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1. Let G be a finite group and let K be a splitting field for G.

(i) Let S be a simple KG-module with projective cover PS . Prove that for any simple
KG-module T ,

dim HomKG(PS , T ) =

{
1, if T ∼= S
0, if T 6∼= S

(ii) Let 0 → V →φ W →ψ X → 0 be an exact sequence of KG-modules (i.e. φ
is injective, ψ is surjective and Imφ = Kerψ). Prove that if P is a projective
KG-module, there is a corresponding exact sequence

0→ HomKG(P, V )→ HomKG(P,W )→ HomKG(P,X)→ 0.

(iii) Let U be a KG-module, and S a simple KG-module. Prove that the multiplic-
ity of S as a composition factor of U is dim HomKG(PS , U). (Hint: consider a
composition series 0 = U0 ⊂ · · · ⊂ Un = U . Use induction on n and the previous
parts of the question.)

2. Let G be a non-abelian finite simple group of even order, let K be a field of odd
characteristic, and let V be a nontrivial simple KG-module. Prove that dimV >
2. (Hint: let t ∈ G be an element of order 2. Consider the image of t under the
corresponding matrix representation.)

3. Find the decomposition matrix D and the Cartan matrix C for the following groups
and characteristics:

(i) S3 × S3, p = 2

(ii) D2n (n odd), p = 2

(iii) S4, p = 2 or 3

(iv) A5, p = 2, 3 or 5

(v) S5, p = 2

(vi) PSL2(11), p = 11

(vii) the subgroup 〈(12345), (2354)〉 of S5, with p = 2.

4. Let G be a finite group, and K an algebraically closed field of characteristic p, where
p does not divide |G|. Prove that if IBr(G) is the set of Brauer characters of the simple
KG-modules, then IBr(G) = Irr(G), the set of characters of the simple CG-modules.

5. Let G be a finite group, and K an algebraically closed field of characteristic p.
Suppose that H is a subgroup of G of order coprime to p. Let P1 denote the projective
cover of the trivial KG-module. Prove that dimP1 ≤ |G : H|. (Hint: as H ⊆ Gp′ , for
χ ∈ Irr(G) we have χH =

∑
φ∈IBr(G) dχφφH . Now consider the induced character 1GH

and use Frobenius reicprocity.)

Find some examples where equality holds (i.e. dimP1 = |G : H|).


