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Abstract. Real-world networks in physics, biology and technol-
ogy often exhibit dynamics that cannot be adequately reproduced
using network models given by smooth dynamical systems and a
fixed network topology. Asynchronous networks give a theoreti-
cal and conceptual framework for the study of network dynam-
ics where nodes can evolve independently of one another, be con-
strained, stop, and later restart, and where the interaction between
different components of the network may depend on time, state,
and stochastic effects. This framework is sufficiently general to en-
compass a wide range of applications ranging from engineering to
neuroscience. Typically, dynamics is piecewise smooth and there
are relationships with Filippov systems. We make the notion of a
functional asynchronous network rigorous, discuss the phenomenon
of dynamical locks, and present a theorem about the spatiotempo-
ral factorization of the dynamics for a class of deadlock free func-
tional asynchronous networks of feedforward type. We conclude
with some examples and applications related to asynchronous net-
works with a stochastic connection structure.
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1. Introduction

Recent decades have seen an ever increasing interest in network dy-
namics with applications ranging from from biology and neuroscience
to engineering ([98, 2, 34, 91, 101] are some characteristic works from
a vast literature on network dynamics and applications). Since Ku-
ramoto’s celebrated work on oscillator synchronization [72, 73], much
of the mathematical effort has been directed towards questions related
to synchronization in networks, especially in coupled phase oscillator
systems of the type originally investigated by Kuramoto. More re-
cently, Golubitsky, Stewart et al. have developed a formal framework
for the study of (exact) synchronization and bifurcation in coupled cell
networks : typically networks of identical cells that do not have all-to-
all coupling [51, 52, 53] and which are modelled by a single system of
analytic (or smooth) differential equations. Although it is not yet clear
that this approach is useful in the study of large (heterogeneous) and,
in particular, distributed networks, there have been significant applica-
tions to small networks such as models for bipedal gaits [50, 85], where
symmetry plays a major role (some form of symmetry appears to be
important in the structure and bifurcation theory of general identical
coupled cell networks [92, 93, 83]). In a related direction, there is the
concept of a network motif developed by Alon and Kastan [67, 10].
Their work identifies certain small network configurations that occur
frequently in (large) biological networks (for example, the feed-forward
motif [10, Chapter 4, §3]).
The identification and description of relatively simple and small dy-

namical units, such as non-linear oscillators or motifs, suggests a modu-
lar approach to dynamics: identify building blocks, connect together to
form networks and then describe dynamical properties of the resulting
network in terms of the dynamics of its components:

“Ideally, we would like to understand the dynamics of
the entire network based on the dynamics of the indi-
vidual building blocks.” Alon [10, page 27]

Unfortunately, a reductionist approach of this type has a limited range
of application to classical models of network dynamics where networks
are modelled by a single system of analytic differential equations (we
discuss some of the issues in more detail in the next section).
Furthermore, many networks of interacting dynamical systems that

are of interest in contemporary science and engineering do not fit nat-
urally into the classical model. For example, connectivity may vary,
there may be switching between dynamical equations, thresholds, hy-
brid dynamics (a mix of continuous and discrete or spiking dynamics),
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and individual nodes may stop and later restart (solutions are strongly
non-analytic). At a deeper level, changes in network evolution may
be caused by ‘events’, nodes may evolve independently of each other
for periods of time (local autonomy), there may be no intrinsic (global)
time and, in practice, the network may also have a function – for exam-
ple, getting from a set of initial states to a set of prescribed final states
in finite time. Successful running of the network may require adapta-
tion, (distributed) control and the avoidance of dynamical deadlocks
(situations where the dynamics is permanently stalled and the final
state cannot be reached). As compensation for the loss of analyticity
in the network, we believe that it is only by dropping the rigid struc-
ture of a fixed network of analytic equations that we can effectively
employ reductionist methods to networks not consisting of identical
nodes. Our main result will be to identify a large class of networks
of non-classical type which are modular and to which we can apply a
classical reductionist approach to the analysis of network dynamics.
We aim in this work to formalize an abstraction for networks that

takes account of issues such as time and state dependent network topol-
ogy, piecewise smooth dynamics (and failure of analyticity), local times
(no global network clock), event driven dynamics, limits on intern-
ode communication, and statistical effects. We refer to these types of
non-classical networks as asynchronous and, when appropriate, event
driven, and classical networks modelled by a single system of differen-
tial equations as synchronous1.
An underlying theme and guide for much of what we say is that

of efficiency and cost in large distributed networks. It is worth citing
the guidelines for scalability in large distributed networks given by
Tannenbaum & van Steen [100, page 11]:

• No machine has complete information about the (overall) system
state.
• Machines make decisions based only on local information.
• Failure of one machine does not ruin the algorithm.
• There is no implicit assumption of global time.

It is expensive and often difficult to run a large distributed network
synchronously (total central control). By way of illustration, we refer

1We caution the reader that our usage of ‘asynchronous’ and ‘synchronous’ comes
from computer science rather than mathematics. Indeed, the term asynchronous
is often used by mathematicians to refer to network dynamics that is not, in some
sense, synchronized or synchronous [36]. The term asynchronous has also been
widely used in the context of random Boolean networks [56, 8, 30], and artificial
neural networks [16] and while there are some connections with our work, our
perspective is quite different.



ASYNCHRONOUS NETWORKS 5

to [54, Chapter 1] for a discussion of the issues involved in maintaining
a classical power grid network and to [79, 87] for some of the mathemat-
ical issues involved in the design of ‘smart grids’ where control is par-
tially distributed. From a modelling perspective, it is unrealistic in very
large networks (for example, neural networks) to assume network nodes
continuously communicate complete information about their states to
all other nodes to which they are connected or to a central controller.
Such communication would be both inefficient and wasteful of energy.
Usually communication channels, when open, will be low dimensional
(but not too low), even if the nodes they connect have high dimen-
sional state spaces and complex dynamics, and there will be a mix of
local and centralized control. Issues of this type arise, for example, in
the use of decentralized search algorithms in large networks [69], and
the use of decentralized algorithms for collision avoidance in aircraft
control [96] or in computation [68]. As the authors point out in [70,
§1], ‘centralized scheduling requires accurate, centralized information
about the state of the whole system’.
In general terms, networks dynamics, in either technology or biology,

is likely to involve a complex mix of synchronous and asynchronous
components. In particular, timing (clocks, whether local or global)
may be used to trigger the onset of events or processes rather than as
part of a mechanism for centralized control. Evolution is opportunistic
– whatever works well will be adopted (and adapted) whether syn-
chronous or asynchronous in character. In specific cases, especially in
biology, it may be a matter of debate as to which viewpoint – synchro-
nous or asynchronous – is the most appropriate. The models we present
include synchronous modules coupled together asynchronously – a glob-
ally asynchronous, locally synchronous architecture (GALS [88]) – but
our framework is sufficiently flexible to allow for a wide mix of syn-
chronous and asynchronous structure at the global or local level.
Mathematically speaking, much of what we say has significant over-

lap with other areas and past work. We cite in particular, the general
area of nonsmooth dynamics, Filippov systems and hybrid systems (for
example, [44, 12, 81, 22]) and time dependent network structures (for
example [19, 77, 55, 63]). While the theory of nonsmooth dynamics fo-
cuses on problems in control, impact, and engineering problems, rather
than networks, there is significant past work studying bifurcation (for
example [74, 21]) which is likely to apply to parts of the theory we de-
scribe. At the same time, much of the work on time dependent network
topologies has been on discrete time systems.
Other approaches are possible and have been extensively used. In

particular, the use of time or ensemble averages to reduce a non-smooth
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system to a classical system of differential equations or maps (see [28]
for a characteristic averaging approach to Spike-Timing Dependent
Plasticity – STDP). The drawback of averaging is that it usually as-
sumes a large complex system and potentially washes out the (often
hidden) structural features that are essential for the efficient and ef-
fective operation of the system. This is a significant problem with any
biological or technological system that is in a highly evolved form. For
example, the mechanism of STDP likely originally involved small sets
of neurons and later evolved into a much more complex system tak-
ing account of multiple factors to fine tune performance. The internal
combustion engine of a car in 1950 was usually a relatively simple de-
vice which was synchronized through mechanical means. A modern
internal combustion engine is structurally complex and employs a mix
of synchronous and asynchronous systems controlled by multiple com-
puter processors, sensors and complex computer code. One aspect of
the methods we develop is their potential to work at a level where it is
possible to detect key structural features that are often hidden by sub-
sequent system evolution and refinement. The approach and method-
ology is suggestive of ways to unravel the dynamics of networks that
were originally built from relatively simple subnetworks and coupled
together in an asynchronous fashion before evolutionary specialization
and optimization led to blurring of the underlying structures.
Our intention is to provide an introduction to the theory of asyn-

chronous networks and consequently our presentation is selective. In
particular, we do not give general models for non-autonomous asyn-
chronous networks (these involve local clocks – and were the original
motivation for this work) and we limit discussion of the (crucial) sto-
chastic aspects to examples or remarks (for all these matters, and more,
we refer to a more extended exposition in [42] that is in preparation).
Our aim here is to illustrate some of the main ideas, many of which
come from engineering and may not be familiar to all mathematicians
and physicists, and make a serious attempt to develop an appropriate
framework for the study and description of the dynamics on the type of
networks encountered in contemporary science and technology. Finally,
we hope to stimulate critical thought and discussion on these matters
both within and outside the mathematics community.
In more detail, in section 2 we discuss classical (or synchronous)

networks and indicate limitations of this class of networks, and of the
reductionist approach, in applications to real networks. In section 3
we give several instructional examples of asynchronous networks. We
conclude the section with a description of one general tractable class
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of asynchronous networks of feedforward type that we return to in sec-
tions 7–9. In section 4, we develop a formal mathematical model for
deterministic asynchronous networks and introduce the critical concept
of an event map. We develop the theory further in section 5 where we
discuss products and amalgamations of asynchronous networks. Sec-
tion 6 is devoted to the development of a very simple example: two
trains on a passing loop. We consider various issues that arise such
as stopping, local times, coupled dynamics and initialization and ter-
mination events. We also sketch the relation of the basic model to
Filippov systems [44, 22]. In section 7, we give a careful definition of a
functional asynchronous network and indicate one obstruction to ful-
filling network function: dynamical deadlocks. In section 8, we develop
foundational mathematical theory for regular functional asynchronous
networks. We apply the results of section 8 in section 9 where we prove
the main result of the paper: The Factorization of Dynamics Theorem
(theorem 9.10). This result gives conditions for the computability and
analysis of network function in terms of constituent subnetworks and
allows the use of reductive methods in the study of a class of functional
asynchronous networks of feedforward type. In section 10, we briefly
describe examples of asynchronous networks where there is a stochastic
connection structure and indicate some of the rich and novel dynamics
that can occur in such networks. We conclude with comments about
outstanding problems and the potential for bifurcation theory on asyn-
chronous networks.

2. Synchronous networks

2.1. Generalities on networks. We start by establishing a few mostly
standard notational conventions used throughout. Let N denote the
natural numbers (the strictly positive integers), Z+ denote the set
of positive integers (including zero), R+ = {x ∈ R | x ≥ 0}, and R(>
0) = {x ∈ R+ | x 6= 0}. Given n ∈ N, define n = {1, . . . , n}. Let
n• = {0, 1, . . . , n} and, more generally, for A ⊂ N define A• = A∪{0}.
Many dynamical systems from engineering, physics, biology, com-

puter science, etc, can be be regarded as networks of interacting dy-
namical systems. In a (large) system, variables can often be naturally
grouped together to define nodes (or subsystems) of the main system2.
We need to establish our conventions on network notation; these we

follow throughout this work.
We associate a graph structure with the network that encodes the

interactions between nodes: a directed connection from node V to node

2Possibly in more than one way – see remark 3.5.
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W , denoted V → W , signifies that the dynamical evolution of W
depends nontrivially on the state of V (we explain what we mean by
nontrivial dependence below).
Suppose that the network N has k nodes, N1, . . . , Nk, and that dy-

namics on N is given by a system of ordinary differential equations.
We denote the state or phase space for Ni byMi

3 and set M =
∏

i∈kMi

– the network phase space. We denote the state of node Ni by xi ∈Mi

and the network state by X = (x1, . . . ,xk) ∈M.
Dynamics on N will be given by a system of ordinary differential

equations of the form

(1) x′
i = fi(xi;xj1 , . . . ,xjei

), i ∈ k,

such that the following conditions are satisfied.

(N1) For all i ∈ k, j1 < . . . < jei are distinct elements of kr {i} (and
so ei < k).

Set J(i) = {j1, . . . , jei} ⊂ k, i ∈ k (J(i) may be empty).

(N2) For each i ∈ k, the evolution of Ni depends nontrivially on the
state of Nj, j ∈ J(i), in the sense that there exists a choice of xi ∈Mi

and xjs ∈ Mjs , js ∈ J(i) r {j}, such that fi(xi;xj1 , . . . ,xjei
) is not

constant as a function of xj.

(N3) The notation implies that the evolution of Ni depends nontriv-
ially on the state of Ni (unless fi does not depend on xi when we write
fi(xj1 , . . . ,xjei

)). If J(i) 6= ∅, then our convention on nontrivial depen-
dence is that of (N2). Else, if J(i) = ∅, then the dependence of fi on xi

is nontrivial if and only if fi is not identically zero. If the dependence
is nontrivial we write fi(xi), else fi ≡ 0.

Remarks 2.1. (1) Our conventions are quite different from general for-
malisms involving multiple connection (edge) types (for example, see
[53, 7] for continuous dynamics and [4] for discrete dynamics). We em-
phasize that we allow at most one connection between distinct nodes
of the network graph: connections encode dependence. We do not use
self-loops – there are no connections Ni → Ni. Later, in section 4, we
give a convention to distinguish nodes of the graph whose evolution
does not depend on their internal state.

3We assume the phase space for each node is a connected differential manifold –
usually a domain in Rn or the n-torus, Tn.
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(2) Given network equations (1) which do not necessarily satisfy (N1–
3), we can first redefine the fi so as to satisfy (N1). Next we remove
trivial dependencies so as to satisfy (N2). Finally, we check for the
dependence on internal state and modify the fi as necessary to achieve
(N3). If fi ≡ 0, we can remove the node from the network. Conse-
quently, it is no loss of generality to always assume that (N1–3) are
satisfied, with fi 6≡ 0. A consequence is that any network vector field
f = (f1, . . . , fk) : M→ TM can be uniquely written in the form (1) so
as to satisfy (N1–3).

We always assume that network vector fields are at least C1 (usually
C∞ or real analytic) guaranteeing existence and uniqueness of solutions
to (1).
Systems of differential equations like (1) can be used to model general

networks of interacting systems modelled by differential equations.
In many cases of interest, we may assume an additive input struc-

ture [40] and decompose the components fi of f as

(2) fi(xi;xj1 , . . . ,xjei
) = Fi(xi) +

ei∑

s=1

Fijs(xjs ,xi), i ∈ k.

Additive input structure implies that there are no interactions between
inputs Nj, Nk → Ni, as long as j, k 6= i, j 6= k, and allows us to add
and subtract inputs and nodes in a consistent way. We may think of
x′
i = Fi(xi) as defining the intrinsic dynamics of the node (but note

that coupling terms may depend on xi).

Remarks 2.2. (1) If we identify a null or zero state z⋆j for each node Nj,

then the decomposition (2) will be unique if we require Fij(z
⋆
j ,xi) ≡ 04.

If a node is in the null state then we assume it has no output to other
nodes – effectively, it is invisible to the rest of the network. If we have
an additive structure on the phase spaces Mi (for example, each Mi is
a domain in Rn or an n-torus Tn) it is natural to take z⋆i = 0.
(2) Suppose M is a manifold with additive (Abelian) group structure
and Mi =M , all i ∈ k. If Fijs(xjs ,xi) = Gijs(xjs −xi), all i, s ∈ k, the
coupling is diffusive. For general phase spaces, we may define diffusive
coupling using the scalar signalling model of [4, 2.5].

4In the case of identical phase spaces, we suppose inputs are asymmetric – Fij 6=
Fiℓ, if j 6= ℓ. For symmetric inputs we require that the corresponding coupling
functions are equal. See [53, 5] for background on symmetric inputs.
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2.2. Example: N-body problem of classical mechanics. We iden-
tify N nodes P1, . . . , PN . The variable Xj = (xj,vj) ∈ R3 × R3 asso-
ciated with Pj will denote the position and velocity of the body cor-
responding to Pj. The coupling between nodes will be all-to-all and
reflects the gravitational interactions given by Newton’s laws. Net-
work differential equations are analytic and may be written uniquely
in additive form as

x′
i = vi

v′
i =

∑

j 6=i

Gij(xi − xj), i ∈ N,

where Gij gives the gravitational interaction between Pi and Pj and the
coupling terms Gij are defined and analytic except when Pi, Pj have
the same position.
Here a network based reductionist approach has little to offer – even

if all the bodies have the same mass. Indeed, the 1-body problem has
trivial dynamics: motion in a straight line at constant velocity. In
the multi-body problem, the dynamics of the N bodies bears little or
no relationship to the trivial dynamics of a single body; network and
reductionist approaches to dynamics fail.

2.3. Kuramoto’s model: phase oscillator dynamics. Huygens
initiated the subject of coupled oscillators in 1665 when he observed the
phenomenon of synchronization in coupled pendulum clocks (see [20,
86, 99, 3] for history and contemporary work). Since then there has
been continuing strong interest in the global synchronization of a set
of coupled pendula or coupled oscillators. Arising out of a study on
chemical oscillations, Kuramoto [73] showed that the dynamics of k
weakly coupled approximately identical non-linear oscillators could be
reduced via averaging to that of a system of k phase oscillators with
dynamics given by

(3) θ′i = ωi +
1

N

k∑

j=1,i 6=j

Hij(θj − θi), i ∈ k.

The phase variable θi ∈ T = R/Z, and the functions Hij are 1-periodic
(we refer to Strogatz’ review [98] for more detail and historical back-
ground). Just as for the N -body problem, we have additive input
structure, diffusive coupling, and the equations are analytic.
Following the work of Sakaguchi & Kuramoto [95], and Ashwin &

Swift [15], a much studied case has assumed identical couplingHij = H,
i, j ∈ k with H(θ) a trigonometric polynomial

∑
bn sin(2π(nθ + α))

and identical frequencies ωi = ω, i ∈ N. In this situation, the phase
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oscillator system is equivariant under the natural action of the sym-
metric group Sk and there are many dynamically invariant subspaces:
If X1, . . . , Xr are proper disjoint subsets of k, with |Xi| ≥ 2, i ∈ r, then
the subspace VX1,...,Xr

defined by θi = θj if i, j ∈ Xℓ, for some ℓ ∈ r, is
an invariant subspace for the flow of (3).
A single uncoupled phase oscillator is modelled by θ′ = ω and has

frequency ω. If the coupled oscillators have common frequency ω
and Hij(0) = 0, all i, j, then we have a fully synchronized solution
θi = θ0 + ωt, i ∈ k, to (3). This approach works particularly well if H
is a trigonometric polynomial with H(0) = 0 and for all i, j ∈ k either
Hij = H or Hij ≡ 0. In this case, it is often possible to find stability
criteria for the fully synchronized solution, criteria for stable groups of
synchronized solutions, bifurcations from the fully synchronized solu-
tion, etc. Using mean field techniques, much has also been done on the
case where frequencies are approximately identical [98]. However, ana-
lytic and reductive methods are largely restricted to the synchronized
case. Without some hypothesis about existing synchronization (and
the coupling), it is difficult to say much about the dynamics of (3). For
example, even small networks with nonsinusoidal coupling can give rise
to complicated dynamics [25]. This is, in part, a consequence of the an-
alyticity and the strongly connected character of the network. Working
against the use of reductive techniques is that the analytic character of
the equations means that changes in the state of any individual node
affects the states of all other nodes: it is not usually possible to ‘decou-
ple’ the nodes. Moreover, it has been argued that in many neuroscience
applications, the case when the network is fully synchronized is not use-
ful for information processing and is more indicative of pathology than
function (for example, Izhekivich [64, §5.1]).

2.4. Synchronous networks. Systems of ordinary differential equa-
tions (ODEs) such as (1,3) give mathematical models for what we call
synchronous networks. By synchronous we mean that all nodes are
synchronized to a global clock – the terminology comes from computer
science. Indeed, if we assume that each node comes with a local clock,
then all the clocks can be set to the same time provided that the net-
work is connected (we ignore the issue of delays, but see [75]). For
networks where dynamics is governed by a system of ODEs, synchro-
nization of these clocks is essentially forced by the model and the con-
nectivity of the graph defined by nodes and connections; nodes cannot
evolve independently of one another unless the network consists of two
disjoint components.
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The motivating principle underlying much of the study of network
dynamics is that of reductionism: the idea that one can infer properties
about dynamics of the complete network in terms of dynamics of the
individual nodes. The reductionist approach can work well for linear
systems but is less clear for synchronous networks governed by a system
of non-linear analytic equations. As we have already indicated, it is
not helpful at all in the study of the N -body problem. For networks of
identical, or approximately identical nodes, the reductionist approach
is useful for the study of synchronized behaviour.
Part of the problem that is faced in the analysis of large synchronous

networks relates to the curse of analyticity : if we assume analytic equa-
tions, then it is only under special conditions, such as the assumption
of (approximately) identical nodes and coupling, that dynamics decou-
ples within the network to reflect dynamics of individual nodes. Yet
reductive methods seem to offer our main hope to understand the de-
tailed structure of dynamics in complex systems (but see [11] for what
one can lose by a too strict adoption of a reductionism – obviously, in
the global dynamics we want to see more than just the dynamics of in-
dividual nodes). Abandoning the hypothesis of analyticity means that
we are forced to move away from the standard methods of bifurcation
theory for smooth dynamical systems. This, of course, is well (and
long) understood by those working in control and piecewise smooth
systems [44, 81, 74].
Before we describe what we mean by an asynchronous network, we

list characteristic features of synchronous networks5 modelled by ana-
lytic equations.

Global clock: Nodes all run on the same clock (use the same
time).

Global evolution: If we perturb the state of any node, we expect
(generically) an immediate effect on the evolution of the states
of all the other nodes: nodes never evolve independently of
each other.

Stopped nodes: If a node (or subset of node variables) is at equi-
librium or “stopped” for a period of time, it will remain stopped
for all future time. If a node has a non-zero initialization, it will
never stop (in finite time).

Fixed connection structure: The connection structure of a syn-
chronous network is fixed: it does not vary in time and is not
dependent on node states. A consequence is that one system
of ODEs suffices to model the network dynamics.

5We assume continuous dynamics; similar comments hold for discrete dynamics.
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Reversibility: Solutions are uniquely defined in backward time.

Remarks 2.3. (1) From the Newtonian perspective of 19th century
mathematical physics, the properties we list above are quite unremark-
able. Indeed, they are exactly what one would expect of an analytic
system of differential equations such as the those used to model the
N -body problem. However, from the perspective of the 21st century,
biology and modern technology, these properties are quite remarkable:
they rarely hold.
(2) We caution that the assumption of a global clock means that
‘events’ in the network – which might include changes in the connec-
tion structure – are governed by the global clock rather than by local
variables or stochastically. Many networks may have both synchronous
and asynchronous features and so it is not always possible to designate
a network as either synchronous or asynchronous (but not both).

3. Asynchronous networks: examples

In this section we identify some of the features that we incorporate
into our model of asynchronous networks and look at a number of char-
acteristic examples. We call these networks asynchronous, partly to
emphasize the analogy to asynchronous computation in computer sci-
ence [60]. In general terms, the theory and formalism of asynchronous
networks are designed to incorporate commonly observed dynamical
events such as stopping and restarting of nodes, and connection, dis-
connection, and synchronization events (and more, see [42]). It is a
consequence of the definition that dynamics on asynchronous networks
will only be piecewise smooth as loss of smoothness is forced by varia-
tion in connection structure as well as the occurrence of stopping and
starting events.

Example 3.1 (Threaded and parallel computation). Threaded or par-
allelized computer programs provide examples of asynchronous pro-
cesses from computation. Computation based on a single processor
proceeds synchronously and sequentially. The speed of the computa-
tion is directly dependent on the clock speed of the processor: the
processor clock synchronizes the various steps in the computation. In
threaded or parallel computation, computation is broken into blocks or
‘threads’ which are then computed independently of each other at a rate
that is partly dependent on the clock rates of the processors involved
in the computation (these need not be identical). At certain points
in the computation, threads need to exchange information with other
threads. This process involves stopping and synchronizing (updating)
the thread states. Thus, a thread may have to stop and wait for other
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threads to complete their computations and update data before it can
continue with its own computation.
Threaded computation has a strong non-deterministic flavour – in

practice, the running times of each thread yield a stochastic process
and differ from run to run. Nevertheless, if the code is correct, then
each time the program is run, the computed result will be the same.
Each thread will have its own clock (determined by the processor it

belongs to) but threads will be unaware of the times other threads are
running on – except during the stopping and synchronization events
(these can be managed synchronously – central control – or asyn-
chronously – local control).
This example shows many characteristic features of an asynchronous

network: nodes (threads) evolving independently of each other, stop-
ping, synchronization and restarting events. As well the network has
a function – transforming a set of initial data into a set of final data
in finite time. Here there is the possibility of incorrect code that can
lead to inconsistent results (errors) or a process that stops before the
desired outcome is achieved (a deadlock). ♦

Example 3.2 (Thresholds, spiking networks and adaptation). Many
mathematical models from engineering and biology incorporate thresh-
olds. For networks, when a node attains a threshold, there are often
changes (addition, deletion, weights) in connections to another nodes.
For networks of neurons, reaching a threshold can result in a neuron
firing (spiking) and short term connections to other neurons (for trans-
mission of the spike). For learning mechanisms, such as Spike-Timing
Dependent Plasticity (STDP) [46] relative timings (the order of firing)
are crucial [47, 29, 82] and so each neuron, or connection between a
pair of neurons, comes with an implicit local clock that governs the
adaptation in STDP. In general, networks with thresholds, spiking and
adaptation provide characteristic examples of asynchronous networks
where dynamics is piecewise smooth and hybrid – a mix of continuous
and discrete dynamics. Spiking networks also highlight the importance
of efficient communication in large networks: spiking induced connec-
tions between neurons are brief and low cost; memory is important for
local timings; there is no oscillator clock governing all computations
along the lines of a single processor computer. We develop asynchro-
nous aspects of this class of examples further in [42]. ♦

Example 3.3 (Power grids). Power grids are undergoing a major
transformation as traditional centralized power production is replaced
by smaller, distributed energy sources. In order to understand the dy-
namics of large scale power networks, new models have been proposed
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and studied where nodes are either generators or loads [45, 35, 34, 94].
In the simplest models, loads are motors and the system near equilib-
rium. The state of node j may be given by a phase θj ∈ T, associated
with a rotor angle, and a parameter Pj which determines whether the
node is a generator, Pj > 0, or a load, Pj < 0. Neglecting power loss
along the line, the transmitted power between two nodes depends on
the phase difference between rotors (see [71, Chapter 6] for details).
The resulting network dynamics are modelled by the ODEs

(4) θ′′j + αjθ
′
j = Pj −

n∑

i=1

kij sin(θi − θj), j ∈ n,

where (kij) is a a symmetric matrix, all entries positive (zero is allowed).
If
∑

j Pj = 0 the system can reach an equilibrium. This model assumes
we are close to power balance and that generators and motors are all
tightly frequency synchronized. In current power grids, synchronization
of (large) generators is centrally controlled; a matter of considerable
complexity.
While the network described by (4) is synchronous (and the main

interest is in the stability of the equilibrium solution), the dynamics of
real-world power grids are subject to factors that cannot be adequately
described by a synchronous model. In practice it is important to find
conditions that guarantee the stability of equilibrium solutions of (4)
under extreme events. For example, what happens if the power transfer
along a connection i→ j is too high and trips a circuit breaker or if a
severe storm breaks one of more of the connections from a generator?
More formally, suppose that each connection from a generator i to a
load j has a maximum allowable power transfer Pij . We may redefine
the coefficients kij to be state-dependent

k̃ij =

{
kij, if |kij sin(θi − θj)| < Pij ,

0, if |kij sin(θi − θj)| ≥ Pij.

We may further suppose that once the circuit breaker has tripped, it
is not reset for a specified time which makes the network locally non-
autonomous.
The resulting dynamics is that of an asynchronous network. If the

power distribution network is correctly set up, circuit breakers will
never be tripped because of an initial unbalanced power distribution.
So we assume a (slow) Poisson process that randomly removes connec-
tions from generators to loads and then reconnects after a time given by
a renewal statistic. In this situation, the network may sometimes be-
come disconnected and so a further protocol needs to be implemented
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to achieve power balancing (“selective blackouts” on nodes originally
fed by the disconnected generator). In this way the network is both
asynchronous and adaptive. We caution, however, that even when
considering (4) as a state dependent network it is likely to miss impor-
tant transient effects that occur in a real power network when there
are disconnections and/or overloads. Moreover, removing a connection
can sometimes improve the capacity of the network (Braesse’s para-
dox [103]). Similar issues arise in connection with synchronization in
diffusively coupled networks [84].
Asynchronous features of the dynamics become even more impor-

tant in power grids that use many (small) generators (for example,
wind and solar) whose power output may be time dependent. In this
situation, generators are likely to be frequently switched in and out
of the network and the control of the power grid is likely to involve a
mix of synchronous and asynchronous logic and the appearance of local
self-organised structure (see the discussion in [94]). ♦

Example 3.4 (Transport & production networks). Our final example
relates to transport and production networks (including gene transcrip-
tion networks). Here we look at the simple case of two trains on a single
track line with a passing loop. We develop this example more formally
in section 6.
Consider two trains travelling in opposite directions along a single

track railway line of infinite length. To pass each other, the trains
have to go through a passing loop. We model using an asynchronous
network for which each train is a node with position determining its
state. We describe the dynamics of the asynchronous network. While
both trains are approaching the passing loop, they move at nonzero
speed and are essentially decoupled (we do not assume the existence of
a centralized control). When one train enters the passing loop, it stops
(a discontinuous event) and waits for the second train to enter. Enter-
ing the passing loop can be seen as a connection event since now the
position of the second train becomes relevant for the dynamics of the
first train. Once both trains are in the passing loop (a synchronization
event), the trains may proceed out of the loop (a second discontinuous
event). If one train never arrives, there is a deadlock – the train in
the passing loop cannot proceed. Additional features can be added to
this example. For example, the trains can be required to stay in the
passing loop for a minimum amount of time (the passing loop has a sta-
tion), the arrival times and/or wait times in the loop can be governed
by a stochastic process, the trains might have some internal dynamics
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running that has to be synchronized to some level of approximation be-
fore they can depart (relevant to production networks). Finally, if we
add stations at the end of the line we can view the network as having a
function: getting from one station to the other in finite time. Networks
dynamics will (successfully) complete when both trains have reached
their destination stations. If we have a functional network, there is the
possibility that networks will not complete for some initial conditions.
This leads to the concepts of a deadlock where nodes are stopped and
cannot restart, and a livelock where nodes becomes periodic after a
finite time and the network cannot complete. ♦

We summarize some of the key features of asynchronous networks
revealed by the previous examples.

(1) Variable connection structure and dependencies between nodes.
Changes in connection structure may depend on the state of the
system or be given by a stochastic process. (All the examples.)

(2) Synchronization events associated with stopping or waiting states
of nodes. (Examples 3.1, 3.4.)

(3) Order of events may depend on the initialization of the system
or stochastic effects. (All the examples.)

(4) Dynamics is only piecewise smooth and there may be a mix of
continuous and discrete dynamics. (All the examples.)

(5) Aspects involving function, adaptation and control. (Exam-
ples 3.2, 3.3, 3.4.)

(6) Evolution only defined for forward time – systems are non-
reversible. (All the examples.)

We conclude this section with a heuristic description of one general
class of asynchronous network for which it is often possible, in principle,
to quantify the dynamics (we give details in sections 7–9).
Consider a networkN of k nodesN1, . . . , Nk. Assume that each node

has nontrivial intrinsic dynamics – for example, the state of uncoupled
node Ni might be governed by an ODE x′

i = Fi(xi). We assume that
generally nodes evolve independently. A node Ni will ‘stop’ or enter a
‘waiting state’ when it attains certain thresholds – typically given by a
hypersurface in the state space of Ni. Stopping or waiting may involve
all or a proper subset of node variables being held fixed. The node
Ni will restart when synchronization conditions have been met that
involve a subset E of stopped nodes. We illustrate the general process
in figure 1 where we model a system with 9 nodes. The nodes evolve
independently until they reach certain states. For example, referring
to the figure, suppose N1 has stopped but not N2. The node N2 will
continue to evolve until it reaches its stopping state. When both nodes
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Stop−Synchronization−Restart event

1

3

9

2

4

5

6

7

8

f

a

b

e

g

h

c

d

a occurs before b,d; b occurs before d,f; d occurs before e; e occurs before h; f occurs before g; c occurs before g.

Initialization TerminationDirection of time and space evolution

Figure 1. Stopping, synchronization and restarting
events in an 9 node network of feedforward type.

are stopped, we regard the nodes as connected. The nodes may go
through a synchronization process (see the earlier example on threaded
computation) and then restart. The order of the stop-synchronize-
restart events may depend on the initialization or random effects such
as noise. Referring to figure 1, event d always occurs after event a –
that is forced by the network logic. On the other hand, event c may
occur before or after event a. In particular, there is a partially ordered
temporal structure on N and we can only compare/synchronize clocks
during the synchronization events. Of course, events can be ordered
according to an observer’s clock. However, running the network again
may result in the events occurring in a different order and so the natural
temporal structure for the network is partially ordered time.
Systems of this type are in principle computable provided we know

(a) the intrinsic dynamics of the nodes, (b) the requirements for syn-
chronization. In practice – and this is what makes this type of network
interesting – randomness will play a pivotal role. For example, times
for restart events for different stopped nodes may follow a statistical
law. If we think of the network as being functional – starting on a
given subset and ending in a certain subset6 – then the description of
the network dynamics will be given in terms of probability distribu-
tions, dependent on initial data, that give the times of completion of
the network function and the associated terminating states.

6The end stations on a single track line with passing loop.
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We remark that there is the possibility that the network function
will not be completed (deadlock) or that extreme events (low, non-
zero probability) will cause the network to go into a pathological state
(a familiar problem in transport and distributed manufacturing and
production networks).

Remark 3.5. The setup described above extends to allow for different
numbers of inputs and outputs at each stop-synchronize-restart event
(in particular, the number of network nodes may vary). One possibility
is to define a different partition of variables over a subset of nodes:
over time, new ways of grouping network variables may emerge. This
approach amounts to a dynamical version of a Petri net [31] and is
applicable to a variety of transport and production networks.

4. A Mathematical model for deterministic asynchronous

networks

In this section we formalize the notion of an asynchronous network.
We restrict to the case of deterministic and continuous time asynchro-
nous networks (for the discrete and stochastic cases, see section 10 as
well as [42]).

4.1. Preliminaries and an overview. We start by extending the
network formalism established in section 2.1 and then give a quick
overview of the definition of an asynchronous network, together with
an illustrative example.
We consider a network with k nodes, N1, . . . , Nk. Each node Ni has

phase space Mi, i ∈ k. Set M =
∏k

i=1Mi – the network phase space.
A vector field f on M is a network vector field.
Stopping, waiting, or synchronization are characteristic features of

asynchronous networks. If nodes of a network are stopped or partially
stopped, then node dynamics will be constrained to subsets of node
phase space. We codify this situation by introducing a constraining
node N0 that, when connected to Ni, implies that dynamics on Ni is
constrained. We only allow connections N0 → Ni, i ∈ k, and do not
consider connections Ni → N0, i ∈ k•. Henceforth we always assume
there is a constraining node and let N = {N0, N1, . . . , Nk} denote the
set of nodes. Abusing terminology, we often refer to the network N .
The constraining node N0 has no dynamics and no associated phase

space. In a network with no constraints (that is, there are no connec-
tions N0 → Ni), the constraining node N0 plays no role and can be
omitted. If we allow constraints, it is possible that there may be more
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than one type of constraint on a node Ni. We allow for this possibil-
ity in our general setup, but for the present we assume at most one
constraint on each node.
We represent interactions between distinct nodes in the network by

the network graph. Connections Nj → Ni encode dependencies, if
i, j ∈ k, and constraints if j = 0, i ∈ k. A connection structure α is a
directed network graph on the nodes N such that for all i ∈ k, j ∈ k•,
i 6= j, there is at most one directed connection Nj → Ni. We do not
consider connections Ni → Ni, i ∈ k (self-loops) or connections to the
constraining node. If i ∈ k, then the node Ni is a vertex of α if and
only only if Ni is the origin or target of a connection (including from
N0). It is convenient to regard the empty connection structure ∅ as a
connection structure (with no connected nodes).
If α is a connection structure on N , then an α-admissible vector field

f = (f1, . . . , fk) is a network vector field such that for i, j ∈ k, i 6= j, fi
depends on the state xj of Nj only if α contains a connection Nj → Ni.
Here we follow the conventions (N1–3) of section 2.1. In particular, if
there is a connection Nj → Ni, i, j ∈ k, there is a nontrivial depen-
dence of fi on the state xj of Nj (see also remarks 4.22(4), 5.7(2)). If
there is a connection N0 → Ni, there is a nontrivial constraint on Ni.
An α-admissible vector field has constrained dynamics if there are con-
nections from the constraining node.
A generalized connection structure A is a (nonempty) set of connec-

tion structures on N . An A-structure F is a set F = {fα |α ∈ A} of
network vector fields such that each fα ∈ F is α-admissible.
Interactions between nodes in asynchronous networks are dynamic

rather than static; they may be state or time dependent or both. Here
we focus on state dependence; that is, interactions and constraints are
determined by the state of the network through an event map E : M→
A.
Given a network N , generalized connection structure A, A-structure
F and event map E , the quadruple (N ,A,F , E) defines an asynchro-
nous network. Dynamics on N is given by the state dependent network
vector field F defined by

F(X) = fE(X)(X), X ∈M.

Subject to regularity conditions, which we give later, the dynamical
system will have a uniquely defined semiflow.
In summary, an asynchronous network is a dynamical system involv-

ing varying interactions and constraints. Before filling in the details,
we give a simple illustration of the general setup that illustrates con-
strained dynamics and approximate synchronization.
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N2N1 N2N1

N0N0N0

Figure 2. Constrained connection structures.

Example 4.1. Suppose k = 2 and M1 = M2 = R × T. Assume that
the dynamics of either (uncoupled) node is given by the skew product
system

x′ = f(x)

θ′ = g(θ, x).

For x = 0, assume dynamics is constrained to lie on the line {0} × T
by

x′ = 0

θ′ = g(θ, 0).

When both nodes are constrained, assume coupling of the form

θ′1 = g(θ1, 0) + h(θ2 − θ1)

θ′2 = g(θ2, 0) + h(θ1 − θ2).

Revert to standard (unconstrained) dynamics when |θ1−θ2| < ε. Other
than the empty structure ∅ (no coupling), the connection structures
for this system are shown in figure 2. Reading from the left, the first
connection structure is obtained when x1 = 0, x2 6= 0, the second when
x1 6= 0, x2 = 0, and the final when x1 = x2 = 0 and |θ1 − θ2| ≥ ε
(this defines the event map E : (R × T)2 → A). Note that the cross-
coupling when both nodes are partially stopped is compatible with the
constraints x1 = 0, x2 = 0. ♦

4.2. Constrained nodes and admissible vector fields.

4.2.1. Foliations. Conditions for a constrained node Ni will be given
in terms of local foliations of the node phase space Mi. We start by
recalling basic definitions and refer the reader to the review [76] for
general background on foliations.
Recall that a p-dimensional smooth (always C∞ here) foliation L

of the m-dimensional manifold W consists of a partition {Lα |α ∈ Λ}
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of W into connected sets, called leaves, such that for every x ∈ W ,
we can choose an open neighbourhood U of x and smooth embedding
ψ : U → Rm such that for each leaf Lα, the components of φ(Lα ∩ U)
are given by equations xp+1 = constant, . . . , xm = constant. Each leaf
of a foliation will be an immersed p-dimensional submanifold of W .
In the simplest cases, the leaves will be properly embedded (closed)
submanifolds of W (it is possible (and easy) to find examples where
each leaf is dense in W ). We assume in what follows that foliations are
proper (p < m) and that the manifold W has finitely many connected
components.
More generally, a smooth foliation of the manifold W will consist of

a smooth foliation of each connected component of W . In this case,
we require the dimension of leaves to be constant on each connected
component of W but the dimension of leaves may vary between com-
ponents.

Examples 4.2. (1) Every smooth nonsingular vector field on W de-
fines a 1-dimensional smooth foliation of W (“flow-box” theorem of
dynamical systems). The leaves are trajectories of the vector field.
(2) If W = A×B, where A and B are manifolds, we have the product
foliations L(A) and L(B) of W defined by L(A) = {A × {b} | b ∈ B}
and L(B) = {{a} × B | a ∈ A}. Each leaf L(A) is transverse to every
leaf of L(B). More generally, foliations L,L′ are transverse if leaves are
transverse. A foliation of W , even by compact 1-dimensional leaves,
need not have a transverse foliation. The best-known example is given
by the foliation of S3 into circles given by the Hopf fibration. ♦

Suppose that L is a p-dimensional smooth foliation of W with leaves
{Lα |α ∈ Λ}. The tangent bundle along the foliation τ : L→ W is the
smooth vector sub-bundle of the tangent bundle TW of W defined by

L =
⋃

x∈Lα, α∈Λ

TxLα ⊂ TW.

Let πL be a choice of smooth vector bundle projection πL : TW → L.
The projection map πL is never unique (unless p = 0 or m). How-
ever, there are often natural choices if, for example, there is a given
transverse foliation (as in the case of product foliations).

Definition 4.3. (Notation and assumptions as above.) The pair (L, πL)
on W is an L-projection structure on W .

4.2.2. Constrained nodes. Following section 4.1, we assume a network
N = {N0, N1, . . . , Nk}, where the nodes Ni have phase spaceMi, i ∈ k.
Fix a k-tuple P = (p1, . . . , pk) ∈ Zk

+ and set P = |P| = maxi∈k pi. In
what follows, we assume P > 0.
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Definition 4.4. (Notation and assumptions as above.) A constraint
structure C = {(Wi,Li) | i ∈ k} on N consists of

(1) For each i ∈ k, such that pi > 0, a family Wi = {W
ℓ
i | ℓ ∈ pi}

of nonempty open subsets of Mi.
(2) For each i ∈ k, such that pi > 0, a family Li = {L

ℓ
i | ℓ ∈ pi}

where each Lℓ
i is a smooth foliation of W ℓ

i .

The indexing set ι(C) for C is defined to be
∏

pi 6=0 pi.

Remarks 4.5. (1) If pi = 0, there are no constraints on Ni.
(2) If pi = 1, we set Wi = (Wi,Li) and Li is a smooth foliation of the
nonempty open subset Wi of Mi. This is quite general. If we allow the
dimension of leaves to vary between different connected components,
and the families Wi to consist of disjoint open subsets of Mi, i ∈ k,
then we can reduce to the case pi ≤ 1 by taking Wi =

⋃
ℓW

ℓ
i and Li

to be the foliation determined on Wi by Li|W
ℓ
i = Lℓ

i , ℓ ∈ pi.
(3) We have not said anything yet about conditions required of the
domains W ℓ

i except for the requirement of finitely many connected
components. We impose additional conditions after we have defined
the event map.
(4) The constraints we have defined are always framed in terms of the
phase space of a single node. It is straightforward to generalise this
concept to consider, for example, foliations of the joint phase space
Mi × Mj for nodes i 6= j; this can be interpreted as nodes i and j
having a fixed phase relationship. However, we do not consider these
possibilities further here.

4.2.3. Connection matrices and admissible vector fields. Interaction be-
tween (distinct) nodes in a network can be codified using adjacency
matrices. Let M(k) denote the space of k × k matrices β = (βij)i,j∈k
with coefficients in {0, 1} and βii = 0, all i ∈ k. We refer to elements
of M(k) as 0 -1 matrices. Each β ∈M(k) determines a directed graph
Γβ with vertices N1, . . . , Nk and a directed connection Nj → Ni if and
only if βij = 1. The matrix β is the adjacency matrix of Γβ.
Fix P = (p1, . . . , pk) ∈ Zk

+. Let M•(k;P) denote the space of k ×
(k + 1) matrices α = (αij)i∈k,j∈k• such that

(1) (αij)i,j∈k ∈M(k).
(2) αi0 ∈ pi

•, i ∈ k.

We write Nj → Ni ∈ α if and only if αij = 1. If αi0 6= 0, this will
indicate a connection N0 → Ni, i ∈ k. We usually abbreviateM•(k;P)
to M•(k) in what follows.

Remark 4.6. In our applications it will usually be the case that P =
|P| ≤ 1 and M•(k) will consist of 0 -1 matrices.
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Definition 4.7. An element α ∈M•(k) defines a connection structure
on N .

If α ∈ M•(k), let α
0 denote the first column (αi0)i∈k of α. We have

a natural projection π : M•(k) → M(k); α 7→ α♭, defined by omitting
the column α0. We write α ∈M•(k) uniquely as

α = (α0 |α♭).

The column vector α0 codifies the connections from the constraining
node and α♭ encodes the connections between the nodes {N1, . . . , Nk}.

Example 4.8. Consider the connection structure

α =



1
0
1

∣∣∣∣∣∣

0 1 1
1 0 1
0 1 0


 ∈M•(3).

with the associated directed graph depicted in Figure 3. The connec-

N2

N3
N1

N0

Figure 3. The graph defined by the connection struc-
ture α. Rather than drawing self-loops, we use a ‘filled
node’ if the dynamics of a node depend on its internal
state.

tions N0 → N1, N3 signify that the nodes N1, N3 are constrained (for
example, they are stopped or constrained to lie on the leaves of a fo-
liation). The evolution of N1 and N2 does not depend on the internal
state of the nodes (if there is additive input structure, the nodes have
no intrinsic dynamics). ♦

Definition 4.9. Fix a constraint structure C = {(Wi,Li) | i ∈ k} on
N with indexing set ι(C) and let α ∈ M•(k). A smooth7 vector field
f = (f1, . . . , fk) on M is an α-admissible vector field if

7C1 suffices.
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(1) For i, j ∈ k, i 6= j, fi does not depend on xj if αij = 0.
(2) If αi0 = ℓ > 0, then fi is tangent to the smooth foliation Lℓ

i

at all points of W ℓ
i ⊂Mi. Equivalently, fi|W

ℓ
i defines a section

of Lℓ
i , the tangent bundle along the foliation Lℓ

i .

We extend earlier notation from section 2.1, to define the dependency
set of node Ni, i ∈ k, by

J(i, α) = {j ∈ k |αij = 1} ∪ {(0, αi0)}.

Remarks 4.10. (1) If α0 = 0, the dependency set encodes functional
dependencies for node Ni: fi will depend on xj ∈Mj only if j ∈ J(i, α).
If αi0 6= 0, then Ni will be subject to the constraint (W ℓ

i ,L
ℓ
i), where

ℓ = αi0.
(2) If α0 = 0, then dependencies are governed by (N1–3) of section 2.1.
These conditions are already quite weak: we have α♭

ij = 1 if there exists
a dependence of Ni on Nj only on a very small subset of M. If vector
fields are real analytic, then the connection matrix gives an optimal
encoding of dependencies: if α♭

ij = 1, we do not have nonempty open
subsets of M where there is no dependency of Ni on Nj. When there
are constraints, (N1–3) still apply but we can give a more satisfac-
tory formulation after we have defined the event map and associated
dynamics.

Example 4.11. Suppose that pi = 1 and αi0 = 1 so that there is
a constraining connection N0 → Ni. Assume that f = (f1, . . . , fk)
is α-admissible, Mi = Rℓ, and Li is an (ℓ − p)-dimensional foliation
of Mi with leaves given by xr1 = c1, . . . , xrp = cp. The components
f r1
i , . . . , f

rp
i of fi = (f 1

i , . . . , f
ℓ
i ) will be identically zero and the node

is partially stopped on each leaf. This is the situation described in
example 4.1 of our overview where the 1-dimensional foliation of R×T
is {{x} × T | x ∈ R}. ♦

Remark 4.12. Fix α ∈ M•(k). Suppose that pi = 1, αi0 = 1, and
(Wi,Li) is the associated constraint structure on Mi. Let (Li, πLi

) be
an Li-projection structure onWi (see definition 4.3). Suppose there are
no other nodes connected to Ni (other than the constraining node N0).
Dynamics on Wi ⊂Mi will typically be given by the vector field πLi

Fi,
where Fi gives the unconstrained intrinsic dynamics on Ni. If Wi =
A × B, where A,B are submanifolds of Wi, Li = {A × {b} | b ∈ B},
and πLi

is the tangent map of the projection A×B → A, then we may
write Fi = (Gi, Hi), where Gi = πLi

Fi, and the constrained dynamics
on Wi is given by the vector field Gi. In particular, the B-variables
will be stopped. We handle coupling similarly. If N0 → Ni ← Nj,
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then the coupling vector field associated with Nj will be tangent to the
foliation Li on Wi and so will not break the constrained dynamics.

4.2.4. Generalized connection structures and families of admissible vec-
tor fields.

Definition 4.13. A nonempty subset A ofM•(k) defines a generalized
connection structure on N .

Assume given a fixed constraint structure C = {(Wi,Li) | i ∈ k} on
N with indexing set ι(C).

Definition 4.14. Suppose that A is a generalized connection structure
on N . If F = {fα |α ∈ A} is a set of vector fields on M such that
each fα is a α-admissible vector field, we refer to the family F as an
A-structure on N .

Remark 4.15. We do not insist that the admissible vector fields defined
in definition 4.14 for different connection matrices have to be related.
In applications, there will usually be strong relations between the com-
ponents of fα. For example, if the input structure is additive, not only
is addition or deletion of connections natural but the additive structure
also gives explicit relationships between the fα (see sections 2.1, 4.5).

4.3. Asynchronous networks. We now have most of the basic in-
frastructure in place for the definition of an asynchronous network.

Definition 4.16. An asynchronous network structure (N ,A,F) con-
sists of

(1) A finite set N = {N0, N1, . . . , Nk} of nodes with associated
phase spacesM1, . . . ,Mk (N0 denotes the constraining node and
has no phase space defined).

(2) A generalized connection structure A on N .
(3) An A-structure F on N .

4.3.1. Event maps and event sets.

Definition 4.17. An event map for an asynchronous network structure
(N ,A,F) is a surjective map E : M→ A.

Remark 4.18. More generally we allow for event maps that are time and
space dependent. Typically, the event map will be stochastic in time
and/or involve local clocks. We restrict attention here to autonomous
deterministic systems but indicate some of the interesting dynamics
that can occur when we allow a stochastic component in section 10.
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Let E : M→ A be an event map. For each α ∈ A, define the event
set Eα ⊂M by

Eα = {X ∈M | E(X) = α}.

The event sets partition the network phase space M. We require
additional conditions on the event map when there are constraints.
These conditions relate the event sets to the constraint structure C =
{(Wi,Li) | i ∈ k} on N .
Let πi : M→Mi denote the projection map onto the phase space of

Ni, i ∈ k. Given i ∈ k, ℓ ∈ pi, define

Eℓ
i =

⋃

{α |αi0=ℓ}

πi(E
α) ⊂Mi.

Definition 4.19. The event map E : M → A is constraint regular if
for all i ∈ k, ℓ ∈ pi, we have

Eℓ
i ⊂ W ℓ

i

In future, we always assume the event map is constraint regular (and
omit the prefix constraint regular).

Definition 4.20. An (autonomous deterministic) asynchronous net-
work N = (N ,A,F , E) consists of an asynchronous network structure
(N ,A,F) together with an event map E .

Remark 4.21. If A consists of a single connection structure α (with
or without constraints), then F consists of one vector field f = fα,
with dependencies given by α. We recover a synchronous network with
dynamics defined by f and a fixed connection structure.

4.4. Dynamics on an asynchronous network. An asynchronous
network (N ,A,F , E) uniquely determines the network vector field F

by

(5) F(X) = fE(X)(X), X ∈M.

Remarks 4.22. (1) It is easy to give a discrete dynamics version of
definition 4.20. In this case dynamics is given by the map F : M→M

defined by

(6) F(X) = fE(X)(X).

There is no issue about the iteration (time evolution) being well de-
fined though, of course, without further conditions the map F may be
everywhere discontinuous.
(2) Equations (5,6) define state dependent dynamical systems and sim-
ilar structures have been used previously in engineering applications
(see, for example, [57]). As we shall see in section 6.1.1, there is a
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relationship with Filippov systems (which is explored further in [23]).
However, the notion of an integral curve for an asynchronous network
is generally different from that of a Filippov system, see section 4.4.1.
(3) The network vector field (5) does not uniquely determine A, E or F
even though the choice of A, E and F is usually naturally determined
by the problem. Sometimes it is convenient to view the vector field (6)
as the basic object and regard asynchronous networks (N ,A,F , E),

(N ,A′,F ′, E ′) on N as being equivalent if fE(X)(X) = f ′
E ′(X)(X) for all

X ∈M.
(4) Since the event sets {Eα |α ∈ A} partition M, the network vector
field F only depends on the values of fα on Eα. Nevertheless, we as-
sume that fα is smooth on M. We could instead have required that
each fα was defined as smooth map in the sense of Whitney [102] on
Eα (and so admits a smooth extension to M). Similar remarks hold
for the constrained case, though now we cannot expect the foliation to
extend to the phase space Mi (for example, there are no 1-dimensional
foliations of the two-dimensional sphere) and so we require local ex-
istence of the foliation and global extension of the vector field. We
opt for the definition of admissible vector fields on the entire phase
space and smooth foliations on open neighbourhoods of event related
sets, because in practice these vector fields and foliations are usually
naturally defined this way.

4.4.1. Regularity of event maps and existence of integral curves. With-
out further conditions on the event map, the vector field F determined
by an asynchronous network (N ,A,F , E) may not have integral curves
through every (or any) point of the phase space. Before we give the
formal definition of an integral curve, we give an instructive example.

Example 4.23. Consider an asynchronous network with two nodes
N1, N2, a constraining node N0 and connection structure

A = {α1 = {N0 → N1}, α2 = {N0 → N2}}.

Define associated vector fields Fα1 = (0,−1),Fα2 = (1, 0). Let B =
{x ∈ R2 | ‖x‖ ≤ 1} denote the closed unit ball. We take as event map

(7) E(X) =

{
α1 if X 6∈ B

α2 if X ∈ B

and obtain a differential equation with discontinuous right hand side
given by X′ = FE(X)(X). We indicate dynamics in Figure 4. Observe
that it is not possible to define the trajectory φX : R+ → R2 through
any pointX = (x, y) ∈ B with 1 ≥ y > 0. Indeed, such a trajectory will
meet the arc (a, b] ⊂ ∂B where it can no longer can be continued. All
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Figure 4. Dynamics on an asynchronous networks is
not necessarily well defined according to definition 5:
trajectories with initial condition (x, y) ∈ B, y ∈ (0, 1)
cannot be continued across ∂B.

other trajectories are well defined. One way of resolving the problem
of continuation is Filippov’s approach [44, Chapter 2, page 50] to get
a vector field on the arc [a, b]: at each point X ∈ [a, b] ⊂ ∂B define a
vector field by taking the unique convex combination λFα1(X) + (1−
λ)Fα2(X) which is tangent to ∂B. In this case, the trajectory “slides”
along the arc [a, b] We can also apply the Filippov construction along
the boundary arc [c, d] – this leads to different dynamics. Alternatively,
and more appropriately, for this problem, we can modify the event
set B by writing B = B2 ∪ B3, where B3 = (a, b] ⊂ ∂B. Take say
α3 = {N1 ↔ N2} and define E(X) = αj if X ∈ Bj, j = 2, 3. Let Fα3

be any smooth vector field on R2 such that

Fα3(x, y) = (y,−x), (x, y) ∈ [a, b].

With these modifications, trajectories φX are defined for all forward
time. Moreover, we move along trajectories with constant speed 1,

‖FE(X)(X)‖ = 1, for all X ∈ R2.

This condition does not hold for the Filippov vector field discussed
above (we can modify the constraints to obtain the second solution in
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the Filippov setting). We discuss the relationship between asynchro-
nous networks and Filippov systems further in section 6.1.1. ♦

Definition 4.24. Let (N ,A,F , E) be an asynchronous network with
associated vector field F given by F(X) = fE(X)(X), X ∈ M. An
integral curve or trajectory for F with initial condition X0 ∈ M is a
map φ : [0, T )→M, T ∈ (0,∞], satisfying

(1) φ(0) = X0.
(2) φ is continuous.
(3) There exists a closed countable subset D of [0, T ) such that for

every u ∈ D, there exists v ∈ D ∪ {T}, v > u, such that
(a) (u, v) ∩D = ∅.
(b) φ is C1 on (u, v) and φ′(t) = F(φ(t)), t ∈ (u, v).
(c) limt→u+φ

′(t) = F(φ(t)).

Remarks 4.25. (1) It is routine to verify (see the proof of proposi-
tion 4.31) that if ψ : [0, S) →M is another integral curve with initial
condition X0, then ψ = φ on [0,min{S, T}) (uniqueness). As a con-
sequence we can define the maximal integral curve φ : [0, Tmax) →M

with initial condition X0. In the sequel, we assume that integral curves
are maximal unless otherwise indicated.
(2) If T =∞ in the definition, the trajectory φ : R+ →M is complete.
(3) The set D may have accumulation points in D – accumulation is
always from the left on account of condition (3a). In the examples we
consider D, will always be a finite set.
(4) Typically, it will be the case that there exists α ∈ A such that
E(X) = α for X ∈ φ((u, v)) and so φ((u, v)) ⊂ Eα. Condition (3c)
implies that if E(φ(u)) = β 6= α, we must have fα(φ(u)) = fβ(φ(u)).

Definition 4.26. The asynchronous network (N ,A,F , E) is proper if

(1) for every X ∈ M there is a trajectory φX with initial condi-
tion X and

(2) every maximal trajectory of F is complete (in the case of ∂M 6=
∅, non-compact M, or open regions in Rn, trajectories may
eventually exit M or escape to infinity in finite time).

Remarks 4.27. (1) If (N ,A,F , E) is proper and M is compact, network
dynamics is given by a semiflow Φ : M× R+ →M. Although Φ(X, t)
will be continuous as a function of t ∈ R+, it need not be continuous
as a function of X ∈M (fixed t > 0).
(2) Suppose ∂Mi 6= ∅, i ∈ k, and let φ = (φ1, . . . ,φk) be a trajectory
such that for some smallest s ∈ R+, there exists i ∈ k such that φi(s) ∈
∂Mi with Fi(X) outward pointing. The domain of φ is necessarily
[0, s]. Under additional hypotheses, is may be possible to extend φ
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beyond [0, s] (for example, by requiring φi(t) = φi(s), t ≥ s – see also
sections 8.7, 7.3).

Let (N ,A,F , E) be an asynchronous network. As we shall see, the
event sets Eα need be neither open nor closed subsets of M. It is
helpful to assume some regularity that implies that each event set can
be partitioned into a (locally) finite set of smooth submanifolds of M.
For example, if M is a domain in Rn (or Tn), we might assume the Eα

are all semialgebraic sets8. This condition implies that Eα has finitely
many connected components. More generally we might suppose event
sets are semianalytic9. We say the event structure is regular if the
event sets Eα are all semianalytic. For the examples we consider in
this paper, event sets will usually be quite simple (for example, half-
lines or half-planes) and semialgebraic (the semialgebraic structure will
reflect logical conditions on the underlying dynamics).

Definition 4.28. An asynchronous network (N ,A,F , E) is amenable
if

(1) The event structure is regular.
(2) If X ∈ Eα, α ∈ A, then there exists t(X) ∈ (0,∞) ∪ {∞}

such that the trajectory φX of fα through X lies in Eα for
t ∈ [0, t(X))

φX(t) ∈ E
α, t ∈ [0, t(X)).

(3) Either M is compact or, in the case when M is a domain in Rn,
the vector fields have at most linear growth on M: ∃a, b > 0
such that

‖fα(X)‖ ≤ a+ b‖X‖, X ∈M, α ∈ A.

Remarks 4.29. (1) Condition (2) of definition 4.28 suggests that the
vector field fα should in some sense be tangent to Eα. The issue of
tangency can be made more precise using the regularity assumption
which implies that Eα has a locally finite stratification into subman-
ifolds without boundary. For example, we may choose the canonical
Whitney regular stratification of each event set [48, 78]. This allows us
to unambiguously define tangency at points of Eα which do not lie in
the boundary of strata. Matters are not so straightforward at points
lying in the boundary of strata and in the second example below we
indicate how the geometric structure of the event set can impose strong
constraints on associated vector fields.

8Defined by algebraic equalities and inequalities. See [48, 27] for precise defini-
tions and properties.

9Locally defined by real analytic equalities and inequalities.
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(2) If an event set is a connected closed submanifold without boundary,
then it follows from definition 4.28(2) that any trajectory that meets
the event set will never leave the event set.
(3) Condition (3) of definition 4.28 implies that trajectories are either
defined for all positive time or trajectories eventually exit the domain
(for example, if M ( Rn).
(4) We can assume the time t(X) of definition 4.28 is maximal. That
is, φX(t(X)) /∈ Eα.
(5) Noting remark 4.22(3), we may extend our definition of amenabil-
ity to include all asynchronous networks which are equivalent to an
amenable network in the sense of definition 4.28.

Examples 4.30. In figure 5 we show two examples of event sets in R2

(we ignore the explicit dependence of events on connection structure).
(1) In figure 5(1), we have four semialgebraic event sets defined by

E1 = {(x, 0) | x < 0}, E2 = {(0, y) | y > 0}, E3 = {(x, x) | x 6= 0},

E0 = R2 r

3⋃

i=1

Ei.

The event sets are neither open nor closed. We define associated vector

E1

E0

E1

T2

T1

T1

E3

E0

E3E2

E0

E1

(1) (2)

Figure 5. Event sets in R2

fields f j on R2 by

f 1(x, y) = (1, 0), f 2(x, y) = (0,−1), f 3 ≡ 0, f 0 = f 1 + f 2.

We show two forward trajectories in figure 5(1). The trajectory T1
passes through the origin and enters the bottom right quadrant (as
do all trajectories starting in the top left quadrant). On the other
hand the trajectory T2 stops on the diagonal (the event set E3). As
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we show later, we can interpret this setup as a model of dynamics on
a passing loop (see example 3.4) with the addition of a collision event
– E3. The network is amenable: the dynamics determines a unique
semiflow Φ : R2 × R+ → R2 which does not extend to a flow. Observe
also that the semiflow is not continuous on E1 ∪ E2 ∪ E3. However, the
semiflow is continuous if we restrict to {(x, y) | xy ≤ 0}. In the next
section we discuss a continuous extension of this restricted semiflow
to R2 motivated by Filippov systems. However, notice that dynamics
near E3 are not those given by the standard Filippov construction –
the line E3 would be regarded as a removable singularity.
(2) In the second example, the event set E1 is the cusp defined by
y2 = x3, x 6= 0. In this case any smooth (at least C1) vector field on
R2 which is tangent to E1 must vanish at {(0, 0)} (an example of such
a vector field is (2ax, 3ay), a ∈ R). If we require amenability, then all
trajectories which meet E1 will never leave E1. ♦

Proposition 4.31. An amenable asynchronous network is proper.

Proof. We give details for the case when M is compact. Fix X ∈ M.
Suppose that φi : [0, si) → M are forward trajectories for F through
X, i ∈ 2. Using uniqueness of solutions of differential equations and
definition 4.28(2), it is easy to see that φ1 = φ2 on [0, s1) ∩ [0, s2). It
follows that if we define

T = sup {t | there is a trajectory ψ : [0, t)→M through X}

then we have a unique trajectory φ : [0, T ) → M through X. If
T = ∞, we are done. But if T < ∞, then we can extend φ to [0, T ]
by φ(T ) = limt→T−φ(t) (remarks 4.29(3)). If φ(T ) ∈ Eα then by
definition 4.28(2), φ extends to [0, T + t(φ(T ))), where t(φ(T )) > 0.
This contradicts the maximality of T and so T =∞. �

Remarks 4.32. (1) The proof of proposition 4.31 says nothing about
the number of changes in the event map that occur along a trajec-
tory. Without further conditions on the vector fields fα there may be a
countable infinity of changes with countably many accumulation points
(this is catered for in definition 4.24).
(2) As shown in examples 4.30(1), the semiflow given by proposi-
tion 4.31 need not be continuous (as a function of (X, t)). In prac-
tice, it is usually not hard to give conditions that imply continuity
of the semiflow on amenable networks. For example, suppose that
E1, E0 = M r E1 are the event sets of an amenable asynchronous
network and E1 is a smooth hypersurface with nonempty boundary
Y = E1 r E1. If f1 is outward pointing along Y , in particular, non-
zero, then the semiflow given by proposition 4.31 is continuous. Note
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that amenability implies that f0 cannot be nonzero and inward point-
ing to E1 anywhere along Y . Also it is not enough for E1 to be smooth
as is shown by examples 4.30(2).
(3) Amenability is sufficient but not necessary for properness.

4.4.2. Dynamics as semiflows for an amenable asynchronous network.
We assume (N ,A,F , E) is an amenable asynchronous network. For
simplicity we assume that for each α ∈ A, fα has flow Φα : M×R→M

(for example, if M is compact or M = Rn and fα has linear growth).
We have a well defined semiflow

Φ : M× R+ →M.

that may be computed in terms of the flows Φα. In order to construct
Φ, it suffices to define the trajectory ΦX through X ∈M. We proceed
just as in the proof of proposition 4.31. If ΦX is defined on [0, T ]
and ΦX(T ) ∈ Eα, then there exists δ > 0 such that ΦX(t) ∈ Eα for
t ∈ [T, T + δ] and so

ΦX(t) = Φα(ΦX(T ), t− T ), t ∈ [T, T + δ].

In the case of most interest there there will only be finitely many events,
occurring at times 0 < t1 < t2 < · · · < tℓ <∞, and we have

ΦX(t) = Φα(k)(· · ·Φα(2)(Φα(1)(X, t1), t2 − t1) · · · , t− tp), t ∈ [tp, tp+1),

where α(j) = E(ΦX(tj)) ∈ A, j ∈ ℓ, and tℓ+1 = +∞ (note that tj, α(j)
and ℓ all depend implicitly on X).
Assuming the case of finitely many events and following the previous

notation, choose i ∈ k, X ∈ M and let xi(t) = πi(X(t)) ∈ Mi be the
component of the trajectory through X lying in Mi. The evolution of
xi(t) for t ∈ [ts, ts+1], s ≤ ℓ, depends only on the nodes connected to
Ni as determined by α(s). That is,

xi(t) = πi(ΦX(t)) = Φα(s)((xj1(t), . . . ,xjs(t)), t), t ∈ [ts, ts+1],

where j ∈ {j1, . . . , jp} if and only if Nj → Ni ∈ α(s).

4.5. Asynchronous networks with additive input structure and

constraints. Synchronous networks with additive input structure give
rise to asynchronous networks and we outline this “asynchronization”
of a synchronous networks below. We do not discuss conditions on the
event sets for an asynchronified network to be proper.
Recall from section 2.1 that a k node (synchronous) network N with

additive input structure has dynamics defined by

(8) fi(xi;xj1 , . . . ,xjei
) = Fi(xi) +

ei∑

s=1

Fijs(xjs ,xi), i ∈ k.
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We view Fi as defining the intrinsic dynamics of the node Ni and Fij

as giving the (nontrivial) coupling from Nj to Ni. Here it is natural to
remove and later reinsert connections between nodes.
Let Γ be the network graph determined by (8) with associated 0 -1 ma-

trix γ ∈ M(k). Let A ⊂ M•(k) be a generalized connection structure
such that

(1) (0 | γ) ∈ A,
(2) for all α = (α0 |α♭) the matrix α♭ defines a subgraph of Γ, and
(3) αi0 ∈ {0, 1} for all i ∈ k, α ∈ A.

For each α ∈ A, define the α-admissible vector field fα by
(9)

fα
i (xi;xj1 , . . . ,xjei

) = (1− αi0)

(
Fi(xi) +

ei∑

s=1

αijsFijs(xjs ,xi)

)
, i ∈ k.

In this case there is one global constraint structure with Mi foliated
by single points. If we choose an event map E : M → A and take
F = {fα |α ∈ A}, then N = (N ,A,F , E) will be an asynchronous
network. In this way, every synchronous network with additive input
structure leads naturally to many asynchronous networks.

Definition 4.33. An asynchronous network such that the admissible
vector fields fα are defined as in (9) is an asynchronous network with
additive input structure.

For an asynchronous network with additive input structure there is
close relationship admissible vector fields: all are derived from the net-
work vector field of a synchronous network. In particular, the dynamics
of any node is fully determined by the nodes that are connected to it.

Definition 4.34. An asynchronous network N = (N ,A,F , E) is in-
put consistent if for any node Ni and α, β ∈ A with dependency sets
satisfying J(i, α) = J(i, β) we have fα

i = fβ
i .

Lemma 4.35. Asynchronous networks with additive input structure
are input consistent.

Proof. Obvious from the explicit dependencies given in (9). �

We conclude this section by generalizing the previous construction to
allow for arbitrary constraint structures. We start again with the sys-
tem (8) but now assume there is a constraint structureC = {(Wi,Li) | i ∈
k} on N . We follow the notational conventions and assumptions of sec-
tion 4.2. In particular, pi ∈ Z+ will be the number of constraints on
node Ni, P = (p1, . . . , pk) ∈ Zk

+ and P = |P| = maxi∈k pi. For each
constraint (W ℓ

i ,L
ℓ
i) on Ni, choose a projection structure (Lℓ

i , πLℓ
i
).
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Just as above, let γ ∈ M(k) be the 0 -1 matrix determining the
graph Γ defined by (8) and let A ⊂M•(k) =M•(k;P ) be a generalized
connection structure such that

(1) (0 | γ) ∈ A,
(2) for all α ∈ A the matrix α♭ defines a subgraph of Γ,
(3) αi0 ∈ pi

• for all i ∈ k, α ∈ A.

Let E : M→ A be a (regular) event map. For each α ∈ A, define the
α-admissible vector field fα by

(10) fα
i (xi;xj1 , . . . ,xjei

) = F α
i (xi) +

ei∑

s=1

F α
is(xjs ,xi), i ∈ k,

where

(1) F α
i = πLℓ

i
Fi if αi0 = ℓ ∈ pi, and F

α
i = Fi, if αi0 = 0.

(2) F α
is = πLℓ

i
Fis, if αi0 = ℓ ∈ pi, and F

α
is = Fis, if αi0 = 0.

If we define F = {fα |α ∈ A}, then N = (N ,A,F , E) will be an
asynchronous network with constraint structure C.

5. Products and amalgamations of asynchronous

networks

In this section we define the product of asynchronous networks and
find conditions that imply the network cannot be written as a product.
We also define the amalgamation of a set of asynchronous networks
with a common node set.

5.1. Products. Given α, β ∈ M(k), define α ∨ β ∈ M(k) (the join
of α and β) by

(α ∨ β)ij = max {αij , βij} , i, j ∈ k

(the max-plus addition of tropical algebra [61]). Let ∅ denote the
empty connection structure and note that α∨ ∅ = α for all α ∈M(k).
If A,B ⊂ M(k) are generalized connection structures, define the gen-
eralized connection structure A ∨ B by

A ∨ B = {α ∨ β |α ∈ A, β ∈ B} .

Note that ∅ ∈ A∨B if and only if ∅ ∈ A∩B. Consequently, if ∅ ∈ A∨B,
then A,B ⊂ A ∨ B.
Suppose that A is a nonempty subset of k containing kA elements.

There is a natural embedding of M(kA) in M(k) defined by relabelling
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the matrices in M(kA) according to A. Specifically, map the matrix
(αij)i,j∈A ∈M(kA) to the matrix α̂ ∈M(k) defined by

α̂ij =

{
αij for i, j ∈ A,

0 otherwise.

This embedding extends naturally to an embedding ofM•(kA) inM•(k)
if we set

α̂i0 =

{
αi0 for i ∈ A,

0 otherwise.

Given disjoint nonempty subsets A,B of k, regard M•(kA),M•(kB) as
embedded in M•(k). Given α ∈M•(kA), β ∈M•(kB), we define

α ∨ β = α̂ ∨ β̂ ∈M•(k).

This extends to the join A∨B of generalized connection structures on
disjoint sets of nontrivial nodes.
Let N = {N0, . . . , Nk} and let A be a proper subset of k. Recall that

A• = A∪{0}. Define NA = {Nj | j ∈ A
•} and MA =

∏
i∈AMi. Denote

points in MA by XA. Suppose B = krA. We have NA ∩NB = {N0}
and MA ×MB ≈M. If CA, CB are constraint structures on NA, NB

respectively, let C = CA ∨CB denote the induced constraint structure
on N .
More generally, given finite disjoint node sets NA = {Nj | j ∈ A

•},
NB = {Nj | j ∈ B

•}, we can identify A,B with complementary subsets
of k, where k is the total number of elements in A∪B, and then follow
the conventions described above..

Definition 5.1. (Notation and assumptions as above.) Given asyn-
chronous networks NX = (NX ,AX ,FX , EX), X ∈ {A,B}, define the
product NA ×NB be the asynchronous network (N ,A,F , E) with

(1) node set N = NA ∪NB (we identify A,B with complementary
subsets of k),

(2) constraint structure C = CA ∨CB,
(3) generalized connection structure A = AA ∨ AB,
(4) A-structure F = FA ×FB, and
(5) event map defined by E(XA,XB) = EA(XA) ∨ EB(XB), for

(XA,XB) ∈MA ×MB.

Remark 5.2. IfNA,NB are proper (or amenable), then so is the product
network.

Lemma 5.3. (Notation of definition 5.1.) If the asynchronous network
N = NA ×NB, then dynamics on the network phase space MA ×MB
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is given by
(11)
F(XA,XB) = (fEA(XA)(XA), f

EB(XB)(XB)), (XA,XB) ∈MA ×MB.

Proof. Immediate from the definitions. �

5.2. Indecomposability.

Definition 5.4. An asynchronous network (N ,A,F , E) is decompos-
able if it can be written as a product of asynchronous networks. If the
network is not decomposable, it is indecomposable.

Before giving our next definition, recall that the projection π :
M•(k) → M(k);α 7→ α♭, is defined by omitting the zero column of
α ∈M•(k).

Definition 5.5. The connection graph of the asynchronous network
N = (N ,A,F , E) is the graph defined by the 0 -1 matrix ΓN =

∨
α∈A α

♭.

Lemma 5.6. If an asynchronous network N = (N ,A,F , E) is decom-
posable, then the connection graph ΓN of N has at least two connected
components.

Proof. IfN is decomposable, we can find proper complementary subsets
A,B of k such that N = NA×NB, where the node sets for NA, NB are
NA, NB respectively. Since there are no connections between nodes in
NA and NB, ΓN has at least two connected components. �

Remarks 5.7. (1) Lemma 5.6 gives a simple necessary condition for
decomposability which is clearly not sufficient. There are two obstruc-
tions to inferring decomposability from the disconnectedness of the
connection graph. First, the event map encodes information about
spatial dependence of node interactions that cannot be deduced from
the connection graph. Second, the admissible vector fields may encode
implicit dependencies that are incompatible with decomposability (see
example 5.8 below).
(2) While N may be indecomposable, it may be equivalent to a decom-
posable network (for equivalence, see remarks 4.22(3)). Indeed, the dy-
namics of an asynchronous network only depends on the values of the
α-admissible vector fields on the corresponding event sets Eα. In par-
ticular, there may be no functional dependence of fα

i |E
α on xj ∈ Mj,

even though fα
i does depend on xj ∈ Mj. In the this case, if we fix

xα
j ∈ E

α, we can replace fα
i by the smooth vector field f̄i defined by

taking xj = xα
j and define ᾱiℓ = αiℓ, ℓ 6= j, ᾱij = 0. After removing all

such non-essential dependencies in this way (see also section 2.1 and
note that constrained nodes present no new problems), we can then
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N2N1 N2N1

N0N0N0

Figure 6. Nonempty connection structures for a two
node asynchronous network.

ask if the modified network decomposable and so N is equivalent to a
decomposable network.

Example 5.8. Let k = 2, M1 = M2 = R and suppose that, apart
from the empty structure, there are three connection structures α, β, γ
shown in figure 6.
Suppose the event map is given by

E(x, y) =





α, if x < 0, y = 0

β, if x = 0, y > 0

γ, if x = −y

∅, otherwise

In this case, A cannot be written as A1∨A2 since the only choice for Ai

is {∅, {N0 → Ni}}, i ∈ 2. The existence of a connection N1 ↔ N2 vio-
lates the necessary condition given by lemma 5.6. If the connection γ
encodes a nontrivial functional dependency between N1 and N2, then
the network cannot be decomposable or even equivalent to a decom-
posable network.
If there is no such nontrivial dependency, then we can remove the

redundant link by replacing γ with α ∨ β = N1 ← N0 → N2 which
means that the connection graph now has two disjoint connected com-
ponents. However, there is no way to write E(x, y) as E1(x)∨E2(y) since
the event sets involving x ∈M1 (respectively, y ∈M2) depend nontriv-
ially on y (respectively, x). Thus, the asynchronous network cannot be
decomposable or even equivalent to a decomposable network.
The decomposability of a network may also depend on the choice of

admissible vector fields. In contrast to the event map above, the event
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map

Ẽ(x, y) =





α, if x = 0, y 6= 0

β, if y = 0, x 6= 0

α ∨ β, if x = y = 0

∅, otherwise

factorises. Let v, w > 0. Define f∅(x, y) = (v, v), fα(x, y) = (0, w),
fβ(x, y) = (v, 0), and fα∨β(x, y) = (0, 0). For v 6= w the network
cannot be decomposable since the dynamics of N2 depends implicitly
on the state x ∈M1 of N1 despite there being no explicit dependency.
However, if v = w the network is decomposable. ♦

5.3. Sufficient conditions for decomposability. Suppose thatN is
an asynchronous network with k nodes and that C is a proper connected
component of the connection graph Γ = ΓN. The component C can be
identified with a nonempty subset of k that corresponds to the labels
of the nodes in the component. Let C = krC. Since C is a connected
component of ΓN, we can write each α ∈ A uniquely as α = αC ∨ αC ,
where αC , αC are connection structures onNC andNC respectively. Set
AC = {αC |α ∈ A}. We have a well defined projection πC : A → AC

defined by πC(α) = αC .
Define the event map EC : MC ×MC → AC by

EC(XC ,XC) = πC(E(XC ,XC)).

Definition 5.9. Let N = (N ,A,F , E) be an asynchronous network.
The asynchronous network N is structurally decomposable if for any
connected component C of the connection graph ΓN, the map EC is
independent of XC ∈ MC (that is, EC(XC ,XC) = E1(XC) where E1 :
MC → AC).

Remark 5.10. Structural decomposability implies the existence of cer-
tain links. For example, if a node is constrained and there is a condition
that the node will restart when the state of another node attains a cer-
tain value, then there has to be a link between the nodes. In other
words, connection matrices of networks that are structurally decom-
posable not only encode dynamical interaction (the vector field deter-
mining the dynamics depends on the state of the other node) but also
“structural” interaction; that is, the event map E determines a change
in connection structure if a certain condition is met (see example 5.8).

We continue to assume that C is a proper connected component
of the connection graph of an asynchronous network. Admissibility
ensures that each element fα ∈ F can be written as fα = fαC× fα

C
where
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fαC : MC → TMC and fα
C
: MC → TMC . For an asynchronous network

to be decomposable, this decomposition has to be compatible with the
projections πC : A → AC , πC : A → AC . That is, if a connection in
the set of nodes that are in C is added or deleted, the dynamics of the
remaining nodes in C are not affected. This condition translates into
relationships between the network vector fields fα.

Definition 5.11. Let N = (N ,A,F , E) be an asynchronous network.
The asynchronous network N is dynamically decomposable if for any
connected component C of the connection graph ΓN and any fα, α ∈ A,
the vector field component in TMC is independent of AC . That is, we
have the decomposition

fα = f
πC(α)
C × f

π
C
(α)

C
, α ∈ A

of the network vector fields on TM.

Lemma 5.12. (Notation as above.) Input consistent asynchronous
networks are dynamically decomposable. Moreover, any asynchronous
network with additive input structure is dynamically decomposable.

Proof. Given i ∈ k, α ∈ A, let J(i, α) be the associated dependency set

for node Ni. If α, β ∈ A and J(i, α) = J(i, β), then fα
i = fβ

i by input
consistency. If i ∈ C, where C is a connected component of the network
graph ΓN, then J(i, α)∩k ⊂ C for all α ∈ A. Hence J(i, α) = J(i, αC∨
αC) is independent of αC . Input consistency implies that fαC∨β

i =
fαC∨γ
i for all β, γ ∈ AC which yields dynamical decomposability.
Any asynchronous network with additive input structure is input

consistent and is therefore dynamically decomposable. �

We can now state the main result of this section.

Theorem 5.13. Let N = (N ,A,F , E) be a structurally and dynami-
cally decomposable asynchronous network with connection graph Γ. If Γ
has connected components C1, . . . , Cq then there exist indecomposable
asynchronous networks N1, . . . ,Nq such that

N = N1 × · · · ×Nq.

Proof. We prove in case q = 2 (the general case is similar). Sup-
pose Γ has connected components C1 = A and C2 = B. Let AA =
{πA(α) |α ∈ A} and AB = {πB(α) |α ∈ A}. Dynamical decomposabil-
ity ensures that fα = fπA(α) × fπB(α). Moreover, constraint structures
are defined for individual nodes and so they factorise naturally.
Define event maps EA, EB by

EA(XA) = πA(E(XA,XB)), EB(XB) = πB(E(XA,XB)).
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These maps are well defined since the network is structurally decom-
posable. Hence we have constructed asynchronous networks NA, NB

such that N = NA ×NB. �

Our concluding result on decomposability is an immediate conse-
quence of lemma 5.6 and theorem 5.13.

Corollary 5.14. A structurally and dynamically decomposable asyn-
chronous network N is decomposable if and only if its connection graph
has more than one nontrivial connected component.

5.4. Amalgamating asynchronous networks. Products are defined
for asynchronous networks with disjoint sets of nodes. Asynchronous
networks which share a common node set can be amalgamated or
merged to form a new asynchronous network. In terms of binary oper-
ations from graph theory, amalgamations roughly correspond to unions
of graphs. Amalgamations will become important when we consider the
structure of functional asynchronous networks in sections 7–9. While
products of amenable (proper) asynchronous networks are automati-
cally amenable (proper), this is not necessarily true for the amalgama-
tion of asynchronous networks. We partially address the question of
amenability here and return to the issue in section 9.

Definition 5.15. A node Ni, i 6= 0, is linked if either there exists
j ∈ k•, such that Nj → Ni or there exists j ∈ k such that Ni → Nj.

Remark 5.16. The constraining node is never a linked node. However,
if there is a connection N0 → Ni, i ∈ k, then Ni will be linked. A linked
node is either constrained or connected to another node. Every node in
a connection structure will be linked, except for the constraining node.

If α is a connection structure, let v(α) denote the set of linked nodes
of α. More generally, define

V (A) =
⋃

α∈A

v(α) ⊂ k.

for a generalized connection structure A.

Definition 5.17. An asynchronous network N = (N ,A,F , E) with
∅ ∈ A is weakly input consistent if i /∈ v(α) implies that fα

i = f∅
i .

This property is crucial in what follows. For the remainder of this
section we assume that all asynchronous networks include the empty
connection structure ∅ ∈ A and are weakly input consistent.
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5.4.1. Amalgamating independent asynchronous networks. We start by
defining the amalgamation of independent asynchronous networks. In
this case, the operation is similar to that of product. Recall that for
A ⊂ k, we defined MA =

∏
i∈AMi.

Definition 5.18. An asynchronous network N = (N ,A,F , E) is of
elementary type if the event map E depends only on variables xi, i ∈
V (A).

Remarks 5.19. (1) Definition 5.18 implies that for all α ∈ A, there
exists Êα ⊂MV (A) such that Eα = Êα×MkrV (A). Typically, it is too

restrictive to require that if α ∈ A, then Eα = Ẽα ×Mkrv(α).
(2) The concept of elementary type is related to the concepts of struc-
tural and dynamical decomposability defined in the previous section.
In particular, if N is of elementary type, then N = Nv ×

∏
i/∈V (A) Si

where Nv has nodes {N0} ∪ {Ni | i ∈ V (A)} and each Si gives uncou-
pled dynamics on Ni.
(3) We can generalise the definition of elementary type by taking Ṽ (A)
to be the minimal subset of k such that Ṽ (A) ⊃ V (A) and defini-
tion 5.18 holds with Ṽ (A) replacing V (A). The preceeding remark
continues to hold with this change.

Let q ∈ N, q > 1. Suppose that Λ = {Na = (N ,Aa,Fa, Ea) | a ∈ q}
is a family of asynchronous networks of elementary type with common
node set N and network phase space M. We write elements of Fa as
fa,α = (fa,α

1 , . . . , fa,α
k ), α ∈ Aa. We assume that fa,∅ is independent of

a and set fa,∅ = f∅, a ∈ q.

Definition 5.20. (Notation and assumptions as above.) The family Λ
is independent if for all a, b ∈ q, a 6= b, we have

V (Aa) ∩ V (Ab) = ∅.

If Λ is independent, we define A =
∨

a∈qA
a and E : M → A by

E(X) =
∨

a∈q E
a(X), X ∈ M. Obviously, E(M) = A (by indepen-

dence). Each α ∈ A may be written uniquely as α =
∨

a∈q αa, where
αa ∈ A

a. We define the A-admissible vector field fα on M by

fα
i =

{
fa,αa

i , if i ∈ v(αa)

f∅
i , if i /∈ v(α).

Since the family is independent, each Na is of elementary type, and
since we assume weak input consistency, fα is uniquely defined. Set
F = {fα |α ∈ A}.
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Lemma 5.21. (Notation and assumptions as above.) If the family
Λ = {Na | a ∈ q} is independent, then we define the amalgamation
N =

⊔
a∈k N

a to be the asynchronous network (N ,A,F , E) where A,F
are as defined above and E(X) =

∨
a∈q E

a(X), X ∈M.

The network N is of elementary type and will be amenable (respec-
tively, proper) if each of the networks Na is amenable (respectively,
proper).

Proof. Let a ∈ q. It follows by remarks 5.19(2) that we may write
Na = Na

v × Sa, where Sa =
∏

i/∈V (Aa) Si. If we set V = ∪a∈qV (Aa),

then N =
∏

a∈q N
a
v ×

∏
i/∈V Si. Hence N is of elementary type with

V (A) = ∪a∈qV (Aa). It follows from the representation of N as a
product that if each Na is amenable (respectively, proper), then the
same is true for N. �

5.4.2. Amalgamating locally independent asynchronous networks. The
assumption that asynchronous networks are of elementary type and
independent is strong and allows us to write the amalgamation as a
product. For the remainder of the section we assume Λ = {Na | a ∈ q}
is a family of asynchronous networks but do not require independence
or that the component networks Na are of elementary type. We discuss
how amalgamations can be defined for this more general class of asyn-
chronous networks. Note that we continue to assume that fa,∅ = f∅,
all a ∈ q, and that weak input consistency holds.
For a ∈ q, α ∈ Aa, and i ∈ V (Aa), define

Ea,α = {X ∈M | Ea(X) = α}

Ea
i = {X ∈M | i ∈ v(Ea(X))} .

Definition 5.22. (Notation and assumptions as above.) The family Λ
is compatible if for a, b ∈ q, a 6= b,

(1) Ea
i ∩ E

b
i = ∅, if i ∈ V (Aa) ∩ V (Ab). (Local independence.)

(2) If α ∈ Aa ∩ Ab, then fa,α = f b,α. (Consistency.)

Remarks 5.23. (1) Since we always assume consistency holds for ∅ ∈⋂
a∈qA

a, it is easy to show that condition (1) of definition 5.22 implies

that we can choose the fa,α, without changing fa,α|Ea,α, so that the
family is compatible. For our purposes, the essential requirement is
that consistency holds for ∅.
(2) If Λ is independent, then Λ is a compatible family.

Lemma 5.24. Suppose that Λ is compatible. If we define E : M →
M•(k), by E(X) =

∨
a∈q E

a(X), then for each X ∈M, either E(X) = ∅

or there exist unique a1 < . . . < as ∈ q such that
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(1) Ea(X) = ∅, if and only if a /∈ {a1, . . . , as}.
(2) v(Eai(X)) ∩ v(Eaj(X)) = ∅, for all i, j ∈ s, i 6= j.

Proof. Definition 5.22(1) implies that for given X ∈ M and i ∈ k,
there can be at most one a ∈ q for which i ∈ v(Ea(X)). The result
follows. �

Let X ∈ M and E(X) 6= ∅. By lemma 5.24, there are unique a1 <
. . . < as ∈ q such that E(X) =

∨
i∈s E

ai(X). Set αai = E
ai(X), i ∈ s,

so that E(X) = αa1 ∨ . . . ∨ αas . We extend the concept of generalized
connection structure and let define A to consist of ∅ together with the
set of all αa1 ∨ . . . ∨ αas obtained as values of E . Note that even if
α =

∨
i∈s αai , β =

∨
j∈t βbj define the same connection structure on N ,

we regard α, β as distinct elements of A unless s = t and αai = βbi for
all i ∈ s.
For each α = αa1 ∨ . . . ∨ αas ∈ A, define fα by

fα
i (X) =

{
faℓ,αℓ

i (X), if i ∈ v(αaℓ),

f∅
i (X), if i /∈ v(αa1 ∨ . . . ∨ αas).

This defines fα = fαa1∨...∨αas as a smooth vector field on M. In partic-
ular, fα is defined as a smooth vector field on the event set Eα (with
respect to the joint event map E). This yields our requiredA-admissible
family F = {fα |α ∈ A}.

Remark 5.25. If α, β ∈ A define the same connection structure on N ,
it will not generally be possible to choose a smooth network vector
field f which coincides with fα on Eα and fβ on Eβ. Rather than
use the extended concept of generalized connection structure described
above, we could instead introduce different edge types for elements of
Aa, a ∈ q. Whatever conventions are used yield the same dynamics
since the admissible vector fields are always uniquely defined on their
associated event sets.

Definition 5.26. Let Λ = {Na | a ∈ q} be a compatible family of asyn-
chronous networks and N = (N ,A,F , E) be defined as above. Then
the asynchronous network

N =
⊔

a∈q

N
a

is the amalgamation of the family Λ.

In general, N will not be amenable or proper even if all the con-
stituent networks Na are amenable or proper. The difficulty lies with
the structure of E . Even though for all X ∈ M, Ni → Nj ∈ E(X) if
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and only if there exists a unique a ∈ q such that Ni → Nj ∈ E
a(X),

the dependence of Ea
i ∩E

a
j on X cannot be given purely in terms of Na

without further conditions on the event maps. We return to this point
in section 8.

6. A simple example: transport with a passing loop

In this section we describe and develop a simple example: two trains
on single track railway line with a passing loop. The asynchronous net-
work describing the dynamics of the two trains will not be associated
to a classical synchronous network. As we develop the example, we
include elaborations that illustrate important features of more general
and realistic asynchronous networks – local time, dynamics, initializa-
tion, and network function. Although our example is that of a trans-
port network, it is not hard to modify the setup to model a production
network.

6.1. The basic example. Consider two trains T1,T2 travelling in op-
posite directions along a single track railway line of infinite length mod-
elled by R; see figure 7.

Figure 7. Two trains on a single track railway line with
a passing loop.

To pass each other, the trains must enter a passing loop, located
at 0 ∈ R. We model as an asynchronous network with 1-dimensional
node dynamics. Assume nodes N1, N2, both with 1-dimensional phase
space R. The position of train Ti is given by xi ∈ R, i ∈ 2. We assume
that, outside of the passing loop, the velocity of the trains is given by
smooth vector fields V1, V2 : R→ R such that

V1(x) > 0 > V2(x), x ∈ R.

That is, T1 is moving to the right and T2 to the left. At this point
we will be vague about the precise initialization of the trains except
to say that at t = 0, we require x1(0) < 0 < x2(0). The dynamics of
the asynchronous network can now be described as follows. When the
trains are approaching the passing loop, they move at nonzero speed
and are decoupled (we do not assume the existence of a centralized
control or communication between the drivers). Once one train enters
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the passing loop, it stops and waits for the second train to enter. En-
tering the passing loop can be seen as a connection event since now
the position of the one train becomes relevant for the dynamics of the
other train. Once both trains are in the passing loop, they may pro-
ceed. Formalizing, we define the generalized connection structure A
by

A = {α = {N0 → N1}, β = {N0 → N2}, γ = {N1 ↔ N2},∅},

where N0 denote the constraining node and ∅ is the empty connection
structure. We define the event map E : R2 → A by

E(x1, x2) =





α, if x1 = 0, x2 > 0

β, if x1 < 0, x2 = 0

γ, if x1 = 0, x2 = 0

∅, otherwise.

x2

x1

Eβ

Eγ

Eα

(b,0)

(0,0)
(a,0)

A

B

C

Figure 8. Dynamics on a one track line with passing loop.

We can allow for initialization of the trains at general points of R2 by
adding a collision event along x1 = x2, x1 6= 0 – see examples 4.30(1) –
we keep matters as simple as possible here by focusing on initializations
in the region R2

◦ = {(x1, x2) | x1x2 ≤ 0}. The event dependent vector
fields VC , C ∈ A, are given by

V∅ = Vγ = (V1, V2), Vα = (0, V2), Vβ = (V1, 0).

We show dynamics in figure 8 and note that the associated semiflow
Φ : R2 × R+ → R2 will not be continuous on Eα ∪ Eβ (see exam-
ples 4.30(1)). However, Φ : R2

◦ × R+ → R2
◦ is continuous. Referring

to figure 8, trajectory A corresponds to train T2 reaching the pass-
ing loop first and restarting only when T1 reaches the passing loop.
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Train T1 reaches the passing loop first for trajectory B. Note that
whichever train reaches the passing loop first, the ‘exit trajectory’ C
is always the same and so the structure imposes an eventual reduction
to 1-dimensional dynamics.
In the above, we defined E(0, 0) = γ. We might just as well have not

used γ and defined E(0, 0) = ∅ (the network is then amenable). The
origin is singular in this example – in part, this is because it is possible
to initialize so that neither train stops in the passing loop10. In other
situations, it is may be appropriate to use the connection structure
α∨β at (0, 0) (for example if train Ti is required to stop at least Si > 0
seconds in the passing loop, i ∈ 2).

6.1.1. Digression – embedding in a Filippov system. In the previous
example, the network vector field F(X) = VE(X)(X) is not continuous
on M. It is natural to ask whether their is a connection with Filippov
systems [44] – a class originally inspired by engineering applications
which allows for discontinuous vector fields. Roughly speaking, a Fil-
ippov system is defined by a collection of sufficiently smooth vector
fields defined on open subsets of the phase space. It is assumed that
the boundaries between these open sets are hypersurfaces. If the vector
fields on the open sets close to these surfaces both point towards the
surface, then dynamics are determined by the unique convex combina-
tion that leaves the hypersurface invariant (see example 4.23) and thus
the hypersurface of discontinuity becomes a “sliding surface.”
In an asynchronous network, dynamics on event sets is given explic-

itly rather than by the conventions used in Filippov systems. However,
asynchronous networks can sometimes be locally represented by a Fil-
ippov system. We give details below for the passing loop example (we
refer to [23] for more details and greater generality). These connections
open the possibility of applying methods and results from, for example,
the bifurcation theory of Filippov systems to asynchronous networks.
Recall that the semiflow defined by the vector field V is not continu-

ous on Eα ∪ Eβ ⊂ R2 (as opposed to R2
◦). However, we can obtain dy-

namics on R2
◦ as the restriction of Filippov dynamics on R2 and the Fil-

ippov dynamics has a continuous semiflow on R2. In order to represent
dynamics on R2

◦ as the restriction of dynamics of a Filippov system on
R2, we define lines Sα ⊃ Eα, Sβ ⊃ Eβ by Sα = {(x1, x2) ∈ R2 | x1 = 0},
Sβ = {(x1, x2) ∈ R2 | x2 = 0}. We define a vector field V on R2rSα∪Sβ

10A situation to be avoided in practice.
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x2

x1

Sα

Sβ

V

V

V

VA

B

C

Figure 9. Dynamics for the associated Filippov system.
Trajectory A is unchanged; trajectories B and C corre-
spond to one train reversing after the other train enters
the passing loop.

by

V (x1, x2) =





(V1(x1), V2(x2)), if x1x2 ≤ 0,

(V1(x1),−V2(x2)), if x1 < 0, x2 < 0,

(−V1(x1), V2(x2)), if x1 > 0, x2 > 0,

see figure 9.
For any point x ∈ Sα∪Sβ r{(0, 0)} the discontinuous vector field V

defines a Filippov system. For x ∈ Eα ∪ Eβ the dynamics of the local
Filippov system are given by a sliding vector field given by the unique
convex combination of vector fields on opposite sides of Sα, Sβ that
is tangent to the sliding line [44, 22] (see also example 4.23) which
evaluate to Vα,Vβ. Thus, Eα, Eβ become sliding surfaces of the lo-
cal Filippov systems. If we define V (0, 0) = (V1(0), V2(0)), then the
semiflow of induced by V as a Filippov system is continuous on R2 and
restricts to the required semiflow on R2

◦.

Remark 6.1. Of course, the resulting semiflow on R2 r R2
◦ does not

have an interpretation in terms of trains on a line with a passing loop.
However, the Filippov model is directed towards sliding and control ap-
plications, whereas what we are discussing is appropriate for networks
where nodes may be turned on and off as thresholds are reached. Un-
like for characteristic Filippov systems, the vector field for the original
model is uniquely defined at every point of the phase space and the
underlying functional structure consists of smooth vector fields defined
at every point of the phase space.
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6.2. Local times. In the basic model, at most one of the trains stops
in the passing loop. A more realistic model is to suppose that the loop
is a station and that both trains have to spend a specified amount of
time in the station. For example, we might require that trains have to
spend S ≥ 0 seconds when they are both stopped in the station. In
this case, we can suppose that when the trains have stopped, drivers
synchronize their watches and wait for S seconds to pass before restart-
ing. This type of network is an example of a locally non-autonomous
asynchronous network. More formally, we allow for a local time τ ∈ R+

given by the drivers synchronized watches (or the station clock). We
define dynamics on R2 × R+.
Initialize by (x1(0), x2(0), 0), where x1(0) < 0 < x2(0), and assume

given vector fields V1, V2 as in section 6.1 (note that our setup gives well-
defined dynamics for all (x1(0), x2(0)) ∈ R2). We define the connection
structures α, β, γ by

α = {N0 → N1}

β = {N0 → N2}

γ = {N0 → N1 ↔ N2 ← N0}

and take the generalized connection structure A = {α, β, γ,∅}.
The event map E : R2 × R+ → A will depend on the local time τ .

We define

E((x1, x2), τ) =





α, if x1 = 0, x2 > 0

β, if x1 < 0, x2 = 0

γ, if x1 = x2 = 0, τ < S

∅, otherwise

Choose ω > 0 with ω ≈ 1. We define an A-structure F consisting of
τ -dependent vector fields by

Vα(x1, x2, τ) = ((0, V2(x2)), 0)

Vβ(x1, x2, τ) = ((V1(x1), 0), 0)

Vγ(x1, x2, τ) = ((0, 0), ω)

V∅(x1, x2, τ) = ((V1(x1), V2(x2)), 0)

Network dynamics on R2 × R+ is then given by the piecewise smooth
vector field

F((x1, x2), τ) = VE((x1,x2),τ)((x1, x2), τ).

Remarks 6.2. (1) The local time component of F is zero unless both
trains are in the passing loop. The local time τ then satisfies the
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equation τ ′ = ω, with initialization τ = 0. The clock stops when
τ(t) = S. Of course, from the modelling point of view we might just
as well assume ω = 1 and vary S as necessary.
(2) An observer can always assume a global time. However, the train
drivers have no connection – and cannot synchronize watches – until
they are both in the passing loop.
(3) As set up, if x1(0) > x2(0) > 0, then T2 does not stop when it goes
through the passing loop (T1 does not go through the passing loop).
It is not hard to modify the model to allow T2 to stop for a specified
time in the passing loop. Similarly for T1 if x2(0) < x1(0) < 0. It
is also straightforward to modify the model to require, in addition to
both trains being stopped together in the passing loop for time S, that
T1 must stop for time S1 ≥ S and T2 for time S2 ≥ S.
(4) The event sets {Eα |α ∈ A} for this model are semialgebraic subsets
of R2 × R+ and satisfy the amenability condition of of definition 4.28
(provided S > 0). Their more complex structure reflects the increased
logical complexity of the problem. We refer to [42] for the general
formalism for locally nonautonomous asynchronous networks.

6.3. Adding some dynamics. In the passing loop example, the trains
only “interact” when they are both in the passing loop and the effect
on dynamics is minimal. We may vary the example to give a non-trivial
dynamic interaction when the trains are in the passing loop. To this
end, we additionally require that

(1) The drivers are both running a non-linear oscillator of approxi-
mately the same frequency (initial conditions randomly chosen
at the start of the trip).

(2) When both trains are in the station, the oscillators are cross-
coupled so that they eventually approximately synchronize.

(3) The trains can leave the station when the oscillators have been
synchronized to within ε for at least S > 0 seconds. We assume
1≫ ε > 0.

We omit the formalisation – which is broadly similar to that of the
previous section – and remark that this type of restart event is, for
example, applicable to distributed production networks where there are
chemical reactions or mixing which take time to complete. We could
also couple the dynamics to the train speed – for example by making
the train velocity part of a skew product system weakly forced by some
internal dynamics with forcing turned off in the passing loop. There
is the possibility that the condition of approximation is never met (a
deadlock) or takes a very long time to occur (the network dynamics
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stalls). Both situations can occur if, for example, the coupling is very
weak.

6.4. Initialization, termination and function. We now work to-
wards a more realistic model of the passing loop example that can be
embedded in a larger transport network. Assume that the rail line is
of finite length and terminated by two stations Sp, Sq. We model by
the closed interval [−p, q], where∞ > p, q > 0. We continue to assume
the passing loop is at the origin 0 ∈ [−p, q]. The initialization set Ii
for Ti is a choice of allowable initial conditions for the train Ti, i ∈ 2.
We always assume Ii is a closed subset of Mi = [−p, q]. In our case, we
take

I1 = {−p} ⊂ [−p1, q], I2 = {q} ⊂ [−p1, q].

We call I = I1 × I2 the initialization set for the network.
The termination set, or target set Fi, for Ti is a choice of allowable

final states for the train Ti. Again we assume Fi is closed. We take

F1 = {q} ⊂ [−p1, q], F2 = {−p} ⊂ [−p1, q].

We call F = F1 × F2 the termination (or target) set for the network.
What we are interested in is finding the time it takes for the trains

to traverse the rail line: starting in the initialization set I and ending
in the termination set F. In the simplest case we assume the trains
depart from I simultaneously at time t = 0. The times at which the
trains reach the end of the line can be computed in terms of p, q, the
velocities Vi and the time S both trains are required to be together in
the loop. In real-world networks, however, starting times are almost
never exact. Thus, a more realistic model for the network is to require
stochastic initialization of starting times. For example, the actual time
of departure of train Ti could be given by Ti ≥ 0 sampled from an
exponential or uniform distribution.
The network we are describing has a function: getting from points

in I to points in F in finite time. The key invariant is the probability
distribution of arrival times. For a fixed initialization, the arrival times
can be explicitly computed whereas stochastically initialized networks
yield nontrivial distribution of arrival times. Knowledge of the prob-
ability distribution allows, for example, to estimate the probability of
network failure – failure to arrive within a prescribed time. There is
also the possibility of deadlocks occurring: one or more of the trains
never arrives: the network is unable to complete its function.
Even though the example of two trains in the passing loop is rel-

atively simple, it relates to larger and more complex networks. For
example, instead at stopping at its final destination, train T1 may first
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have to pass through a second passing loop with a third train T3. In
this situation, the distribution of arrival times for the first network
translate into an initial distribution of starting times for the second
network. The larger functional network may thus be regarded as a
concatenation of two functional networks. The function of the larger
network will depend on the functions of the two constituent subnet-
works. Iterating the process leads rapidly to functional networks that
reflect the complexity of real transport networks. Conversely, it is nat-
ural to try to determine the factors or constituents of a large complex
functional network.

7. Functional asynchronous networks and deadlocks

In the previous section we introduced the idea of a functional asyn-
chronous network. We formalize the concept in this section. We also
discuss some of the issues that arise such as deadlocks and stopping.
We refer to [42] for greater generality and note that it is easy to allow
for local times (as in section 6.2).
In what follows we assume that N = (N ,A,F , E) is a proper asyn-

chronous network with k nodes and semiflow Φ = (Φ1, . . . ,Φk).

7.1. Initialization, termination and network function.

Definition 7.1. Let Ii,Fi ⊂ Mi, i ∈ k. The sets I =
∏k

i=1 Ii and F =∏k
i=1 Fi are initialization and termination sets for N if the following

conditions are satisfied.

(P1) I, F are closed nonempty subsets of M.
(P2) If X ∈ I, then for each i ∈ k there exists ti(X) ≥ 0 such that

Φi(X, t) ∈ Ii if and only if t ∈ [0, ti(X)].
(P3) If X ∈ I and there exists t ≥ 0 such that Φi(X, t) ∈ Fi, then

t ≥ ti(X).

If (P3) applies, let Si = Si(X) = inft≥0 {t |Φi(X, t) ∈ Fi} denote the
transit time from X to Fi.

Remarks 7.2. (1) Condition (P2) implies that I contains no compact
Φ-invariant sets.
(2) Since Fi is assumed closed, we have Φi(X, Si) ∈ Fi.
(3) If we insist that Ii ∩ Fi = ∅, then (P3) follows with Si > ti(X) pro-
vided either Ii or Fi is compact. However, it will sometimes be useful
to take Ii = Fi. As a general rule, we always assume either Ii ∩ Fi = ∅
or Ii = Fi and then (P3) is immediate.
(4) In the definition, we do not (yet) require that for every X ∈ I,
i ∈ k, there exists Si ≥ 0 for which Φi(X, Si) ∈ Fi. Moreover, if
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Φi(X, Si) ∈ Fi, it may or may not be the case that Φi(X, t) ∈ Fi, for
t > Si. The point is that Si gives the time that the state of node Ni first
enters Fi. For some examples, it is natural to have Φi(X, t) = Φi(X, Si)
for all t ≥ Si (so the state Φi(X, Si) really is a terminal state for the
semiflow Φ, not just for the function of transitioning from points in
I to Fi, i ∈ k). In other situations the state may continue to evolve
under Φ after a possibly nonzero stopping time (see section 6.2).
(5) It is often natural to assume that each phase space Mi has bound-
ary ∂Mi and that ∂Mi ⊃ Ii ∪ Fi. This is the situation for the passing
loop example discussed in the previous section. In some applications Fi

might be a relatively small subset of the boundary ∂Mi. For example,
part of the function of the network might be to attain a specific termi-
nating state for each node. More generally, Ii,Fi may be hypersurfaces
in Mi, possibly with ∂Ii, ∂Fi 6= ∅. In particular, Mi r Ii,Mi r Fi may
be connected.

Definition 7.3. (Notation and assumptions as above.) Let I,F be
initialization and termination sets for N. A point X ∈ I is Φ-connected
to F if there exists Y = (y1, . . . ,yk) ∈ F and transit times S = S(X) =
(S1, . . . , Sk) ∈ Rk

+ such that

yi = Φi(X, Si), i ∈ k.

Remarks 7.4. (1) With the notation of definition 7.3, we say X is Φ-
connected to Y. If X is Φ-connected to Y, then Si = Si(X) is always
the minimal transit time from X to Fi. Setting S(X) = (S1, . . . , Sk)
and abusing notation, we often write Y = (y1, . . . ,yk) = Φ(X,S(X)).
We refer to yi as the terminal state of Ni, i ∈ k.
(2) If X ∈ I is Φ-connected to F, this does not imply that the Φ-
trajectory through X meets F. Even if there exists s > 0 such that
Φ(X, s) ∈ F, then s and Φ(X, s) may not give any of the transit times
and terminal states. That is, we may have Si < s and Φi(X, s) 6= yi

for all i ∈ k. However, if Φi(X, t) = Φi(X, Si) for all t ≥ Si then X ∈ I
is Φ-connected to F if and only if the Φ-trajectory through X meets F.

Let I,F be initialization and termination sets for N and set

D(N, I,F) = {X ∈ I |X is Φ-connected to F} .

Definition 7.5. (Notation and assumptions as above.) The transition
function G0 : D(N, I,F) ⊂ I→ F is defined by

G0(X) = Φ(X,S(X)), X ∈ D(N, I,F).

Definition 7.6. Let I,F be initialization and termination sets for N.
The triple N = (N, I,F) is a functional asynchronous network (FAN).
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The network function is transition from points in I to F and is repre-
sented by the transition function G0 : D(N) ⊂ I → F. The network
function is achieved if D(N) = I – that is, if every point in I is Φ-
connected to F and G0 : I→ F.

Remarks 7.7. (1) For a general FAN N, the network function may not
always be achieved and so D(N) may be a proper subset of I. Achieving
the network function may be part of the process of network design and
involve a mix of dynamics and logical conditions.
(2) In the sequel we regard the achievement of network function as
synonymous with the transition function G0 having domain I.

7.2. Deadlocks. In this section we address one of the reasons for the
failure of a FAN to achieve its function: the presence of deadlocks.

Definition 7.8. A FAN (N, I,F) has a dynamical deadlock if there
exists a subset A ⊂M such that

(1) A is compact and semiflow invariant: Φt(A) = A, t ≥ 0.
(2) A ∩ (I ∪ F) = ∅.
(3) There is a nonempty subset X of I r D(N) such that every

trajectory through a point of X enters A within finite time.

We refer to A as deadlock sink. If X contains an open set, A is a
topological deadlock sink, and if X has nonzero Lebesgue measure, A is
an observable deadlock sink.

Remark 7.9. We can strengthen condition (2) of the definition to re-
quire that πi(A) ∩ (Ii ∪ Fi) = ∅, all i ∈ k. In this case, if a trajectory
enters A, then none of the nodes ever reach a terminal state: a total
deadlock.

Example 7.10. In the example of section 6.3, suppose that a pair of
phase oscillators are coupled when both trains are in the passing loop
and that dynamics is given by by

θ′i = ω + kij sin(θj − θi), i ∈ 2,

where k12, k21 > 0. We have a dynamical deadlock given by θ2 = θ1+π.
Here the initialization sets will be given by I1 = {−p}×T, I2 = {q}×T
and the deadlock will not be observable. ♦

The next lemma shows that dynamical deadlocks cannot occur in
networks governed by a single set of differential equations.

Lemma 7.11. A FAN (N, I,F) has no dynamical deadlocks if E|Mr
(I ∪ F) is constant.
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Proof. Suppose that A is a deadlock sink for the FAN. Let F be the the
vector field on M determined by E|Mr (I∪F). Clearly, A is invariant
by the flow of F. Since A has open neighbourhood in M r (I ∪ F), it
follows that no trajectory starting in I (or MrA) can enter A in finite
time, contradicting our assumption that A is a deadlock sink for the
FAN. �

Definition 7.12. Let A be a deadlock sink for the FAN (N, I,F).

(1) A is a deadlock if A consists of a single point (a1, . . . , ak). The
deadlock is total if ai /∈ Fi for all i ∈ k, and partial if there
exists i ∈ k such that ai ∈ Fi.

(2) A is a livelock if A is a periodic orbit.

Examples 7.13. (1) The deadlock given in example 7.10 is a livelock
– an antiphase (periodic) solution of the phase oscillator pair.
(2) Our next example gives an illustration of how a deadlock can occur
because of faulty logic (this is a common programming issue in com-
puter science). Suppose we have a 4-way stop sign at a cross roads.
We have the following traffic rules.

(a) All traffic arriving at the stop sign stops.
(b) No left or right turns allowed – when a vehicle restarts it pro-

ceeds in same direction whence it came.
(c) Priority is determined by order of arrival – first to arrive (stop),

first to leave (restart) – unless more than one vehicle arrives at
the stop sign at the same time, in which case priority is given
to the car on the right (there is no issue if two vehicles arrive
at the same time from opposite directions).

A total deadlock occurs if four cars arrive at the stop sign at the same
time. There is no easy way to vary the logic to resolve the deadlock.
Provided the traffic is light, the deadlock may be regarded as accept-
able11, otherwise it may be preferable (a) to have a two way stop sign,
or (b) use traffic lights. Although the deadlock is, in principle, not
observable, in practice it is: drivers are only able to approximately
judge the time of arrival of vehicles on their right and thus the practi-
cal rule is similar to the ǫ-approximation synchronization rule given in
section 6.3. The example can be extended to allow N -way stop signs
or right and left turns at the intersection. ♦

The presence of deadlocks can prevent a functional network from
completing its function. We discuss some examples of deadlocks in
real-world networks and how they can be resolved.

11An example of the ostrich algorithm from computer science.
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7.2.1. Resource allocation. In computer science and distributed sys-
tems, deadlocks are characteristically associated with problems in re-
source allocation. In our terms, this can be interpreted as two (or
more) nodes trying to connect to a third node Nt which only allows
one connection. For example, in threaded computation data corrup-
tion can occur if two threads attempt simultaneous writes to the same
memory. The resolution involves (a) the connected node Ns having a
lock on the target node until the process requiring the connection is
finished; (b) a protocol for how to handle the situation when two nodes
simultaneously request connection to Nt, (c) prioritisation of connec-
tion requests. If the node Ns does not ever get disconnected from Nt,
then there will be at least a partial deadlock and if low priority nodes
are connected then the system may run slowly. If the time of connec-
tion is small then attempts at simultaneous connection may be rare:
deadlocks are often very hard to find in complex networks. In terms of
event driven dynamics and asynchronous networks, (a,b) are handled
by a correctly written event structure which may use local time. After
the connection between Nt and Ns is released, a new connection will be
made either randomly or consistent with a prioritisation list (or both!).
In large complex networks, it may be extremely hard to organise the
structure so that there are no deadlocks.
We conclude with a simple example where deadlocks can occur owing

to faulty network logic (the example can be interpreted in terms of
resource allocation).

Figure 10. Passing loop and junction on a single track
rail line with three trains.

7.2.2. Faulty logic leading to a deadlock. In figure 10 we show a one
track railway line with passing loop, junction, four stations and three
trains T1,T2,T3. We suppose that T1 starts at A and proceeds to B;
T2 starts at C and proceeds to D, T3 starts at B and proceeds to
A. Matters are organised so that trains T1,T2 start at the same time
and T1 normally arrives at the passing loop before T2. The junction is
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controlled by signals in the following way: normally signals are both set
to red. If a single train approaches, the signal changes to green on that
line and allows the train to proceed. If the trains arrive simultaneously
at the signal, priority is given to the train on the line from A – T1.
Provided T1 arrives at the junction before T2, there are no problems.
However, if T2 arrives first, then T2 enters the passing loop and waits
for T3. When both trains are in the passing loop neither can proceed:
T2 cannot proceed because it would block T1 from proceeding to D and
T3 cannot proceed because the line to A is blocked by T1. Hence we
have a total deadlock. In a purely deterministic system the deadlock
will not occur provided that the departures of T1,T2 from A and B are
correctly timed.

7.3. To stop or not to stop? Consequences for network func-

tion. Given a FAN N = (N, I,F), our primary interest is in the termi-
nal states, as given by the transition function G0 : D(N)→ F, and the
transition times, as given by the timing function S : D(N)→ Rk

+. It is
natural that nodes stop when they have reached their terminal state.
That is, after a node has terminated its state remains fixed, while all
other nodes evolve according to the network dynamics. Such stopping
may be part of the network dynamics itself (if there is an associated
stopping event). In some cases, such as in the passing loop exam-
ple, stopping is forced by reaching the “end of the line” – a trajectory
reaches the boundary of the phase space. For general asynchronous
networks, if a node is forced to stop, the evolution of the remaining
nodes may change or may not be well defined – by stopping the node
we may change the network structure. While for many applications, it
is straightforward to continue trajectories after a node is forced to stop
and we do not change the network function, care is needed: stopping a
node may change the network function. We present a simple caution-
ary example that shows how stopping nodes can not only affect transit
times but also create deadlocks.

Example 7.14. Take a three node FAN with Mi = R, Ii = {0}, i ∈ 3,
F1 = {1}, and F2 = F3 = {2}. Define dynamics according to

x′ = 1

y′ =

{
1, if y < 1, or x ≥ 1.5

0, if y = 1, and x < 1.5

z′ =

{
1
2
, if x < 1.5

1, if x ≥ 1.5
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If we continue evolution past the terminal states, then (0, 0, 0) is Φ-
connected to (1, 2, 2) and S(0, 0, 0) = (1, 2.5, 2.75). On the other hand,
if we stop evolution of nodes when they reach their terminal state, then
(0, 0, 0) is not Φ-connected to F: N2 never attains its terminal state
and there is a deadlock. Moreover, N3 now takes time 4 to reach its
terminal state. ♦

The question of stopping nodes becomes an issue when considering,
for example, a large transport network (representable as a FAN) that
is composed of many subnetworks (each also representable as a FAN).
Here we would like to describe the transition and timing functions of
the main network in terms of the transition and timing functions of the
constituent subnetworks (these will generally have initialization and
termination sets which are different from those of the main network).
In order to do this, we require that the dynamics of each subnetwork
does not depend on dynamics past termination, or equivalently, that
stopping of nodes does not change the network function. In the next
section we give conditions that enable us to carry through this program.

8. Weakly regular and regular FANs

Our aim in the next two sections is show how we can decompose the
dynamics of a FAN of ‘feedforward’ type in terms of the dynamics of
subnetworks which are also FANs. In the present section, we shift our
focus from the absolute definition of a FAN, as given in definition 7.6,
to a more relative definition where we impose geometric and structural
conditions on a (sub)network that give dynamics that is closely related
to the dynamics of the containing global network. As part of this
process, we will need to relax our unrealistic assumption that all nodes,
even uncoupled nodes, are started at exactly the same time.

8.1. Geometric FANs. We start with some notational conventions
and assumptions that we maintain throughout this section. If (N, I,F)
is a FAN, then N = (N ,A,F , E) will be proper asynchronous network
with k nodes and well defined semiflow Φ = (Φ1, . . . ,Φk). Furthermore,
we suppose that ∅ ∈ A, set f∅ = Z = (Z1, . . . , Zk) and assume that Z
determines a smooth flow Ψt = (ψt

1, . . . , ψ
t
k) on M (automatic if M

is compact). Since Z is given by the empty connection structure, ψt
i

determines a flow on Mi for all i ∈ k.

Definition 8.1. The FAN N = (N, I,F) is geometric if

(G) For all i ∈ k, Ii,Fi are disjoint nonempty closed hypersurfaces
inMi that separateMi into nonempty closed connected regions
M−

i ,M
0
i ,M

+
i with smooth boundary satisfying
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Figure 11. Geometry and constraints on node dynam-
ics imposed by conditions (G,T).

(a) ∂M−
i =M−

i ∩M
0
i = Ii,

(b) ∂M+
i =M+

i ∩M
0
i = Fi.

(T) For i ∈ k, Zi is transverse to Ii ∪ Fi, and is inward pointing for
M0

i along Ii, and outward pointing for M0
i along Fi.

(F) For each X ∈ I, and i ∈ k, there exists a unique smallest
Si(X) ∈ R+ such that Φi(X, Si(X)) ∈ Fi.

See figure 11 and the following remarks for the geometric implication
of these conditions. Note that the labels G, T and F refer respectively
to Geometry, Transversality and Function.

Remarks 8.2. (1) Condition (G) implies condition (P1); conditions
(G,T) imply condition (P2) (with ti(X) = 0, for all i ∈ k and X ∈ I).
Condition (P3) follows trivially from (F) and (G).
(2) The geometric conditions on the regions M−

i ,M
0
i ,M

+
i are strong

and entail that Ii,Fi each separate Mi into two connected components.
For periodic problems, such as daily factory inventory oscillations or
biological rhythms12, Ii, Fi may not disconnect Mi (for example, if
Mi = Tn). This would imply that M−

i = M+
i and allow for trajecto-

ries to leave and renter M0
i or Mi rM0

i . In a different direction, we
may weaken condition (G) by allowing, for example, Ii to be a closed
connected hypersurface with boundary ∂Ii 6= ∅. If every point of ∂Ii is
connected to Fi by a forward trajectory of ψi, then we can form a re-
gion M0

i ⊂Mi (with corners) bounded by Ii, Fi and the ψi-trajectories
joining ∂Ii to Fi. Now we may need to place restrictions on re-entry:
once Φi(X, t) exits M

0
i it is not allowed to re-enter M0

i .
(3) Condition (T) implies that Zi|(Ii ∪ Fi) is non-vanishing, all i ∈ k.

12Thanks to David Rand for pointing these examples out to us.
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Lemma 8.3. Let N = (N, I,F) be a geometric FAN. Then N has
a well-defined transition function G0 : I → F and timing function
S : I→ Rk

+.

Proof. Immediate from remarks 8.2(1) and condition (F). �

8.2. Weakly regular FANs. Given a connection structure α ∈ A,
recall from section 5.4 that v(α) ⊂ k denotes the set of linked nodes
for α and V (A) =

⋃
α∈A v(α). Define

Ei = {X ∈M | i ∈ v(E(X))} , i ∈ k,

E⋆ =
⋃

i∈k

Ei.

Observe that X ∈ E⋆ if and only if at least one node is linked at X.
We have

E∅ = Mr E⋆.

Remark 8.4. In many applications nodes will interact only if they are
constrained. We may then think of a constrained node as being in a par-
tially stopped or waiting state. Typically, a node enters a constrained
state when certain thresholds are met (a state dependent event) and
the node is waiting for interaction and/or synchronization with other
nodes. If we require that only constrained nodes are coupled then

(1) A node is linked iff it is constrained: i ∈ v(α)⇐⇒ N0 → Ni.
(2) If Ni → Nj, i, j ∈ k, then N0 → Ni, N0 → Nj.

While this assumption is not necessary for the theory we develop, it is
consistent with the passing loop examples or the threaded programming
model. See also remarks 8.26(5).

Before we give our main definition, we need some new notation and
a definition. Suppose that A0, A−, A+ are proper disjoint subsets of k,
with A0 ∪A− ∪A+ = k. Observe that at least two of A0, A−, A+ must
be nonempty.
If σ ∈ {−,+, 0} and α ∈ A, define ασ ∈M•(k) by

(12) ασ = {j → i ∈ α | j ∈ (Aσ)•, i ∈ Aσ},

Let σ ∈ {−,+, 0} and suppose that for i ∈ Aσ, we are given an open
neighbourhood W σ

i of Mσ
i in Mi. Set W

σ =
∏

i∈Aσ W σ
i and define

W = W0 ×W− ×W+ ⊂M.

Definition 8.5. (Notation and assumptions as above.) The asynchro-
nous network N has product structure on W if for each σ ∈ {−,+, 0},
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we can find an asynchronous network Nσ = (N σ,Aσ,Fσ, Eσ), where
N σ has nodes {Ni | i ∈ A

σ} and network phase space Wσ, such that

N|W = N
0 ×N

− ×N
+.

If N has product structure on W, it follows from the results of sec-
tion 5.3 that the asynchronous networks N0,N−,N+ are proper (since
N is assumed proper) and that for all X = (X0,X−,X+) ∈W we have

E(X) = E0(X0) ∨ E−(X−) ∨ E+(X+)(13)

fE(X)(X) = f
E0(X0)
0 (X0)× f

E+(X−)
− (X−)× f

E+(X+)
+ (X+).(14)

Remarks 8.6. (1) With the notation of (12), equation (13) implies that
Eσ(Xσ) = E(X)σ, for all X = (X0,X−,X+) ∈W, σ ∈ {−,+, 0}.

(2) Equation (14) implies that if i ∈ Aσ, then the component f
E(X)
i |W

depends only on Xσ ∈Wσ and is dependent only on nodes in N σ.

Definition 8.7. (Notation as above.) The FANN = (N, I,F) is weakly
regular if

(1) N is geometric.
(2) There exist open neighbourhoods Vi of ∂M

0
i in Mi, i ∈ k, such

that
(S1) πi(Ei) ⊂Mi r Vi, all i ∈ k.
(S2) If A0, A−, A+ are proper disjoint subsets of k, with A0 ∪

A− ∪ A+ = k, and Wσ =
∏

i∈Aσ(Mσ
i ∪ Vi), σ ∈ {0,−,+},

then N has product structure on W = W0 ×W− ×W+.

Remarks 8.8. (1) Condition (S1) implies that if the state of node Ni is
close to Ii ∪ Fi, then the node will be uncoupled. It also follows from
(S1) that

∏
i∈k Vi ⊂ E∅ and so E∅ is a neighbourhood of I ∪ F.

(2) It follows from (S1,S2) and remarks 8.6(2) that Aσ ⊂ A, σ ∈
{0,−,+} (for example, if σ = 0 and A0 6= ∅, choose X− ∈

∏
i∈A− Vi,

X+ ∈
∏

i∈A+ Vi).
(2) Let σ, η ∈ {0,−,+}, σ 6= η. Since N|W = N0 × N− × N+, there
are no connections between Ni and Nj, if i ∈ A

σ, j ∈ Aη.

The next result will be critical for developing the dynamical and
structural properties of weakly regular FANs.

Lemma 8.9 (Local product structure). Let N = (N, I,F) be a weakly
regular FAN. Let A ⊂ k be a nonempty subset of k and set B = krA.
Set M±

B =
∏

i∈B(M
−
i ∪M

+
i ). If X = (XA,XB) ∈ M0

A ×M±
B, there

exists δ > 0 such that for t ∈ [0, δ] we may write

Φ(X, t) = (ΦA(XA, t),ΦB(XB, t)).
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Proof. Choose δ > 0 so that for t ∈ [0, δ], Φi(X, t) ∈M
0
i ∪Vi, all i ∈ A,

and Φj(X, t) ∈M
−
j ∪M

+
j ∪ Vj, all j ∈ B. It follows from (S2) that we

may write

Φ(X, t) = (ΦA(XA, t),ΦB(XB, t)) ∈M0
A ×M±

B, t ∈ [0, δ],

where ΦA(XA, t) = πAΦ(X, t), ΦB(XB, t) = πBΦ(X, t). (These rela-
tions may fail once Φi(X, t) exits Vi, i ∈ k.) �

8.3. Generalized initialization of FANs. We require conditions
that will allow us to write the transition and timing function of a FAN
in terms of transition and timing functions of constituent subnetworks.
We start with an example that indicates some of the problems and the
need to work with a more general definition of transition function.

Example 8.10. Let N = (N, I,F) be a weakly regular FAN. Suppose
we can identify two FANs N1 = (N1, I1,F1), N2 = (N2, I2,F2) with
semiflows Φ1 and Φ2 such that

(1) I1 = I, F1 = I2, F2 = F.
(2) N1,N2 are weakly regular.
(3) N1,N2 are compatible (definition 5.22) and N = N2⊔N1 (def-

inition 5.26).

Is it possible to express the network function ofN, as given by the tran-
sition function G0 and timing function S, in terms of the subnetworks
N1,N2 and their transition and timing functions G1

0, G
2
0 and S1,S2?

The answer is yes if all nodes of N1 terminate simultaneously. That is,
for every X ∈ I1, there exists S1 > 0 such that S1(X) = (S1, . . . , S1).
Then Y = G1

0(X) = Φ1(X, S1) ∈ F1 and we have G0(X) = G2
0(G

1
0(X))

and S(X) = S1(X) + S2(Y).
In general, nodes of N1 will not terminate simultaneously and so

we need to allow for general initialization times for N2 (corresponding
to the termination times for N1). That is, we require a generalized
transition function G2(Y,S1) = (W,S2) for N2 that gives the terminal
states W and termination times S2 in terms of the initial states Y and
initialization times S1(X) derived from N1. ♦

Let N = (N, I,F) be a weakly regular FAN with semiflow Φ. Set

Î = I×Rk
+, F̂ = F×Rk

+. We refer to Î and F̂ as generalized initialization
and termination sets.
Our first step will be to construct evolution and timing operators

Φ̂ = (Φ̂i, . . . , Φ̂k) : Î× R+ →M

Ŝ = (Ŝ1, . . . , Ŝk) : D̂(N) ⊂ Î→ Rk
+

that allow for general initialization times.
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We first construct Φ̂. Let (X,T) ∈ Î and 0 ≤ τ1 < τ2 < . . . < τp
be chosen so that τ1 = min {T1, . . . , Tk}, τp = max {T1, . . . , Tk} and
{T1, . . . , Tk} = {τ1, . . . , τp}. For ℓ ∈ p, define Jℓ = {i ∈ k |Ti = τℓ}.

For t ≤ τ1, define Φ̂((X,T), t) = X. For t ∈ (τ1, τ2], define Φ̂((X,T), t)
by evolving the variables xi, i ∈ J1, under Φ, keeping the remain-
ing variables fixed. This is well defined by lemma 8.9. Proceed-
ing inductively in the obvious way, using lemma 8.9, we successively
switch on the variables associated to J2, . . . , Jp. For the final step,

suppose that Φ̂((X,T), τp) = Y. Using the properness of N, define

Φ̂((X,T), t) = Φ(Y, t− τp), t > τp.

Lemma 8.11. Let N = (N, I,F) be weakly regular. The evolution op-

erator Φ̂ : Î×R+ →M constructed above is well defined and continuous
in forward time. Moreover, if 0 = (0, . . . , 0) ∈ Rk

+, then

Φ̂((X,0), t) = Φ(X, t), for all t ∈ R+.

Proof. Immediate from the constructions preceeding the lemma. �

Remarks 8.12. (1) The trajectories of Φ̂ may be given as solutions of a
differential equation. Indeed, if F is the network vector field and H(t)
denotes the Heaviside step function (with H(0) = 1), the trajectory

Φ̂((X,T), t), t ≥ 0, is the solution X(t) of the non-autonomous system

x′
i(t) = H(Ti − t)Fi(X(t)), i ∈ k.

The argument given prior to lemma 8.11 implies that solutions (in the
sense of definition 4.24) exist provided that X ∈ I.

(2) It is generally not possible to extend Φ̂ to (M× Rk
+)× R+.

For i ∈ k, letDi be the subset of Î consisting of (X,T) for which there

exists a (minimal) Ŝi = Ŝi(X,T) ≥ Ti such that Φ̂i((X,T), Ŝi) ∈ Fi.

Set D̂(N) =
⋂

i∈kDi and define the timing function Ŝ : D̂(N) → Rk
+

by Ŝ(X,T) = (Ŝ1(X,T), . . . , Ŝk(X,T)). Since N is weakly regular,

D̂(N) ⊃ I (we identify I with the subset {(X,0) |X ∈ I} of Î).

Definition 8.13. (Notations and assumptions as above.) If D̂(N) = Î,

we define the generalized transition function G : Î→ F̂ by

G(X,T) = ((Φ̂1((X,T), Ŝ1), . . . , Φ̂k((X,T), Ŝk)), Ŝ(X,T)),

where Ŝ(X,T) = (Ŝ1, . . . , Ŝk) is given by the timing function.

Remark 8.14. For (X,T) ∈ Î with T = (T, . . . , T ), T ∈ R+ we have
G(X,T) = (G0(X),S(X) +T).
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Definition 8.15. (Notations and assumptions as above.) A weakly

regular FAN is regular if D̂(N) = Î.

Remark 8.16. If N = (N, I,F) is weakly regular, we write N̂ = (N, Î, F̂)

to emphasise that we require initialization from Î = I×Rk
+ rather than

at time zero from I. In particular, the FAN N̂ achieves its network

function (that is, N is regular) if every point of Î is Φ̂-connected to F̂.

Example 8.17. The example of two trains on a single track railway
line with a passing loop and stations described in section 6.4 admits a
generalized transition function G : I× R2

+ → F× R2
+.

8.4. Hidden deadlocks.

Definition 8.18. Let N = (N, I,F) be a weakly regular FAN with
semiflow Φ. A compact Φ-invariant set A ⊂M0 is a hidden deadlock if

(1) A ∩ F = ∅.

(2) A is a deadlock for the FAN N̂.

Remarks 8.19. (1) Condition (2) of the definition is equivalent to there

existing (X,T) ∈ Î and t > 0 such that Φ̂((X,T), t) ∈ A. Note that
by the Φ-invariance of A, πi(A) ∩ Ii = ∅, all i ∈ k. Hence, once a

Φ̂-trajectory has entered A, the subsequent evolution of the nodes is

given by Φ and so the Φ̂-trajectory cannot leave A.
(2) Since N = (N, I,F) is assumed weakly regular, a hidden deadlock
can never be a deadlock of N.

In general terms, deadlocks are obstructions to weak regularity; hid-
den deadlocks are obstructions to regularity.

Examples 8.20. (1) A regular FAN has no hidden deadlocks.
(2) Referring to figure 12, consider two trains travelling in the opposite
direction on a line which contains a single track segment [−0.5, 0.5]
and stations at ±2. We associate a collision event with the single
track segment which results in both trains stopping. Train T1 starts at
{−2} = I1 and proceeds with velocity 0.5; train T2 starts at {2} = I2
and proceeds with velocity −2.0. The termination sets are F1 = {2},
F2 = {−2}. The trajectory γ of figure 12, represents the case where
both trains start at time t = 0. At t = 1.25, T1 is at point −1.375,
and T2 is at −0.5 > −1.375. Hence there is no collision (deadlock)
and network function is achieved. On the other hand if T2 starts at
time T2 = 3 and T1 at time T1 = 0, the trains will collide at the origin
at time t = 4 (the trajectory ν of figure 12) and the network is not
regular. ♦
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Figure 12. Two trains on a partially single track line.

8.5. Weakly regular FANs of simple type. The definitions of reg-
ularity and weak regularity for a FAN involve many details not directly
related to the construction of the generalized transition function. We
show that given a weakly regular FAN N, we can construct a sim-
pler variant Nc which has the same generalized transition function.
Roughly speaking, we are making the transition from viewing the FAN
as a (possible) subnetwork of a larger network (relative viewpoint) to
an absolute viewpoint (the FAN is not contained in a larger network).

Definition 8.21. A geometric FAN N = (N, I,F) is of simple type if
for all i ∈ k, we can choose open neighbourhoods Vi of ∂M

0
i such that

(S1)c πi(Ei) ⊂M0
i r Vi.

(S2)c (a) The event map E(x1, . . . ,xk) is locally constant as a func-
tion of xi ∈M

σ
i ∪ Vi, where σ ∈ {+,−}.

(b) For all i ∈ k, f
E(X)
i (X) = Zi(xi) if xi ∈M

−
i ∪M

+
i ∪ Vi.

Remark 8.22. Condition (S2)c relates to the concepts of structural de-
composability and elementary type (see section 5). If (S2a)c holds,
there are no dependencies of the event map on the state of a node Ni

once its state has exited M0
i .

Lemma 8.23. If the FAN N = (N, I,F) is of simple type, then N

is weakly regular. We say N is weakly regular of simple type. If, in
addition, N is regular, we say N is regular of simple type.
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Proof. Obviously (S1)c implies (S1) and (S1,S2)c imply (S2). �

We need some new notation before stating our next result. Sup-
pose that N = (N, I,F) is a weakly regular FAN. For X ∈ M, define
mutually disjoint subsets A0(X), A±(X) of k by

A0(X) =
{
i ∈ k |xi ∈M

0
i r ∂M0

i

}
,

A−(X) =
{
i ∈ k |xi ∈M

−
i

}
,

A+(X) =
{
i ∈ k |xi ∈M

+
i

}
.

We have k = A0(X) ∪ A−(X) ∪ A+(X) for all X ∈M.
For each i ∈ k, fix x−

i ∈ Ii, and x+
i ∈ Fi. Given X ∈ M, define

X̃ ∈M by

x̃i =





x−
i , if i ∈ A−(X),

xi, if i ∈ A0(X),

x+
i , if i ∈ A+(X).

Define the event map Ec : M→ A by

Ec(X) = E(X̃), X ∈M.

Define Ac =
{
Ec(X)

∣∣ X ∈ M
}
⊂ A and F c =

{
fα
∣∣ α ∈ Ac

}
⊂ F .

Note that, by weak regularity, Ec, and hence Ac and F c, do not depend

on the specific choice of x±
i used for the definition of X̃. Let Nc denote

the asynchronous network (N ,Ac,F c, Ec).

Theorem 8.24. The asynchronous network Nc is proper and Nc =
(Nc, I,F) is a weakly regular FAN of simple type. If we denote the

evolution operator of Nc by Φ̂c then for all ((X,T), t) ∈ Î × R+ we
have

(15) Φ̂c
i((X,T), t) = Φ̂i((X,T), t), if Φ̂i((X,T), t) ∈M0

i .

If N is regular then so is Nc and both FANs have the same generalized
transition function.

Proof. The properness of Nc, weak regularity of Nc and (15) are im-
mediate from the construction of Nc. The remaining statements follow
from (15). �

Definition 8.25. We refer to the FAN Nc = (Nc, I,F) given by theo-
rem 8.24 as the core of N = (N, I,F) and write Nc = core(N).

We conclude this section with some additional remarks and com-
ments about the conditions of definitions 8.1 and 8.7.
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Remarks 8.26. (1) In the sequel it will sometimes be convenient to take
Ii = Fi for some indices i. We then have M0

i = Ii = Fi and require
that the vector field Zi point from M−

i to M+
i .

(2) Typically, different choices of initialization and termination sets
satisfying (G,T,F) will be isotopic (by the flow of the uncoupled node).
Thus, if Ii, I

′
i are initialization sets for Mi, there will exist a smooth

map ξ : Ii → R such that I′i =
{
ψ

ξ(x)
i (x)

∣∣ x ∈ Ii
}
. Similarly for the

termination hypersurfaces Fi. We use this property later.
(3) We do not require that the flow ψt

i maps Ii to Fi – for example,
the vector fields Zi may have equilibria in M0

i . However, interactions
with other nodes will then be needed for the state of Ni to reach the
termination set Fi. If Ni is never coupled to other nodes, then (F)
implies that ψt

i maps Ii to Fi.
(4) We assumed for definitions 8.1, 8.7 that ∂Mi = ∅. It is not hard
to remove this restriction. We briefly sketch the details. First, in
definition 8.7, we need to assume Vi ⊃ ∂Mi, i ∈ k – this is automatic if
∂Mi = Ii ∪ Fi. Next add an open collar [62, Chapter 4, §6] C i to ∂Mi

and thereby enlarge Mi to M
c
i = Mi ∪ C

i. We do this so that M c
i is

without boundary (necessarily M c
i is not compact). Extend Zi to M

c
i

so that Zi has a well defined flow ψi and then trivially extend event
maps to Mc =

∏
i∈kM

c
i so that we can take Vi ⊂ C i in definition 8.7.

(5) In remark 8.4, we commented on the possibility of assuming that
nodes could interact if and only if they were constrained – that is, in
a waiting state. This is often natural when we consider regularity and
allow for generalized initialization times. If regularity holds but nodes
are not constrained, then nodes Ni, Nj can only interact if their starting
times Ti, Tj lie in a narrow range – that is, for interaction at time t, we

need Φ̂i((X,T), t) ∈M0
i rVi and Φ̂j((X,T), t) ∈M0

j rVj . If |Ti−Tj|,
is sufficiently large there will be no interaction.

8.6. Concatenating regular networks of simple type. Assume
given a fixed set of nodes N = {N0, N1, . . . , Nk} and network phase
space M =

∏
i∈kMi. Suppose that Na = (Na, Ia,Fa), a ∈ 2, are

regular FANs of simple type. Following definition 8.7, we label so that
Mi =Ma,−

i ∪Ma,0
i ∪M

a,+
i , whereMa,−

i ∩Ma,0
i = Iai , andM

a,0
i ∩M

a,+
i =

Fa
i , i ∈ k, a ∈ 2.
If α ∈ Aa, label the associated admissible vector field by fa,α, a ∈ 2.

For a ∈ 2, let Ea,⋆ denote the union of the event sets Ea
i for i ∈ k and

Ea
α be the event set corresponding to α ∈ Aa, a ∈ 2.

Lemma 8.27. (Notation and assumptions as above.) Suppose that

(1) f1,∅ = f2,∅
def
= f∅.



ASYNCHRONOUS NETWORKS 69

(2) F1 = I2,

If α ∈ A1 ∩A2, then we may choose an admissible vector field fα such
that fα|Ea,α = fa,α, a ∈ 2.

Proof. By (S1)c, there is a connection Nj → Ni at (x1, . . . ,xk) ∈ M

only if we can choose a ∈ 2, such that xi ∈M
a,0
i , xj ∈M

a,0
j . It follows

that if α ∈ A1 ∩A2, then E1,α ∩E2,α = ∅. Now define fα by extending
f1,α|E1,α, f2,α|E2,α smoothly to M. �

If the conditions of lemma 8.27 hold, then {N1,N2} is compatible and
we let N =

⊔
a∈2 N

a be the amalgamation as defined in definition 5.26.

Proposition 8.28. (Notation and assumptions as above.) Suppose
that Na = (Na, Ia,Fa), a ∈ 2, are regular FANs of simple type satisfying

(1) Na = (N ,Aa,Fa, Ea), a ∈ 2.
(2) fa,∅ = f∅, a ∈ 2.
(3) F1 = I2,

We have a well-defined regular FAN N2 ⋄ N1 = (N, I1,F2), where
N =

⊔
a∈2 N

a = (N ,A,F , E). Moreover, the generalized transition
function G for N2 ⋄N1 is the composite G2 ◦G1. We call N2 ⋄N1 the
concatenation of N1 and N2.

Proof. It is immediate from the definitions that (N, I1,F2) satisfies the
conditions for a weakly regular FAN of simple type and so has an

evolution operator Φ̂. It remains to be shown that Φ̂ can be written in

terms of the evolution operators Φ̂a of Na, a ∈ 2. Given ((X,T), t) ∈

Î × R+, let (Y, Ŝ1) = G1(X,T), Ŝ1 = (Ŝ1
1 , . . . , Ŝ

1
k). Since N1,N2 are

of simple type, it follows that for all for all i ∈ k we have

Φ̂i((X,T), t) =

{
Φ̂1

i ((X,T), t), t ≤ Ŝ1
i

Φ̂2
i ((Y, Ŝ

1), t), t ≥ Ŝ1
i .

Hence G = G2 ◦G1. �

Remarks 8.29. (1) We emphasize that proposition 8.28 requires con-
ditions (S1)c and (S2)c. In particular, if (S2)c fails, the concatenation
may not be proper even though the amalgamation

⊔
a∈2 N

a is well de-
fined as an asynchronous network.
(2) The operation of concatenation is not commutative. Even if we
redefine the initialization and termination sets so as to make N1 ⋄N2

well defined, we generally have N2 ⋄N1 6= N1 ⋄N2.
(3) As constructed, N = N1 ⋄ N2 is of simple type. If N is regular
but not of simple type, we can replace N by core(N). It may then be
possible to write core(N) = N1 ⋄N2, where N1,N2 are of simple type.
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This suffices for applications to the original FAN N as N and core(N)
have the same generalized transition function by theorem 8.24. Note
also that if N = (N, I,F), and core(N) = N1 ⋄N2, then for a ∈ 2, the

FAN Ña = (N, Ia,Fa) will be regular, though not of simple type, and
have transition function Ga.

8.7. Forced stopping. Let N = (N, I,F) be a weakly regular FAN
with associated timing function S = (S1, . . . , Sk) : I → R+. In this
section we address the issue of forced stopping raised in section 7.3.
The results of this section are not used elsewhere in the paper and may
be omitted at first reading.
We first construct a new FAN N⋆ = (N⋆, I,F) that provides a simple

minimal model for the network function of N and for which nodes are
stopped when they reach their terminal state.
We start by formalizing the forced stopping of nodes (this can eas-

ily be framed in terms of an explicit stopping constraint). Let A be
a nonempty subset of k and ξA be the connection structure {N0 →
Ni | i ∈ A}. Define A

s = A∪{ξA |A ⊂ k}. We define a new event map
Es : M → As. Let X ∈ M. If xi ∈ M

+
i , i ∈ A, and xi /∈ M

+
i , i /∈ A,

define
Es(X) = E(X) ∨ ξA.

For each αs = α ∨ ξA ∈ A
s, define fα

s

= (f1, . . . , fk) by

fi(X) =

{
0, if i ∈ A

fα
i (X), if i /∈ A.

Define F s = {fα
s

|αs ∈ As}.
If our focus is purely on network function (of the network or subnet-

work), then dynamics of the node Ni on the factors M−
i r Ii, M

+
i r

Fi is not of interest. We define the asynchronous network N⋆ =
(N ⋆,A⋆,F⋆, E⋆) by requiring that N⋆ and N have the same node sets
(N ⋆ = N ) but take the network phase space of N⋆ to be M0 =∏

i∈kM
0
i . Define E

⋆ by restriction of Es to M0 and set A⋆ = As (equal

to E⋆(M0)), and F⋆ =
{
fα|M0

∣∣ α ∈ A⋆
}
.

Proposition 8.30. (Notation and assumptions as above.) The asyn-
chronous network N⋆ is proper, with well-defined semiflow Φ⋆ : M0 ×
R+ →M0 and for all X ∈M0, i ∈ k, we have

(16) Φ⋆
i (X, t) =

{
Φi(X, t), provided t ≤ Si,

Φi(X, Si), if t ≥ Si.

In particular,

(1) N⋆ is a FAN, that is, I,F satisfy conditions (P1–3) for N⋆.
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(2) N and N⋆ have the same transition and timing functions.

Proof. A routine computation based, as usual, on lemma 8.9. �

Remarks 8.31. (1) Proposition 8.30 may fail if N does not satisfy
the structural conditions (S1,S2) for weak regularity. Indeed, N⋆ =
(N ⋆,A⋆,F⋆, E⋆) may not be proper; even if it is, (16) may fail.
(2) In many cases, N⋆ gives a natural description of network function.
For subnetworks, we need to take account of the global structure of
the containing network – not just the network structure determined
by restriction. Proposition 8.30 allows us to view both subnetwork
and network as FANs where stopping occurs when termination sets are
reached.

Proposition 8.30 shows that for a weakly regular FAN N = (N, I,F),
stopping nodes at termination does not change network function. This
property also holds for generalized initialization.

Proposition 8.32. Let N = (N, I,F) be weakly regular. If we let Φ̂⋆

denote the evolution operator for N⋆, then

(1) Φ̂⋆ : Î × R+ → M0 is well defined and continuous in forward
time.

(2) For all i ∈ k, ((X,T), t) ∈ Î× R+, we have

Φ̂⋆
i ((X,T), t) = Φ̂i((X,T), t), if Φ̂i((X,T), t) ∈M0

i .

(3) If we denote the timing operator for Φ̂⋆ by Ŝ⋆, then Ŝ = Ŝ⋆ and

the operators have common domain D̂(N).

If N is regular, then N and N⋆ have identical generalized transition
and timing functions.

Proof. Another application of lemma 8.9. �

Remarks 8.33. (1) For weakly regular FANs with generalized initializa-
tion, stopping of nodes upon completion has no effect on the dynamics
of the other nodes whose states are in M0

i . As a result, the evolution

operator Φ̂⋆ suffices for the analysis of network function even if nodes
may not terminate for some generalized initial conditions.

(2) If N is regular, every point Î is Φ̂-connected to F̂ and the Φ̂⋆-

trajectory of every point in Î meets F̂ (note our use of the notation

N̂ = (N, Î, F̂) for a weakly regular FAN, remark 8.16).

9. A factorization theorem for a class of FANs

In this section we revisit the classical reductionist approach of analysing
a network in terms of its individual components. We do this for a class
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of feed-forward FANs that are built from regular FANs of simple type.
Our main result gives a spatiotemporal factorization of the dynam-
ics of FANs in this class in terms of the dynamics of the component
FANs. In particular, we generalise proposition 8.28 and show the gen-
eralized transition function can be written as a composition of the gen-
eralized transition functions of the component constituent FANs. The
result allows us to break up the analysis of dynamics of a FAN into a
study of dynamics of the component FANs together with the analysis
of transitions between the components – a mix of analysis, algebra and
numerics.
For the remainder of this section we assume all regular FANs are of

simple type. This will be no loss of generality for our main application
as, by theorem 8.24, we can always replace a regular FANN by core(N).

9.1. Primitive, stably primitive, trivial and basic FANs. We
easily extend the definition of a product of asynchronous networks given
in section 5 to FANs. Specifically, if Na = (Na, Ia,Fa), a ∈ q, are FANs
(with disjoint node sets), we define

∏

a∈q

Na = (
∏

a∈q

N
a,
∏

a∈q

Ia,
∏

a∈q

Fa).

We may now define our basic building blocks.

Definition 9.1. Let N = (N, I,F) be a regular FAN with p nodes.

(1) N is trivial if N =
∏

ℓ∈p S
ℓ, where Sℓ has one node for all ℓ ∈ p.

(2) N is primitive if p > 1 and
(a) N is indecomposable.
(b) N cannot be written as a concatenation of two regular

FANs.
(3) N is stably primitive if p ≥ 3 and there is a primitive FAN P

and a trivial FAN S =
∏

ℓ∈s S
ℓ such that N = P× S.

We call a trivial, primitive or stably primitive FAN basic. If N is
a basic FAN, let P denote the primitive factor (if there is one), and
V (P) denote the set of nodes associated with the primitive factor.

Remark 9.2. Let N be a stably primitive FAN with p nodes and prim-
itive factor P. The generalized connection structure A for N consists
of at least one nontrivial connection structure. However, there may be
nodes Ni, i ∈ P, that are never linked: i /∈ V (A). That is, V (A) may
be a proper subset of V (P). Since P is indecomposable, this means
that certain values of xi ∈M

0
i may result in connections between other

nodes being switched on or off. In particular, a stably primitive FAN
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need not be of elementary type (definition 5.18) though results on inde-
pendence of stably primitive FANs along the lines of lemma 5.21 hold
(see remarks 5.19(3)).

Let Λ = {Na = (Na, Ia,Fa) | a ∈ q} be a compatible family of basic
FANs sharing a common set of k nodes N and network phase space
M. It follows from section 5.4 that the amalgamation N =

⊔
a∈q N

a is
a well defined asynchronous network.
For each i ∈ k, define q(i) = {a ∈ q | i ∈ V (Aa)} and let k(i) ∈ k•

be the number of elements in q(i). If Ni is never linked for any of the
FANs Na, then k(i) = 0 is zero.

Definition 9.3. The family Λ is spatiotemporally ordered if there exist
an initialization set I, termination set F, and a partial order ≺ on q

inducing a total order <i on q(i) for all i ∈ k, such that if ai1 <i · · · <i

aik(i) is the ordering of q(i) induced by ≺, then

(1) F
aij
i = I

aij+1

i , 1 ≤ j < k(i).

(2) I =
∏

i∈k Ii satisfies I
ai1
i = Ii if k(i) > 1, and Ii is an initialization

set for nodes Ni, with k(i) ≤ 1.

(3) F =
∏

i∈k Fi satisfies F
ai
k(i)

i = Fi if k(i) > 1, and Fi is a termi-
nation set for nodes Ni, with k(i) ≤ 1.

Remarks 9.4. (1) If i, j ∈ V (Aa) ∩ V (Ab), then a, b ∈ q(i) ∩ q(j) and
a <i b if and only if a <j b. However, a, b may be adjacent in q(i)
but not adjacent in q(j) – there may exist c ∈ q(j) r q(i) such that
a <j c <j b.
(2) The way to think of definition 9.3 is that there is a given FAN
N = (N, I,F) such that N is the amalgamation of a compatible family
Λ = {Na | a ∈ q}. Under suitable conditions, it may be possible to
change the initial and termination sets of the components of Λ so as to
satisfy the requirements of definition 9.3. This will entail, for example,
setting all the initial sets Iai to Ii, and all of the terminating sets Fa

i to
Fi, if Ni is an trivial factor for all of the components of Λ. In practice,
this is often easy using remarks 8.26(1,2).

We illustrate the definition of spatiotemporal ordering with some
examples.

Examples 9.5. (1) Suppose we are are given 6 nodes and a compatible
family of three stably primitive FANs Na, with corresponding primi-
tive factors Pa, a ∈ 3. We take the amalgamation N =

⊔
a∈3 N

a and a
choice I,F of initialization and termination set for N. Referring to fig-
ure 13, we have shown initialization and termination sets node-by-node
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as well as the nodes associated to each primitive component Pa. For
example, nodes N2, N3, N4 are associated with P1 and the remaining
nodes are part of the trivial factor for N1.
For this example, the partial order on 3 = 3(3) is the usual total

order 1 < 2 < 3.

Figure 13. A spatiotemporally ordered FAN with 6 nodes.

Observe that node N6 corresponds to a trivial factor for Na, a ∈ 3.
Provided that the uncoupled dynamics on M6 provide an isotopy from
I6 to Ia6 and F6 to Fa

6, all a ∈ 3 (see remarks 8.26(2)), we can take Ia6 =
I6, F

a
6 = F6, a ∈ 3. We refer to figure 13 where we have indicated initial

choices for initialization and termination sets for the components. Of
course, if say I16 = I6, F

1
6 = F6 or

⋃
aM

0
a,i covers M

0
6 , we only have

to ensure that I6, F6 are hypersurfaces transverse to the flow on M6.
We apply the same logic for node N5. Here node N5 corresponds to a
trivial factor of N1 and N3. Now we want to take I25 = I5, F

2
5 = F5. We

can ignore the initialization sets for the remaining nodes. The same
approach applies to nodeN1. Finally, we consider the most complicated
case: node N3. Here to achieve the spatiotemporal order, we need to
choose initialization and termination sets so that (1) Na, a ∈ 3 satisfy
regularity with these choices, and (2) Int(M0

a,3) ∩ Int(M
0
b,3) = ∅, a 6= b.

We match according to the rules: I13 = I3, F
1
3 = I23, F

2
3 = I33, F

3
3 = F3.

Notice that changing the initialization and termination sets does not
affect compatibility. However, we need to be careful about regularity
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if we shrink any of the domains M0
a,i.

(2) For our second example, we consider an event sequence for a 9 node
FAN built from stably primitive FANs, Na, . . . ,Nh. We assume the
components comprise a spatiotemporally ordered compatible family.
Let q = {a, . . . , h} ≈ 8. Just as in our first example, we only indicate
primitive components of FANs in the diagram. The schematic indicates
that Na and Nb are independent whereas Ng depends on both Na

and Nb.

2

3

4

5

6

7

8

9

1

1

8
9

6

7

3

5

4

2

N
od

es

4

Pa

P c

Pb Pd

P f

Pg

Pe

Ph

a occurs before b,d; b occurs before d,f; d occurs before e; e occurs before h; f occurs before g; c occurs before g.

Primitive component of stably primitive FAN

TerminationInitialization

1

4

3

N
od

es

Direction of time and space evolution

Figure 14. Event sequence for a 9 node FAN.

The partial order on q is uniquely determined by the relations

a ≺ b, d; b ≺ d, f ; d ≺ e, h; e ≺ h; f ≺ g; c ≺ g.

No relation holds between a and c or d and e. This implies that nodes
N1, N2 can interact according to Na before or after nodes N7, N8 inter-
act according to Nc. Similar comments hold for N1, N4, N5 and N3, N6

in relation to Nd and Ne.
The total order induced on 8(2) is a <2 b <2 d <2 h. Similar

computations hold for remaining nodes.
(3) For our final example, we show a compatible family of 3 basic
FANs which is not spatiotemporally ordered. Referring to figure 15,
observe that q(2) has the ordering b <2 c <2 a which is incompatible
with the ordering a <1 b of q(1). Hence there exists no partial order
of q which induces the correct orders on q(1), q(2). Spatiotemporal
ordering implies that are no ‘feedback’ loops between distinct basic
sets: each node has at most one bite at an ‘event cherry’.

♦
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3

2

1

2

1

3

Initialization Termination

   Direction of time and space evolution

Pa

Pb

Pc

Figure 15. Breakdown of spatiotemporal ordering in a
3 node FAN

9.2. FANs of feedforward type and factorization.

Definition 9.6. The FAN (N, I,F) is of feedforward type if there exists
a spatiotemporally ordered compatible family Λ = {Na | a ∈ q} of basic
FANs, sharing a common node set N and network phase space M, such
that N =

⊔
a∈q N

a (the initialization and termination sets I,F, Ia,Fa,

a ∈ q, satisfy the conditions of definition 9.3).

Proposition 9.7. If the FAN N is of feedforward type, then N is regu-
lar and has a well-defined generalized transition function. In particular,
N is proper (and amenable, if the components of the defining family Λ
are all amenable).

Proof. It suffices to prove that N has a generalized transition function
since N obviously satisfies the conditions for weak regularity except
possibly condition (F). We prove by induction on q. The result is
obviously true if q = 1. Suppose we have proved the result for q − 1,
q > 1. Pick a minimal element a1 of q with respect to the partial
order ≺. We define initialization and termination sets I(1) and F(1)
for Na1 by I(1) = I, and

F(1)i =

{
Ii, i /∈ V (Pa1)

Fa1
i , i ∈ V (Pa1)

Note that if q(i) = {a1}, then F(1)i = Fi. Let Λ′ be the family ob-
tained from Λ by removingNa1 . Then the family Λ′ is spatiotemporally
ordered with I replaced by F(1) and F unchanged. The result follows
by the inductive hypothesis applied to Na1 and Λ′. Note that in the
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cases where Ii = Fi, the transition function fixes the component (cf. re-
marks 8.26(1)). �

Example 9.8. (Notation and assumptions of examples 9.5(1).) We
illustrate the proof of proposition 9.7 for examples 9.5(1). We have
F(1)i = Ii, for i /∈ P1, F(1)i = F1

i , i ∈ V (P1). Set Λ′ = {N2,N3}. For
N1, we take initialization and termination sets I(1) = I and F(1) and
on Λ′ we take the initialization and termination structures given by
F(1) and F respectively. We define the generalized transition function

G1 : Î(1)→ F̂(1) for N1 by

G1((x1, . . . ,x6), (T1, . . . , T6)) = ((y1, . . . ,y6), (Ŝ1, . . . , Ŝ6)),

where yi = xi, Ŝi = Ti, i /∈ V (P1), and the remaining variables are
given by the generalized transition function H1 of P1. That is,

H1((x2,x3,x4), (T2, T3, T4)) = ((y2,y3,y4), (Ŝ2, Ŝ3, Ŝ4)).

We now repeat the process defining I(2) = F(1), and F(2) by

F(2)i =

{
I(2)i, i /∈ V (P2)

F2
i , i ∈ V (P2)

This defines the initialization and termination structure for the family

N2 and associated generalized transition function G2 : Î(2) → F̂(2).
For the final step, we take I(3) = F(2) and F(3) = F (this integrates up

the simple node N6) and generalized transition function G3 : Î(3) →

F̂(3). Finally, the generalized transition function forN is the composite
G3 ◦G2 ◦G1. ♦

We continue with our previous notational assumptions. Suppose that
the FAN (N, I,F) is of feedforward type with associated spatiotempo-
rally ordered compatible family Λ = {Na | a ∈ q} of basic FANs.
Extend the partial order ≺ on q to a total order < on q.

Example 9.9. There are several different total orders that can be
defined on the family Λ of examples 9.5. For example,

a < c < b < d < e < h < f < g

c < a < b < f < g < d < e < h

(Each total ordering extending ≺ will correspond to a factorisation of
the generalized transition function for the feedforward FAN.) ♦

Theorem 9.10 (Factorization theorem). Let N be a FAN of feedfor-
ward type with generalized transition function G and associated spa-
tiotemporally ordered compatible family Λ = {Na | a ∈ q} of basic FANs.
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Figure 16. Three trains going through two passing
loops. We require that once train T2 has traversed the
first passing loop it will continue on the branch line to-
wards the second passing loop.

Assume no trivial factors of N. Every extension of the partial order ≺
on q gives rise to a factorization

N = Naq ⋄ . . . ⋄Na1

with generalized transition function

G = Gaq ◦ . . . ◦Ga1

where the aq > . . . > a1 is the total order on q and the nontrivial part
of the generalized transition function Gaj is the generalized transition
function of the primitive component of Naj .
If N contains trivial factors, the associated generalized transition

functions can be inserted at any point in the composition.

Proof. The same arguments as used in the proof of proposition 9.7. �

To conclude, we give an example to illustrate theorem 9.10.

Example 9.11. We consider a FAN N = (N, I,F) that models three
trains T1,T2,T3 passing through two passing loops, see figure 16. The
state xi of Ti is given by its position on the real lineMi = R, i ∈ 3. The
passing loops are located at 0, L and stations A,B,C are at p,−q, r
respectively, where L, p, q, r > 0. The trains T1,T3 start at stations A
and B and travel with velocities v1 < v3 < 0 respectively. The train T2

travels with velocity v2 > 0 and starts at station C. It is required that
T1 has to go through the passing loop at 0 to pass train T2, and that
train T2 then has to traverse the passing loop at L to pass train T3.
The trains T1,T3 terminate at C, and T2 terminates at B.
We take node set N = {N0, N1, N2, N3} and network phase space

M = R3. Let αi = N0 → Ni, i ∈ 3. We define the generalized
connection structure A = {∅, α1, α2, α3, α1 ∨ α3, α2 ∨ α3}. We define
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the A-structure F by

f∅ = (v1, v2, v3), fα1 = (0, v2, v3),

fα2 = (v1, 0, v3), fα3 = (v1, v2, 0),

fα1∨α3 = (0, v2, 0), fα2∨α3 = (v1, 0, 0).

We define the event map E : M→ A by

E(x1, x2, x3) =





α1 if x1 = 0, x2 < 0,

α2 if x1 > 0, x2 = 0 or x2 = L, x3 > L,

α3 if x2 < L, x3 = L,

α1 ∨ α3 if x1 = 0, x2 < 0, x3 = L,

α2 ∨ α3 if x1 < 0, x2 = 0, x3 = L,

∅ otherwise.

These definitions define the asynchronous network N = (N ,A,F , E).
We obtain the FANN = (N, I,F) modelling the train network by taking
initialization and termination sets I,F defined by I1 = {p}, F1 = {−q},
I2 = {−q}, F2 = {r}, I3 = {r}, F3 = {−q}.
For the factorization of dynamics, we identify two stably primitive

components, Na (describing dynamics in the first passing loop), andNb

(describing dynamics in the second passing loop). We define Na by
Aa = {∅, α1, α2}, F

a =
{
fα1
a = fα1 , fα2

a = fα2 , f∅a = f∅
}
, and take

Ea(x1, x2, x3) =





α1 if x1 = 0, x2 < 0,

α2 if x1 > 0, x2 = 0

∅ otherwise.

For Nb we take Ab = {∅, α2, α3}, F
b =

{
fα2
b = fα2 , fα3

b = fα3 , f∅b = f∅
}
,

Eb(x1, x2, x3) =





α2 if x2 = L, x3 > L,

α3 if x2 < L, x3 = L,

∅ otherwise.

The family {Na,Nb} is compatible and we have N = Na ⊔ Nb. It
remains to define the initialization and termination sets for Na,Nb.
We take Ici = Ii, c ∈ {a, b}, i ∈ 3, except that Ib2 = {L/2} (any point
in (0, L) would do. Similarly, we take Fc

i = Fi, c ∈ {a, b}, i ∈ 3, except
that Fa

2 = {L/2}. With these definitions, Na = (Na, Ia,Fa) and Nb =
(Nb, Ib,Fb) are stably primitive FANs, {Na,Nb} is a spatiotemporally
ordered compatible family, and N is a FAN of feedforward type. If
we denote the primitive components of Na, Nb by Pa, Pb respectively,
then V (Pa) = {1, 2}, and V (Pb) = {2, 3}.
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Restart/passing event

Figure 17. (a) Schematic indicating the primitive com-
ponents of N. (b) Temporal evolution for individual
nodes based on different starting times. Dotted lines
indicate stopped nodes, vertical bars either stopping or
restarting/passing events. The stopping events may oc-
cur in any order in contrast to the restarting events.

Applying theorem 9.10, the generalized transition function for N can
be written as a composition of the generalized transition functions Ga

for Na and Gb for Nb. Note that Ga is the identity in the third compo-
nent, Gb is the identity in the first component. Different initializations
yield different trajectories as depicted in figure 17(b). ♦

10. Stochastic asynchronous networks

Definition 10.1. An event process for an asynchronous network struc-
ture (N ,A,F) is a state dependent stochastic process E(t,X) taking
values in A.

In the most general case there are no restrictions on the process
E(t,X): there may be (stochastic) dependence on time t ∈ R+, pure
space dependence (E(t,X) = E(X)), or both. If E(t,X) is independent of
time, then the event process reduces to an event map E : M→ A.

Definition 10.2. A stochastic asynchronous network N = (N ,A,F , E)
consists of an asynchronous network structure (N ,A,F) together with
an event process E = E(t,X).

Of course, additional assumptions are needed for a stochastic asyn-
chronous network to give well defined dynamics. In some cases it is
possible to represent stochastic asynchronous networks as random dy-
namical systems where there is a body of established theory (see [13]
and section 10.3 for an example). Here we concentrate on examples
where there are no difficulties defining the dynamics with the aim of
illustrating dynamical phenomena that can arise in stochastic asyn-
chronous networks. We highlight applications to numerics as well as
hint at some of the novel dynamics that can occur.
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10.1. Passing loop revisited: stochastic events and network

stalls. Recall the basic example from section 6: two trains, T1,T2 go
in opposite directions on a single track railway line with a passing loop.
In contrast to the purely deterministic case, we now add stochastic
effects to the system (see also [42]).
Consider an event process Et (for simplicity, assume no state depen-

dence). For example, suppose we are given a homogeneous Poisson
process P (t) with small rate parameter 0 < λ ≪ 1. This defines a
sequence 0 ≤ t1 < t2 < · · · where E(tk+1 − tk) = λ−1 ≫ 1, k ∈ N. At
each time tj we randomly choose one of the trains T1,T2 with equal
probability and then add the connection N0 → Ni, where Ti is the
chosen train – the train Ti is then stopped. We assume that the con-
nection N0 → Ni persists for a time given by a renewal process. For
example, we could assume the stopping time is modelled by a possibly
truncated exponential distribution with parameter µ ≫ 1. This setup
models breakdowns on the line. Observe that if there is a breakdown
before both trains have entered the passing loop then the network will
come to a complete stop when the working train enters the passing
loop and will only restart when the breakdown is removed: we say the
network is stalled. Otherwise there will be a partial stall – the working
train will keep running.
The notion of a functional network extends to stochastic asynchro-

nous network. For given sets of initial and terminal conditions, func-
tion is determined by the distribution of completion times. In terms
of the example above, construct a functional network by introducing
stations as in section 6.4. The possibility of network stalls can increase
the expected arrival time thereby potentially rendering arrival within
a reasonable time impossible. This situation could be seen as an latent
deadlock. In contrast to deterministic systems where deadlocks can
be avoided by good network design, stochastically induced deadlocks
in a stochastic FAN may be hard to find and analyze. Many times,
breakdowns in network function are handled by a network reset – for
example, at the end of a 24 hour working cycle.
At the same time, adding stochasticity may sometimes be beneficial

for network function. Consider the example of two trains travelling
in the same direction with the same velocity on a double track line
that has a single track segment (as in example 8.20(2)) with a station
immediately before the line becomes single track. Suppose both trains
have to wait at the station together for a specified amount of time. In
this case, randomly choosing the start times will avoid the otherwise
inevitable collision. In a similar manner, stochastic initialization times
may prevent deadlock at a four-way stop, example 7.13(2).
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10.2. Numerical solution of differential equations. We consider
an asynchronous network associated to a diffusively coupled network
of k nodes with additive input structure. Let Z(k) denote the space of
k×k 0 -1 matrices (we allow diagonal elements to be nonzero). Suppose
we are given a stochastic process C(t) = (cij(t)) with values in Z(k). If
we assume that the probability that C = Z is nonzero for all Z ∈ Z(k),
then C defines an event process Et : M→ A = Z(k). Define dynamics
on N by

(17) x′
i = ciiGi(xi) +

∑

s∈k,s 6=i

cisGis(xs − xi), i ∈ k.

Under reasonable conditions on C(t) (for example, Poisson statistics),
(17) will almost surely have unique solutions for each X0 ∈ M which
are piecewise smooth and depend continuously onX0 [44]. Examples of
such a system are blinking systems [18, 58, 59] where C(t) is constant
on intervals. Depending on the properties of the stochastic process C(t)
and the time scales for (17), it may be possible to take an ensemble
average for (17) and thereby reduce to a deterministic system which
gives the ‘average’ dynamics for (17).
We look at a simple discretization of such an ODE. Suppose that N

is governed by the differential equations

(18) x′
i = Gi(xi) +

∑

s∈k,s 6=i

kijG(xs − xi), i ∈ k,

For simplicity assume that kij ∈ (0, 1] with at least one coefficient
kij = 1. Take a discretization of (18) (say Euler or Runge-Kutta 4th
order). If we denote the time step by δ, then the discretization may be
written in the form

(19) xn+1
i = xn

i +Gi(δ,x
n
i ) +

∑

s∈k

kijG(δ,xn
s ,x

n
i ), i ∈ k, n ≥ 0.

Now run as a discrete asynchronous network with the kij following a
Bernoulli process with probability kij (kij(n) = 1 with probability kij).
It is a simple consequence of the ergodic theorem (strong law of large
numbers) that as δ → 0, the solution of (19) converges to the true
solution of (18). Typically the computation in large networks will run
significantly faster than the deterministic iteration. As an example, we
computed the time in an all-to-all coupled system of 1000 phase oscil-
lators, with nonlocal coupling given by the exponential kernel (κ = 4
in [1, §III]). In this case the average probability is approximately 0.43.
If we ignore the overheads caused by using a random number generator,
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it is simple to compute that the time taken for the probabilistic compu-
tation should be approximately 45% of the time for the deterministic
computation. In practice, using both threaded and non-threaded com-
putation, we found the probabilistic computation took about 58% of
the time of the deterministic computation (20,000 iterations, Runge-
Kutta 4).

10.3. Dynamics on a stochastic discrete asynchronous network

& commingled basins of attraction. We conclude this section by
briefly describing a class of discrete stochastic asynchronous networks
that exhibit novel dynamics involving time dependent clustering and
synchronization as well as what we call comingled basins of attraction.
This work is discussed in detail in [42].
We assume a network N with k nodes, N1, . . . , Nk, each with phase

space T. Let E = (E(n)) be a random sequential event process such
that each E(n) is a 0-1 matrix (Eij(n)) defining a directed connection
structure on N with no self-connections. Here we will be imprecise
about the properties of E except to remark that

(1) E is typically state dependent (depends on θ ∈ Tk).
(2) The components Eij(n) are not independent random variables.

We consider a discrete stochastic iteration on Tk of the form

(20) θn+1
i = ω + θni +

∑

j∈k

Eij(n)g(θ
n
j − θ

n
i ), j ∈ k, n ≥ 0,

where 0 < ω ≪ 1, and g : R → R is 1-periodic and odd (for example
g(θ) = a sin(2πθ) + b sin(4πθ)). This system can be be modelled as a

random dynamical system with 2k
2−k symbols (each symbol represents

a directed connection structure). Under mild conditions on g and E ,
almost surely the empty connection structure will be chosen infinitely
often. Since E is state dependent, the frequency of connections between
nodes i and j may depend strongly on i, j.
The deterministic iteration F : Tk → Tk defined by

θn+1
i = ω + θni +

∑

j∈k

g(θnj − θ
n
i ), i ∈ k, n ≥ 0,

is Sk-equivariant. Given p ∈ N, α ∈ T, define αp = (α, . . . , α) ∈ ∆p ⊂
Tp. If we choose p, q ∈ N, such that p+ q = k, then the subspace

Vp,q = {(α
p, βq) |α, β ∈ T} ⊂ ∆p ×∆q ⊂ Tk,

is F -invariant and so, by the Sk-equivariance of F , γVp,q is F -invariant
for all γ ∈ Sk. This result is obviously not true for the stochastic
iteration (20). Yet it may be possible to find a subset Σ of Vp,q such that
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γΣ is invariant under the stochastic iteration for all γ ∈ Sk. Indeed,
suppose that g(τ) = 0 for some τ ∈ (0, 1), τ 6= 1

2
(since g is assumed

odd, we always have g(1
2
) = 0 and g(1− τ) = 0). If θi − θj ∈ {0,±τ},

then
∑

j∈kEij(n)g(θ
n
j − θni ) = 0 whatever the values of Eij(n). It

follows that if we define

Ṽp,q = {(θ
p, (τ + θ)q) | θ ∈ T} ⊂ Vp,q ⊂ Tk,

then γṼp,q is invariant by the stochastic iteration (20) for all γ ∈ Sk,

p, q ∈ N, p+ q = k. We remark that the set γṼp,q is an S1-orbit under
the phase shift symmetry (θ1, . . . , θk) 7→ (θ1 + ψ, . . . , θk + ψ) and that
deterministic and stochastic iterations are equivariant with respect to
phase shift symmetry. Hence Ṽp,q is a relative fixed point set [39, §8.1]
for the stochastic iteration.
For certain values of p, q and choice of map g, it is easily shown that

γṼp,q may be an attractor for the deterministic iteration, all γ ∈ Sk,

p + q = k: a total of
(
k
p

)
attractors (note that the stability of Ṽp,q

may be different from that of Ṽq,p). Remarkably, this may also be true
for the stochastic iteration (20) though now the basins of attraction
may overlap, or even be equal (up sets of measure zero). We regard
the basins of attraction as ‘comingled’ rather than intermingled [9, 80].
We illustrate with an example that can easily be tested numerically and
exhibits some of the complex dynamical phenomena that can occur.

Example 10.3 (Comingled basins of attraction). Suppose

g(ψ) = −0.06 sin(2πψ) + 0.0336 sin(4πψ).

We have g(±τ) = 0, where τ = 1
2π

cos−1(25
28
). In this case, if we take

p close to k/2, k ≥ 4, and an appropriate stochastic process E (details
in [42]), then Ṽp,k−p can be an attractor for the stochastic iteration (20).
More precisely, for almost all initial conditions θ0 ∈ Tk, the stochastic
iteration (20) will converge almost surely to γṼp,k−p, where p is close to
k/2, and γ ∈ Sk (p, γ will be random variables with statistics depending
on θ0 ∈ Tk).
We give two numerical illustrations of the phenomenon of comingled

basins. For the numerics, we use a slight elaboration of the stochastic
process E by turning N into a ‘spiking’ network. To do this, assume
given a state dependent probability function p : T → [0, 1] defined
on each node. For each iteration of (20), node Ni will fire (a spike)
with probability p(θi), i ∈ k. We define a new stochastic process
E1 by applying E only to the nodes which have fired. The random
iteration (20) defined by E1 is an example of a place-dependent random
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dynamical system [97, 17] (it is not of the standard type described by
Arnold [13]).
We define the pulse and bell probability functions p1, p2 on [0, 1] by

p1(θ) =

{
pl if θ − 1

2
> d

2

pu if θ − 1
2
≤ d

2

, p2(θ) = 16θ2(1− θ)2,

where 0 ≤ pl < pu ≤ 1 and d ∈ (0, 1
2
]. When we run the random

iteration (20) using E1, we look at the statistics of spikes according to
two protocols:

(AS) We register all spikes.
(CS) We only register a spike at nodeNi if the out-degree

∑
j Eji > 0.

The spiking statistics convey information about which nodes have
fired but without identifying the nodes to which they connect.
We describe a scheme for the visualization and identification of clus-

tering that can occur in networks with this mix of random and de-
terministic dynamics. We use the firing dynamics to drive a set of
contractive cocycles so as to capture the average firing behaviour.
We identify each node of the network with the vertex of a regular

octagon, centred at the origin of R2 ≈ C. Denote the coordinates of
Nj by Zj, where Zj = exp((j − 1)πı/4), j ∈ 8. We associate with
each node Nj the contraction mapping fj : C→ C with fixed point Zj

defined by

fj(z) =
1

2
(z + Zj).

Take as initial point z0 = 0 ∈ C. Suppose we have constructed the
sequence z0, z1, . . . , zn after m ≥ n steps of the stochastic iteration
(20). At the (m + 1)th step of the iteration, suppose that the nodes
Nj1 , . . . , Njs fire (if no nodes fire, do nothing, go to the next iteration).
Define

zn+1 =
1

s

s∑

i=1

fji(zn).

At least numerically, (zn) converges to an attractor with associated
invariant measure. Note that this scheme emphasizes the node firing
(observables) rather than the ‘internal’ (hidden) dynamics of the nodes.
The attractor and measure reflect statistical properties of the firing
patterns and yield useful information about the node dynamics (for
example, synchronization and clustering statistics). For the example
we describe the internal dynamics is simple but the firing patterns
observed are complex.
In figure 18, we show the results of four iterations (each of 175,000,000

iterates and using the same initial conditions θ1 = 0.33, θ2 = 0.436265,
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Figure 18. Patterns of synchronization in firings using
pulse probability function.

Figure 19

θ3 = 0.306, θ4 = 0.28, θ5 = 0.57, θ6 = 0.38, θ7 = 0.51, θ8 = 0.4), pulse
probability (with d = 0.2, pl = 0.01, pu = 0.98), and protocol (CS).
Reading from left to right, the figures correspond to the synchroniza-
tion patterns abaabbba, ababbaba, abaababa, and aaaababb. The last
two patterns correspond to synchronization into a (5, 3) cluster, the
other two a (4, 4) cluster.
Use of a different probability function can lead to more transparent

patterns. In figure 19, we show the results of three iterations but now
with bell probability, and protocol (AS). Reading from left to right, the
figures correspond to the synchronization patterns aabbaabb, ababbbaa
and abbabbba. The last pattern corresponds to synchronization into a
(5,3) cluster, the other two into (4,4) clusters. In this case, it is easy
to read the synchronization pattern from the figure.
If we break the invariant subspace structure (for example, by taking

g(θ) = −0.06 sin(2πψ) + 0.0336 sin(4πψ + β), β 6= 0, or by making the
frequencies ω node dependent) there may be random switching between
the sets γṼ4,4, γ ∈ X (see [41] for a video of this phenomenon).
The same phenomena are seen for all k ≥ 4 (see [41] for examples

and note that the range of attractors depends on properties of E).
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Similar phenomena to what we have described above have previously
been described by Kaneko in the context of coupled logistic maps with
noise added [65, 66]. ♦

11. Concluding comments & outstanding problems

Our overall aim has been to outline a mathematical framework for
asynchronous networks and event driven dynamics that enables the
analysis of network dynamics that cannot be satisfactorily modelled
by classical systems of analytic differential equations. Examples and
applications are motivated by problems in physics, computer science,
biology and engineering. In particular, there are connections with Filip-
pov systems (mostly considered in the engineering literature). Classes
of functional networks, which have relations with control theory, have
previously been considered in a neuroscientific context [24, 89, 90, 26].
Is it possible to understand the global dynamics of large networks?

The classical reductionist approach in terms of nodes – understanding
the dynamics of the whole in terms of the dynamics of the nodes –
fails even for ‘simple’ synchronous networks. We have shown that for
functional asynchronous networks a different reductionist approach is
feasible: rather than the nodes themselves acting as building blocks,
the dynamics consist of basic spatiotemporal events that involve two or
more nodes. This approach cannot work if we attempt to approximate
an asynchronous network by a synchronous network. In other words, in
order to understand the global dynamics of asynchronous networks, one
needs to work with, rather than against, the inherent nonsmoothness.
Many questions and open problems remain. We sketch a few rep-

resentative mathematical questions for stochastic and functional asyn-
chronous networks.
In section 9 we defined a primitive FAN. As part of a description

of FANs of feedforward type, it would be useful to have a structural
classification of primitive FANs with a small number of nodes and an
identification of the primitive FANs which appear most frequently in
applications. From a practical point of view, given a time series output
from a functional asynchronous network, is it possible to reconstruct
the basic events, possibly by searching for suitable temporal correla-
tion? Turning to bifurcation questions, the factorization of dynamics
theorem relies on (a) compatibility of a family – non-intersecting event
sets (condition (G1) of weak regularity), (b) structural conditions on
the event map (condition (G2) of weak regularity), (c) spatiotemporal
order (condition (G3) of weak regularity). Breakdown of any one of
these conditions is a natural place to study bifurcation. For example,
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the introduction of a weak feedback loop breaking the spatiotemporal
order. Such breakdown is likely to be part of evolutionary adaptation
and refinement that leads to a more complex and better optimized sys-
tem. Closely related is the breakdown of regularity and the appearance
of hidden deadlocks. In all four cases, bifurcation through evolution-
ary refinement and optimization of a system carries the possibility of
a penalty in terms of the inherent system stability and robustness.
In section 10, we gave an example of a discrete network that exhibited

the phenomenon of comingled basins of attraction. Issues here involve
finding a general theory for handling the phenomenon, quantifying bi-
furcation when the invariant subspace structure is broken (for example,
by allowing for frequency variation in example 10.3 – numerics indicate
phenomena reminiscent of cycling chaos [32, 14], [37, Chapter 7]), and
the case of continuous dynamics.
For some applications, it may be appropriate to replace the ter-

mination hypersurface used in the definition of a FAN by a proper
closed subset that is reached for a particular time initialization, say
0 = (0, . . . , 0) ∈ Rk

+. There is the question of how the target sets may
vary and bifurcate as we increase the range of possible initialization
times. This question is of direct relevance to applications: initialization
at 0 can be seen as ‘synchronized initialization’ and network function
may break down if the initialization times are too spread out. If we have
an FAN with a generalized transition function that spreads the termi-
nation times out on average (and termination times yield initialization
times for another FAN) then after a certain amount of repetition net-
work function may break down. In terms of a transportation network
this could be seen as propagation of delays. In fact, real-world trans-
portation networks networks are typically approximately synchronized
on a daily basis through a nightly ‘reset’. More generally, for realis-
tic applications it is usually natural to assume the initialization times,
and other starting time events, follow a statistical law and obtain the
corresponding statistical law of the termination times. Here it may
be helpful to have a structured random dynamical systems model of a
functional asynchronous network.

Acknowledgements. CB would like to thank Marc Timme at the
Max Planck Institute for Dynamics and Self-Organization for contin-
uing hospitality. MF would like to express his gratitude to the Math-
ematics Department at Rice University, where much of this work was



ASYNCHRONOUS NETWORKS 89

done, for providing a warm, friendly and very supportive working en-
vironment. Many thanks also to Manchester University for their hos-
pitality over the years and to Steve Furber for his penetrating insights
and questions.

References

[1] D M Abrams & S H Strogatz. ‘Chimera States in a Ring of Nonlocally Coupled
Oscillators’, Int. Jnr. of Bifurcation and Chaos 16(1) (2000), 21–37.

[2] D M Abrams & S H Strogatz. ‘Chimera States for Coupled Oscillators’, Phys.
Rev. Lett. 93(17), (2004).
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