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Abstract

For lattice systems of statistical mechanics satisfying a Lee-Yang property (i.e., for which
the Lee-Yang circle theorem holds), we present a simple proof of analyticity of (connected)
correlations as functions of an external magnetic field h, for Re h 6= 0. A survey of models
known to have the Lee-Yang property is given. We conclude by describing various applica-
tions of the aforementioned analyticity in h.

1 Introduction

Approximately sixty years ago, while studying phase transitions in certain types of monatomic
gases, Lee and Yang were led to investigate the location of zeroes of the (grand) partition function
of such systems as a function of external parameters, in particular the chemical potential, as the
thermodynamic limit is approached [16]. At first sight, obtaining information on the location
of these roots appears to be a formidable task. Yet, for a classical lattice gas with a variable
chemical potential equivalent to the Ising model in an external magnetic field, they were able to
show [17] that the distribution of zeroes exhibits some astonishing regularity: all the roots lie on
the imaginary axis (i.e., on the unit circle in the complex activity plane; see Theorem 1, below).
Their celebrated result was subsequently extended to plenty of further models.

In this note, we offer a short review of the present “status quo” regarding this so-called Lee-
Yang theorem (Section 2), and then sketch some applications, using some novel arguments. Our
main results can be found in Sections 3 and 4. Here is a brief summary. For simplicity, we consider
models on the lattice Z

d. With each site, x, of the lattice we associate a random variable (a
“spin”), σx, taking values in a measure space Ω ⊆ R

N , for some N ∈ N. The a-priori distribution
of this random variable is specified by a probability measure, µ0, on Ω. To an arbitrary finite
sublattice Λ ⊂⊂ Z

d, there corresponds a space, ΩΛ =
{
σΛ := {σx}x∈Λ : σx ∈ Ω, ∀x ∈ Λ

}
, of

spin configurations in Λ. Interactions between the spins are described by a potential, Φ, which
associates with every X ⊂⊂ Z

d a continuous function Φ(X) ∈ C(ΩX) representing the interaction
energy of all the spins in X. Given a finite set Λ ⊂⊂ Z

d, the Hamilton function or Hamiltonian
(with free boundary conditions) of the system confined to Λ is defined by

HΦ
Λ =

∑

X⊂Λ

Φ(X), (1.1)
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and the corresponding partition function at inverse temperature β > 0 by

Zβ,Λ(Φ) =

∫

ΩΛ

e−βHΦ

Λ
(σΛ)

∏

x∈Λ

dµ0(σx). (1.2)

By B we denote the “large” Banach space of interactions consisting of all translation-invariant
potentials Φ satisfying |||Φ||| :=

∑
X∋0|X|−1 · ‖Φ(X)‖∞ < ∞. It is a classical result (see for

example [28], Theorem II.2.1, or [24], Theorem 2.4.1) that, for Φ ∈ B and arbitrary β > 0, the
free energy density

f(β,Φ) := −β−1 lim
ΛրZd

|Λ|−1 logZβ,Λ(Φ) (1.3)

exists and is finite, where the thermodynamic limit is understood in the sense of van Hove.
In what follows, the potential Φ always includes a contribution due to an external magnetic

field, h. For example, if N = 1 the Hamiltonian is of the form

HΦ
Λ (σΛ) = HΦ,0

Λ (σΛ)− h
∑

x∈Λ

σx, where HΦ,0
Λ (σΛ) = HΦ

Λ (σΛ)
∣∣
h=0

, σx ∈ R.

For certain choices of (Φ, µ0) (see Section 2 for an overview), the partition function Zβ,Λ(Φ) is
known to be non-zero in the regions H± = {h ∈ C : ±Re h > 0}. This is the famous Lee-Yang
theorem.

The main result of this note can be formulated as follows. Assuming that the pair (Φ, µ0)
and the boundary conditions imposed at ∂Λ are such that the Lee-Yang theorem holds (and
under suitable assumptions on the decay of the measure µ0 at infinity),

the connected correlation functions 〈σx1
; . . . ;σxn〉

c
Λ,β,h are analytic in h and

have a unique thermodynamic limit analytic in h in the Lee-Yang regions H±,
(1.4)

where x1, . . . , xn are arbitrary sites in Z
d and β > 0; (see (3.2) for the definition of connected

correlations). The proof of this result is given in Section 3; see, in particular, Theorem 7. At
first, Λ is chosen to be a rectangle and periodic boundary conditions are imposed at ∂Λ. But
the result can be seen to hold for arbitrary boundary conditions for which the Lee-Yang theorem
is valid. Earlier results of this kind can be found in [12, 13], where the example of the Ising
ferromagnet is treated, and in [22], where the (quantum) Heisenberg model is studied. Our
methods enable us to extend (1.4) to systems of multi-component spins (N ≥ 2) satisfying a
Lee-Yang theorem, as discussed at the end of Section 3. Such systems include the rotor and the
classical Heisenberg model, with suitable ferromagnetic conditions imposed. Similar results (for
“Duhamel correlation functions”) can also be proven for certain quantum-mechanical lattice spin
systems.

In Section 4, we discuss some applications of (1.4) to classical spin systems and scalar Eu-
clidean field theories. Assuming that the magnetic field h is different from 0, uniqueness of the
thermodynamic limit of correlations for a large class of boundary conditions is proven, proper-
ties of the magnetization and of the correlation length are reviewed and some bounds on critical
exponents for the magnetization and the correlation length as functions of the magnetic field are
recalled.

2 The Lee-Yang theorem - a tour d’horizon

In this section, we present an overview of classical (and quantum) lattice systems for which a
Lee-Yang theorem is known to hold. For the sake of clarity, the models of interest are divided
into four groups.
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Ising-type models

These are one-component models (N = 1) with a Hamiltonian HΛ, Λ ⊂⊂ Z
d, given by

HΛ(σΛ) = −
∑

{x,y}⊂Λ

Jxyσxσy −
∑

x∈Λ

hxσx, (2.1)

where the first sum is over all pairs in Λ ,Jxx = 0, for all x, and Jxy = Jyx, for all x, y. Among
the best results concerning this class of models is one established by Newman [20], which is
summarized in the following theorem.

Theorem 1. If the pair interaction in (2.1) is ferromagnetic, i.e., the couplings Jxy satisfy

Jxy = Jyx ≥ 0, ∀x, y, (2.2)

and µ0 is an arbitrary signed (i.e., real-valued) measure on R that is even or odd, has the property
that

∫
R
ebσ

2

d|µ0(σ)| < ∞, for all b ≥ 0, and satisfies the condition

µ̂0(h) :=

∫

R

ehσdµ0(σ) 6= 0, ∀h ∈ H+ := {z ∈ C : Re z > 0}, (2.3)

then, for arbitrary β > 0, the partition function corresponding to HΛ in (2.1) satisfies

Zβ,Λ

(
{hx}x∈Λ

)
=

∫
e−βHΛ(σΛ)

∏

x∈Λ

dµ0(σx) 6= 0 if hx ∈ H+, ∀x ∈ Λ. (2.4)

The condition (2.3) is quite natural in that it requires (2.4) to hold for non-interacting spins,
i.e., Jxy = 0, for all x, y. (Clearly, (2.4) trivially implies (2.3).) Moreover, Theorem 1 continues
to hold if, at different sites of the lattice, different a-priori distributions are chosen, provided
each µ0,x, x ∈ Λ, satisfies the conditions on µ0 formulated above.

In the (physically most relevant) case of positive measures, Lieb and Sokal [19] have obtained
rather deep insights regarding the Lee-Yang property (2.4). In order to summarize salient features
of their findings, we introduce some further notation. For any a ≥ 0 and n ∈ N, let An

a+ be

the (Fréchet) space of entire functions on C
n satisfying ‖f‖b := supz∈Cn e−b|z|2 |f(z)| < ∞, for

all b > a. Given an open set O ⊂ C
n, we define P(O) to be the class of polynomials defined

on C
n that do not vanish in O. We denote by Pa+(O) its closure in An

a+. Given an arbitrary
distribution µ ∈ S ′(Rn) (the space of tempered distributions on R

n), we say that µ ∈ T n if, in
addition, ea|x|

2

µ(x) ∈ S ′(Rn), for all a > 0. A finite, positive measure µ on R
n is henceforth

called a Lee-Yang measure if µ ∈ T n and if its Laplace transform, µ̂, satisfies µ̂ ∈ P0+(H
n
+),

where H
n
+ = H+ × · · · ×H+ ⊂ C

n and H+ = {z ∈ C : Re z > 0}, as before.

Theorem 2. [19] If µ is a Lee-Yang measure on R
n, B ∈ Pa+(H

n
+) for some a ≥ 0, B is

non-negative on supp(µ) ⊆ R
n and strictly positive on a set of non-zero µ-measure, then Bµ is

also a Lee-Yang measure on R
n.

This generalizes Theorem 1 (for positive µ0). Indeed, first note that the product measure
dµ(σΛ) =

∏
x∈Λ dµ0(σx) with µ0 ∈ T 1 satisfying (2.3) is a Lee-Yang measure on R

|Λ|; see [19,
Corollary 3.3]. Let B be the Boltzmann factor corresponding to the Ising pair interaction in (2.1),

i.e., B(σΛ) = exp
[∑

x,y∈Λ Jxyσxσy
]
, with Jxy ∈ R. It is not hard to see that B ∈ A

|Λ|
‖J‖+, where

‖J‖ refers to the matrix norm of J = (Jxy)x,y∈Λ when R
|Λ| is equipped with the Euclidean norm.

One then finds [19, Proposition 2.7] that B ∈ P‖J‖+

(
H

|Λ|
+

)
if and only if Jxy ≥ 0, for all x, y ∈ Λ.
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Under this condition, it follows from Theorem 2 that the partition function Zβ,Λ

(
{hx}x∈Λ

)
in

Theorem 1 satisfies
Zβ=1,Λ

(
{hx}x∈Λ

)
= B̂µ

(
{hx}x∈Λ

)
∈ P0+

(
H

|Λ|
+

)
, (2.5)

which, by virtue of Hurwitz’ Theorem [1, p. 178], implies that (2.4) holds. Furthermore, (2.5)
says that B, the Boltzmann factor pertaining to the ferromagnetic Ising pair interaction, is a
“multiplier” for Lee-Yang measures.

The class of admissible measures µ in Theorem 2 may be further enlarged by specifying
some falloff at ∞, see [19, Definition 3.1], which amounts to requiring in Theorem 1 that∫
R
ebσ

2

d|µ0(σ)| < ∞, for some b > 0 only. In this case, (2.4) only holds for sufficiently small
β > 0, depending on the choice of {Jxy}; see [20, Remark 1.1] and [19, Corollary 3.3].

On a historical note, the road from the seminal article of Lee and Yang [17] on the Ising
model (i.e. µ0 = (δ1+δ−1)/2 in (2.4)) to the treatise [19] of Lieb and Sokal spanned almost three
decades, with important contributions by Asano [2], Suzuki [31] and Griffiths [9] (all concerning
discrete spins), Ruelle’s proof of a more general zero theorem [25] for Ising spins (generalizing
a contraction method first introduced by Asano [3]), and the work of Simon and Griffiths [29],
which, among other things, establishes (2.4) for dµ0(σ) = exp[−aσ4 − bσ2]dσ, with a > 0 and
b ∈ R. (This particular measure indeed satisfies (2.3), see [20, Example 2.7]. It arises in the
lattice approximation to the (φ4)2,3 Euclidean field theory, cf. [27], Chapters VIII and IX, for
which the Lee-Yang theorem is shown to hold [29, Theorem 6].)

One-component models with more general interactions

Next, we consider Hamiltonians of the form

HΦ
Λ (σΛ) =

∑

X⊂Λ : |X|≥2

Φ(X)(σX)−
∑

x∈Λ

hxσx ≡ HΦ,0
Λ (σΛ)−

∑

x∈Λ

hx(σx − 1), (2.6)

for one-component spins σx ∈ R, where we have added a constant linear in {hx} for later
convenience. Theorem 2 implies that if the Boltzmann factor Bβ(σΛ) = exp

[
− βHΦ,0

Λ (σΛ)
]
,

viewed as a function on C
|Λ| for fixed β > 0, belongs to Pa+

(
H

|Λ|
+

)
, for some a ≥ 0, then the

partition function Zβ,Λ

(
{hx}x∈Λ

)
corresponding to the Hamiltonian (2.6) satisfies

Zβ,Λ

(
{hx}x∈Λ

)
6= 0, for hx ∈ H+, x ∈ Λ, (2.7)

for any Lee-Yang measure µ0 as defined above Theorem 2.
If µ0 = (δ1 + δ−1)/2 (Ising spins), reasonably explicit results are known. The partition

function is then seen to be a multi-affine polynomial in the activity variables zx = exp[−2βhx],
x ∈ Λ:

Zβ,Λ({zx}x∈Λ) =
∑

X⊂Λ

EX(β)
∏

x∈X

zx, (2.8)

where EX(β) = exp
[
−βHΦ,0

Λ (σΛ |σx = −1, x ∈ X, σx = 1, x ∈ Λ\X)
]
. The Lee-Yang property

(2.7) then asserts that Zβ,Λ({zx}x∈Λ) does not vanish whenever |zx| < 1, for all x ∈ Λ. If HΦ,0
Λ

is invariant under σx 7→ −σx, x ∈ Λ (“spin-flip” symmetry), the coefficients satisfy EX(β) =
EΛ\X(β), for all X ⊂ Λ. In particular, if zx = z, for all x, this yields Zβ,Λ(z) = z|Λ| · Zβ,Λ(z

−1),
for all z 6= 0, and therefore Zβ,Λ(z) = 0 implies that |z| = 1. This is the Lee-Yang circle theorem.
Ruelle’s recent results [26, Lemma 8 and Theorem 9] yield the following theorem.

Theorem 3. Let Zβ,Λ({zx}x∈Λ) be any multi-affine polynomial of the form (2.8), with coefficients
EX(β) = EΛ\X(β) > 0, for all X ⊂ Λ, and all β > 0, that satisfies

Zβ,Λ({zx}x∈Λ) 6= 0, if |zx| < 1 ∀x ∈ Λ, (2.9)
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for all β > 0. Then Zβ,Λ is the partition function obtained by choosing Φ, in (2.6), to be an Ising
ferromagnetic pair interaction, i.e., Φ({x, y})(σx, σy) = −Jxyσxσy, for some Jxy = Jyx ≥ 0, and
Φ(X) = 0, otherwise.

This is a converse to the Lee-Yang theorem for Ising spins. Ruelle also shows that, for
general interactions Φ in (2.6) with spin-flip symmetry, the Lee-Yang theorem can only hold at
sufficiently low temperatures. (We refer the reader to [26] for a precise statement, and to [15]
for a concrete example; see also [4] for further results of this kind). To illustrate this point, we
consider the Hamiltonian (2.6) with

HΦ,0
Λ (σΛ) := −

∑

U⊂Λ: |U |=2,4

JUσ
U , where σU =

∏

x∈U

σx and JU ∈ R,

which has a pair and a four-spin interaction, and is invariant under σx 7→ −σx, x ∈ Λ. The
corresponding partition function Zβ,Λ(zΛ) is given by (2.8). Using the identities

∏
x∈U (1±σx) =∑

X⊂U (±1)|X|σX , for any U ⊂ Λ (the term corresponding to X = ∅ is understood to be 1),
which imply

pU (σU ) :=
∏

x∈U

1

2
(1 + σx) +

∏

x∈U

1

2
(1− σx) = 21−|U |

∑

X⊂U
|X| even

σX ,

one deduces that HΦ,0
Λ may be expressed in terms of pU (σU ) rather than σU . Indeed,

HΦ,0
Λ = −J̃0 −

∑

U⊂Λ: |U |=2,4

J̃U ·pU (σU ), where J̃U =

{
8JU , if |U | = 4
2JU − 2

∑
U⊂X⊂Λ: |X|=4 JX , if |U | = 2

,

and J̃0 is an irrelevant additive constant, which we may neglect. We note that, if σΛ is the
unique spin configuration such that {x ∈ Λ : σx = −1} = X, for some given subset X of Λ, the
quantity pU (σU ) vanishes unless U ⊂ X or U ⊂ Λ\X, in which case pU (σU ) = 1. It follows that

Zβ,Λ(zΛ) =
∑

X⊂ΛE
(2)
X (β)·E

(4)
X (β)zX ≡

(
Z

(2)
β,Λ∗Z

(4)
β,Λ

)
(zΛ) (∗ is called Schur-Hadamard product),

where Z
(k)
β,Λ(zΛ) =

∑
X⊂Λ E

(k)
X (β)zX , k = 2, 4, with coefficients E

(k)
X (β) =

∏
U⊂X or U⊂Λ\X

|U |=k

eβJ̃U ,

for all X ⊂ Λ. This ∗-product representation of Zβ,Λ is very useful, because it essentially allows

one to consider Z
(k)
β,Λ, k = 2, 4, separately, as we will now see. By [26, Example 7(d)], Z

(4)
β,Λ

satisfies (2.9) at temperature β > 0 whenever

βJ̃U = 8βJU ≥ ln 2 (or JU = 0), for all U ⊂ Λ with |U | = 4, (2.10)

i.e., at sufficiently low temperature, for given JU ≥ 0, |U | = 4. Similarly, one obtains from [26,

Example 7(a)] that Z
(2)
β,Λ fulfills (2.9) if βJ̃U ≥ 0, for all U ⊂ Λ with |U | = 2, or, equivalently, if

JU ≥
∑

X: U⊂X⊂Λ and |X|=4

JX , for all U ⊂ Λ with |U | = 2, (2.11)

which implies that JU ≥ 0, for |U | = 2, and also requires the four-spin interaction to be suitably

small as compared to the pair interaction. Finally, since Zβ,Λ = Z
(2)
β,Λ ∗Z

(4)
β,Λ, Proposition 2(c) in

[26] (see also [23, Corollary 2.15]; a crucial ingredient of the proof is a contraction method first
introduced by Asano [3, Definition 3]) yields that Zβ,Λ, subject to the constraints (2.10) and
(2.11), satisfies the Lee-Yang property (2.9), which is consistent with Theorem 3.
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Multi-component spins

For models of classical N -component spins, N ≥ 2, we denote the spin variable at site x by
σx = (σi

x : i = 1, . . . , N), (we use Latin superscripts to indicate the components). For N = 1,
the “Lee-Yang region” H+ is the region where the Laplace transform of the single-spin measure
does not vanish, cf. condition (2.3). An example of a suitable generalization to N ≥ 2 is to
consider measures µ ∈ TN (see above Theorem 2) obeying

∫
ehσ

1

dµ(σ) 6= 0, for Reh 6= 0, (2.12)

i.e., the magnetic field h is assumed to point in the 1-direction. If, in addition to satisfying
(2.12), µ is assumed to be rotationally invariant, then it follows [19, Proposition 4.1] that its
Laplace transform µ̂(h), h = (h1, . . . , hN ), belongs to P0+(ΩN ), where ΩN = Ω+

N ∪ Ω−
N and

Ω±
N =

{
h = (h1, . . . , hN ) ∈ C

N : ±Reh1 >
N∑

i=2

|hi|
}
. (2.13)

For the Hamiltonian

HΛ = −
∑

{x,y}⊂Λ

N∑

i=1

J i
xyσ

i
xσ

i
y −

∑

x∈Λ

N∑

i=1

hixσ
i
x, (2.14)

the following result [19, Corollaries 4.4 and 5.5] (see also [5] for the plane rotator model) is
known.

Theorem 4. Let J i
xy ∈ R, for all x, y ∈ Λ and i = 1, . . . , N , with

J1
xy ≥

N∑

i=2

|J i
xy|, ∀x, y ∈ Λ, (2.15)

and assume that µ0 ∈ TN is a rotationally invariant measure on R
N satisfying condition (2.12).

Then the partition function Zβ,Λ

(
{hx}x∈Λ

)
, β > 0, corresponding to the Hamiltonian (2.14) does

not vanish whenever hx ∈ Ω+
N , for all x ∈ Λ.

The “Lee-Yang” region Ω+
N in Theorem 4, where the partition function Zβ,Λ

(
{hx}x∈Λ

)
is

non-zero, can usually be further enlarged; see for example [19, Proposition 4.1]. The domain
(2.13) considered here will suffice for our purposes. In particular, the possibility to include small
but non-zero transverse fields hix, i = 2, . . . , N , x ∈ Λ, will prove useful in what follows; see
Section 3.

For plane rotator models, i.e., N = 2, Theorem 4 is “optimal” in the sense that J1
xy ≥ |J2

xy| is
a sensible generalization of (2.2). For N ≥ 3, the above result is not entirely satisfactory. Indeed,
the constraint (2.15) is a ferromagnetic condition that forces the interaction to be anisotropic
and hence entails an explicit breaking of the O(N)-symmetry. Ideally, one would like to replace
that condition by the more natural constraint

J1
xy ≥ max

2≤i≤N
|J i

xy|. (2.16)

This is possible for the classical Heisenberg model (N = 3 and µ0 the uniform distribution on
the unit sphere). See Proposition 6 below.
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Quantum spins

Quantum lattice systems for which the Lee-Yang theorem is known to hold include rather general
(anisotropic) Heisenberg models with suitable ferromagnetic pair interactions. Although we
are primarily concerned with models of classical spins, we quote some results concerning such
models for the sake of completeness and because they imply the improved result for the classical
Heisenberg model mentioned above. We fix a region Λ ⊂⊂ Z

d and a spin s ∈ N/2. By σ̂i
x,

x ∈ Λ, i = 1, 2, 3, we denote the i-th component of the quantum-mechanical spin operator
at site x, in the spin-s representation of su(2). The “hat” distinguishes these operators from
classical spins. They act on the space (C2s+1)⊗|Λ| and satisfy the usual commutation relations
[σ̂j

x, σ̂k
y ] = iδx,yǫjklσ̂

l
x of generators of su(2). We consider the Hamiltonian

ĤΛ,s = −
∑

{x,y}⊂Λ

3∑

i=1

J i
xyσ̂

i
xσ̂

i
y −

∑

x∈Λ

3∑

i=1

hixσ̂
i
x, (2.17)

for arbitrary s ∈ N/2, and define the partition function by

Qβ,Λ,s

(
{hx}x∈Λ

)
= (2s + 1)−|Λ| · tr

[
exp

(
− βĤΛ,s({hx}x∈Λ)

)]
, β > 0. (2.18)

The following theorem is essentially due to Asano [3] (see also [32]) and [5, Theorem 3], where
complex transverse magnetic fields are considered.

Theorem 5. Assume that the couplings J i
xy in (2.17) satisfy the ferromagnetic conditions J1

xy ≥
|J2

xy| and J1
xy ≥ |J3

xy|, for all x, y ∈ Λ. Then, for arbitrary s ∈ N/2 and β > 0, the partition

function Qβ,Λ,s

(
{hx}x∈Λ

)
in (2.18) is non-zero whenever hx ∈ Ω+

3 (see (2.13)), for all x ∈ Λ.

For results somewhat more general than Theorem 5 see the references given above. Our
formulation is tailored to our purposes. In particular, the following result is a corollary of
Theorem 5.

Proposition 6. Let HΛ be the Hamilton function defined in (2.14), with N = 3, and let µ0

be the uniform measure on the unit sphere S2. If the ferromagnetic conditions J1
xy ≥ |J2

xy| and
J1
xy ≥ |J3

xy|, for all x, y ∈ Λ, are satisfied, the partition function Zβ,Λ({hx}x∈Λ), β > 0, does not

vanish whenever hx ∈ Ω+
3 , for all x ∈ Λ.

Proof. We define Q
(resc)
β,Λ,s

(
{hx}x∈Λ

)
to be the partition function corresponding to the Hamiltonian

Ĥ
(resc)
Λ,s defined as in (2.17), but with rescaled coefficients, J i

xy 7→ J i
xy/s

2 and hix 7→ hix/s. From
a general result on classical limits of quantum spin systems due to Lieb [18], it follows that

lim
s→∞

Q
(resc)
β,Λ,s

(
{hx}x∈Λ

)
= Zβ,Λ

(
{hx}x∈Λ

)
, pointwise, for real hix, i = 1, 2, 3 and x ∈ Λ. (2.19)

Moreover, since
∣∣Q(resc)

β,Λ,s

(
{hx}x∈Λ

)∣∣ ≤ exp
(
β‖Ĥ

(resc)
Λ,s ‖

)
(where ‖·‖ denotes the operator norm)

and ‖Ĥ
(resc)
Λ,s ‖ is bounded uniformly in s, one sees that, for arbitrary compact subsets K ⊂ C

3|Λ|,

sup
s∈N/2; {hx}x∈Λ∈K

∣∣Q(resc)
β,Λ,s

(
{hx}x∈Λ

)∣∣ < ∞. (2.20)

Assuming that Λ = {x1, . . . , xn}, we write hi ≡ hxi
and consider the hypothesis

(Hk) : lim
s→∞

Q
(resc)
β,Λ,s

(
hk; {hj}j 6=k

)
= Zβ,Λ

(
hk; {hj}j 6=k

)
, pointwise, and Zβ,Λ

(
hk; {hj}j 6=k

)
6= 0,

whenever hk ∈ Ω+
3 , for arbitrary (fixed) hj ∈ Ω+

3 , j < k, and hj ∈ R
3, j > k,
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for k = 1, . . . , n. We begin by showing (H1). To this end, we first define the sequence of functions(
f1
s,1

)
s

with f1
s,1(h

1
1) = Q

(resc)
β,Λ,s

(
h11; h

2
1, h

3
1, {hj}j 6=1

)
, for arbitrary (fixed) h21, h

3
1 ∈ R and hj ∈ R

3,

j > 1. By (2.19), f1
s,1 converges pointwise for real h11 as s → ∞, and by (2.20), it is uniformly

bounded on compact subsets of C. It thus follows by Vitali’s Theorem [33, Section 5.21] that
lims→∞ f1

s,1(h
1
1) = Zβ,Λ

(
h11; h21, h

3
1, {hj}j 6=1

)
, uniformly on compact subsets of C. Moreover,

since f1
s,1 does not vanish in H+ by Theorem 5, Hurwitz’ Theorem [1, p. 178] implies that

Zβ,Λ

(
h11; h

2
1, h

3
1, {hj}j 6=1

)
6= 0 for h11 ∈ H+.

Next, we consider the functions f2
s,1(h

2
1) = Q

(resc)
β,Λ,s

(
h21; h11, h

3
1, {hj}j 6=1

)
, for arbitrary (fixed)

h11 ∈ H+, h31 ∈ R and hj ∈ R
3, j > 1. By what we have just shown, f2

s,1(h
2
1) converges as

s → ∞ for all h21 ∈ R and the limit is non-zero. Hence, Vitali’s Theorem, together with the
bounds (2.20), yields that lims→∞ f2

s,1(h
2
1) = Zβ,Λ

(
h21; h11, h

3
1, {hj}j 6=1

)
, uniformly on compact

subsets of C; and, using Hurwitz’ Theorem together with Theorem 5, one shows that this limit
does not vanish for h21 ∈ {z ∈ C : |z| < Re h11}. Repeating this argument for the sequence

f3
s,1(h

3
1) = Q

(resc)
β,Λ,s

(
h31; h

1
1, h

2
1, {hj}j 6=1

)
, with arbitrary h11 ∈ H+, h21 ∈ {z ∈ C : |z| < Reh11} and

hj ∈ R
3, j > 1, one obtains (H1).

In order to complete the proof of Proposition 6, it suffices to show that (Hk−1) implies (Hk),
k = 2, . . . , n. The proof is completely analogous to the one of (H1) (one considers subsequently
three sequences of functions

(
f i
s,k

)
s
, for i = 1, 2, 3). The only difference is that one invokes

(Hk−1) instead of (2.19) to argue that the functions f1
s,k(h

1
k) = Q

(resc)
β,Λ,s

(
h1k; h

2
k, h

3
1, {hj}j 6=k

)
, (for

fixed hj ∈ Ω+
3 , j < k, h2k, h

3
k ∈ R, and hj ∈ R

3, j > k), converge pointwise, for real h1k, towards
a non-zero limit, as s → ∞.

3 Analyticity of correlations

Our aim in this section is to establish analyticity of (connected) correlations as functions of an
external magnetic field h in the Lee-Yang regions H± = {h ∈ C : ±Re h > 0}, for the models
introduced in the last section. For the sake of clarity, we first focus on models of Ising spins.
Extensions to other models satisfying the Lee-Yang theorem are outlined at the end of this
section. Thus, we consider the Ising Hamiltonian HΛ defined in (2.1), but with a homogenous
magnetic field hx = h for all x, and we write H0

Λ = HΛ

∣∣
h=0

. For the purposes of this section, we
further impose periodic boundary conditions and require the pair interaction couplings to satisfy

Jxy = Jyx = Jx−y,0 ≥ 0, for all x 6= y, and
∑

x 6=0

J0x < ∞. (3.1)

The a-priori measure µ0 on R is assumed to be any even measure with compact support satisfying
condition (2.3) (e.g., µ0 = (δ−1 + δ1)/2, the example of Ising spins, or µ0 = λ

∣∣
[−1,1]

/2, the

example of a continuous spin uniformly distributed on [−1, 1].) The partition function at inverse
temperature β > 0 is denoted by Zβ,Λ(h). Theorem 1 holds for this class of models.

We are interested in the connected correlation functions 〈σx1
; . . . ;σxn〉

c
Λ,β,h (also called Ursell

functions, or cumulants in a probability theory context), where n ∈ N and {x1, . . . , xn} ⊂ Λ,
which can be defined as [28, Section II.12]

〈σx1
; . . . ;σxn〉

c
Λ,β,h =

[ ∂n

∂ε1 · · · ∂εn
log

(〈
exp

[ n∑

i=1

εiσxi

]〉
Λ,β,h

)]∣∣∣∣
ε1=···=εn=0

, (3.2)

where 〈 · 〉Λ,β,h denotes a (finite-volume) thermal average, i.e., an expectation with respect to

the probability measure
(
Zβ,Λ(h)

)−1
e−βHΛ(σΛ)

∏
x∈Λ dµ0(σx). Our aim is to prove the following

result.
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Theorem 7. Under the above assumptions, for arbitrary sites x1, . . . , xn, n ∈ N, and for all
β > 0, the thermodynamic limit

〈σx1
; . . . ;σxn〉

c
β,h := lim

ΛրZd
〈σx1

; . . . ; σxn〉
c
Λ,β,h

of the connected correlation 〈σx1
; . . . ;σxn〉

c
Λ,β,h exists and is an analytic function of the magnetic

field h, for Re h 6= 0.

Proof. Since β > 0 can be absorbed into a redefinition of Jxy and h, there is no loss of generality
in setting β = 1. We consider the modified partition function

ZΛ(h, ε1, . . . , εn) :=

∫
exp

{
−H0

Λ(σΛ) +
∑

x∈Λ

[
h+

n∑

α=1

εαe
ikα·x

]
σx

} ∏

x∈Λ

dµ0(σx), (3.3)

with ε = (ε1, . . . , εn) ∈ C
n and kα ∈ Λ∗, for all α = 1, . . . , n, where Λ∗ denotes the dual

lattice of Λ. Assuming that Re(h) > 0, setting hx := h +
∑n

α=1 εαe
ikα·x and noting that

Re(hx) ≥ Re(h) −
∑n

α=1 |εα|, Theorem 1 is seen to have the following corollary:

ZΛ(h, ε) 6= 0 if Re(h) >
n∑

α=1

|εα|. (3.4)

More generally, ZΛ(h, ε) does not vanish whenever |Re(h)| >
∑n

α=1 |εα|, because ZΛ({hx}x∈Λ) =
ZΛ({−hx}x∈Λ), by symmetry, since µ0 is even. In the following, we may therefore assume that
Re(h) > 0. Defining the convex domain

D =
{
(h, ε) ∈ C

n+1 : Re(h) >
n∑

α=1

|εα|
}
⊂ C

n+1, (3.5)

it is an easy exercise to check that ZΛ(h, ε) has an analytic logarithm in D, so that

fΛ(h, ε) := |Λ|−1 logZΛ(h, ε) (3.6)

is a well-defined, analytic function of (h, ε) in D; (we choose a determination of log that is real,
for h > 0 and ε = 0). Henceforth, we fix some wave vectors k1, . . . , kn and consider a family
of rectangular domains, Λ, with the property that Λ∗ ∋ kα, ∀α. We then consider the analytic
function

RΛ(h, ε) := ZΛ(h, ε)
1

|Λ| := exp
[
fΛ(h, ε)

]
, for (h, ε) ∈ D. (3.7)

We note that RΛ is uniformly bounded in Λ on arbitrary compact subsets of D: abbreviating
−
∑

x∈Λ

[
h+

∑n
α=1 εαe

ikα·x
]
σx by Hh,ε

Λ (σΛ), definition (3.3) implies that, for all (h, ε) ∈ D,

|RΛ(h, ε)| = |ZΛ(h, ε)|
1/|Λ| ≤

(
‖e−(H0

Λ
+Hh,ε

Λ
)‖∞

)1/|Λ|
≤ exp

[
|Λ|−1(‖H0

Λ‖∞ + ‖Hh,ε
Λ ‖∞)

]
.

Clearly,

‖Hh,ε
Λ ‖∞ ≤ c|Λ| ·

(
|h|+

n∑

α=1

|εα|
)
,

for some constant c > 0; (here, we assume for simplicity that the support of the measure µ0

is compact). Moreover, denoting by Φ the ferromagnetic pair interaction, i.e., Φ({x, y}) =
−Jxyσxσy, for all x 6= y, Φ(X) = 0 else, we have (see for example [28, Section II.3], and recall
the definition of |||·||| below (1.2)) that

‖H0
Λ‖∞ ≤ c′|Λ| · |||Φ|||,
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where c′ > 0 may depend on the dimension d of the lattice and takes into account the periodic
boundary conditions imposed at ∂Λ. Notice that this last estimate holds for arbitrary translation-
invariant interactions Φ. The last two estimates imply that |RΛ(h, ε))| ≤ c(h, ε), where c(h, ε)
depends continuously on (h, ε) and does not depend on Λ. Thus, for any compact K ⊂ D,

sup
Λ;(h,ε)∈K

|RΛ(h, ε)| < ∞. (3.8)

With uniform bounds at hand, we may study the thermodynamic limit Λ ր Z
d. With the

help of a cluster expansion (see for example [34]) at large magnetic fields, one shows the existence
of the limit

f∞(h, ε) = lim
ΛրZd

fΛ(h, ε) (3.9)

at any point in the (large-field) regime

Re(h) > h0, |Im(h)| < δ, |εα| < δ, ∀α = 1, . . . , n, (3.10)

for sufficiently large h0 and small δ > 0; (had we kept the β-dependence explicit, h0 and δ would
depend on β). Similar conclusions hold for RΛ. Let S denote the subregion of D determined by
the constraints (3.10). At any point (h, ε) ∈ S, the limit R∞(h, ε) = limΛրZd RΛ(h, ε) exists
and is finite, and R∞(h, ε) = exp

[
f∞(h, ε)

]
, by (3.7). In particular, R∞ 6= 0 on S. Moreover,

since the subregion S ⊂ D is a determining set for D, and since the functions RΛ are uniformly
bounded on compact subsets K of D, by (3.8), it follows from Vitali’s Theorem [33, Section 5.21]
that RΛ converges everywhere in D, as Λ ր Z

d, uniformly on any such K, and from Weierstrass’
Theorem [1, p. 176] that the limit R∞ is analytic in D.

Next, we show that R∞ vanishes nowhere on D. To this end, we first consider the functions
RΛ(h,0) = exp[fΛ(h,0)]; fΛ(h,0) is known to have a (pointwise) limit for real h [28, Section
II.3]. Hence R∞(h,0) 6= 0, for arbitrary real h > 0. It follows from Hurwitz’ Theorem [1,
p. 178] that RΛ(h,0) 6= 0, for all h ∈ H+. Let (h, ε) be any point in D. We show that
R∞(h, ε) 6= 0 by repeated application of Hurwitz’ Theorem: Define g1Λ(z) = RΛ(h, z, 0, . . . , 0),
which is analytic and converges uniformly on compact subsets of D1 := {z ∈ C : |z| < Re(h)}
towards g1∞(z) := R∞(h, z, 0, . . . , 0). But g1∞(0) 6= 0, hence by Hurwitz’ theorem, g1∞(z) vanishes
nowhere in D1. In particular, g1∞(ε1) = R∞(h, ε1, 0, . . . , 0) 6= 0. Repeating this argument n times
(in the k-th step, the functions are gkΛ(z) = RΛ(h, ε1, . . . , εk−1, z, 0, . . . , 0) and their domain of

definition is Dk = {z ∈ C : |z| < Re(h) −
∑k−1

i=1 |εi|}), we obtain the desired result, namely that
R∞(h, ε) 6= 0.

Having established that R∞ is nowhere vanishing on the convex domain D, it follows that

f∞(h, ε1, . . . , εn) := log
[
R∞(h, ε1, . . . , εn)

]

is well-defined and analytic in D, and thus analytically continues f∞ previously defined in (3.9)
on the subregion S of D determined by the constraints (3.10). Moreover, the functions fΛ defined
in (3.6) converge towards f∞, uniformly on compact subsets of D. Similarly, any derivative of fΛ
with respect to variables (h, ε) converges towards the corresponding derivative of f∞, uniformly
on compact subsets of D. This follows from Cauchy’s integral formula for polydiscs.

Next, we consider correlation functions. Let the (discrete) Fourier transform of spins on Z
d

and the corresponding reverse transformation be denoted by

σ̂k =
∑

x∈Λ

eik·xσx, k ∈ Λ∗, and σx =
1

|Λ|

∑

k∈Λ∗

e−ix·kσ̂k, x ∈ Λ.
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Observing that ZΛ(h, ε) in (3.3) can be rewritten as ZΛ(h, ε) = ZΛ(h) ·
〈
e
∑n

α=1
εασ̂kα

〉
Λ,h

, where

〈 · 〉Λ,h = 〈 · 〉Λ,β=1,h, it follows from definition (3.2) that

∂n log
[
ZΛ(h, ε)

]

∂ε1 · · · ∂εn

∣∣∣∣
ε1=···=εn=0

=
〈
σ̂k1 ; . . . ; σ̂kn

〉c
Λ,h

∣∣∣∣∑n
α=1

kα=[0]

, (3.11)

where the constraint
∑n

α=1 kα = [0] (with [0] = aZd for Λ = Λ(a) = Z
d/aZd) follows from

translation invariance, which holds because we have imposed periodic boundary conditions. With
(3.6), we thus obtain from (3.11)

∂nfΛ(h, ε)

∂ε1 · · · ∂εn

∣∣∣∣
ε1=···=εn=0

=
1

|Λ|

〈
σ̂k1 ; . . . ; σ̂kn

〉c
Λ,h

∣∣∣∣∑n
α=1

kα=[0]

=: ĜΛ,h(k1, . . . , kn). (3.12)

Theorem 7 then follows upon letting Λ ր Z
d, using that the derivative on the left-hand side

has a well-defined limit analytic in h in the region H+, and, subsequently, Fourier-transforming
back to position space. (This does not affect analyticity in h, because all integrations in k-space
extend over a compact set.)

Before discussing generalizations, we make a few remarks about Theorem 7: we consider
Fourier transforms of correlation functions, because they can be expressed in terms of derivatives
of free energies with periodic fields, to which Lee-Yang applies directly. Moreover, it is not difficult
to show that Ĝh(k1, . . . , kn) are continuous functions of k1, . . . , kn, (Re h 6= 0). (This follows
from Vitali’s theorem, using the uniform bounds (3.8) together with a cluster expansion for Reh
large enough.)

Next, we discuss extensions of Theorem 7 to other models satisfying a Lee-Yang theorem. First,
note that it continues to hold for unbounded single-spin measures µ0 satisfying suitable decay
assumptions at infinity (this requires a somewhat more careful analysis). In particular, this is of
interest in applications to field theory (see the end of Section 4 below).

For general one-component spins, we consider, for example, the Hamiltonian (2.6), with a
uniform external field h turned on, and µ0 = (δ−1 + δ1)/2. We assume that the interaction
Φ has spin-flip symmetry and that it is such that the Lee-Yang theorem holds at some inverse
temperature β > 0. Note that this requires β to be sufficiently large, depending on Φ, if Φ is not
the ferromagnetic Ising interaction; see the discussion following Theorem 3 above and references
therein, in particular [26]. Then 〈σx1

; . . . ;σxn〉
c
β,h is analytic in h in the regions H±. The above

proof is still applicable: the uniform bounds (3.8) hold for general Φ with |||Φ||| < ∞, but the
large-field cluster expansion, c.f. (3.9), must be modified slightly.

The analyticity results of Theorem 7 can also be extended to certain N -component models
with N ≥ 2. Consider the Hamiltonian (2.14) and assume that condition (2.15) holds, that the
a-priori measure µ0 satisfies the assumptions of Theorem 4 and, in addition, that supp(µ0) ⊂ R

N

is compact. Then the corresponding partition function satisfies

Zβ,Λ

(
{hx}x∈Λ

)
6= 0, if Re(h1x) >

N∑

i=2

|hix|, for all x ∈ Λ. (3.13)

We assume that hx = (h, 0, . . . , 0), for all x in (2.14). To conclude analyticity of
〈
σi1
x1
; . . . ;σin

xn

〉c
β,h

in H+, equation (3.3) must be modified to read

Zβ,Λ(h, ε1, . . . , εn) :=

∫
exp

{
− β

[
H0

Λ − h
∑

x∈Λ

σ1
x −

n∑

α=1

εα
∑

x∈Λ

eikα·xσiα
x

]} ∏

x∈Λ

dµ0(σx).

11



Note that the conditions in (3.13) are satisfied if
∑n

α=1 |εα| < Re(h), which is the same constraint
as for N = 1, c.f. (3.4). The partition function Zβ,Λ(h, ε) is thus non-vanishing and possesses
an analytic logarithm on the region D ⊂ C

n+1 defined by (3.5). Hence, our proof of Theorem 7
applies in this case as well. In particular, the results hold when µ0 is the uniform measure on
the unit sphere SN−1, and, for N = 3 (classical Heisenberg model), (2.15) can be relaxed to the
more natural ferromagnetic condition (2.16), by virtue of Proposition 6.

We conclude this section by discussing joint analyticity properties of correlations in h and β,
which follow from the proof of Theorem 7 above, using an idea of Lebowitz and Penrose; see [13,
Sections III and IV]. For simplicity, we restrict ourselves to the original framework of Theorem
7, but the following arguments apply to the other models discussed in the previous paragraph as
well. We claim that (in the setting of Theorem 7),

〈σx1
; . . . ;σxn〉

c
β,h is jointly analytic in β and h for β > 0 and Reh > 0, (3.14)

i.e., in some (complex) neighborhood of (0,∞)×H+ in (β, h)-space. Indeed, this can be seen as
follows. Let ZΛ(β, h, ε) be the modified partition function (3.3), but with a factor of β inserted
in the exponent, and the functions fΛ(β, h, ε) and RΛ(β, h, ε) be formally defined in terms of
ZΛ(β, h, ε) as in (3.6) and (3.7), respectively. For arbitrary β0 > 0, by virtue of a suitable cluster
expansion, one may select h̃ sufficiently large and δ = δ(β0, h̃) > 0 such that

R∞(β, h, ε) := lim
ΛրZd

RΛ(β, h, ε) is jointly analytic in the

variables (β, h, ε) on the polydisc Dβ0
(δ) ×Dh̃(δ) ×

(
D0(δ)

)n
,

(3.15)

where Dz(r) = {z′ ∈ C : |z′ − z| < r} denotes the open disk of radius r centered at z. For
arbitrary h0 ∈ H+, let K ⊂ H+ be a closed rectangle containing both h0 and Dh̃(δ) in its
interior, and let I = Dβ0

(δ) ∩ R+ be the (real) diameter of the disk Dβ0
(δ). The proof of

Theorem 7 yields that

R∞(β, h, ε) is analytic in (h, ε) on K ×
(
D0(δ)

)n
, for every β ∈ I, (3.16)

provided δ > 0 is sufficiently small. Moreover, it follows from (3.8) that

sup
β∈I ;h∈K ;εα∈D0(δ)

|R∞(β, h, ε)| < ∞. (3.17)

Together with (3.15), (3.16) and (3.17), the Malgrange-Zerner theorem [30, Theorem 2.2] (see also
the lemma in Section III of [13]) then implies that R∞(β, h, ε) is jointly analytic for β ∈ I, h ∈ K,
and εα ∈ D0(δ), α = 1, . . . , n (i.e., in some neighborhood of this set in C

2+n). In particular,
R∞(β, h, ε) is jointly analytic in a polydisc around (β0, h0,0), and we may further assume that
R∞ is nowhere vanishing within this polydisc, by continuity (since R∞(β0, h0,0) 6= 0, as shown
in the proof of Theorem 7). Thus, f∞ = logR∞ is analytic on this polydisc, and so is

lim
ΛրZd

1

|Λ|

〈
σ̂k1 ; . . . ; σ̂kn

〉c
Λ,β,h

∣∣∣∣∑n
α=1

kα=[0]

,

by (3.12). Since β0 > 0 and h0 ∈ H+ were arbitrary, (3.14) now follows as before upon Fourier-
transforming back to position space, which does not affect analyticity in β and h.

12



4 Applications

In this section, we discuss various applications of Theorem 7 and of Eq. (3.12).
Our first application concerns the independence of our analyticity results of the choice of

boundary conditions; (recall that, in the above proof, we have imposed periodic boundary con-
ditions). We wish to show that Theorem 7 continues to hold for all boundary conditions, b,
for which the Lee-Yang theorem holds – this includes, in particular, free boundary conditions –
and that the thermodynamic limit of correlations is unique for this class of boundary conditions,
provided h belongs to the Lee-Yang region H+.

For the sake of simplicity, we sketch our arguments in the setting of Theorem 7, but the
following conclusions continue to hold for any of the Lee-Yang models (Φ, µ0) mentioned above
for which (an analogue of) Theorem 7 has been shown to hold. Thus, let HΛ be the Ising
Hamiltonian (2.1) with hx = h, for all x, and pair couplings Jxy satisfying (3.1), and let µ0 be
an even measure with compact support satisfying condition (2.3). Using a cluster expansion of
the correlations at large magnetic fields, one proves (see for example [28, Theorem V.7.11]) that
the model has a unique equilibrium state in a region Ωβ ⊂ H+ defined by the constraints

Re(h) > h0(β), |Im(h)| < ε(β),

for some large h0 > 0 and some ε > 0 (both depending on β). Denoting by 〈 · 〉Λ,β,h,b the
(finite-volume) thermal average corresponding to a boundary condition b, it follows that

lim
ΛրZd

1

|Λ|
〈σ̂k1 ; . . . ; σ̂kn〉

c
Λ,β,h,b (4.1)

exists and is independent of b, for any h ∈ Ωβ. In particular, the limit agrees with

lim
ΛրZd

1

|Λ|
〈σ̂k1 ; . . . ; σ̂kn〉

c
Λ,β,h, (4.2)

for h ∈ Ωβ, where, in the latter correlations, periodic boundary conditions are imposed, as in
Section 3. Note that the correlation in (4.2) vanishes unless

∑n
α=1 kα = [0] and is finite if

the latter condition holds. Assuming that the boundary condition b is such that the Lee-Yang
theorem holds for h ∈ H+, we may use Eqs. (3.11) and (3.12) and then apply the Lee-Yang
theorem to the partition function and the free energy of the model with boundary condition
b imposed at ∂Λ to show that the correlations 1

|Λ|〈σ̂k1 ; . . . ; σ̂kn〉
c
Λ,β,h,b are uniformly bounded

and analytic in h on H+. Thus, multiplying 1
|Λ|〈σ̂k1 ; . . . ; σ̂kn〉

c
Λ,β,h,b by exp(−i

∑n
α=1 kα · xα)

and integrating over the surface defined by the equation
∑n

α=1 kα = [0], we find, using that the
integration domain is compact, that

lim
ΛրZd

〈σx1
; . . . ;σxn〉

c
Λ,β,h,b = 〈σx1

; . . . ;σxn〉
c
β,h, for all h ∈ H+, (4.3)

which proves analyticity of the thermodynamic limit of correlations with boundary condition b
on the entire half-plane H+.

Next, we consider the magnetization 〈σx〉β,h, which, by Theorem 7, is an analytic function of h
in H+, for any β > 0. Since β is fixed in the sequel, we omit it from our notation. We propose
to show that

〈σx〉h is a strictly positive, increasing, concave function of h > 0. (4.4)
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Note that this yields a well-known bound on a critical exponent for the magnetization as a
function of h, (with β = βc, the critical inverse temperature). As a preliminary step, we show
that 〈σ0;σx〉

c
h is decreasing for h > 0. We recall that

∂

∂h
〈σx1

; . . . ;σxn〉
c
Λ,h =

∑

z∈Λ

〈σx1
; . . . ;σxn ;σz〉

c
Λ,h, (4.5)

Applying this identity for n = 2 and using the GHS-inequality (see [10] for Ising spins, [29] for
more general µ0), we see that

∂

∂h
〈σ0;σx〉

c
Λ,h =

∑

z∈Λ

〈σ0;σx;σz〉
c
Λ,h ≤ 0,

for all h ≥ 0. Letting Λ ր Z
d, one obtains that ∂

∂h〈σ0;σx〉
c
h ≤ 0, for all h > 0. Indeed, this

follows from Cauchy’s integral formula, using that 〈σ0;σx〉
c
Λ,h tends towards its infinite-volume

limit uniformly on compact subsets of H+. (The latter claim follows from the proof of Theorem
7: invoking Vitali’s theorem, it suffices to establish uniform bounds, supΛ;h|〈σ0;σx〉

c
Λ,h| < ∞, for

h belonging to an arbitrary compact subset K of H+, which, in turn, follow immediately from
(3.12), (3.8), and the fact that 〈σ0;σx〉

c
Λ,h = |Λ|−2

∑
k∈Λ∗ eik·x〈σ̂k; σ̂−k〉

c
Λ,h.)

Returning to (4.4), the identity (4.5) and the GHS-inequality imply that ∂2〈σx〉h/∂h
2 ≤ 0,

for h > 0. Similarly, monotonicity of 〈σx〉h, for h > 0, follows from (4.5) and the FKG-inequality
(which holds since the interactions are ferromagnetic). It remains to show that 〈σx〉h is positive
for h > 0. Indeed, 〈σx〉h ≥ 0, for all h > 0, follows from Griffiths’ inequality. If 〈σx〉h vanished,
for some h > 0, then 〈σx〉h′ = 0, for all 0 < h′ ≤ h, by monotonicity, which is impossible, because
the zeroes of 〈σx〉h form a discrete subset of H+. Similarly, the first derivative of 〈σx〉h in h is
strictly positive and the second derivative has, at most, a discrete set of zeros, for h > 0. (Note
that, since 〈σx〉−h = −〈σx〉h, one derives corresponding properties of the function 〈σx〉h, h < 0,
from (4.4).)

Next, we consider the mass gap, m(β, h) (inverse correlation length), defined as

m(β, h) =
1

ξ(β, h)
= − lim sup

|x|→∞

1

|x|
log

∣∣〈σ0;σx〉cβ,h
∣∣. (4.6)

We restrict our attention to the generalized Ising model considered in Theorem 7 with finite-
range interactions (i.e., Jxy = 0 whenever |x − y| ≥ R, for some R ≥ 1), but the following
discussion applies to more general spin models obeying a Lee-Yang Theorem and to Euclidean
λφ4-field theories with non-zero “external field” h, in two and three space-time dimensions; see
[13], [14], and [11]. The mass gap satisfies

m(β, h) > 0, for all h ∈ H+ and β > 0, (4.7)

i.e., the two-point function 〈σ0;σx〉
c
β,h exhibits exponential clustering. The inequality (4.7) can

be shown as follows. By Theorem 7, 〈σ0;σx〉
c
h is analytic in H+, hence log

∣∣〈σ0;σx〉ch
∣∣ is a

subharmonic function of h ∈ H+, see [11, Theorem A.3]. Using a cluster expansion, one shows
that m is positive on an open subset of H+ corresponding to sufficiently large Re h; (actually,
positivity on some smooth arc in H+ would suffice). It then follows from subharmonicity (see
[14, Lemmas 1 and 5]) that m is positive everywhere on H+. We also remark that

m(β, h) is an increasing function of h > 0, for all β > 0. (4.8)

This follows from definition (4.6), using monotonicity of the logarithm. For, we have already
shown that the two-point function 〈σ0;σx〉

c
β,h is decreasing in h, for h > 0. We also wish to recall
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a bound on the critical exponent δ describing the divergence of the correlation length ξ = m−1,
as h ց 0, at the critical inverse temperature βc; (see [11] for a more general result that extends
to Euclidean λφ4-field theory):

ξ(βc, h) ∼ h−δ, with δ ≤ 1. (4.9)

This follows by showing that m(βc, h) ≥ c · h, for some positive constant c and all sufficiently
small h > 0. The latter is a consequence of Theorem A.6 in [11], using the fact that the functions
− 1

|x| log
∣∣〈σ0;σx〉cβc,h

∣∣ are superharmonic in H+ and that, given any (real) h0 > 0, these functions

are bounded away from 0 by a positive constant (uniform in h and x), for all h ≥ h0 and all
sufficiently large x, which follows from (4.7) and (4.8).

Finally, we mention a generalization (alluded to, above) of Theorem 7 to some N -component
(N = 1, 2, 3) Euclidean λ|φ|4d-field theories (φ = (φ1, · · · , φN )) in d = 2, 3 space-time dimensions,
with periodic boundary conditions. The correlation functions of lattice spin systems are replaced
by the Schwinger (Euclidean Green) functions,

SL,a,h(x1, α1, . . . , xn, αn),

of the properly renormalized lattice field theory on a lattice Z
d
a ∩ ΛL, with periodic boundary

conditions imposed at ∂ΛL, where d = 2, 3, a > 0 is the lattice spacing, ΛL = [−L/2, L/2]d is
a cube in Z

d
a with sides containing L

a sites, and the arguments xi, αi, i = 1, . . . , n, stand for the
field components φαi(xi). Formally, the Schwinger functions are given by

SL,a,h(x1, α1, . . . , xn, αn) =

∫
φα1(x1) · · · φαn(xn)e

−AL,a,h(φ)DφL,a∫
e−AL,a,h(φ)DφL,a

,

where AL,a,h is the Euclidean action of the theory, which is identical to the Hamilton function
with periodic boundary conditions of the corresponding classical lattice spin system (with nearest-
neighbor couplings, and in an external magnetic field h), but with coupling constants that depend
on the lattice spacing a in such a way that the continuum limit a → 0 exists; see, e.g., [27], [21].

Combining results in [27] and [30], for d = 2, and in [21] and [6], [30], for d = 3, one can
prove an analogue of Theorem 7, for h ∈ H+. This is accomplished by first proving existence
and Euclidean invariance of the limits

lim
Lր∞

lim
aց0

SL,a,h(x1, α1, . . . , xn, αn), (4.10)

for Reh large enough and Imh small enough. The Lee-Yang theorem (see [29, Theorem 6]) and
uniform bounds on the analogue of the free energy, see (3.6), discussed in [27] (d = 2) and in [8]
(d = 3) then imply analogues of Eqs. (3.8) and (3.12) that can be used to prove bounds on the
Schwinger functions, integrated against test functions on momentum space, that are uniform in
a and L and yield analyticity in h on H+. As a consequence, the limiting Schwinger functions in
(4.10) exist, are Euclidean invariant and analytic in h, for h ∈ H+. A more detailed discussion
of these arguments goes beyond the scope of this note.

The results mentioned here are of interest in an analysis of phase transitions accompanied
by spontaneous symmetry breaking in λ|φ|4− theory in d = 3 space-time dimensions; see [7,
Section 4].
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