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Abstract

We show that small normal subsets A of finite simple groups grow
very rapidly — namely, |A?| > |A|?~¢, where € > 0 is arbitrarily small.
Extensions, consequences, and a rapid growth result for simple alge-
braic groups are also given.
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1 Introduction

In recent years there has been intense interest in the growth of powers of
subsets of finite (nonabelian) simple groups. For example, the remarkable
product theorem of [1, 12] states that if G is a simple group of Lie type, and
A is any subset generating G, then either A3 = G or |A3] > |A|'T¢) where
e > 0 depends only on the rank of G. See also [6] for important earlier
results in this direction, and [4, 5] for the groundbreaking results on La(p)
and L3(p).

The case where the subset A is a conjugacy class and G is an arbitrary
finite simple group was considered in [13] before the product theorem was
established. Theorem 2.7 of [13] shows that for any 6 > 0 there is € > 0
depending on § such that |A3| > |A|'**€ for any class A of size at most
|G|'~%; here G is any finite simple group, and € does not depend on its rank
or degree.

While the above mentioned results establish 3-step growth, results on
2-step growth were also obtained. In [13, 10.4] it is shown that if A is a
conjugacy class of a finite simple group G of Lie type, then |A?| > |A|'*€
where € > 0 now depends on the rank of G.

Subsequently, growth of normal subsets was also studied. Recall that a
subset A of a group G is said to be normal if it is closed under conjugation,
namely, it is a union of conjugacy classes of G. In [3, 1.5] it is shown that
there are absolute constants b € N and € > 0 such that for any normal subset
A of a finite simple group G, either A® = G or |A?| > |A|'*<.

In this paper we obtain a stronger growth result for normal subsets, as
follows.

Theorem 1.1. Given any e > 0, there exists b € N such that for any normal
subset A of any finite simple group G, either A® = G or |A?| > |A|>.

Obviously |A?| < |A|?, so the result says that small normal subsets of
simple groups grow almost as fast as possible. Theorem 1.1 follows from the
following result.

Theorem 1.2. Given any e > 0, there exists & > 0 such that if A is a normal
subset of a finite simple group G satisfying |A| < |G|%, then |A?| > |A]*~.

Note that some upper bound on the size of A is needed in order for the
above conclusion to be true. The study of the growth of large normal subsets
requires different methods and will be carried out elsewhere.

We will deduce Theorem 1.2 from the following more general result.
Theorem 1.3. Given any € > 0, there exists § > 0 such that if Ay, As are

normal subsets of a finite simple group G satisfying |A;| < |G|® fori=1,2,
then ‘A1A2’ > (‘A1| |A2’)1_€.



Let us now briefly describe the strategy of the proof of Theorem 1.3.

The theorem holds vacuously for simple groups of bounded order, or of
bounded Lie rank, since for these groups we may choose § so small that
|A| > |G]° for all nontrivial classes (see Lemma 2.3 below); this enables us
to ignore the sporadic groups and the exceptional groups of Lie type. It
therefore remains to prove Theorem 1.3 for simple classical groups of large
rank, and for alternating groups of large degree.

Next, we reduce Theorem 1.3 to the case where the normal subsets
Aj, Az C G are single conjugacy classes. This is done using a certain zeta
function encoding the class sizes, and showing that a normal subset must
contain a conjugacy class of comparable size (see Theorem 2.2 below for the
exact formulation).

Our proof of Theorem 1.3 for conjugacy classes is based on results from
[9, 10, 11], together with some new results on the size of the conjugacy classes
in classical groups and in symmetric groups; see e.g. Propositions 3.1 and
4.1 below. In fact, under the assumptions of Theorem 1.3, we establish a
stronger conclusion: there exists a single conjugacy class C C Aj Ay such
that |C| > (|A1||A2|)!7¢. The notion of the support of elements of G plays
a key role in our arguments.

A similar result for k subsets follows inductively from Theorem 1.3:

Corollary 1.4. Given € > 0 and k € N there exists § > 0 such that if
A1,...,Ar € G are normal subsets of a finite simple group G with |A;| <
|GI°, then |Ay--- Ag| > (|A1|---|Ae])'=C. In particular, |A*| > |A[*=¢ for
every normal subset A of G satisfying |A| < |G|°, where § depends on € and
k.

We also prove a result analogous to Theorem 1.3 for algebraic groups
over algebraically closed fields:

Theorem 1.5. Given any € > 0, there exists § > 0 such that if Ay, As are
conjugacy classes in a simple algebraic group G satisfying dim A; < 6 dim G
fori=1,2, then the product A1As contains a conjugacy class of dimension
at least (1 — €)(dim A; + dim Ay).

The layout of the paper is as follows. In Section 2 we perform the
reduction to conjugacy classes described above. Section 3 is devoted to
classical groups of large rank. We study the size of conjugacy classes in these
groups, and show that it is closely related to the support of the elements in
the class; see Propositions 3.1 and 3.4 for more details. Section 3 concludes
the proof of Theorem 1.3 for classical groups. Then, in Section 4, we prove
Theorem 1.3 for symmetric and alternating groups, and derive some stronger
results. Finally in Section 5 we deduce Theorems 1.1 and 1.5 as well as
Corollary 1.4.



2 Reduction to conjugacy classes

We start with some notation. Throughout, finite simple groups G are as-
sumed to be nonabelian, and for subsets A1, ..., A, of G we define Ay --- Ay, =
{ai---ay : a; € A;}. The conjugacy class of z € G in G is denoted by z©.
We define the rank of a finite simple group to be its untwisted Lie rank if it
is a group of Lie type, and to be its degree if it is an alternating group.

For a positive integer i and a finite group G, let ¢;(G) denote the number
of conjugacy classes of G of size i. For s € R, the function

n(s) =) (@i =) |C|™*

1€EN C

(where the second sum is over conjugacy classes C'), was defined in [11] and
studied for simple groups G.

We need the following two results which are of independent interest.

Proposition 2.1. For any € > 0 there exists N such that if G is a finite
sitmple group of rank at least N, then for all m € N, G has at most m®
conjugacy classes of size at most m.

Proof. The alternating (and symmetric) case is covered in the proof of
[10, 2.3]. So now assume that G is of Lie type. Choosing N large enough we
may assume that G is a classical group. Let € > 0. Theorem 1.10(ii) of [11]
shows that n%(e/2) — 1 as rank(G) — oco. Hence there exists N such that
for G of rank at least N we have 3,-, ¢i(G)i~/? < 1+ ¢/2, and it follows
that S, ¢;(G) < (14¢€/2)m /2. For m > 3 we have 1 +¢/2 < e/2 < m/?,
which implies > 7", ¢;(G) < m® as required. Finally, the last inequality
holds trivially for m = 1,2 (since c2(G) = 0). The conclusion follows. (]

The next result shows that normal subsets of finite simple groups of large
rank contain a relatively large conjugacy class.

Theorem 2.2. For any € > 0 there exists N such that if G is a finite
simple group (or a symmetric group) of rank at least N, and A is a non-
empty normal subset of G, then A contains a conjugacy class C such that

C] = |A['.

Proof. Let € >0, and let N be as in the conclusion of Proposition 2.1.
Let G be a finite simple group of rank at least N, and A a normal subset
of G. Denote by m the maximal size of a conjugacy class contained in A.
Then A is a union of at most m€ classes, each of size at most m, and hence
|A| < m!*€. This implies that m > |A|'~¢, and the result follows. =

Note that Theorem 2.2 improves [10, 2.4] in the case where the rank is
unbounded.



We now reduce Theorem 1.3 to the case where the normal subsets in the
theorem are single conjugacy classes. First we need

Lemma 2.3. For any N € N, there exists § > 0 such that if a finite
simple group G has a nontrivial conjugacy class of size at most |G]5, then

rank(G) > N.

Proof. The case of alternating groups is trivial, since the order of the
group is then bounded in terms of the rank. Now suppose G = G(q) is of
Lie type over F, of rank r. Since || = |G : Cg(z)|, the size of a nontrivial
conjugacy class in G is at least the minimal index of a proper subgroup,
which is at least ¢q”, where r = rank(G) and ¢ > 0 is a constant, as can be
seen from [7, Tables 5.2A, 5.3A]. The result follows since |G| < ¢*"*. ]

Lemma 2.4. It suffices to prove Theorem 1.3 in the case where A1, As are
single conjugacy classes.

Proof. Assume the conclusion of Theorem 1.3 holds in the case of
conjugacy classes. Namely, given € > 0, there exists d; > 0 such that if
Cy, Cy are conjugacy classes of finite simple group G of size at most |G|%,
then |C1Ca| > (|C1] |Ca)t—</2.

Applying Theorem 2.2, choose N such that whenever A is a normal
subset of a simple group G of rank at least IV, then A contains a conjugacy
class C such that |C| > |A|'=¢/2.

By Lemma 2.3, there exists do > 0 such that if a finite simple group G
has a nontrivial conjugacy class of size at most |G|%, then rank(G) > N.
Define 6 = min(d1, d2).

Let G be a finite simple group, and let A;, A3 be normal subsets of G
satisfying |A4;| < |G|® for i = 1,2. Let C; be a largest conjugacy class in A;,
so that |Cy] > |A;|'=¢/2. Then

|A1Ag| > |C1Col > (|C1]|Cal) =2 > (| A | |A2) =27 > (A |Aa])t e,

as required. m

3 Classical groups

In this section we relate the size of a conjugacy class in a classical group to
the support of the elements in the class; we then use our results to prove
Theorem 1.3 for classical groups. By Lemma 2.3, we need only prove the
result for classical groups of large dimension.



Let G be one of the classical groups Lf(q), PSpn(q) or PQE(q), and let
V = V,(q") be the natural module for G with n large, where u = 2 if G is
unitary and v = 1 otherwise. Let F be the algebraic closure of F,, and let
V =V ®F. Let z € G, and let 2 be a preimage of x in GL(V). Define

v(z) = VV’I‘F(.’E) = min{codimker(z — \I) : A € F*}.

We shall refer to v(x) as the support of x.

The following proposition, which is an extension of [9, 3.4], shows that
v(z) is closely related to the size of the conjugacy class of x. Define

_ [ LifG=Ly(q)
aG) = { 3, otherwise
Proposition 3.1. Suppose that v(x) = s < %, and let a = a(G). There are
absolute constants c,c > 0 such that

cq2as(n7571) < |IG| < c/qas(2nfs+1)'

Proof.  In the case where x has prime order this is [9, 3.4], but the
general case requires quite a bit more argument.

Write & = tu, where t is the semisimple part and « the unipotent part.

First suppose that G = Ly(q). Since v(t) < v(z) = s < 7, the semisim-
ple part ¢ has an eigenvalue A € F of multiplicity n — s > §. Then A must

lie in F;. Denote by V) the A-eigenspace of ¢, and let u act on V) as ), J"
where J; is a Jordan block of size i. Writing k =n — ) in;, we have

F=AY JPeK=nak,

where 1 = A J" € GL,_x(q), K € GLg(q), and n = k + Y in; =
s+ > n;. If we write

f:Zin?—FQZinmj, (1)

1<j
then |Car, (g (1)] ~ q’ (see [8, 3.1]), and hence
cq”z_f_k2 < ]:UG| < c’q”z_f_k, (2)

where ¢, ¢ > 0 are constants. Now v(z;) =n —k —> n; =s— k. So the
inequalities labelled (1) and (2) in the proof of [9, 3.4(i)] show that

(n—s?+s—k<f<(n—s)?2+(s—k)>

Putting this into (2) gives the conclusion of the lemma for the case G =
Ln(q).



Next consider the unitary group G = U,(q). Again the semisimple part ¢
has an eigenspace V) of dimension greater than 5. Write (, ) for the unitary
form on V preserved by G, and a@ — & for the involutory automorphism of
the field F 2. There is a nonsingular vector v € V), s0 0 # (v,v) = (vZ,vZ) =
AA(v,v), and hence AX = 1. Also V), is a non-degenerate subspace, since its
radical must be contained in the radical of the whole space V. Hence, letting
w acts on V) as » . J/", we have as above

E=AY_J" LK,

where K € GUi(q) and n = k + ) _in; = s + Y _n;. Now we argue exactly
as in the previous paragraph.

Next let G = PSp,(q). Here t has an eigenspace V) of dimension greater
than §, and A must be £1 and V) non-degenerate. So z = A} J'" LK =
x1 L K with K € Spi(¢) and n =k + > in; = s+ > n;.

Suppose ¢ is odd. Then by [8, 3.1] we have |Cg,, , (q)(71)] ~ q9/%, where

g:Zz’n%+2Zinm]~+Zni- (3)

% 1<j 7 odd
As |Spn(q)| ~ gz it follows that
cq%("Q’L”_g_kZ_k) < |2% < c’q%("2+"_g_k). (4)
The inequalities labelled (1) and (2) in the proof of [9, 3.4(ii)] show that
(n—s’?+n—-s<g<(n—s?+(s—k)3>+n—k.

Putting this into (4) gives the conclusion of the lemma for G = PSp,(q)
with ¢ odd.

Now suppose ¢ is even. This is slightly more complicated, as in general
there can be many unipotent classes in a symplectic group having the same
Jordan form. The general form of a unipotent element, and its centralizer, is
given by [8, 6.2, 7.3], from which it can be seen that [Cg, , ) (21)] ~ q29,
where

9<gd <g+2 > m

i,n; even

and g is as above. Then ¢’ > g > (n — s)? +n — s, and the lower bound for
|z&| follows as before. As for the upper bound, observe that

(s—k2+n—k =(>G—1)m)*+ > ing
> Z(Z - 1)”12 + 221<](7’ - 1)77,171] + Zz odd T +2 Zz even Thi
=9+2) cpeni — (n— 5)?
> g —(n—s)



Hence ¢’ < (n—5)?+ (s — k)? 4+ n — k, and the upper bound for || follows
as before. This completes the proof for the symplectic groups.

The argument for orthogonal groups is very similar: again we have £ =
AYJ" LK =21 L K € Op_(q) x O(q), where A = £1, k < § and
n==Fk+> in;, =s+ Y n; If we define

h:Zin?—FQZinmj— Znu
i

i<j i odd

then for ¢ odd we have [Cp (o) (71)] ~ ¢"?, and for ¢ even we have
1Co, (g (T1)] ~ ¢"'/?, where h — 23 in even™i < I < h (see [8, 3.1, 6.2,
7.3]). Arguing as for the symplectic case, we see that

(n—s2—m—k)—(s—k) <K <(n—Fk?+(s—k)?+2(s—k)—n,
and the conclusion follows. m

Lemma 3.2. Let x € G with v(x) = s, and suppose that |zC| < |G|i. Then
s<g—1

Proof.  First suppose G = L,(q), and write & = tu as in the previous
proof. Recall our assumption that n is large. The centralizer of ¢ in GL,(q)
is of the form C = [[GL,,(¢"), where Y mn;a; = n. Since this must have
order greater than |G \%, it follows that the largest factor of C' is GL,(q),

where r > § and g t)? s |G\%. Hence in fact » > an, where oo = 0.85.
Let V, be the r-dimensional eigenspace for ¢, and let u act on V; as > J;".
So as in the previous proof we have

F=AY JM"@ K=K € GL(q) x GLn_(q).

Let s1 = v(x1), so that s < sy +n —r. Define f as in (1) in the previous
proof.

Suppose s1 > 5. Then the inequality (3) in the proof of [9, 3.4(i)] shows
that f < r(r — s1). Therefore |z%| > |for(q)] > cq"*' (where c is a positive
constant). Since by hypothesis |2¢| < |G]i, it follows that rs; < %2. Then

2
n
s§51+n—r§5+n—r, (5)

which is less than % — 1 since r > an.

Now suppose s; < 5. Then the inequality (2) in the proof of [9, 3.4(i)]
shows that f < (r — s1)% + 5%, and so 29| > |x?LT(q)| > ¢¢®("=51) Thus
2s1(r—s1) < %2. Writing 8 = 2L (so0 < 8 < %), this gives 23(1—)r? < "742,
and hence

26(1— ) < — (6)

i@.



Alsos<si+n—r<n—(1-p)r
B satisfying (6), we have a(1l — f3)
completes the proof for G = L,(q).

<n(l —a(l —pB)). Now check that for
> %, and the conclusion follows. This

The proof for the other classical groups runs along entirely similar lines.
We shall just give a sketch for the symplectic groups and leave the other
cases to the reader. Let G = PSp,(q) with n large, and write & = tu as
above. The centralizer of ¢ in Spy(q) is of the form C' = Sp,(q) x Sps(q) x
[1GL; (¢"), where n = r+s5+2 ) n;a; and the first two factors correspond
to the £1-eigenspaces. This has order greater than |G|%, so C' must have
a factor Sp,(q), where r > & and [Sp,(q) x Spn—r(q)| > |G|%. As above it
follows that for large n we have r > an with a = 0.85. As usual we can
write

E=AY J"OK=2&K € Sp(q) x Spnr(q),

where A = £-1. As in the proof of the previous lemma we have [Cg,, (4)(z1)] ~
1 7

q27, where g < g' < g+23, . cven

g < (r—s1)%+s1(r —s1)+r, since

(X n)* + (26 = Dng) (Cmi) + S ing

and g is as in (3). If s > § then

(r—s1)2+s1(r—s1)+r

vl

Son? + 23 i ming + > (i — 1)n?+
22i<j(i — 1)nmj + Zmz

Z g+2Zievenni

> g\

Hence 29| > ]xfpr(q)| > cq%(’ﬂ”*g/) > cq%rsl. As |2¢] < |Gﬁ it follows
that rs; < ”a%. Now the conclusion follows as in (5) above. Finally, if
51 < § then we similarly deduce that g' < (r — 51)% + 52 + 7, which implies
that |2¢] > cg®1"=51). Hence s (r — s1) < "a# and now we argue as in the
L, (q) case above. ]

Lemma 3.3. Let v € G with v(z) = s, and let 0 < § < L. There is a
constant d such that if [ < |G|, then s < 26n + 4.

Proof. Let C = 2% and suppose |C| < |G|°. By Lemma 3.2 and
Proposition 3.1 we have

Cq2as(nfsfl) < ’C| < |G’6 < qn25’

Writing d’ = log, %, this gives ¢25("—s—1) < q"25+d/. Since s < § — 1, this
implies ans < én? +d'. [ ]

The next result shows that the size of a small conjugacy class ¢ of a
finite simple classical group G is almost determined by the support v(z) of
T.



Proposition 3.4. For any e; > 0, there exists 6 > 0 such that if x € G
with v(z) = s and |2%| < |G|°, then

q(2a—61)ns < |.Z‘G| < q(2a+61)ns‘

Proof. We may assume that €; < % Choose § = 5. Now s < 3dn for
large n, by Lemma 3.3. Since s < &, we may apply Proposition 3.1. We
have e;n > 3dn+ 1 > s+ 1, so Proposition 3.1 gives the conclusion. [

Now let 1, x9 € G, and assume that v(z;) = s; with s; < in fori=1,2.
The largest eigenspace of ; on V has dimension n — s; > %n, and it follows
that the corresponding eigenvalue A; lies in Fgu, and also that \;A\; = 1 in
the unitary case, and A\; = =+1 in the symplectic and orthogonal cases. As
in the proof of Proposition 3.1 we have & = A>_ J/" L K, and separating
the Jordan blocks of size 1, we can write

Bi= Ny, LY Jn (M) LK
j=1

where J,,;;(A;) denotes a single Jordan block of size nj; > 2 for each j, and
K; has no eigenvalue equal to \;; moreover the subspaces on which the three
summands act are non-degenerate and mutually perpendicular in the case

G # Ln(q).
Now s; =n — (t; +r;) and n > t; + 2r;, hence t; > n — s; — %(n — t;).
Since s; < in it follows that t; > %n, and

2= NI, L Ly,
where L; = >, Jn;,(Ai) L K;. Now define
U= MMty 4t—n L AaLy L A1 Lo,

and let y be the image of § in G. Write y = x1 * 29 (defined only up to
conjugacy).
Lemma 3.5. Let y = 1 * 29 as above. Then y € 2§2§, and v(y) =

v(r1) + v(xs).

Proof.  There are conjugates of 1,22 of the form A\ Iy 14,—p L Ly L
AMln—, and Aoly 44,—n L Ao, L Lo respectively, and their product is
equal to g. Also, from the definition of § we have

viy)=n—(t1+ta—n)—ri—reg=2n—(t; +r1) — (t2 +12) = 51 + s2,

as required. ]
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Lemma 3.6. Given € > 0, there exists 6 > 0 such that the following holds.
If 2§, 2§ are classes in G with |2&| < |G| for i = 1,2, and y = x1 * 2,
then [y©| > (Ja§] |2§])'~.

Proof. By Lemma 3.3 and Proposition 3.4, there exists § > 0 such that
if ¥ is a class such that || < |G|°, then v(z) < 2 and also the conclusion
of Proposition 3.4 holds with €; = §.

Now let z{, 2§ be classes in G with |2f| < |G|°. Then s; := v(z;) < %
for i = 1,2, so we can define y = x1 *z2. Moreover v(y) = s1+ s2 by Lemma
3.5, so Proposition 3.4 gives

‘?JG’ > q(2a_61)n(81+82), ’CC?| |Jj§| < q(2“+€1)n(81+82).

The conclusion follows, since 3312 >1—e. ]

Theorem 1.3 for classical groups now follows from Lemmas 3.5 and 3.6,
together with Lemma 2.4.

4 Symmetric and alternating groups

We now prove Theorem 1.3 for alternating groups. Recall that it suffices to
prove it for conjugacy classes. We start with symmetric groups S,.

Let m € S,, and let s be the support of 7, namely

s={1<j<n:7(j) #j}

As in the previous section, we shall relate the size of the conjugacy class of
an element m € S, to the support s of m. However, in this case it is not true
that the support almost determines the class size as in Proposition 3.4 for
classical groups.

For i > 2 let ¢; denote the number of cycles of length 7 in w. Then
s = Zi22 ic; and m has n — s fixed points. Let C be the conjugacy class of
min S,. It is well known that

n!
(n =) ;2% [Iisoci!

The following result provides best possible bounds on the size of a conjugacy
class C' C S, in terms of its support s.

Cl =

Proposition 4.1. With the above notation, if s # 3 we have

n! n!
<0<
(n—s)129/2 5]

(n—s)ls’

The right hand inequality holds also for s = 3.

11



Proof.  For the upper bound we need to prove Hizz 1% HiZQ ¢l > s.
This inequality holds since H1>2 ¢ > Hz>2 1c; = s.

For the lower bound we need to prove
[T [ it < 22 BJ' (7)
i>2 i>2

Since Zz’zQ ic; = s, we have 2122 ¢ < L%J This implies Hizz ¢! < L%J'
Also for i # 3, i < 2/2. Therefore
H i < H 21'01'/2 :2(57303)/2.
3£i>2 3£i>2

Hence if ¢3 = 0 the inequality (7) follows.
Now suppose that cg > 1. Then

03! = ({363/2J |_63/2J = 2L /2J L303/2J!.

Also 3 < 23/2.2V/4 g0
3(:3 < 2303/2 X 203/4 < 2303/2 . 2'_63/2J.

Thus 3%c3! < 23%3/2|3¢3/2]!. Note that

II * HC'<23303/2F 3C3J

3#i>2 3#1>2

It follows that

+Cj c s—3c¢ s — 3¢ s S
[T TT et < 2372 3eg /2] 2le—2)/2 {J’J' <[]t

i>2  i>2

(We used the fact that L%J' |21 < LkT”J I.) This completes the proof for
c3 > 1.

Finally, suppose ¢3 = 1. Then since we are assuming s # 3, we have
|s/2] > 2. So [(s—3)/2]! < 1[s/2]!. We also have 3%¢;3! = 3 < 2%/2.2

Thus
3%cs! - Tlai0 1% [ 550 1! 3-2078/2 (s — 3)/2]!

<
< 23/2.2.26-9)/2.1/9|5/2]! = 28/% |s/2]\,
which completes the proof. n

Remark. Note that if s = 3 then C is the class of 3-cycles, and the lower
bound in Proposition 4.1 does not hold; however it holds if we replace |s/2]!
by [s/2]!.

Note also that the lower bound in Proposition 4.1 is best possible, as
shown by the case m = (12)(34)...(s — 1) (s even). The upper bound is
also best possible, as shown by 7 = (12...5s).
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We fix some notation for the rest of this section. Let m,m € S, be
permutations of supports s1, so respectively. For i = 1,2 let C; denote the
conjugacy class of m; in S,.

Suppose s1 + so < n. Then there exists a permutation, which we denote
by 74, that has the same cycle structure as o, such that the points moved
by 7} are fixed points of 71. Define the conjugacy class

C1%Cy = (7T17Té)5n C C1Cs. (8)

Note that the elements of C *x Cy have support s; + so. We shall prove that
|C1Cy| is large by providing lower bounds on the size of |C} * Ca|.

We start by showing that the conclusion of Theorem 1.3 holds for con-
jugacy classes C, Cy of bounded support.

Lemma 4.2. Let s, so be positive integers, and let € > 0. There exists an
integer N = N (e, s1,82) such that if n > N and Cy,Cy are classes in Sy, of
support s1, So Tespectively, then

|C1Cs] > (|C1] |Cal)' ¢

Proof. We shall choose N > s1 + s3 so the conjugacy class C *x Co may
be constructed. It follows from Proposition 4.1 and the remark following it,
that for this class (whose support is s1 + s2) we obtain

n!

> > = .
‘0102‘ - ‘Cl ¥ CQ‘ - (n — 81 — SQ)!251+82 (81 + 82)! f<n>

By the same proposition we also have

1—e
(alica) ™ < (o2 ) =@ @

(n—s1)! (n—s2)!

Since f(n) and g(n) are polynomials in n of degree s; + sa, there exists
N = N(e,s1,82) such that f(n) > g(n)!=¢ for n > N, and the conclusion
follows. [

In Proposition 4.6 below we will derive a similar conclusion assuming
only s1,s2 < 5. We need some preparations.

We will need Stirling’s approximation which holds for all n > 1 (see [2,
§2.9]): . .
el/A2n+1) oy <ﬁ) < n! < /020 /oy <ﬁ> .
e e

In fact, we will only need the following weaker inequality

omn (g)” <nl <1.1v2mn (g)n (10)
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Lemma 4.3. Suppose s1,s2 < n/2, and define fi(n,s1,s2) =

f2(n781782) - Wﬁn*'ﬁ)' The’n

fi(n, s1,52) - L (1 ke
fg(n,sl,SQ) ~ 112\ 2 '

Proof. If s1 + s2 < n use (10) to obtain

filn,s1,82)  _ (n—s1)l(n—s2)!

fo(n,s1,52) = nl(n—si—sa)!
> L\/QTI’(’VL—Sl)'QTF(n—SQ) o elterTs1m%2 (n—s1)""51(n—sg)" %2
= 112 2rn-2w(n—s1—s2)  e"S1e™ %2  nnh(n—si—sg)" 5152

(n—s1)(n—s2) (n—s1)""%1(n—sy)" 52

12 n(n—si1—s2) n"(n—s1—s2)" 1752

‘ -

—_

Z 1.12 nn(n—sy—so)" 51752
_ 1 (nfsl)SQ (nfsg)sl ((n—51)(n—sg)>n_sl_52
- 112 n n n(n—s1—s2)
+
> R
(We used the fact that w > 1 and that =% > 1))
n(n—si1—s2) n 2
I(n/2)! +
10 = = 2 then ) = W > (10— ()0

As above let 71, m € S, have supports s1, so respectively. For ¢ > 2 let
¢; be the number of cycles of length 7 in 71, and d; the number of cycles of
length ¢ in ma.

Lemma 4.4. We have

Hi22 c;! Hz‘ZQ d;! > 27(31+82)/2_

[liso (e +di)t —

Proof. Observe that

Ci!di! 1 1

G+ ) (oih) = 2

Combining this with the inequalities Y. ¢; < 3" 2¢; = & and > d; < 2 we
obtain

ch‘Hdz' > Q_Zci—zdi > 2_31-;32
[T(ei+di)t — -

Recall that C; = ﬂf“ fori=1,2.

2
Lemma 4.5. Suppose s1 < 5. Then |Cy| > sil/ .

14



Proof. Applying Proposition 4.1, we obtain for s; # 3

’01‘ > n!

= (n—s1)!1-251/2|51/2]!
s S1
> (n—s1)°1 s] _ 851/2.
= 291/2(31)51/2 = 231/2(%1)51/2 1
For s1 = 3, we have ]Cl\:MZ%ZSS/? ]

Proposition 4.6. For any € > 0 there exists N = N (€) such that if n > N
and s1,85 < 2, then |C1Cs| > (|C1][Cal)' .
Proof. We have

IC1| = ey |Col = and
nl

n!
(n—s2)! 4% [ d;!’
nfslfsg)! H’ici+di H(Cz+dz)' :

T (n=s)! [ [ el
‘Cl *x CQ‘ = (

Hence, taking f1, fo as in Lemma 4.3,

[C1%Co _ fi(n,s1,89) [1(e!) [1(di!)
IC1||Ca|  fa(n, s1,82) TI(ci+di)!

It follows using Lemmas 4.3, 4.4 and 4.5 that

|CIC2‘ _ |C1C'2| € €
e = \‘%Hgﬂﬂcﬂ 1%
1*%C2 € €
\CIHCQMCl’ ’02‘
. 2—(51+52)2—(81—&-82)/23‘;16/25326/2

_3(514_52) s1€/2 _s2€/2
* 2 2 S]. 32 .

AV,

—_

-

.12

1
12

—_

Let Sop = Sp(e) be such that 11y - 2_%(51“'82)3?6/28326/2 > 1 provided
s1 > Sp or sg > Syp. If one of the latter inequalities holds, we deduce
that |C1Cy| > (|Cy1]|Ca])* ™. Otherwise we have s1,s9 < Sp, and we let
No = Ny (¢, 50, 50) = N (€) be such that for n > Ny, |C1Ca| > (|C1]|Ca|)' ™€

(such Ny exists by Lemma 4.2). m

The next result provides a lower bound close to n%/2 for the size of a
conjugacy class of support s.
Lemma 4.7. If C C S, is a conjugacy class with support s, then
1 s

IC| > —n2e 2.
NZZD

Proof. Using Proposition 4.1 and (10), we obtain for s # 3 and s < n

n! 1 . V2mn . n" —s/29—s/2
cl =z (n—s)125/2]s/2]! = 1 \/21(n—s)-27s /2 (”—5)("7”(5/2)5/26 2
S N v/ n" —s/2> 1. _Vn_ . __n" 5/2

— 12 \/TF(TLf.S)S (nis) nfs)SS/Qe 1.12 \/7F7’L2/2 n(nfs)ns/ge

(
V2 1 s _s 1 s _s
= X5 .-—=n2 2 ———n2 2
12 \/ﬂnn € = TRt € 2,



as required.

For s = 3, we have

O] = n(n—l??(n—Z)

Finally, if s = n we obtain

c| > n! > 1 Vemn e am 1
= on/2|p/2]! = 1.1 \/W en (nj2)n/2 " 2n/2

_ V2 1 n/2 n/2,—n/2
= 11 @z " >n'"“e .

This completes the proof. [ |

Proposition 4.8. For any e > 0 there exists N = N (e€) such that, ifn > N,

and C1,Cy are conjugacy classes of G = S, satisfying |C1|, |Ca| < |G|i_€,
then |C1Ca| > (|C1]|Ca|) €.

In particular, Theorem 1.3 holds for conjugacy classes in Sy,.

Proof.  We will first show that there exists Ny = Ny(e€), such that if
n > Ng and C C G = S, is a class of support s satisfying |C] < |Gﬁ_€,
then s < %

Let C be such a class. By Lemma 4.7 and (10),

1

5em3 < |0 < |G = ()i~ < (1.1\/271'71 : n"w)Z

1 —€
VTN "
Thus

and so .
n\3z—ztne 5
— < cns,

1 1 5
where ¢ = 1.12287s8. Suppose s > ”TH Then § — % > %, SO
ny i+ne 5
()" <ot
e
and
n\ ne 13 3
(—) < ceinsd < 3ns,
e
which is a contradiction for n > Ny(e). Hence s < § for n > Np.

Now let Cy,Cs be classes as in the statement of the proposition, with
supports s1,52. By the above s1,50 < §, so we can take N = N(e) as in
Proposition 4.6. Then if n > max {N, No} we have |C,Cs| > (|C1||Ca|)* €.
This completes the proof. [ |

We finally turn to alternating groups, proving

16



Lemma 4.9. Proposition 4.8 holds for conjugacy classes in G = A,,.

Proof. If m € A, then n = 75 or ‘WA”} = 3|5, Also if s < n/2,
then 747 = 757, So the results leading to the proof of Proposition 4.8 can
easily be adjusted to handle G = A,,. [ |

This completes the proof of Theorem 1.3 for alternating groups G = A,
in a somewhat stronger form: it suffices to assume that the normal subsets
have size at most |G|Y/4¢ and that n > N(e).

5 Final deductions

Deduction of Theorem 1.1

Let € > 0 and let 9 > 0 be as in the conclusion of Theorem 1.2. Theorem
1.1 of [10] states that there is an absolute constant ¢ such that for every
nontrivial normal subset A of a finite simple group G, we have A™ = G for

any m > c}giﬁl‘. Define b = [§].

Now let A be a normal subset of a finite simple group G. If |A| > |G|’
then the previous paragraph shows that A” = G. Otherwise, Theorem 1.2
shows that |A2| > |A|>~¢. This completes the proof. (]

Deduction of Corollary 1.4

We argue by induction on k > 2. The case k = 2 is Theorem 1.3. Suppose
k > 3. By induction, given € > 0 and 2 < m < k, there exists d(e,m) > 0
such that if Ay,..., A,, C G are normal subsets with |4;] < |G|*©™) then
[Ar -+ A 2 (JAx] - [Am])!

Define (e, k) = min{d(e/2,2)/(k —1),(¢/2,k — 1)}.

Now let 0 = (e, k) and suppose Aj, ..., A, are normal subsets of G of
size at most |G|°. By induction it follows that

Ap - A | 2 ([ [ A )2
Note that |A; - -- Ap_1| < |G|*F19 < |GJ°(€/22)  and so the case k = 2 yields
A Ayl 2 (A A4 2 (] A ) 44l) 7,

which is at least (JA1|---|Ag|)!7¢. The result follows. ]

Deduction of Theorem 1.5
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The proof is virtually the same as that of Theorem 1.3. As in Lemma 2.3,
since every conjugacy class in a simple algebraic group G has dimension at
least r = rank(G), we need only consider classical groups of large dimension.
Solet G = SL,(K), Spn(K) or SO, (K) where K is algebraically closed and
n is large, and define a := a(G) = 1, % or %, respectively. Let x € G and
define s = v(z) as in Section 3. The proof of Lemma 3.1 gives

2a5(n — s —1) < dimz% < as(2n — s + 1),

and there are similar dimensional analogues of Lemma 3.2, Lemma 3.3 and
Proposition 3.4, with the same proofs. For x1,z2 € G with s; = v(z;) < §
we can define y = z1 * xo as before, and v(y) = s1 + s2 as in Lemma 3.5.
Now the theorem follows as in the proof of Lemma 3.6. ]
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