
Stability of feedback-controlled genetic switches

1. A genetic switch with feedback control.

A common motif in genetic control systems is that of two mutually repressing genes (see Fig. 1).
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Figure 1: (left) Simple genetic switch. (right) Stem cell control motif.

The dynamics of this system can be represented in a scaled parameterisation with the equations1

dx

dt
=

µ

1 + y2
− x ≡ f(x, y) (1)

dy

dt
=

µ

1 + x2
− y ≡ g(x, y) (2)

The file GeneSwitch.m finds the steady-state behaviour of this system given a starting point (x, y).

(a) Plot a phase map of the system’s steady-state behaviour using µ = 20 and x, y ∈ (0, 1) (consider
outputting the results from GeneSwitch.m into a matrix and using Matlab’s imagesc function).

(b) What different types of behaviour does the system show as initial state is varied? How stable might you
expect these behaviours to be?

2. Fixed points and stability analysis.

(a) Assume µ� 1. Find approximate co-ordinates for the fixed points of the system where x 6= y.

(b) Calculate the Jacobian matrix of the system:

J =

(
fx(x0, y0) fy(x0, y0)
gx(x0, y0) gy(x0, y0)

)
, (3)

where x0, y0 are the co-ordinates of one of your above fixed points.

(c) The system is locally stable if the eigenvalues of J all have strictly negative real parts. Find the eigenvalues
of J and comment on the stability of the x 6= y fixed points.

(d) Assume that at the remaining fixed point, x = y = α. What does an eigenvalue analysis of the Jacobian
tell you about the stability of this point?

3. Stabilisation through self-activation.

Stem cells are thought to employ a genetic switch involving self-activation of the control genes as another
form of feedback control (see Fig. 1). In this case the equations become

d{x, y}
dt

= a
{x, y}2

θ2 + {x, y}2
+ b

µ2

µ2 + {y, x}2
− k{x, y} (4)

The file StemCellSwitch.m implements this model for a = 0.55, b = 1, k = 1, θ = 0.5, µ = 0.5. Plot the phase
behaviour of this system. How does self-activation help stabilise the intermediate state (which corresponds to
a stem cell)? How may stem cells differentiate (move to another fixed point)?

1To see how, do Exercise 2.9 in Feedback Systems, Aström & Murray, available online at www.cds.caltech.edi/˜murray/amwiki .
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Integral control in chemotactic models

1. A model for protein methylation and activation.

We will consider the system illustrated in Fig. 2. This is a simple model of chemotactic behaviour in bacteria, where a
biochemical control system dictates the degree to which the bacterium undergoes two different types of motion in the
search for food. The key protein E may be methylated (labelled Em) by the action of an enzyme R, and demethylated
by the action of an enzyme B. Methylated proteins are ‘active’ with a probability α, which depends on the chemical
environment. The number of active proteins determines the behaviour of the bacterium.

We want our system to be able to maintain a given level of activation in the face of changes in α due to the fluctuating
chemical environment. To control the system in a constant state in response to fluctuating input, nature has developed
an integral feedback control loop.
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Figure 2: Methylation-activation model.

We will use the following equations to model this system:

dE

dt
= −VR

E

kR + E
+ VB

E′m
kB + E′m

(5)

dM

dt
= VR

E

kR + E
− VB

E′m
kB + E′m

(6)

Em = (1 − α)M (7)

E′m = αM. (8)

VR and VB are the maximal rates of the enzyme-driven methylation and demethylation reactions respectively. The
rational form of the corresponding ODE terms arise from the Michaelis-Menten enzyme kinetics.

Use VR = VB = 0.1 and kB = kR = 2 and simulate this system using the very simple ODE solver in BarkaiPrelim.m.
Plot the steady-state concentration of E′m against α.

2. Integral control.

A desirable characteristic for biological systems is the ability to adapt to different conditions. We will explore how
the model above can be structured to adapt to different environmental conditions, manifest through changing α, the
activation probability.

(a) In Barkai.m, the model is changed so that VB = 1 (so now VB > VR) and kR = 0 (so the action of enzyme R is
now independent of the concentration of E). Use this file to plot the steady-state concentration of E′m against α
in this system.

(b) Write down the new set of equations describing the system dynamics. Setting E′m = αM , find the value of M in
the steady state. Why do you see the E′m behaviour in the previous question?

(c) Expand your equation for dM/dt linearly about the steady-state value of M . Substitute M = α−1E′m (for the
steady state values too) on the RHS. Verify that this relationship between the time derivative of methylated
protein and the activity behaves in the way you would expect in response to positive and negative activity
fluctuations.

(d) Consider the following variables of the system: α (environment); M (total amount of methylated protein); E′m
(activity), E′m,ss (steady state activity). Consider the following components of a feedback system: u (input);∫
ε dt (integrated error); y (output), y0 (desired output). Which variables correspond to which components?

Sketch a block diagram of the system.

3. Dynamic response.

Use the file BarkaiTimeSeries.m to simulate changing α throughout the simulation. Plot the response of E′m. What
factors affect the speed of the response?
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