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Summary. In this document we provide the derivations for the posterior conditional
distributions and numerical results for the Markov Chain Monte Carlo (MCMC) sam-
pler on simulated data.

1. Introduction

Recall we interested to simulate from the following posterior:

p(α, β,H,R,B,Q, ξ,X|Y ) ∝ p(Y |α, β,H,R, ξ,X)p(X|B,Q)

× p(α|β)p(β)p(ξ)p(B)p(Q)p(H)p(R)
(1)

where the likelihood is from

Yt = Yt−1 + αβTYt−1 + µt + gt + εt, εt ∼ N(0, R), (2)

with

µt = HXt (3)

Xt = BXt−1 + δt, δt ∼ N(0, Q), x0 = 0 (4)

and

gt = ξ1 +

m∑
i=2

ξiI{t∈Ii}, (5)
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where Ii denotes a specific interval in time such as the i-th week or month. For the
priors we use

B ∼ Nk,k(0, σ
2
BIk, σ

2
BIk),

Q ∼ W−1(νQ, σ2QIk),
H ∼ Nn,k(0, σ

2
HIn, σ

2
HIk),

R ∼ W−1(νR, σ2RIn),

ξ ∼ Nn,m(0, σ2ξIn, σ
2
ξIm),

and for the hyper parameters:

σ2H ∼ IG(αH , βH),

σ2B ∼ IG(αB, βB),

σ2R ∼ G(αR, βR).

1.1. Notation

We will use the following notation: N(µ,Σ) will be multivariate normal with mean
vector µ ∈ Rn×1 and covariance matrix Σ ∈ Rn×n. We denote a Gaussian random
(n×T ) matrix by Y ∼ Nn,T (µ,Σ,Ψ) with row dependence in (n×n) covariance ma-
trix Σ and column dependence in (T ×T ) matrix Ψ. Matrix variate Inverse Wishart
distribution with the support on symmetric positive definite matrices (n× n) with
ν > n− 1 degrees of freedom and scale matrix Ψ is W−1(ν,Ψ). Gamma and Inverse
Gamma distributions will be denoted as G(αγ , βγ) and IG(αγ , βγ) respectively with
scale and shape parameters αγ and βγ . By In ∈ Rn×n we will refer to the square
identity matrix; V ec(M) denotes the matrix vectorization operator which transform
a matrix M into column vector in which columns of M are successively stacked.
Furthermore we denote the Kronecker product or tensor product between two ma-
trices by ⊗ and Kronecker sum as ⊕. For a sequence y1, y2, ..., yT , we will also use
the concise notation y1:T .

2. Expressions for the posterior conditionals

For the convenience of the reader we state again Algorithm 1 used in the paper.
The expressions of all distributions used in this algorithm are stated below in the
Proposition 1. The derivations are presented in Section 3.3
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Algorithm 1 A Partially Collapsed Gibbs Sampler to simulate from (1)

Initialization: Draw the parameters from their respective prior distributions For
i = 1, 2, ..., N : Sample

• 1. V ec(Bi) ∼ p(·|Qi−1, xi−1, σ2Bi−1),

• 2. σ2B
i ∼ p(·|Bi),

• 3. Qi ∼ p(·|Bi, xi−1),

• 4. V ec(H i) ∼ p(·|y, αi−1, βi−1, Ri−1, xi−1, ξi−1, σ2Hi−1),

• 5. σ2H
i ∼ p(·|H i),

• 6. Ri ∼ p(·|y, αi−1, βi−1, H i, xi−1, ξi−1, σ2R
i−1),

• 7. σ2R
i ∼ p(·|Ri),

• 8. V ec(α∗) ∼ p(·|y, βi−1, H i, Ri, Bi, Qi, ξi−1). Compute A∗ = α∗(α∗Tα∗)−1/2,

• 9. V ec((B∗)T ) ∼ p(·|y,A∗, H i, Ri, Bi, Qi, ξi−1). Compute βi = B∗(B∗TB∗)−1/2
and αi = A∗(B∗TB∗)1/2

• 10. V ec(ξi) ∼ p(·|y, αi, βi, H i, Ri, Bi, Qi),

• 11. Sample xi ∼ p(·|y, αi, βi, ξi, H i, Ri, Bi, Qi)

Proposition 1. The conditional distributions used in Algorithm 1 are as follows:

pB(V ec(B)|Q,X) =N(µBpost,Σ
B
post),

pQ(Q|B,X) =W−1(νQ + T, X̃X̃T + σ2QIK),

pH(V ec(H)|α, β, Y, ξ) =N(µHpost,Σ
H
post),

pR(R|Y, α, β, ξ) =W−1(ν + T, Ỹ Ỹ T + σRIn),

pα(V ec(α)|Y, β,H,R,B,Q, ξ) =N(µαpost,Σ
α
post), (6)

pB(V ec(BT )|Y,A, H,R,B,Q, ξ) =N(µBpost,Σ
B
post), (7)

pξ(V ec(ξ)|Y, α, β,H,R,B,Q) =N(µξpost,Σ
ξ
post),

pσ2
R

(σ2R|R) =G(
nνR

2
+ ασ2

R
, βσ2

R
+

1

2
tr(R−1)),

pσ2
H

(σ2H |H) =IG(ασ2
H

+
nK

2
, βσ2

H
+

1

2
V ec(H)TV ec(H)),

pσ2
B

(σ2B|B) =IG(ασ2
B

+
K2

2
, βσ2

B
+

1

2
V ec(B)TV ec(B)).
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The parameters of each distribution are given by(
ΣB
post

)−1
= (XT

0 ⊗ IK)T (⊕Tt=1Q
−1)(XT

0 ⊗ IK)T + (σB)−2IK2 ,

µBpost = ΣB
post((X

T
0 ⊗ IK)T (⊕Tt=1Q

−1)vec(X)),(
ΣH
post

)−1
= (XT ⊗ IK)T (⊕Tt=1R

−1)(XT ⊗ IK)T + (σH)−2IK2 ,

µHpost = ΣH
post((X

T ⊗ IK)T (⊕Tt=1R
−1)V ec(Ỹ )),(

Σ·
post

)−1
= MT

· Ṽ
−1M· + (Σ·)

−1,

µ·post = Σ·
post(M

T
· Ṽ
−1ỹ),

where we use · for either α,B, ξ and define Ṽ = ⊕Tt=1R + H̃V H̃T , ỹ = V ec(Y ) −
(ΥT⊗In)ξ, Mα = Y T

0 β⊗In, MB = Y T
0 ⊗α, X̃ = (x1 −Bx0, . . . , xT −BxT−1) , X0 =

(x0, . . . , xT−1) , H̃ = (IT⊗H), V = (ÃT⊕Tt=1Q
−1Ã)−1 and Ã = ITK−(IT⊗B)PM ,

with

P =

[
0K×K(T−1) IK×K

IK(T−1)×K(T−1) 0K(T−1)×K

]
M =

[
IK(T−1)×K(T−1) 0K×K(T−1)

0K(T−1)×K 0K×K

]
.

3. Numerical examples using Simulated Data

In this section we demonstrate the performance of Algorithm 1 for a simulated
data-set using n = 4, R = diag(1, 1, 1, 1) and Q = diag(1, 1). The numerical exam-
ples presented in this section aim to assess the accuracy of the estimation and the
improvement of Algorithm 1 over a standard Gibbs sampler based on data augmen-
tation; Carter and Kohn [1994], Frühwirth-Schnatter [1994], De Jong and Shephard
[1995]. In these experiments we ran Algorithm 1 for N = 105 and discarded 104

samples for burn-in. Furthermore, throughout this section we will resort to using
the posterior means as point estimates.

Posterior credible intervals, estimated path and true data generating µ are pre-
sented in Figure 2, posterior densities for Π = αβT in Figure 3 and box plots for
the seasonal components ξ in Figure 4. The estimation seems to be very accurate.
Furthermore, for a sample output Π(i) = α(i)β(i)T we compare Algorithm 1 with
a standard Gibbs sampler in terms of autocorrelation functions in Figure 1 and
Effective Sample Size (ESS) presented in Table 3. It is clear that in terms of mixing
and efficiency Algorithm 1 shows superior performance.

3.1. Derivations for the posterior conditional distributions in Algorithm 1
We begin with some auxiliary results and then proceed withe the proof of Proposi-
tion 1
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Π·,1 Π·,2 Π·,3 Π·,4
Π1,· 0.40 0.63 0.44 0.31
Π2,· 0.74 0.70 0.48 0.53
Π3,· 0.62 0.51 0.49 0.39
Π4,· 0.40 0.46 0.37 0.35

Π·,1 Π·,2 Π·,3 Π·,4
Π1,· 0.34 0.31 0.24 0.17
Π2,· 0.33 0.14 0.22 0.15
Π3,· 0.20 0.09 0.10 0.10
Π4,· 0.19 0.08 0.09 0.10

Table 1. ESS for each of sixteen entries of Π = αβT with Algorithm 1 (left table) and standard Gibbs
sampler (right table). The values suggest that the proposed algorithm is consistenly better than a standard
systematic scan Gibbs.

3.2. Auxiliary results
Proposition 2. For X = (x1, . . . , xT ) given by xt = Bxt−1 + δt, (with x0 = 0,) we

have that V ec(X) ∼ N(0, V ), with V = (ÃT ⊕Tt=1 Q
−1Ã)−1 and Ã = ITK − (IT ⊗

B)PM , with P =

[
0K×K(T−1) IK
IK(T−1) 0K(T−1)×K

]
and M =

[
IK(T−1) 0K×K(T−1)

0K(T−1)×K 0K×K

]
.

Proof. We can rewrite xt = Bxt−1 + δt in a matrix regression format by stacking
vectors of the series realizations xt in the columns of matrix X,

X = BX0 + δ1:T ,

where X0 = (x0, . . . , xT−1). After applying the vectorization we get

V ec(X) = (IT ⊗B)V ec(X0) +W

where W ∼ N(0,⊕Ti=1Q). Recall the permutation matrix P is invertible and hence
we can write

V ec(X) = (IT ⊗B)PP−1V ec(X0) +W

V ec(X) = B̃V ec(X ′0) +W

V ec(X) = C̃V ec(X) +W

ÃV ec(X) = W (8)

where we let B̃ = (IT⊗B)P, X ′0 = (x1, . . . , xT−1, x0) C̃ = B̃

[
IK(T−1) 0K(T−1)×K

0K×K(T−1) 0K×K

]
and Ã = ITK − C̃. From (8) we get

p(V ec(X)) ∝ exp(−1

2
(ÃV ec(X))T ⊕Tt=2 Q

−1((ÃV ec(X))

∝ exp(−1

2
V ec(X)T (ÃT ⊕Tt=1 Q

−1Ã)V ec(X)).

and so V ec(X) ∼ N(0, V ), where V = (ÃT ⊕Tt=1 Q
−1Ã)−1.

Note that in Proposition 2 we use partial collapsing and sample the cointegra-
tion parameters in (6), (7) without conditioning on the hidden states X,. This
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significantly reduces dimensionality in Gibbs updates and improves the mixing of
the sampler.

We will make extensive use of the lemma below, which allows for analytic rep-
resentation of the full and marginalized conditionals in Gaussian matrix variate
likelihood model.

Lemma 1. Consider a Gaussian vector regression model with output Y ∈ Rn×1 and
input X ∈ Rn×n where

Y = X θ + ε

and θ ∈ Rn×1 and ε ∈ Rn×1 is an innovation error vector such that ε ∼ N(0,ΣY).
Suppose that a conjugate prior of θ is a Gaussian vector p(θ) ∼ N(mθ,Σθ). Then

p(θ|Y) ∼ N(m̃θ, Σ̃θ), where

Σ̃θ = (X TΣ−1Y X + Σ−1θ )−1,

m̃θ = Mθ(X TΣ−1Y Y + Σ−1θ mθ).

The proof is omitted as it follows by straightforward linear algebra.

Lemma 2. Suppose Y := [Y1,Y2, ...,Yn] is a matrix whose columns are i.i.d samples
from N(0,Σ). If Σ ∼ W−1(ν,Ψ), then p(Σ|Y) ∼ W−1(ν + n,Ψ +YYT ).

See Gupta and Nagar [1999] for a proof.

3.3. Proof of Proposition 1
We consider each posterior conditional separately.

pB(V ec(B)|Q, x1:T ): As in the proof of Proposition 2 above,

xt = Bxt−1 + δt ∀t=1,...,T

can be rewritten in matrix regression format as:

X = BX0 +W

with W = (δ1, δ2, . . . , δT ). Applying matrix vectorization operator:

V ec(X) = (XT
0 ⊗ IK)V ec(B) + w, (9)

where w ∼ N(0,⊕Tt=1Q). Hence by multivariate normal conjugacy implied by Gaus-
sian likelihood in (9) and the results of Lemma 1, the conditional posterior of V ec(B)
is also multivariate normal

V ec(B)|Q,X ∼ N(µBpost,Σ
B
post), (10)

where

ΣB
post = ((XT

0 ⊗ IK)T (⊕Tt=1Q
−1)(XT

0 ⊗ IK)T + (σB)−2IK2)−1

µBpost = ΣB
post((X

T
0 ⊗ IK)T (⊕Tt=1Q

−1)vec(X)).
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We proceed with pQ(Q|B, x1:T ). We can simulate from full conditional update
by exploiting conjugacy class relations of normal and inverse Wishart distributions
as well as conditional independence of Q and observed time series realizations given
latent path. The hidden model likelihood can be written as

x̃t = Q1/2rt, x̃t = xt −Bxt−1, x0 = 0,

with rt i.i.d. multivariate standard random normal. Since the prior for Q is
W−1(νQ, σ2QIK), then by the Lemma 2 we have

Q|B,X ∼ W−1(νQ + T, X̃X̃T + σ2QIK), (11)

with X̃ = X −BX0.
For computing pH(V ec(H)|α, β, Y, x1:T,ξ): Note that, conditioning on the re-

alization of latent path, observation model parameters are independent of hidden
static parameters. Recall, Ỹ = Y − αβTY0 − ξΥ and noting vectorized regression
format as

V ec(Ỹ ) = (XT ⊗ IK)vec(H) + Ẽ,

where Ẽ ∼ N(0,⊕Tt=1R), we can exploiting the same conjugacy properties and
Lemma 1 and 2 to obtain

V ec(H)|Y, α, β,X, ξ ∼ N(µHpost,Σ
H
post),

where

ΣH
post = ((XT ⊗ IK)T (⊕Tt=1R

−1)(XT ⊗ IK)T + (σH)−2IK2)−1,

µHpost = ΣB
post((X

T ⊗ IK)T (⊕Tt=1R
−1)vec(Ỹ )).

pR(R|Y, α, β, x1:T , ξ) : Conditional on latent path and all remaining parameters,

Ỹ −HX can be regarded as T vector variate normal samples with zero mean and
variance R. Hence the full conditional of R follows directly from Lemma 3:

R|α, β, Y,X, ξ ∼ W−1(ν + T, (Ỹ −HX)(Ỹ −HX)T + σ2RIn). (12)

pα(V ec(α)|Y, β,H,R,B,Q, ξ), pB(V ec(BT )|Y,A, H,R,B,Q, ξ): To obtain coin-
tegration parameters’ marginalized conditionals of partially collapsed Gibbs algo-
rithm, we utilize convolution property of normal distribution, Proposition 2 and
Lemma 1 together with the following representation:

V ec(Y ) = (Y T
0 β ⊗ In)V ec(α) + V ec(µ) + (ΥT ⊗ In)V ec(ξ) + Ẽ

= (Y T
0 ⊗A)V ec(BT ) + V ec(µ) + (ΥT ⊗ In)V ec(ξ) + Ẽ

= (Y T
0 β ⊗ In)V ec(α) + (ΥT ⊗ In)V ec(ξ) + Ẽ

= (Y T
0 ⊗A)V ec(BT ) + (ΥT ⊗ In)V ec(ξ) + Ẽ, (13)
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where Ẽ ∼ N(0, Ṽ ); Ṽ = ⊕Tt=1R + H̃V H̃Twith H̃ and V defined in proof of
Proposition 2 above. If we define further:

ỹ = V ec(Y )− (Υ T ⊗ In)ξ;

Mα = (Y T
0 β ⊗ In);

MB = (Y T
0 ⊗ α).

Then, it follows from Lemma 1 that collapsed conditionals (with marginalized latent
paths) for vectorized components of cointegration model, V ec(α) and V ec(BT ) are
distributed as vector variate normals, pα, pβ respectively, with variances and means
as provided below:

pα ∼ N(µαpost,Σ
α
post), (14)

pB ∼ N(µBpost,Σ
B
post). (15)

Σα
post = (MT

α Ṽ
−1Mα + (Σα)−1)−1,

µαpost = Σα
post(M

T
α Ṽ
−1ỹ). (16)

ΣBpost = (MT
B Ṽ
−1MB + (ΣB)−1)−1,

µBpost = ΣBpost(M
T
B Ṽ
−1ỹ). (17)

Using (13) again, we can define

Y = V ec(Y )− (Y T
0 ⊗A)V ec(BT ),

Mξ = (ΥT ⊗ In);

Then analogously as in (16), (17) and by Lemma 1,

pξ(V ec(ξ)|Y, α, β,H,R,B,Q) = N(µξpost,Σ
ξ
post)

where

Σξ
post = (MT

ξ Ṽ
−1Mξ + (Σξ)

−1)−1

µξpost = Σξ
post(M

T
ξ Ṽ
−1ỹ),

and Σξ = σ2ξImn.

pσ2
R

(σ2R|R) : Assuming Inverse Wishart prior of R ∼ W−1(νR, σ2RIn) with hy-

perparameter σ2R following gamma distribution σ2R ∼ Gamma(αR, βR), then by
straightforward algebra:

p(σ2R|R, y1:T ) = p(σ2R|R)

∝(σ2R)
νRn

2 exp

(
−1

2
σ2Rtr(R

−1)

)
· (σ2R)αR−1 exp(−βRσ2R)

=(σ2R)
νRn

2
+αR−1 exp

(
−σ2R

(
βR +

1

2
tr(R−1)

))
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Fig. 1. Autocorrelation of α(i)β(i)T against lag: black is for Algorithm 1 and green for
standard standard Gibbs sampler.

so it follows clearly that pσ2
R

(σ2R|R) is a Gamma
(
nνR
2 + ασ2

R
, βσ2

R
+ 1

2 tr(R
−1)
)
.

pσ2
H

(σ2H |H) : Assuming multivariate normal prior of V ec(H) ∼ N(0, σ2HInK)

with hyperparameter σ2H following inverse gamma distribution σ2H ∼ IG(αH , βH),
it follows that

p(σ2H |H, y1:T ) = p(σ2H |H)

∝(σ2H)−nK/2 exp

(
− 1

2σ2H
V ec(H)TV ec(H)

)
·
(
σ2H
)−αH−1 exp(−βH

σ2H
),

so pσ2
H

(σ2H |H) is IG
(
ασ2

H
+ nK

2 , βσ2
H

+ 1
2V ec(H)TV ec(H)

)
pσ2

B
(σ2B|B): By analogous argument as above we have pσ2

B
(σ2B|B) = IG(ασ2

B
+

K2

2 , βσ2
B

+ 1
2V ec(B)TV ec(B)).
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Fig. 2. Estimation of µt(l) for l = 1, . . . , 4: in each panel we show the true µt(l) used to
simulate the data (red line), the posterior mean estimate from the Algorithm 1 (green line)
and 95% posterior confidence intervals (dashed lines).
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matrix αβT . The red horizontal lines mark the true value and the green ones the estimated
posterior mean. Blue line is the fitted posterior density curve.
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Fig. 4. Boxplots for posterior of ξ: the green dot indicates the true value and the red one
the posterior mean.
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