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Abstract Spike-timing-dependent plasticity (STDP) deter-
mines the evolution of the synaptic weights according to their
pre- and post-synaptic activity, which in turn changes the
neuronal activity on a (much) slower time scale. This paper
examines the effect of STDP in a recurrently connected net-
work stimulated by external pools of input spike trains, where
both input and recurrent synapses are plastic. Our previously
developed theoretical framework is extended to incorporate
weight-dependent STDP and dendritic delays. The weight
dynamics is determined by an interplay between the neuro-
nal activation mechanisms, the input spike-time correlations,
and the learning parameters. For the case of two external input
pools, the resulting learning scheme can exhibit a symmetry
breaking of the input connections such that two neuronal
groups emerge, each specialized to one input pool only. In
addition, we show how the recurrent connections within each
neuronal group can be strengthened by STDP at the expense
of those between the two groups. This neuronal self-organi-
zation can be seen as a basic dynamical ingredient for the
emergence of neuronal maps induced by activity-dependent
plasticity.
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1 Introduction

Object recognition in the visual pathway and sound locali-
zation in the auditory pathway are examples of sophisticated
computational tasks performed thanks to elaborate neuro-
nal circuitry in the brain. This organization is not mature
yet at birth, but is rather acquired during the first years of
a mammal’s life. In this work, we get inspiration from neu-
ronal maps, namely networks where neighboring neurons
are sensitive to external stimuli that possess some similar-
ity (deCharms and Zador 2000). As an example, the primary
visual cortex is organized in areas responsive to different
features of visual perception, such as orientation fields and
ocular dominance (Hubel and Wiesel 1962). The develop-
ment of such synaptic connectivity relies on both neurogen-
erative mechanisms, such as the creation of synapses and
the growth of axons using chemical markers, and activity-
dependent plasticity, meaning the strengthening or weaken-
ing of existing synapses due to the neuronal spiking activity
(Katz and Crowley 2002; Hensch 2005; Hirsch and Mar-
tinez 2006). Several rounds of organization first shape and
then refined the synaptic connectivity. In particular, neurons
exhibit different types of electrical activity throughout the
maturation process (Zhang and Poo 2001). Schematically
speaking, initial phases involve spontaneous neuronal activ-
ity alone, whereas later stages fine tune the circuitry using
also responses to external stimuli conveyed by upstream sen-
sory pathways (e.g., thalamic inputs for sensory cortices).

The present paper examines how activity-dependent
plasticity, which modifies existing synaptic connections, can
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generate network structure among recurrently connected
neurons stimulated by external (input) spike trains.
Basically, the latter can account for either spontaneous or
experience-driven activity that excites a given local neu-
ronal network. Many theoretical studies have examined
suitable conditions on the learning rules, pre-existing con-
nectivity topology, and/or input structure that allow the
emergence of physiologically realistic cortical organization
(Malsburg 1973; Kohonen 1982; Swindale 1996; Elliott and
Shadbolt 1999; Goodhill 2007). By meaningful network
structure, we mean synaptic connectivity that reflects and/or
is adapted to process the input functional pathways. This
paper considers an idealized network where both input and
recurrent connections are simultaneously plastic and ini-
tially unorganized. We do not discriminate between input
and recurrent synapses, although the theoretical framework
is fitted to incorporate such a refinement. In this way, we
focus on the relationship between learning dynamics and the
input configuration.

Numerous experimental studies have produced evidence
for the importance of the fine spike-timing (at the scale of mil-
liseconds) in synaptic plasticity occurring in various brain
areas such as hippocampus and neocortex (Markram et al.
1997; Bell et al. 1997; Magee and Johnston 1997; Bi and Poo
1998; Debanne et al. 1998; Egger et al. 1999; Feldman 2000;
Bi and Poo 2001; Boettiger and Doupe 2001; Sjöström et al.
2001; Froemke and Dan 2002; Tzounopoulos et al. 2004).
In glutamatergic (excitatory) synapses, such spike-timing-
dependent plasticity (STDP) relies on a complex relation-
ship involving, in particular, NMDA receptors and the local
concentration in Ca2+ ions (Markram et al. 1997; Debanne
et al. 1998; Bi and Poo 1998; Sjöström et al. 2001). The
timing of the pre- and post-synaptic activity is captured in
the kinetics of Ca2+ (Magee and Johnston 1997; Sabatini
et al. 2002; Rubin et al. 2005). Moreover, experimental stud-
ies have shown evidence that the weight change depends
upon the current value of the synaptic strength (Bi and Poo
1998; Wang et al. 2005). At high spiking rates, Sjöström
et al. (2001) showed that not all pairs of pre- and post-synap-
tic spikes contribute to STDP. For reviews, see Dan and Poo
(2006) and Caporale and Dan (2008).

Within the context of neuronal networks with recurrent
(feedback) connections, it is not yet clear how STDP can
tune the spiking activity. In order to investigate its functional
effects, we use a phenomenological model that abstracts
some key features observed in physiology (Morrison et al.
2008). We limit our study to plasticity induced by single
spikes and pairs of spikes, where all pairs contribute to STDP.
In this way, we focus on the relationship between the pairwise
spike-time correlation and the weight dynamics; higher-order
interactions are left to subsequent studies. This choice has
limitations compared to more elaborate models that include
triplets of spikes in their analysis (Sjöström et al. 2001;

Pfister and Gerstner 2006; Appleby and Elliott 2006) or
spike-pair restrictions (Sjöström et al. 2001; Izhikevich and
Desai 2003; Burkitt et al. 2004). We also incorporate weight-
dependent (non-additive) STDP (Markram et al. 1997; Bi
and Poo 1998, 2001; Gütig et al. 2003; Meffin et al. 2006;
Morrison et al. 2007) in our previously developed frame-
work (Gilson et al. 2009a,d). For illustration purpose, we use
a model proposed by Gütig et al. (2003) that exhibits two dif-
ferent types of behaviors when varying a parameter that deter-
mines the strength of the weight dependence: for a neuron
stimulated by two identical input pools, the weight distribu-
tion can become either unimodal or bimodal. The transition
(bifurcation) between these two classes of behavior for STDP
depends upon the input correlation level. An interesting sce-
nario is one in which symmetry breaking (synonymous with
neuronal specialization) occurs for sufficiently strong input
correlation (Gütig et al. 2003; Meffin et al. 2006), but the ini-
tial weight distribution is preserved for uncorrelated inputs.

Even though STDP can be used in rate-based mode, we
focus here on learning dynamics that are specific to spike-
based plasticity and examine differences between these two
classes of learning rules. First, STDP can capture spike-time
information at the scale of milliseconds, which can explain
how barn owls can tune their hearing system (Gerstner et al.
1996). Second, and as a consequence, STDP can generate
learning dynamics involving simultaneously stability and
competition (Kempter et al. 1999). In this scheme, competi-
tion mainly relies on spike-time correlations, whereas stabil-
ity relates to firing rates. Such “double” dynamics has been
the subject of many studies for rate-based plasticity rules
(Bienenstock et al. 1982; Elliott 2003; Miller and Mackay
1994; Miller 1996; Goodhill and Barrow 1994) to obtain
effective input selectivity. We will examine how weight spe-
cialization can arise (and benefit) from dynamics intrinsic to
STDP in a recurrently connected network.

The present paper focuses on neuronal specialization
induced by STDP in a recurrent network stimulated by pools
of external inputs that have narrow spike-time correlations
(Kempter et al. 1999; Song and Abbott 2001; Gütig et al.
2003; Meffin et al. 2006). Both input and recurrent synaptic
connections are plastic, as illustrated in Fig. 1. We constrain
our study to excitatory synapses and inhibition is not con-
sidered in detail (identical for all neurons in the network).
The relationship between STDP and spike-time information
is presented in Sect. 2, together with learning equations that
describe the evolution of the synaptic weights. In a sense,
spike-based plasticity extends “classical” Hebbian rate-based
models with an additional term in the learning equations,
which has profound implications in the resulting dynamics.
The learning framework (Burkitt et al. 2007; Gilson et al.
2009a,d) is briefly recapitulated in Sect. 3 and the constraints
imposed by the recurrent connectivity upon the time-aver-
aged firing rates and pairwise spike-time correlations are
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Fig. 1 Schematic diagram
representing a recurrently
connected network stimulated
by two pools of inputs where
both input and recurrent
connections are plastic

described. This framework is complementary to other ana-
lytical work that studies the effect of STDP in the presence of
oscillatory activity (Câteau et al. 2008). It can be applied to
any network topology and input structure; its main limitation
concerns the Poisson neuron model used in the derivation,
which approximates satisfactorily only some regimes of real
neurons, but allows tractable calculations. We adapt analyt-
ical tools previously developed for additive STDP (Gilson
et al. 2009a,b,c,d) to the present case of non-additive STDP.
Our results also aim to shed light on previous studies on neu-
ronal specialization that mainly used numerical simulation
for various connectivity topologies (Choe and Miikkulainen
1998; Song et al. 2000; Song and Abbott 2001; Wenisch
et al. 2005; Morrison et al. 2007). In this way, we bridge the
gap between the neuronal and the network levels: how a local
plasticity rule relying on spike-time correlations can generate
rich network structure. The study of the functional implica-
tions of STDP in recurrently connected networks highlights
the roles of the main players: neuronal and synaptic mecha-
nisms, structure of the stimulating inputs, network connec-
tivity, and learning parameters.

2 Spike-based learning and spiking activity

In this section, we adapt the model of additive STDP that we
used previously (Gilson et al. 2009a,b,c,d) in order to incor-
porate the dependence of the learning rule upon the current
value of the weight. In addition, we consider the effect of
dendritic and axonal delays.

2.1 Pairwise weight-dependent STDP

For two neurons i and j connected by a synapse j → i as
illustrated in Fig. 2, a pre-synaptic spike fired at time t j will
affect the synapse at time tin = t j + dax

i j ; likewise, the effect
of a post-synaptic spike at time ti will occur at the starting
time tout = ti + dden

i j . We consider a weight-dependent ver-
sion of STDP to describe the change in the weight Ji j due
to single spikes and pairs of spikes (van Rossum et al. 2000;
Bi and Poo 2001; Gütig et al. 2003; Morrison et al. 2007). A

Fig. 2 Schematic
representation of a synapse from
the source neuron j to the target
neuron i . The synapse is
determined by the weight Ji j ,
dendritic delay dden

i j , and axonal
delay dax

i j

sole pair of pre- and post-synaptic spikes fired at respective
times t j and ti induces a weight change δ Ji j determined by
the following contributions:

δ Ji j = η

⎧
⎪⎪⎨

⎪⎪⎩

win at time tin,
wout at time tout,

f+(Ji j ) W+(tin − tout) if tin < tout,

− f−(Ji j ) W−(tin − tout) if tin > tout,

where tin = t j +dax
i j and tout = ti +dden

i j . The rate-based con-

tributions win and wout occur once for each pre- and post-syn-
aptic spike, respectively (Kempter et al. 1999; Burkitt et al.
2007). They have been used previously with additive STDP
to obtain stability (as will be described later); we will dis-
cuss their implications in the learning dynamics. The STDP
learning window function W− (resp., W+) describes the
depression (potentiation) of the weight Ji j depending on the
difference between the spike times t in − tout when it is pos-
itive (negative), as illustrated in Fig. 3a; this contribution
is rescaled by f− (resp., f+) as a function of the value of
the weight J . The functions f−, f+, W−, and W+ are non-
negative, which corresponds to Hebbian learning. All these
contributions are scaled by a learning parameter, typically
chosen to be very small, η � 1, to model learning processes
that occur very slowly compared to the other neuronal and
synaptic mechanisms.

The following analysis will be carried out for arbitrary
functions f±. To illustrate the effect of non-additive STDP,
we use the same functions f+ and f− as Gütig et al. (2003),

f+(Ji j )=
(

1− Ji j

Jmax

)γ

and f−(Ji j )=
(

Ji j

Jmax

)γ

, (1)

where the parameter 0 ≤ γ ≤ 1 scales between addi-
tive STDP (γ = 0) and multiplicative STDP (γ = 1) for
both functions; Jmax is the upper “soft” bound, while the
lower “soft” bound is zero, as illustrated in Fig. 3b. This
choice is motivated by investigating the effect of the weight
dependence “strength”: larger values for γ lead to narrower
asymptotic weight distribution clustered around their mean,
whereas smaller values induce stronger competition that can
split the the distribution of incoming weights.
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Fig. 3 Example of STDP window function. a The dependence upon
the spike-time difference u is captured by one alpha function W+ for
potentiation (left side) with time constant 8.5 ms and one alpha func-
tion W− for depression (right side) with 17 ms. The weight dependence
leads to more depression and less potentiation for a strong synapse
(Ji j = 0.9Jmax, black solid line) than a weak synapse (Ji j = 0.1Jmax,
gray dashed line); the curve corresponds to γ = 0.1 in (1). b Plots of the
scaling functions f+ and − f− defined in (1) that determine the weight
dependence: almost-additive STDP with γ = 0.03 (dashed line) and
medium weight dependence with γ = 0.1 (dashed-dotted line). The
gray solid lines at ±1 correspond to additive STDP. See Appendix A
for parameter details

2.2 Capturing mean effect of slow learning: separation
of time scales in neuronal spiking activity

We consider the general situation of a network of N recur-
rently connected neurons stimulated by M external input
spike trains, as illustrated in Fig. 4a. In a similar manner to
Kempter et al. (1999) and Gilson et al. (2009a,d), we use the
adiabatic assumption of slow learning compared to the neu-
ronal spiking dynamics to evaluate the change in the synap-
tic weight (van Hemmen 2001). When the input spike trains
involve probabilistic variability in their spike times and/or
the neuronal spiking mechanisms are stochastic (this is the
case for the Poisson neuron used throughout this paper), the
evolution of the weights is also stochastic and can be studied
through their expectation value (or drift) and higher moments
of the weight dynamics (Kempter et al. 1999; Gütig et al.
2003; Meffin et al. 2006). Details of the following results are
provided by Gilson et al. (2009a,d, Sect. 2.3 in both articles),
the extension here lies in considering the two sides of STDP
for potentiation and depression separately, because we use
weight-dependent STDP.

a

b

Fig. 4 Presentation of the network and notation. a Schematic repre-
sentation of the network: two of the N neurons (top circles, indexed by
1 ≤ i ≤ N ) receive one of the M external input spike trains (bottom
circle, 1 ≤ k ≤ M). Both the input and recurrent connections (thick
arrows) have plastic weights, Kik and Ji j , respectively. The neuron and
input spike trains are denoted by Si and Ŝk , respectively. b The table
shows the variables that describe the neuronal and input spiking activ-
ity (time-averaged firing rates ν̂ and ν; time-averaged covariances Ĉ , F
and C), and those related to the synaptic connections k → i and j → i
(weights K and J ; delays d̂ and d)

We obtain a differential equation to describe the evolution
of the drift of the input weight Kik

K̇ik � η
{
win ν̂k + wout νi

+ [
f+(Kik) W̃+ − f−(Kik)W̃−

]
ν̂k νi

+ f+(Kik) F W+
ik − f−(Kik) F W−

ik

}
, (2)

where

W̃± :=
∫

W±(u) du. (3)

The weight change in (2) is expressed in terms of the time-
averaged firing rate (over a period T ) for neuron i

νi (t) := 1

T

t∫

t−T

〈
Si (t

′)
〉

dt ′, (4)

where 〈Si (t)〉 is the instantaneous firing rate, the time-aver-
aged firing rate ν̂k(t) for input k, and their time-averaged
spike-time covariance
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Fik(t, u) := 1

T

t∫

t−T

〈
Si (t

′) Ŝk(t
′ + u)

〉
dt ′

− 1

T

t∫

t−T

〈
Si (t

′)
〉 〈

Ŝk(t
′ + u)

〉
dt ′,

F W±
ik (t) :=

+∞∫

−∞
W±

(
u + d̂ax

ik − d̂den
ik

)
Fik(t, u) du. (5)

A similar equation is derived for the drift of the recurrent
weight Ji j (Gilson et al. 2009d, Sect. 2.3.2)

J̇i j � η
{
win ν j + wout νi

+ [
f+(Ji j ) W̃+ − f−(Ji j )W̃−

]
ν j νi

+ f+(Ji j ) CW+
i j − f−(Ji j ) CW−

i j

}
, (6)

with the time-averaged spike-time covariance between neu-
rons i and j

Ci j (t) := 1

T

t∫

t−T

〈
Si (t

′) S j (t
′ + u)

〉
dt ′

− 1

T

t∫

t−T

〈
Si (t

′)
〉 〈

S j (t
′ + u)

〉
dt ′,

CW±
i j (t) :=

+∞∫

−∞
W±

(
u + dax

i j − dden
i j

)
Ci j (t, u) du. (7)

The effect of our model of STDP is thus completely described
by the network variables summarized in Fig. 4b.

For the sake of simplicity, we will use matrix notation in
the remainder of the text: vectors (in bold fonts) ν and ν̂ and
matrices C , F , J , and K .

2.3 Relationship to rate-based learning rules

The averaging period T in (4), (5), and (7) can be chosen as an
intermediate time scale between the “fast” neuronal and syn-
aptic mechanisms and the “slow” learning process (Kempter
et al. 1999; Burkitt et al. 2007; Gilson et al. 2009a). This
implies a low pass filtering of the spike trains in the infor-
mation contained in the time-averaged firing rates (ν and ν̂).
Spike-time information at a short-time scale (order of mil-
liseconds) is, however, present in C and F : these variables
describe, for each input/neuron or neuron/neuron pair, the
mutual fast covariations of their firing probabilities. These
cross-correlograms are convolved with the learning window
functions W± to obtain the coefficients CW± and F W± that
appear in (2) and (6). Therefore, the functions W± deter-
mine the time scale below which variations of the firing

probabilities are considered spike effects. With our choice
of parameters (Appendix A), the corresponding range lies
below 100 ms (i.e., above 10 Hz).

Rate-based models only involve ν and ν̂ and, thus, ignore
the spike-time correlations. In this sense, STDP extends rate-
based learning with the additional terms involving F and C .
The analysis of the learning dynamics for additive STDP
(Gilson et al. 2009a,c, Sect. 3) has shown how the time-aver-
aged firing rates can lead to the stabilization of the mean
incoming weight for each neuron. For a broad range of
learning parameters, stable and non-saturated neuronal firing
rates ν can be obtained via (anti-Hebbian) rate-based dynam-
ics. When spike-time correlations are present, the weights
become structured, driven by terms in the dynamical equa-
tions depending upon the covariance coefficients F and C .
These spike-based contributions induce a diverging behav-
ior in some subspace where the weight matrices evolve and
lead to functional specialization of the neurons. Provided
the input firing rates are not too unbalanced, the emerging
specialization is rather determined by spike-time correla-
tions. This mixture of a partial equilibrium and diverging
behavior ensures a robust weight specialization (Kempter
et al. 1999; Gilson et al. 2009a,d). For some choices of
parameters, weight-dependent STDP, which is non-linear
with respect to the weight strength, was shown to exhibit a
similar behavior for single neurons (Gütig et al. 2003; Meffin
et al. 2006). Relying on rate correlations (slower timescale),
rate-based learning rules can produce similarly rich dynamics
when equipped with appropriate non-linearity (Bienenstock
et al. 1982; Goodhill and Barrow 1994; Elliott 2003). The
remainder of this paper examines how spike effects can lead
to network structure when using weight-dependent STDP
(Sect. 2.1).

2.4 Input spike-time correlation structure

Throughout this series of papers (Gilson et al. 2009a,b,c,d),
the input structure is modeled using a “simple” configuration:
mixed Poisson processes that have narrow spike-time corre-
lations, as illustrated in Fig. 5. To illustrate our analysis, we
will consider two pools of external inputs that have within-
pool correlations, but no between-pool correlations. Such a
configuration has been used to model ocular pathways (Song
and Abbott 2001): spike trains coming from the same eye
have correlated activity at a short time scale, whereas those
from different eyes are uncorrelated. A connection to phys-
iology can be made with, for example, spontaneous retinal
waves of spiking activity that propagate toward the brain via
the optic nerves during the development of young mammals
(Wong 1999; Butts et al. 2007).

In the present paper, we use the same configuration, where
the input spiking information is contained in the firing rates
and spike-time correlations. For inputs k and l, we define
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Fig. 5 Cross-correlogram between two inputs from the same corre-
lated pool. The simulated curve (solid line) that corresponds to (8) aver-
aged over 1000 s agrees with the prediction in (9) with ν̂0 = 20 Hz and
ĉ = 0.25; the histogram bin is 1 ms

Ĉkl(t, u) := 1

T

t∫

t−T

〈
Ŝk(t

′) Ŝl(t
′ + u)

〉
dt ′,

− 1

T

t∫

t−T

〈
Ŝk(t

′)
〉 〈

Ŝl(t
′ + u)

〉
dt ′. (8)

The firing rates of inputs within a pool are all identical. Posi-
tive within-pool correlation is generated so that, for any input,
a portion of its spikes occur at the same time as some other
spikes within its pool, while the remaining spikes occur at
independent times (Gütig et al. 2003; Meffin et al. 2006). In
this way, we obtain input spike trains Ŝk(t) with “instanta-
neous” firing rates 〈Ŝk(t)〉 = ν̂0 and pairwise covariances
Ĉkl(t, u) defined in (8) that satisfy

Ĉkl(t, u) � ĉ ν̂0 δ(u), (9)

where 0 ≤ ĉ ≤ 0.25 is the correlation strength (chosen to be
small) and δ is the Dirac delta-function. Hence, we refer to
this configuration as “delta-correlated” inputs, cf. the peak
at ĉ ν̂0 = 5 Hz for ν̂0 = 20 Hz and ĉ = 0.25 in Fig. 5. See
Gilson et al. (2009a, Sect. 2.3.7) for more detail.

The learning equations (2) and (6) show that the weight
change induced by our model of STDP is expressed in terms
of the neuronal firing rates ν, the neuron-to-input and neu-
ron-to-neuron correlation structures F and C , as well as the
weight scaling functions f±. In the same way as in our previ-
ous analysis using additive STDP (Gilson et al. 2009a,d), it is
necessary to express these spike-time correlation structures
in terms of the input-to-input correlation structure Ĉ in order
to evaluate the weight evolution.

3 Modeling neuronal activity to evaluate
learning dynamics

The previous section did not consider the neuronal model;
the learning equations are valid provided the spike trains, as
stochastic point processes, are second-order stationary. This

relates to the ergodicity of the network spiking activity and
means that the firing rates and spike-time covariances used in
the previous section are well defined. The latter applies, for
example, to a network of Poisson neurons, or integrate-and-
fire neurons as they are renewal processes (Burkitt 2006).

Now we use the Poisson neuron model in order to express
the variables describing the neuronal activity ν, F and C in
terms of those for the external inputs ν̂ and Ĉ . The following
equations are strictly valid for a network with fixed weights
(Hawkes 1971; Massoulie 1998), but they provide a good
approximation in the case of slow learning when the external
inputs have fixed firing rates and covariances (Kempter et al.
1999; Gilson et al. 2009a,d).

3.1 Poisson neuron model

The spiking mechanism of a given neuron i is approximated
by an inhomogeneous Poisson process driven by an intensity
function ρi (t) in order to generate an output spike-time series
Si (t) (Kempter et al. 1999). The rate function ρi (t) relates to
the soma potential and it evolves over time according to the
excitation received from other neurons j 
= i :

ρi (t)=ν0+
∑

j 
=i

[

Ji j (t)
∑

n

ε
(

t−t j,n −dden
i j −dax

i j

)
]

+
∑

k

[

Kik(t)
∑

n

ε
(

t − t̂k,n − d̂den
ik − d̂ax

ik

)
]

. (10)

The constant ν0 is the spontaneous firing rate (identical for all
neurons), which accounts for other pre-synaptic connections
that are not considered in detail. Each pre-synaptic spike
induces a variation of ρi (t) taken care of by the post-syn-
aptic potential (PSP), which is determined by the synaptic
weights Ji j , the post-synaptic response kernel ε, and the
delays di j . The kernel function ε models the PSP due to
the current injected into the post-synaptic neuron as a conse-
quence of one single pre-synaptic spike; ε(t) is normalized
to one:

∫
ε(t)dt = 1; and in order to preserve causality,

we have ε(t) = 0 for t < 0. The delays account for the
axonal transmission, the neurotransmitter diffusion, and the
dendritic transmission such that the nth spike fired by neuron
j at time t j,n begins to affect the soma potential of neuron
i at time t j,n + dden

i j + dax
i j . Self-connections are forbidden

and, for simplicity, we assume the same kernel function ε for
both input and recurrent synapses, but this is not crucial in
the subsequent study. However, further analysis is required
when input and recurrent connections have significantly dis-
tinct properties (e.g., for thalamocortical and intracortical
synapses), but this is out of the scope of the present paper.
Likewise, we will use similar numbers of inputs and neurons
M and N in numerical simulation, but the analysis is carried
out for arbitrary values; we do not focus on weight dynamics
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effects that have been specifically observed in large networks
by Morrison et al. (2007), though.

A Poisson neuron exhibits an irregular output spike train,
similar to some physiological observations in cortex (Shadlen
and Newsome 1998). Its mathematical simplicity has proven
to be useful to obtain analytical results about the weight
dynamics that can be qualitatively transposed to the case of
integrate-and-fire neurons (Kempter et al. 1999; Gütig et al.
2003). However, we keep in mind that, for example, the spik-
ing activity of type-II neurons that exhibit strong synchroni-
zation or integrate-and-fire with hyperpolarized sub-thresh-
old equilibrium voltage may only be poorly approximated by
this model.

3.2 Consistency equations for neuronal activity
related to network constraints

The following consistency equations describe the effect of
the synaptic filtering together with the constraint of the input
and recurrent connectivity upon the variables ν, F , and C .
In addition to the assumption of second-order stationarity
mentioned above, each set of axonal and dendritic delays
are considered to exhibit narrow distributions, both for the
input and recurrent connections: e.g., dden

i j � dden for all
connections j → i . In order to obtain tractable equations
that give at the same time a good approximation, we further
require short durations for the recurrent delays dden

i j + dax
i j

and the PSP kernel ε compared to the time scale of W±. Fur-
ther analysis is necessary to examine in more detail the effect
of longer time constants for the recurrent delays and ε, for
example, with similar time constants to W±, which is rele-
vant in some neuronal systems (Pfister et al. 2006a); this is
beyond the scope of the present paper and left for subsequent
study. Details of the derivation are provided by Gilson et al.
(2009a,d, Appendices), which leads to the following matrix
equations:

ν = (1N − J )−1 (ν0 e + K ν̂
)
, (11a)

∫

F(·, u) Ψ (u) du

�(1N − J )−1 K
∫

Ĉ(·, u) (Ψ ∗ ε) (u − d̂ax − d̂den) du,

(11b)
∫

C(·, u) Ψ (u) du

� (1N − J )−1 K

[∫

Ĉ(·, u) (Ψ ∗ ζ ) (u) du

]

×K T (1N − J )−1 T , (11c)

where the arbitrary functionΨ is to be replaced by W± shifted
by the corresponding delays in (5) and (7). The time variable
t has been omitted (or replaced by ·) for vectors and matrices
that evolve over time, as will be the case in the remainder of

−40  0  40
0

time (ms)

Fig. 6 Plots of ε (dashed line) and ζ (dashed-dotted line). Parameters
are detailed in Appendix A

this paper. The superscript “T” denotes the matrix transpo-
sition; 1N is the identity matrix of size N ; e is the column
vector with N elements all equal to one

e := [1, . . . , 1]T, (12)

and likewise ê is a similar M-column vector.
The function ζ is the self-convolution of the PSP kernel

function ε (Gilson et al. 2009d, Sect. 2.3.4):

ζ(r) :=
∫

ε(r + r ′)ε(r ′) dr ′. (13)

Figure 6 illustrates the functions ε and ζ for the parameters
summarized in Appendix A. Combining (11b) with (5) and
(11c) with (7), the covariance coefficients are now associated
with

FΨ
ik ↔

∫

Ĉkl(·, u) [Ψ ∗ ε]
(
u − 2d̂den) du,

(14)
CΨ

ik ↔
∫

Ĉkl(·, u) [Ψ ∗ ζ ]
(
u + dax − dden) du.

In our previous companion papers (Gilson et al. 2009a,d),
the argument of both Ψ ∗ ε and Ψ ∗ ζ was just u. For delta-
correlated inputs as described in (9), we define the following
coefficients that correspond to the convolutions in the right-
hand side (RHS) of (14):

ĈW±∗ε

kl � ĉ ν̂0 [W± ∗ ε](−2d̂den),
(15)

ĈW±∗ζ

kl � ĉ ν̂0 [W± ∗ ζ ](dax − dden).

The consequence of taking the dendritic delays into account
is that the argument of ζ can be negative in the new formula-
tion. This will be of importance in the analysis of the weight
specialization in Sect. 4.2. Note that the effect of dendritic
delays in (15) is different for input and recurrent connections
because of the approximations we have made.

In (11a–11c), the matrix J must have all its eigenvalues
in the unit circle so that 1N − J is invertible at all times
and thus the neuron firing rates do not diverge toward infin-
ity; this issue is related to the choice of the Poisson neuron
model (Gilson et al. 2009c, Appendix A) and corresponds to
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non-saturated firing rate for realistic neurons. We also ignore
autocorrelations in the present framework, assuming large
numbers of external inputs and network neurons, M  1
and N  1, respectively. Matrix versions of the learning
equations for additive STDP can be found in Gilson et al.
(2009a,d).

4 Learning dynamics induced by weight-dependent
STDP

Similar to previous studies (Gilson et al. 2009a,d, Sect. 3),
we focus on the steady states of the firing rates and synaptic
weights. The mathematical analysis is performed for an arbi-
trary network configuration, but it will be illustrated with a
homogeneous recurrent network stimulated by two pools of
external inputs with the same firing rate that have within-pool
spike time correlations, as described in Fig. 1 and Sect. 2.4.
We examine how STDP can generate “proper” weight spe-
cialization (cf. Sect. 2.3): stable mean incoming weight for
each neuron away from the bounds and sufficiently strong
competition that can split an initially homogeneous weight
distribution in a meaningful manner. The motivation is that,
if STDP can produce bimodal weight distribution, then it can
also lead to milder specialization schemes.

4.1 Homeostatic equilibrium

First, we want to obtain the situation where the firing rate
and the mean incoming weights (Kav := ∑

i,k Kik/nK and
Jav := ∑

i, j Ji j/n J for both input and recurrent connec-
tions, respectively) have reached an equilibrium for each neu-
ron, denoted by homeostatic equilibrium. Individual weights
may continue to change, though. A non-saturated stable mean
incoming weight for each neuron allows effective weight spe-
cialization: the corresponding distribution can then be spread
or even split to favor one or several synaptic pathways. In
order to obtain specialization for both the input and recur-
rent weights, each set must experience a homeostatic equi-
librium. When this is realized, the mean neuronal firing rate
νav := ∑

i νi/N also stabilizes.
Neglecting the inhomogeneities between neurons, the

consistency equation (11a) for the firing rates averaged over
the network becomes

νav � ν0 + nK
av Kav ν̂av

1 − n J
av Jav

. (16)

When further ignoring the covariance terms in the learning
Eqs. (2) and (6), we obtain the following rate-based equations
for the mean input and recurrent weights:

K̇av � η
[
win ν̂av + wout νav + g(Kav) ν̂av νav

]
, (17a)

0  max
−0.4

−0.2

0

0.2

0.4

Fig. 7 Plots of g in (18), as a function of the weight, for γ = 0.03
(dashed line) and γ = 0.1 (dashed-dotted line), cf. Fig. 3b

J̇av � η
[
(win + wout) νav + g(Jav) ν2

av

]
, (17b)

where ν̂av := ∑
k ν̂k/M is the mean input firing rate and we

have defined, for the sake of simplicity,

g(x) := f+(x) W̃+ − f−(x) W̃−. (18)

The function g is illustrated in Fig. 7 for various strengths of
weight dependence and plays the role of W̃ in our previous
companion papers (Gilson et al. 2009a,d). For almost-addi-
tive STDP (γ = 0.03 in dashed line), g is roughly constant
close to the value W̃+−W̃−, except near the (soft) bounds; for
medium weight dependence (γ = 0.1 in dashed-dotted line),
g varies more gradually from W̃+ to W̃−. We now examine
the fixed points (ν∗

av, K ∗
av, J ∗

av) of this dynamical system that
must nullify the above expressions for K̇av and J̇av in (17a)
and (17b). We will require a non-zero equilibrium value for
the mean firing rate ν∗

av > 0.

4.1.1 Influence of rate-based learning terms
and weight dependence of STDP

Case where win = wout = 0. This has been previously stud-
ied for a single neuron (van Rossum et al. 2000; Gütig et al.
2003; Burkitt et al. 2004). From (17a) and (17b), we have

g(K ∗
av) = g(J ∗

av) = 0, (19)

with g defined in (18). The equilibrium values of the mean
weights, K ∗

av and J ∗
av, only depend upon the function g;

they are independent of the input firing rate ν̂av. The equi-
librium value of the mean firing rate ν∗

av for the neurons
is then determined by (11a). For our STDP model, since
f+(x) = f−(Jmax − x) having a fixed point far from
the soft bounds (around Jmax/2) implies either almost bal-
anced STDP, i.e., W̃+ � W̃−, or strong weight dependence
(γ > 0.1).
Case where win 
= 0 and/or wout 
= 0. The following neces-
sary conditions must be satisfied in order to obtain equilibria
for both the mean input and mean recurrent weights:
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win ν̂av + [
wout + g(K ∗

av) ν̂av
]
ν∗

av � 0, (20a)

win + wout + g(J ∗
av) ν∗

av � 0. (20b)

Except for particular values of the input and learning param-
eters, a non-zero equilibrium value ν∗

av for the mean firing
rate implies

win g(J ∗
av) ν̂av � (win + wout)

[
wout + g(K ∗

av) ν̂av
]
. (21)

In the case of additive STDP, for which the function g(·) =
W̃+ − W̃− is constant, the equality (21) is never satisfied
except for particular values of ν̂av, win, and wout. The specific
case wout = 0 will be discussed later in Sect. 4.1.3. Conse-
quently, an equilibrium for both mean weights Kav and Jav

cannot be attained. It is still possible to obtain a stable fixed
point for νav in (16), but then the relationship

ν̇av � ∂νav

∂Kav
K̇av + ∂νav

∂ Jav
J̇av (22)

leads to Kav and Jav diverging in opposite directions (i.e.,
K̇av J̇av < 0) when (20a) and (20b) cannot be satisfied. This
follows from

∂νav

∂Kav
� nK

avν̂av

1 − n J
av Jav

> 0,

(23)
∂νav

∂ Jav
� n J

avνav

1 − n J
av Jav

> 0.

This rate-based competition between input and recurrent
weights results in an inappropriate weight specialization. In
other words, our model of additive STDP cannot lead to a
homeostatic equilibrium when both input and recurrent con-
nections are plastic.

For weight-dependent STDP, after using (16) and the
equality (20a), we obtain the following constraint that allows
us to express J ∗

av in terms of K ∗
av:

win ν̂av

(
1 − n J

av J ∗
av

)

� − [
wout + g(K ∗

av) ν̂av
] (

ν0 + nK
av K ∗

av ν̂av

)
. (24)

Combining (21) and (24), the mean input weight Kav must
be a zero of the following function h at the equilibrium:

h
(
K ∗

av

) � 0 (25)

with

h(Kav) := (
win + wout) [wout + g(Kav) ν̂av

] − win ν̂av

×g

{
1

n J
av

+
[
wout +g(Kav) ν̂av

] (
ν0 + nK

av Kav ν̂av
)

win ν̂av n J
av

}

. (26)

Figure 8 illustrates the variations of h in (26) for weak weight
dependence (γ = 0.03) and the corresponding equilibrium
values of K ∗

av, J ∗
av and ν∗

av as a function of the mean input fir-
ing rate ν̂av. Note that, for our choice of parameters (Appen-
dix A), the function h is monotonically decreasing and thus

a
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 0 

b
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 0.06

↓
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Fig. 8 Influence of weak weight dependence for STDP upon the
homeostatic equilibrium. The plots correspond to γ = 0.03, the dashed
line in Fig. 3b. a Plots of the function h in (26) for ν̂av = 10, 30, 50, 70,
and 90 Hz (thin-to-thick lines). The zero of h when crossing the origin
(gray dashed line) corresponds to the equilibrium value K ∗

av. The plot
is also restricted to the domain of Kav for which the value Jav given
by (24) is within the bounds. b Equilibrium mean weights K ∗

av (solid
line) and J ∗

av (dashed-dotted line) as functions of the input firing rate
ν̂av. The black lines correspond to (20a) and (20b) that ignore correla-
tions, while the gray lines refer to (35) that incorporate the correction
for the mean spike-time correlation, here ĉav = 0.25. The arrow indi-
cates ν̂av = 20 Hz as used in numerical simulation below. c Equilibrium
value for the neuronal firing rate ν∗

av (black line) as a function of the
input firing rate ν̂av. Similar to b, the gray line takes the correlation into
account. We used N = M = 100 with 30% connectivity and differ-
ent upper bounds for the weights: Kmax = 0.06 and Jmax = 0.02; see
Appendix A for details about other parameters

has only one zero, synonymous with a unique fixed point
(ν∗

av, K ∗
av, J ∗

av). We observed that stronger weight depen-
dence for STDP causes the fixed points K ∗

av and J ∗
av to be

closer to Kmax/2 and Jmax/2, respectively. Then, ν̂av has less
effect upon the equilibrium values, and because of (16), the
equilibrium value ν∗

av becomes an almost linearly increasing
function of ν̂av, see Fig. 9.

In order to obtain a realizable fixed point, which means
a positive value for ν∗

av, the following additional necessary
condition derived from (20a) and (20b) must also be satisfied
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Fig. 9 Influence of medium weight dependence for STDP upon the
homeostatic equilibrium. The plots (a) and (b) are the same as described
for Fig. 8b and c, respectively, for medium weight dependence (γ = 0.1)
corresponding to the dashed-dotted line in Fig. 3b

ν∗
av � − win ν̂av

wout + g(K ∗
av) ν̂av

� −win + wout

g(J ∗
av)

> 0. (27)

4.1.2 Stability of homeostatic equilibrium

In the absence of the rate-based terms win and wout, the sta-
bility is determined by the derivatives g′(K ∗

av) and g′(J ∗
av):

negative values ensure a stable homeostatic equilibrium for
any level of input stimulation.

In the presence of win and wout, the stability of fixed point
(ν∗

av, K ∗
av, J ∗

av) is given by a Jacobian matrix expressed using
the partial derivatives of G and H that correspond to the RHS
of (17a) and (17b), where we ignore the learning rate:

G(Kav, Jav) :=
[
win ν̂av + wout νav + g(Kav) ν̂av νav

]
,
(28)

H(Kav, Jav) :=
[(

win + wout
)

νav + g(Jav) ν2
av

]
,

where νav = νav(Kav, Jav) is an implicit function of Kav and
Jav, cf. (16). The Jacobian matrix can then be expressed as
(

∂G
∂Kav

(K ∗
av, J ∗

av)
∂G
∂ Jav

(K ∗
av, J ∗

av)

∂ H
∂Kav

(K ∗
av, J ∗

av)
∂ H
∂ Jav

(K ∗
av, J ∗

av)

)

=:
(

α1 α2

α3 α4

)

, (29)

where

α1 = −win nK
avν̂

2
av

(1 − n J
av J ∗

av) ν∗
av

+ g′(K ∗
av) ν̂av ν∗

av,

α2 = −win n J
avν̂av

1 − n J
av J ∗

av
,

α3 = −(win + wout)
nK

avν̂av

1 − n J
av J ∗

av
,

α4 = −(win + wout)
n J

avν
∗
av

1 − n J
av J ∗

av
+ g′(J ∗

av)(ν
∗
av)

2. (30)

We have used the equalities in (20a), (20b), and (23).
Stability of the mean weights K ∗

av and J ∗
av implies that

of ν∗
av and requires that the Jacobian matrix has eigenvalues

with negative real parts. In other words, the trace of the Jaco-
bian matrix must be negative and the determinant must be
positive in order to obtain stability, namely

α1 + α4 < 0
(31)

α1α4 − α2α3 > 0.

We require the stronger conditions α1 < 0 and α4 < 0
to ensure stability for the weight dynamics when either the
input or the recurrent weights are plastic, while the other set
of weights remains fixed. The following conditions are thus
sufficient to ensure stability for any mean input firing rate
ν̂av:

win + wout > 0

win > 0 (32)

g′ < 0.

Note that the last condition g′ < 0 is satisfied for any choice
of 0 ≤ γ ≤ 1 in our model of weight-dependent STDP, cf.
Fig. 7. The condition for a realizable equilibrium in (27) must
also be satisfied; when combined with (32), we obtain

wout + g(K ∗
av) ν̂av < 0,

(33)
g
(
J ∗

av

)
< 0.

This means, in particular, that g is required to be negative on a
substantial support. The present stability analysis agrees with
previous analytical studies of a homogeneous fixed point in
the weight dynamics (Gütig et al. 2003; Meffin et al. 2006).
Note that from our previous results for additive STDP, where
g′ = 0, the conditions in (33), that are satisfied for g(·) =
W̃+ − W̃− < 0, were sufficient to obtain a realizable stable
homeostatic equilibrium for any value of ν̂av for either plas-
tic input weights or plastic recurrent weights (Gilson et al.
2009a,d).

Under the above conditions (32) and (33), the equilibrium
values K ∗

av and J ∗
av may still depend upon ν̂av in a complex

fashion. However, after rewriting (27) as

ν∗
av � − win

wout

ν̂av
+ g(K ∗

av)
, (34)

we find that, provided the equilibrium values for the mean
weights are far from the bounds such that g(K ∗

av) is roughly
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constant, the condition wout < 0 ensures that ν∗
av is an

increasing function of ν̂av, as illustrated by the black curves in
Figs. 8c and 9b. Note that this conclusion is similar to the case
of additive STDP applied only to plastic input connections
(Gilson et al. 2009a); because of the the weight dependence,
the neuronal firing rates are not constrained to an equilibrium
value independent of the mean input firing rate, which differs
from the result obtained for additive STDP applied only to
plastic recurrent connections (Gilson et al. 2009c).

4.1.3 Effect of correlations on homeostatic equilibrium

The previous results assumed no input spike-time correla-
tions. In order to take them into account, we use the following
equations instead of (20a) and (20b):

win ν̂av + [
wout + g(K ∗

av) ν̂av
]
ν∗

av

+
(

ĈW+∗ε
av − ĈW−∗ε

av

) nK
av K ∗

av

1 − n J
av J ∗

av
� 0,

(35)
(win + wout)ν∗

av + g(J ∗
av) (ν∗

av)
2

+
(

ĈW+∗ζ
av − ĈW−∗ζ

av

)( nK
av K ∗

av

1 − n J
av J ∗

av

)2

� 0.

Here, we have used the approximations for the mean covari-
ance coefficients F W±

av and CW±
av by averaging (11b) and (11c)

over the network, which gave the last terms in each left-hand
side (LHS) of (35), cf. (15). Note that, with additive STDP,
setting wout = 0 does not reduce the two equations to a single
one, in contrast to the more approximated version in (20a);
this means that additive STDP does not have a solution to
both equations in (35) in general.

Now we consider weight-dependent STDP that can stabi-
lize mean weights for both input and recurrent connections.
The terms involving Ĉ in (35) depend upon the mean input
correlation ĉav, as described in Sect. 2.4 and (15). For small
values of ĉav, the extra terms in (35) compared with (20a) and
(20b) do not modify the stability of the dynamical system for
small correlation strengths when the conditions in (32) are
satisfied. In this case, the extra terms can indeed be seen
as “perturbations” that are smaller in magnitude compared
to the rate-based terms in (17a) and (17b). Larger values
for ĉav may affect the stability, but this will not be further
analytically investigated here. It turns out, however, that the
equilibrium values are very sensitive to the mean input cor-
relation, as illustrated in Fig. 8b: the new predictions with
corrections (gray lines) are dramatically different from those
obtained in Sect. 4.1.1 (black lines). The mean neuronal firing
rate is thus also affected by the corrections, with correlated
inputs leading to a higher equilibrium value, see Fig. 8c. The
discrepancies vanish for higher input firing rate ν̂av. Stron-
ger weight dependence diminishes the effect of correlations
without eliminating them, as illustrated in Fig. 9.

Figure 10 corroborates the sensitivity of the above-men-
tioned equilibrium values to the mean input correlation for
almost-additive STDP. The simulated means (thick solid
lines) are far from the predicted values when the correlations
are ignored (dotted lines). During the first stage of the simu-
lation, the mean weights evolve toward the corrected predic-
tions when the input correlations are incorporated (dashed
lines), cf. the arrow in Fig. 8b. After a while, when the
weight specialization becomes effective, the mean weights
then (slightly) diverge from the respective equilibrium val-
ues. Discrepancies with respect to the theoretical predictions
are then mainly due to the emerging inhomogeneities in the
weights, but also arise from those among input correlations
(i.e., two pools) and partial connectivity.

4.2 Emergence of weight structure with correlated inputs

Now we assume the homeostatic equilibrium to be satisfied
and we examine the emergence of weight structure within
the input and recurrent plastic connections. In the learning
equations (2) and (6), the rate-based terms almost cancel
each other at the equilibrium when the input firing rates are
almost homogeneous. Consequently, the terms related to the
spike-time covariances (involving F and C) thus become the
leading order. The way in which these terms generate effec-
tive weight specialization is similar to that for additive STDP.
Different sets of weights diverge from each other such that
an initially homogeneous weight distribution may become
asymptotically bimodal (Gilson et al. 2009a,d). The details
of W± do not matter in the specialization of the input weights
provided the corresponding STDP is Hebbian and the con-
ditions (32) are satisfied (Gilson et al. 2009a, Discussion).
However, the evolution of the recurrent weights crucially
depends upon the interplay between W±, the recurrent delays,
and the PSP kernel ε via the function ζ defined in (13):
converse trends can be obtained depending upon these
parameters (Gilson et al. 2009d, Discussion). For recurrent
connections, the network structure relates to the distribution
of the outgoing weights, while the incoming weights are con-
strained via their mean by the homeostatic equilibrium. The
weight evolution can be predicted using the evaluation of
the covariance coefficients in the learning equations (2) and
(6). As a general rule of thumb, weights that correspond to
F W+

ik − F W−
ik and CW+

i j − CW−
i j that are more positive will be

potentiated at the expense of others.
For delta-correlated inputs (Sect. 2.4), the matrices F W+ −

F W− and CW+ − CW− can be expressed in terms of the
coefficients in (15). Recall that we assumed almost iden-
tical dendritic and axonal delays for each set of input and
recurrent connections (Sect. 3.2). Since the function W− ∗ ε

is zero for negative arguments, we always have [(W+ −
W−)∗ε](−2d̂den) > 0, which ensures the potentiation of the
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Fig. 10 Evolution of the a firing rates, b input, and c recurrent plas-
tic weights due to STDP. Only a portion of the weights is represented.
Almost-additive STDP corresponding to γ = 0.03 was used. The sim-
ulated network consisted of N = 100 neurons that received excitation
from two pools of M/2 = 50 inputs each. Partial connectivity was
generated by randomly assigning connections with probability 50% for
input connections and 30% for recurrent connections. The two pools
had the same firing rate 20 Hz and intra-pool correlation level ĉ1 =
ĉ2 = 0.25, which corresponds to 50% synchronous spikes for any pair
of correlated inputs. All initial weights were homogeneous. In each
plot, the gray bundles represent individual firing rates or weights (only
a portion is represented), one particular trace in each plot has been
drawn for purposes of illustration in black thin solid line, and the thick
solid lines are the corresponding means over the whole network. The
theoretical predictions indicated in dashed lines incorporate the mean
input correlation (Sect. 4.1.3) while those in dotted lines ignore them
(Sect. 4.1.1)

synaptic pathways coming from the more correlated input
pools. However, the shape of the curve (W+−W−)∗ζ around
the origin depends on the value of W+ and W− near the ori-
gin; strengthening of recurrent feedback connections within
neuronal groups that receive correlated inputs was shown to
require a positive value (Gilson et al. 2009d, Sect. 4.2). The
corresponding curves are illustrated in Fig. 11. The details
of the recurrent delays play a significant role here: a pre-
dominant dendritic component is equivalent to shifting the
curve of W± to the right, which ensures more positive values.

a
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b
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Fig. 11 a Plots of W+ − W− (gray solid line), (W+ − W−)∗ε (dashed
line) and (W+ − W−) ∗ ζ (dashed-dotted line). Globally, the shapes of
the three functions are similar, apart from differences for small u > 0:
[W+ − W−](u) < 0, whereas [(W+ − W−) ∗ ε](u) > 0 and [(W+ −
W−)∗ζ ](u) > 0 with our choice of parameters (Appendix A), see inset
b. The impact of delta-correlated inputs relates to these values close to
the origin

In contrast, a larger axonal delay implies weaker positive or
even negative values, for which STDP weakens recurrent
feedback within neuronal groups; the situation for the non-
shifted curve analyzed in that paper actually corresponds to
purely axonal delays, which explains more clearly why very
short recurrent delays were necessary in numerical simu-
lation to obtain the desired weight specialization. In addi-
tion to the delays, the respective amplitudes of STDP at the
origin also play a role and result in favoring self-feedback
when potentiation exceeds depression for small values of u
in Fig. 11, namely cP > cD in Appendix A while keeping
W̃+−W̃− = cPτP −cDτD < 0 to obtain a stable homeostatic
equilibrium.

For weight-dependent STDP to generate splitting sim-
ilar to that of the additive version, the elements of the
following matrices f+(K ∗

av) F W+ − f−(K ∗
av) F W− and

f+(J ∗
av) CW+ − f−(J ∗

av) CW− must have the same corre-
sponding signs as F W+ − F W− and CW+ − CW− , respec-
tively. This is indeed the case whenever the respective values
of f− and f+ at each fixed point K ∗

av and J ∗
av are comparable,

namely

f−(K ∗
av) ∼ f+(K ∗

av),
(36)

f−(J ∗
av) ∼ f+(J ∗

av).

Other conditions may be derived for more specific cases,
but we will focus here upon those that are sufficient for any
general input correlation structure. Consequently, the initial
splitting of the weights is not affected by the weight depen-
dence of STDP when (36) is satisfied. In our model, this holds
when the equilibrium values K ∗

av and J ∗
av are away from the

bounds according to Fig. 3b. As illustrated in Fig. 9b for aver-
age weight-dependent STDP, most values of ν̂av fall within
this case, the exception corresponding to low input firing
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rates (below 10 Hz). However, almost-additive STDP may
lead to fixed points K ∗

av and J ∗
av too close to the bounds; for

example, see J ∗
av for small values of ν̂av with no correlations

in Fig. 8b. Other choices for f± may prove useful to palliate
this problem.

When splitting away from the mean equilibrium value
(K ∗

av and J ∗
av, respectively), the evolution of individual

weights is affected by the weight dependence. The latter
implies soft lower and upper bounds such that the weights
experience a graduated saturation toward either bound.
Namely, strong weight dependence leads to weaker
splitting of the weights and the weight distribution may actu-
ally remain unimodal; in contrast, almost-additive STDP per-
forms strong weight specialization (Gütig et al. 2003).

In a simulation using almost-additive STDP (Fig. 10),
the asymptotic distribution of input weights became bimodal
whereas the recurrent weights remained apparently unimodal
(even though spread), indicating less competition for the
recurrent than the input connections. This can be related
to the relative values of [(W+ − W−) ∗ ε](−2d̂den) and
[(W+ − W−) ∗ ζ ](dax − dden) in Fig. 11, in agreement
with previous results using additive STDP and short, purely
axonal delays (Gilson et al. 2009a,d). To examine the struc-
ture imposed by STDP, we consider, for each neuron i , the
difference between the mean input weights from the first and
second pools: K̄i1 − K̄i2. Figure 12a illustrates the evolution
of input selectivity for each neuron: 54% of the neurons spe-
cialized to input pool 1̂ (traces going up) and 46% to pool 2̂
(traces going down); these numbers may vary across simu-
lations. This evolution is similar to that obtained for additive
STDP when applied only to the input weights and relates to
an unstable fixed point, hence a diverging behavior (Gilson
et al. 2009b). When we label the neurons as groups 1 and
2 according to the input pool that they specialized to, the
structure developed amongst the recurrent connections can
be evaluated by considering J̄i1 − J̄i2 for neuron i in group
1, where J̄i x is the mean incoming weight of the connections
from group x to neuron i , and likewise J̄i2 − J̄i1 for neuron
i in group 2. As shown in Fig. 12b, STDP favored the con-
nections within each group and depressed those between the
two groups (traces going up). In general, the specialization
for recurrent weights only begins after obtaining sufficiently
clear input selectivity (some hundreds of seconds here). This
agrees with previous results where only the recurrent connec-
tions were plastic (with additive STDP) and the fixed input
connections were already organized in a similar manner to
the configuration obtained in Fig. 12a (Gilson et al. 2009d).
At the end of the learning epoch, we obtain two groups of
54 and 46 neurons each, respectively, which are selective to
a different input pool, as illustrated in Fig. 13a. The recur-
rent connections are also polarized in a way that reinforces
feedback within each group, though less clearly, see Fig. 13b.
This is confirmed by the respective histograms in Fig. 13c and
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Fig. 12 Development of a structure amongst the a input and b recurrent
weights due to STDP. The network is the same as Fig. 10. a Emergence
of input selectivity. Each gray trace represents the difference between
the mean input weights from the first and second pools. A first group of
54 neurons became selective to the first input pool (increasing curves),
while a second group of 46 neurons did so to the second pool (decreas-
ing curves). The thick solid curves indicate the mean weight differences
for the two emerged neuronal groups. b Organization of the recurrent
connections between the two emerged neuronal groups (one plot per
group). Gray traces represent the difference between the mean recur-
rent weights from the same group (as neuron i) and the other group;
the averages over all neurons from each group are represented in thick
solid lines. Connections within each group were potentiated while those
between the two groups were depressed (increasing curves)

d, where dark gray indicates connections that are predicted
to be potentiated. In that simulation, the specialization for
recurrent connections has an amplitude equal to half of that
for the input connections, in terms of separating the mean
weights (with respect to the weight bounds). The mean for
the (predicted) potentiated recurrent weights is roughly equal
to 69% of the upper weight bound, whereas that for depressed
recurrent weights is about 28%; the strengthened recurrent
pathways are about 2.5 times (40% of the weight span) stron-
ger than the the weakened ones. Comparatively, the poten-
tiated and depressed input weights have their means equal
to 98% and 19%, respectively, of the corresponding upper
bound (the difference corresponds to ∼80% of the weight
span).
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Fig. 13 Asymptotic weight matrices of the a input and b recurrent
connections. The network is the same as Fig. 10. Darker pixels indi-
cate potentiated weights. The indices of the neurons have been arranged
according to which group they belong to: group 1 specialized to input
pool 1̂ and group 2 to input pool 2̂. Note that the connectivity den-
sity is 50% for input connections and 30% for recurrent connections,
respectively. c, d Respective histograms for input and recurrent connec-
tions. Dark gray indicates connections that are predicted to be poten-
tiated, e.g. those coming from the first input pool to the first emerged
neuronal group, and within-group recurrent connections

The stabilization of individual weights takes less time for
input weights than for recurrent weights. As illustrated by
the black thin solid lines representing the trace of a particular
weight in Fig. 10b and c, the recurrent weight experiences
large moves even after the significant population trend is
established. However, recurrent weights remain either poten-
tiated or depressed compared to the mean weight within their
spread distribution, even though it is not clearly bimodal.
Specialization by competition for recurrent weights is weaker
compared to that for input weights, as indicated by the respec-
tive values of (W+ −W−)∗ε and (W+ −W−)∗ζ in Fig. 11b.
Another point is that the function ε is non-zero only for posi-
tive arguments, cf. Fig. 6, so delta-correlated inputs lead to a

systematic drive for input connections. In contrast, ζ is sym-
metrical, and the weight modifications induced by STDP are
contradictory in the sense that they involve both systematic
potentiation and depression due to the correlations between
pre- and post-synaptic spikes. Consequently, the learning
dynamics induces increased “stochastic noise” for recurrent
weights than input weights. This phenomenon weakens the
weight specialization and is stronger when using a relatively
fast learning rate (here η ∼ 10−4 Kmax and Jmax).

Denser recurrent connectivity tends to prevent the emer-
gence of two groups (Gilson et al. 2009b,c), while stron-
ger input correlation favors the splitting of weights: these
two phenomena compete with each other to determine the
weight specialization. For the example of two input pools
with ĉ = 0.1 (not shown here), the observed self-organiza-
tion was much weaker. Increasing weight dependence also
prevents the weights from splitting and simulations using
γ = 0.1 and ĉ = 0.25 (not shown here) did not exhibit signif-
icant weight specialization, but rather unimodal asymptotic
distributions around the corresponding equilibrium values
for the means for both the input and recurrent weights.

As mentioned earlier, similar results can also be obtained
without rate-based terms: win = wout = 0. With our STDP
model, however, this implies medium (or stronger) weight
dependence and almost balanced ratio between potentiation
and depression (W̃ ∼ 0) such that K ∗

av and J ∗
av are away from

the weight bounds, and (36) is satisfied too. Here, the use of
win and wout ensures suitable conditions for a broader range
of STDP parameters. Other choices for the scaling functions
f± can lead to both homeostatic equilibrium determined by
(19) and effective weight specialization (Meffin et al. 2006).
The emerging network structure may be jeopardized when
using too strong weight dependence for STDP that results in
a narrow unimodal weight distribution.

4.3 Retaining the weight structure with uncorrelated inputs

The previous section showed how a weight structure can
emerge depending on correlated stimulation. When the exter-
nal inputs have no spike-time correlations, a desirable effect
is to preserve a pre-existent structure that has been imposed
upon the network by a previous learning epoch. In a previous
companion paper, we showed that additive STDP does not
erase all information contained in recurrent connections that
are already organized (Gilson et al. 2009c, Sect. 4.2). Now
we examine this phenomenon with weight-dependent STDP
through two examples using numerical simulation.

First, our version of STDP did not split an initially uni-
modal distribution (even though the distributions became
more spread), both for the input and recurrent weights, as
illustrated in Fig. 14. Neurons did not specialize to one or
the other input pool despite using almost-additive STDP
(γ = 0.03), see Fig. 10b for a comparison. The recurrent
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Fig. 14 Evolution of the a firing rates, b input, and c recurrent plas-
tic weights due to almost-additive STDP (γ = 0.03). The simulated
network is the same as in Fig. 10 with N = 100 neurons that receive
excitation from two uncorrelated pools of M/2 = 50 inputs each, i.e.
ĉ1 = ĉ2 = 0. All initial weights were homogeneous. The respective
means (thick solid lines) stabilize close to the predicted values (dashed
lines) calculated in Sect. 4.1.1. The thin solid lines illustrate the time
courses of individual weights

weights became spread in a weaker manner than in Fig. 10c
and they did not exhibit any significant structure at the end of
the learning epoch. Within the stable distribution, individual
weights were constantly shuffled, as illustrated for the time
course of individual weights indicated by the black solid lines
in Fig. 14. The small discrepancies with respect to the theo-
retical predictions (black dashed lines) stem from autocorre-
lations and partial connectivity. A similar behavior has been
shown in previous studies for recurrently connected neurons
and stronger weight dependence (Morrison et al. 2007).

Second, we used a network configuration that is initially
already organized and reproduces the organization obtained
in Sect. 4.2, as sketched in Fig. 17b. In that simulation,
STDP caused the network to gradually “forget” the previ-
ously learned weight specialization for the input connections
(within 2000 s), but the recurrent connections almost imme-
diately became homogeneous (less than 200 s), as illustrated
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Fig. 15 Evolution of the structure among the a input and b recurrent
connections for the same network as Fig. 14, except for the initial con-
nectivity that is already organized similar to Fig. 17b. The plots are
similar to Fig. 12, and the mean for each weight subset is represented
in thick solid line

in Fig. 15. This is in contrast with our previous results using
additive STDP to train recurrent weights with fixed input
connections, for which some qualitative features of the initial
weight distributions were preserved throughout the learning
epoch (Gilson et al. 2009a,c). It seems that the corresponding
fixed-point manifold of dimension n J − N obtained for addi-
tive STDP is reduced to a point where all weights are equal
to the same value J ∗

av for weight-dependent STDP. Here, the
persistence of the initial organization is primarily determined
by the learning rate, but it is also affected by the strength of
the weight dependence.

4.4 Emergence of weight structure for inhomogeneous
firing rates

Finally, we evaluate the influence of inhomogeneous input
firing rates ¯̂ν1 and ¯̂ν2 upon the homeostatic equilibrium for
the network configuration in Fig. 1. The aim is to gain insight
into the resulting weight specialization; we do not consider
spike-time correlations in the following analysis, which is
similar to that in Sect. 4.1.1. Reformulating the fixed-point
equations for the mean weights (20a) and (20b) together with
the firing-rate consistency equation (16) by considering sep-
arately the mean weights K̄1 and K̄2 over each input pool,
we have
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0 � win ¯̂νx +
[
wout + g(K̄ ∗

x ) ¯̂νx

]
ν∗

av, (37a)

0 � win + wout + g(J ∗
av) ν∗

av, (37b)

ν∗
av � ν0 + nK

1 K̄ ∗
1

¯̂ν1 + nK
2 K̄ ∗

2
¯̂ν2

1 − n J
av J ∗

av
, (37c)

where x = 1, 2 is the index of the input pool and nK
1 and nK

2
are the numbers of input connections, assumed to be equal
to nK

av/2 although we keep the more general expression here.
In particular, (37a) for both K̄1 and K̄2 implies the following
equilibrium condition after eliminating ν∗

av:

[
g(K̄ ∗

1 ) − g(K̄ ∗
2 )
] ¯̂ν1

¯̂ν2 � wout
( ¯̂ν1 − ¯̂ν2

)
. (38)

For a monotonic decreasing function g such as that used
throughout this paper, (38) means that the condition wout < 0
will induce an equilibrium in which a higher input firing rate
¯̂νx is favored and leads to a larger value for K̄ ∗

x , in a simi-
lar way to K ∗

av (Gilson et al. 2009a). On the other hand, the
influence of the inhomogeneities in the input firing rates van-
ishes for wout = 0. Note that weight dependence is necessary
to obtain a solution for (38); otherwise (i.e., in the case of
additive STDP), the resulting dynamics is divergent depend-
ing on wout as described above. Further analysis is left to
subsequent papers. Figure 16 shows plots of the numerical
solution to (37a–37c) to illustrate the effect of the weight
dependence when varying ¯̂ν1, while ¯̂ν2 = 20 Hz. There, K̄ ∗

1
(solid line) is smaller than K̄ ∗

2 (dashed line) for ¯̂ν1 < ¯̂ν2 since
we have used wout < 0; the converse holds for ¯̂ν1 > ¯̂ν2. The
equilibrium value for the recurrent weights J ∗

av is not substan-
tially affected by the inhomogeneities in ¯̂νx . Medium weight
dependence (γ = 0.1) tends to move the equilibrium values
(gray curves) toward Kmax/2 and Jmax/2, respectively; it also
results in smaller discrepancies between K̄ ∗

1 and K̄ ∗
2 than for

γ = 0.03 (black curves), similar to the difference between
Figs. 9a and 8b. The resulting equilibrium values for the mean
neuronal firing rate ν∗

av (not shown here) increases with ¯̂ν1,
similar to Figs. 8c and 9b. When wout 
= 0, inhomogeneous
input firing rates can thus lead to input selectivity. However,
this does not generate structure among the recurrent weights
since neurons will all specialize in the same manner (Gilson
et al. 2009d): after all weights have equilibrated, all neurons
still receive the same overall homogeneous influx, in contrast
to the specialization to one of the two input pools obtained
with spike-time correlations.

5 Discussion

5.1 Spike-based versus rate-based learning

The results presented here have shown that STDP is capa-
ble of generating rich learning dynamics in recurrently
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Fig. 16 Comparison between weak (γ = 0.03, in black) and medium
(γ = 0.1, in gray) weight dependence for STDP upon the homeo-
static equilibrium for unbalanced input firing rates. The curves repre-
sent the equilibrium values as a function of the mean input firing rate¯̂ν1 taken between 1 and 100 Hz, while ¯̂ν2 = 20 Hz. Equilibrium val-
ues for the mean weights K̄ ∗

1 (solid line), K̄ ∗
2 (dashed line), and J ∗

av
(dashed-dotted line). We have used the same parameters as in Fig. 8
with nK

1 = nK
1 = M/2 = 50

connected networks, namely a mixture of partial stability
and competition between individual synaptic weights, which
can lead to robust neuronal specialization. These two com-
plementary behaviors rely on the separation of time scales
between rate effects and spike effects described in Sect. 2.3.
In particular, the spike-driven effects play a central role in
the emergence of a weight structure (Sect. 4.2).

The first dynamical ingredient of this weight specializa-
tion scheme relates to anti-Hebbian rate-based learning. A
stable homeostatic equilibrium can be obtained for a wide
range of learning parameters, when the recurrent connec-
tions are fixed (Gilson et al. 2009a), the input connections are
fixed (Gilson et al. 2009c,d), or both are plastic (the present
paper). By homeostatic equilibrium, we refer to the stability
of the mean incoming weight for each neuron, applied to the
two sets of input and recurrent connections (Sect. 4.1). The
introduction of the rate-based terms (win and wout) and/or
weight dependence allows the use of unbalanced STDP: the
function g defined in (18), which is the “mass” (i.e., aggre-
gate effect) of STDP, needs only be negative on a substantial
support according to (33), but is not necessarily tuned to be
close to zero; this implies that STDP induces more overall
depression than potentiation, hence its anti-Hebbian char-
acter. A necessary condition for the homeostatic stability in
(32) concerns the rate-based term win > 0, which means that
a sole pre-synaptic spike induces potentiation. The effect of
a sole post-synaptic spike may be positive or negative, the
choice −win < wout < 0 leading to higher neuronal firing
rates for stronger input stimulation. The influence of inho-
mogeneities in the input firing rates can be diminished by
choosing wout ∼ 0. Without rate-based terms, stability can
be obtained by choosing adequate functions f± to define the
weight dependence (Meffin et al. 2006).
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In our model, a specific issue concerns additive STDP:
when learning modifies both input and recurrent weights,
it is found that the two sets of weights diverge in opposite
directions, until one of the sets reaches a bound. This phe-
nomenon impairs any effective functional specialization in
the network. Other simulation results (not presented) using
different learning rates for the learning of input and recur-
rent connections did not solve this problem. For each neuron,
competition between all incoming weights (of both types) is
too strong for additive STDP, which potentiates one set of
weights at the expense of the other. Weight dependence is
then necessary to obtain stability via stable fixed points for
both sets.

The above-mentioned conditions on the learning param-
eters ensure the existence of a fixed point that is stable and
realizable, in the rate-based weight dynamics. These predic-
tions are in agreement with earlier analytical studies for sin-
gle neurons (Kempter et al. 1999; Gütig et al. 2003; Burkitt
et al. 2004; Meffin et al. 2006), as well as numerical studies
of integrate-and-fire neurons in feed-forward networks (Song
et al. 2000) and recurrent networks (Song and Abbott 2001;
Morrison et al. 2007). In particular, this prevents instability
that may lead to the weights becoming either all quiescent or
all saturated, as reported in numerical simulation, for exam-
ple, by Song and Abbott (2001). Through the homeostatic
equilibrium, we obtained synaptic scaling as a consequence
of STDP alone (Kempter et al. 1999; Burkitt et al. 2007).
The corresponding equilibrium values can be satisfactorily
predicted by our framework (Sect. 4.1, cf. Figs. 10 and 14).
The parameters win, wout, and W̃±, together with f± and the
weight bounds, can thus be chosen to tune the selectiveness
of the network neurons as well as obtain equilibrium firing
rates in a realistic range.

The second dynamical ingredient that drives the emer-
gence of the weight structure is specific to spike-based
learning. Neuron-to-input (resp. neuron-to-neuron) spike-
time correlations can enforce a diverging behavior on input
(recurrent) weights. Provided the homeostatic equilibrium
remains satisfied and conditions in (36) are satisfied, it is
not important how the homeostatic equilibrium is enforced
(i.e., through rate-based terms and/or weight dependence).
In order for the spike-based terms to become the leading
order in the learning equations, it is necessary for the input
spike-time correlations to be sufficiently strong. In the model
used here (Gütig et al. 2003), “clear” weight specializa-
tion, such as a bimodal asymptotic distribution, requires rel-
atively weak weight dependence (additive-like STDP). In
contrast, medium or strong weight dependence produces uni-
modal asymptotic weight distribution. The specialization of
recurrent connections requires, in addition, that the input
connections are already “organized” (in an inhomogeneous
manner), such that different network neurons do not all
receive the same stimulation from the external inputs (Gilson

et al. 2009d). Unbalanced input firing rates can lead to spe-
cialization of the weights via the rate-based homeostatic equi-
librium, but this trend is overridden by the effect of spike-time
correlations when the latter are sufficiently strong (Gilson
et al. 2009a,d). In other words, the input correlation structure
will dominate in determining the learning dynamics in the
case of “not too strong” inhomogeneities in the firing rates.
Further study is required to examine in more depth the case
of “significantly” unbalanced input firing rates, in particular,
the case where spike-time correlations and firing rates com-
pete to impose opposite specializations. When inputs have
no spike-time correlations, (even weakly) weight-dependent
STDP can preserve an initially unimodal weight distribution
(Sect. 4.3), as found in previous single neuron studies (van
Rossum and Turrigiano 2001; Gütig et al. 2003; Morrison
et al. 2007).

In our model, spike-time correlations correspond to coin-
cident spiking within correlated input pools (Sect. 2.4). As
an extension, any phenomenon corresponding to fast varia-
tions (order of milliseconds) of the firing probability for suffi-
ciently many inputs is likely to induce a correlation structure,
i.e., non-flat cross-correlogram Ĉ . Examples include spike
patterns (Masquelier et al. 2008), fast oscillations (Marinaro
et al. 2007; Dahmen et al. 2008), and spike trains with given
time-lag differences (Leibold et al. 2002); the subsequent
weight specialization may, however, be substantially modi-
fied from that in the present analysis.

Another issue concerns the extension of our results to
more elaborate and/or physiologically motivated forms of
STDP. Temporal restrictions of the pairwise interactions that
contribute to STDP (Sjöström et al. 2001) may change the
homeostatic equilibrium (Burkitt et al. 2004), but should not
impair the specialization related to spike-time correlations,
since the contributions then correspond to pairs of near spikes
for narrowly correlated spike trains. The introduction of spike
triplets or higher interactions (Pfister and Gerstner 2006) may
modulate the specialization scheme analyzed in Sect. 4. In
contrast, the model proposed by Appleby and Elliott (2006)
does not exhibit competition for pairs of spikes, but only
higher-order interactions; our analysis does not apply to this
learning rule. Likewise, more elaborate models of STDP
involving more flexibility in the induced weight dynamics
(Zou and Destexhe 2007; Graupner and Brunel 2007) should
exhibit similar network dynamics when operating in a regime
where they favor correlated pathways in a Hebbian fashion
(recall that only excitatory glutamatergic-like synapses were
considered in the present analysis).

5.2 Neuronal specialization leading to network structure

Our choice of pairwise STDP and the Poisson neuron model
allowed us to determine the neuron-to-neuron and neuron-to-
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input spike-time covariance structures in terms of the input-
to-input structure (Sect. 3.2). The covariance consistency
equations that we obtain allow us to determine the weight
evolution. Our choice of learning rate η (Appendix A) leads
to effective specialization in tens of minutes, which is persis-
tent provided the input stimulus does not change. Our con-
clusions about the emerged structure hold for various speeds
of learning, provided the input spike-time correlations have
a significant effect on the learning dynamics. This may break
down when the learning rate is increased, which induces
stronger noise in the weight dynamics (Meffin et al. 2006). In
terms of input specialization, STDP favors more correlated
inputs provided it induces Hebbian spike-based learning, i.e.,
spikes taking part in the output firing induce an increase of
the corresponding weight (Kempter et al. 1999; Gilson et al.
2009a). When a network is stimulated by two input pools with
balanced spike-time correlations, this can lead to symmetry
breaking with the emergence of two neuronal groups, each
specialized to only one of the two pools (Song and Abbott
2001; Gütig et al. 2003; Gilson et al. 2009b). However, the
evolution of plastic recurrent connections crucially depends
upon the choice of parameters (Gilson et al. 2009d), which
makes it possible to obtain more synchrony or decorrelation
for neuronal groups (Iglesias et al. 2005; Lubenov and Sia-
pas 2008; Câteau et al. 2008). More synchrony relates to the
strengthening of within-group recurrent connections (Gilson
et al. 2009d); in this case, STDP exhibits Hebbian spike-
based learning. For delta-correlated input pools (Sect. 2.4),
it requires STDP to induce stronger potentiation than depres-
sion for narrow spike-time correlations, as illustrated in
Fig. 11. Together with the condition (33) for the homeostatic
equilibrium, a suitable choice of W± involves a longer time
constant for depression but higher amplitude for potentiation,
in agreement with previous experimental results (Bi and Poo
1998). Under this condition, neuronal groups that receive
stronger correlated inputs take over in the recurrent network
(Song and Abbott 2001; Gilson et al. 2009d). Predominantly
dendritic recurrent delays also favor within-group strength-
ening: they allow neurons with narrowly synchronized activ-
ity to potentiate synapses connecting them (Sect. 4.2), in
agreement with previous studies (Senn 2002; Morrison et al.
2008). Inhomogeneous properties for the synapses would not
modify the global conclusions presented here relative to equi-
librium stability and specialization as they rely on qualitative
properties, viz. signs of (W+ −W−) ∗ ∈ and (W+ −W−)∗ζ

around the origin. As highlighted earlier, weight dependence
is necessary in our model of STDP to obtain a homeostatic
equilibrium in the learning dynamics. To obtain a dramatic
specialization such as splitting the distribution of afferent
weights, our results favor a form of (weight-dependent) addi-
tive-like STDP. In contrast, stronger weight dependence pro-
duces unimodal distributions, which may be useful in other
cases. Using different learning rates for input and recurrent

a b

Fig. 17 Self-organization scheme in a network stimulated by two cor-
related pools of external inputs. The diagrams represent the connectiv-
ity a before and b after learning. Both input and recurrent connections
are plastic. The initially homogeneous distribution of input weights
is split by STDP and becomes bimodal such that two neuron groups
emerge, each specialized to only one of the input pathways. The recur-
rent connections become structured such that within-group weights
are potentiated at the expense of between-group weights. In b, thick
solid arrows indicate potentiated weights and dashed arrows indicate
depressed weights

connections was not found to affect the emerging structure,
but only the speed of its development.

In summary, we observed the emergence of specialized
neuronal groups in an initially homogeneous recurrent net-
work stimulated by two balanced correlated input pools, as
illustrated in Fig. 17. We only assumed spike-time corre-
lations between spike trains that belong to the same input
pathway, but none otherwise. Our model of STDP alone gen-
erates the required dynamical ingredients to represent both
input pathways in the weight structure (Sect. 4). In partic-
ular, no particular pre-existing connectivity topology and/or
additional mechanisms is required to obtain the emergence
of neuronal groups sensitive to one input pathway. Moreover,
the resulting learning dynamics appears sufficiently robust to
withstand to some extent (and it may even benefit from) the
addition of refinements toward more physiologically real-
istic models that have been used, for example, in model-
ing the visual cortex (Malsburg 1973; Swindale 1996; Elliott
and Shadbolt 1999; Goodhill 2007). The dynamical proper-
ties exhibited by STDP here may prove to be useful in such
more elaborate models. In biology, other mechanisms such
as structural plasticity that creates and eliminates synapses
(Alvarez and Sabatini 2007; Butz et al. 2009; Holtmaat and
Svoboda 2009) also occur in parallel to the waxing and wan-
ing of existing synapses, which interplays with the organiza-
tion scheme presented here. The present analysis of learning
dynamics may also have some bearing upon other plasticity
rules adapted to bursty spike trains with a temporal learning
window on the longer time scale (Butts et al. 2007). Such
an organization scheme for ocular dominance in the primary
visual cortex can be related to spontaneous retinal waves
(Wong 1999; Butts et al. 2007), which implies a correlation
input structure for some timescale (Gjorgjieva et al. 2009).
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Our results may also be relevant for other systems with feed-
back connections using STDP, such as memory in the hippo-
campus (Neves et al. 2008).

5.3 Future directions

A systematic exploration using numerical simulation of the
parameters associated with the PSP kernel, synaptic delays,
and STDP temporal window is needed to verify the predic-
tions in more depth, as well as the respective influence of the
input firing rates and correlations. Other spiking neuron mod-
els, such as the integrate-and-fire neuron, may also modulate
the present conclusions. Another analytical direction lies in
considering longer time constants for the recurrent delays and
the PSP kernel ε, in order to better understand the interplay
between them and the STDP window function W±, beyond
the approximations detailed in Sect. 3.2.

It is not yet clear how rich a specialization STDP can
generate upon synaptic weights within neuronal networks,
especially when recurrent connections are involved or for
heterogeneous synapses (e.g., for thalamocortical and intra-
cortical pathways). More analytical progress is necessary in
order to gain a better understanding of the unsupervised com-
putational learning scheme performed by STDP. The main
players involved in such information processing are the neu-
ronal and synaptic mechanisms, structure of the stimulat-
ing inputs, network connectivity, and learning parameters. A
global framework that incorporates numerous types of stim-
ulating input structures (Delorme et al. 2001; Fusi 2002; Lei-
bold et al. 2002; Dahmen et al. 2008; Masquelier et al. 2008)
would be of great interest to gain a better understanding of
the functional versatility assumed for generic cortical micro-
circuits. The present study also deliberately made minimal
assumptions on the input correlation structure and network
topology. The extent to which STDP generates and/or uses
specific connectivity topology is still largely unknown. In
this sense, the study of the learning dynamics in neuronal
networks aims to link physiological modeling to machine
learning.

Finally, the present series of papers, together with previ-
ous work (Gerstner et al. 1996; Kempter et al. 1999; Gütig
et al. 2003), has shown that pairwise spike-time correlations
are crucial for learning dynamics induced by a broad class of
STDP models. This highlights the importance of spike-tim-
ing effects in neuronal information processing, and the learn-
ing window function determines the time scale at which they
should be evaluated (Gerstner et al. 1993, 1996). Such group
spiking properties (e.g., coincident firing) require sufficiently
many neurons to be involved in order to have a significant
effect on the learning dynamics. On a more general level,
this relates to computation in a distributed fashion. Theo-
retical studies of spike-time correlations have just started to
uncover their effect upon neuronal firing dynamics (Burkitt

2006; Moreno-Bote et al. 2008), but their role, a fortiori in
vivo, is still largely unknown (Kriener et al. 2008; Renart
et al. 2010). A better understanding of the interplay between
spiking activity and synaptic plasticity in neuronal networks
may contribute to this debate.

6 Erratum

In the first companion paper of this series (Gilson et al.
2009a), signs < and > were inverted between (ii) and (iii) at
the top of the right column in page 9; they should read:

(ii) W̃ < 0 and wout > 0: stable for ν̂av> − wout/W̃ ;
(iii) W̃ > 0 and wout < 0: stable for ν̂av< − wout/W̃ ;

Acknowledgments The authors are greatly indebted to Chris
Trengove, Sean Byrnes, Hamish Meffin, Michael Eager, and Paul
Friedel for their constructive comments. They are also grateful to Iven
Mareels, Konstantin Borovkov, Dragan Nesic, and Barry Hughes for
earlier discussions. The authors are thankful to the Reviewers of the
series of papers who contributed to improve the manuscripts. MG is
funded by scholarships from the University of Melbourne and NICTA.
MG also benefited from an enjoyable stay at the Physik Department
(T35) of the Technische Universität München. LvH gratefully acknowl-
edges a most enjoyable stay at the Department of Electrical and Elec-
tronic Engineering at the University of Melbourne. LvH is partially
supported by the BCCN-Munich. Funding is acknowledged from the
Australian Research Council (ARC Discovery Project #DP0771815).
The Bionic Ear Institute acknowledges the support it receives from the
Victorian Government through its Operational Infrastructure Support
Program.

Appendix A: Simulation parameters

To illustrate our theoretical predictions, we simulated a net-
work of N = 100 Poisson neurons that received excitation
from two pools of M/2 = 50 external inputs; see Fig. 17a.
Both the input and recurrent connectivity were partial and
generated by randomly assigning connections with probabil-
ity 30%. The timestep used was 10−4 s and weights in the
plots were recorded every 200 s. The neuronal and learning
parameters in Table 1 were used unless stated otherwise. The
STDP window functions W± is defined by

W+(u) = cP
|u|
τP

exp

(

−|u|
τP

)

for u < 0,

(39)

W−(u) = −cD
|u|
τP

exp

(

−|u|
τD

)

for u > 0,

with the constants cP , τP , cD , and τD in Table 1 chosen to
obtain a profile similar to that for additive STDP used in
the previous companion papers of the series (Gilson et al.
2009a,b,c,d).
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Table 1 Table of simulation parameters

Time step 10−4 s

Simulation duration 104 s

Input Poisson spike trains

Firing rates ν̂av = 20 Hz

Correlation level ĉ = 0 − 0.25

Poisson neurons

Instantaneous firing rate ν0 = 5 Hz

Synapses

Rise time constant τA = 1 ms

Decay time constant τB = 5 ms

Axonal input delays d̂ax = 1 ± 1 ms

Dendritic input delays d̂den = 4 ms

Axonal recurrent delays dax = 1 ± 1 ms

Dendritic recurrent delays dden = 4 ms

STDP

Learning parameter η = 5 × 10−6

Pre-synaptic rate-based coefficients win = 4

Post-synaptic rate-based coefficients wout = −0.5

Potentiation time constant τP = 8.5 ms

Potentiation scaling coefficient cP = 30

Depression time constant τD = 17 ms

Depression scaling coefficient cD = 20

Strength of weight dependence γ = 0-0.1

Maximal input weight Kmax = 0.06

Maximal recurrent weight Jmax = 0.02

The PSP kernel ε is defined by

ε(t) =
{

exp(−t/τB )−exp(−t/τA)
τB−τA

for t ≥ 0
0 for t < 0

. (40)

These parameters are in the same range as those used in pre-
vious studies (Kempter et al. 1999; Burkitt et al. 2007).
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