M2PM2 Algebra II Problem Sheet 1

1. Decide whether each of the following statements is true or false. Throughout, G is a
group.

. If we can find elements g, h in G such that gh = hg then G is abelian.
. If G is not cyclic then G is not abelian.

. If G is not abelian then G is not cyclic.

If G is infinite then no non-identity element of G has finite order.

. If every element of G has finite order, then G is finite.

If H is a subgroup of G and H = G, then G = H.

If G = D3, then every element of G has order 1,2 or n.

. If G = S, then no element of G has order greater than n.
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. If the order of every non-identity element of GG is a prime number then G is cyclic.

10. If G = (g) is an infinite cyclic group, then g and g~*

are the only generators of G.
11. The cyclic group Ci2 contains precisely two elements g such that Ci2 = (g).

12. If G = GL(2,R), then some non-identity elements of G have finite order and some have
infinite order.

13. (Zi7, x) is a cyclic group.

14. Every group of order 4 is abelian.

15. Up to isomorphism, there are precisely two groups of order 4.

16. Up to isomorphism, there are only finitely many groups of order 1000000.

17. Up to isomorphism, there are only finitely many finite groups.

2. Let D,, be the dihedral group of order 2n consisting of the rotations e, p, p?,...p" !
and reflections o1, ...0, of a regular n-gon. Write ¢ = o;.

(a) Prove that the right coset (p)o consists of all the reflections.

(b) Deduce that every element of Do, has the form p’c’ for some i, j.

(c) Show that op = p~lto.

(d Usmg (c) show that op’ = p~ic for any i, and express an arbitrary product
o o?) in the form plo’.
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Find (in terms of n) the number of elements of order 2 in Day,,.

3. Prove that isomorphism of groups is an equivalence relation (i.e. prove that the relation
~ defined by G ~ H < G = H is an equivalence relation).

4. (i) Prove that the cyclic group C;, has a unique subgroup of each order dividing n.
(ii) Find all the finite subgroups of (R*, x).
(iii) Prove that every finite subgroup of (C*, x) is cyclic.

5. Which pairs among the following nine groups are isomorphic?

(Z,4), (@+), R+), (@, %), (R,x),
(Qs0, x) (the positive rationals under mult.),

(Rs0, X) (the positive reals under mult.),

the cyclic subgroup () of (R*, x),

the group (Q\ {—1},%), where axb=ab+a+b Va,be Q\ {-1}.
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6. Let A= (é ) , B= (_01 (1)), two matrices in GL(2, C).

(a) Show that A* = B* =1, A2 = B? and BA = A®B.
(b) Show that the set Qs = {A"B*® : r,s € Z} consists of exactly 8 matrices. Write
them down.

(c) Prove that Qs is a subgroup of GL(2,C).

(d) Determine whether or not Qg is isomorphic to Ds.



