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Definitions
Definition 1. We say that a substruc-
tureN ⊆M is symmetrically embedded in
M if any automorphism of N extends
to an automorphism ofM.

Definition 2. M is indivisible if for ev-
ery colouring of M in two colours, there
is a monochromatic M′ ⊆M such that
M′ is isomorphic toM.

Definition 3. M is symmetrically indi-
visible if for every colouring of M in
two colours, there is a monochromatic
M′ ⊆M such thatM′ is isomorphic to
M andM′ is symmetrically embedded
inM.

Definition 4. M is elementarily indi-
visible if for every colouring of M in
two colours, there is a monochromatic
M′ ⊆M such thatM′ is isomorphic to
M andM′ is elementarily embedded in
M.

Examples of indivisibles
sym. elem.

indivisible indivisible

Infinite set 2� 2�

⟨N,<⟩ 2� 4

⟨Q,<⟩ 2� 2�

Rado’s
2� 2�random graph

Questions
Question 5. LetM be a symmetrically
indivisible structure in a language L.
Let L0 ⊆ L. Is M ↾ L0 symmetrically
indivisible?

Question 6. Is there a rigid elemen-
tarily indivisible structure? Is an ele-
mentarily indivisible structure homoge-
neous?

Question 7. Does elementary indivisi-
bility imply symmetric indivisibility?

Many symmetrically indivisible structures
Notation 8. LetM, N be L-structures. We denoteM ≲(s)(e) N if there is a (symmet-
ric) (elementary) embedding e ∶M↪ N .

Proposition 9. IfM and N are L-structures such thatM ≲(s)(e) N and N ≲(s)(e)M
then:M is (symmetrically) (elementarily) indivisible if and only if

N is (symmetrically) (elementarily) indivisible

Example 10. ⟨Q,<⟩ symmetrically embeds every countable linear order - thus by
Proposition 9 every countable linear order which symmetrically embeds ⟨Q,<⟩ is
symmetrically indivisible.
It isn’t hard to find 2ℵ0 many such.

Example 11. In [Hen71] it was shown that Rado’s random graph symmetrically em-
beds every countable graph - thus every countable graph which symmetrically em-
beds Rado’s random graph is symmetrically indivisible. It isn’t hard to find 2ℵ0

many such.

... There are many more similar examples that don’t fit into this poster ...

Answer to Question 5
Definition 12. Let M, N be structures in a relational language L. The composition
of N withM, denotedMJN K is the L-structure whose universe is M ×N where for
every k-ary relation R ∈ Lwe set

RMJN K ∶= {((a1, b1) . . . , (ak, bk)) ∣ ⋀
i≠j

ai = aj and N ⊧ R(b1, . . . , bk)}∪

{((a1, b1) . . . , (ak, bk)) ∣ ⋁
i≠j

ai ≠ aj and M ⊧ R(a1, . . . , ak)}

Let MJN Ks be MJN K expanded by a new equivalence relation s interpreted as as
{((a1, b1), (a2, b2)) ∶ a1 = a2}.

Proposition 13. IfM and N are indivisible, so areMJN K andMJN Ks.

We will now construct a counter example for Question 5: Let L = {<,⪦}
Let N be an L-structure such that N ↾ {<} ≅ ⟨N,<⟩ and ⪦N= ∅
Let N ′ be an L-structure such that ⟨N ′,<N ′ ,⪦N ′⟩ ≅ ⟨N ,⪦N ,<N ⟩
N ′JN K and N ′JN Ks are indivisible, as a composition of indivisibles, and by rigidity
they are also symmetrically indivisible
but N ′JN K ↾ {<} = N ′ ↾ {<}JN K and N ′JN Ks ↾ {<} = N ′ ↾ {<}JN Ks are not. This
also gives examples of compositions of symmetrically indivisible structures which
are not symmetrically indivisible.

Few elementarily indivisible structures
Note that using Prop. 9 for constructing elementarily indivisible structures is not
fruitful, since almost all our known examples of elementarily indivisible structures
are ℵ0-categorical.
In particular, for example on linear orders:

Proposition 14. ⟨Q,<⟩ is the only countable elementarily indivisible linear order, up
to isomorphism.

Properties of elementarily indivisible structures
Theorem 15. IfM and N have quantifier elimination, so doesMJN Ks

Lemma 16. Let M̂ be the Morleyzation ofM. The following are equivalent:

1. M is elementarily indivisible.

2. M̂ is indivisible.

Corollary 17. IfM and N are elementarily indivisible, so areMJN K andMJN Ks.

∅-definable
compositions

Closed under: reducts ↓
expansions ↑ −[−] −[−]s

Indivisibility 2� 4 2� 2�
Symmetric

Indivisibility 4 4 4 4
Elementary

Indivisibility 2� 2� 2� 2�

Open Questions
Question 18. LetM be an elementarily symmetrically indivisible structure in a lan-
guage L . Let L0 ⊆ L. IsM ↾ L0 symmetrically indivisible?

Question 19. Is there a rigid elementarily indivisible structure? Is an elementarily
indivisible structure homogeneous?

Question 20. Does elementary indivisibility imply symmetric indivisibility?

Connections between the questions
If M is a rigid elementarily indivisible L-structure, like in the answer to Q. 5, we
define a new language L′ ∶= {R′ ∣ R ∈ L }, such that R′ has the same arity as R.
LetM′ be a rigid elementarily indivisible L′-structure similar toM.
ConsiderM andM′ as L ∪L′ -structures (expand emptily).
ThenM′JMKs is elementarily symmetrically indivisible, by Cor. 17 and rigidity,
andM′JMKs ↾ L is elementarily but not symmetrically indivisible (exercise).
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