Primer: Double integration

Consider the value of a scalar function v (z;,y;) at the co-ordinate point (z;,7;) at the
lower left hand corner of the square of area dA; = dx;0y;. Then
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double integral

We say that the RHS is the “double integral of i) over the region R”. Note: do not
confuse this with the area of R itself, which is

Area of R = // dxdy . (0.2)
R

0.1 How to evaluate a double integral
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Figure 1.2: The region R is bounded between the upper curve y = h(x), the lower curve

y = g(z) and the vertical lines © = a and x = b.

//R@b(:n,y) dzdy = /ab {/y;::)@/)(%y) dy} dz (0.3)

The inner integral is a partial integral over y holding x constant. Thus the inner integral

is a function of =

y=h(a)
/ (e, ) dy = P(x) (0.4)
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/ /R W, y) dady = /  Ple) dr. (0.5)

Moreover the area of R itself is

Area of R = /ab {/y:(}::) dy} dx = /ab {h(z) — g(x)} dx (0.6)

and so



Area under a curve: For a function of a single variable y = f(z) between limits

Ares = /j{ / dy}dx: [ seyar 07

0.2 Example of multiple integration

r=qgand x =0

Consider the first quadrant of a circle of radius a. Show that :

y (7) Area of R = ma®/4
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i) : The area of R is glven by

A= / {/ e dy}dm—/ V@ —2dx. (0.8)

07r/2<1 — c0s20) df = ma?/4.

ii) : a va2—z?
// rydxdy = / x / ydy | dx
R 0 0

L [12%a® — 1ot = a'/8. (0.9)

iii) : a va?—a?
//a:2y2dxdy = /x2 / vidy | do
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Let = acosf and y = asinf then A = 1a?
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0 sin®" 0 df. Using a Reduction Formula method we find that

on — 1
I, = ( r ) It Iy=1/2. (0.11)

where I,, =

2n
Thus I, = 37/16 and I, = 157/96 and so from (0.10) the answer is wa®/96.



