v = 1} (< 1/2),

(8.15) E[|K1{|K?| < o0}] = ¢|a| 5 +2e~180 ™) for il |a| <
(with the convention that the right-hand side is +00 when a = 0).

In particular, if 1(0,7) = r~*/2, then (8.15)) holds with & = 0, cf. below (T.27).
Proof Let f(r,a) = exp( 65(1"/5( ¥ /log(r v 2)1"=1}) if v < 1. Tt follows from the versions of

and (| - ) for T, and . ) that for all a € R,
E[[KC1{|K%] < oo}] = D 77 (0,2) < e+ ¢ Y] d(0,2)7" £(d(0,),a).

reG z#0

Therefore, using we obtain that

E[IK{[K| < o0}] < e+ Z 27" £(2", )| B(0,2"1)\B(0,2")|
(8.16)

0

<c+ 2 2" £(2" a) < e+ f M) p (2t a)dt
n=2

0

where we used that 2(@=¥) £(2", ) < 2+ D(@=v) £(2t g) for all t € (n — 1,n] in the last inequality.
Substituting u = 2¢/(& log(¢ v 2)1¥=1) with ¢ = £(a), the last integral in (8.16)) is bounded from
above by

(8.17) c(g(a) log(£(a) v 2)1{u=1})a7,j JOOO u* " Lexp {_C5uy<log>(gcf§(2);/3)2))1{u—1}} du.

Since log(&(a) v 2)/log(cué(a)? v 2) = ¢/ /log(c"u v 2) and a — v — 1 > 1 by (1.18)), the integral
in (8.17)) is upper-bounded by a finite constant uniformly in a for all 0 < |a| < 1. Combining

this with (8.16)) and ((1.24)), (8.14)) follows.

To deduce (8.14), one proceeds similarly as in (8.16]), using instead the lower bound from
(1.25) (for 7'*) when v < 1 and (1.27) when v = 1, along with (1.21]) and (G,)), to find that

(8.18)
E[|K|1{|K?| < o0}] = CJ 2He=V) F(2t a)1{2! > d€(1 v (log &)%)} dt, for all 0 < |a| <
0

where f(r,a) = exp(—ca(r/E(a))”/log((r/E(a ).V )= and & = ¢5- 1{r = 1}. Fora = 0
(8-18) holds without indicator function. Since f (7“ 0) =1and a > v, 1) immediately yields

E[|K°1{|K% < o0}] = c0. For 0 < |a| < ¢, substituting v = 2!/£(a) in (8.18)) and recalling (1.24)),
(8.15) readily follows. O

Proof of Corollary[I.5. The assertion ((1.29) follows immediately from (8.14]) and ({8.15]. O
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Remark 8.5. 1) Further to |K?), one can consider a coarse-grained (renormalized) volume

observable |K%|;en, which is instructive. Assume that , , and d = dg hold,
and let L, 3 0 be a lattice in G at scale { = £(a) for a # 0. That is, | J,o, B(x,§) =
and d(z,y) = c€ for any pair of points x # y € L, (see Lemma 6.1 in [I1] regarding their
existence). Then let

(8.19) Ken € Y 1{B(0,€) <% B(x,€)}, a#0.

z€Lg

In view of (8.7)), one has that E[|K%)enl{|K%ren < 0}] = ZIE]L 7(0, z), and following
the arguments leading to the lower bound (8.15) but using (/1 in its form for 7% rather
than (1.27)), one finds when 0 < v < § that

o0
(8.20) E[|K ren1{|K ren < 0}] = cf v e du, for 0 < |a| < ¢

1
(note that the integral is roughly I'(«v), where I'(-) denotes the Euler-Gamma function).
Comparing with the derivation of , the constant order lower bound (uniform in a!)
in may a-priori suffer from the absence of a correct pre-factor corresponding to
“Ntr(O :U)” in . But on account of (8.4 -, such a pre-factor is expectedly of order unity
uniformly in x, essentlally because

lim inf inf IP’( (0,&(a)) =5 B(z,&(a))) = ¢
al0  zeG
by a similar argument as in . Overall, is thus plausibly sharp, and it intuitively
signals that the length scale needed to correctly measure |K%| on the event {|K% < oo}
extends to (a few units of) scale &, but not beyond. This is further confirmation of £(a)
in ([1.24]) as a correct lower bound for the correlation length in this problem. We refer to
Remark for similar considerations in case a = 2v.

Assume , , (1.15f ) to hold for some v > 1. Then proceeding similarly as in the
proof of Proposmon 8.4{(i) one can use the version of - for 7i7(0, z) to prove that

E[|K[1{|K?] < o0}] < ela]72@™¥), for all |a| < ¢ and v > 1.

This yields the upper bound 7 < 2(a — v), where 7 (resp. 7) is the limsup (resp. liminf) of
the right-hand side of ((1.29)) as a \, 0 or a " 0.

Now assume additionally that d = dg and v € (1,/2). One can adapt the proof of
Proposition [6.1]as in the proof of Theorem 1.4]to obtain that, under (6.1, with r = d(0, z),

tr CT_
T (0,2) >

Proceeding similarly as in the proof of Proposition (ii), one then readily deduces that

exp{ c(r/&)log(r/g(a))™ — c’q({)} for all a € [-&,&] and r = &"¢(a).

E[|K1{|KY| < 0}] = c]a\ v T2 exp(—dq(€)), for all |a] < ¢ and v € (1, 0/2).

In particular, if (6.1]) hold for some function ¢ verifying ¢(r) = o(log(r)), r — o0, this yields
the lower bound v > 270‘ —2.

Finally, we present the
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Proof of Corollary[1.6. We first note that

P(K°| > n) < P(rad(K°) = n#=7) + P(K° A B(0,n%7)| > n)
(8.21) v 1{r=1} 1 0 2
<en Z2-vlog(n)” 2 + —E[IK” n B(0,n2)]],
n

where in the second line we used (1.23]), as well as Markov’s inequality. Moreover, by ((1.21)),
(G.) and (Va)), we have (recall that B, = B(0,r)),

ln2/(2a—u)J
2
E[[K° A B(0,n=7)]< )| ¢k ¥|Bi\Bip1|
k=0
Dy— 10g2( ) 2(1%1032(”) o)
<c 2 Z P YIB\By | <c Y, 27Tk <epTan
p=2k—1 k=1
Combining this with (8.21)), we obtain ([1.43]). d

A Appendix: An enhanced change-of-measure formula

An essential tool in obtaining lower bound on various probabilities for the Gaussian free field
has been a certain change-of-measure formula, see [5], [35], [I5] or (6.17) for instance. In this
appendix, we present another version of this formula when stud mg events only depending on

the cluster K from , Wthh is useful in the proof of Lemma Recall the definition of IC“
for a compact K from , and the definition g = ¢(0,0) from below

Proposition A.1 (under (1.8). Let K < G bea compact set containing 0 and B < 25 be such
that the events {K% () € B}, a € R, are measurable. Then for all a € R and b > 0,

St & v _ 2b(1+ (a A 0)cap(K))
(A1) IP’(/CK+ c B) > ]p( % € B) exp{ 5 cap(K) \/%IP’(I@( c B) }

Proof. Let A(h) = {K € B} for all h € R and P_;, be the measure defined in ([2.11). By Jensen’s
inequality, one has

P(A(a + b)) dP_,\ ' 1{A(a + b)}
o6 (5 e+ )~ (E‘b [( F) Paidas b))])

() 0|

(A.2)

Now since ¢ + h® has the same law under P as ¢ under P_;, one has P_,(A(a + b)) = P(A(a))
and hence, in view of ([2.11)),

2
) E_, [log (dfp ) 1{A(a + b)}] bE_, [Mr1{A(a +b)}] — %cap(K)P_b(A(a +b))

2
= bE [Mi1{A(a)}] + %cap(K)IP’(A(a)).

We will now rewrite the expectation in the second line of (A.3)), and we start with the case a < 0.
Using E[Mk] =0 (cf. (2.7))), we infer that

E [MKl{A(a)}] =—-E [MKl{A(a)c, o = a}] —E [MKl{A(a)C, ©o < CL}] .
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We now introduce a conditioning on AEQ in the first expectation on the right-hand side and
K
notice that A(a)® n {¢g = a} € A%a . Analogously, within the second expectation we condition
K

on AE%} and observe that A(a)¢n{py < a} € AEQ)}. As a consequence, by (2.19)) and the equality
E[Mk | .AEFO}] = My, we deduce using (2.16)) that

(A4)  E[MgI{A@)}] = ~E[Mg, 1{A(0)’, g0 > a}] — E[Mo1{A(a)", g < a}].

Since ¢ > a on the support of eg, , we further infer that on the event {¢g > a}, by (2.2) and
K
[2.7) (cf. the derivation of (2.17]) for a similar argument),

(A5)  E[Mg, 1{A(a)*, ¢0 > a}] > aE[cap(K%)1{A(a)°, po > a}] = aE[cap(K%)1{i > a}],

Where we took advantage of the assumption a < 0 to deduce the last inequality. It finally follows

from (3.12)) and ( - ) that

(A.6)
]E[Cap(lg%)l{cpo = a}] S E[cap(ﬁ“)l{ﬁ“ is bounded, po = a})] + cap(K)]P(/Ea is unbounded)
= f_(C;) + (1 = 2®(a))cap(K) < \/217(1 + 2acap(K))

Combining (A.2)) with (A.6) and the inequality E[Mgl{gpo < a}] = —(2mg)~ /% (which follows
by simple integration since My = ¢p/g), we obtain when a < 0. Suppose now that a = 0.
Repeating the arguments leading to (A.4]), since M Ra > 0 on the event {¢g > a}, we have that

E[Mg1{A(a)}] = E[ Mg o 1{A(a )} <E[M ga H{po = a}] + E[Mol{po < a, A(a)}]
A.
A1) < E[Mk1{po = a}] = E[Mol{po > a}] < \/21779’

where, in deducing the inequality in the second line of -, we used the fact that E[My1{yp <
a, A(a)}] = E[Myl{po < a}] < 0 in case A(a) > {K% = @&}, and E[Myl{po < a, A(a)}] = 0
otherwise. Thus, (A.1) follows from (A.2)), (A.3]) and (A.7)) for a > 0. O

Remark A.2. 1) The identity - typically i 1mproves the usual change—of—measure formula,
see for instance below (2.7) in [5], cf. also above, when b and IP’(IC% € B) are both
small. For example, under (G,|) and (1.15)), assuming that a = 0, K = B,, and considering

the event B = {r < rad(k?)}, we infer using (A1), (1.22) and (5.7) that under (G,)), for
allb> 0,

b
¥(0,7)

P(b,7) = (0, 7) exp ( — cb?r¥ — ) > (0, 1) exp(—cb’r” — br?/?)

> (0, 7) exp(—cb*r).

This is a simple proof via the change-of-measure formula of the lower bound in ([1.25)) when
v <1, and of (4.13]) when r < &(b).

2) Another application of the identity (A.1)) is a bound akin to when o = 2v, but for 7
instead, see , which is weaker but Vahd in the whole regime r > £. Assume and
(L.15) hold and fix some a > 0 and x € G with r = d(0,z) > 10¢(a). Proceeding similarly

as in the proof of ( ., we split Z3% into three independent interlacements I“ 4 Tw2 and
73, with u = a2/6, and denote by G,(0) the event that the set of vertices """ hlt by any
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trajectories of Z%! between their first hitting time of B(0,£(a)) and their subsequent first
exit time from B(0,r) has capacity at least sr”/log(r). We call G’,(z) the same event but
for the the set of vertices Z>" hit by any trajectories of %3 between their first hitting time
of B(x,&(a)) and their suceeding first exit time from B(0,r). Under the coupling
one knows that B(0,&(a)) is connected to B(z,&(a)) in {¢ = —a} n B(0,tr) whenever
the intersection of the events G/,(0), G%(z) and {Z""" « Z*" in T%2 ~ B(0,tr)} occurs.
Using the bound ucap(Be(q)) = ¢, see and with K = ¢, and Lemma
one readily sees that there exists s > 0 such that the probabilities of G%(0) and G’(z) are
of constant order. Taking ¢ > 0 large enough, it then follows from Lemma 4.3 in [I1I] that

]P’(B(O,§(a)) < B(z,£(a)) in {¢ = —a} N B(O,tr)) > c(l — exp(—c’aQr*”(sr”/Iogr)z))

Sef1a 2

“O ()2 )
Hence, for all a € (0,1) and = € G with r = d(0,z) > 10{(a), it follows from (5.7) and
(A1) with K = B(0,tr), as well as the inequality a < 1 A (a?r” log(r)~2) that
(A.8) Ta(0,2) = c| 1A ﬂ exp(—ca®r”)
| O g2 ) |

The same bound for a < 0 also holds by symmetry. The bound is worse than
as 7 — o0, but has the advantage to be of logarithmic order when r = . Recalling the
definition of |[K%|;en from , similarly as in (8.20]) it then follows from and the
inequality a?r”/log(r)? = 1/log(¢)? for all r > £, that when a = 2v,

c

o0
E[|Kren1 {|K%|ren > | v e du, f <e
[ ren{| K |ren < 0}] log({)QL v e v, for 0 < |a] < ¢

assuming (G,}), and (|1.15) hold. This further confirms that £(a) in (1.24) is a lower

bound for the correlation length when o = 2v (for instance when G = Z*), up to logarithmic
corrections, as indicated in (8.10]). A similar approach when o < 2v recovers (§8.20]) without
the assumptions d = dg, or ((1.16).
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