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1. Introduction
For a finite group G, a character ratio is a complex number of the form χ(x)
χ(1) ,
where x ∈ G and χ is an irreducible character of G. Upper bounds for absolute
values of character ratios, particularly for simple groups, have long been of interest,
for various reasons; these include applications to covering numbers, mixing times
of random walks, and the study of word maps. In this article we shall survey some
results on character ratios for finite groups of Lie type, and their applications.
Character ratios for alternating and symmetric groups have been studied in great
depth also – see for example [32, 33] – culminating in the definitive results and
applications to be found in [20]; but we shall not discuss these here.
It is not hard to see the connections between character ratios and group structure. Here are three well known, elementary results illustrating these connections.
The first two go back to Frobenius. Denote by Irr(G) the set of irreducible characters of G.
Lemma 1.1. Let G be a finite group, and x ∈ G. The number of pairs (g, h) ∈
G × G such that [g, h] = x is equal to
|G|

X
χ∈Irr(G)

χ(x)
.
χ(1)

In particular, x is a commutator if and only if the above sum is nonzero.
This can be found in [11, p.13]. A proof of the next result can be found in [1,
p.43].
Lemma 1.2. Let G be a finite group, and let C be a conjugacy class in G with
representative g. For a positive integer k, and an element x ∈ G, the number of
solutions to the equation g1 · · · gk = x with gi ∈ C for all i is equal to
|C|k
|G|

X
χ∈Irr(G)

χ(g)k χ(x−1 )
.
χ(1)k−1
c 0000 (copyright holder)
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Another way of expressing this result is to say that if Pk (x) is the probability
that g1 · · · gk = x, where each gi is chosen uniformly at random in C, then


X χ(g)k χ(x−1 )
1 
.
(1)
Pk (x) =
1+
|G|
χ(1)k−1
χ6=1

So roughly speaking, if one can show that the character ratio χ(g)
χ(1) is suitably
“small”, then Pk will be close to the uniform distribution U on G.
Exploiting (1), one can establish the following upper bound lemma for the
random walk on G based on the conjugacy class C: this random walk starts at the
identity, and at each step walks from an element g to gc, where c is chosen uniformly
at random from C. This lemma was first proved by Diaconis and Shashahani in
[5]. In the statement, || || denotes the l1 norm, so that
X
||Pk − U || =
|Pk (x) − U (x)|.
x∈G
G

Lemma 1.3. Let C = g be a conjugacy class of a finite group G, and let Pk (x)
be the probability of arriving at x after k steps of the random walk on G based on
C. Then
2k
X
χ(g)
χ(1)2 .
||Pk − U ||2 ≤
χ(1)
16=χ∈Irr(G)

In the rest of the article we shall present some results on character ratios of
finite groups of Lie type, and show how the above three lemmas, together with a
host of other methods, can be used to give applications in a wide variety of contexts.
In Section 2 we present some older results, and in Sections 3 and 4 we describe
a recent contribution and its applications. Section 5 contains a discussion of some
of the ideas in the proof of the new result.
2. Previous results
We shall use the following notation for groups of Lie type in this section. Let
K be an algebraically closed field of characteristic p > 0, and let Ḡ be a simple
algebraic group over K, of simply connected type. Let F be a Frobenius endomorphism of Ḡ such that the fixed point group ḠF = G(q) is a quasisimple group of
Lie type over Fq , where q = pa . We define the rank of G(q) to be the rank of the
algebraic group Ḡ. For example, we could have Ḡ = SLn (K) and G(q) = SLn (q)
or SUn (q), both of rank n − 1.
2.1. Character degrees. We begin with some results about the nontrivial
irreducible character degrees of G(q). A great deal is known about these. They
√
are polynomials in q (in q for Suzuki and Ree groups), and the degrees of these
polynomials are at least the rank of Ḡ. A classic paper with explicit lower bounds
for character degrees is [18]. More recently, gap results for degrees have appeared:
in such results, a polynomial f (q) is specified, usually of much larger degree than
that of the smallest nontrivial character, and the irreducible characters of degree
less than f (q) are classified explicitly. See [36] for a survey of such results. Here is
an example, taken from [16, 6.2].
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Theorem 2.1. ([16]) Suppose G = Sp2n (q) with q even and n ≥ 4. There is
a collection W of q + 3 irreducible characters of G such that if 1 6= χ ∈ Irr(G)\W,
then
(q 2n − 1)(q n−1 − 1)(q n−1 − q 2 )
χ(1) ≥
.
2(q 4 − 1)
The characters in W are well understood: their degrees are all of the order of
q 2n−1 , and information about their values is given in [16].
We shall also refer later to the following asymptotic result concerning character
degrees. For a finite group G and a real number s, define the following “zeta
function”:
X
(2)
ζG (s) =
χ(1)−s .
χ∈Irr(G)

Theorem 2.2. ([29])
(i) Let G(q) be as above, and let h be the Coxeter number of Ḡ. If s >
then

2
h,

ζG(q) (s) → 1 as q → ∞.
(ii) Fix t > 0. Then there is an integer r(t) such that for groups G = G(q) of
rank r ≥ r(t),
ζG(q) (t) → 1 as |G| → ∞.
The proof of this result uses the theory of Lusztig series of characters (see [6]
for an exposition); in (i), the constant h2 is sharp, since G(q) has ∼ q r irreducible
characters of degree ∼ q N , where r is the rank and N the number of positive roots
of Ḡ, and h2 is equal to Nr .
2.2. Character ratios. We begin with a trivial result on character ratios,
which nevertheless is sometimes quite useful.
Lemma 2.3. If G is a finite group, x ∈ G, and χ ∈ Irr(G), then

χ(x)
χ(1)

≤

|CG (x)|1/2
.
χ(1)

This is clear, since |χ(x)| ≤ |CG (x)|1/2 by the orthogonality relations.
The theory of character values for groups of Lie type is much more complicated
than that of degrees, and there are still unsolved problems about these. Moreover,
even in cases where values are known in principle, they are not given explicitly in a
form that can be used to estimate or bound character ratios. One case where this
has been done is the paper of Hildebrand [17], where character ratios for transvections in SLn (q) are considered, but for general elements, such explicit calculations
are neither appetising not feasible.
The first important general results on character ratios were proved by Gluck.
Here is a summary of his results from [13].
Theorem 2.4. ([13]) Let G = G(q) as above, let x ∈ G\Z(G) and 1 6= χ ∈
Irr(G).

4

MARTIN W. LIEBECK

(i) If x is a unipotent element, then
 1
√
χ(x)
q−1 , if q > 4
≤
3
χ(1)
4 , if q ≤ 4.
(ii) If x is a non-unipotent element, then
 9
χ(x)
q , if q > 9
≤
19
χ(1)
20 , if q ≤ 9.
1
Notice that the bound √q−1
is sharp, as can be seen from the character table
of SL2 (q) (given, for example, in [8]). The proof in [13] is inductive, based on
restricting characters to an appropriate parabolic subgroup; although it takes a lot
of effort, it is “elementary”, in the sense that it does not use Delgne-Lusztig theory.
While Gluck’s result leads to some nice consequences when combined with
the lemmas in Section 1 (see Subsection 2.3 below), it does not lead to optimal
results on random walks. For these, Gluck [14] proved the following result, which
is asymptotically stronger than Theorem 2.4. In the statement, for an element
g ∈ GL(V ), we write [V, g] for the commutator space of g on V .

Theorem 2.5. ([14]) Suppose G(q) is a quasisimple classical group, with natural module V of dimension n, and let d be a positive integer. There is a positive number γ = γ(d, q) such that for any g ∈ G(q) with dim[V, g] ≤ d, and any
1 6= χ ∈ Irr(G(q)),
χ(g)
< χ(1)−γ/n .
χ(1)
Another result of this flavour was proved in [21, 4.3.6]: namely,
√
|χ(g)|
(3)
< q − supp(g)/481 ,
χ(1)
where supp(g) is the codimension of the largest eigenspace of g on V .
The above were the main results in the literature on character ratios of which
I am aware, until the new result which we shall discuss in Section 3.
2.3. Applications. Here we discuss some applications of the above results on
character ratios. Some further applications will be given in Section 4.
2.3.1. Commutators in simple groups. Lemma 1.1 was one of the main tools in
the proof of the following result.
Theorem 2.6. (The Ore Conjecture) Every element of every non-abelian
finite simple group is a commutator.
This conjecture emerged from a 1951 paper of Ore [31], after which many
partial results were obtained, notably those of Thompson [35] for special linear
groups, and of Ellers and Gordeev [9] proving the result for groups of Lie type over
sufficiently large fields Fq (q ≥ 8 suffices). The proof was finally completed in [26].
One of the main strategies was to show that for an element g of a finite simple
group G,
X
|χ(g)|
(4)
< 1.
χ(1)
16=χ∈Irr(G)
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It then follows from Lemma 1.1 that g is a commutator in G.
Here is a sketch of the proof from [26] of Theorem 2.6 for the family of symplectic groups G = Sp2n (2). The argument proceeds by induction. The base cases for
the induction are Sp2n (2) with n ≤ 6, and these were handled computationally; of
course Sp2 (2) and Sp4 (2) are non-perfect, so Theorem 2.6 does not apply to them.
Let g ∈ G, and write g in block-diagonal form


X1 0 · · ·
0
 0 X2 · · ·
0 
 ∈ Sp2n (2) × · · · × Sp2n (2) < G,
g=
1
k


···
0
0 · · · Xk
P
where
ni = n, this decomposition being as refined as possible. If each Xi is a
commutator in Sp2ni (2) then g is a commutator in G. Hence induction gives the
conclusion except when either
(1) k = 1, or
(2) one of the factors Sp2ni (2) is Sp2 (2) or Sp4 (2).
We call g unbreakable if (1) or (2) holds for every such block-diagonal decomposition of g. Thus to prove the theorem for this case it suffices to show that every
unbreakable element g of G = Sp2n (2) with n ≥ 7 is a commutator.
The first step is to prove that the unbreakable element g has small centralizer,
namely
|CG (g)| < 22n+15 .
For example, if g is unipotent its unbreakability means that it can have few Jordan
blocks, and the possiblities for the centralizers of such elements are given by [27,
Chapter 7].
Next, Theorem 2.1 shows that there is a collection W of 5 irreducible characters
of G such that
1 2n
χ(1) ≥
(2 − 1)(2n−1 − 1)(2n−1 − 4) for 1 6= χ ∈ Irr(G) \ W.
30
Set
X |χ(g)|
X
|χ(g)|
Σ1 (g) =
, Σ2 (g) =
.
χ(1)
χ(1)
χ∈W

16=χ∈Irr(G)\W

Letting k(G) denote the numberP
of conjugacy classes of G, it follows from [12, 3.13]
that k(G) ≤ (15.2) · 2n . Also χ∈Irr(G) |χ(g)|2 = |CG (g)| by the orthogonality
relations, from which the Cauchy-Schwartz inequality implies that
X
|χ(g)| ≤ k(G)1/2 |CG (g)|1/2 .
χ∈Irr(G)

Plugging all this into the expression defining Σ2 (g), we obtain
√
√
30 15.2 · 2n/2 · |CG (g)|1/2
30 15.2 · 2n/2 · 2n+7.5
Σ2 (g) < 2n
< 2n
< 0.6.
(2 − 1)(2n−1 − 1)(2n−1 − 4)
(2 − 1)(2n−1 − 1)(2n−1 − 4)
Bounding Σ1 (g) depends on some detailed analysis of the values χ(g) for the characters χ ∈ W, from which one shows that Σ1 (g) < 0.2.
Hence Σ1 (g) + Σ2 (g) < 0.8, which implies that (4) holds, and hence g is a
commutator, as required.
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This example gives the flavour of the proof of Theorem 2.6, but it must be said
that other families of classical groups over small fields do not yield as easily as this.
Indeed the unitary groups presented too many technical obstacles to be handled in
this fashion, and a completely different method was used for these in [26].
2.3.2. Width and covering numbers. For a subset C of a finite group G, and a
positive integer k, define C k = {c1 c2 · · · ck : ci ∈ C}. If G is non-abelian simple (or
quasisimple) and C = g G is a non-central conjugacy class, then C k = G for some k
(see [1]), and we call the minimal such k the width of G with respect to C, written
width(G, g). The covering number cn(G) is defined by
cn(G) = max (width(G, g) : g ∈ G \ Z(G)) .
Thus cn(G) is the minimal positive integer m such that C m = G for all non-central
conjugacy classes C of G.
Example Let G = P SLn (q). The following assertions are proved in [23, 24].
1. If g1 ∈ G is a transvection, then any product of k conjugates of g1 fixes an
(n − k)-space, and so width(G, g1 ) ≥ n. In fact equality holds, provided
n ≥ 3 and q ≥ 4.
2. If g2 ∈ G is a single unipotent Jordan block, then width(G, g2 ) = 2 or 3,
provided q ≥ 4.
3. The covering number cn(G) = n, provided n ≥ 3, q ≥ 4.
The next result uses Gluck’s character ratio bound in Theorem 2.4 to prove
bounds for covering numbers of all groups of Lie type.
Proposition 2.7. There is an absolute constant K such that if G = G(q) is a
quasisimple group of Lie type of rank r, then cn(G) ≤ Kr2 .
Proof. Let C = g G be a non-central conjugacy class in G, and let x ∈ G. By
Lemma 1.2, if for some positive integer k we show that
X

Σ :=

16=χ∈Irr(G)

χ(g)k χ(x−1 )
< 1,
χ(1)k−1

k

then x ∈ C . By Theorem 2.4, there is a constant c < min(3, q 1/2 ) such that
χ(g)
χ(1)

≤

c
q 1/2

for all nontrivial irreducible characters χ of G, and hence
X χ(g)
Σ≤
χ(1)
χ6=1

k

X  c k
χ(1) ≤
χ(1)2 .
1/2
q
χ6=1
2

2

Since
χ(1)2 = |G| < q 4r , it follows that Σ < 1 provided k ≥ Kr2 for a suitable
constant K. The conclusion follows.
P

The bound in the proposition is quadratic in the rank; this is not the correct
order of magnitude – linear bounds can be found in [10, 22]. A general upper
bound
log |G|
width(G, g) < C
log |g G |
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is proved in [28], where C is an absolute constant. None of the above results have
sharp, or close to sharp, constants in the bounds; we shall give some sharp constants
in Section 4 below.
Notice that the above proof in fact shows that if Pk (x) is the probability that
a product of k random conjugates of g is equal to x, and we define
||Pk − U ||∞ = |G| maxx∈G |Pk (x) − U (x)|,

(5)

then ||Pk − U ||∞ → 0 as q → ∞, provided k ≥ Kr2 (see (1)). We express this by
saying that C k = G almost uniformly pointwise as q → ∞.
2.3.3. Random walks. Let G = G(q) be a quasisimple group of Lie type, let
C = g G be a non-central conjugacy class, and let Pk be the probability distribution
on G after k steps of the random walk on G based on C (as defined in Section 1).
Define the mixing time to be the smallest integer t = T (G, g) such that ||Pt − U || <
1
−k/t
.)
e . (Then for k ≥ t we have ||Pk − U || < e
The proof of Proposition 2.7, together with Lemma 1.3, shows that the mixing
time of the random walk on G(q) based on any conjugacy class is bounded by a
quadratic function of the rank. In [14], Gluck does better than this for certain
classes in classical groups:
Proposition 2.8. Let G = G(q) be a classical group with natural module V
of dimension n, let d be a positive integer, and let g ∈ G(q) with dim[V, g] ≤ d.
Define γ = γ(d, q) as in Theorem 2.5. Then for |G| sufficiently large, the mixing
time T (G, g) ≤ 2γ −1 n.
Proof.

By Lemma 1.3 and Theorem 2.5,
2k
P
||Pk − U ||2 ≤ 16=χ∈Irr(G) χ(g)
χ(1)2
χ(1)
P
≤ 16=χ∈Irr(G) χ(1)−2kγ/n χ(1)2
= ζG ( 2kγ
n − 2) − 1,

where ζG is as in (2). Now the conclusion follows from Theorem 2.2.
We remark that this result does not give a true linear bound for the mixing
time in all cases, since γ depends on q; but when q is fixed and n → ∞, for example,
it does give a linear bound. If instead of Theorem 2.5 we use the bound (3) in the
above proof, writing s = supp(g) we obtain
X
√
√
√
2
||Pk − U ||2 ≤ q −2k s/481
χ(1)2 ≤ q −2k s/481 |G| ≤ q −2k s/481 q n ,
which gives a bound for the mixing time
T (G, g) ≤

250n2
√ .
s

3. A new result
We now present a recent result on character ratios, proved in [3]. It applies to
a slightly broader class of groups than the quasisimple groups G(q) considered in
Section 2 – for example, it applies to GLn (q) as well as SLn (q). (Note that Gluck’s
results [13, 14] also apply to the broader class.) Let Ḡ be a connected reductive
algebraic group over an algebraically closed field of characteristic p > 0, such that
the commutator subgroup Ḡ0 is simple, and let G(q) = ḠF where F is a Frobenius
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endomorphism of Ḡ. We assume that the characteristic p is good for Ḡ (meaning
that p 6= 2 for types Bn , Cn , Dn ; p 6= 2, 3 for exceptional types, and also p 6= 5 for
type E8 ). For a Levi subgroup L̄ of Ḡ that is not a maximal torus, and an element
u ∈ L̄, write dim uL̄ for the dimension, as an algebraic variety, of the L̄-conjugacy
class of u. Define
!
dim uL̄
α(L̄) = max
: u unipotent, 1 6= u ∈ L̄ ,
dim uḠ
and if L is a maximal torus, set α(L̄) = 0.
Example Let Ḡ = SL3 (K) and let L̄ be the Levi subgroup consisting of block
diagonal matrices (A, λ) for A ∈ GL2 (K), λ det(A) = 1. There is one class of
non-identity unipotent elements in L̄, represented by u = (J2 , 1), where J2 denotes
a 2 × 2 Jordan block, and so
α(L̄) =

2
dim uL̄
= .
Ḡ
4
dim u

Here is the new result.
Theorem 3.1. ([3]) Let G = G(q) as above, and suppose g ∈ G is an element
such that CG (g) ≤ L̄F , where L̄ is an F -stable Levi subgroup of an F -stable parabolic
subgroup of Ḡ. Then for any non-linear irreducible character χ ∈ Irr(G),
|χ(g)| ≤ f (r) · χ(1)α(L̄) ,
where f (r) depends only on the rank r of Ḡ.
Remarks
(1) As an example, for G = SL3 (q) the theorem applies to all classes of G
except
(a) unipotent elements, and
(a) regular semisimple elements with centralizer of order q 2 + q + 1.
For instance, for g = diag(λ, λ, λ−2 ) ∈ G, the centralizer CḠ (g) = L̄ ∼
=
GL2 (K) is an F -stable Levi subgroup of an F -stable parabolic, and α(L̄) =
1
2 by the previous example, so the theorem says that there is an absolute
constant c such that
(6)

1

|χ(g)| ≤ cχ(1) 2
for all 1 6= χ ∈ Irr(G). Below we give the values of some of the irreducible
characters on this class in the case where q 6≡ 1 mod 3, using the character
table of G in [34]:
χ(1) q(q + 1)
q2 + q + 1
χ(g)
q+1
(q + 1)ω + ω 0

q3
q

q3 − 1
(q − 1)ω

q(q 2 + q + 1)
(q + 1)ω + qω 0

···
···

In the table, ω and ω 0 denote certain roots of unity. From the table we
see that the exponent 21 in (6) is sharp.
(2) There are many other examples where the bound α(L̄) in the theorem
is sharp, or almost sharp. The easiest character to use to see this is the
Steinberg character St, which on semisimple elements g takes values
St(g) = ±|CG (g)|p .
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For example, if G = SLn (q) and g = (λIn−1 , µ) ∈ G\Z(G), then CḠ (g) =
L̄ ∼
= GLn−1 , and
St(1) = q n(n−1)/2 , |St(g)| = |GLn−1 (q)|p = q (n−1)(n−2)/2 = St(1)

n−2
n

,

while α(L̄) = n−1
n−2 .
As another example, suppose n = mk with m, k ≥ 2, and that
λ1 , . . . , λm are distinct nonzero elements of Fq and let g be the element
diag(λ1 Ik , · · · , λm Ik ) ∈ G = GLn (q). Then CGLn (g) = L̄ = (GLk )m and
k−1

|St(g)| = |GLk (q)m |p = q mk(k−1)/2 = St(1) mk−1 ,
1
for this Levi subgroup. This is close to the exponent
while α(L̄) = m
k−1
for
k
large
and
m fixed.
mk−1
As a final example, let G be the exceptional group E8 (q), and suppose
g ∈ G is a semisimple element with centralizer a Levi subgroup L̄ of type
E7 . Then
|St(g)| = |E7 (q)|p = q 63 = St(1)β ,
63
, while α(L̄) = 17
where β = 120
29 .
(3) How restrictive is the condition on CG (g) in the hypothesis of the theorem?
Well, for example if G = GLn (q) then all elements g satisfy the hypothesis
except for those having semisimple part s such that CG (s) ∼
= GLa (q b )
for some a, b with ab = n; this includes unipotent elements (for which
a = n, b = 1). One can similarly enumerate the exceptions for other
types.
(4) For exceptional groups, the values α(L̄) are computed explicitly in [3].
For example, for G = E8 (q), they are as follows:

L̄0
E7
α(L̄) 17
29

D7

.E6

D6

A7

9
23

11
29

9
29

15
56

rest
≤ 14

(5) For G of classical type, explicit values of α(L̄) are only obtained in [3] for
certain specific Levi subgroups L̄ (such as GLn−1 and GLkm as mentioned
above); but the following general bound is proved for all Levi subgroups
L̄:


1
dim L̄
α(L̄) ≤
1+
.
2
dim Ḡ
(6) Finally, we comment on the function f (r) in the conclusion of Theorem
3.1. An explicit f (r) is obtained in [3]; in particular, if the rank r ≥ 9
and q ≥ r2 + 1, one can take
√

f (r) = 22r+

2r+3

(r!)2 .

We shall offer some comments on the proof of Theorem 3.1 in Section 5.
For G = SLn (q) or GLn (q), several further results are proved in [3]. One is
the direct analogue of Theorem 3.1 for Brauer characters χ of G. The other is the
following, which applies to all elements of G, not just those satisfying the centralizer
hypothesis of the theorem.
Theorem 3.2. ([3]) There is a function h : N → N such that the following
statement holds. For any n ≥ 5, any prime power q, any irreducible complex
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character ϕ of G := GLn (q) or SLn (q), and any non-central element g ∈ G,
1

|ϕ(g)| ≤ h(n) · ϕ(1)1− 2n .
4. Applications of Theorem 3.1
We shall describe some applications of Theorem 3.1 – some with the flavour
of the applications in Section 2.3, and some with different flavours. Details can be
found in [3].
4.1. Width and mixing time. Theorem 3.1 has some quite striking applications in this direction. Here is one such.
Proposition 4.1. Let G = G(q) be an exceptional group of Lie type, and
suppose g ∈ G is such that CG (g) ≤ L̄F , where L̄ is an F -stable Levi subgroup of
an F -stable parabolic of Ḡ. Write C = g G .
(i) For sufficiently large q, the mixing time T (G, g) ≤ 3.
(ii) C 6 = G almost uniformly pointwise as q → ∞; in particular,
width(G, g) ≤ 6 for large q.
Proof.

For (i), Lemma 1.3 together with Theorem 3.1 gives
||Pk − U ||2

≤
≤
=

2k
χ(g)
χ(1)2
χ6=1 χ(1)
P
f (r)2k χ6=1 χ(1)2k(α−1)+2
f (r)2k (−1 + ζG (2k(1 − α) −

P

2)) ,

where α = α(L̄). Consider for example G = E8 (q). By Remark (4) after Theorem
12
17
3.1, we have α ≤ 29
. Taking k = 3, check that 2k(1 − α) − 2 ≥ 6. 29
− 2 > h2 holds,
where h = 30 is the Coxeter number of G. Hence the conclusion of (i) holds for
type E8 by Theorem 2.2. Other exceptional types are handled in the same way.
Part (ii) is proved in similar fashion to (i), using (instead of Lemma 1.3) the
bound
X χ(g) k
||Pk − U ||∞ ≤
χ(1)2
χ(1)
χ6=1

which follows from (1), where the ∞-norm is as defined in (5).
Note that there are elements g for which the mixing time T (G, g) is greater
than 2 – for example, elements for which dim g Ḡ < 21 dim Ḡ – so the bound in part
(i) of the proposition is sharp.
Theorem 3.1 leads to similar bounds for mixing times and width for classical
groups: if G = G(q) is classical of rank r, and g ∈ G is as in Proposition 4.1, then
for large q,



2
dim Ḡ
T (G, g) ≤ r + 2, and also T (G, g) ≤
2+
.
h dim Ḡ − dim L̄
Also Theorem 3.2 leads to a bound of T (G, g) ≤ 2n + 3 for all non-central elements
g in G = SLn (q), for large q.
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4.2. Representation varieties. Let Γ be a finitely presented group, and K
an algebraically closed field of characteristic p > 0. The representation variety of Γ
in dimension n over K is defined to be
Rn,K (Γ) := Hom(Γ, GLn (K)).
a

For q = p , the Fq -points of this variety are Hom(Γ, GLn (q)). For certain finitely
presented groups Γ, this finite space can be studied using character-theoretic methods, and in particular Theorem 3.1 can be applied to estimate its size. The groups
Γ in question are the Fuchsian groups. Recall that a co-compact Fuchsian group Γ
of genus g, having d elliptic generators of orders m1 , . . . , md , has a presentation of
the form
g
Y
md
1
=
·
·
·
=
x
=
1,
x
·
·
·
x
[ai , bi ] = 1i,
ha1 , b1 , . . . , ag , bg , x1 , . . . , xd | xm
1
d
1
d
1

where the measure of Γ is
µ(Γ) = 2g − 2 +

d 
X
i=1

1−

1
mi


>0

(see [2]). Here for notational convenience we are assuming that Γ is orientationpreserving. We also assume that Γ is not virtually abelian, which means that
2g + d ≥ 3.
Examples of such Fuchsian groups include surface groups (where d = 0) and
triangle groups (where g = 0, d = 3).
In order to illustrate how Theorem 3.1 can be applied in this area, we sketch a
proof of the following result.
Proposition 4.2. There are constants N (Γ), M (Γ) depending only on Γ, and
a function k : N → N such that the following holds. For any n ≥ N (Γ), and any
prime power q > k(n) such that q ≡ 1 mod mi for all i,
|Hom(Γ, GLn (q))| > q −M (Γ) |GLn (q)|µ(Γ)+1 .
Sketch Proof. Take n large, and let G = SLn (q). Fix i and write n = kmi + s,
where 0 ≤ s < mi . Let λ1 , . . . , λmi be the mth
i roots of 1 in Fq , and define
gi = diag (λ1 Ik+1 , . . . , λs Ik+1 , λs+1 Ik , . . . , λmi Ik ) ∈ GLn (q).
We can choose gi to lie in G except in one particular case (when s = 0, mi is even
and k is odd) which is dealt with using a slight variant of the method to follow. So
assume gi ∈ G. We have CGLn (q) (gi ) = L̄F , where L̄ is the Levi subgroup
i −s
L̄ = GLsk+1 × GLm
k

of GLn (K).
The first step of the proof is to establish that α(L̄) ≤
Given this, Theorem 3.1 implies that
(7)

1
mi

1

|χ(gi )| < f (n)χ(1) mi

for all χ ∈ Irr(G).
Let Ci = giG . Calculation gives
(8)

|Ci | = |G : CG (gi )| > q −mi |G|

1− m1

i

.

for this Levi subgroup.
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Let C = (C1 , . . . , Cd ) and define
HomC (Γ, G) = {φ ∈ Hom(Γ, G) : φ(xi ) ∈ Ci for i = 1, . . . , d}.
An extension of Lemma 1.2 gives the formula
(9)

|HomC (Γ, G)| = |G|2g−1 |C1 | · · · |Cd |

X
χ∈Irr(G)

χ(g1 ) · · · χ(gd )
.
χ(1)d−2+2g

Now (7) gives
X |χ(g1 ) · · · χ(gd )|
X
< f (n)d
χ(1)−µ(Γ) ,
d−2+2g
χ(1)

χ6=1
2
h

χ6=1

2
n,

so provided µ(Γ) > =
Theorem 2.2 implies that the above sum tends to 0 as
q → ∞. Hence for large q, (8) and (9) give
|HomC (Γ, G)| >

1 2g−1
|G|
|C1 | · · · |Cd | > |G|µ(Γ)+1 q −M (Γ)
2

for a suitable constant M (Γ), as required.
Now a simple application of the Lang-Weil estimate [19] for the number of
Fq points in a K-variety implies that the dimension of the representation variety
Rn,K (Γ) is at least the degree of the leading term in the right hand side of the
inequality in Proposition 4.2, so that
dim Rn,K (Γ) ≥ n2 (µ(Γ) + 1) − M (Γ).
Further argument gives the following quite precise estimate in [3] for the dimension.
Theorem 4.3. If µ(Γ) > 2 and n ≥ N (Γ), then
dim Rn,K (Γ) = n2 (µ(Γ) + 1) − c,
P
where −1 ≤ c ≤ µ(Γ) + 1 + mi .
Estimates are also proved in [3] for the dimensions of the varieties Hom(Γ, G(K))
for all the other types of simple algebraic groups G(K).
4.3. Random generation. For a finite group G, and a finitely generated
group Γ, define PΓ (G) to be the probability that a randomly chosen homomorphism
in Hom(Γ, G) is surjective. For example, if Γ is the free group F2 of rank 2,
PF2 (G) = Prob (G = hx, yi for random x, y ∈ G) ,
i
while if Γ is a triangle group hx1 , x2 , x3 : xm
= 1, x1 x2 x3 = 1i, then
i

PΓ (G) = Prob (G = hg1 , g2 , g3 i)
for random g1 , g2 , g3 ∈ G satisfying the triangle relations.
There is a large literature concerning the behaviour of these random generation
probabilities PΓ (G) for various Γ when G is a finite simple group – see [25] for a
survey. When G = G(q) is of Lie type and Γ is a Fuchsian group, many new results
of this type are obtained in [3]. Here is one such result.
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Theorem
4.4. ([3]) Let Γ be a Fuchsian group, and assume that µ(Γ) >

P 1 
max 2, 1 +
mi . Then for n > N (Γ),
PΓ (SLn (q)) → 1
where the limit is taken as q → ∞ through prime powers that are congruent to 1
modulo mi for all i. In particular, for sufficiently large such q, SLn (q) is generated
by a tuple of elements satisfying the defining relations of Γ.
An obvious observation starts off the proof of this: if a homomorphism in
Hom(Γ, G) is not surjective, then it maps Γ into some maximal subgroup of G, and
hence
P
|Hom(Γ, M )|
1 − PΓ (G) ≤ M max G
.
|Hom(Γ, G)|
We showed in Proposition 4.2 how character theory can be applied to obtain bounds
for |Hom(Γ, G)|, and this is one ingredient of the proof of the theorem.
5. Remarks on the proof of Theorem 3.1
In this final section we sketch some of the ideas involved in the proof of Theorem
3.1. These are easiest to describe for the case where G = GLn (q), so we focus most
of the discussion on this case.
Let G = G(q) = ḠF be as in Theorem 3.1, and let g ∈ G be such that
CG (g) ≤ L̄F , where L̄ is an F -stable Levi subgroup of an F -stable parabolic P̄ .
Write L = L̄F , P = P̄ F , and let P = QL where Q is the unipotent radical of P .
Now let χ be an irreducible character of G. As in [6, p.49], denote the Harish
G
(χ), defined as follows, for l ∈ L:
Chandra restriction of χ to L by ψ = ∗ RL
1 X
ψ(l) =
χ(ul).
|Q|
u∈Q

The condition CG (g) ≤ L implies that ψ(g) = χ(g), hence in particular
G
(χ)(1).
(A) |χ(g)| ≤ ψ(1) = ∗RL
G
(χ) in [4, Chapter 9]
Next, standard results on Deligne-Lusztig characters RL
can be used to prove
G
(χ) of L
(B) The number of irreducible constituents of the character ψ = ∗ RL
is at most A(r), a function depending only on the rank r of Ḡ.

Indeed, one can take A(r) to be |W (Ḡ)|2 , where W (Ḡ) is the Weyl group of Ḡ.
The next steps of the proof in [3] for general G = G(q) are rather technical and
complicated, so at this point we focus the discussion on the case where G = GLn (q).
For this group the irreducible characters were found by Green [15]; to describe them
we shall adopt the notation of Dipper and James [7, 4.7].
For elements s1 , s2 lying in a finite extension of Fq , write s1 ∼ s2 if they
are roots of the same irreducible polynomial over Fq . Let S be a set of ∼ class
representatives and select a total order ≤ on S. Define an index to be a symbol


d1 · · · dN k1 · · ·
kN
(10)
ι=
s1 · · · sN λ(1) · · · λ(N )
such that for all i,
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(i) si ∈ S, si has degree di over Fq , and s1 < s2 < · · · < sN ,
(ii) ki > 0 and λ(i) is a partition of ki ,
PN
(iii)
1 di ki = n.
The indices correspond bijectively with the conjugacy classes of G = GLn (q). Indeed, the index (10) corresponds to a class with representative
(11)

v(ι) = su

where the semisimple part s has ki diagonal di × di blocks corresponding to si
for each i, and the unipotent part u has Jordan decomposition determined by the
partitions λ(1) , . . . λ(N ) .
For each index ι as in (10) there is a corresponding irreducible character of
G = GLn (q), defined as follows. The basic case is that in which dk = n and the
index is


d k
.
s λ
In this case there is an irreducible character S(s, λ) of GLn (q) of degree
(12)

qd

P

k (k−1)λk

(q n − 1)(q n−1 − 1) · · · (q − 1)
Q hd
− 1)
h (q

where the product in the denominator is over the hook lengths h in the Young
tableau corresponding to λ.
NN
For a general
Q index (10), the tensor product 1 S(si , λi ) is a character of the
Levi subgroup
GLdi ki (q) of G; extend this to a character of a parabolic of G
with this Levi subgroup, and induce to G. This character
!
N
O
(13)
S(si , λi ) ↑ G
1

is the irreducible character of G corresponding to the index ι in (10). Call this
character χv , where v = v(ι) as in (11).
It is apparent from the above that χv (1) is a monic polynomial in q. A key fact
we need is the following:
(C) The degree of the polynomial χv (1) in q is equal to
GLn (K).

1
2

dim v Ḡ , where Ḡ =

This seemingly miraculous fact follows quickly from the case where χv = S(s, λ),
in which case it can be verified directly using the formula (12). It is a special case
of a much more general observation of Lusztig (see [30, (13.4.3)]).
We now return to consideration of the Levi subgroup L of G = GLn (q) (where
Qk
CG (g) ≤ L). Here L is a direct product 1 GLni (q), and as above its irreducible
characters take the form χu , where u = (u1 , . . . , uk ) ∈ L. The last fact we require
is
G
(D) If χu is a constituent of ψ = ∗RL
(χv ), then uḠ is contained in the closure
of v Ḡ .

The proof of this reduces to the case where L = GLa (q) × GLb (q) (a + b = n),
χv = S(s, λ) and χu = (S(s, α) ⊗ S(s, β)) ↑ G, where α, β are partitions of a, b and

CHARACTER RATIOS FOR FINITE GROUPS OF LIE TYPE, AND APPLICATIONS

15

λ is a partition of n; here (D) amounts to showing the λ D (α, β) in the dominance
order on partitions of n.
Given the facts (A) – (D), we can deduce Theorem 3.1 for G = GLn (q) as
follows. Let g ∈ G with CG (g) ≤ L ≤ P as above, and let χ = χv ∈ Irr(G). By
(C),
Ḡ

1

χv (1) ≈ q 2 dim v .

(14)

G
Let ψ = ∗ RL
(χv ). Then by (A),

|χv (g)| ≤ ψ(1).

(15)

If χu is an irreducible constituent of ψ, then by (D),
dim uḠ ≤ dim v Ḡ .

(16)
1

L̄

By (C), χu (1) ≈ q 2 dim u . Now recall the definition of α = α(L̄) in Section 3. From
this it follows that dim uL̄ ≤ α dim uḠ . Hence by (14) and (16),
α

χu (1) . q 2

dim uḠ

α

≤q2

dim v Ḡ

≈ χv (1)α .

Hence by (B),
ψ(1) ≤ A(r)χv (1)α ,
which implies the conclusion of Theorem 3.1 by (15).
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