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Abstract

For lattice systems of statistical mechanics satisfying a Lee-Yang property (i.e., for which
the Lee-Yang circle theorem holds), we present a simple proof of analyticity of (connected)
correlations as functions of an external magnetic field h, for Re h # 0. A survey of models
known to have the Lee-Yang property is given. We conclude by describing various applica-
tions of the aforementioned analyticity in h.

1 Introduction

Approximately sixty years ago, while studying phase transitions in certain types of monatomic
gases, Lee and Yang were led to investigate the location of zeroes of the (grand) partition function
of such systems as a function of external parameters, in particular the chemical potential, as the
thermodynamic limit is approached [16]. At first sight, obtaining information on the location
of these roots appears to be a formidable task. Yet, for a classical lattice gas with a variable
chemical potential equivalent to the Ising model in an external magnetic field, they were able to
show [17] that the distribution of zeroes exhibits some astonishing regularity: all the roots lie on
the imaginary axis (i.e., on the unit circle in the complex activity plane; see Theorem 1, below).
Their celebrated result was subsequently extended to plenty of further models.

In this note, we offer a short review of the present “status quo” regarding this so-called Lee-
Yang theorem (Section 2), and then sketch some applications, using some novel arguments. Our
main results can be found in Sections 3 and 4. Here is a brief summary. For simplicity, we consider
models on the lattice Z?. With each site, z, of the lattice we associate a random variable (a
“spin”), o, taking values in a measure space Q C R™, for some N € N. The a-priori distribution
of this random variable is specified by a probability measure, pg, on €2. To an arbitrary finite
sublattice A cC Z%, there corresponds a space, QN = {UA ={0s}trer 1 0, €EQ, Va € A}, of
spin configurations in A. Interactions between the spins are described by a potential, ®, which
associates with every X CC Z< a continuous function ®(X) € C(Q%) representing the interaction
energy of all the spins in X. Given a finite set A CC Z?, the Hamilton function or Hamiltonian
(with free boundary conditions) of the system confined to A is defined by

HY = ®(X), (1.1)

XCA



and the corresponding partition function at inverse temperature 5 > 0 by

ZaA(®) = /Q ) e~ PHR(on) 11 dro(ow). (1.2)

TEA

By B we denote the “large” Banach space of interactions consisting of all translation-invariant
potentials ® satisfying ||®[| := > x50/ X|™" - [®(X)[lw < o00. It is a classical result (see for
example [28]|, Theorem I1.2.1, or [24]|, Theorem 2.4.1) that, for ® € B and arbitrary § > 0, the
free energy density

f(5,) = =577 lim A" log Z5.(2) (13)

exists and is finite, where the thermodynamic limit is understood in the sense of van Hove.
In what follows, the potential ® always includes a contribution due to an external magnetic
field, h. For example, if N = 1 the Hamiltonian is of the form

HE(op) = Hf’o(a/\) — hz Oz, where Hf’o(a/\) = HY(op
xEA

)‘h:O’ oz € R.

For certain choices of (®, o) (see Section 2 for an overview), the partition function Zg A(®) is
known to be non-zero in the regions Hy = {h € C : £Reh > 0}. This is the famous Lee-Yang
theorem.

The main result of this note can be formulated as follows. Assuming that the pair (®, ug)
and the boundary conditions imposed at OA are such that the Lee-Yang theorem holds (and
under suitable assumptions on the decay of the measure pg at infinity),

the connected correlation functions (04,;...;0%,)} 5, are analytic in h and (1.4)
have a unique thermodynamic limit analytic in h in the Lee-Yang regions H, '
where x1,...,x, are arbitrary sites in Z? and 8 > 0; (see (3.2) for the definition of connected

correlations). The proof of this result is given in Section 3; see, in particular, Theorem 7. At
first, A is chosen to be a rectangle and periodic boundary conditions are imposed at dA. But
the result can be seen to hold for arbitrary boundary conditions for which the Lee-Yang theorem
is valid. Earlier results of this kind can be found in [12, 13|, where the example of the Ising
ferromagnet is treated, and in [22], where the (quantum) Heisenberg model is studied. Our
methods enable us to extend (1.4) to systems of multi-component spins (N > 2) satisfying a
Lee-Yang theorem, as discussed at the end of Section 3. Such systems include the rotor and the
classical Heisenberg model, with suitable ferromagnetic conditions imposed. Similar results (for
“Duhamel correlation functions”) can also be proven for certain quantum-mechanical lattice spin
systems.

In Section 4, we discuss some applications of (1.4) to classical spin systems and scalar Eu-
clidean field theories. Assuming that the magnetic field h is different from 0, uniqueness of the
thermodynamic limit of correlations for a large class of boundary conditions is proven, proper-
ties of the magnetization and of the correlation length are reviewed and some bounds on critical
exponents for the magnetization and the correlation length as functions of the magnetic field are
recalled.

2 The Lee-Yang theorem - a tour d’horizon

In this section, we present an overview of classical (and quantum) lattice systems for which a
Lee-Yang theorem is known to hold. For the sake of clarity, the models of interest are divided
into four groups.



Ising-type models

These are one-component models (N = 1) with a Hamiltonian Hx, A CC Z¢, given by

Hp(op) = — Z JoyO20y — Z heOg, (2.1)

{zy}cA zeA

where the first sum is over all pairs in A ,J,, = 0, for all z, and J,, = Jyz, for all z,y. Among
the best results concerning this class of models is one established by Newman [20], which is
summarized in the following theorem.

Theorem 1. If the pair interaction in (2.1) is ferromagnetic, i.e., the couplings J,, satisfy
Joy = Jyz >0, YV, y, (2.2)

and g is an arbitrary signed (i.e., real-valued) measure on R that is even or odd, has the property
that [ v d|jo(0)| < oo, for all b >0, and satisfies the condition

fo(h) == / " dpg (o) # 0, Vh e Hy := {2z € C:Rez > 0}, (2.3)
R
then, for arbitrary B > 0, the partition function corresponding to Hp in (2.1) satisfies

Zs.A({ha}oen) = / e PN TT dpo(02) £0 i hy € Hy, Vo € A (2.4)
zEA

The condition (2.3) is quite natural in that it requires (2.4) to hold for non-interacting spins,
ie., Jpy =0, for all z,y. (Clearly, (2.4) trivially implies (2.3).) Moreover, Theorem 1 continues
to hold if, at different sites of the lattice, different a-priori distributions are chosen, provided
each p ., © € A, satisfies the conditions on 1y formulated above.

In the (physically most relevant) case of positive measures, Lieb and Sokal [19] have obtained
rather deep insights regarding the Lee-Yang property (2.4). In order to summarize salient features
of their findings, we introduce some further notation. For any a > 0 and n € N, let A}, be
the (Fréchet) space of entire functions on C" satisfying || f||» := sup,ecn e b | f(2)| < oo, for
all b > a. Given an open set O C C", we define P(O) to be the class of polynomials defined
on C" that do not vanish in O. We denote by Pay(O) its closure in A7, . Given an arbitrary
distribution p € S’(R™) (the space of tempered distributions on R™), we say that p € T™ if, in
addition, eal=l” wu(z) € §'(R™), for all @ > 0. A finite, positive measure p on R™ is henceforth
called a Lee-Yang measure if u € T™ and if its Laplace transform, [, satisfies 4 € foJr(H’i),
where H"} = H, x --- x Hy ¢ C" and Hy = {z € C: Rez > 0}, as before.

Theorem 2. [19] If p is a Lee-Yang measure on R", B € Poy(HY) for some a > 0, B is
non-negative on supp(p) C R™ and strictly positive on a set of non-zero u-measure, then B is
also a Lee-Yang measure on R™.

This generalizes Theorem 1 (for positive pp). Indeed, first note that the product measure
du(on) = Tluen duo(oy) with pg € T satisfying (2.3) is a Lee-Yang measure on RIAl: see [19,
Corollary 3.3]. Let B be the Boltzmann factor corresponding to the Ising pair interaction in (2.1),

_ - . . |A]
i.e., B(op) =exp [Zx’ye/\ nyamay], with J,, € R. It is not hard to see that B € A”J”+,

||J]| refers to the matrix norm of J = (Jyy )z yea when R is equipped with the Euclidean norm.
One then finds [19, Proposition 2.7| that B € f||J||+ (H'ﬁ‘) if and only if Jyy > 0, for all z,y € A.

where



Under this condition, it follows from Theorem 2 that the partition function Zg A({hx}xe A) in
Theorem 1 satisfies

ZﬁzlyA({h$}$EA) = m({hm}meA) S fO—l— (Hlﬁ‘), (25)

which, by virtue of Hurwitz’ Theorem [1, p. 178|, implies that (2.4) holds. Furthermore, (2.5)
says that B, the Boltzmann factor pertaining to the ferromagnetic Ising pair interaction, is a
“multiplier” for Lee-Yang measures.

The class of admissible measures g in Theorem 2 may be further enlarged by specifying
some falloff at oo, see [19, Definition 3.1|, which amounts to requiring in Theorem 1 that
Jz ev” d|po(o)| < oo, for some b > 0 only. In this case, (2.4) only holds for sufficiently small
$ > 0, depending on the choice of {.J,,}; see [20, Remark 1.1] and [19, Corollary 3.3|.

On a historical note, the road from the seminal article of Lee and Yang [17] on the Ising
model (i.e. pp = (01+0-1)/21in (2.4)) to the treatise [19] of Lieb and Sokal spanned almost three
decades, with important contributions by Asano [2|, Suzuki [31] and Griffiths [9] (all concerning
discrete spins), Ruelle’s proof of a more general zero theorem [25] for Ising spins (generalizing
a contraction method first introduced by Asano [3]), and the work of Simon and Griffiths [29],
which, among other things, establishes (2.4) for dug(o) = exp[—ac? — bo?]do, with a > 0 and
b € R. (This particular measure indeed satisfies (2.3), see [20, Example 2.7]. It arises in the
lattice approximation to the (¢%)s 3 Euclidean field theory, cf. [27], Chapters VIII and IX, for
which the Lee-Yang theorem is shown to hold [29, Theorem 6].)

One-component models with more general interactions

Next, we consider Hamiltonians of the form

HY(oa)= Y. ®X)(ox) =Y heoy = Hy%(on) = > halon — 1), (2.6)

XCA: |X|>2 zEA zEA

for one-component spins o, € R, where we have added a constant linear in {h,} for later
convenience. Theorem 2 implies that if the Boltzmann factor Bg(oa) = exp [ — ,BHE’O(O'A)],

viewed as a function on C/Al for fixed B > 0, belongs to Pqy (H'ﬁ‘), for some a > 0, then the
partition function Zg, A({hw}xe A) corresponding to the Hamiltonian (2.6) satisfies

ZgA({ha}wen) #0, for h, € Hy, = € A, (2.7)

for any Lee-Yang measure g as defined above Theorem 2.

If wo = (01 + 6-1)/2 (Ising spins), reasonably explicit results are known. The partition
function is then seen to be a multi-affine polynomial in the activity variables z, = exp[—28h,],
re

Zgazteen) = D Ex(B) I 2 (2.8)

XCA rzeX
where Ex () = exp [—ﬁHi)’O(O'A o, =—-1l,z€ X, 0, =1,z € A\X)]. The Lee-Yang property
(2.7) then asserts that Zg s ({zz}zea) does not vanish whenever |z,| < 1, for all x € A. If H;{)’O
is invariant under o, — —o,, © € A (“spin-flip” symmetry), the coefficients satisfy Ex(3) =
Epn\x(B), for all X C A. In particular, if z, = 2, for all x, this yields Zg A (z) = ZIAL Zga(z7h),
for all z # 0, and therefore Zg 5 (2) = 0 implies that |z| = 1. This is the Lee-Yang circle theorem.
Ruelle’s recent results [26, Lemma 8 and Theorem 9| yield the following theorem.

Theorem 3. Let Zg A ({2z }zcn) be any multi-affine polynomial of the form (2.8), with coefficients
Ex(8) = Ex\x(B) >0, for all X C A, and all 3 > 0, that satisfies

ZB,A({Z:B}:BEA) 7£ 0’ if |Z:v| <1lVze A, (2'9)



for all B> 0. Then Zg y is the partition function obtained by choosing ®, in (2.6), to be an Ising
ferromagnetic pair interaction, i.e., ®({x,y})(0x,0y) = —Joyoz0y, for some Jpy = Jyz > 0, and
®(X) =0, otherwise.

This is a converse to the Lee-Yang theorem for Ising spins. Ruelle also shows that, for
general interactions ® in (2.6) with spin-flip symmetry, the Lee-Yang theorem can only hold at
sufficiently low temperatures. (We refer the reader to [26] for a precise statement, and to [15]
for a concrete example; see also [4] for further results of this kind). To illustrate this point, we
consider the Hamiltonian (2.6) with

HE’O(O'A) = — Z JyaY, where oV = H o and Jy € R,
UCA: |U|=2,4 zeU

which has a pair and a four-spin interaction, and is invariant under o, — —o,, * € A. The
corresponding partition function Zg s (za) is given by (2.8). Using the identities [[ ./ (1+0,) =
ZXcU(:Izl)p(‘JX, for any U C A (the term corresponding to X = () is understood to be 1),
which imply

pulov) = H 1+0$+H (1-0,) = 21—Vl Z »X

J:EU J:EU XcU
| X| even

one deduces that H;{)’O may be expressed in terms of py (o) rather than oV, Indeed,

8Ju, if U] = 4

®,0 j Jir =
HY’==Jo= > Jupulov), where Jy = { 2Ju =22 yexcn xj=a Jx, HUI=2 7

UCA: [U|=2,4

and Jy is an irrelevant additive constant, which we may neglect. We note that, if o, is the
unique spin configuration such that {x € A : 0, = —1} = X, for some given subset X of A, the
quantity py (o) vanishes unless U C X or U € A\ X, in which case py(oy) = 1. It follows that
ZgA(Z0) = Do xca Eg?) (ﬁ)-Eg?) (B)zX = (Zgz\*Zg?\) (za) (xis called Schur-Hadamard producj:),
where ng/)\(zA) = xcA Eg?) (B)2%, k = 2,4, with coefficients ng) (B) = Ilvcx or vearx e

U|=k
for all X C A. This »-product representation of Zg A is very useful, because it essentially allows

one to consider Z /)\, k = 2,4, separately, as we will now see. By [26, Example 7(d)], Z 4)
satisfies (2.9) at temperature B > 0 whenever

BJy =8BJy >1n2 (or Jy = 0), for all U C A with |U| = 4, (2.10)

i.e., at sufficiently low temperature, for given Jy > 0, |U| = 4. Similarly, one obtains from [26,
Example 7(a)| that Zg/)\ fulfills (2.9) if BJy > 0, for all U C A with |U| = 2, or, equivalently, if

Ju > > Jx, forall U C A with |U| =2, (2.11)
X:UCXCA and |X|=4

which implies that Jiy > 0, for |U] = 2, and also requires the four-spin interaction to be suitably
small as compared to the pair interaction. Finally, since Zg = Z g/)\ * 7 g’l/)\, Proposition 2(c) in
[26] (see also |23, Corollary 2.15|; a crucial ingredient of the proof is a contraction method first
introduced by Asano [3, Definition 3|) yields that Zg A, subject to the constraints (2.10) and
(2.11), satisfies the Lee-Yang property (2.9), which is consistent with Theorem 3.



Multi-component spins

For models of classical N-component spins, N > 2, we denote the spin variable at site x by
o, = (ol : i=1,...,N), (we use Latin superscripts to indicate the components). For N = 1,
the “Lee-Yang region” H is the region where the Laplace transform of the single-spin measure
does not vanish, cf. condition (2.3). An example of a suitable generalization to N > 2 is to

consider measures y € TV (see above Theorem 2) obeying

/ehgl du(o) # 0, for Reh # 0, (2.12)

i.e., the magnetic field h is assumed to point in the 1-direction. If, in addition to satisfying
(2.12), p is assumed to be rotationally invariant, then it follows |19, Proposition 4.1] that its
Laplace transform fi(h), h = (h!,... k"), belongs to Po+(Q2n), where Qy = QF, U Qy and

N
Qﬁ:{h:(hl,...,hN)eCN : iReh1>Z\hil}. (2.13)
=2

For the Hamiltonian

N N
Hp = — Z ZJ;yJ;UZ - ZZh;J;, (2.14)

{zy}CA i=1 ze i=1

the following result [19, Corollaries 4.4 and 5.5] (see also [5] for the plane rotator model) is
known.

Theorem 4. Let J:f;y ER, forallz,y e A andi=1,...,N, with
N
JLSSOUEL Yayed, (2.15)
=2

and assume that pg € TV is a rotationally invariant measure on RN satisfying condition (2.12).
Then the partition function Zg s ({hm}meA), B > 0, corresponding to the Hamiltonian (2.14) does
not vanish whenever h, € Q}, for all x € A.

The “Lee-Yang” region QE in Theorem 4, where the partition function Zﬁ,A({han}xeA) is
non-zero, can usually be further enlarged; see for example [19, Proposition 4.1]. The domain
(2.13) considered here will suffice for our purposes. In particular, the possibility to include small
but non-zero transverse fields hl, i = 2,..., N, x € A, will prove useful in what follows; see
Section 3.

For plane rotator models, i.e., N = 2, Theorem 4 is “optimal” in the sense that J;, > [.J2,| is
a sensible generalization of (2.2). For N > 3, the above result is not entirely satisfactory. Indeed,
the constraint (2.15) is a ferromagnetic condition that forces the interaction to be anisotropic
and hence entails an explicit breaking of the O(V)-symmetry. Ideally, one would like to replace
that condition by the more natural constraint

JL > max [J!

. 2.1
b > max |3 (2.16)

This is possible for the classical Heisenberg model (N = 3 and g the uniform distribution on
the unit sphere). See Proposition 6 below.



Quantum spins

Quantum lattice systems for which the Lee-Yang theorem is known to hold include rather general
(anisotropic) Heisenberg models with suitable ferromagnetic pair interactions. Although we
are primarily concerned with models of classical spins, we quote some results concerning such
models for the sake of completeness and because they imply the improved result for the classical
Heisenberg model mentioned above. We fix a region A CC Z¢ and a spin s € N/2. By Gl
x € A, i = 1,2,3, we denote the i-th component of the quantum-mechanical spin operator
at site x, in the spin-s representation of su(2). The “hat” distinguishes these operators from
classical spins. They act on the space (C2+1)®IAl and satisfy the usual commutation relations
(62,65 = 102y €k10% of generators of su(2). We consider the Hamiltonian

Oz, Oy
Hyo=— Y ZJ;yA;A; - ZZh;A;, (2.17)

{$7y}CA =1 zeA 1=1

for arbitrary s € N/2, and define the partition function by

Qs ({hoteer) = (25 + 1) A te[exp (- BHas({ha}oenr))]. B> 0. (2.18)

The following theorem is essentially due to Asano [3| (see also [32]) and [5, Theorem 3|, where
complex transverse magnetic fields are considered.

Theorem 5 Assume that the couplings Jiy in (2.17) satisfy the ferromagnetic conditions J%y >
|J2,1 and J}, > |J3|, for all x,y € A. Then, for arbitrary s € N/2 and 8 > 0, the partition
functzon QB,A,s({hx}a:eA) in (2.18) is non-zero whenever h, € Q3 (see (2.13)), for all x € A.

For results somewhat more general than Theorem 5 see the references given above. Our
formulation is tailored to our purposes. In particular, the following result is a corollary of
Theorem 5.

Proposition 6. Let Hy be the Hamilton function defined in (2.14), with N = 3 and let ug
be the uniform measure on the unit sphere S%. If the ferromagnetic conditions J}, > |J? | and

> |J3,|, for all z,y € A, are satisfied, the partition function Zg A({Ps}een), ﬁ > 0 does not
vamsh whenever hy, € Qg , for all x € A.

Proof. We define Q(BTZSZ) ({hx}me A) to be the partition function corresponding to the Hamiltonian

ﬁlj(\rzsc) defined as in (2.17), but with rescaled coefficients, J;y — Jg’;y/s2 and h! + hl/s. From
a general result on classical limits of quantum spin systems due to Lieb [18], it follows that

lim Qﬁri‘t)({hw}gﬁe/\) = Zg A({ha}ocn), pointwise, for real hi i=1,23and z € A. (2.19)

S§—00

Moreover, since ‘Qﬁri‘s?({hw}xe/\)‘ < exp (5\\?[}{?50)]]) (where ||-|| denotes the operator norm)

and ||H /(\Tzsc | is bounded uniformly in s, one sees that, for arbitrary compact subsets K ¢ C3IAl,

sup Q5 ({hatren)| < (2.20)
s€N/2; {hz}ren€K

Assuming that A = {z1,...,2,}, we write h; = hy, and consider the hypothesis

(Hk) : hm Qgigz (hk; {hj}j;ék) = Z@A(hk; {h]‘}j;ﬁk), pointwise, and Z@A(hk; {hj}j;ﬁk) 7é 0,
whenever hy € ), for arbitrary (fixed) h; € QF, j < k, and h; € R3, j > k,



for k=1,...,n. We begin by showing (H1). To this end, we first define the sequence of functions
(fL), with fll(hl) Q(ﬁri\sz (hi; B3, 03, {h;};z1), for arbitrary (fixed) h?,h} € R and h; € R?,
j > 1. By (2.19), 1 converges pointwise for real hi as s — oo, and by (2.20), it is uniformly
bounded on compact subsets of C. It thus follows by Vitali’s Theorem [33, Section 5.21| that
limg o0 f31(h1) = Zga(h1; h3,h3,{h;};+1), uniformly on compact subsets of C. Moreover,
since fsl,1 does not vanish in H; by Theorem 5, Hurwitz’ Theorem [1, p. 178] implies that
Z@A(h%; h%’ h:{” {hj}ﬁﬂ) # 0 for h% € H,.

Next, we consider the functions f2,(h}) = Q(ﬁri\sz (h%; hi, k3, {h;};z1), for arbitrary (fixed)
hi € Hy, h} € R and h; € R3, j > 1. By what we have just shown, f371(h%) converges as
s — oo for all h? € R and the limit is non-zero. Hence, Vitali s Theorem, together with the
bounds (2.20), yields that lim, o0 f2;(h]) = Zga(hi; h 1 h,{h;};z1), uniformly on compact
subsets of C; and, using Hurwitz’ Theorem together w1th Theorem 5, one shows that this limit
does not vanish for h? E {z € C: |z] < Rehi}. Repeating this argument for the sequence

3.(h3) = Qﬁris?(h h3,{h;};z1), with arbitrary h} € H, hi € {z € C: |z| < Rehj} and
hj €R3 j>1, one obtalns (Hy).

In order to complete the proof of Proposition 6, it suffices to show that (H_1) implies (Hy),
k =2,...,n. The proof is completely analogous to the one of (H;) (one considers subsequently
three sequences of functions ( f;,k)y for i = 1,2,3). The only difference is that one invokes

(Hy—1) instead of (2.19) to argue that the functions fik(hl) Qﬁri‘s?(hl h2, hi, {h;}jzk), (for

fixed h; € Of, i<k, h2,h2 € R, and h; € R3, j > k), converge pointwise, for real hi, towards
a non-zero limit, as s — oo. O

3 Analyticity of correlations

Our aim in this section is to establish analyticity of (connected) correlations as functions of an
external magnetic field h in the Lee-Yang regions Hy = {h € C : £Reh > 0}, for the models
introduced in the last section. For the sake of clarity, we first focus on models of Ising spins.
Extensions to other models satisfying the Lee-Yang theorem are outlined at the end of this
section. Thus, we consider the Ising Hamiltonian H defined in (2.1), but with a homogenous
magnetic field h, = h for all z, and we write H) = HA|h=0' For the purposes of this section, we
further impose periodic boundary conditions and require the pair interaction couplings to satisfy

Joy = Jyz = Jo—yo >0, forallz #y, and Z Joz < 00. (3.1)
x#0

The a-priori measure g on R is assumed to be any even measure with compact support satisfying
condition (2.3) (e.g., o = (0_1 + 61)/2, the example of Ising spins, or py = )\‘[7171]/2, the
example of a continuous spin uniformly distributed on [—1, 1].) The partition function at inverse
temperature 3 > 0 is denoted by Zg (h). Theorem 1 holds for this class of models.

We are interested in the connected correlation functions (o,,;...; O2n)A B (also called Ursell
functions, or cumulants in a probability theory context), where n € N and {z1,...,2,} C A,
which can be defined as |28, Section I1.12]

mn

(I ;Umn>f\,5,h = {581736 log (< exp [Zﬁi%i] >A75,h)} ) (3.2)
n i=1

g1=+=e,=0

where ( - )a g, denotes a (finite-volume) thermal average, i.e., an expectation with respect to

the probability measure (Zg, A(h))flefﬁHA("A) [L.ca dpo(oz). Our aim is to prove the following
result.



Theorem 7. Under the above assumptions, for arbitrary sites x1,...,xn, n € N, and for all
B > 0, the thermodynamic limit

(Opys - ;0%>§7h = Ali/‘nzld(am; co anﬁ\ﬂh
of the connected correlation (og,;...;04,)% g €Tists and is an analytic function of the magnetic

field h, for Reh # 0.

Proof. Since 8 > 0 can be absorbed into a redefinition of J,, and h, there is no loss of generality
in setting 5 = 1. We consider the modified partition function

Za(hyer,... en) = /exp{ — HR(O’A) + Z [h + Zn:gaeika-x} Uz} H dpio(0n), (3.3)
a=1

TzEA zEA

with € = (e1,...,6,) € C" and k, € A*, for all @« = 1,...,n, where A* denotes the dual
lattice of A. Assuming that Re(h) > 0, setting h, = h + > o_; £qo€®® and noting that
Re(hg) > Re(h) — > 0 _; |eal, Theorem 1 is seen to have the following corollary:

Zx(h,e) #0 if  Re(h) > |eal. (3.4)
a=1

More generally, Z (h,€) does not vanish whenever |Re(h)| > >, |eq|, because Zx ({hy }een) =
ZA({—hz}zen), by symmetry, since g is even. In the following, we may therefore assume that
Re(h) > 0. Defining the convex domain

D= {(h,e) e C"! . Re(h) > zn: \aay} c crl, (3.5)

a=1

it is an easy exercise to check that Zx(h,e) has an analytic logarithm in D, so that
fa(h,e) := |A|" log Z(h, €) (3.6)

is a well-defined, analytic function of (h,€) in D; (we choose a determination of log that is real,
for h > 0 and € = 0). Henceforth, we fix some wave vectors ki, ...,k, and consider a family
of rectangular domains, A, with the property that A* > k,, Va. We then consider the analytic

function )

Ra(h,€) = Zy(h, €)M :=exp [ fa(h,€)], for (h,e) € D. (3.7)
We note that R is uniformly bounded in A on arbitrary compact subsets of D: abbreviating
=3 sen [+ X0 eae™™ ], by HX’E(O'A), definition (3.3) implies that, for all (h,e) € D,

_(HO e 1/|A _ h,
R (h,€)| = |Za(h, &)1 < ([le ERHAD NV < oxp [JA] (1E oo + [ HES o)
Clearly,

h7
IEN oo < Al (1] + Y leal),
a=1

for some constant ¢ > 0; (here, we assume for simplicity that the support of the measure pyg
is compact). Moreover, denoting by ® the ferromagnetic pair interaction, i.e., ®({z,y}) =
—Juy0z0y, for all © # y, ®(X) = 0 else, we have (see for example [28, Section II.3], and recall
the definition of [||-||| below (1.2)) that

IHR oo < ¢/|A]- [,



where ¢ > 0 may depend on the dimension d of the lattice and takes into account the periodic
boundary conditions imposed at OA. Notice that this last estimate holds for arbitrary translation-
invariant interactions ®. The last two estimates imply that |Rx(h,€))| < c(h, &), where c(h,€)
depends continuously on (h,e) and does not depend on A. Thus, for any compact K C D,

sup  |Ra(h,e)| < oo. (3.8)
A;(he)eK

With uniform bounds at hand, we may study the thermodynamic limit A # Z%. With the
help of a cluster expansion (see for example [34]) at large magnetic fields, one shows the existence
of the limit

colh,€) = li h, 3.9
frolhne) = lim fa(he) (3.9)
at any point in the (large-field) regime

Re(h) > ho, Im(h)| < 4, leal <6, Va=1,...,n, (3.10)

for sufficiently large hy and small § > 0; (had we kept the S-dependence explicit, hg and é would
depend on (). Similar conclusions hold for Ry. Let S denote the subregion of D determined by
the constraints (3.10). At any point (h,e) € S, the limit Roo(h,€) = limy sza Ra(h,€) exists
and is finite, and Roo(h, &) = exp [ foo(h,€)], by (3.7). In particular, Ro # 0 on S. Moreover,
since the subregion S C D is a determining set for D, and since the functions R, are uniformly
bounded on compact subsets K of D, by (3.8), it follows from Vitali’s Theorem [33, Section 5.21]
that R converges everywhere in D, as A 7 Z%, uniformly on any such K, and from Weierstrass’
Theorem [1, p. 176] that the limit R, is analytic in D.

Next, we show that R, vanishes nowhere on D. To this end, we first consider the functions
Ra(h,0) = exp[fa(h,0)]; fa(h,0) is known to have a (pointwise) limit for real h [28, Section
I1.3]. Hence Roo(h,0) # 0, for arbitrary real h > 0. It follows from Hurwitz’ Theorem |1,
p. 178] that Ra(h,0) # 0, for all h € Hy. Let (h,e) be any point in D. We show that
Roo(h,€) # 0 by repeated application of Hurwitz’” Theorem: Define g (z) = Ra(h, 2,0,...,0),
which is analytic and converges uniformly on compact subsets of D := {z € C: |z| < Re(h)}
towards g (2) :== Roo(h, 2,0,...,0). But gL (0) # 0, hence by Hurwitz’ theorem, g._(z) vanishes
nowhere in Dy. In particular, gl (e1) = Roo(h,€1,0,...,0) # 0. Repeating this argument n times
(in the k-th step, the functions are g% (z) = Ra(h,e1,...,6k-1,2,0,...,0) and their domain of
definition is Dy, = {z € C : |z| < Re(h) — z;:ll\ai\}), we obtain the desired result, namely that
Roo(h,€) #0.

Having established that R, is nowhere vanishing on the convex domain D, it follows that

foo(hye1, ... &) :=log [Roo(h,gl, ... ,an)]

is well-defined and analytic in D, and thus analytically continues f, previously defined in (3.9)
on the subregion S of D determined by the constraints (3.10). Moreover, the functions fj defined
in (3.6) converge towards foo, uniformly on compact subsets of D. Similarly, any derivative of fx
with respect to variables (h,e) converges towards the corresponding derivative of f,, uniformly
on compact subsets of D. This follows from Cauchy’s integral formula for polydiscs.

Next, we consider correlation functions. Let the (discrete) Fourier transform of spins on Z¢
and the corresponding reverse transformation be denoted by

O = Z ek To. ke A, and Op = —— Z e" kg xe A
TEA
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Observing that Za (h,€) in (3.3) can be rewritten as Zj (h,€) = Za(h) - (e2a=1%%%a ) A, Where
(- )aAn = (" )ApB=1h, it follows from definition (3.2) that

0" log [ZA(h, s)]
Oey ---Oep,

= <6’k1; . ';a-kn>j\h
e1=+-=en=0 ’

, (3.11)
i1 ka=[0]

where the constraint S 1_, k, = [0] (with [0] = aZ? for A = A(a) = Z/aZ?) follows from
translation invariance, which holds because we have imposed periodic boundary conditions. With
(3.6), we thus obtain from (3.11)

J"fa(h,€)

= Ganlky, ... k). 3.12
ey - Oz |, AlkL, - ) (3:12)

" ka=[0]

a=1

T (i)
= A \9k15---30k,
S—— Al
Theorem 7 then follows upon letting A * Z%, using that the derivative on the left-hand side
has a well-defined limit analytic in h in the region H,, and, subsequently, Fourier-transforming
back to position space. (This does not affect analyticity in h, because all integrations in k-space
extend over a compact set.) O

Before discussing generalizations, we make a few remarks about Theorem 7: we consider
Fourier transforms of correlation functions, because they can be expressed in terms of derivatives
of free energies with periodic fields, to which Lee-Yang applies directly. Moreover, it is not difficult
to show that Gp(ki,...,kn) are continuous functions of ki, ..., kn, (Reh # 0). (This follows
from Vitali’s theorem, using the uniform bounds (3.8) together with a cluster expansion for Re h
large enough.)

Next, we discuss extensions of Theorem 7 to other models satisfying a Lee-Yang theorem. First,
note that it continues to hold for unbounded single-spin measures pg satisfying suitable decay
assumptions at infinity (this requires a somewhat more careful analysis). In particular, this is of
interest in applications to field theory (see the end of Section 4 below).

For general one-component spins, we consider, for example, the Hamiltonian (2.6), with a
uniform external field A turned on, and pg = (6_; + 01)/2. We assume that the interaction
® has spin-flip symmetry and that it is such that the Lee-Yang theorem holds at some inverse
temperature S > 0. Note that this requires 8 to be sufficiently large, depending on @, if ¢ is not
the ferromagnetic Ising interaction; see the discussion following Theorem 3 above and references
therein, in particular [26]. Then (0y,;...;04,)3, is analytic in A in the regions Hy. The above
proof is still applicable: the uniform bounds (3.8) hold for general ® with ||®]|| < oo, but the
large-field cluster expansion, c.f. (3.9), must be modified slightly.

The analyticity results of Theorem 7 can also be extended to certain N-component models
with N > 2. Consider the Hamiltonian (2.14) and assume that condition (2.15) holds, that the
a-priori measure jq satisfies the assumptions of Theorem 4 and, in addition, that supp(uo) C RY
is compact. Then the corresponding partition function satisfies

N
Zga({hatoen) #0,  if  Re(hp) > _|hY|, for all w € A, (3.13)
=2

We assume that h, = (h,0,...,0), for all z in (2.14). To conclude analyticity of <O'i1 i ol >c

1) P 17 67h
in H, equation (3.3) must be modified to read

Z@A(h,el,... ,6n) = /exp{ —ﬁ[HR — hZUi — Zgazeika-xaia}} H d,uo(O'm).

zEA a=1 zEA zEA
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Note that the conditions in (3.13) are satisfied if Y ', |eo| < Re(h), which is the same constraint
as for N =1, cf. (3.4). The partition function Zg a(h,€) is thus non-vanishing and possesses
an analytic logarithm on the region D C C"! defined by (3.5). Hence, our proof of Theorem 7
applies in this case as well. In particular, the results hold when pg is the uniform measure on
the unit sphere SV~—! and, for N = 3 (classical Heisenberg model), (2.15) can be relaxed to the
more natural ferromagnetic condition (2.16), by virtue of Proposition 6.

We conclude this section by discussing joint analyticity properties of correlations in A and g,
which follow from the proof of Theorem 7 above, using an idea of Lebowitz and Penrose; see [13,
Sections III and IV]. For simplicity, we restrict ourselves to the original framework of Theorem
7, but the following arguments apply to the other models discussed in the previous paragraph as
well. We claim that (in the setting of Theorem 7),

(0215 +;02,)5, 18 jointly analytic in 8 and h for 8 > 0 and Reh > 0, (3.14)

i.e., in some (complex) neighborhood of (0,00) x Hy in (5, h)-space. Indeed, this can be seen as
follows. Let Z (S, h,e) be the modified partition function (3.3), but with a factor of S inserted
in the exponent, and the functions fa(3,h,e) and Ra(B, h,€) be formally defined in terms of
ZA(B,h,e) as in (3.6) and (3.7), respectively. For arbitrary 3y > 0, by virtue of a suitable cluster

expansion, one may select h sufficiently large and § = (5, iL) > 0 such that

Roo(B,h,€) := lim RA(B,h,€) is jointly analytic in the
A 74 (3.15)
variables (3, h,e) on the polydisc Dg,(d) x Dj (8) x (Do(é))n,

where D,(r) = {2/ € C: |2/ — z| < r} denotes the open disk of radius r centered at z. For
arbitrary hg € H,, let K C Hy be a closed rectangle containing both hg and D; (9) in its
interior, and let I = Dg,(6) N Ry be the (real) diameter of the disk Dg,(d). The proof of

Theorem 7 yields that
Roo (B, h,€) is analytic in (h,&) on K x (Do(d))n, for every g € I, (3.16)
provided ¢ > 0 is sufficiently small. Moreover, it follows from (3.8) that

sup R0 (8, hy€)| < 0. (3.17)
BEI;heK;ea€D0o(9)

Together with (3.15), (3.16) and (3.17), the Malgrange-Zerner theorem [30, Theorem 2.2] (see also
the lemma in Section I1I of [13]) then implies that R (53, h, €) is jointly analytic for 5 € I, h € K,
and g, € Do(6), a = 1,...,n (ie., in some neighborhood of this set in C2*"). In particular,
Roo(B, h,€) is jointly analytic in a polydisc around (By, ho,0), and we may further assume that
R is nowhere vanishing within this polydisc, by continuity (since R (8o, ho,0) # 0, as shown
in the proof of Theorem 7). Thus, fo = log R« is analytic on this polydisc, and so is

fm, (B30,
1M ——(0k;3---;0k, ,
Azt [A MRS ka0

by (3.12). Since 5y > 0 and hg € H, were arbitrary, (3.14) now follows as before upon Fourier-
transforming back to position space, which does not affect analyticity in 8 and h.

12



4 Applications

In this section, we discuss various applications of Theorem 7 and of Eq. (3.12).

Our first application concerns the independence of our analyticity results of the choice of
boundary conditions; (recall that, in the above proof, we have imposed periodic boundary con-
ditions). We wish to show that Theorem 7 continues to hold for all boundary conditions, b,
for which the Lee-Yang theorem holds — this includes, in particular, free boundary conditions —
and that the thermodynamic limit of correlations is unique for this class of boundary conditions,
provided h belongs to the Lee-Yang region H, .

For the sake of simplicity, we sketch our arguments in the setting of Theorem 7, but the
following conclusions continue to hold for any of the Lee-Yang models (®, pg) mentioned above
for which (an analogue of) Theorem 7 has been shown to hold. Thus, let Hy be the Ising
Hamiltonian (2.1) with h, = h, for all z, and pair couplings J,, satisfying (3.1), and let po be
an even measure with compact support satisfying condition (2.3). Using a cluster expansion of
the correlations at large magnetic fields, one proves (see for example [28, Theorem V.7.11]) that
the model has a unique equilibrium state in a region Qg C H, defined by the constraints

Re(h) > ho(B),  [Im(h)| <&(p),

for some large hy > 0 and some € > 0 (both depending on /). Denoting by ( - )a gns the
(finite-volume) thermal average corresponding to a boundary condition b, it follows that

1
lim — {6k ;0% )% 4.1
A 74 |A|< k1 kn>A7ﬁ,h7b ( )

exists and is independent of b, for any h € 3. In particular, the limit agrees with

1

im — {6k 30k )% 8.1 4.2
A7 ’A’< k1 kn>A,ﬁ,h ( )

for h € Qg, where, in the latter correlations, periodic boundary conditions are imposed, as in
Section 3. Note that the correlation in (4.2) vanishes unless >, ko = [0] and is finite if
the latter condition holds. Assuming that the boundary condition b is such that the Lee-Yang
theorem holds for h € Hy, we may use Egs. (3.11) and (3.12) and then apply the Lee-Yang
theorem to the partition function and the free energy of the model with boundary condition
b imposed at OA to show that the correlations ﬁ(ﬁkﬁ ---§&kn>f\,5,h,b are uniformly bounded

and analytic in A on H,. Thus, multiplying ﬁ(ﬁkﬁ cod &kn>?\5 wo DY exp(—id o ko - z4)
and integrating over the surface defined by the equation . _; ko = [0], we find, using that the
integration domain is compact, that

Ali/rrz1d<axl; 3O )N B = (Taii 1 02,) G hs for all h € Hy, (4.3)

which proves analyticity of the thermodynamic limit of correlations with boundary condition b
on the entire half-plane H, .

Next, we consider the magnetization (0;)s., which, by Theorem 7, is an analytic function of h
in H, for any 8 > 0. Since § is fixed in the sequel, we omit it from our notation. We propose
to show that

(04)n is a strictly positive, increasing, concave function of h > 0. (4.4)

13



Note that this yields a well-known bound on a critical exponent for the magnetization as a
function of h, (with 8 = [, the critical inverse temperature). As a preliminary step, we show
that (og; 0,)f is decreasing for h > 0. We recall that

0
%Wﬂcl; e §an>?\,h = Z(le; s O UZ>?\,h7 (4.5)
z€EA

Applying this identity for n = 2 and using the GHS-inequality (see [10] for Ising spins, [29] for
more general 1), we see that

0
D sl = lowiarionlin <0
zEA

for all h > 0. Letting A ~ Z%, one obtains that a@h(ao;awﬁl < 0, for all A > 0. Indeed, this
follows from Cauchy’s integral formula, using that (og; O'xﬁ\’h tends towards its infinite-volume
limit uniformly on compact subsets of H. (The latter claim follows from the proof of Theorem
7: invoking Vitali’s theorem, it suffices to establish uniform bounds, supy.p[(c0; 02)§ ;| < oo, for
h belonging to an arbitrary compact subset K of H,, which, in turn, follow immediately from
(3.12), (3.8), and the fact that (00;04)3 j, = IA[72 s €% (633 G—k)3p-)

Returning to (4.4), the identity (4.5) and the GHS-inequality imply that 92(c,)s/0h? < 0,
for h > 0. Similarly, monotonicity of (o, )p, for h > 0, follows from (4.5) and the FKG-inequality
(which holds since the interactions are ferromagnetic). It remains to show that (o, )y is positive
for h > 0. Indeed, (0,)p > 0, for all h > 0, follows from Griffiths’ inequality. If (0,); vanished,
for some h > 0, then (0, ) = 0, for all 0 < A’ < h, by monotonicity, which is impossible, because
the zeroes of (o), form a discrete subset of H. Similarly, the first derivative of (o) in h is
strictly positive and the second derivative has, at most, a discrete set of zeros, for h > 0. (Note

that, since (0;)_p = —(0)p, one derives corresponding properties of the function (o, )p, h < 0,
from (4.4).)

Next, we consider the mass gap, m(3, h) (inverse correlation length), defined as

1 1
B hlgrﬁrlljgop EhG (005 02)5.0 - (4.6)
We restrict our attention to the generalized Ising model considered in Theorem 7 with finite-
range interactions (i.e., Jyy = 0 whenever |z — y| > R, for some R > 1), but the following
discussion applies to more general spin models obeying a Lee-Yang Theorem and to Euclidean
A¢*-field theories with non-zero “external field” h, in two and three space-time dimensions; see
[13], [14], and [11]. The mass gap satisfies

m(f,h) =

m(B,h) >0, for all h € Hy and 8 > 0, (4.7)

i.e., the two-point function (oo;05)5 ), exhibits exponential clustering. The inequality (4.7) can
be shown as follows. By Theorem 7, (0¢;05)5 is analytic in H, hence log |{oo;04)5| is a
subharmonic function of h € H,, see [11, Theorem A.3|. Using a cluster expansion, one shows
that m is positive on an open subset of H, corresponding to sufficiently large Re h; (actually,
positivity on some smooth arc in H, would suffice). It then follows from subharmonicity (see

[14, Lemmas 1 and 5|) that m is positive everywhere on H. We also remark that
m(B, h) is an increasing function of h > 0, for all 5 > 0. (4.8)

This follows from definition (4.6), using monotonicity of the logarithm. For, we have already
shown that the two-point function (oy; O'm>% p is decreasing in h, for h > 0. We also wish to recall

14



a bound on the critical exponent § describing the divergence of the correlation length & = m™1,

as h \, 0, at the critical inverse temperature f3.; (see [11]| for a more general result that extends
to Buclidean \¢*-field theory):

£(Beyh) ~ b0, with § < 1. (4.9)

This follows by showing that m(8.,h) > ¢ - h, for some positive constant ¢ and all sufficiently
small & > 0. The latter is a consequence of Theorem A.6 in [11], using the fact that the functions
_ﬁ log |{oo; 02)5,. »| are superharmonic in H and that, given any (real) ho > 0, these functions
are bounded away from 0 by a positive constant (uniform in h and z), for all h > hy and all

sufficiently large x, which follows from (4.7) and (4.8).

Finally, we mention a generalization (alluded to, above) of Theorem 7 to some N-component
(N =1,2,3) Euclidean \|¢|i-field theories (¢ = (¢, - - ,¢N)) in d = 2, 3 space-time dimensions,
with periodic boundary conditions. The correlation functions of lattice spin systems are replaced
by the Schwinger (Euclidean Green) functions,

Sran(@i, a1, ..., 2n, o),

of the properly renormalized lattice field theory on a lattice Z¢ N Ap, with periodic boundary
conditions imposed at Ay, where d = 2,3, a > 0 is the lattice spacing, A; = [-L/2,L/2]% is
a cube in Z¢ with sides containing % sites, and the arguments z;,a;, i = 1,...,n, stand for the
field components ¢ (x;). Formally, the Schwinger functions are given by

S (x1,00 T, Q) = f¢a1(x1) o (xn)eiAL’a’h((b)Dd)L’“
L,a,h ) sy dny Un f e_AL,a,h(¢)D¢L,a ’

where Ay 5 is the Euclidean action of the theory, which is identical to the Hamilton function
with periodic boundary conditions of the corresponding classical lattice spin system (with nearest-
neighbor couplings, and in an external magnetic field /), but with coupling constants that depend
on the lattice spacing a in such a way that the continuum limit a — 0 exists; see, e.g., [27], [21].

Combining results in [27| and [30], for d = 2, and in [21] and [6], [30], for d = 3, one can
prove an analogue of Theorem 7, for h € H,. This is accomplished by first proving existence
and Euclidean invariance of the limits

LIE‘I;O(IL%SL@ﬁ(m,al,...,xn,an), (4.10)
for Reh large enough and Im A small enough. The Lee-Yang theorem (see [29, Theorem 6]) and
uniform bounds on the analogue of the free energy, see (3.6), discussed in [27] (d = 2) and in |§]
(d = 3) then imply analogues of Egs. (3.8) and (3.12) that can be used to prove bounds on the
Schwinger functions, integrated against test functions on momentum space, that are uniform in
a and L and yield analyticity in h on H,. As a consequence, the limiting Schwinger functions in
(4.10) exist, are Euclidean invariant and analytic in h, for A € H;. A more detailed discussion
of these arguments goes beyond the scope of this note.

The results mentioned here are of interest in an analysis of phase transitions accompanied
by spontaneous symmetry breaking in A|¢|*— theory in d = 3 space-time dimensions; see [7,
Section 4].
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