EE2 Maths: Stationary Points

Univariate case: When we maximize f(z) (solving for the xy such that = 0) the

gradient is zero at these points. What about the rate of change of gradient: di(ﬂ) at the

minimum x¢? For a minimum the gradient increases as zo — xo + Az (Az > 0). It follows
that Z{ > 0. The opposite is true for a maximum: % < 0, the gradient decreases upon
positive steps away from xy. For a point of inflection 227{ = 0.

Multivariate case: Stationary points occur when V f = 0. In 2-d this is (gf, gi)
namely, a generalization of the univariate case. Recall that df = %da: + g—gdy can be written
as df = ds -V [ where ds = (dz,dy). If Vf =0 at (xo,y0) then any infinitesimal step ds
away from (xg, yo) will still leave f unchanged, i.e. df = 0.

There are three types of stationary points of f(x,y): Maxima, Minima and Saddle Points.
We'll draw some of their properties on the board. We will now attempt to find ways of
identifying the character of each of the stationary points of f(x,y).

Consider a Taylor expansion about a stationary point (xg, ). We know that Vf = 0 at
(xo,Y0) so writing (Ax, Ay) = (x — xo,y — yo) we find:

Af = f(x,y)—f(l‘o,yo)
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Maxima: At a maximum all small steps away from (z,y) lead to Af < 0. From Eq.
(1) it follows that for a maximum:

A2 fry + 203D fry + Ay fyy < 0 (2)
for all (Ax, Ay). Since this holds for all (Axz, Ay) this includes Ay = 0. It follows that

Joa <0 (3)

(also f,, < 0 by similar arguments). Since Eq. (2) holds for arbitrary (Az, Ay), it must also
hold for (Az, Ay) = (AMy, Ay) (i.e. along the locus Ax = AAy). In this case Eq. (2)
becomes:

N fow + 2M fuy + fuy < 0. (4)

Multiplying through by f,. < 0 we obtain:
N fow + 2\ fon fay + foofyy > 0 ()
;?y - fxzfyy < (fa:x>\ + f;ty)Qa (6)

for all A (this last step is a useful trick). The right-hand side of Equation (6) can be set to
zero but can't be smaller so:

x2y - fmfyy <0. (7)



Minima: The same type of arguments apply for minima where all small steps from
(20, o) lead to Af > 0.

fox > 0 (8)

vy — foofyy < 0. (9)

(and also f,,, > 0).

Saddle Points: In the Taylor expansion for A f what happens if Az = AAy such that
Eq. (1) is zero to second order?

)\Qfa:a: + 2)\fxy + fyy =0. (10)

We can use the same trick of multiplying through by f,. and rearranging as we did in Egs.
(5,6) and noting that (fuzA + fuy)? > 0 for all X we find:

vy — foofyy > 0 (11)

which is the condition for a stationary point to be a saddle point. Note that f,,, f,, are
unconstrained. Eq. (10) can be solved for real roots A;, A\y. This specifies two directions
Az = M Ay and Ax = A\yAy on which f(xg + Az, yo + Ay) = f(x0,yo) to second order.

Summary: The sufficient conditions for a stationary point to be a Max, Min, Saddle are:

Mazx :  fu <0 and l?y — faufy < O (12)
Min:  fou>0 and f2 = foafy < 0 (13)
Saddle : f:fy — foafyy > O (14)

Note that these are not necessary conditions: consider f(z,y) = x*+%* (a question in one
of your examples classes). To classify the stationary points in such cases the Taylor expansion
used in Eq. (1) must be taken to higher order.

A standard example: Find and classify the stationary points of f(z,y) = 2° — 322 +
2xy — y? and sketch its contours.

From Vf = 0 it follows that f, = 32> — 62 +2y = 0 and f, = 2z — 2y = 0. It follows
that z = y and so that 32 — 4z = 0 and thus = 0, 3. Stationary points are thus (0,0) and
(3:3):

We can calculate the possible second derivatives (equivalent to finding the Hessian men-
tioned earlier): f,, = 62 —6; fu, = 2; f,, = —2. At (0,0) by substituting in the relevant
values one finds f,, < 0 and f2, — fuofyy < 0. Thus (0,0) is a maximum. At (3, 3) we find
we have a saddle point, since gy — faafyy > 0.

In order to sketch this we need to find the asymptotes of the locally hyperbolic contours
about the saddle point. Which two directions have Af = 0 (to second order) at the saddle
point? l.e. what Az = A\ Ay and Az = A\yAy are such that f(zo+ Az, yo+Ay) = f(xo,yo)



(to second order)? As above, we need to solve A2 f,, + 2A fzy, + f,, = 0 at (3, 3): obtaining
2002421 —1) =050 Ao = —1 £+/2.

Characterizing stationary points with the Hessian:
We can write Eq. (1) in terms of the Hessian:

AZ? oy + 2020y fry + AYP £,y = ASTHAS (15)
where AS = (Ax, Ay) and here:

o fac:c f$y
= ( [ ) (16)

A local maximum has ASTHAS < 0 for all AS. This is the same as saying the matrix
H is negative definite (later you'll learn this means its eigenvalues are strictly negative). The
condition ﬁy — faafyy > 0 can be interpreted as the statement that the determinant of H
must be positive. Recall that detH = f,. f,, — f2,-

A local minimum has ASTHAS > 0 for all AS. This is equivalent to H being positive
definite (strictly positive eigenvalues). The conditions for being a minimum are thus detH > 0
and f, > 0.

A saddle point has det H < 0 and H is called indefinite (its eigenvalues have mixed signs).

If detH = 0 higher order terms in the Taylor series are required to characterize the
stationary point.

[A notationally involved, and non-examinable, generalisation of the above, for functions
of k variables, is that a sufficient condition for a stationary point to be a maximum is to
have (—1)'D® > 0 for all i < k where D = detH® and where H" is a submatrix of H
composed of all entries H,,, with indices I,m < i+ 1. H® is sometimes called the i*® order
leading principal minor of H. For a minimum the equivalent condition is that D® > 0 for all

i < K]



Leibnitz’ Integral Rule:
Differentiation of integrals of functions of multiple variables

Consider:

Leibnitz' Integral Rule is then:

5 = fla,o(@) g~ fayul@) it

dF(z) dv du /”W of
dx t=u(z) ox

Example: If F(z) = f:; snzt 4 tdt find 4£. Using Eq. (18) we have
3
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Where the integral on the right-handside becomes [322t]

z lx2°

(17)
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