THE VALUE OF PARTIAL JUMP INFORMATION

PHILIP A. ERNST AND OLEKSIT MOSTOVYI

ABSTRACT. We investigate a pricing rule that is applicable for streams of income or contingent claim
liabilities and study how this rule changes under additional insider-type information that an investor
might obtain. Considering a model where the risky asset might have jumps, we obtain an explicit form
of the associated state price density for the three different types of agents considered in [ER20]: one
who has no information about the jumps, one who knows in advance exactly when the each jump will
occur, and one who has no information about the time of the jumps but has partial information about
the size of each jump. For each of these agents, we provide characterizations of the pricing rule and
establish a representation formula, allowing us to quantify the value of partial information for streams
of labor income or contingent claim liabilities. Our work is motivated by finding and characterizing
a pricing rule that, both with or without partial information about jumps, assigns different values of

information for different income streams or contingent claim liabilities.

1. INTRODUCTION

Insider trading is a very active area of financial mathematics and related fields. This topic has
influenced virtually every subfield of mathematical finance, including arbitrage theory, pricing and
hedging, characterizations of equilibria, optimal investment, etc. For references on these topics, we re-
fer the reader to [KP96], [EJ99], [ABS03], [Bau03|, [KH04], [AI05], [Cam05], [ADI0G], [CCOT7], [Karl0],
[DMN10], [CX13|, [CJALS], [CD16], [AFK16], [AJ17], [ACDJ17], [ER20], [ACDJ18], [ACDJ19], [BG20],
[ERZ17], [CCE20], [DRR20], [CD21], [DRR22], [CH23], [JS24], and [Rob24].

The present paper is in part motivated by the recent work of [ER20]. There, an approach for
modeling insider information is proposed which allows for the incorporation of jumps in the underlying
stock price process, without sacrificing analytic tractability. The value of the signal in [ER20] is
represented via a change in the value function of the rational investor with and without insider
information. In particular, the value of the signal in [ER20] does not dependon a stream of labor
income or contingent claim liabilities.

The present paper fills this aforementioned void by considering the problem of pricing streams of
liabilities or labor income for two types of partially informed insider traders, which is then compared

with a pricing rule associated with an uninformed trader. As in [ER20], the first type of insider trader,
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who we call the insider of the “first kind,” knows the times of the next jump of the risky asset but does
not know the size of the next jump. The second type of the inside trader, who we call an insider of the
“second kind,” does not know the time of the next jump but has partial information about the size of
the next jump; that is, he observes the signal n = £ + ¢, where ¢ is the jump of the cumulative return
of the risky asset, and ¢ is a random variable representing noise, assumed Gaussian and independent
of everything else.

It is well-known that such unbounded (from above and below) streams of labor income/contingent
claim liabilities are more challenging to work with, in particular because the notion of admissible wealth
processes has to be adjusted accordingly. Following [DS97], we incorporate the notion of acceptability,
and we show that under no-arbitrage-type and a version of the super-replicability conditions, the
pricing problems (both with and without additional information about the signal) admit a unique
solution, for which we identify a representation formula.

The present paper’s key contributions are threefold. Firstly, we identify and characterize a pricing
rule which depends on a particular stream of labor income or contingent claim liabilities and which
assigns different values of partial information to different streams. Secondly, we develop a framework
which allows for an infinite time horizon such that no arbitrage or other technical issues arise in
the presence of extra information, which is indeed a very delicate topic in general (see [AFK16] and
[AJ17]). Our framework allows for streams of liabilities or labor income to be unbounded from either
above or below, enabling greater generality. Thirdly, we present examples of special interest that
contain explicit computations for intricate streams and show the existence of information-invariant
ones.

The remainder of this paper is organized as follows. In Section[2] we describe the model and provide
existence and uniqueness results for the pricing rule developed. In Section |3] we provide an explicit
formula for the state price density associated with the pricing rule in the case where the investor has no
information about the jumps of the risky asset. Section [4 contains the derivation and representation
of the pricing rule in the case where the investor knows the time of the next jump of the risky asset.
In Section [5| we derive the corresponding state price density for the investor who does not know the
times of the jumps, but has some partial information about the size of the next jump. We conclude

with Section [6] which discusses explicit forms of the pricing rules.

2. PROBLEM FORMULATION AND CHARACTERIZATIONS OF THE PRICING RULE

We consider an infinite horizon continuous-time problem of investment and consumption. For
this, we assume a complete stochastic basis (2, F, (Ft)t>0,P), where the filtration satisfies the usual
conditions and where Fy is trivial. We suppose that there are two traded assets: a risk-free bank

account with a constant interest rate » > 0 and a risky asset whose returns are given by
(1) dRy = pdt + odWy + /(ex — )n(dt,dx), t>0, Ry=0,

where W is a standard one-dimensional Brownian motion, o > 0 is the constant-valued volatility, u is

the constant-valued drift, and n is a Poisson random measure independent of W, such that

E[n(dt, dz)] = Adtp(x)dz,
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where A is the rate at which jumps occur and p is the density of the jump of the cumulative return

(z—m)? o
process. We suppose that, for some constants m € R and v > 0, p(z) = \/2177)6_ 2v, x € R, which is

the normal density with parameters (m,v). We remark that the above model dates back to [Mer76].

The evolution of the wealth of the agent is given by
(2) dwy = (rwy — ¢p)dt + 6, ((u —r)dt + odW; + /(ex — 1)n(dt, d:v)) , >0, wy=rz,

where x is an initial wealth, 6 is a predictable and R-integrable process specifying the amount of
wealth invested in the risky asset, and c¢ is a consumption rate, which we assume to be optional. An
optional consumption rate ¢ > 0 is admissible from the initial wealth x if there exists a predictable
and R-integrable process # such that the associated wealth process given in is nonnegative. We
denote the set of admissible consumption streams from the initial wealth x by A(z), x > 0, and the set
of nonnegative wealth processes w given by starting from the initial wealth = > 0 and associated
with ¢ =0 by X(x), x > 0. We also fix a power utility of the form

z1-R
(3) U(z) = —p %~ 0,
with relative risk aversion R > 0 and R # 1. With these preliminaries in hand, we can now specify
the value function

(4) u(z) = sup E [/ e PtU () dt|wg = :c] , x>0,
ceA(x) 0

where p is the time discounting factor.
We shall assume that the labor income is an optional process e. If the agent has ¢ € R units of
e, the evolution of his wealth is given by
(5)
dwy = (rwy — ¢ + qey)dt + 04 <(,u —r)dt + ocdW; + /(ez — 1)n(dt, dm)) , t>0, wy=z, qgeR

Similarly, for a pair (z,q) € (0,00) xR, we say that an optional consumption stream ¢ > 0 is admissible
from the initial wealth  and the number of units of income process ¢ if there exists a predictable and
R-integrable process 6, such that (i) the associated wealth process given by is nonnegative at all
times P-a.s. and (ii) the self-financing wealth process X = w + [;(cs — ges)ds is “acceptable” in the
sense of [DS97]. This means that it can be written as a difference of two nonnegative self-financing
wealth processes X' — X", where X" is maximal in X'(X{). We remark that the notion of acceptability
introduced in [DS97] has played an important role in optimal investment problems with labor income
or random endowment, see [HK04], [Siol5], [Mos17], and [MS20].

Some further notation is now in order. We denote the set of admissible consumption streams from
the initial wealth z and with the number of units of income process g by A(z, q), (z,q) € (0,00) x R.
Note that A(x,q) may be empty for some (z,q) € R

As noted in the introductory section, the purpose of the present paper is to price a stream of labor

income/random endowment for the three different types of agents considered by [ER20]:

(1) The agent has no prior knowledge about when the jumps occur nor of their magnitudes;

(2) The agent knows precisely the time of the next jump, but not the magnitude;
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(3) The agent knows nothing about the time of the next jump but sees the signal

n==§+e,
where ¢ is the jump in the cumulative return at the next jump, and € is an independent
N(0,v.) random variable.

For a given income stream e, we shall compute its indifference value in each of the scenarios. By
computing differences of such indifference values, one can deduce the indifference value of having
additional information. Thus, following [KK21], Definition on page 157], we recall the definition of an

indifference value.
Definition 2.1. Let z > 0 be fixed. A number p is an indifference value for e at x, if

E [/ e U (¢y)dt|wg = x| < u(x), forevery q€R and c€ Alx — qp,q).
0

Remark 2.2. In view of U defined in having a power form, one can see that the indifference price

does not depend on x > 0. This can be explained as follows: using , one can show that

©) 2A(x — qp, q) = {zc = (2¢ct)i>0 : ¢ € A(x — qp,p)} = A(zx — 2qp, 2q),

for every (x,q) €R* and z > 0.

Then, if p(2) is an indifference price for e at z > 0, then, for every x > 0, ¢ € R, and ¢ € A(x—qp(2), q),
we have from @ that Zc € A(z — Zqp(z), 2q), and thus the inequality in Definition holds for Z¢

(here, we also recall that Fy is trivial, the reason why we kept the conditioning on wy = z is explained

in Remark , that is
= —pt z <
(7) E [/0 e U (l’Ct) dt] < u(z2).

As U is of the power form (3)), so is u, more precisely, we have

(8) (£> o u(z) = u(z) = 2 Fu(1).

z

Therefore, multiplying both sides of by (%)I_R, we deduce that

() E [ /0 h e‘th(ct)dt] < u(a).

As, x>0, ¢ € R, and ¢ € A(z — p(z), q) are arbitrary, we conclude that p(z) is the indifference price

for e at z, for every x > 0.

Let X(x) be the set of nonnegative wealth processes of the form associated with ¢ = 0. With

B; = €™, t > 0, we define the set of local martingale deflators for the discounted risky asset @ by

X
Z(y) = {Z >0: Zg=y and ZE 1s a P-local martingale for every X € X(l)} , y=>0.
In view of , particularly when o > 0, we observe that
(10) Z(1) #0.

The condition in is equivalent to the no unbounded profit with bounded risk (NUPBR) condition
introduced in [KKOT7] (via the results in [ST14] and [KKS16]).
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Remark 2.3. Without the condition in , the optimization problem in is not well-posed. In
the context of optimal investment from terminal wealth, illuminating examples are given in [KKO07,
Proposition 4.19]. Furthermore, we need to suppose that holds in the present paper. An example
of the model where fails is given by the riskless asset in as above and the risky asset having

the return

Tt+Nt, tZO,

where N is a Poisson process with intensity 1.

We proceed to denote the set of state price density processes

Z
v ={r=%: zezm}. >0,
and consider an income stream e = (e;)s>0 such that
(11) sup E [/ Yt\et|dt] < 0.
Yey(1) 0

Please note that is does not depend on the choice of the utility function in .
Remark 2.4. One can see that holds if there exist constants C' > 0 and ' € [0,7), such that
les(w)| < Ce™,  (dt x P)-a.e.

For ¢ := %, we introduce V (y) := sup (U(z) — zy) = %, y > 0, and set the dual value function

>0
as
12 v(y) = inf E/ eﬁtVYdt}, > 0.
(12) =it & [T hvona] .y
Now, suppose that
(13) u(z) > —o00 and wv(z) <oo, z>0.

Please note that condition (13]) does not depend on the income stream (e;)>o.

Remark 2.5. If R € (0,1), U is positive-valued and therefore u(z) > —oo for all x > 0. If R > 1, a

sufficient condition for u(z) > —oo, x > 0, is
(14) p>(1—R)r

This result follows from [MosI5, Lemma 4.2]. Namely, for every constant § € (0,7), ¢ := de("=9)¢,
t >0, is an element of 4(1), and

00 517R 00
E [/ e_”tU(ct)dt] = / e PRIt g ~ oo,
0 1-R Jg

where the inequality follows from . Such a ¢ will give a finite lower bound for .
The condition v(z) < oo, z > 0, when R > 1 holds under since the objective in is negative-
valued. If R € (0,1), a necessary and sufficient condition for v(z) < oo, z > 0, is the existence of

one-state price density Y € )J(1) such that

E [/OOO elpatV(Yt)dt} < .
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To obtain uniqueness of the indifference price, we shall need Assumption below.
Assumption 2.6. Suppose that there exists an optional process ¢, such that
¢>lel, (dtxP)-a.e.

and

o0 “ oo
(15) E [/ Ytétdt] = sup E [/ Kgétdt] < 00.
0 yey(l) 0
We also assume that the minimizer to aty=1,Y ¢ y(1).
Remark 2.7. Condition ¥ € Y(1) included in Assumption is used in below.

Remark 2.8. [On the sufficient conditions for Assumption For the uniqueness of the indifference
price represented by , Assumption holds if

(a) there exists a deterministic consumption stream ¢, t > 0, such that
¢ > e, (dt x P)-a.e.,
(b) which satisfies
o B

(c) and the minimizer to at y =1, Y, is such that Y B = (Y;B);>0 is a P-martingale.

Then, under the remaining assumptions of Theorem the proof goes through, where the key step

follows via Tonelli’s theorem,

oo N o0 N oo Et
0 0 o Bt
The inequality holds by condition (b), and for every Y € Y(1), we have
o0 o, ¢] oo 6t (e.) “
E [/ EtY;dt] - / &E[Y]dt < / St —F U Ethdt} .
0 0 o DBt 0
We now proceed to state Theorem Its proof shall follow the proof of Lemma [2.12

Theorem 2.9. Let us consider the market given as above, where there is a riskless security with a
constant interest rate and a risky asset, whose return R is given by with o > (ﬂ Suppose that
and hold. Then, for every x > 0, the indifference value p(x) of the income stream e exists
and does not depend on x > 0. Further,

(16) p(z) =E [/OOO Ytetdt] , x>0,

1s an indifference price of e, where Y is the minimizer to aty=1. If Assumption also holds,
then the indifference price of e is unique and is given by .

1This ensures that there is no arbitrage.
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Remark 2.10. Theorem can be extended to the case when Fg is not trivial but is a sigma-algebra
generated by a random variable such that the conditional independence of increments denoted in
[JS03, Section II.6] holds. Then, the indifference value is an Fyp-measurable random variable that is

given via a conditional expectation with respect to Fop, that is

(17) p=E U ﬁetdufo] .
0

As in the unconditional case, p does not depend on the initial wealth, which, in this case, is a
nonnegative Fyp-measurable random variable. Y is the dual optimizer with the initial value 1, that
is, starting from the dual problem, where the initial values can be the nonnegative Fy-measurable
random variable Yy. Adopting the standard notation 8 := 0, and denoting the optimizer by Y, we
can represent p in viaY = %.

The proof of Theorem requires Lemma and Lemma below. We proceed with Lemma
211

Lemma 2.11. Under the conditions of Theorem[2.9, the set

(18) K= {(r.q) € R>: Alz,q) # 0}
is a nonempty convex cone in R? such that

(19) {(z,0): = > 0} € intK.

Proof. The fact that K is a convex cone follows from its definition and the definition of the sets A(z, q).
In view of , using localization and employing the construction of [Mosl5l proof of Lemma 4.2]

with & := sup E[[;°Yi|e/dt], one can show that there exists X € X(&) such that holds for
Yey(1)
¢ =0, every g € [—1,1], and

w=X—q / ecdt.
0
Next, we observe that by [HKS05, Remark 3.4] that the assertions of [DS97] (in particular, [DS97,

Corollary 2.6]) hold without the assumption of local boundedness of the risky asset. Instead, it is
enough to suppose that there exists a “separating measure” ([DS98]) for the risky asset. This assump-
tion holds in the present setting. Thus, from [DS97, Corollary 2.6], we deduce that X constructed
above can be chosen to be maximal. Consequently, K # ) and (Z,q) € K, ¢ € [-1,1]. Moreover,

implies that, for every a > 0, we have
(Oéjva(:;’) GK:, qc [7171]3

which in turn implies . This completes the proof of the lemma.
O

Lemma 2.12. Under the conditions of Theorem let (x,q) € R? be such that A(xz,q) # 0. Then,

for the income stream e and for every consumption process ¢ € A(x,q),

(20) E [/ f/}ctdt] <z—+qE {/ fftetdt] ,
0 0

where Y is the minimizer to aty =1.
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Remark 2.13. Under the continuity of the stock price process assumption, a closely related result is
contained in [KK21l Exercise 3.55, page 156].

Proof of Lemma[2.13, For a given (z,q) € K, where K is defined in (18], and for A(z,q) # 0, let us
fix an arbitrary ¢ € A(x,q). Let X be a self-financing acceptable wealth process starting from x such
that

¢ ¢
(21) X; + q/ esds > / csds, t>0, P-a.s.
0 0

z= sup E [/ Y}|et|dt] sup E [/ |et|dt}
yey( zez(1 o B

Then, from , using[CCFMlS, Lemma 1], we deduce that there exists a self-financing nonnegative
wealth process X € X (Z) such that

Let

Xt /t les|
22 ds, t>0, P-a.s.
(22) 52/ B

We proceed by denoting

g /|€t’dt 5_/ Sat and C = /dt
0

Employing the integration by parts formula in [JS03, Proposition 1.4.49(a)] and a change of numéraire
argument, we deduce from that there exists a self-financing wealth process X starting from x
such that
X
(23) g >Cy, t>0, P-as.
By
Therefore, via and , we obtain
X+ gl X:

B, t>0, P-a.s.

X - X ,
<0y < — Er < — &<
=B, Qt_Bt+‘CJ| <

Here, we see that X + |¢|X is a nonnegative self-financing wealth process starting from z + |¢|Z, that
is
X' =X+ q|X € X(z + |q|Z).
It now follows from [Pro04, Theorem II1.29, page 128] that
(24) E_ -(YB) and C_-(YB) are P-local martingales.

Furthermore, it follows from the definition of )(1) and from Assumption (which, in particular,
requires Y to be an element of Y(1)), that XY and (X + |¢|X)Y = X'V are local martingales as
X' € X(x + |¢|#) and X € X(&). Therefore, there exists a localizing sequence of stopping times 7,,
n > 1, for

Xy, X'V, £ -(YB), and C_-(YB).
As a consequence, we obtain

(25) E [XT
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and
(26) E {X;nf/}n} =E [(Ym + \q|XTn)YTn} =z +lqlZ, n>1.
From and , we deduce that
(27) E [YTnYT

From , we obtain

X o\ e .
(28) <Bn + q57n> (YTnBTn) > Cr, (YTnBTn) , n=>1, Pas.

Using the integration by parts formula in [JS03, Proposition 1.4.49(a)], we restate as
™ o N ™
(29) X, Y, +q€_ - <YB> + q/ Y,esds > C_ - (YB) —i—/ Yicsds, n>1, P-a.s.
Tn 0 Tn 0

Taking expectations and using and the martingale property of £_ -Y./\Tn and C_ -Y/\Tn, we deduce

from that
(30) m—l—qE[/anest]ZE[/ancst], n > 1.
0 0

Finally, taking the limit as n — oo, and (i) invoking dominated convergence (in view of (11))) on
the left-hand side of and (ii) applying monotone convergence on the right-hand side of , we

conclude that
x + qE {/ }A{qesds] >E [/ }A/scsds] ,
0 0

which is . This completes the proof.

With the proofs of Lemma [2.11] and Lemma [2.12| in hand, we proceed to prove Theorem

Proof of Theorem[2.9. Let us fix + = —v/(1) and consider an arbitrary ¢ € R, such that A(z —
qp(z),q) # 0, with p(z) given in . Next, let us fix an arbitrary ¢ € A(x — gp(z), q). Using Lemma
2.12] we deduce that

0 0
Further, [MosI5l Theorem 3.2] enables us to conclude that
(32) u(z) —z =v(1).

The conjugacy between U and V, in conjunction with and , allow us to obtain
E [/ e_th(ct)dt} <E [/ e“’tV(Ytept)dt] +E [/ iftctdt]
0 0 0
=v(1)+E [/ ﬁctdt}
0

:u(:n)—z:+IE[/Ooothtdt}

<u(z) —z+zx = u(zx).
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Since g and c are arbitrary, we deduce from Definition that p(z) as given in is an indifference
price for the stream of income e. The scaling argument (as in Remark implies that holds for
every x > 0.

To prove the uniqueness of the indifference price for e given by , we consider m < p(z). Suppose
that there is a consumption stream ¢ > |e|, (dt x P)-a.e., satisfying Assumption Then, it follows

from and [Mos15l Lemma 4.2] that ¢ € |J A(x). We proceed to denote
x>0

(33) i:=E [ /0 h 6thdt} ,

which is finite by Assumption [2.6] and which additionally asserts that £ = sup E [ fooo étfftdt]

Therefore, via [Mos15, Lemma 4.2| (and localization), we deduce that ¢ € A(:i‘)YAeg (;)consequence,
c+eec Az, ).

Let ¢g,, n € N, be a sequence of strictly positive numbers decreasing to 0 and such that ¢, < #ﬁr\’

n € N, where = —v/(1), which is the same strictly positive constant as in the previous paragraph.

With é(z — ¢ (Z + 7)) denoting the optimizers to at + — ¢n(T+m) >0, n €N, we set

(34) "= —qn(T+ 7)) +aqn(c+e), neN

In view of Assumption we have that ¢ € A(x — g7, ¢n), n € N. Employing the concavity of U,

we obtain
E [/ e_”tU(c?)dt] >E [/ e U (é(x — qn(F + W)))dt] + g E [/ e PH(E + et)U’(c?)dt]
0 0 0
=u(z — q(T+ 7)) + ¢E [/ e PH(E + et)U’(c?)dt} , neN.
0
Consequently, for y = u/(z) = 1, we get

E[[7° e PtU(cp)dt] — o0
lim inf o~ e (c)dt] — u() > —y(Z+ )+ liminf E [/ e PH(E + et)U’(c?)dt}
0

n—oo qn n—o0

(35) o
= —(Z +m) + liminf E [/0 e PH(E + et)U’(c?’)dt} .

n—oo

In view of the power utility structure in the objective of , one can see that the optimizers to
associated with different initial wealths satisfy ¢(z) = xé(1), (dt x P)-a.e., x > 0. Therefore, using the
(dt x P)-a.e. non-negativity of (¢;(w) + e(w))U’ (¢} (w) + gnet(w)) for all n € N, and employing Fatou’s
lemma, we can further bound the right-hand side of from below by

(36) lim inf [ /0 T et + et)U’(c?)dt] >E [ /0 T et + et)U’(et(x))dt} .

n—oo

Now, using [Mos15, Theorem 3.2], we deduce that for y = u/(x) =1,
o o R o0 R
(37) E [/ e P& + et)U’(ét(:U))dt] =E [/ (¢ + et)thdt] =E [/ (¢ + et)Y}dt] .
0 0 0
Furthermore, from and , we obtain

(38) E [/Ooo(at - et)Ytdt] =i+ p(x),
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with p(x) given in . Combining , , , and , we deduce that
0 ,—pt n _
(39) fiminf SLh V)] — ul)

n—oo qn

> p(x) —m >0,

where the strict positivity follows from the assumption that 7 < p(z). As ¢ € A(x — g7, qpn), n € N,
via Definition implies that 7 is not an indifference price for e. By considering an income
stream € = —e, and applying the argument above, we deduce that every m > p(x) is not an indifference

price for e. O

3. THE CASE WHERE THE AGENT HAS NO PRIOR KNOWLEDGE ABOUT WHEN THE JUMPS OCCUR,
NOR OF THEIR MAGNITUDES

This section considers the investor who has no information about the jumps. We proceed to recall

the characterizations of the value function and the optimal consumption in [ER20, Theorem 1]. With

(40) o(q) = / (14 g(e® — )Y Pp(a)de, g€ [0,1],
and
(41) oa) =r+alun—r) — o + DD o)

we denote a maximizer to g; over [0, 1] by gy, that is

(42) G, € argmax g1(q).
q€(0,1]

Remark 3.1. The condition g; € (0, 1) is needed to ensure that the dual minimizer is a local martin-
gale. This is in the same spirit as [Kal00, Theorem 3.2], where a very similar assumption is imposed,

ensuring that the candidate solution obtained from the first-order conditions is admissible.

We shall also denote

(43) Avi= <p+(Rf1)91(q)>R'

Lemma 3.2. Under the conditions of this section, let us suppose that q; defined in (42)) satisfies

71 €(0,1) and p+(R—-1)g1(q,) > 0.

Then, the minimizer to at y =1 has the following dynamics
dY; = Y;_ <—pdt + R{—r—Gy(pn—7) + Al_% + %(R + 1)o@ }dt
—Rg,o0dW; + /{(1 +q, (e — 1)) - 1}n(dt,d:c)> , t>0, Yp=1
and Y B is a true martingale. Moreover, for every stream e = (et)i>0, satisfying the assertions

of Theorem [2.9 hold.

Proof. We recall that it is shown in [ER20, Theorem 1] that, for ¢ = 0 and x > 0 being fixed, if
p+ (R—1)g1(q;) > 0, the optimal solution to has controls

—_ o ﬁi N = —
¢t = Ay "wy, 0y =qwr—,
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where @, is given by , Aj is given by , and the wealth process w is given via

(44) w, = wo—i-/ot(rws—cs)ds—i-/ot 0 ((u —r)ds+ odW, + /(ex - 1)n(ds,dw)> , t>0, wy>0.
Further, the value function u defined in is given by
(45) u(z) = AU(z), x>0,
with U given in (3)). Now, implies that
u(z) > —o0, x>0.
In view of the power structure of the utility U represented by and since for every wgy > 0, we have

(U (@) 100 € U VW),
y>0

one can see that

v(y) <oo, y>0.

Therefore, holds. With
R
pH(R-Da()’
and for w given by , one can apply [Mos15l Theorem 3.2] to show that the optimal solution to
at y = 1 is given by

(46) Vi = e PU' (&) = Aje P B, >0, y>0.

wo

This Y is the dual-optimal state price density. Theorem asserts that, for every income stream e
satisfying , its indifference value does not depend on = > 0 and is given by

(47) p(z) = AE [/ eptwt_Retdt} , x>0.
0

Invoking It6’s lemma, one can show from that Y satisfies the following stochastic differential
equation

A R 11
dYy =Y, (—pdt tR{=—r—@(p =)+ A "+ (R 1)o?q7 }dt

—Rgo0dW; + /{(1 +q (" —1))7 1 = 1}n(dt,dx)> , t>0, Yp=1.
Thus, in view of [KMKI0, Lemma A.1] and [Pro04, Theorem IT1.29],, Y'B is a true martingale.  [J

4. THE CASE WHERE THE AGENT KNOWS PRECISELY THE TIME OF THE NEXT JUMP, BUT NOT THE
MAGNITUDE

In this setting, the (first type of) insider knows the time 77 of the first jump of the stock, but not
the magnitude, and immediately after the jump 77, he knows the time of the next jump, but not the
magnitude. This pattern continues; immediately after the jump 7,,, the insider of this kind knows the
time of the jump 7,41 but not its magnitude. We consider the value function

(48) uw(t,w;Ty) = sup E e PE9U(¢)ds|Ty, we = w|, tel0,7T),
ceA(w)
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where E’ is the expectation for the insider of the first kind (here, I’ is the associate probability measure
on a filtered probability space, where the filtration supports the knowledge of jump T;4+1 immediately
after the jump 7).

Following [ER20] and using the scaling argument, one can show that the value function up to 73
has the form

u(t,w;Th) = f(Ty —t)U(w), te€[0,T1),

for some function f to be yet characterized. Since T ~ Exp()\), we can represent u®(0,w) as
(0, w) = / A F(s)dsU (w) = AsU(w),

where the constant As is yet to be determined. At the jump time T}, if the wealth of the insider of
the first kind will jump from

wr,— to wrp— (1 + a(ef — 1)) ,
where a is the proportion of the investor’s wealth invested in the risky asset at 71— and £ ~ N(m,v),
the utility of his wealth will get scaled by a factor (1 + a(ef — 1)) "% Thus we choose

g(a)
a* € argmagecio ] g
Similar to the case of the investor without insider information, in order to ensure that the candidate
dual minimizer Y is such that e”)}tb, t > 0, is a local martingale and not a supermartingale, we
suppose that

. . ) g(a)
(49) there exists a unique a* € argmaTaeio, ) p ﬂ(O, 1).
We recall that, in [ER20], it is proven that with
N2
p+ (R=1) (r+ Yz)

M = R )

for
1 — et 1 R
(50 = (S o) L ez
M
where f(0) is the unique fixed point of
1 — e~

A\ R
+ eVMSxR> ds,
™M

(51) z — p(x) == g(a*) /Ooo Jr (

which, by [ER20, Theorem 2], exists if R > 1 or if R < 1 and /\’\f](g;ﬂ)/[ < 1. Denoting Ty := 0, between

the jumps, it is optimal to have

—7r _l ;
o=t = (T hup, te(TonT). ieN

The constant As is given by
Ag = /)\e_’\sf(s)ds.
Note that the problem is ill-posed if R € (0,1) and

Ag(a®)
A+ Ryy —

)
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which is consistent with [Rogl3 Proposition 1.3]. Otherwise, (that is, if R > 1 or if R € (0,1) and

Ag(a*)
MRy

< 1), on [0,T1], using the convention that w§_ = w§, the optimal controls are given by

eg:*;;R’”wg,, te[0,Th), 6% =a*wlh_, & =f(T—t) Ful, tel0,T,

where the time 77 is the renewal time. The solution after 77 conforms with the solution stated above
for [0, 73] throughout the interval [T1, T3] and recursively thereafter. That is, we have, respectively,

the following optimal strategy and consumption.

a a - m=r % a a > _ 1
P=wp Y (ml(Til,Ti)(t) +a" 1 (75)> o =wf Y AT =) Rl (1), t>0,
=1 =1

(52)
t t
wi = wf —l—/ (rwg — c§)ds +/ 0y <(,u —r)ds + cdWs + /(em - 1)n(ds,dx)> , t>0, wi>0.
0 0

Now, we can state the properties of the dual-optimal state price density via the following lemma.

Lemma 4.1. Under the conditions of this section, let us consider the value function given by

and additionally suppose and that either R > 1 or R <1 and ;fg;& < 1. Then, the dual-optimal

state price density is given by
oo

(53) Ve =Y (T =t (wh) e Mgy (1), >0,
j=1

where wi = (f(Tl))%. Moreover, Y B is a true martingale.

Proof. 1If we consider the initial wealth w§ = (f(Tl))%, and, e.g., by invoking [Mos15, Theorem 3.2]
and [ER20, Appendix A.2], one may show that ye given by is the optimizer to the dual problem
at y = 1 for the insider of the first kind. That is, YV is the dual-optimal state price density, which
satisfies

Ve = e PU(), t>0, (dt xP)-ae.,

1

and where ¢ is the optimizer to for the insider of the first kind at w§ = (f(71))®. Now, via
[KMK10, Lemma A.1] and [Pro04, Theorem III.29], one can show that Y“B is a true martingale.
Il

We conclude this section by observing that the indifference value of an income stream e for an
insider of this kind is given by the representation formula in Theorem with the dual optimizer
corresponding to y = 1 being given by .

5. THE CASE WHERE THE AGENT KNOWS NOTHING ABOUT THE TIME OF THE NEXT JUMP BUT
SEES THE SIGNAL n=¢+¢

The insider of the second kind has some advance information about the size of the first jump of the
Poisson random measure n that comes at time 77, but knows nothing about the time of this jump.

This insider receives a signal

n=¢§+e,
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where £ ~ N(0,v.) is independent of everything else. One can compute the conditional distribution

of £ given n as

N+ vem o VU
54 ~ N .
(54) R e

At time T7, immediately after the jump, the investor receives the next jump similar to the one above.

With E” denoting the expectation for this kind of insider, we consider
[o.¢]
(55) uP(w;n) = sup E” [/ e U (¢i)dt|n, wo = w] .
ceA(w) 0

Using the scaling argument, one can show that

u’(w;n) = AU (w),

for a function h yet to be characterized. If at 77, £ is the size of the jump in the log price and g is
the fraction of wealth invested in the risky asset, the wealth of the insider of the second kind changes
by the multiplicative factor 1 + g(e¢ — 1), so that the indirect utility of the insider changes at T} from
h(n)U(w) to

1-R ,
(1+a(c =) Uw)h(),
where 7’ is the new signal about the size of the jump at time T5. With Py denoting the N (m,v + v)
distribution and P denoting the distribution in , the expected value of the indirect utility at 774
is
Uw) [ (14 a(e” ~ 1)) B(daln) [ hw)Pody).
Denoting

Ay = / h(y)Po(dy),

the expected value in the indirect utility can be written as

A3 (w) / (1+ g(e” — 1)) "R B(daly).

Thus, determining A3 and h is key for finding the dual-optimal state price density for this insider of
the second kind. With P(dxz|m/,v") denoting the N(m/,v") distribution, we introduce

p+A

R 1 2 2
pr(@) =r+alp—r) =507 R——F,

(56) :

oa(q;m/ ') = /U(l +q(e” — 1))P(dz|m’,v"), q€]0,1].

If R > 1and L% € (0,1), it is shown in [ER20, Theorem 3] that the pair (%, A3) is given by a maximal

solution to the system

=%
himl = sup (h(n)¢1(q) + Azpa(g;m'(n),0))
57) — & 0<¢<1

Ay = / h(y)Po(dy),
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subject to A3 < Aj. Then, the value function u®(w;n) = h(n)U(w), and the optimal ¢ denoted by

g(n), maximizes the function

v+ vem Ve
58 —h AA ; € [0,1].
(58) q = h(n)1(q) + 3@2((1, — ,U+U€), q€10,1]
With wg_ := wq, the optimal controls are given by

1
Cg = (h(nt))iﬁw?fv 9? = a(nt)wz{,]f7 t >0,

where 7; is the signal known at time ¢ about the next jump after ¢t. The optimal wealth process is

given by

t t
(59) w? = w8—|—/ (rwg—cg)ds—l—/ 0° ((u —r)ds + odW, + /(ew — 1)n(ds,daz)> . t>0, wh>0.
0 0
With these preliminaries, we can state the dual-optimal state price density via the following lemma.

Lemma 5.1. Under the conditions of this section, let us consider the value function given by .
Then, the dual-optimal state price density is given by

N —-R
(60) v =) (wt) L t>0,

where wf = (h(no))%. The process Y B is a true martingale.

Proof. Using [ER20, Theorem 3] and [MosI5, Theorem 3.2], with w§ = (h(no))%, one can show that
the dual optimal state price density is given by

N -R
VP =ethm) (wf) L t=0,

where, again, 7, is the signal known at time ¢ about the next jump after ¢. In turn, [KMKI0, Lemma
A.1] and [Pro04, Theorem III.29] imply the true martingale property of YB. O

Similarly to Section [ the indifference value of an income stream e for an insider of this kind is
given by formula in Theorem with the dual optimizer with the initial value 1 being given by

6. EXAMPLES

We begin by considering the case of the investor who has no information about the jumps. If the

return of the risky asset is given by
R =1t + W,
and the riskless asset gives a constant return rt as in the previous sections, as in the Black-Scholes-

Merton case, one can find the value functions in and (|12)) and the optimizers to these problems.

Here, we have that
uM(w) = ApU(w),

where
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Following [Rogl3|, Chapter 1.2], with

— _1
K and vy = A7,

K=
we have the following optimal wealth process
1
wM = w}! exp (R_ll{, Wi+ (r + §R_2|/£|2(2R -1)— VM)t) , t>0.

M M

The optimal consumption rate is ¢™ := yp;wM, and therefore, for wy' = %, the dual-optimal state
price density is

VM = e Py (M) = e (wf\/[)fR, t>0,
and the value function in is uM(w) = Ay U(w). Observe that holds. We now compare the

optimal state-price densities and the value functions from previous sections:
Y, = e AT R, w(w) = AU (w),

Y - -R
Yi¢=e ot Zf(Tl —t) (wf), l[Tifl,Ti)(t)7 u®(w) = AU(w),
i>1
b ¢ ) B b
Y’ =e"h(n) (wt> , u(w) = AsU(w).
The following examples show that one can obtain the indifference values for particular income streams
explicitly, and that the change in the indifference value under additional information can be positive,
negative, or zero.
We start with an example that shows the existence of income streams whose indifference price does

not depend on the additional information.

Example 6.1. Let us consider a deterministic income stream e; = 1, t > 0. Its indifference value is
% under both the choice of parameters in Section [4| and under the choice of parameters in Section
Thus, the indifference value of such a stream does not change under extra information. This argument

can be extended to other deterministic streams satisfying

[e's] e
—dt < o0
/o By ’

where the computations behind the latter inequality go along the lines the ones of Remark

The following example demonstrates that for a deterministic yet randomly terminated income, the

information invariance observed in [6.1] fails.

Example 6.2. Let us consider a deterministic yet randomly terminating income stream e; = exp(rt) 1o 7))
t > 0. It is easiest to compute the indifference value of this stream for the insider of the first kind.

Here, the value of the stream given T is

[e'e] R Ty .
E [ / etYﬂdﬂTI] _ [ / e”Yt‘ldt|T1} _7,
0 0

1
X.
Next, for the investor who has no information about the jumps, with A; given in and @, the

and therefore, on average, the value of such a stream is

unique maximizer in , where we suppose that g; € (0,1), set

11
(61) Q‘ZT—p+R{—r—q1(u—r)+AlR+2(R+1)02q§}.
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The value of the stream is given by

E [/ etﬁdt} = I:/ Ttﬁ [0 T1)(t )dt:|
0

=E { exp | at — RqoWy — - (RQ1U)2 t 1[0,T1)(7t)dt]

e 1
ot — Rg,oW; — = (Rgy0)* t

(
oo 2
(
(

exp

8

&=

at — Rg,oW; — = (Rgy0)* t

exp

o0

E |exp (—quaWt -5 (qua)%ﬂ exp ({a — A}t) dt
o 1

exp ({a — A}t) dt = o

I
c\c\ﬁﬁﬁ
&=

g.

which, if @ > 0, is greater than % (here, % is the average value of the insider of the first kind) and is

smaller than % if @ <0.

For the insider of the second kind, similar to the computations for the investor who has no infor-
mation about the jumps, with 7y being the initial signal about the first jump (at 77) given to this
insider, g(no) being the w-by-w maximizer to associated with 79, and h being given through a
pair (h, A3) as a maximal solution to (58)), set

(62) B(m0) rzr—p+R{—T—Q(no)(ﬂ—r)+h(770) by (R4 )0 ((770))2}-

We compute

E" [/0 etﬁbdﬂﬁo} =E" [/0 ertﬁbl[o,:rl)(t)dﬂﬁo}

- [ [exp (—Q(UO)RUWt - §<q<no>Ra>2t) no] exp (1)) P [T} > ] dt

~ 1
_ /0 exp ({80m) = Ayt) dt = 3=

which is greater than the average value of the insider of the first kind, %, if B(no) € (0,\) and smaller
than this value if S(ng) < 0.

The following example demonstrates that the explicit formulas for the indifference values with and
without additional information can be obtained for more general streams than the ones in Examples
and By the linearity of the pricing rule , in principle, the computations in the following

example can be extended to a superposition of income streams of the form considered in Example

Example 6.3. Consider an income stream e; = e(r_l)tlm,oo) (t)¥(no), t > 0, where VU is a bounded
function. That is, the income stream is set at T7; it depends on both 77 and the signal that the
investor of the second kind receives at time 0 about the first jump of the risky asset, ng. After 77, the

income stream is received indefinitely by a predetermined formula at 77.
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For the investor who has no information about the jumps, with the clock x; := 1 —e™%, t > 0, we

E [/OOO ethdt} ~E /: (e”y}> \I'(ng)e_tdt]
_E /Tjo (wﬁ) \Il(no)dnt]
A nommin].

which, using localization and integration by parts, we can rewrite as

obtain

E [‘11(170) (erTlffT1> e_Tl] .

Recalling that ng = £ + ¢, where £ ~ N(m,v) and € ~ N(0,v.) are independent (from each other and

the Brownian motion W), we can rewrite the latter expression as

(63) B (et (o7 i) (1+a (- 1)) e

where @, is the unique maximizer in , where we suppose that g; € (0,1). Finally, with a defined
in , and assuming that o < 1 4+ A, we restate the value of the income stream given by below

2 L2
(z1—m) z5

* —a — 1 — x -R _———5=
/0 e e /R? 27T\/E\IJ($1 +a) (147G (e —1)) e 2 e drydi

A
(A1 —a)2m /vt Jre

Now, let us consider an insider of the first kind who knows the time of every next jump. Similar

2
(@ -m)? a3

Uz +a2) (147G (€5 —1) e 20 " Zedudas.

to the computations above (particularly (63)), with 7y = = Lo, with f being given through and
, and

T

1 1
o(Ty):=r—p+R (—r —mm(p—r)+ 1{T1>0}?1 f(r — t)_%dt + 5%?\402(1 + R)) ,

we obtain the following value of the income stream for the insider of the first kind

pr@+@@msg)en(Hﬂ%g_gyﬂﬂ}

-R
Y [( VA ) W(g+e) (140" (€~ 1)) \Tl]
e E! [( TV, ) } : () +a2) (1 +a (™ —1))F 67(11;”7”)27;”% dridro
27 /VVe JR2
(0 (@ -m)? @3

(1 +a2) (L +a* (™ —1) Fe = “Zedrdas.

oo wrve /R

Finally, consider the insider of the second kind, who receives the signal about the jump at 77,
no = &€ + ¢, where £ is the actual size of the jump of the cumulative return of the risky asset at 77, and
where ¢ is an independent N(0,v.) random variable assumed to be independent of everything else.

Proceeding similarly to the computations for the investor who has no information about the jumps,
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we obtain the following value of the income stream
E" [‘I’(WO) (erTl ?Tl) €7T1\770} = U(no)E" [(erTlfle) ele\Tlo}
. -R
= (e | (T ) e (Lt - 1) )

Recall that B(np) is defined in (62)). Assuming that 3(ng) < 1+ X, and observing that the conditional

VNo+vem Ve

oo o |, We can simplify the latter expression as
€ €

distribution of £ given ng is N (
171 (0w RoWr, ~5 @) Bo)*Th) (1 = R
U (10)E" | eB0)=DT1 (=700 1~ 2@ (1 (o) (6 — 1)) 1o

) _ 1, —R
=T (1) / Ae M eBlmo) =1ty {J‘“”O)R"Wt‘z(‘Z(UO)R”)%) (1 +q(no)(e* — 1)) !no] dt
0

2
- V™) (rtve)

A (1 +g(m0)(e” — 1) " da,

_ R
=V (o) A+1=Bo) /27 (v + v.) /R

which can be greater or smaller than the indifference value of this stream for the insider of the first kind

and for the investor with no information about the jumps, depending on the values of the observed

quantities by different insiders, similarly to Example
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