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Abstract Over the past half-century, the empirical finance community has produced
vast literature on the advantages of the equally weighted Standard and Poor (S&P 500)
portfolio as well as the often overlooked disadvantages of the market capitalization
weighted S&P 500’s portfolio (see Bloomfield et al. in J Financ Econ 5:201–218,
1977; DeMiguel et al. in Rev Financ Stud 22(5):1915–1953, 2009; Jacobs et al.
in J Financ Mark 19:62–85, 2014; Treynor in Financ Anal J 61(5):65–69, 2005).
However, portfolio allocation based on Tukey’s transformational ladder has, rather
surprisingly, remained absent from the literature. In this work, we consider the S&P
500 portfolio over the 1958–2015 time horizon weighted by Tukey’s transforma-
tional ladder (Tukey in Exploratory data analysis, Addison-Wesley, Boston, 1977):
1/x2, 1/x, 1/

√
x, log(x),

√
x, x, and x2, where x is defined as the market capi-

talization weighted S&P 500 portfolio. Accounting for dividends and transaction fees,
we find that the 1/x2 weighting strategy produces cumulative returns that significantly
dominate all other portfolio returns, achieving a compound annual growth rate of 18%
over the 1958–2015 horizon. Our story is furthered by a startling phenomenon: both
the cumulative and annual returns of the 1/x2 weighting strategy are superior to those
of the 1/x weighting strategy, which are in turn superior to those of the 1/

√
x weighted

portfolio, and so forth, ending with the x2 transformation, whose cumulative returns
are the lowest of the seven transformations of Tukey’s transformational ladder. The
order of cumulative returns precisely follows that of Tukey’s transformational ladder.
To the best of our knowledge, we are the first to discover this phenomenon.

B Philip A. Ernst
philip.ernst@rice.edu

James R. Thompson
thomp@rice.edu

Yinsen Miao
yinsen.miao@rice.edu

1 Department of Statistics, Rice University, Houston, TX, USA

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11408-017-0292-1&domain=pdf


318 P. A. Ernst et al.

Keywords Portfolio management · Tukeys transformational ladder · Bootstrap

JEL Classification G11 · C15

1 Introduction

For over half a century, the empirical finance community has extensively documented
the advantages of the equallyweightedStandard andPoor’s (S&P500) portfolio aswell
as the often overlooked disadvantages of the market capitalization weighted S&P 500
portfolio (see Bloomfield et al. 1977; DeMiguel et al. 2009; Jacobs et al. 2014; Treynor
2005). In these works, novel statistical methodology has been created with the express
purpose of analyzing alternative portfolio allocations. However, portfolio allocation
based on one of the most fundamental statistical theories for data analysis, the seven
transformations of John Tukey’s transformational ladder (Tukey 1962, 1977), has, to
the best of our knowledge, been overlooked by this large and impressive literature.

The motivation of the present paper is to infuse John Tukey’s transformational
ladder into the empirical finance literature. We consider the S&P 500 portfolio from
1958–2015, andweight it by the entries of JohnTukey’s transformational ladder (Tukey
1977): 1/x2, 1/x, 1/

√
x, log(x),

√
x, x, x2 (here, x is the market capitalization

weighted portfolio, “MKC”). Consider a market capitalization portfolio named “x”
with two equities, equity I and equity II. Let equity I account for 40% of the total
market capitalization of the portfolio and equity II account for 60% of the total market
capitalization of the portfolio. The first of John Tukey’s transformations, the 1/x2

transformation, would assign weight

1/.42

1/.42 + 1/.62
, (1)

(approximately .69) to equity I and a weight of approximately .31 to equity II. This
logic for re-weighting a portfolio with two stocks is then naturally extended to re-
weighting a portfolio with 500 stocks. The data obtained fromTheCenter for Research
in Security Prices (CRSP) also include data on dividends for each stock, which we
include throughout our analysis. We rebalance the portfolio monthly throughout the
manuscript.1 We further assume transaction administrative fees of $1 (in 2015 dollars)
per trade and, additionally, a long-run average bid-ask spread of .1% of the closing
value of the stock. For example, if our portfolio buys (or sells) 50 shares of a given
stock closing at $100, transaction fees of $1 + 50 × (.1/2) = $3.5 are incurred.

This work presents two main findings. The first is that the 1/x2 weighting strategy
produces cumulative returns that significantly dominate all other portfolios, achieving
a compound annual growth rate of 18% from 1958 to 2015. The second is that the 1/x2

portfolio’s compound annual growth rate is superior to the 1/x portfolio, which is in
turn superior to the 1/

√
x portfolio, and so forth, ending with the x2 transformation,

whose cumulative returns are the lowest of the seven transformations of John Tukey’s

1 For a justification of this rebalancing frequency, see “Appendix B.”
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Table 1 Compound annual growth rates (in %) of the EQU and the seven Tukey transformational ladder
portfolios, calculated from 1958 to 2015

1/x2 1/x 1/
√
x log(x) EQU

√
x MKC x2

18.00% 17.53% 15.23% 13.80% 13.32% 11.73% 10.43% 8.69%

Table 2 Mean annual returns (in %) of the EQU and the seven Tukey transformational ladder portfolios,
calculated by taking an arithmetic mean of the 58 annual returns (1958–2015) for each portfolio

1/x2 1/x 1/
√
x log(x) EQU

√
x MKC x2

23.92% 20.35% 17.40% 15.62% 15.03% 13.18% 11.81% 10.25%

Table 3 Sample standard deviations of annual returns (in %) of the EQU and the seven Tukey transfor-
mational ladder portfolios, calculated by taking the sample standard deviation of the 58 annual returns
(1958–2015) for each portfolio

1/x2 1/x 1/
√
x log(x) EQU

√
x MKC x2

39.54% 26.44% 22.29% 20.01% 19.30% 17.52% 16.98% 18.05%

Table 4 Sharpe ratios of the eight portfolios under consideration

1/x2 1/x 1/
√
x log(x) EQU

√
x MKC x2

56.07% 70.35% 70.21% 69.31% 68.81% 65.24% 59.25% 47.09%

transformational ladder. This shows that the order of cumulative returns precisely
follows that of Tukey’s transformational ladder.

Without further delay, we present our key findings. In Table 1, we display the
compound annual growth rate (in %) of the equally weighted S&P 500 portfolio
(EQU) and the seven Tukey transformations of the S&P 500, calculated from 1958 to
2015.

Cumulative returns alone are insufficient for analyzing investment performance.
To this end, we present annual returns for the eight portfolios under consideration.
The mean annual returns, presented in Table 2, are calculated by taking an arithmetic
mean of the 58 annual returns (1958–2015) for each portfolio. The associated sam-
ple standard deviations are in Table 3. The Sharpe ratios, calculated using a risk-free
rate of 1.75%, are in Table 4. Table 1 shows that the compound annual growth rate
of the 1/x2 portfolio, at 18.00%, beats the market capitalization weighted portfolio’s
compound annual growth rate of 10.43% by a factor of 1.73. Table 2 reveals that the
arithmeticmean annual return of the 1/x2 weighted portfolio, at 23.92%, beats themar-
ket capitalization weighted portfolio’s arithmetic mean return of 11.81% by a factor of
2.03.

In his foreword to Bogle (2000), an articulate defense of the S&P 500 Index Fund,
Professor Paul Samuelson writes that “Bogle’s reasoned precepts can enable a few
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million of us savers to become in 20 years the envy of our suburban neighbors–while
at the same time we have slept well in these eventful times.” To use a strategy which
is beaten by many others might not necessarily be a good thing. And yet, the S&P
500 market cap weighted portfolio is probably used more than any other. Indeed, the
tables above show there are superior alternatives, and the equally weighted portfolio
is one of the many available.

The remainder of this paper is organized as follows: Section 2 surveys related liter-
ature, with a specific emphasis on the “small-firm effect” phenomenon. Section 3
provides an overview of the dataset and of the calculations employed. Section 4
presents an analysis of cumulative returns of the portfolios. Section 5 supplements
Sect. 4, and Sect. 6 shows bootstrap simulations. Section 7 provides an analysis of
annual returns of the portfolios, Sect. 8 calculates VaR and cVaR, and Sect. 9 con-
cludes. Appendices A, B, C, and D supplement the main manuscript.

2 Related literature

The literature on the role of Tukey transforms in modern data analysis is vast (see
Wojciechowski and Thompson 2006; Thompson 2011; Baggett and Thompson 2007,
and Tukey 1962 for a few of the many resources). Remarkably, and to the best of our
knowledge, there has been no existing literature on the use of Tukey transforms for the
purposes of portfolio management. However, the “small-firm effect,” which refers to
the superior performance of small-cap stocks relative to large-cap stocks, may easily
be confused with the Tukey transformational ladder.

We briefly review some of the seminal empirical findings in the small-firm effect
literature. The small-firm effect was first introduced by Banz (1981), who empir-
ically showed that during 1936–1975, the bottom quintile of stocks listed on the
New York Stock Exchange (NYSE) achieved a .40% excess risk-adjusted return
over all remaining stocks. The field was greatly furthered by Fama and French
(1992), who took a sample of stocks from NYSE, Amex, and Nasdaq over the
period 1963–1990 and showed that the smallest 10% of firms in their database
outperformed the largest 10% by .63% per month. However, empirical studies
conducted since Fama and French (1992) have largely concluded that the size
effect died out sometime in the early 1980s. The seminal work of Horowitz et al.
(2000) shows no evidence of size effect over the 1979–1995 time horizon and the
work of Hirshleifer (2001) argues that the size effect disappeared in 1983. We
refer the reader to van Dijk (2011) for a more complete accounting of this litera-
ture.

Wewish to emphasize that our empirical results (presented in Sect. 4 and thereafter)
neither contradict nor support the small-firm effect hypothesis, and therefore that
results concerning Tukey’s transformational ladder for portfolio management must be
viewed as their own distinct phenomena. At the present time, we do not have sufficient
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Tukey’s transformational ladder for portfolio management 321

empirical evidence that the 1/x2 portfolio strategy does not ride on the size effect, and
this matter will be investigated in future research.

3 Data and index methodology

Our data are the S&P 500 index from January 1958 to December 2015. The dataset
was acquired from the CRSP.2 CRSP provides a reliable list of S&P 500 index con-
stituents, their respective daily stock prices, shares outstanding, dividends, and any
“key” events, such as stock splits and acquisitions. The dataset is updated accordingly
when a company joins or leaves the S&P 500 constituent list. Further, the index returns
are calculated for each portfolio according to the “index return formula” as documented
by CRSP.3 CRSP computes the return on an index (Rt ) as the weighted average of the
returns for the individual securities in the index according to the following equation

Rt =
∑

i ωi,t × ri,t
∑

i ωi,t
, (2)

where Rt is the index return, ωi,t is the weight of security i at time t , and ri,t is the
return of security i at time t .

3.1 Calculations

Throughout all calculations, we begin with an investment of $100,000 in 1958 dollars.
According to the Consumer Price Index (CPI) from the Federal Reserve Bank of St.
Louis,4 this is equivalent to approximately $827,010.5 in 2015 dollars. Throughout
all calculations, the transaction fees, which were documented in the second paragraph
of Sect. 1, are discounted according to the CPI (for example, an administrative trans-
action fee of $1 in 2015 is equivalent to 12.1 cents in 1958). All portfolios, with the
exception of those in “Appendix B,” are rebalanced monthly and the transaction fees
are subtracted from the portfolio total at market close on the first trading day of every
month. Dividends are included in all calculations.

3.2 Transaction fees

Table 5 shows transaction fees incurred by each of the eight portfolios under consider-
ation over the 1958–2015 horizon. All numbers are discounted according to the CPI.
The total transaction fees are much lower for the MKC and EQU portfolios than the
1/x2 and 1/x portfolios, as these require the most frequent rebalancing.

2 http://www.crsp.com.
3 http://www.crsp.com/products/documentation/crsp-calculations.
4 https://fred.stlouisfed.org/series/CPIAUCNS.
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S&P 500 from 1958−01 to 2015−12 , Rebalance:  Monthly

Fig. 1 Cumulative log10 returns (from 1958 to 2015) for the EQU portfolio and the seven Tukey transfor-
mational ladder portfolios. The calculation assumes that $100,000 is invested on 1/2/58 and left to grow
until 12/31/15

4 Cumulative returns from 1958 to 2015

We present our first main finding in Fig. 1. Figure 1 displays the cumula-
tive returns calculated from 1958 to 2015 of the equally weighted S&P 500
portfolio (EQU) and the seven portfolios given by the Tukey transformations
(1/x2, 1/x, 1/

√
x, log(x),

√
x, x, x2), where x is the market capitalization

weighted portfolio. The calculation assumes that $100,000 (in 1958 dollars) is invested
in each portfolio on 1/2/58 and left to grow until 12/31/15. All dividends and trans-
action fees are taken into account; here and in every figure and table produced in this
work.

Figure 1 shows significant changes in portfolio returns over the 1958–2015 time
horizon. Across all eight portfolios, the following macroeconomic events are well
pronounced: the bear market from November 1968 to May 1970 (high inflation and
the Vietnam war), the January 1973–October 1974 bear market (OPEC embargo), the
1982–1987 bull market, the “Black Monday” crash of October 1987, the 1988–2000
bull market, the dot-com bubble burst from March 2000 to October 2002, the most
recent financial crisis of October 2007 to March 2009, and the most recent bull market
which began in March 2009.

The cumulative returns on 12/31/15 displayed in Fig. 1 are reproduced in
Table 6.

4.1 Discussion of Table 6

Our first main finding is exhibited by Table 6, which shows that investing $100,000
in January 1958 in the 1/x2 portfolio yields a cumulative value of $1.477 billion in
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324 P. A. Ernst et al.

Table 6 Cumulative values on 12/31/15 for EQU and all seven Tukey transformational ladder portfolios

1/x2 1/x 1/
√
x log (x) EQU

√
x x x2

$1.477
billion

$1.169
billion

$372.539
million

$180.263
million

$141.373
million

$62.217
million

$31.516
million

$12.544
million

December 2015. As such, the 1/x2 portfolio’s value on 12/31/15 remarkably domi-
nates all other seven portfolios by a substantial margin; in particular, it exceeds the
market capitalization’s cumulative value of $31.516 million by a factor of 46.865. The
dominance of the 1/x2 weighted portfolio cumulative return will be explored on the-
oretical grounds in a future paper and as such is beyond the scope of the present work.
For the purposes of this paper, we favor an intuitive explanation. The 1/x2 portfolio
assigns the majority of its weight to the lowest cap stocks of the S&P 500, very little
weight to the larger cap stocks of the S&P 500, and negligible weight to the largest
cap stocks of the S&P 500. Consequently, the portfolio reaps the benefits from the
“smaller cap stocks” of the S&P 500, the latter of which are more volatile and may
present more opportunity for growth.

Our secondmain finding from Table 6 is that the cumulative values of the portfolios
follow the precise order of Tukey’s transformational ladder. Namely, the cumulative
value of the 1/x2 portfolio is largest, followed by the 1/x, 1/

√
x, log(x),

√
x , and x

(MKC) portfolios, and ending with the x2 portfolio. To the best of our knowledge, we
are the first to discover this phenomenon.

Remark 1 The rabbis of the Babylonian Talmud are often credited to be the first to
give explicit advice on wealth allocation. In the fourth century, Rabbi Isaac Bar Aha
wrote that “one should always divide his wealth into three parts: a third in land,
a third in merchandise, and a third ready to hand.”5 Unlike Rabbi Isaac Bar Aha,
perhaps the late John Tukey may have unknowingly offered suggestions for wealth
management.

5 The Tukey transformational ladder for alternate time horizons

Figure 1 in Sect. 4 shows that the portfolio returns precisely follow the Tukey trans-
formational ladder over the 1958–2015 time horizon. A natural line of inquiry is to
determine whether the portfolio returns precisely follow the Tukey transformational
ladder for other time horizons. We thus proceed to calculate the cumulative returns of
the EQU and the seven Tukey transformations for four additional time periods: 1970–
2015, 1980–2015, 1990–2015, and 2000–2015. The portfolio returns precisely follow
the order of the Tukey transformational ladder over these additional four time periods.

We first consider the time horizon 1970–2015. We invest $132,168 on 1/2/70 (the
equivalent of $100,000 in 1958 dollars) and let the portfolios grow until 12/31/15. The
resulting cumulative portfolio values are presented in Fig. 2.

5 The Babylonian Talmud, tractate Baba Mezi’a, volume 42a.
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Fig. 2 Cumulative log10 returns (from 1970–2015) for the EQU portfolio and the seven Tukey transfor-
mational ladder portfolios. The calculation assumes that $132,168 is invested on 1/2/70 and left to grow
until 12/31/15

Table 7 Cumulative returns for the EQU portfolio and the Tukey transformational ladder portfolios

1/x2 1/x
√
x log (x) EQU

√
x x x2

$192.505
million

$166.178
million

$69.009
million

$40.900
million

$34.410
million

$18.964
million

$10.904
million

$4.028
million

The calculation assumes that $132,168 is invested on 1/2/70 and left to grow until 12/31/15

The cumulative returns displayed in Fig. 2 are reproduced in Table 7.
The graphs and tables for the 1980–2015, 1990–2015, and 2000–2015 time horizons

appear in “Appendix D.”

6 Bootstrap

We bootstrap each portfolio to obtain confidence intervals for each portfolio’s cumu-
lative return. Section 6.1 shows that the mean returns of the bootstrap distributions for
random N precisely follow the “modified”Tukey transformational ladder in the follow-
ing sense: if one omits the 1/x2 portfolio from consideration, the bootstrapped means
precisely follow the remainder of the Tukey transformational ladder (the 1/x transfor-
mation has the highest bootstrapped sample mean, followed by 1/

√
x, log(x),

√
x, x ,

and culminating with x2).
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6.1 Bootstrap for random N

Weconduct a simple bootstrap as illustrated inAlgorithm1. First, we uniformly choose
the number of stocks N from the sample space � = {100, 101, . . . , 500}. Second, we
sample N stocks with replacement from all listed stocks in S&P 500 from 1/2/58 to
12/31/15. We proceed to calculate the subsequent daily return using CRSP’s return on
index formula

Rt =
∑

i ωi,t × ri,t
∑

i ωi,t
, (3)

where Rt is the portfolio return on day t, ωi,t is the weight of security i on day t , and
ri,t is the return of the security i on day t . The variable ωi,t is computed using a Tukey
transformation of the market capitalization rate on day t − 1. We then compute the
cumulative returns using these daily returns and repeat the above process 20,000 times.
The resulting bootstrap plots are presented in Fig. 3, and the units are in million USD.
The key idea is that the mean returns of the bootstrap distributions precisely follow
the “modified” Tukey transformational ladder in the following sense: if one omits
the 1/x2 portfolio from consideration, the bootstrapped means precisely follow the
remainder of the Tukey transformational ladder (the 1/x transformation has the highest
bootstrapped sample mean, followed by 1/

√
x, log(x),

√
x, x , and finally culminating

with x2).

Algorithm 1 Bootstrap Sampling
for i tr in 1, . . . , 10000 do
Sample N from � = {100, 101, . . . , 500}.
Sample N stocks from the S&P 500 list randomly with replacement.
for t from 1958/01/03 to 2015/12/31 do

if k stocks are deleted from our selected portfolio on day t . then
Randomly select the other k remaining stocks in S&P 500 on day t with replacement.

end if
Compute daily return Rt for day t

Rt =
∑

i ωi,t × ri,t∑
i ωi,t

end for
Compute the cumulative return for iteration i tr .

CRitr = 105 ×
∏

t=1

(1 + Rt )

end for

Higher-resolution plots of the 1/x2 and 1/x bootstrap distributions are found in
Fig. 4.
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Fig. 4 1/x2 and 1/x bootstrap distributions

6.2 Bootstrap for fixed N

We now modify Algorithm 1 to conduct a bootstrap for fixed N . In Fig. 5 we produce
the bootstrapped simulations for N = 10 for the EQU portfolio and the seven portfo-
lios of the Tukey transformational ladder for the 1/2/58–12/31/15 horizon. Table 8
reports the following sample statistics: the 1st percentile, the 5th percentile, the
median, the mean, the 95th percentile, and the 99th percentile. The blue lines in
each plot in Fig. 5 denote the 5th and 95th percentiles of the bootstrapped distribu-
tion.

In the results for N = 10, the mean of the 1/x2 portfolio is highest, and the boot-
strapped samplemeans precisely follow the order of theTukey transformational ladder.
The same holds true for the bootstrapped sample means for N = 20 (see “Appendix
C”).However, for N = 50 andhigher (see “AppendixC”), the 1/x bootstrappedportfo-
lio posts the highest samplemean. For these higher values of N , the bootstrappedmeans
follow the “modified” Tukey transformational ladder. For N = 200, 300, 400, 500,
the sample mean for the 1/x2 bootstrapped distribution falls above EQU, but below
that of log(x). We conclude that the 1/x2 transformation is not robust for fixed N with
large values of N .

7 Annual rates of return

Table 9 summarizes the key findings from Tables 17 and 18 in “Appendix A.” It shows
themean annual returns (in%) of theEQUand the sevenTukey transformational ladder
portfolios, calculated by taking an arithmetic mean of the 58 annual returns (1958–
2015) for each portfolio. The associated sample standard deviations are in Table 10.
The associated Sharpe ratios, using a risk-free rate of 1.75%, are in Table 11.

The cumulative return of the 1/x2 portfolio, as presented in Table 6, in addition to
the average annual return presented in Table 11, indeed make it a tempting strategy
for investment professionals and hedge funds. However, due to both its large standard
deviation (see Table 10) and extremely high values of VaR and cVaR (see Sect. 8),
the 1/x2 portfolio presents enormous risk, even for investors with long-term horizons.
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Table 8 Sample statistics for the cumulative return on 12/31/15 for N = 10, calculated from 20,000
simulations

Mean Median SD q5th q95th q1st q99th

1/x2 296.331 50.890 1000.092 0.874 1266.712 0.135 3970.265

1/x 261.144 113.067 466.176 6.934 972.865 1.905 2158.401

1/
√
x 208.030 147.852 206.092 29.098 590.290 13.791 993.413

log (x) 186.809 149.495 144.261 42.746 458.643 24.520 716.204

EQU 132.390 114.843 79.630 42.506 284.498 27.477 403.269√
x 71.889 63.964 38.761 25.814 145.170 16.674 200.863

x 44.101 37.897 28.060 12.669 95.388 7.260 141.100

x2 28.061 21.734 25.668 4.423 74.999 1.997 122.697

All numbers are in million USD

Table 9 Mean annual returns (in %) of the EQU and the seven Tukey transformational ladder portfolios,
calculated by taking an arithmetic mean of the 58 annual returns (1958–2015) for each portfolio

1/x2 1/x 1/
√
x log(x) EQU

√
x MKC x2

23.92% 20.35% 17.40% 15.62% 15.03% 13.18% 11.81% 10.25%

Table 10 Sample standard deviations of annual returns (in %) of the EQU and the seven Tukey trans-
formational ladder portfolios, calculated by taking the sample standard deviation of the 58 annual returns
(1958–2015) for each portfolio

1/x2 1/x 1/
√
x log(x) EQU

√
x MKC x2

39.54% 26.44% 22.29% 20.01% 19.30% 17.52% 16.98% 18.05%

Table 11 Sharpe ratios of the eight portfolios under consideration

1/x2 1/x 1/
√
x log(x) EQU

√
x MKC x2

56.07% 70.35% 70.21% 69.31% 68.81% 65.24% 59.25% 47.09%

Investors should instead consider the 1/x weighted portfolio, which posts the highest
Sharpe ratio of the eight portfolios under consideration and enjoys more moderate
values of VaR and cVaR than 1/x2 (see Sect. 8).

Finally, it should be noted that the 1/x2 and the 1/x strategies are contrarian strate-
gies, as they buy declining equities, whereas the x2 strategy, which buys rising equities,
represents a momentum strategy. For further discussion of the merits of both momen-
tum and contrarian strategies, we refer the reader to Chan et al. (1996), Goetzmann
and Massa (2002), Yao (2012), and Franck et al. (2013). Finally, we wish to empha-
size that the 1/x2 and 1/x strategies are both strategies that could only be executed
by niche players. It should be noted that if sufficiently many large players sought to
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Table 12 Number of S&P 500 constituents whose stock price increased by at least 50, 100, or 200%

Year 50% 100% 200% Year 50% 100% 200% Year 50% 100% 200%

1958 160 26 6 1977 8 4 0 1996 40 6 0

1959 35 8 0 1978 27 6 3 1997 104 13 3

1960 10 0 0 1979 86 19 4 1998 74 19 5

1961 73 10 0 1980 95 26 3 1999 85 34 10

1962 1 0 0 1981 25 3 1 2000 79 15 3

1963 49 7 1 1982 111 20 5 2001 32 11 0

1964 34 6 0 1983 78 14 1 2002 3 0 0

1965 78 15 2 1984 19 4 2 2003 131 34 7

1966 4 1 0 1985 91 8 1 2004 40 3 2

1967 115 30 4 1986 49 7 0 2005 27 4 0

1968 66 10 1 1987 38 9 2 2006 23 2 0

1969 3 2 0 1988 49 14 1 2007 35 11 3

1970 19 0 0 1989 88 7 1 2008 3 3 3

1971 53 6 0 1990 4 0 0 2009 143 45 14

1972 31 3 0 1991 131 29 4 2010 56 5 2

1973 19 7 0 1992 42 10 1 2011 11 1 0

1974 10 5 1 1993 44 10 0 2012 33 5 0

1975 187 50 3 1994 17 2 0 2013 121 12 5

1976 88 14 0 1995 96 10 3 2014 13 2 0

2015 7 3 1

implement the 1/x2 and 1/x portfolios, the financial markets would likely no longer
reward the niche players utilizing the 1/x2 and 1/x strategies.

7.1 Large annual returns

Tables 17 and 18 (see “Appendix A”) reveal considerable large annual returns (in
absolute value). This is not only so for the 1/x2 transformation, but for the other
Tukey transformations as well. To justify these large returns, we produce Table 12,
which reports the number of S&P 500 constituents in each calendar year that grew
by 50% or more. For example, in 1976, 88 companies grew by at least 50% and 14
companies grew by at least 100 %. Therefore, it is within reason to calculate a 1976
annual return for the 1/x2 portfolio of 98.00%. Note that in 2009, 143 companies grew
by at least 50%, 45 companies grew by at least 100%, and 14 companies grew by at
least 200%.

A striking feature of the 1/x2 portfolio is that, despite its larger volatility, it per-
formed quite well (particularly in comparison with the market capitalization weighted
portfolio) during the market crashes of 2001 and 2008. Table 18 (see Appendix A)
shows that in 2001, 1/x2 gained 6.30%, whereas MKC lost approximately 11.82%. In
2008, 1/x2 lost approximately 33.54%, whereas MKC lost approximately 35.25 %.
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Table 13 Annual VaR, Monthly
VaR, and Daily VaR for the
EQU portfolio and the seven
Tukey transformational ladder
portfolios

Annual VaR Monthly VaR Daily VaR

1/x2 −33.96 −10.11 −2.62

1/x −16.60 −7.38 −1.61

1/
√
x −18.65 −7.13 −1.49

log (x) −18.91 −6.78 −1.45

EQU −17.98 −6.63 −1.46√
x −17.43 −6.43 −1.44

MKC −15.98 −6.40 −1.48

x2 −24.23 −6.72 −1.62All numbers are expressed in %

Table 14 Annual cVaR,
Monthly cVaR, and Daily cVaR,
for the EQU portfolio and the
seven Tukey transformational
ladder portfolios

Annual cVaR Monthly cVaR Daily cVaR

1/x2 −38.19 −16.39 −4.32

1/x −29.75 −11.75 −2.66

1/
√
x −28.28 −10.94 −2.45

log (x) −27.09 −10.33 −2.36

EQU −26.90 −10.10 −2.34√
x −26.83 −9.44 −2.28

MKC −28.07 −9.10 −2.27

x2 −29.23 −9.10 −2.41All numbers are expressed in %

It is also worth noting that of the 58 years from 1958 to 2015, the 1/x2 portfolio
posts 18 years with negative returns and the 1/x portfolio posts 12 years with negative
returns. The latter figure is only slightly more than EQU, which posts 11 years with
negative returns, and slightly less thanMKC, which posts 13 years of negative returns.

8 Calculation of VaR and cVaR

An analysis of investment performance based on the first and second moments alone
is insufficient. In this vein, we calculate the VaR (value at risk) at 5% for each of the
portfolios in Table 13 and the expected shortfall (cVaR) at 5% for each of the portfolios
in Table 14. For additional measures of potential shortfall we refer the reader to Kadan
and Liu (2014).

Given the highly skewed (to the right) distributions of 1/x2 in Sect. 6 as well as in
“Appendix C,” it is not surprising to see large (negative) values for VaR for the 1/x2

strategy at 5%. The values of VaR for 1/x (which posts the highest Sharpe ratio of the
eight portfolios under consideration) are much closer to the values of VaR for the EQU
andMKCportfolios than the 1/x2 portfolio. This further supports our recommendation
in Sect. 7 that portfolio managers consider the 1/x weighted portfolio.
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Considering the expected shortfall at 5%, as shown in Table 14, we find that the
values for cVaR for the 1/x portfolio are much closer to the values of VaR for the
EQU and MKC portfolios than for the 1/x2 portfolio.

9 Conclusion

Tukey’s transformational ladder has proven to be a fundamental tool in modern data
analysis, yet, to the best of our knowledge, has remained absent in its application to
portfolio weighting. We have found that Tukey’s transformational ladder remarkably
produces several portfolios that obtain both cumulative and annual returns which
exceed those of the traditional market capitalization weighted portfolio: these are
the 1/x2, 1/x, 1/

√
x, log(x), and

√
x portfolios. Of these transformations, we have

paid particular attention to 1/x2, as its average annual growth rate from 1958 to 2015
exceeds that of themarket capitalization portfolio by approximately 12.11%.However,
due to both its large standard deviation and extremely high values of VaR and cVaR,
the 1/x2 portfolio presents enormous risk, even for investors with long-term horizons.
Investors should instead consider the 1/x weighted portfolio, which posts the highest
Sharpe ratio of the eight portfolios under consideration, as well as more moderate
values of VaR and cVaR than 1/x2.

The current paper further raises a new and rather surprising phenomenon that
both the cumulative and annual returns of our portfolios precisely follow the order
of John Tukey’s transformational ladder, exactly as it appeared in his seminal book on
exploratory data analysis (Tukey 1977): 1/x2, 1/x, 1/

√
x, log(x),

√
x, x, x2.

The theoretical foundation of the finding will be explored in a future paper.
Finally, we have noted that our empirical results neither contradict nor support the

small-firm effect hypothesis and therefore results concerning Tukey’s transformational
ladder for portfolio management must be viewed as their own distinct phenomena.

10 Supplementary Materials

For purposes of replication, all code used in this work can be found online on the
following GitHub repository: https://github.com/yinsenm/Tukeytransforms.

Acknowledgements We are very appreciative of an anonymous referee, whose helpful and detailed com-
ments have enormously improved the quality of this work.
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Appendix A

Table 15 Annual returns (in %) for the EQU and the seven Tukey transformational ladder portfolios from
1958 to 1988

Year 1/x2 1/x 1/
√
x log (x) EQU

√
x MKC x2

1958 80.74 69.49 62.25 56.64 54.58 47.39 41.30 33.54

1959 13.01 16.82 15.82 14.40 13.88 12.32 11.26 8.33

1960 −3.50 −2.62 −2.69 −1.33 −0.85 −0.08 −1.94 −7.69

1961 80.00 41.62 32.95 29.94 29.13 26.57 25.67 29.81

1962 −4.03 −8.67 −10.23 −10.78 −10.78 −10.23 −8.39 −4.83

1963 35.35 30.58 26.99 24.40 23.64 21.74 22.03 26.75

1964 21.08 22.95 21.78 20.17 19.56 17.84 17.86 20.07

1965 16.46 29.70 29.24 26.03 24.49 18.94 14.16 8.24

1966 −15.80 −8.71 −8.30 −8.39 −8.44 −8.84 −10.07 −13.34

1967 61.46 62.56 50.33 40.12 36.88 28.22 26.15 37.30

1968 31.18 44.77 36.21 29.02 26.44 18.06 11.19 3.60

1969 −20.84 −24.20 −21.63 −18.62 −17.39 −13.03 −8.46 2.69

1970 11.98 10.16 7.97 6.76 6.37 5.02 3.68 −2.43

1971 28.25 24.36 20.39 18.31 17.71 15.88 14.33 9.40

1972 10.79 7.83 8.59 10.11 10.96 14.79 19.04 21.40

1973 −40.94 −28.18 −25.30 −22.62 −21.42 −17.14 −15.05 −19.25

1974 −36.32 −15.25 −18.13 −20.55 −21.31 −24.35 −27.69 −31.49

1975 64.76 85.55 72.77 61.37 57.38 44.42 35.88 30.93

1976 98.53 69.47 48.77 39.10 36.37 28.21 23.06 22.27

1977 11.13 8.14 3.64 −0.17 −1.54 −5.71 −8.01 −5.57

1978 18.19 16.21 12.68 9.86 8.99 6.81 6.49 9.12

1979 56.51 43.77 35.72 30.93 29.38 24.50 19.68 6.08

1980 31.18 36.58 33.45 31.72 31.39 31.24 33.24 34.89

1981 58.63 23.80 12.10 6.67 4.91 −1.08 −7.48 −16.79

1982 43.75 41.58 36.98 32.95 31.28 25.74 21.71 27.72

1983 56.16 46.34 38.45 33.09 31.21 25.67 22.29 24.17

1984 14.45 5.29 3.59 3.51 3.69 4.51 5.55 6.45

1985 8.84 21.89 28.18 31.07 31.69 32.68 31.97 29.35

1986 50.50 26.18 19.88 18.61 18.65 18.99 17.95 2.86

1987 27.10 15.03 10.15 8.40 7.94 6.55 5.58 3.91

1988 38.25 33.24 26.76 23.16 22.07 18.95 16.70 12.95
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Table 16 Annual returns (in %) for the EQU and the seven Tukey transformational ladder portfolios from
1988 to 2015

Year 1/x2 1/x 1/
√
x log (x) EQU

√
x MKC x2

1989 −27.53 10.95 21.92 25.85 26.91 29.87 31.24 23.94

1990 28.14 −9.61 −14.94 −12.51 −11.22 −6.88 −2.77 3.70

1991 126.86 68.96 46.24 38.67 37.12 33.01 30.29 27.27

1992 −3.49 12.46 16.57 16.37 15.62 12.10 7.81 1.65

1993 12.35 18.15 17.86 16.45 15.70 12.97 10.25 5.81

1994 −3.19 1.41 1.87 1.71 1.61 1.38 1.53 2.03

1995 −8.88 21.75 28.85 31.86 32.83 35.80 38.08 39.82

1996 15.91 18.48 19.36 20.03 20.42 22.15 24.81 30.82

1997 52.93 30.93 28.38 28.77 29.40 32.00 34.41 35.73

1998 2.88 5.97 9.00 12.22 13.96 21.16 29.43 40.21

1999 −22.10 2.62 9.22 11.52 12.36 16.23 22.05 32.73

2000 −37.31 −3.01 9.18 11.78 10.91 3.79 −7.29 −24.06

2001 6.30 18.55 11.15 4.38 1.72 −6.71 −11.82 −13.37

2002 98.77 1.17 −11.84 −15.63 −16.50 −19.06 −21.25 −25.18

2003 101.63 64.94 51.28 44.44 42.17 34.83 28.41 20.43

2004 29.22 21.44 19.44 18.21 17.56 14.67 10.85 6.63

2005 −20.56 0.82 5.82 7.71 7.95 7.50 5.06 0.31

2006 −5.07 13.84 16.19 16.43 16.35 15.91 15.68 16.43

2007 −7.40 −5.19 −2.44 −0.10 0.86 3.78 5.60 7.17

2008 −33.54 −36.87 −37.90 −38.09 −37.96 −37.07 −35.25 −31.01

2009 128.19 82.03 63.41 52.59 48.92 37.42 27.59 12.37

2010 30.43 27.08 24.93 23.15 22.28 18.98 15.49 10.90

2011 −1.44 −1.11 −0.39 0.07 0.24 0.82 1.83 5.88

2012 26.32 20.39 18.61 17.73 17.47 16.72 16.02 14.05

2013 43.06 39.40 37.67 36.67 36.29 34.78 32.17 23.56

2014 15.65 14.01 14.18 14.41 14.47 14.36 13.70 13.20

2015 −7.52 −5.29 −3.92 −2.87 −2.36 −0.50 1.46 3.10

Arithmetic 23.92 20.35 17.40 15.62 15.03 13.18 11.81 10.25

Geometric 18.00 17.53 15.23 13.80 13.32 11.73 10.43 8.69

SD 39.54 26.44 22.29 20.01 19.30 17.52 16.98 18.05

VaR (annual) −33.96 −16.60 −18.65 −18.91 −17.98 −17.43 −15.98 −24.23

The arithmetic means, geometric means, and standard deviations, and annual VaR of each portfolio, calculated
over 1958–2015 and inclusive of all dividends and transaction fees, are also displayed

Appendix B: Why rebalance monthly?

InAppendixB,we show that it is advantageous for investors holding the 1/x2 portfolio
to rebalance their portfolios monthly.

In all of the calculations below, we begin with $100,000 in 1958 dollars.We assume
transaction and administrative fees of $1 (in 2015 dollars) per trade and, additionally, a
long-run average bid-ask spread of .1% of the closing value of the stock. Rebalancing
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Fig. 6 Tukey transformational ladder portfolios with quarterly rebalancing from 1958 to 2015

Table 17 Ending balance on 12/31/15

1/x2 1/x 1/
√
x log (x) EQU

√
x x x2

$1.054
billion

$1.081
billion

$377.268
million

$187.874
million

$148.360
million

$67.326
million

$34.959
million

$14.113
million

daily, the portfolio goes broke. Having already consideredmonthly rebalancing shown
in Fig. 1 in the main document, we now turn to an analysis of quarterly rebalancing
and yearly rebalancing.

We first consider quarterly rebalancing. Figure 6 displays the cumulative returns
calculated from1958 to 2015 of the equallyweighted S&P500 portfolio (EQU) and the
seven Tukey transformational ladder portfolios (1/x2, 1/x, 1/

√
x, log(x),

√
x, x,

x2), where x is the market capitalization weighted portfolio, and the portfolios are
rebalanced quarterly.
The cumulative returns displayed in Fig. 6 are reproduced in Table 17.

We next consider annual rebalancing. Figure 7 displays the cumulative returns cal-
culated from 1958 to 2015 of the equally weighted S&P 500 portfolio (EQU) and the
sevenportfolios givenby theTukey transformations (1/x2, 1/x, 1/

√
x, log(x),

√
x,

x, x2), where x is the market capitalization weighted portfolio, and the portfolios are
rebalanced annually.
The cumulative returns displayed in Fig. 7 are reproduced in Table 18.

We conclude by summarizing the findings of Figs. 6 and 7 for the 1/x2 portfolio.
When rebalanced quarterly, the balance of the 1/x2 portfolio on 12/31/15 is $1.054
billion. When rebalanced annually, the value of the 1/x2 portfolio on 12/31/15 is
$999.798 million. The $1.477 billion figure for the ending balance on 12/31/15 for the
monthly rebalanced 1/x2 portfolio (Table 6) exceeds that of both quarterly rebalancing
(Table 17) and annual rebalancing (Table 18).

123



Tukey’s transformational ladder for portfolio management 337

5.0

5.5

6.0

6.5

7.0

7.5

8.0

8.5

9.0

1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010 2015
Year

lo
g 1

0(
D

ol
la

rs
)

Weighting Methods 1/x 1/x2 1/ x log(x) EQU x x (MKC) x2

S&P 500 from 1958−01 to 2015−12 , Rebalance:  Yearly

Fig. 7 Tukey transformational ladder portfolios with yearly rebalancing from 1958 to 2015

Table 18 Ending balance on 12/31/15

1/x2 1/x 1/
√
x log (x) EQU

√
x x x2

$999.798
million

$1.084
billion

$381.412
million

$190.942
million

$151.005
million

$69.160
million

$36.106
million

$14.692
million

Appendix C: Results of bootstrap for random N

Appendix C displays the bootstrapped distributions for fixed N for seven different
values of N (N = 20, 50, 100, 200, 300, 400, 500). The results herein are presented
to support our findings in Sect. 6.2 of the main manuscript.
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Appendix D: Value of S&P 500 portfolio over the 1980–2015, 1990–2015,
and 2000–2015 horizons

In Appendix D, we show that the returns of the eight portfolios under consideration
precisely follow the order of the Tukey transformational ladder for three additional
time horizons: 1980–2015, 1990–2015, and 2000–2015.

We first consider the 1980–2015 horizon. We invest $272,028 on 1/2/80 (the equiv-
alent of $100,000 in 1958 dollars) and let each portfolio grow until 12/31/15. The
cumulative returns are displayed in Fig. 15 and Table 26.

We now consider the 1990–2015 time horizon. We invest $445,455 on 1/2/90 (the
equivalent of $100,000 in 1958 dollars) and let the portfolios grow until 12/31/15.
The results are displayed in Fig. 16. The cumulative returns displayed in Fig. 16 are
reproduced in Table 27.
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S&P 500 from 1980−01 to 2015−12 , Rebalance:  Monthly

Fig. 15 Cumulative log10 returns (from 1980–2015) for the EQU portfolio and the seven Tukey transfor-
mational ladder portfolios. The calculation assumes that $272,028 is invested on 1/2/80 and left to grow
until 12/31/15

Table 26 Cumulative returns for the EQUportfolio and the seven Tukey transformational ladder portfolios.
The calculation assumes that $272,028 is invested on 1/2/80 and left to grow until 12/31/15

1/x2 1/x
√
x log (x) EQU

√
x x x2

$107.967
million

$72.113
million

$ 43.637
million

$ 33.160
million

$ 30.086
million

$ 21.066
million

$14.730
million

$ 7.875
million
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Fig. 16 Cumulative log10 returns (from 1990–2015) for the EQU portfolio and the seven Tukey transfor-
mational ladder portfolios. The calculation assumes that $445,455 is invested on 1/2/90 and left to grow
until 12/31/15

Table 27 Cumulative returns for the EQUportfolio and the seven Tukey transformational ladder portfolios.
The calculation assumes that $445,455 is invested on 1/2/90 and left to grow until 12/31/15

1/x2 1/x
√
x log (x) EQU

√
x x x2

$12.527
million

$11.041
million

$8.646
million

$7.582
million

$7.197
million

$5.808
million

$4.608
million

$3.242
million

Finally, we consider the 2000–2015 time horizon. We invest $590,210 on 1/2/00
(the equivalent of $100,000 in 1958 dollars) and let the portfolios grow until 12/31/15.
We display the results in Fig. 17. The cumulative returns displayed in Fig. 17 are
reproduced in Table 28.

In conclusion, Tables 26, 27 and 28 each show that the portfolio returns precisely
follow the order of the Tukey transformational ladder.
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Fig. 17 Cumulative log10 returns (from 2000–2015) for the EQU portfolio and the Tukey transformational
ladder portfolios. The calculation assumes that $590,210 is invested on 1/2/00 and left to grow until 12/31/15

Table 28 Cumulative returns for the EQUportfolio and the seven Tukey transformational ladder portfolios.
The calculation assumes that $590,210 is invested on 1/2/00 and left to grow until 12/31/15

1/x2 1/x
√
x log (x) EQU

√
x x x2

$5.176
million

$3.762
million

$2.952
million

$2.446
million

$2.243
million

$ 1.572
million

$1.048
million

$.570
million
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