Time-reversal symmetry in dynamical systems: a survey

Jeroen S.W. Lamb^{(1)} and John A.G. Roberts^{(2)}

(1) Mathematics Institute, University of Warwick, Coventry CV4 7AL, United Kingdom.

(2) School of Mathematics, La Trobe University, Bundoora, Victoria 3083, Australia.

August 26, 1997

Abstract

In this paper we survey the topic of time-reversal symmetry in dynamical systems. We begin with a brief discussion of the position of time-reversal symmetry in physics. After defining time-reversal symmetry as it applies to dynamical systems, we then introduce a major theme of our survey, namely the relation of time-reversible dynamical sytems to equivariant and Hamiltonian dynamical systems. We follow with a survey of the state of the art on the theory of reversible dynamical systems, including results on symmetric periodic orbits, local bifurcation theory, homoclinic orbits, and renormalization and scaling. Some areas of physics and mathematics in which reversible dynamical systems arise are discussed. In an appendix, we provide an extensive bibliography on the topic of time-reversal symmetry in dynamical systems.

MSC: 58Fxx Keywords: dynamical systems, time-reversal symmetry, reversibility

Contents

1 Introduction 2

2 Time-reversal symmetry in physics 3 2.1 Time-reversal symmetry in classical mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.3 Time-reversal symmetry in quantum mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Time-reversal symmetry in dynamical systems 5 3.1 Reversible versus equivariant dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Reversible versus Hamiltonian dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Aspects of reversible dynamics 14 4.1 Symmetric periodic orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 KAM-theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.3 Local bifurcation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.4 Renormalisation and scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.5 Reversible homoclinics and heteroclinics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.6 Miscellaneous topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 5 Reversible dynamical systems in physics and mathematics 27 5.1 Reversibility in time: mechanics and nonequilibrium thermodynamics . . . . . . . . . . . . . 27 5.2 Reversibility in space: reductions of partial differential and difference equations . . . . . . . . 28 5.3 Reversibility in abstract mathematical settings . . . . . . . . . . . . . . . . . . . . . . . . . . 29

6 Discussion 30

1 Introduction

Time-reversal symmetry is one of the fundamental symmetries discussed in natural science. Consequently, it arises in many physically-motivated dynamical systems, in particular in classical and quantum mechanics.

The aim of this paper is to give a brief and compact survey of the state of the art with regards to time-reversal symmetry in dynamical systems theory. That is, we consider ordinary differential equations and diffeomorphisms possessing (what we call) reversing symmetries.

We are aware that the interest in time-reversal symmetry goes beyond this confined setting. For instance, there is extensive work on time-reversal symmetry in statistical and quantum mechanics that falls outside the scope of our survey. Our survey also does not include a discussion on reversible cellular automata. For further reading in these areas we recommend the books by Brush [6], Sachs [22] and Hawking [14], and the survey paper by Toffoli & Margolus [23].

Our survey is largely self-contained and accompanied by an extensive bibliography in Appendix A. However, in areas where other good recent surveys are available (most of them in this special volume: [Sevryuk, 1998; Champneys, 1998; Hoover, 1998]), our discussion will be brief and will refer to those papers for more details. We will focus here on surveying areas of research that are complimentary to those reviewed elsewhere.

Needless to say, we aim to give a balanced account of the work and interests in the field of time-reversal symmetry in dynamical systems. However, we realize very well that our survey is subjective and we would like to apologize to those colleagues who might find their work under- or misrepresented. Also, rather than trying to discuss results in this field in detail, we have aimed at giving the reader a taste of the state of the art. Our bibliography in Appendix A is inevitably incomplete and the process of compiling the bibliography is without end.^1 However, we hope that our bibliography will provide an encouragement and opportunity for the reader to explore further from there.

The paper is organized as follows. In Section 2 we briefly discuss the position of timereversal symmetry in physics. In Section 3 we introduce the setting of our survey, defining time-reversal symmetry in dynamical systems and sketching its relation to equivariant and Hamiltonian dynamical systems. In Section 4 we survey the state of the art on the theory of reversible dynamical systems, including results on symmetric periodic orbits, local bifurcation theory, homoclinic orbits, and renormalization and scaling. In Section 5 we briefly discuss some areas of applications in physics and mathematics that have stimulated the research into reversible dynamical systems. Our concluding section is devoted to an outlook. Appendix A contains an extended bibliography on time-reversal symmetry in dynamical systems. References to this bibliography are separated by style ([author,year]) from other references ([number]).

As a guide to the reader, we note that the first three sections provide a nontechnical introduction, aimed at a non-specialized audience. In contrast, Sections 4 and 5 contain more details and references.

1Regular updates of this bibliography will be made available at

http://www.maths.warwick.ac.uk/∼lamb/revbib.html.

2 Time-reversal symmetry in physics

Before addressing the topic of time-reversal symmetry in dynamical systems in §3, in this section we will briefly discuss the position of time-reversal symmetry in physics, i.e. in classical mechanics, thermodynamics and quantum mechnics.

2.1 Time-reversal symmetry in classical mechanics

The conventional notion of time-reversal symmetry relates to observations of physical phenomena.

To fix the discussion, consider the example of the dynamics of a classical ideal pendulum, that experiences no energy loss due to friction.

We now propose the following experiment: we let the pendulum swing, film it, and watch it using a projector that plays the film backward (in the reverse direction). So we see the pendulum moving backward in time. If we are not familiar with the original film, then as a viewer it would be impossible to tell that the film was actually played in reverse. This is because the motion on the reverse film also corresponds to a possible motion of the same pendulum. Namely, the reverse motion satisfies the same laws of motion as the forward motion. The only difference between the motion depicted on the forward and reverse versions of the film is the initial position and speed of the pendulum at the point where we start showing the movie.

If for a motion picture of a mechanical system one cannot decide whether it is shown in the forward or reverse direction, the system is said to have time-reversal symmetry.

When we consider the more realistic physical situation of a swinging pendulum in the presence of friction, we can tell the difference between a forward and a reverse film of this pendulum. Namely, the original (forward) film will show the swinging pendulum losing amplitude until it comes to a stand-still. However, the film in reverse direction shows a swinging pendulum whose amplitude is increasing in time. The latter film is clearly unphysical as it does not satisfy the natural laws of motion anymore (assuming there is no hidden source of energy feeding the pendulum). The presence of friction breaks the time-reversal symmetry of the ideal pendulum.

The time-reversal symmetry described in this example arises very frequently in classical mechanics. Although in nature we hardly ever encounter mechanical systems with perfect time-reversal symmetry, in theory a truly isolated pendulum has time-reversal symmetry. The friction and energy transfer are merely due to the coupling of the pendulum with its environment.

In the Hamiltonian formulation of classical mechanics, we describe the system with variables (q, p), where q is a vector describing the position of the system and p a vector describing its momentum.

In its simplest form, the Hamiltonian H(q, p) is a function which generates the equations of motion via: dq dt = ∂H ∂p , dp dt = − ∂H ∂q . (2.1)

The classical notion of time-reversal symmetry as discussed above is directly related to a symmetry property of the Hamiltonian,

H(q, p) = H(q, −p). (2.2)

Namely, if the Hamiltonian satisfies (2.2), then the equations of motion (2.1) are invariant under the transformation

R_0 : (q, p, t) → (q, −p, −t). (2.3)

In turn, this implies that when (q(t), p(t)) is a trajectory in phase space describing a possible motion of the system with initial position and momentum (q_0, p_0), then so is (q(−t), −p(−t)) with initial condition (q_0, −p_0).

In configuration (position) space this means that if we have a trajectory q(t), then we also have a trajectory q(−t). This is precisely what we see when we play a film of a timereversible system in reverse.

2.2 Thermodynamics

Let us now consider a macroscopic number of classical particles and describe their collective behaviour. In fact, such a system is in principle described by Hamiltonian equations of motion where q and p describe the positions and momenta of N particles, where N is a very large number (e.g. in the order of Avogadro’s number 10^{24}).

Despite the time-reversal symmetry property of the equations of motion, the collective behaviour of a macroscopic number of classical particles displays a clear direction of time, i.e. if q(t) is a likely trajectory of the system then q(−t) is not necessarily ! As an example, consider the motion of a macroscopic number of gas molecules in one of the two compartments of a tank. When we open up a connection between the two compartments, molecules from one compartment will flow to the second compartment and in the end they will distribute evenly over the two compartments. If one watches a film of this dynamical process in reverse, one observes the gas flowing from an evenly distributed state towards a state in which all the gas is in one of the two compartments of the tank. Despite the theoretical possibility of this happening, the realistic chance of this occurring is extremely small.

In statistical mechanics, when we want to describe the bulk dynamics of many particles (N → ∞), there is a true sense of direction of time. The most well-known result in this direction is Boltzmann’s second law of thermodynamics, saying that entropy is a monotonically increasing function of time [2].

This result needs careful interpretation, and it is not surprising that this result has led to a lot of confusion. Loschmidt challenged Boltzmann by pointing out that his result “violated” the time-reversal symmetry of the (microscopic) equations of motion of the particles concerned [18]. In recognition of his critique, the situation whereby an ensemble of particles with time-reversible dynamics displays irreversible behaviour is called Loschmidt’s paradox.

A first solution to the paradox was proposed by Gibbs [11], who gave an explanation involving the course-grained structure of the phase-space. However, to the present day, many papers are written that provide an explanation of the paradoxical situation in which a system that has time-reversal symmetry on a microscopic scale breaks this symmetry in its collective macroscopic behaviour. A popular resolution of Loschmidt’s paradox is to argue that despite the reversibility of the equations of motion, not all solutions need possess the full time-reversal symmetry. A different view is presented by Kumicak & De Hemptinne [17] in this volume. For an historical account, see Brush [6].

A general discussion of this area is outside the scope of our survey (but we refer the reader to the work of Prigogine and the Brussels school on reversibility/irreversibility and arrows of time in physics and chemistry [21; 20]). A recent approach in which irreversible dynamics of nonequilibrium thermodynamical systems is modelled by reversible dynamical systems has attracted a lot of interest, see e.g. § 5 and the papers [Dellago & Posch, 1998; Gallavotti, 1998; Hoover, 1998] in this volume.

2.3 Time-reversal symmetry in quantum mechanics

In the 1930’s, Wigner [25] successfully introduced a quantum mechanical version of the classical conventional time-reversal operator. With it, he explained the two-fold degeneracy of energy levels that was reported by Kramers [16] in systems with an odd number of electrons in the absence of a magnetic field. In the presence of a magnetic field the timereversal symmetry is broken and the degeneracy disappears yielding a splitting of energy bands, cf. also Herring [15]. Time-reversal symmetry is also important in quantum field theories for elementary particle physics, cf. [22].

With the growing interest in chaotic dynamics in the 1980’s, there was also a growing interest in quantum mechanical systems whose classical limit displays chaotic behaviour. In this field (called quantum chaology by Berry [1]), time-reversal symmetry enters in the analysis of level statistics. Random matrix theory predicts that the rate of energy-level repulsion is classified by the presence or absence of time-reversal symmetry. These predictions have been discussed by many, and for an introduction, see Haake [13]. We note that, despite the success of group representation theory in quantum mechanics [26], the role of comparable symmetry methods in quantum-chaology appears to be relatively unexplored. For a recent exception see [8], who discuss the use of symmetries (but not time-reversal symmetries !) in the calculation of zeta-functions.

3 Time-reversal symmetry in dynamical systems

We will now give a more precise mathematical description of time-reversal symmetry in the setting of dynamical systems, as considered in this survey. We also give an historical account of its origin.

We consider two types of dynamical systems, with continuous time (t ∈ R) and discrete time (t ∈ Z) on some phase space Ω. Continuous time systems are taken to be flows of vector fields. Discrete time dynamical systems are taken to be generated by an invertible map f. In most applications of interest Ω will be a manifold, e.g. Ω = R^n .

In the continuous time context we consider autonomous ordinary differential equations of the form dx dt = F (x), (x ∈ Ω). (3.1)

where F : Ω → T Ω is a (smooth, continuous) vector field. The dynamics of (3.1) is given by a one-parameter family of evolution operators

φ_t : Ω → Ω, φ_t : x(τ) → φ_t(x(τ)) = x(τ + t), (3.2)

such that^2

φ_{t1} ∘ φ_{t2} = φ_{t1+t2} for all t_1, t_2 ∈ R. (3.3)

2∘ denotes composition.

We now say that an invertible (smooth, continuous) map R : Ω → Ω is a reversing symmetry of (3.1) when dR(x) dt = −F (R(x)), (3.4)

or equivalently, when

dR|_x · F (x) = −F (R(x)), (3.5)

where dR|_x denotes the (Frechet) derivative of R in x. In terms of the evolution operator φ_t, (3.4)-(3.5) imply

R ∘ φ_t = φ_{−t} ∘ R = φ^{−1}_t ∘ R for all t ∈ R. (3.6)

In the context of classical mechanics, where the ordinary differential equations are derived from a Hamiltonian H(q, p), the conventional reversing symmetry is given by

R(q, p) = (q, −p). (3.7)

Note that in this particular case R is an involution (i.e. R^2 = id), and R is anti-symplectic.

By analogy to the definition (3.6) in the case of flows, we call an invertible map R : Ω → Ω a reversing symmetry of an invertible map f : Ω → Ω, whenever^3

R ∘ f = f^{−1} ∘ R. (3.8)

The notion of reversing symmetries for autonomous flows extends in a natural way to nonautonomous flows, dx dt = F (x, t). (3.9)

Namely, we call R_a : (x, t) → (R(x), −t + a) a reversing symmetry of (3.9) whenever (3.9) is invariant under the transformation R_a (for some a ∈ R), i.e. dR(x) dt = −F (R(x), −t + a). (3.10)

Note that by introducing a new variable τ = t − a/2, the extended differential equation d(x, τ)/dt = (F^′(x, τ), 1) (with F^′(x, τ) := F (x, τ + a/2)) is autonomous and has reversing symmetry R_0 : (x, τ) → (R(x), −τ).

The presence and importance of time-reversal symmetry was recognized in the early days of dynamical systems by Birkhoff. He utilized it in his study of the restricted three body problem in classical mechanics [Birkhoff, 1915]. In particular, he noted that a map f with an involutory reversing symmetry R can always be written as the composition of two involutions

f = R ∘ T, where R^2 = T^2 = id. (3.11)

3Usually – but not always – one is interested in maps f and R that are not just invertible, but also homeomorphisms or diffeomorphisms.

In this context, note that when R is not an involution one readily verifies that the decomposition property (3.11) generalizes to

f = R ∘ T, where R^2 ∘ T^2 = id. (3.12)

In flows of nonautonomous vector fields (3.9) when F (x, t) is periodic in time, i.e. F (x, t) = F (x, t + 1) (with period scaled to 1), then in a natural way the time-one return map of such a flow is autonomous. Moreover, it is readily checked that when the nonautonomous system is invariant under R_a, then the time-one return map with respect to the surface of section t = a/2 has reversing symmetry R. A similar result also applies to local return maps for R-symmetric periodic orbits of autonomous flows with reversing symmetry R.

After the work of Birkhoff, time-reversal symmetry did not receive much attention until the 1960s [DeVogelaere, 1958; Heinbockel & Struble, 1965; Moser, 1967; Bibikov & Pliss, 1967; Hale, 1969]. In particular, Hale described the property of time-reversal symmetry as property E.^4

Devaney [Devaney, 1976] noted that many consequences of conventional time-reversal symmetry are shared by dynamical systems which have a different type of involutory reversing symmetry than the conventional anti-symplectic one (3.7). This led him to a definition of reversible systems in which the involutory nature of the time-reversal operator R was central, together with the fact that R should fix a subspace half the dimension of the phase space. Later, Arnol’d and Sevryuk [Arnol’d, 1984; Arnol’d & Sevryuk, 1986] relaxed this further to allow for any involutory reversing symmetry. The latter definition of reversibility was adopted by many, and hence for a map was taken to be synonymous with the decomposition property (3.11).

Arnol’d and Sevryuk [Arnol’d, 1984; Arnol’d & Sevryuk, 1986] remarked that systems with reversing symmetries need not have an involutory reversing symmetry (for some examples, see [Arnol’d & Sevryuk, 1986; Lamb, 1996a; Baake & Roberts, 1997]). In quantum mechanics, the importance of noninvolutory time-reversal symmetries was long before acknowledged by Wigner [26]. Arnol’d and Sevryuk proposed to call systems with only noninvolutory reversing symmetries weakly reversible. They found that many results for reversible systems actually also hold for weakly reversible systems, by showing that in many problems the reversing symmetry enters the analysis with an effectively involutory action.

In this respect it is interesting to note that if a linear system in R^n possesses a reversing symmetry it also possesses a linear involutory reversing symmetry [Sevryuk, 1986]. (This follows directly from Jordan normal form theory.) However one should be careful interpreting this result. For instance, when considering continuous families of matrices possessing a given noninvolutory reversing symmetry (such as in reversible linear normal form theory [Hoveijn, 1996; Lamb & Roberts, 1997]) this observation is not particularly useful as, for instance, the form of the involutory reversing symmetry may change discontinuously. Also, it should be stressed that this implication does not hold in general. For example it does not hold for nonlinear systems in R^n [Lamb, 1994a; Lamb, 1996a] and not even for linear diffeomorphisms of the 2-torus [Baake & Roberts, 1997] (cf. Example 3.6 below).

In the light of a more general approach towards symmetry properties of dynamical systems (see § 3.1), it turns out to be unnecessarily restrictive to explicitly mention the nature of

4Despite the fact that Hale did not publish many papers on time-reversal symmetry in dynamical systems, his interest has been a catalyst for further research, cf. e.g. the acknowledgements in [Kirchgässner, 1982a] and [Vanderbauwhede, 1990b].

the reversing symmetry in a definition of reversibility (and so distinguish between reversible and weakly reversible systems). Therefore, we define

Definition 3.1 (Reversible Dynamical System) A dynamical system is called reversible when it possesses a reversing symmetry R satisfying (3.4), (3.8), or (3.10) for autonomous flows, maps, or nonautonomous flows, respectively.

In the literature there is sometimes confusion about the use of terminology. Sometimes, a system is called reversible when its inverse exists. This notion of invertibility differs from the notion of reversibility adopted here. In particular, note that all reversible systems are invertible, but not all invertible systems are reversible (because not all invertible systems have a reversing symmetry).

We now list some examples of reversible dynamical systems:

Example 3.2 All Hamiltonian systems with Hamiltonian H(q, p) satisfying (2.2) with an antisymplectic R of the form (3.7).

Example 3.3 All oscillation equations of the form

d^2 dt^2 q = F (q), F : R^m → R^m . (3.13)

When (3.13) is rewritten as a first order system in the variables q_i and^d_{dt} q_i in R^{2m} , R is the involution that changes the signs of the^d_{dt} q_i.

Example 3.4 In many partial differential equations, the equations governing steady-state solutions are reversible.

For example, Malomed & Tribelski [Malomed & Tribelski, 1984] considered a class of partial differential equations, one of which ∂ ∂t ξ +^{∂4}_{∂x4} ξ + 2α^{∂2}_{∂x2} ξ + ξ + (^∂_{∂x} ξ)^2 = 0, (3.14)

describes the evolution of a gas flame under certain physical conditions. This equation is not reversible with respect to the time-variable. However, the steady-state solutions are described by (3.14) with^∂_{∂t} ξ = 0. The resulting steady-state ordinary differential equation is reversible with respect to the space variable x. Namely, the fourth-order ordinary differential equation can be written as a system of four first order equations in the variables ξ,^∂_{∂x} ξ,

∂^2 ∂x^2 ξ, and

∂^3 ∂x^3 ξ, and this dynamical system is reversible with respect to the involution R : (ξ,^∂_{∂x} ξ,^{∂2}_{∂x2} ξ,^{∂3}_{∂x3} ξ) → (ξ, −^∂_{∂x} ξ,^{∂2}_{∂x2} ξ, −^{∂3}_{∂x3} ξ). In a similar way, one finds that all autonomous even-order (odd-order) ordinary differential equations in which the odd (even) derivatives occur only in even combinations are reversible when rewritten as a first order system. The reversing symmetry R is the transformation of the even-dimensional (odd-dimensional) phase space that corresponds to changing the sign of the variables corresponding to odd (even) derivatives.

Example 3.5 Symmetric difference equations of the form

x_{n+1} + x_{n−1} = f(x_n), (3.15)

may arise as a discretization of^{d2}_{dt2} x = 2x−f(x), but may also arise due to spatial symmetry properties of physical models on a chain (n labels the position on the chain).

A well known example of a mapping of the form (3.15) arises in the study of stationary states of a chain of coupled oscillators with a convex nearest neighbour interaction potential. By Newton’s action=reaction principle this interaction potential should be invariant with respect to interchanging x_n and x_{n+1}.

For instance, in the case of the Frenkel-Kontorova model, the total (interaction + background) potential is given by ∑ n(^1_2 (x_n − x_{n+1})^2 + v cos x_n), and the stationary states satisfy (3.15) with f(x_n) = 2x_n − v sin(x_n), which is equivalent to the area-preserving Chirikov- Taylor standard mapping.

Introducing new variables, p_n := x_n and q_n := x_{n−1} the system (3.15) can be written as a mapping of the plane { p_{n+1} = f(p_n) − q_n, q_{n+1} = p_n.

(3.16)

This mapping is reversible with respect to the involution R(p, q) = (q, p). This is a direct consequence of the fact that (3.15) is invariant under the transformation x_{n−1} ↔ x_{n+1}. In the context of the Frenkel-Kontorova model this is in turn a direct consequence of the symmetry of the interaction potential.

Remarkably, (3.16) is not only reversible, but also area-preserving. Many area-preserving (symplectic) mappings studied in the literature are reversible (eg. the well-studied areapreserving Hénon mapping, cf. [Roberts & Quispel, 1992] and references therein).

Example 3.6 The hyperbolic toral automorphism given by ( x^′ y^′ ) = ( 5 7 7 10 ) ( x y ) (mod 1). (3.17)

is reversible with the order four reversing symmetry R given by ( x^′ y^′ ) = ( 0 −1 1 0 ) ( x y ) (mod 1). (3.18)

In fact, the map (3.17) has no involutory reversing symmetry within the group of toral homeomorphisms.

We note that the reversibility of hyperbolic toral automorphisms has no obvious physical cause. The symmetry properties of hyperbolic toral automorphisms follow directly from the structure of the matrix group Gl(2, Z) [Baake & Roberts, 1997].

The above examples illustrate the fact that reversible dynamical systems arising in the literature obtain their reversibility due to a variety of reasons. In particular, we observe:

• Reversibility in time arising due to a natural assumption of time-reversibility of the equations of motion (cf. Example 3.2 and Example 3.3)

Figure 1: Schematic diagram indicating the intersections of reversible dynamical systems (R), equivariant dynamical systems (E), and Hamiltonian dynamical systems (H).

• Reversibility in space arising due to natural assumptions of spatial symmetries of a physical model (cf. Example 3.4 and Example 3.5)

• Reversibility arising due to the specific structure of a mathematical problem under consideration (cf. Example 3.6).

For more examples in the above three categories, see § 5.

There are generally two perspectives from which reversible dynamical systems are considered. On the one hand they can be treated from a symmetry perspective, as reversible systems are defined in terms of a symmetry property. On the other hand, historically the interest in reversible systems has often been in the context of Hamiltonian systems. Firstly this is because many examples of reversible dynamical systems in applications are actually also Hamiltonian. Secondly there is the remarkable fact that reversible and Hamiltonian systems have many interesting dynamical features in common. This duality may be the reason why so few systematic results on reversible dynamical systems have been derived, compared to the overwhelming machinery developed for symmetric (equivariant^5) and Hamiltonian dynamical systems. The dual approach towards reversible systems will be the dominant theme in this paper. A schematic view of the situation is depicted in Figure 1, where it is shown how the Hamiltonian, reversible, and equivariant systems overlap.

3.1 Reversible versus equivariant dynamics

When a reversible system possesses more than one reversing symmetry, one finds that the composition of an odd number of reversing symmetries yields again a reversing symmetry, but that the composition of an even number of reversing symmetries yields a symmetry. S is called a symmetry of the equations of motion if, in the case of an autonomous or nonautonomous flow (3.1) or (3.9), we find dS(x) dt = dS|_x · F (x, t) = F (S(x), t), (3.19)

or, in the case of a map f, we have S ∘ f = f ∘ S. (3.20) Dynamical systems with a symmetry S are also called S-equivariant, and have attracted lots of attention in recent years, cf. for instance [9; 10; 12].

5A definition of equivariance will be given in §3.1.

In describing the symmetry properties of flows and maps, it is natural to discuss symmetries and reversing symmetries on an equal footing as they form a group under composition. We call a group of symmetries and reversing symmetries of a dynamical system a reversing symmetry group G [Lamb, 1992] and note that the symmetries (equivariances) form a normal subgroup H of G, i.e. H ⊴ G. Moreover, when H ≠ G then H is a subgroup of index 2,

G/H ≃ Z_2. (3.21)

Note that G can be written as the semi-direct product G ≃ H ⋊ Z_2 if and only if G \ H contains an involution.

When a dynamical system possesses a reversing symmetry but no symmetries, it follows that H = {id} and G ≃ Z_2, so that the dynamical system possesses precisely one involutory reversing symmetry. We will call such a dynamical system purely reversible.

The dynamical consequences of symmetries (equivariance) and reversing symmetries differ substantially. Symmetries map trajectories to other trajectories preserving the direction in which they are traversed in time. Reversing symmetries also map trajectories to trajectories, but now the time-direction of the two trajectories is reversed.

A very obvious difference resulting from this is the role of fixed point subspaces. The fixed point subspace of a map U : Ω → Ω is defined as Fix(U) := {x ∈ Ω | U(x) = x}. Fixed point subspaces of symmetries are setwise invariant under the dynamics. However, fixed point subspaces of reversing symmetries are usually not setwise invariant under the dynamics, but give rise to symmetric periodic orbits, homoclinics and heteroclinics (see § 4.1 and § 4.5).

As a simple contrasting example, two phase portraits of flows of planar vector fields are sketched in Figure 2. Both flows are symmetric with respect to a reflection in a horizontal line, but in one portrait (a) the reflection is a symmetry and in the other (b) it is a reversing symmetry.

Despite the dynamical differences between reversible and equivariant dynamical systems, techniques developed for the equivariant context sometimes carry over to the reversible one. For instance, local bifurcation problems in reversible systems can often be studied via equivariant singularity theory after performing a Liapunov-Schmidt reduction [Vanderbauwhede, 1982; Golubitsky et al., 1995], cf. also §4.3 for more references.

k-Symmetry and space-time symmetry

It may happen that a map f possesses less symmetries and/or reversing symmetries than its kth iterate f^k. If k is the smallest positive integer for which a transformation U is a (reversing) symmetry of f^k, then U is called a (reversing) k-symmetry of f [Lamb & Quispel, 1994].

It turns out that k-symmetry naturally arises in the study of return maps of flows of time-periodic vector fields with mixed space-time symmetries. In the context of such systems we consider reversing symmetries R_a : (x, t) → (R(x), −t + a) and (time-shift) symmetries of the form S_a : (x, t) → (S(x), t + a), that leave the equations of motion invariant. In a natural way these space-time symmetries form a group under composition.

Let us consider a nonautonomous system that is invariant with respect to the time-shift t → t + 1. The symmetry properties of the time-one return map of such a system are related to the space-time symmetries of the flow under consideration. For instance, the time-one return map with surface of section t = 0 inherits the space-time symmetries that

Figure 2: Sketches of the phase portraits of planar flows that are symmetric with respect to a horizontal reflection, where (a) the reflection is a symmetry (equivariance), and (b) the reflection is a reversing symmetry. In (b) some typical reversible dynamical phenomena can be observed: the right-most equilibrium is a center surrounded by a Liapunov centre family of periodic orbits (§4.1). Going outward the periods of these orbits start tending to infinity (blue sky catastrophe) as they come close to a symmetric homoclinic orbit connecting the symmetric saddle to itself (§4.5). In the left side of the flow one observes an asymmetric attractor-repeller pair.

fix the surface of section setwise, i.e. S_0 gives rise to a symmetry S and R_0 to a reversing symmetry R for such a return map. The remaining time-shift symmetry properties arise in a less obvious way. Namely, when a time-periodic flow admits a symmetry of the form S_{−1/q}(x, t) = (S(x), t − 1/q) (for some q ∈ N), then the time-one return map with surface of section t = 0 can be written as being decomposed into q pieces that are related to each other by time-shift symmetries. Consequently, the time-one return map can be written as S^{−q} ∘ f^q where f := S ∘ φ_{[0,1/q]} and φ_{[0,1/q]} denotes the first hit map between surfaces of section at t = 0 and t = 1/q [Lamb, 1995; Lamb, 1998] . The map f conveniently characterizes the dynamics of the flow. Interestingly, the space-time symmetry properties of the flow arise as (reversing) k-symmetries of the map f. k-Symmetry arises in a similar way in the study of local return maps of symmetric periodic orbits in autonomous flows. For a more detailed discussion, we refer to [Lamb, 1998].

Interestingly, many results for reversible maps have (nontrivial) extensions to the domain of k-reversible maps. We will give detailed references in relevant sections below. For a more extended introduction to k-symmetric dynamical systems see [Lamb & Brands, 1994; Lamb & Quispel, 1994; Lamb, 1994a; Lamb, 1996b; Lamb, 1998].

3.2 Reversible versus Hamiltonian dynamics

Reversibility is a symmetry property that most prominently arises in Hamiltonian dynamical systems, in particular in the context of mechanical systems. In physics, the terms reversible and Hamiltonian might sometimes be thought to be nearly synonymous, since in practice the vast majority of reversible dynamical systems arising in applications so far appear to be Hamiltonian.

In studies of classical mechanical systems reversibility has been gratefully welcomed as a tool in studying periodic orbits, homoclinics and heteroclinics, cf. e.g. [Devaney, 1976; Devaney, 1977; Churchill & Rod, 1980; Churchill et al., 1983; Churchill & Rod, 1986; Meyer, 1981]. Reversibility began to be taken more seriously as a symmetry property in Hamiltonian dynamical systems after it turned out that many results originally established for Hamiltonian dynamical systems can also be obtained by assuming that the dynamical system is reversible (without taking into account the Hamiltonian structure).

In two seminal papers, Devaney [Devaney, 1976; Devaney, 1977] established the reversible Liapunov centre theorem (§4.1) and the reversible blue sky catastrophe theorem (§ 4.5) for periodic orbits of reversible systems and noted the close analogy to comparable results for Hamiltonian systems, noting that “reversible systems, near symmetric periodic orbits, behave qualitatively just like Hamiltonian systems.”

Along the same lines, various other “Hamiltonian” results have been extended to the reversible domain. Most notably, the Kolmogorov-Arnol’d-Moser (KAM) theory has a reversible analogue, as do some results in local bifurcation theory, cf. §4.2 and §4.3. In the same spirit, the Aubry-Mather theory for area-preserving monotone twist maps has recently been extended to the domain of reversible monotone twist maps of the plane [Chow & Pei, 1995]. The origin of these coincidences is still an area of investigation and not very well understood.

Many reversible systems in applications happen to be Hamiltonian at the same time. When studying reversible Hamiltonian systems, it may be more convenient to prove results using the reversibility rather than the Hamiltonian structure. In dynamical systems obtained as reductions from partial differential equations, reversibility is often more easily recognized than an underlying symplectic structure.^6

Unfortunately, the fact that most reversible systems in applications are Hamiltonian and most Hamiltonian systems in applications are reversible, seems to have obscured a bit which properties of reversible Hamiltonian systems are due to the reversibility and which are due to the Hamiltonian structure.

Because of the overwhelming number of reversible Hamiltonian systems of interest, it is somewhat surprising that a systematic theory on reversible Hamiltonian systems has not reallly been developed. Also a systematic comparison between dynamical features of Hamiltonian systems, reversible systems, and reversible Hamiltonian systems is far from established.

In the literature there are not so many examples of Hamiltonian dynamical systems that are not reversible. Arnol’d & Sevryuk [Arnol’d & Sevryuk, 1986] and Roberts & Capel [Roberts & Capel, 1992; Roberts & Capel, 1997] constructed examples of non-reversible Hamiltonian systems using local obstructions to reversibility. However, the non-reversibility in these examples is not persistent under small (Hamiltonian) perturbations. Examples of persistently non-reversible Hamiltonian systems in R^2 were given by Mather [MacKay, 1993] (global topological obstruction) and Lamb [Lamb, 1996a] (local topological obstructions). Recently, it was shown that the reversibility of hyperbolic toral automorphisms can always be decided [Baake & Roberts, 1997]. Since such mappings are structurally stable, this yields persistent examples of both reversible and non-reversible area-preserving diffeomorphisms of the torus.

Non-Hamiltonian reversible systems also do not appear frequently in the literature. A few examples are a laser model [Politi et al., 1986], the Stokeslet model describing sedimenting spheres [Caflisch et al., 1988], and a model of coupled Josephson junctions [Tsang et al., 1991a; Tsang et al., 1991b]. Politi et al. and Tsang et al. observed that their reversible systems may possess attractors and repellers (pair-wise), and at the same time display Hamiltonian-like behaviour. The Stokeslet model has led to various interesting papers on reversible equivariant systems, cf. [Golubitsky et al., 1991; Lim & McComb, 1995; Lim &

6For instance, the authors of [Eckmann & Procaccia, 1991] did not realize that their dynamical system obtained by PDE reduction is not only reversible but also Hamiltonian, until this was pointed out by R.S. MacKay (Woudtschoten Conference, 1992).

McComb, 1998; McComb & Lim, 1993; McComb & Lim, 1995]. Roberts & Quispel [Roberts & Quispel, 1992] studied scalings in non area-preserving reversible mappings of the plane, and also found a mixture of dissipative and conservative (Hamiltonian) behaviour, see also § 4.4.

In the following sections we will discuss in more detail certain aspects of the theory of reversible dynamical systems. We will make more precise comments on the reversible versus Hamiltonian dichotomy at various points.

4 Aspects of reversible dynamics

In this section we will discuss some dynamical consequences of reversibility in more detail. It is organized as follows. In § 4.1-4.5 we review results on symmetric periodic orbits (in particular in relation to their natural occurrence in families), KAM theory, local bifurcations (including Birkhoff normal form theory), scaling properties and renormalization, and homoclinic and heteroclinic behaviour. § 4.6 contains a brief discussion of some other topics. It should be noted that the length of our discussion of the different topics in this section has been largely influenced by the existence or absense of other recent relevant surveys.

4.1 Symmetric periodic orbits

Understanding a dynamical system on the basis of its periodic orbits has been a predominant theme in dynamical systems theory ever since the studies of Poincaré.

It is therefore not surprising that a result on periodic orbits is by far the most wellknown and used result in reversible dynamical systems. In 1915, Birkhoff [Birkhoff, 1915] described the use of reversibility to find periodic orbits of the restricted three body problem. In 1958 DeVogelaere [DeVogelaere, 1958] described the method again, but now as a tool for searching for symmetric periodic orbits of reversible systems (by computer).

Definition 4.1 (Symmetric orbits) Let o(x) be an orbit of a dynamical system, i.e. o(x) = {φ_t(x) | t ∈ R} in the case of flows and o(x) = {f^n(x) | n ∈ Z} in the case of maps. Then o(x) is R-symmetric or symmetric with respect to R when the orbit is setwise invariant under R, i.e. R(o(x)) = o(x).

The results on finding symmetric periodic orbits in reversible systems are folklore and many have derived (and are still deriving !) these results apparently independently. We present here a general version of the results on periodic orbits. Note that the results nowhere require that R is an involution [Lamb, 1992].

Theorem 4.2 (Symmetric orbits for flows) Let o(x) be an orbit of the flow of an autonomous vector field with time-reversal symmetry R. Then,

• an orbit o(x) is symmetric with respect to R if and only if o(x) intersects Fix(R), in which case the orbit intersects Fix(R) in no more than two points and is fully contained in Fix(R^2).

• an orbit o(x) intersects Fix(R) in precisely two points if and only if the orbit is periodic (and not a fixed point) and symmetric with respect to R.

Theorem 4.3 (Symmetric orbits for maps) Let o(x) be an orbit of an invertible map f with reversing symmetry R. Then,

• an orbit o(x) is symmetric with respect to R if and only if o(x) intersects Fix(R) ∪ Fix(f ∘ R), in which case the orbit intersects Fix(R) ∪ Fix(f ∘ R) in no more than two points and is fully contained in Fix(R^2).

• an orbit o(x) intersects Fix(R) ∪ Fix(f ∘ R) in precisely two points if and only if the orbit is symmetric with respect to R and periodic (but not a fixed point). Such an orbit intersects both Fix(R) and Fix(f ∘ R) if and only if it has odd period. In particular:

• o(x) is a periodic orbit of f with period 2p if and only if there exists a y ∈ o(x) such that y ∈ Fix(R) ∩ f^pFix(R) or y ∈ Fix(f ∘ R) ∩ f^pFix(f ∘ R).

• o(x) is a periodic orbit of f with period 2p+1 if and only if there exists a y ∈ o(x) such that y ∈ Fix(R) ∩ f^pFix(f ∘ R).

Theorem 4.2 or Theorem 4.3 are used in almost every paper discussing reversible dynamical systems. In particular, these theorems imply efficient techniques for tracking down R-symmetric periodic orbits, as it justifies searching for them in only a subset of the full phase space, cf. e.g. [Greene et al., 1981; Kook & Meiss, 1989], § 4.4 and Appendix A for more examples. In the special case of reversible maps in R^2 with an involutory reversing symmetry R fixing a one-dimensional subspace, Fix(R), Fix(f ∘ R) and their iterates have been often referred to as the symmetry lines of the map, cf. e.g. [MacKay, 1993; Roberts & Quispel, 1992].

From the results on periodic orbits, we find that the fixed point subspaces of reversing symmetries are important. The fixed sets of reversing symmetries can take various forms. For instance, when a reversing symmetry acts freely then its fixed point subspace is empty. Examples of involutions with free actions include rotations on a two-torus or the involutory action on a unit two-sphere embedded in R^3 induced by the transformation −id (the latter example arose recently in a study of relative equilibria of molecules [Montaldi & Roberts, 1997]). On more exotic manifolds, involutions may even exist whose fixed point subspace consists of several connected components of different dimension, cf. [Quispel & Sevryuk, 1993].

Generalizations of Theorem 4.2 and Theorem 4.3 that apply to flows of time-periodic vector fields with space-time symmetries were recently described in [Lamb, 1998]. Generalizations that apply to maps with reversing k-symmetries can be found in [Lamb & Quispel, 1994; Brands et al., 1995; Lamb, 1998].

The above theorems imply that in reversible systems periodic orbits generically arise in families. Under some smoothness assumptions, the fixed point subspaces mentioned in the above theorems are manifolds. Their intersection will again be a manifold and its generic dimension follows from elementary considerations.

Theorem 4.4 (Families of symmetric periodic orbits)

(i) In a continuous m-parameter family of diffeomorphisms f_a with reversing symmetry R, R-symmetric periodic orbits of a given even period generically come in (2 dim Fix(R)− dim Fix(R^2)+m)-parameter families and (2 dim Fix(f_a∘R)−dim Fix(R^2)+m)-parameter families. R-symmetric periodic orbits of a given odd period generically form (dim Fix(R)+ dim Fix(f_a ∘ R) − dim Fix(R^2) + m)-parameter families.

(ii) In a continuous m-parameter family of autonomous flows with reversing symmetry R, R-symmetric periodic orbits of a given period typically arise as (2 dim Fix(R) − dim Fix(R^2) + m)-parameter families.

(iii) In a continuous m-parameter family of autonomous flows with reversing symmetry R, R-symmetric periodic orbits typically arise as (2 dim Fix(R) − dim Fix(R^2) + m + 1)- parameter families with smoothly varying period, in which the families with constant period mentioned in (ii) are embedded.^7

Theorem 4.4 implies that under suitable conditions, in reversible systems one may find nparameter families (n > 0) of R-symmetric periodic orbits (whenever one of the formulas with m = 0 gives a positive number).

Stability properties of symmetric orbits

A well known property of linear reversible systems is that their eigenvalue structure is similar to that of Hamiltonian systems.

Theorem 4.5 (Eigenvalues of linear reversible systems)

• Let λ be an eigenvalue of a linear reversible vector field. Then so is −λ and λ̄ (complex conjugate of λ).

• Let λ be an eigenvalue of a linear reversible diffeomorphism. Then so is λ^{−1} and λ̄.

Hence, for linear flows the eigenvalues come in singlets {0}, doublets {λ, −λ} with λ ∈ R or λ ∈ iR, or quadruplets {λ, −λ, λ̄, −λ̄}. And for linear reversible maps the eigenvalues come in singlets {±1}, doublets {λ, λ^{−1}} with λ ∈ R or λ ∈ S^1 := {z ∈ C | |z| = 1}, or quadruplets {λ, λ^{−1}, λ̄, λ̄^{−1}}. Note that when R is an involutory reversing symmetry and dim Fix(R) ≠^1_2 dim Fix(R^2), then necessarily the linearized vector field, respectively diffeomorphism, at an R-symmetric fixed point is forced to have eigenvalues equal to 0, respectively ±1. In case dim Fix(R) >^1_2 dim Fix(R^2) these eigenvalues precisely support the families of periodic orbits described in Theorem 4.4.

From the characterization of eigenvalues of reversible linear systems it can be seen that a range of interesting phenomena might arise. For instance, note that the stability properties of fixed points and periodic orbits are decided by linearized vector fields and return maps (via Floquet theory). The eigenvalue properties confirm the fact that R-symmetric periodic solutions cannot be asymptotically (un)stable. (In fact, this comment applies to any R-symmetric ω-limit set, cf. e.g. [Lamb & Nicol, 1998]). Indeed, precisely this generic occurrence of “balanced” stability characterizes reversible dynamical systems. It gives rise to complicated (and interesting) dynamical behaviour which is partly similar to dynamical features of volume preserving and Hamiltonian dynamical systems.

7The observation in Theorem 4.4(iii) can be derived from considering a local return map for a symmetric periodic orbit of a flow. The dimension of the surface of section S is one lower than the dimension of the phase space and the periodic orbit is a fixed point of the return map. Now, importantly dim Fix(R) = dim Fix(R)|S . Hence, by Theorem 4.4(i) the symmetric fixed point is typically embedded in a (2 dim Fix(R)−dim Fix(R^2)+ m + 1)-parameter family of fixed points representing periodic orbits of the flow with nearby period.

Reversible Liapunov centre theorem

Devaney [Devaney, 1976] showed that the Liapunov centre theorem for Hamiltonian systems has a reversible analogue. The theorem describes the existence of families of symmetric periodic orbits in the neighbourhood of an (partially) elliptic symmetric fixed point 0 of a vector field F in R^{2n} with reversing symmetry R.

Suppose that ±iω are simple eigenvalues of the linearized vector field dF |_0, and that ±ikω are not eigenvalues for all k = 0, 2, 3, 4, . . . . To avoid resonances, it then follows that R^2 = id and dim Fix(R) = n. The reversible Liapunov centre theorem asserts that there exists a two-dimensional invariant manifold containing 0 that, in a neighbourhood of 0, contains a nested one-parameter family of R-symmetric periodic orbits. Moreover, the periods of these periodic orbits tend to 2π/ω as the initial conditions of these orbits tend to 0. To fix the idea, note that the centre theorem precisely describes the familiar planar picture of a centre type equilibrium surrounded by a family of periodic orbits (cf. the rightmost equilibrium point in Figure 2(b)).^8

Golubitsky, Krupa & Lim [Golubitsky et al., 1991] extended this result by allowing certain types of symmetry-induced resonances to occur, namely zero eigenvalues due to reversibility and 1:1 resonances due to equivariance. Contrasting Devaney’s geometric approach, they used a Liapunov-Schmidt reduction, adapting an alternative proof of the reversible Liapunov centre theorem given by Vanderbauwhede [Vanderbauwhede, 1982]. (For a recent application of this result, see [Chang & Kazarinoff, 1996].)

When resonances occur that are not a simple consequence of symmetry properties, then the families of periodic orbits of two pairs of purely imaginary eigenvalues interact. For a discussion, see §4.3.

While considering the Liapunov centre family in the right hand side of Figure 2(b), it is interesting to note that when we follow the one-parameter family of periodic orbits going away from the centre point, the periods of the closed orbits tend to infinity as they approach a reversible homoclinic orbit (a closed orbit starting and ending at a symmetric saddle point). Devaney called this a blue sky catastrophe [Devaney, 1977], and proved that such families of symmetric periodic orbits always arise around reversible homoclinic orbits, cf. § 4.5 for more details.

4.2 KAM-theory

The interest in reversible dynamical systems has been boosted not simply because of the results on periodic orbits. Another important line of investigation has been that of Kolmogorov- Arnol’d-Moser (KAM) theory. KAM-theory deals with the persistence of invariant tori constituting quasiperiodic motion in nearly integrable dynamical systems.

Originally, KAM-theory was developed in a Hamiltonian setting, i.e. only smooth perturbations were considered that preserve the symplectic structure of an integrable dynamical system. However, early on it was acknowledged that KAM-theory can also be applied to the setting of reversible systems, cf. Moser [Moser, 1967] and Bibikov & Pliss [Bibikov & Pliss, 1967]. Interestingly, in his expository paper [Moser, 1973], Moser chooses to present KAM-theory for reversible systems as he finds it “technically somewhat simpler” than for the Hamiltonian context.

8Note that the Liapunov centre families of periodic orbits in flows often appear in the associated return maps as one-parameter families of periodic orbits (with a fixed period).

Although integrable systems need not be reversible, many integrable systems in the literature happen to be reversible. For examples of a large class of integrable reversible mappings of the plane that are the composition of two involutions that also preserve the integrals, see [Quispel et al., 1989; Roberts & Quispel, 1992]. For other examples of integrable reversible mappings, cf. [Boukraa et al., 1994; Rerikh, 1995; Rerikh, 1996].

Sevryuk has carried through a thorough program of studying reversible KAM-theory, starting with his lecture notes [Sevryuk, 1986] (for further references see Appendix A). For a survey on the reversible KAM-theory see Sevryuk [Sevryuk, 1998] (in this volume) and Broer, Huitema & Sevryuk [Broer et al., 1996a]. The latter notes treat KAM-theory from a general perspective, presenting reversible systems as just one of the contexts to which the KAM techniques apply.

With the recognition that KAM-theory applies to reversible systems, the natural question has arisen whether there is a reversible analogue of (the problem of) Arnol’d-diffusion. Matveyev [Matveyev, 1995a; Matveyev, 1995b; Matveyev, 1996] obtained some results that show that indeed there is diffusion related to the break-up of invariant tori. However, the mechanism of diffusion is not identical to the mechanism of diffusion observed in Hamiltonian systems.

4.3 Local bifurcation theory

It is well known that symmetry properties of a system may influence the genericity of the occurrence of local bifurcations. That is, bifurcations that typically occur in certain symmetric systems might only be rarely observed in non-symmetric systems. The influence of symmetry on local bifurcations (steady-state and Hopf) has been extensively studied in the context of equivariant dynamical systems, cf. Golubitsky et al. [12].

Bifurcation theory for reversible systems has been developed in a less systematic way than for equivariant systems. First of all, in most papers the analysis is restricted to purely reversible systems (i.e. those with no equivariance properties). Often, the further assumption is made that the reversing symmetry R acts in R^{2n} as a linear involution with an n-dimensional fixed point subspace.^9

In papers on reversible equivariant systems there are often additional hypotheses: e.g. the existence of an involutory reversing symmetry or some explicit assumption on how a reversing symmetry R acts with respect to the action of the additional equivariances. These hypotheses are usually motivated by properties of the particular models under consideration, but unfortunately obscure the general applicability of some of these results.

Nevertheless, many interesting results on local bifurcations in reversible systems have been obtained and their embedding in a systematic theory that applies to more general space-time symmetric systems is an interesting open problem.

Before we discuss reversible local bifurcation theory in more detail, we note that most results on reversible systems are indeed of a local nature. Interestingly, however, Fiedler & Heinze [Fiedler & Heinze, 1996a; Fiedler & Heinze, 1996b] recently developed a topological index theory for reversible periodic orbits. This might well be a starting point for the use of global techniques in the study of reversible systems. Also Fiedler & Turaev [Fiedler & Turaev, 1996] illustrate how topological arguments can be used to prove that elliptic periodic

9As many authors note, the assumption of a locally linear action of an involution is justified by the Montgomery-Bochner Theorem [19]. Actually this comment applies more generally to local actions of compact Lie groups cf. [3].

orbits arise at certain elementary homoclinic bifurcations.

In discussing local bifurcations of reversible systems, it is important to note from Theorem 4.5 that instabilities may arise when eigenvalues are on the imaginary axis or unit circle in the complex plane. In particular, in analogy to the situation in Hamiltonian systems, bifurcations may arise when such eigenvalues pass through resonances.

This section is organized as follows. First, we briefly discuss the Birkhoff normal form theory for reversible systems. Thereafter we survey the literature on several types of local bifurcations: steady-state bifurcations, bifurcations at resonant centres, subharmonic branching and reversible Krein crunch.

Steady-state bifurcations involve the collision at zero of eigenvalues of the linearized vector field at an equilibrium point of a flow, or a collision at +1 of eigenvalues of the linearized map at a fixed point of a diffeomorphism. More complicated bifurcations involve the occurrence of resonances (rational relationships between the eigenvalues of a linearized vector field or map on the imaginary axis or unit circle in the complex plane). We distinguish between bifurcations at resonant equilibrium points of flows (when eigenvalues on the imaginary axis pass through a resonance), subharmonic branching (when the return map of a symmetric periodic orbit of a flow has (a pair of) eigenvalues passing through a root of unity), and the reversible Krein crunch (when two pairs of eigenvalues of a map collide on the unit circle).

Birkhoff normal forms

Various authors have studied reversible bifurcation problems using, in one way or another, a Birkhoff normal form analysis. The starting point of Birkhoff normal form theory is to consider the Taylor expansion of a diffeomorphism or vector field at a fixed point and to find a local coordinate frame in which the Taylor expansion looks “simple”, i.e. in normal form (with respect to a certain convention). The aim is then to study certain aspects of the local dynamics around a fixed point (local bifurcations, stability properties) using the truncated normalised expansion of the diffeomorphism or vector field. However, it is important to keep in mind that this strategy should be applied with care as some dynamical features of the truncated system may not arise in the original system.

The Birkhoff normal form procedure about a fixed point starts with bringing the linear part of the flow or map into normal form, and then studying its (versal) unfoldings.

In the context of symmetric systems, the derivation of Birkhoff normal forms is naturally done in a structure preserving (symmetry respecting) framework [5]. In the presence of a reversing symmetry group G this means that only G-equivariant coordinate transformations are to be considered.

For purely reversible systems, several papers on reversible linear normal forms have appeared [Palmer, 1977; Wan, 1991; Sevryuk, 1992; Shih, 1993; Hoveijn, 1996]. The paper by Hoveijn [Hoveijn, 1996] is the most recent and complete reference,and includes a discussion of the Hamiltonian and reversible Hamiltonian cases as well. For technical details on the symmetry-respecting linear normal form theory, see also Knobloch & Vanderbauwhede [Knobloch & Vanderbauwhede, 1995]. Recently, Lamb & Roberts [Lamb & Roberts, 1997] discussed the normal form theory for linear reversible equivariant systems on the basis of the representation theory of reversing symmetry groups.

After bringing the linear part of a system into normal form, one can subsequently normalize higher order terms in the Taylor expansion of a map or vector field. It turns out that most basic results for nonsymmetric systems (cf. [24; 7]) carry over to the reversible

(and equivariant) context without further complications, cf. e.g. [Iooss & Adelmeyer, 1992; Lamb, 1996b; Shih, 1997; Vanderbauwhede, 1990a; van der Meer et al., 1994].

The most common method for characterizing Birkhoff normal forms uses the unique decomposition of a matrix into its nilpotent and semisimple part.^{10} We first consider flows. Let dF |_0 be the (Frechet) derivative of a vector field F at a fixed point 0, and dF |_0 = A_s + A_n be the decomposition into its semi-simple and nilpotent part. Then, when the flow is sufficiently differentiable, a normal form to any desired order can be obtained that is equivariant with respect to exp(tA_s) for all t ∈ R, while preserving the (reversing) symmetry properties of the flow.^{11} The additional symmetry properties of the normal form are usually referred to as the formal normal form symmetry.

For smooth diffeomorphisms f : R^n → R^n an analogous scheme applies. After decomposing the (Frechet) derivative df|_0 of f at 0 as df|_0 = A_s + A_n, up to any desired order of the Taylor expansion a normal form can be obtained that is (formally) A_s-equivariant.

Above we described normalizations with respect to the semi-simple part A_s. Further normalization with respect to the nilpotent part A_n can also be implemented. Note however, that in the case of maps, when df|_0 is not semi-simple the explicit calculations for obtaining reversible normal forms for diffeomorphisms are potentially cumbersome, cf. [Lamb et al., 1993; Lamb, 1996b].

Jacquemard & Teixeira [Jacquemard & Teixeira, 1996b; Jacquemard & Teixeira, 1996c; Jacquemard & Teixeira, 1997] have developed an alternative method for calculating reversible normal forms of diffeomorphisms. They successfully implement this method within a computer algebra program. Their method might be particularly useful, as an alternative to the method described above, when calculating normal forms for maps with non semi-simple linear parts.

The normal form results for flows and diffeomorphisms extend in a natural way to the reversible Hamiltonian setting under natural additional assumptions on the (anti-)symplecticity of the representation of G.

The structure preserving Birkhoff normal form strategy also extends naturally to diffeomorphisms with a reversing k-symmetry group G in which case the structure preserving transformations are again G-equivariant [Lamb, 1996b].

In relation to the reversible-Hamiltonian duality discussed in § 3.2, it is interesting to note that Hamiltonian normal forms are almost always formally reversible. For example, an equilibrium of a Hamiltonian vector field with purely imaginary eigenvalues ±iω has a normal form that is, up to any desired order, rotationally (SO(2)) equivariant. Consequently, it can be written in polar coordinates as [Birkhoff, 1927] dr dt = 0, dϑ dt = g(r^2), with g(0) = ω, (4.1)

which is reversible with respect to the involution (r, ϑ) → (r, −ϑ). For counter examples of such coincidences, see [Roberts & Capel, 1992; Lamb et al., 1993; Roberts & Capel, 1997]. The reason for the formal reversibility of Hamiltonian normal forms is not well understood, but it foreshadows some of the similarities in the (local) dynamics of reversible and Hamiltonian systems.

10A linear operator is semi-simple whenever it is C -diagonalizable. A linear operator N is nilpotent if there exists an integer n such that N^n is zero.

11For local actions of compact Lie groups, we may assume without loss of generality that a reversing symmetry group G acts locally linear and orthogonal. However, for a normal form approach allowing for nonlinear symmetry actions, see Gaeta [Gaeta, 1994].

Despite the inherent problem of the convergence properties of Birkhoff normal forms, they are very helpful in bifurcation analysis and in understanding certain aspects of local dynamics, cf. e.g. [Iooss & Kirchgässner, 1992; Iooss & Pérouème, 1993; Iooss, 1995a; Iooss, 1997] and [Broer et al., 1998b; Hanßmann, 1998] in this volume.

Steady-state bifurcations in reversible systems

To our knowledge, Rimmer [Rimmer, 1978; Rimmer, 1983], was one of the first to discuss a reversible bifurcation problem. He considered reversible symplectic diffeomorphisms of the plane with a reversing reflection symmetry R. He showed that symmetry-breaking pitchfork bifurcations from an R-symmetric fixed point are generic (codimension one). He also showed that such pitchfork bifurcations cease to be generic when the fixed point under consideration is not R-symmetric (e.g. when the symplectic diffeomorphism is not reversible). This result nicely illustrates the importance of acknowledging the presence of a reversing symmetry, also in Hamiltonian systems.

More recently, steady-state bifurcations in reversible Hamiltonian systems in R^2 have been studied by [Broer et al., 1998b; Broer et al., 1998a; Hanßmann, 1998] (in this volume). It is interesting to note that (anti)symplectic (reversing) symmetries of Hamiltonian vector fields arise as invariance (or anti-invariance) properties of the Hamiltonian, posing the problem of steady-state bifurcations automatically as a singularity theory problem. We note, in this respect, that in the classification of planar polynomial vector fields reversibility is a recurrent theme, either in connection with the study of centres [Zoladek, 1994; Berthier & Moussu, 1994; Teixeira, 1997b] or as a symmetry assumption restricting the class of vector fields under consideration [Guimond & Rousseau, 1996].

Surprisingly, steady-state bifurcations in reversible systems have not been studied very intensively. Motivated by a laser model, Politi et al. [Politi et al., 1986] observed a symmetry breaking pitchfork bifurcation in non-area preserving planar maps and flows of the plane and noted the birth of an attractor-repeller pair in such a bifurcation, cf. also [Post et al., 1990; Roberts & Quispel, 1992]. Local steady-state bifurcations of certain planar reversible equivariant vector fields were discussed by Lamb & Capel [Lamb & Capel, 1995]. Most of this analysis was done on the basis of a Birkhoff normal form approach.

A different approach towards steady-state bifurcations of reversible flows has been pursued by Teixeira [Teixeira, 1997a; da Rocha Medrado & Teixeira, 1998]: purely reversible flows in R^n where dim Fix(R) = n − 1 are treated as a half-infinite system with a boundary Fix(R). In this approach, symmetric local bifurcations (and indeed the local flow around Fix(R)) are characterized by the contact of the vector field with Fix(R).

Jacquemard & Teixiera [Jacquemard & Teixeira, 1996a; Jacquemard & Teixeira, 1996c; Jacquemard & Teixeira, 1997] study local bifurcations of fixed points of reversible diffeomorphisms in R^2 and R^3 using normal forms to describe the contact between the fixed sets of the two involutions that constitute a (purely) reversible map.

Yet another approach has been pursued by Lim & McComb [Lim & McComb, 1998] (in this volume). They use a Liapunov-Schmidt reduction to prove the genericity of symmetry breaking pitchfork bifurcations in reversible systems. Their technique allows for the occurrence of resonances and zero eigenvalues that arise due to equivariance and reversibility.

Figure 3: Schematic diagram illustrating the eigenvalue movements at the reversible Hopf bifurcation (1:1 resonance).

Bifurcations at resonant centres

The linearized flow at an R-symmetric equilibrium point of a reversible autonomous flow may have pairs of purely imaginary eigenvalues on the imaginary axis. In the absence of equivariance, these eigenvalues are typically simple (no two eigenvalues are the same). Also, typically, they are nonresonant (no eigenvalues are positive integer multiples of others). However, such situations may arise in generic one-parameter families for suitable values of the parameter.

We consider the situation where two pairs of purely imaginary (nonzero) eigenvalues ±iω_1, ±iω_2 collide when a parameter is varied. Then, typically, after such a collision they branch off as a quadruplet in the complex plane, cf. Figure 3. In Hamiltonian systems, such a bifurcation is known as a Hamiltonian Hopf bifurcation; in reversible systems, by analogy, it is called a reversible Hopf bifurcation or reversible 1:1 resonance. By the centre theorem, before the collision each pair of purely imaginary eigenvalues has a one-parameter family of periodic orbits associated with it. However, after the collision the quadruplet of eigenvalues is in the complex plane and does not give rise anymore to families of periodic solutions around the origin.

Arnol’d and Sevryuk [Arnol’d & Sevryuk, 1986; Sevryuk, 1986] studied this bifurcation and found that either both families simultaneously disappear, shrinking as a unit at the origin (the so-called elliptic regime), or they disappear only around the origin but persist outside (the hyperbolic regime). The approach by Arnol’d & Sevryuk is geometrical and based on an analysis of the curves along which the families of periodic orbits intersect the fixed point subspace of the reversing involution. Vanderbauwhede [Vanderbauwhede, 1990a] also studied this bifurcation but from a different (analytical) perspective, using Liapunov- Schmidt reduction. This allows him to include generalizations to some situations in which the system is not only reversible but also equivariant. Recently, Vanderbauwhede & Knobloch [Knobloch & Vanderbauwhede, 1995] extended the analysis to reversible Hopf bifurcations at k-fold resonances (where k pairs of purely imaginary eigenvalues collide, involving the merging of k one-parameter families of symmetric periodic orbits), using general results on periodic solutions obtained by the same authors in [Knobloch & Vanderbauwhede, 1996]. Iooss & Pérouème [Iooss & Pérouème, 1993] used a normal form approach to analyze homoclinic solutions in the reversible 1:1 resonance. For peculiarities about the normal form at the reversible 1:1 resonance, see Van der Meer et al. [van der Meer et al., 1994] and Bridges [Bridges, 1998] (in this volume).

Higher 1 : N resonances (where iω_1 = Niω_2) were also studied by Arnol’d & Sevryuk [Arnol’d & Sevryuk, 1986; Sevryuk, 1986]. An important difference with the reversible Hopf bifurcation is that now, before and after passing through the resonance, the purely imaginary eigenvalues remain on the imaginary axis. The two families of (short and long) periodic orbits interact at the bifurcation points. There are again two regimes (elliptic and hyperbolic) and the cases N = 2, N = 3, and N ≥ 4 are treated separately. McComb & Lim [McComb & Lim, 1995] extended these results by allowing for zero eigenvalues and resonances due to reversibility and equivariance along the lines of [Golubitsky et al., 1991]. Sevryuk [Sevryuk, 1986] further describes p : q resonances (with gcd(p, q) = 1) in which case the scenarios involve short and long periodic orbits (associated with p and q) and very long periodic orbits (associated with gcd(p, q)). Recently, Shih [Shih, 1997] extended the analysis to case studies of resonances involving three frequencies.

Subharmonic branching

The dynamics of periodic orbits in flows can be studied by a (local) Poincaré return map such that the periodic orbit corresponds to a fixed point of this map. When the flow is reversible and the periodic orbit is symmetric with respect to a reversing symmetry, the return map is reversible too and the fixed point is symmetric. Hence, among the eigenvalues of the linearized map at the fixed point (Floquet multipliers), we may have a pair of eigenvalues on the unit circle in the complex plane. When the eigenvalues pass through a resonance (λ_± = exp(±2iπp/q), with gcd(p, q) = 1) then, in the absence of other resonances, Vanderbauwhede [Vanderbauwhede, 1986; Vanderbauwhede, 1990b; Vanderbauwhede, 1992a] showed that at such resonances generically Liapunov-centre families of periodic solutions meet, cf. also Gervais [Gervais, 1988] and Sevryuk [Sevryuk, 1986]. The cases q = 1, q = 2 (period doubling) and q ≥ 3 (subharmonic bifurcations) require separate discussions.

For a detailed bifurcation analysis in the strongly resonant case q = 1, see also Pérouème [Pérouème, 1993]. The situation where there are additional resonances due to reversibility in the form of eigenvalues locked at +1 is discussed by Furter [Furter, 1991] on the basis of a singularity theoretic approach of the reduced bifurcation equations.

Reversible subharmonic branching is similar to the corresponding phenomenon of subharmonic branching in Hamiltonian systems, and gives rise to a subharmonic branching tree in its phase space [Vanderbauwhede, 1990b]. In the Hamiltonian case, this tree is normally foliated by the level sets of the Hamiltonian. However, in the non-Hamiltonian reversible case there need not be any conserved quantities. The tree is embedded in phase space and longitudinal drifting motion parallel to such a tree may arise [Arnol’d, 1984]. For a picture of part of a branching tree in R^3 see [Roberts & Lamb, 1995]. Associated scaling behaviour is discussed in §4.4.

Reversible Krein crunch

In the study of diffeomorphisms in R^n (n ≥ 4), resonances may arise when a quadruplet of eigenvalues on the unit circle collides at exp(±iω) and the four eigenvalues branch off the unit circle as a quadruplet into the complex plane (the eigenvalues thus behaving as the exponents of eigenvalues in the reversible Hopf bifurcation depicted in Figure 3). By analogy to a similar bifurcation in Hamiltonian systems, this is sometimes called the reversible Krein crunch. The normal form theory is formally similar to the reversible 1 : 1 resonance, which is used in Sevryuk & Lahiri [Sevryuk & Lahiri, 1991] to conjecture a description in case ω/(2π) is sufficiently irrational, cf. also [Bridges et al., 1995]. In a number of papers, Lahiri et al. have further numerically studied bifurcations near resonant reversible Krein crunches in four-dimensional reversible maps [Bhowal et al., 1993b; Bhowal et al., 1993a; Lahiri et al., 1993; Lahiri et al., 1995], see also [Lahiri et al., 1998] (in this volume) for a recent account.

4.4 Renormalisation and scaling

Universal scaling in dissipative dynamical systems, and accompanying explanations using renormalization group theory, were introduced by Feigenbaum. Such investigations have also been made in low-dimensional conservative/reversible mappings in two main areas : (i) break-up of KAM-tori; and (ii) period-multifurcation cascades. Historically, both areas were first explored numerically in area-preserving mappings. As both investigations require finding many long periodic orbits, it was natural to study reversible area-preserving mappings in which Theorem 4.3 above could be used to find symmetric periodic orbits. In fact, it seems prohibitive to conduct such studies without the benefits of reversibility. This means that the universal results obtained pertain to mappings that are both area-preserving and reversible. Various authors have investigated whether the results are different if one of the properties is relaxed. This seems to be another area where the similarities induced by symplecticity and by reversibility are quite striking. Although a complete explanation is yet to be given, it seems analysis should focus on how dependent the spectrum of appropriate renormalization operators is to the properties of the space of maps on which the operators act.

Break-up of KAM-tori

Greene’s residue criterion [Greene, 1979] uses the stability of a sequence of nearby symmetric periodic orbits to suggest the existence or non-existence of a given KAM-torus. The sequence of periodic orbits analyzed has rotation number converging to the irrational winding number of the torus. Since its illustration for the standard mapping [Greene, 1979], it has been employed widely to study break-up of tori in area-preserving reversible mappings and universal scalings associated with the break-up have been identified [MacKay, 1983b; MacKay, 1988; MacKay, 1993]. Renormalization group explanations of the scalings have been advanced by MacKay [MacKay, 1988; MacKay, 1992]. Numerical results suggest that the same scalings characterise reversible mappings that are not area-preserving [Roberts & Quispel, 1992]. [Khanin & Sinai, 1986] have given a renormalization group theory that works in the space of reversible (not necessarily area-preserving) maps.

Period-multifurcation cascades

In the early 1980’s, various authors discovered universal scalings in parameter and phase space in period-doubling trees in area-preserving reversible mappings [Greene et al., 1981; Bountis, 1981; Benettin et al., 1980b; Benettin et al., 1980a]. Only the paper [Greene et al., 1981] identified two phase-space scalings, associating them with scaling along and scaling across the so-called dominant symmetry line containing two points of each even cycle (cf. Theorem 3.2). Renormalization group explanations in the space of area-preserving reversible mappings were advanced by various authors [Greene et al., 1981; Collet et al., 1981; MacKay, 1993], the fixed point of the doubling operator being assumed reversible. There was limited discussion as to how important it was to have both properties : areapreservation and reversibility. Again, [Roberts & Quispel, 1992] show that symmetric perioddoubling cascades in reversible mappings that are not necessarily area-preserving appear to be governed by the scalings found earlier. Meanwhile, the analysis in [Davie & Dutta, 1993] would seem to explain this by highlighting the significance of the spectrum of the doubling operator when restricted to area-preserving maps.

[Roberts & Lamb, 1995] showed that the self-same scalings found in 2D (reversible) period-doubling describe self-similarity of period-doubling branching trees in 3D reversible mappings (cf. also [Komineas et al., 1994]). Here the symmetric periodic orbits in the tree form one-parameter families (because of Theorem 4.4) and branch in phase space (rather than parameter space) according to the subharmonic branching theory of Vanderbauwhede described in the previous section.

Self-similar universal scalings also govern multifurcations in (area-preserving) reversible maps [Meiss, 1986; Turner & Quispel, 1994].

4.5 Reversible homoclinics and heteroclinics

Homoclinics and heteroclinics form connections between saddle points and thereby usually constitute recurrent transport through a dynamical system.

Let x_0 be an equilibrium point of a dynamical systems with reversing symmetry R. We denote the stable and unstable manifolds of x_0 by W^s_{x0} and W^u_{x0} . Recall that stable, respectively unstable manifolds, contain all the points that tend to x_0 for t → −∞, respectively t → +∞. A point y is a homoclinic point of x_0 if y lies in the intersection of W^s_{x0} and W^u_{x0} . A point y is a heteroclinic point of two points x_1 and x_2 when y ∈ W^s_{x1} ∩ W^u_{x2} .

In general, it is not easy to locate homoclinic or heteroclinic points and orbits. However, in reversible systems, symmetric homoclinic and heteroclinic orbits can be found relatively easily, because of the characterizations of symmetric orbits in Theorem 4.2 and Theorem 4.3. In fact, if a dynamical system has a reversing symmetry R, it follows immediately that the the intersection of Fix(R) and the stable or unstable manifold of a hyperbolic point yields homoclinic or heteroclinic points. More precisely, let y ≠ x_0, then y ∈ Fix(R) ∩ W^{s,u}_{x0} is a homoclinic point of x_0 if and only if x_0 is R-symmetric. Alternatively, y ∈ Fix(R) ∩ W^{s,u}_{x0} is a heteroclinic point of x_0 if and only if x_0 is not R-symmetric.

For flows, this gives a full description of R-symmetric homoclinics and heteroclinics. For maps f, one should also consider the above statements not only with Fix(R) but also with Fix(f ∘ R), by analogy to the characterization of R-symmetric orbits in § 4.1. Note in this respect that R-symmetric homoclinic and heteroclinic orbits are always contained in Fix(R^2).

Homoclinic (and heteroclinic) orbits are of great interest in dynamical systems because in their neighbourhood one usually finds chaotic behaviour. Importantly, the above characterization yields the persistent occurrence of symmetric homoclinic and heteroclinic solutions in many reversible systems of interest. In this respect it is interesting to note that in the prototype model for homoclinic dynamics, the Smale-horseshoe map, the symbolic dynamics on the nonwandering set is reversible in a very natural way, with the reversing symmetry interchanging the stable and unstable leaves [Devaney, 1989].

Devaney [Devaney, 1984; Devaney, 1988] used reversibility to prove the existence of transversal homoclinics (horse-shoes) in the area-preserving reversible Hénon map (cf. also [Brown, 1995]). Others have used normal forms to prove the existence of homoclinic and/or heteroclinic solutions, cf. e.g. Churchill & Rod [Churchill & Rod, 1986] in the context of the Hénon-Heiles system and Iooss & Pérouème [Iooss & Pérouème, 1993] in the context of the reversible 1:1 resonance.

The dynamics around reversible homoclinics enjoys special properties. For instance, Devaney[Devaney, 1977] showed that an R-symmetric homoclinic orbit in a reversible vector field invokes a “blue sky catastrophe”, i.e. a family of periodic orbits with periods tending to infinity. More precisely, he found that in the neighbourhood of a nondegenerate R-symmetric homoclinic orbit of an R-reversible vector field there exists a one-parameter family of Rsymmetric periodic orbits whose periods tend to infinity as the periodic orbits approach the homoclinic orbit. Devaney’s approach is mainly geometrical and uses the classical properties of symmetric periodic orbits. Vanderbauwhede & Fiedler [Vanderbauwhede & Fiedler, 1992] proved this theorem with a different (analytical) method which works for both reversible and Hamiltonian systems. Interestingly, the latter paper extends a result from the reversible category into the Hamiltonian setting, rather than vice-versa.

In case the equilibrium of the homoclinic orbit is of saddle-focus type, the dynamics around the homoclinic orbit tends to become very intricate, cf. [Devaney, 1977] and [Härterich, 1998] (in this volume).

The interest in reversible homoclinics arises not only from their relation to complicated dynamics, but also for their practical relevance. Namely, in the context of traveling waves of certain partial differential equations, homoclinic solutions represent solitary waves. Such waves are of interest in various applications, e.g. in optical communication systems [Sandstede et al., 1997]. For a survey on the theory and applications of reversible homoclinics (in particular in the context of partial differential equations), see Champneys [Champneys, 1998] in this volume.

Reversible heteroclinics have attracted considerably less attention than reversible homoclinics. A few exceptions are [Churchill & Rod, 1986; Vanderbauwhede, 1992b; Rabinowitz, 1994a; Rabinowitz, 1994b; Maxwell, 1997]. Following up the recent interest in heteroclinic cycles in equivariant systems, reversible heteroclinic cycles are also beginning to be studied in more detail, cf. [Reißner, 1998].

4.6 Miscellaneous topics

Admissible symmetry properties of periodic orbits and attractors

One may address the following question: what symmetry properties of periodic orbits, attractors, or other types of ω-limit sets are admissible in dynamical systems with a given reversing symmetry group ? In the equivariant setting (without reversibility) there is a fairly complete understanding [10]. However, in reversible equivariant systems many elementary questions are still open. For a discussion, see Lamb & Nicol [Lamb & Nicol, 1998] in this volume.

Ergodic theory

It is somewhat surprising that in the field of ergodic theory, reversibility has, until recently, received very little attention. This is despite the success of ergodic theory in many areas of dynamical systems theory and its obvious relevance to thermodynamics. In a recent series of publications, Goodson et al. have begun a study of reversible dynamical systems from an ergodic theory point of view. We refer the reader to [Goodson et al., 1996; Goodson & Lemańczyk, 1996; Goodson, 1996c; Goodson, 1996b] for further details.

Reversible integrators

The numerical study of a dynamical system with continuous time (i.e. a flow) often involves a discretization method to integrate the equations of motion. In recent years there has been much interest in studying the properties of such integrators. In particular, when a dynamical system possesses certain structures (symmetry, reversibility, Hamiltonian, gradient) one would like to find a discretized approximant that preserves such a structure. This is done to prevent the numerical calculation of evidently erroneous global phenomena, such as asymptotically stable attractors in Hamiltonian systems.

Especially in the context of reversible Hamiltonian systems, it turns out that preserving reversibility in integrators has lots of advantages (in the context of such systems it is sometimes argued that preserving reversibility in an integration method is more important than preserving the symplectic structure), cf. [Scovel, 1991; Stoffer, 1995; McLachlan et al., 1995; Hairer & Stoffer, 1997; Leimkuhler, 1997], and McLachlan & Quispel [McLachlan & Quispel, 1998] in this volume.

5 Reversible dynamical systems in physics and mathematics

In this section we will briefly describe some areas of physics and mathematics in the context of which reversible dynamical systems have occurred in the literature. In particular, we follow up our observation in § 3 that reversible systems have appeared in the literature not only in relation to conventional reversibility with respect to time, but also due to spatial symmetries in the context of partial difference and differential equations, or due to the (group) structure in certain abstract mathematical problems.

5.1 Reversibility in time: mechanics and nonequilibrium thermodynamics

Conventional time-reversibility in mechanical systems

Needless to say, mechanical (Hamiltonian) systems contain a large class of examples of reversible dynamical systems with the conventional antisymplectic reversing symmetry (3.7). The bibliography in Appendix A contains only a limited number of references in this direction, trying to include those that use reversibility in a systematic, rather than ad-hoc, way.

Reversibility is certainly an important symmetry property, even (or especially) in the context of Hamiltonian systems. A nice illustration of this point was made by Montaldi [Montaldi, 1991]. He showed that in configuration (q-) space, projections of tori of reversible Hamiltonian systems have different caustics than projections of tori in non-reversible systems. The configuration-space point of view was also taken by Golubitsky et al. [Golubitsky et al., 1996] in a recent study of the admissible types of symmetric periodic orbits in configuration space for reversible equivariant potential systems.

As hardly any mechanical system in engineering is perfectly reversible, it is interesting to study how a reversible symmetric system behaves when small additional non-reversible perturbations are taken into account. O’Reilly et al. [O’Reilly et al., 1995; O’Reilly et al., 1996] have considered the consequences of non-reversible dissipative perturbations to reversible mechanical systems. We emphasize that this approach is different to the approach in which generic phenomena of symmetric systems are studied. In the latter studies, from a practical point of view the underlying idea is that in many physically relevant situations idealized symmetric models represent less ideally symmetric experiments quite well (thus quietly assuming that small symmetry breaking perturbations do not cause drastic changes in the dynamical behaviour).

Reversible models for nonequilibrium thermodynamics

The study of the behaviour of the dynamics of many particles is naturally the domain of statistical physics. Recently, in the study of nonequilibrium systems, a reversible dynamical systems point of view towards such problems has received a lot of interest.

In 1984, Nosé showed that a molecular system connected to a heat reservoir can be described as an an isolated system after the introduction of additional bath variables. These bath variables can be chosen in such a way that the thermodynamics properties of the system can be derived using microcanonical rather canonical ensembles. Importantly, after adopting the ergodic hypothesis, in the latter formulation the relevant thermodynamic variables of a system can be found by averaging over an ergodic trajectory of the system (computationally this is very advantageous). Interestingly, Nosé’s additional bath variables keep the dynamical system reversible. The reversibility in the extended nonequilibrium system is such that the reversing symmetry maps sources to sinks and vice-versa. After Nosé’s discovery, various modifications to his initial ideas have been made. We refer to the review paper of Hoover [Hoover, 1998] in this volume for a discussion and more references. Despite the large number of experimental (numerical) studies of the Nosé-Hoover type dynamical systems (cf. e.g. Dellago & Posch [Dellago & Posch, 1998] in this volume), as yet not many theoretical studies have been devoted to revealing their properties.

Gallavotti & Cohen [Gallavotti & Cohen, 1995] propose a point of view in which the ergodic hypothesis common in equilibrium statistical mechanics is replaced by a similar chaotic hypothesis for reversible nonequilibrium systems (eg. of the Nosé-Hoover type). The latter approach assumes the existence of a transitive reversible Anosov system. For some studies of the properties of such systems see e.g. [Gallavotti, 1995; Tasaki & Gaspard, 1995] and [Gallavotti, 1998] in this volume. The property of reversibility in the theory is important as it ensures the pairing of negative and positive Liapunov exponents.

5.2 Reversibility in space: reductions of partial differential and difference equations

Many physically-significant examples of reversible flows arise by considering partial differential equations (PDE’s) involving space and time, and looking for their steady-state or travelling wave solutions. The resulting ordinary differential equations can then be reversible with the independent “time” variable now being played by a spatial coordinate (the reversibility here is thus equivalent to a spatial symmetry). An example was presented earlier in Example 3.4 (in fact, this example was an important motivation for the studies by Arnol’d & Sevryuk [Arnol’d & Sevryuk, 1986]).

Once the spatial reversibility is noted, the full force of the reversible theory can be applied to yield information about the steady-states and/or travelling waves, e.g. their appearance in one-parameter families, their stability and their bifurcations. Also, reversible homoclinics describe physically relevant solutions such as defects or solitary waves, cf. § 4.5.

There is a wide range of applications in which reversibility arises in the study of steadystates and travelling waves in partial differential equations. Examples range from steadystates of reaction diffusion equations [Kazarinoff & Yan, 1991; Yan, 1992; Yan, 1993b; Yan, 1995; Yan & Hwang, 1996b; Yan et al., 1995], to water-waves (see [Iooss, 1995a] for a recent survey). Sleeman [Sleeman, 1996a; Sleeman, 1996b] recently stressed the importance of reversibility in these kind of models arising in the context of mathematical biology. We note, though, that in many of these applications the reversible differential equations obtained by reduction from a PDE are not only reversible, but also Hamiltonian.

5.3 Reversibility in abstract mathematical settings

Arnol’d [Arnol’d, 1984] already noted that there are several interesting mathematical contexts in which reversibility surprisingly appears. Examples are found in the work of Moser & Webster [Moser & Webster, 1983] who study reversible maps in the context of normal forms for real surfaces in C^2 , or in the work of Teixeira [Teixeira, 1981] on discontinuous ordinary differential equations. In both these cases, in a natural way the problem comes down to the study of compositions of two involutions (i.e. a reversible map). These are not isolated examples. A more recent example is provided in the work of [Boukraa et al., 1994; Maillard & Rollet, 1994; Meyer et al., 1994] which studies birational representations of discrete groups generated by involutions. This work has connections with hyperbolic Coxeter groups (but, interestingly enough, also has physical connections to statistical mechanical models). Another example is the study of holomorphic correspondences, which we mention next. We follow this with some algebraic aspects of the study of reversible dynamical systems.

Holomorphic correspondences

Bullett and co-workers have studied the dynamics of complex polynomial correspondences z → z^′ defined implicitly by g(z, z^′) = 0 with g polynomial in both arguments and having complex coefficients [Bullett, 1988; Bullett, 1991; Bullett, 1992; Bullett et al., 1986; Bullett & Penrose, 1994b; Bullett & Penrose, 1994a] (cf. also [Webster, 1996] for related work). In particular, they have studied the case with g quadratic in both variables, whereby we have a 2-valued map of the Riemann sphere with 2-valued inverse. Under suitable conditions on g, involutory reversing symmetries arise naturally in the correspondence dynamics. For example, if g(z, z^′) = 0 if and only if g(z̄^′, z̄) = 0, then complex conjugation reverses time so that z → z^′ if and only if z̄^′ → z̄. In the ensuing dynamics induced by the correspondence, one observes Hamiltonian-like behaviour in the form of Siegel discs around symmetric periodic orbits, together with attracting and repelling asymmetric periodic orbits (we remark that reversible polynomial mappings of C^n to itself are necessarily volume-preserving and cannot have attractors/repellers [Roberts, 1997]).

Reversing symmetry groups and algebraic structures

The reversing symmetry group G obtained from combining the symmetries and reversing symmetries of a map f has been previously mentioned in Section 3. From the algebraic structure of reversing symmetry groups, interesting consequences can be drawn. For instance, Goodson [Goodson, 1996a] shows that if f^2 ≠ id, f has a reversing symmetry R and the group of symmetries H of f is precisely the trivial centralizer {f^n : n ∈ Z}, then it follows from algebraic considerations that R^4 = id. The is an example where the nature of f and its symmetry group impose the nature of any reversing symmetry R, cf. also [Goodson, 1996a; Goodson, 1997].

It might also be the case that the dynamical systems under consideration form a group with a known structure. Then it may be possible to deduce the structure of possible reversing symmetry groups within this group (and so decide, for instance, if a particular system has any reversing symmetry). An example in which this can be done is the group of hyperbolic toral automorphisms [Baake & Roberts, 1997], which belong to the integer matrix group

Gl(2, Z) (in a related problem, the reversing symmetry group can be calculated for a group of 3-dimensional polynomial maps arising in solid state physics [Baake & Roberts, 1997; Roberts & Baake, 1994]). More generally, since, for example, the set of invertible polynomial maps of C^n also form a group, there may be possibilities to also understand the prevalence of reversibility in this situation.

Another example in which algebraic considerations arise is in the work of McLachlan et al. [McLachlan et al., 1995]. They recently pointed out, in the context of reversible integration methods, that large classes of reversible maps can be viewed as fixed points of anti-automorphisms.

In k-symmetric systems analogous algebraic considerations arise very naturally and nontrivially in the description of the interaction between a map and its (reversing) k-symmetry group, cf. e.g. [Lamb & Quispel, 1995]. The algebraic structures arising in the context of reversing symmetry groups generalizes in a nontrivial way to the context of reversing k-symmetry groups.

6 Discussion

In this paper we have presented a compact survey of the literature on reversible dynamical systems. Dynamical systems with time-reversal symmetry have certainly received a lot of interest in recent years, cf. the bibliography in Appendix A, and a lot of interesting results have been obtained. However, given the importance and relevance of reversible dynamical systems, there is still a range of problems to be tackled.

A theme throughout this survey has been the relation of reversible dynamical systems to equivariant dynamical systems, on the one hand, and Hamiltonian dynamical systems on the other hand. The main task for the future seems to be bringing the theory of reversible systems to a similar maturity as that of equivariant and Hamiltonian systems (for example, many results on reversible systems are obtained in specific problem-related contexts). In so doing, the interconnections between the three classes of systems will also be better understood. We conclude by making some further remarks along these lines.

Because reversibility is a symmetry property, and the present theory for equivariant dynamical systems is powerful and successful, it seems most desirable to adopt an approach that smoothly connects to the theory for equivariant dynamical systems. In particular a theory for reversible systems could be developed as an extension of the equivariant one, in a similar way as reversing symmetry groups are extensions of symmetry groups. In this way equivariance and reversibility can be studied on an equal footing, as particular cases of spacetime symmetry properties. In order to achieve this, the introduction of a more systematic use of group (representation) theory for reversing symmetry groups would be useful. (A first step in this direction has recently been made in [Lamb & Roberts, 1997].) As we mentioned in Section 3, a historical distinction in reversible dynamical systems has been among systems with involutory reversing symmetries and ones with non-involutory reversing symmetries. It seems, from a unified symmetry approach, more natural to distinguish between purely reversible systems (with only one involutory reversing symmetry) and reversible equivariant systems.

The relationship between reversible and Hamiltonian dynamical systems is a very intriguing one and deserves further attention. To now, most Hamiltonian systems of interest in the literature are reversible and most reversible systems of interest are Hamiltonian. Reversibility is often used as a tool in reversible Hamiltonian systems to study a particular dynamical phenomenon. Although it is often noted that reversible systems have many features in common with Hamiltonian systems, this is by no means a guarantee of no differences, cf. e.g. [Rimmer, 1978; Champneys, 1994; Matveyev, 1995a; Matveyev, 1996]. Hence, in order to understand the dynamics of reversible Hamiltonian systems, it will be essential to take the full structure (reversibility as well as the Hamiltonian properties) of such systems into account. For a deeper understanding of the similarities of reversible, Hamiltonian and reversible Hamiltonian dynamical systems, more comparative studies of these three categories will be needed.

From the literature it appears that KAM-theory, local bifurcations and homoclinics have been focus points for the research in reversible dynamical systems. However, many basic problems in these fields of research are still open and deserve prompt attention. In particular, we think of the embedding of results for purely reversible systems (e.g. on local bifurcations) into the context of reversible equivariant (Hamiltonian) systems. Also, investigations into reversible homoclinic bifurcations and reversible heteroclinic networks have began only recently [Fiedler & Turaev, 1996; Knobloch, 1997; Reißner, 1998].

Other future directions of research might include the study of more general space-time symmetries of ordinary differential equations, and symmetry properties of partial differential and difference equations that involve transformations of both the dependent and independent variables. We note in this respect that the possibility for PDE’s to be reversible in both space and time seems an interesting starting point for such investigations [4].

We feel that our survey illustrates that the field of reversible dynamical systems is still in its adolescense, but enjoying growing interest. We hope that this paper – and indeed this entire special volume of Physica D – will provide encouragement for further studies into reversible dynamical systems.

Acknowledgements

We are very grateful to all colleagues and friends who supplied us with valuable remarks on the survey and bibliography. Appendix A has its roots in the bibliographies of Sevryuk [Sevryuk, 1991b] and Roberts & Quispel [Roberts & Quispel, 1992], and was updated and extended with the use of Mathematical Reviews (MathSciNet: http://www.ams.org/) and Science Citation Index (Bath Information Services (BIDS): http://www.bids.ac.uk/) “online”. Without the electronic availability and search tools of these databases, our bibliography would certainly be more incomplete than it is in its present form.

JSWL was supported in part by an EC Human Capital and Mobility Research Fellowship (ERBCHBICT941533). JAGR’s visit to the workshop on Time-Reversal Symmetry in Dynamical Systems was financially supported by the EPSRC (GR/L21051).

References

[1] M.V. Berry. Quantum chaology. Proc.R.Soc.London A, 413:183–198, 1987.

[2] L. Boltzmann. Weitere studiën über das wärmegleichgewicht unter gasmolekülen. Wien.Ber., 66:275, 1872.

[3] G.E. Bredon. Introduction to compact transformation groups, volume 46 of Pure and applied mathematics. Academic Press, New York, 1972.

[4] T.J. Bridges. Multi-symplectic structures and wave propagation. Math. Proc. Camb. Phil. Soc., 121:147–190, 1997.

[5] H.W. Broer. Formal normal form theorems for vector fields and some consequences for bifurcations in the volume preserving case. In D.A. Rand and L.S. Young, editors, Dynamical systems and turbulence, Warwick 1980 (Coventry, 1979/1980), volume 898 of Lect. Notes Math., pages 54–74. Springer, Berlin, 1981.

[6] S.G. Brush, editor. Kinetic theory, Vol.2, Irreversible processes. Pergamon, Oxford, 1966. [7] J.D. Crawford. Introduction to bifurcation theory. Rev. Modern Phys., 63:991–1037, 1991. [8] P. Cvitanović and B. Eckhardt. Symmetry decomposition of chaotic dynamics. Nonlinearity, 6:277–311, 1993.

[9] M. Field and M. Golubitsky. Symmetry in chaos, a search for pattern in mathematics, art and nature. Oxford University Press, Oxford, 1992.

[10] M. Field, I. Melbourne, and M. Nicol. Symmetric attractors for diffeomorphisms and flows.

Proc. London Math. Soc., 72:657–696, 1996.

[11] J.W. Gibbs. Elemantary principles in statistical mechanics. Charles Scribner’s sons, New York, 1902.

[12] M. Golubitsky, I.N. Stewart, and D.G. Schaeffer. Singularities and groups in bifurcation theory vol. 2, volume 69 of Applied Mathematical Sciences. Springer, New York, 1988.

[13] F. Haake. Quantum signatures of chaos, volume 54 of Springer series in synergetics. Springer, Berlin, 1991.

[14] S.W. Hawking. A brief history of time. Bantam Books, New York, 1988. [15] C. Herring. Effect of time-reversal symmetry on energy bands of crystals. Phys. Rev., 52:361, 1937.

[16] H.A. Kramers. General theory of paramagnetic rotation in crystals. Proc. Kon. Akad. Wetensch., 33:959, 1930.

[17] J. Kumicak and X. de Hemptinne. The dynamics of thermodynamics. Physica D, 111:???–???, 1998.

[18] J. Loschmidt. Wien. Ber., 75:67, 1877.

[19] D. Montgomery and L. Zippin. Topological transformation groups. Interscience, New York, 1955. [20] I. Prigogine. Why irreversibility? the formulation of classical and quantum mechanics for nonintegrable systems. Internat. J. Bifurcations Chaos, 5, 1995.

[21] I. Prigogine and I. Stengers. Order out of chaos. Fontana, London, 1985. [22] R.G. Sachs. The physics of time reversal. University of Chicago Press, Chicago, IL, 1987. [23] T. Toffoli and N.H. Margolus. Invertible cellular automata: a review. Physica D, 45:229–253, 1990.

[24] A. Vanderbauwhede. Centre manifolds, normal forms and elementary bifurcations. In Dynamics reported, Vol. 2, volume 2 of Dynam. Report. Ser. Dynam. Syst. Appl., pages 89–169. Wiley, Chichester, 1989.

[25] E.P. Wigner. The operation of time reversal in quantum mechanics. Nachr. Ges. Wiss. Göttingen Math-physik K1, 32:546, 1932.

[26] E.P. Wigner. Group theory and applications to the quantum mechanics of atomic spectra, volume 5 of Pure and applied physics. Academic press, New York, 1959.

Appendix A: A Bibliography on time-reversal symmetry in dynamical systems

Aharonov, D., Devaney, R.L., & Elias, U. 1997. The dynamics of a piecewise linear map and its smooth approximation. Internat. J. Bifurcations Chaos, 7, 351–372.

Arnol’d, V.I. 1984. Reversible systems. Pages 1161–1174 of: Sagdeev, R.Z. (ed), Nonlinear and Turbulent Processes in Physics, vol. 3. Chur: Harwood.

Arnol’d, V.I., & Sevryuk, M.B. 1986. Oscillations and bifurcations in reversible systems. Pages 31– 64 of: Sagdeev, R.Z. (ed), Nonlinear Phenomena in Plasma Physics and Hydrodynamics. Moscow: Mir.

Baake, M., & Roberts, J.A.G. 1997. Reversing symmetry group of Gl(2, Z) and P Gl(2, Z) matrices with connections to cat maps and trace maps. J. Phys. A: math. gen., 30, 1549–1573.

Baesens, C., & MacKay, R.S. 1992. Uniformly travelling water waves from a dynamical systems viewpoint: some insight into bifurcations from Stokes’ family. J. Fluid Mech., 241, 333–347.

Baesens, C., & MacKay, R.S. 1994. The one- to two-hole transition for cantori. Physica D, 7, 372–389.

Basov, V.V. 1992. On the existence of families of periodic solutions to reversible systems of differential equations under multifrequency resonance. Vestnik St. Petersburg Univ. Math., 25, 10–16.

Basov, V.V., & Bibikov, Yu.N. 1997. On the stability of an equilibrium point in a certain case of a periodically perturbed center. Diff. Uravneniya, 33, 583–586. in Russian.

Benettin, G., Galgani, L., & Giorgilli, A. 1980a. Further results on universal properties in conservative dynamical systems. Lett. Nuovo Cimento, 29, 163–16.

Benettin, G., Cercignani, C., Galgani, L., & Giorgilli, A. 1980b. Universal properties in conservative dynamical systems. Lett. Nuovo Cimento, 28, 1–4.

Berthier, M., & Moussu, R. 1994. Reversibility and classification of nilpotent centers. Ann. Inst. Fourier (Grenoble), 44, 465–494. in French.

Bhowal, A., Roy, T.K., & Lahiri, A. 1993a. Hopf bifurcation in four-dimensional reversible maps and renormalisation equations. Phys. Lett. A, 179, 9–14.

Bhowal, A., Roy, T.K., & Lahiri, A. 1993b. Small-angle Krein collisions in a family of fourdimensional reversible maps. Phys. Rev. E, 47, 3932–3940.

Bibikov, Yu.N. 1969. On the existence of invariant tori in a neighbourhood of the equilibrium state of a system of differential equations. Sov. Math. Dokl., 10, 261–265.

Bibikov, Yu.N. 1970. Stability of periodic motion in critical transcendental cases. Differential Equations, 6, 1465–1478.

Bibikov, Yu.N. 1991. Multifrequency nonlinear oscillations and their bifurcations. Leningrad: Leningrad. Univ. in Russian.

Bibikov, Yu.N. 1997. Persistence and bifurcation of an invariant torus of a vector field. Mat. Zametki, 61, 34–44.

Bibikov, Yu.N., & Pliss, V.A. 1967. On the existence of invariant tori in a neighbourhood of the zero solution of a system of ordinary differential equations. Differential Equations, 3, 967–976.

Birkhoff, G.D. 1915. The restricted problem of three bodies. Rend.Circ.Mat.Palermo, 39, 265–334.

Birkhoff, G.D. 1927. Dynamical systems. Am. Math. Soc. Coll. Publ., vol. IX. Ann Harbor MI: Am. Math. Soc.

Boukraa, S., Maillard, J.-M., & Rollet, G. 1994. Determinantal identities on integrable mappings. Internat. J. Modern Physics, 8, 2157–2201.

Bountis, T.C. 1981. Period doubling bifurcations and universality in conservative dynamical systems. Physica D, 3, 577–589.

Brands, H., Lamb, J.S.W., & Hoveijn, I. 1995. Periodic orbits in k-symmetric dynamical systems. Physica D, 84, 460–475.

Bridges, T.J. 1994. Geometric aspects of degenerate modulation equations. Stud. Appl. Math., 91, 125–151.

Bridges, T.J. 1996. Symplecticity, reversibility and elliptic operators. Pages 1–20 of: [Broer et al., 1996b].

Bridges, T.J. 1998. Poisson structure of the reversible 1:1 resonance. Physica D, 111, ???–??? Bridges, T.J., & Furter, J.E. 1993. Singularity theory and equivariant symplectic maps. Lect. Notes Math., vol. 1558. Berlin: Springer.

Bridges, T.J., Cushman, R.H., & MacKay, R.S. 1995. Dynamics near an irrational collision of eigenvalues for symplectic maps. Pages 61–79 of: [Langford & Nagata, 1995]. Broer, H.W., & Huitema, G.B. 1995. Unfoldings of quasi-periodic tori in reversible systems. J. Dynamics Differential Equations, 7, 191–212.

Broer, H.W., & Levi, M. 1995. Geometrical aspects of stability theory for Hill’s equations. Arch. Rat. Mech. Anal., 131, 225–240.

Broer, H.W., Huitema, G.B., & Sevryuk, M.B. 1996a. Families of quasi-periodic motions in dynamical systems depending on parameters. Pages 171–211 of: [Broer et al., 1996b]. Broer, H.W., van Gils, S.A., Hoveijn, I., & Takens, F. (eds). 1996b. Nonlinear Dynamical Systems and Chaos. Progress in Nonlinear Differential Equations and Their Applications, vol. 19. Basel: Birkhäuser.

Broer, H.W., Huitema, G.B., & Sevryuk, M.B. 1996c. Quasi-periodic motions in families of dynamical systems: order amidst chaos. Lect. Notes Math., vol. 1645. Berlin: Springer. Broer, H.W., Lunter, G., & Vegter, G. 1998a. Equivariant singularity theory with distinguished parameters: two Hamiltonian case studies in resonance. Physica D, 111, ???–??? Broer, H.W., Hoveijn, I., & van Noort, M. 1998b. A reversible bifurcation analysis of the inverted pendulum. Physica D, 111, ???–???

Brown, A. 1991. Conditions for local reversibility. Physica A, 173, 267–280. Brown, R. 1995. Horseshoes in the measure preserving Hénon map. Ergodic Theory Dynamical Systems, 15, 1045–1059.

Brusin, V.A. 1994. Global stabilization of a system consisting of a reversible pendulum on a trolley when the pendulum is affected by an unmeasurable disturbance. J. Comput. Systems Sci. Internat., 32, 77–85.

Bryuno, A.D., & Soleev, A. 1995. Bifurcations of solutions in a reversible system of ordinary differential equations. Doklady Mathematics, 52, 419–421.

Bullett, S. 1986. Invariant circles for the piecewise linear standard map. Comm. Math. Phys., 107, 241–262.

Bullett, S. 1988. Dynamics of quadratic correspondences. Nonlinearity, 1, 27–50.

Bullett, S. 1991. Dynamics of the arithmetic-geometric mean. Topology, 30, 171–190.

Bullett, S. 1992. Critically finite correspondences and subgroups of the modular group. Proc. London Math. Soc., 65, 423–448.

Bullett, S., & Penrose, C. 1994a. A gallery of iterated correspondences. Experimental Mathematics, 3, 85–105.

Bullett, S., & Penrose, C. 1994b. Mating quadratic maps with the modular group. Inventiones Math., 115, 27–50.

Bullett, S.R., Osbaldestin, A.H., & Percival, I.C. 1986. An iterated implicit complex map. Physica D, 19, 290–300.

Caflisch, R.E., Lim, C., Luke, J.H.C., & Sagani, A.S. 1988. Periodic solutions for three sedimenting spheres. Phys.Fluids, 31, 3175–3179.

Champneys, A.R. 1994. Subsidiary homoclinic orbits to a saddle-focus for reversible systems. Internat. J. Bifurcations Chaos, 6, 1447–1482.

Champneys, A.R. 1998. Homoclinic orbits in reversible systems and their application in mechanics, fluids and optics. Physica D, 111, ???–???

Champneys, A.R., & Spence, A. 1993. Hunting for homoclinic orbits in reversible systems: a shooting technique. Adv. Comput. Math., 1, 81–108.

Champneys, A.R., & Thompson, J.M.T. 1996. A multiplicity of localized buckling modes for twisted rod equations. Proc. Roy. Soc. London A, 452, 2467–2491.

Champneys, A.R., & Toland, J.F. 1993. Bifurcation of a plethora of multi-modal homoclinic orbits for autonomous Hamiltonian systems. Nonlinearity, 6, 665–721.

Chang, W.D., & Kazarinoff, N.D. 1996. Euler-Poisson equations and existence of quasi-periodic motions of heavy tops. Physica D, 91, 406–412.

Chossat, P. (ed). 1994. Dynamics, bifurcation and symmetry. NATO ASI series C, vol. 437. Dordrecht: Kluwer.

Chossat, P., & Dias, F. 1995. The 1 : 2 resonance with O(2) symmetry and its applications in hydrodynamics. J. Nonlinear Sci., 5, 105–129.

Chow, S.-N., & Pei, M.L. 1995. Aubry-Mather theorem and quasiperiodic orbits for time dependent reversible systems. Nonlinear Anal., 25, 905–931.

Churchill, R.C., & Rod, D. 1980. Pathology in dynamical systems. III. analytic Hamiltonians. J. Differential Equations, 37, 23–38.

Churchill, R.C., & Rod, D. 1986. Homoclinic and heteroclinic orbits of reversible vectorfields under perturbation. Proc. Roy. Soc. Edinburgh Sect. A, 102, 345–363.

Churchill, R.C., Kummer, M., & Rod, D. 1983. On averaging, reduction, and symmetry in Hamiltonian systems. J. Differential Equations, 49, 359–414.

Collet, P., Eckmann, J.-P., & Koch, H. 1981. On universality for area-preserving maps of the plane. Physica D, 3, 457–467.

da Rocha Medrado, J.C., & Teixeira, M.A. 1998. Symmetric singularities of reversible vector fields in dimension three. Physica D, 111, ???–???

Dangelmayr, G. and Fiedler, B. and Kirchgässner, K. and Mielke, A. 1996. Dynamics of nonlinear waves in dissipative systems: reduction, bifurcation and stability. Pitman Res. Notes Math., vol. 352. Harlow: Longman.

Dankowicz, H., & Holmes, P. 1995. The existence of transverse homoclinic points in the Sitnikov problem. J. Differential Equations, 116, 468–483.

Davie, A.M., & Dutta, T.K. 1993. Period-doubling in two-parameter families. Physica D, 64, 345–354.

de Aguiar, M.A.M., & Malta, C.P. 1988. Isochronous and period doubling bifurcations of periodic solutions of non-integrable Hamiltonian systems with reflection symmetries. Physica D, 30, 413–424.

de Aguiar, M.A.M., Malta, C.P., Baranger, M., & Davies, K.T.R. 1987. Bifurcations of periodic trajectories in nonintegrable Hamiltonian systems with two degrees of freedom: numerical and analytical results. Ann. Physics, 180, 167–205.

Dellago, Ch., & Posch, H.A. 1998. Field and density dependence of the Liapunov spectrum for the driven random Lorentz gas. Physica D, 111, ???–???

Dellnitz, M., & Scheurle, J. 1994. Eigenvalue movement for a class of reversible Hamiltonian systems with three degrees of freedom. Pages 105–110 of: [Chossat, 1994].

Devaney, R.L. 1976. Reversible diffeomorphisms and flows. Trans. Am. Math. Soc., 218, 89–113.

Devaney, R.L. 1977. Blue sky catastrophes in reversible and Hamiltonian systems. Indiana Univ. Math. J., 26, 247–263.

Devaney, R.L. 1984. Homoclinic bifurcation and the area-conserving Hénon mapping. J. Differential Equations, 51, 254–266.

Devaney, R.L. 1988. Reversibility, homoclinic points, and the Hénon map. Pages 3–14 of: Salam, F.M.A., & Levi, M.L. (eds), Dynamical systems approaches to nonlinear problems in systems and circuits. Philadelphia: SIAM.

Devaney, R.L. 1989. An introduction to chaotic dynamical systems. 2nd edn. Reading MA: Addison- Wesley.

DeVogelaere, R. 1958. On the structure of periodic solutions of conservative systems, with applications. Pages 53–84 of: Lefschetz, S. (ed), Contribution to the theory of nonlinear oscillations, vol. 4. Princeton NJ: Princeton University Press.

Dewar, R.L., & Hudson, S.R. 1998. Stellarator symmetry. Physica D, 111, ???–???

Dewar, R.L., & Meiss, J.D. 1992. Flux-minimizing curves for reversible area-preserving maps. Physica D, 57, 476–506.

Diana, E., Galgani, L., Giorgilli, A., & Scotti, A. 1975. On the direct construction of integrals of a Hamiltonian system near an equilibrium point. Boll. Unione Mat. It., 11, 84–89.

Dias, F., & Iooss, G. 1993. Capillary solitary waves with damped oscillations. Physica D, 65, 399–423.

Eckmann, J.-P., & Procaccia, I. 1991. The generation of spatio-temporal chaos in large aspect ratio hydrodynamics. Nonlinearity, 4, 567–581.

Feingold, M., Kadanoff, L.P, & Piro, O. 1988. Passive scalars, three-dimensional volume-preserving maps and chaos. J.Stat.Phys., 50, 529–565.

Fiedler, B., & Heinze, S. 1996a. Homotopy invariants of time reversible periodic orbits. 1: Theory. J. Differential Equations, 126, 184–203.

Fiedler, B., & Heinze, S. 1996b. Homotopy invariants of time reversible periodic orbits. 2: Towards applications. J. Differential Equations, 126, 204–223.

Fiedler, B., & Turaev, D. 1996. Coalescence of reversible homoclinic orbits causes elliptic resonance. Internat. J. Bifurcations Chaos, 6, 1007–1027.

Fontich, E. 1990. Transversal homoclinic points of a class of conservative diffeomorphisms. J. Differential Equations, 87, 1–27.

Furter, J. E. 1993. Symplectic structure vs. reversibility in the bifurcation of periodic points of maps. Pages 501–506 of: International Conference on Differential Equations, Vol. 1, 2 (Barcelona, 1991). River Edge, NJ: World Sci. Publishing.

Furter, J.E. 1991. On the bifurcations of subharmonics in reversible systems. Pages 167–192 of: [Roberts & Stewart, 1991].

Gaeta, G. 1994. Normal forms of reversible dynamical systems. Int.J.Theor.Phys., 33, 1919–1928.

Gallavotti, G. 1995. Reversible Anosov diffeomorphisms and large deviations. Math. Phys. Electron. J., 1, 1–12.

Gallavotti, G. 1998. Breakdown and regeneration of time reversal symmetry in nonequilibrium statistical mechanics. Physica D, 111, ???–???

Gallavotti, G., & Cohen, E.G.D. 1995. Dynamical ensembles in stationary states. J. Statist. Phys., 80, 931–970.

Gerling, J., Jürgens, H., & Peitgen, H.-O. 1997a. Bifurcation of homoclinic structures. I. finite difference approximation and mechanisms for spurious solutions. Internat. J. Bifurcations Chaos, 7, 287–317.

Gerling, J., Jürgens, H., & Peitgen, H.-O. 1997b. Bifurcation of homoclinic structures. II. the asymptotic fate of periodic points, collocation, and finite element approximation. Internat. J. Bifurcations Chaos, 7, 527–549.

Gervais, J.-J. 1988. Bifurcations of subharmonic solutions in reversible systems. J. Differential Equations, 75, 28–42. addendum J. Differential Equations 78(1988), 400.

Giorgilli, A., & Posilicano, A. 1988. Estimates for normal forms of differential equations near an equilibrium point. Z. Angew. Math. Phys., 39, 713–732.

Glebsky, L.Yu., & Lerman, L.M. 1997. Instability of small stationary localized solutions to a class of reversible 1 + 1 PDEs. Nonlinearity, 10, 389–407.

Golubitsky, M., Krupa, M., & Lim, C. 1991. Time-reversibility and particle sedimentation. SIAM J.Appl.Math., 51, 49–72.

Golubitsky, M., Marsden, J.E., Stewart, I., & Dellnitz, M. 1995. The constrained Liapunov-Schmidt procedure and periodic orbits. Pages 81–127 of: [Langford & Nagata, 1995].

Golubitsky, M., Mao, J.-M., & Nicol, M. 1996. Symmetries of periodic solutions for planar potential systems. Proc. Amer. Math. Soc., 124, 3219–3228.

Gonchar, V.Y., Ostapchuk, P.N., Tur, A.V., & Yanovsky, V.V. 1991. Dynamics and stochasticity in a reversible system describing interaction of point vortices with a potential wave. Phys. Lett. A, 152, 287–292.

Gonchar, V.Y., Svirinovskaya, E.Y., Tur, A.V., & Yanovsky, V.V. 1993. The interaction between resonances and an attractor in a reversible dynamic system. Phys. Lett. A, 174, 241–246.

Gong, X.H. 1996. Fixed points of elliptic reversible transformations with integrals. Ergodic Theory Dynamical Systems, 16, 683–702.

Goodson, G.R. 1996a. Inverse conjugacies and reversing symmetry groups. preprint.

Goodson, G.R. 1996b. Skew product in the centralizer of compact abelian group extensions. preprint.

Goodson, G.R. 1996c. The structure of ergodic transformations conjugate to their inverses. Pages 369–385 of: Ergodic theory of Z^d actions (Warwick, 1993–1994). London Math. Soc. Lecture Note Ser., vol. 228. Cambridge: Cambridge Univ. Press.

Goodson, G.R. 1997. The inverse-similarity problem for real orthogonal matrices. Amer. Math. Monthly, 104, 223–230.

Goodson, G.R., & Lemańczyk, M. 1996. Transformations conjugate to their inverses have even essential values. Proc. Am. Math. Soc., 124, 2703–2710.

Goodson, G.R., del Junco, A., Lemańczyk, M., & Rudolph, D.J. 1996. Ergodic transformations conjugate to their inverses by involutions. Ergodic Theory Dynamical Systems, 16, 97–124. Greene, J.M. 1979. A method for determining a stochastic transition. J.Math.Phys., 20, 1183–1201. Greene, J.M., & Mao, J.-M. 1990. Higher-order fixed points of the renormalization operator for invariant circles. Nonlinearity, 3, 69–78.

Greene, J.M., MacKay, R.S., Vivaldi, F., & Feigenbaum, M. 1981. Universal behaviour in families of area-preserving maps. Physica D, 3, 468–486.

Guimond, L.-S., & Rousseau, C. 1996. A stratum of cubic vector fields with an integrable saddle and Z_2 × Z_2 symmetry. Nonlinearity, 9, 761–785.

Gunaratne, G.H., & Feigenbaum, M.J. 1985. Trajectory scaling function for bifurcations in area– preserving maps on the plane. Physica D, 17, 295–307.

Hairer, E., & Stoffer, D. 1997. Reversible long-term integration with variable stepsizes. SIAM J. Sci. Comput., 18, 257–269.

Hale, J.K. 1969. Ordinary differential equations. Pure and applied mathematics, vol. 21. New York: Wiley-Interscience.

Hanßmann, H. 1998. The reversible umbilic bifurcation. Physica D, 111, ???–??? Härterich, J. 1998. Cascades of reversible homoclinic orbits to a saddle-focus equilibrium. Physica D, 111, ???–???

Heagy, J., & Yuan, J.M. 1990. Dynamics of an impulsively driven Morse oscillator. Phys. Rev. A, 41, 571–581.

Heinbockel, J.H., & Struble, R.A. 1965. Periodic solutions for differential systems with symmetries. J. Soc. Industr. Appl. Math., 13, 425–440.

Hermans, J. 1995. A symmetrical sphere rolling on a surface. Nonlinearity, 8, 493–515. Hilali, M.F., Dewel, G., & Borckmans, P. 1996. Subharmonic and strong resonances through coupling with a zero mode. Phys. Lett. A, 217, 263–268.

Hirshman, S.P., Shaing, K.C., & van Rij, W.I. 1986. Time-reversal symmetry for the electric field scaling of transport in stellarators. Phys. Rev. Lett., 56, 1697–1699.

Holian, B.L., Hoover, W.G., & Posch, H.A. 1987. Resolution of Loschmidt’s paradox: the origin of irreversible behavior in reversible atomistic dynamics. Phys. Rev. Lett., 59, 10–13. Hoover, W.G. 1998. Time-reversibility in nonequilibrium thermomechanics. Physica D, 111, ???– ??? Hoover, W.G., & Posch, H.A. 1994. Second-Law Irreversibility, and Phase-Space Dimensionality Loss, from Time-Reversible Nonequilibrium Steady-State Lyapunov Spectra. Phys. Rev. E, 49, 1913–1920.

Hoover, W.G., Kum, O., & Posch, H.A. 1996. Time-reversible dissipative ergodic maps. Phys. Rev. E, 53, 2123–2129.

Hoveijn, I. 1992. Symplectic reversible maps, tiles and chaos. Chaos, Solitons and Fractals, 2, 81–90.

Hoveijn, I. 1996. Versal deformations and normal forms for reversible and Hamiltonian linear systems. J. Differential Equations, 126, 408–442.

Ichikawa, Y.H., Kamimura, T., Hatori, T., & Kim, S.Y. 1989. Stochasticity and symmetry of the standard map. Prog.Theor.Phys.Suppl., 98, 1–18.

Iooss, G. 1995a. Capillary gravity water-waves as a dynamical system. Pages 42–57 of: Mielke, A., & Kirchgässner, K. (eds), Structure and dynamics of nonlinear waves in fluids, vol. 65. World Scientific.

Iooss, G. 1995b. A codimension 2 bifurcation for reversible vector fields. Pages 201–217 of: [Langford & Nagata, 1995].

Iooss, G. 1997. Existence d’orbites homoclines a un equilibre elliptique pour un systeme reversible. C. R. Acad. Sci. Paris I, 324, 993–997.

Iooss, G., & Adelmeyer, M. 1992. Topics in bifurcation theory and applications. Advanced Series in Nonlinear Dynamics, vol. 3. River Edge, NJ: World Scientific.

Iooss, G., & Kirchgässner, K. 1992. Water-waves for small surface tension. An approach via normal form. Proc. Roy. Soc. Edinburgh A, 122, 267–299.

Iooss, G., & Kirrmann, P. 1996. Capillary Gravity waves on the free surface of an inviscid fluid of infinite depth. existence of solitary waves. Arch. Rat. Mech. Anal., 136, 1–19.

Iooss, G., & Los, J. 1990. Bifurcation of spatially quasi-periodic solutions in hydrodynamic stability problems. Nonlinearity, 3, 851–871.

Iooss, G., & Mielke, A. 1991. Bifurcating time periodic solutions of Navier-Stokes equations in infinite cylinders. J. Nonlinear Sci., 1, 107–146.

Iooss, G., & Mielke, A. 1992. Time-periodic Ginzburg-Landau equations for one-dimensional patterns with large wave length. Z. Angew. Math. Phys., 43(1), 125–138.

Iooss, G., & Pérouème, M.C. 1993. Perturbed homoclinic solutions in reversible 1:1 resonance vector fields. J. Differential Equations, 102, 62–88.

Jacquemard, A., & Teixeira, M.A. 1996a. Bifurcations of singularities of reversible mappings in R^3 . preprint Université de Bourgogne #96-95.

Jacquemard, A., & Teixeira, M.A. 1996b. Effective algebraic geometry and normal forms of reversible mappings. preprint Université de Bourgogne #96-94.

Jacquemard, A., & Teixeira, M.A. 1996c. Reversible normal forms of degenerate cusps for planar diffeomorphisms. preprint Université de Bourgogne #96-101.

Jacquemard, A., & Teixeira, M.A. 1997. On the doubling period reversible cusps in R^3. preprint Université de Bourgogne #97-108.

Jung, C., & Richter, P.H. 1990. Classical chaotic scattering – periodic orbits, symmetries, multifractal invariant sets. J. Phys. A: math. gen., 23, 2847–2866.

Kazarinoff, N.D., & Yan, J.G.G. 1991. Spatially periodic steady-state solutions of a reversible system at strong and subharmonic resonances. Physica D, 48, 147–168.

Kent, P., & Elgin, J. 1991a. Noose bifurcation of periodic orbits. Nonlinearity, 4, 1045–1061.

Kent, P., & Elgin, J. 1991b. A Shilnikov-type analysis in a system with symmetry. Phys. Lett. A, 152, 28–32.

Kent, P., & Elgin, J. 1992. Traveling waves of the Kuramoto-Sivashinsky equation - periodmultiplying bifurcations. Nonlinearity, 5, 899–919.

Khanin, K.M., & Sinai, Ya.G. 1986. The renormalization group method and Kolmogorov-Arnold- Moser theory. Pages 93–118 of: Sagdeev, R.Z. (ed), Nonlinear phenomena in plasma physics and hydrodynamics. Moscow: Mir.

Kimball, J. C., & Dumas, H. S. 1990. Symmetry in regular motion; relation to chaos. Phys. Lett. A, 144, 201–205.

Kirchgässner, K. 1982a. Wave solutions of reversible systems and applications. J. Differential Equations, 45, 113–127.

Kirchgässner, K. 1982b. Wave solutions of reversible systems and applications. Pages 181–200 of: Bednarek, A.R., & Cesari, L. (eds), Dynamical systems, II (Gainesville, Fla., 1981). New York: Academic Press.

Kirchgässner, K. 1983. Homoclinic bifurcation of perturbed reversible systems. Pages 328–363 of: Knobloch, H.W., & Schmidt, K. (eds), Equadiff 82. Lecture notes in mathematics, vol. 1017. Berlin: Springer.

Kirchgässner, K., & Lankers, K. 1993. Semilinear elliptic equations in cylindrical domains – reversibility and its breaking. Pages 285–298 of: Exploiting symmetry in applied and numerical analysis. Lectures in Appl. Math., vol. 29. Providence RI: Am. Math. Soc.

Kirchgässner, K., & Scheurle, J. 1981a. Bifurcation from the continuous spectrum and singular solutions. Pages 138–154 of: Knops, R.J. (ed), Trends in applications of pure mathematics to mechanics, Vol. III (Edinburgh, 1979). Monographs Stud. Math., vol. 11. Boston: Pitman.

Kirchgässner, K., & Scheurle, J. 1981b. Bifurcation of nonperiodic solutions of some semilinear equations in unbounded domains. Pages 41–59 of: Amann, H., Bazley, N., & Kirchgässner, K. (eds), Applications of nonlinear analysis in the physical sciences (Bielefeld, 1979). Surveys Reference Works Math., vol. 6. Boston: Pitman.

Kirchgässner, K., & Scheurle, J. 1981c. Global branches of periodic solutions of reversible systems. Pages 103–130 of: Brezis, H., & Berestycki, H. (eds), Recent contributions to nonlinear partial differential equations. Res. Notes in Math., vol. 50. Boston: Pitman.

Knobloch, J. 1997. Bifurcation of degenerate homoclinics in reversible and conservative systems. J. Dynamics Differential Equations, 9, 427–444.

Knobloch, J., & Vanderbauwhede, A. 1994. Hopf bifurcation at k-fold resonances in equivariant reversible systems. Pages 167–179 of: [Chossat, 1994].

Knobloch, J., & Vanderbauwhede, A. 1995. Hopf bifurcation at k-fold resonances in reversible systems. preprint Tech.Univ. Ilmenau no. M 16/95.

Knobloch, J., & Vanderbauwhede, A. 1996. A general reduction method for periodic solutions in conservative and reversible systems. J. Dynamics Differential Equations, 8, 71–102.

Komineas, S., Vrahatis, M.N., & Bountis, T. 1994. 2d universality of period-doubling bifurcations in 3d conservative reversible maps. Physica A, 211, 218–233.

Kook, H., & Meiss, J.D. 1989. Periodic orbits for reversible, symplectic mappings. Physica D, 35, 65–86.

Kozlov, V.V., & Ten, V.V. 1996. Topology of regions of the possibility of motion of integrable systems. Mat. Sb., 187, 59–64.

Krasilnikov, P.S., & Tkhai, V.N. 1992. Reversible systems. Stability at resonance 1:1. J. Appl. Math. Mech., 56, 1–10.

Lahiri, A. 1992. Inverted period-doubling sequences in four-dimensional reversible maps and solutions to the renormalization equations. Phys. Rev. A, 45, 757–762.

Lahiri, A., Bhowal, A., Roy, T.K., & Sevryuk, M.B. 1993. Stability of invariant curves in fourdimensional reversible mappings near 1:1 resonance. Physica D, 63, 99–116. Lahiri, A., Bhowal, A., & Roy, T.K. 1995. Fourth order resonant collisions of multipliers in reversible maps: period-4 orbits and invariant curves. Physica D, 85, 10–24.

Lahiri, A., Bhowal, A., & Roy, T.K. 1998. Resonant collisions in four dimensional reversible maps: a description of scenarios. Physica D, 111, ???–???

Lamb, J.S.W. 1992. Reversing symmetries in dynamical systems. J. Phys. A: math. gen., 25, 925–937.

Lamb, J.S.W. 1993. Crystallographic symmetries of stochastic webs. J. Phys. A: math. gen., 26, 2921–2933.

Lamb, J.S.W. 1994a. Reversing symmetries in dynamical systems. Ph.D. thesis, University of Amsterdam.

Lamb, J.S.W. 1994b. Stochastic webs with fourfold rotation symmetry. Pages 345–352 of: Seimenis, J. (ed), Hamiltonian Mechanics. NATO ASI series B, vol. 331. New York: Plenum. Lamb, J.S.W. 1995. Resonant driving and k-symmetry. Phys. Lett. A, 199, 55–60. Lamb, J.S.W. 1996a. Area preserving dynamics that is not reversible. Physica A, 228, 344–365. Lamb, J.S.W. 1996b. Local bifurcations in k-symmetric dynamical systems. Nonlinearity, 9, 537– 557.

Lamb, J.S.W. 1998. k-Symmetry and return maps of space-time symmetric flows. Nonlinearity, 11, ???–???

Lamb, J.S.W., & Brands, H. 1994. Symmetries and reversing symmetries in kicked systems. Pages 181–196 of: [Chossat, 1994].

Lamb, J.S.W., & Capel, H.W. 1995. Local bifurcations on the plane with reversing point group symmetry. Chaos, Solitons and Fractals, 5, 271–293.

Lamb, J.S.W., & Nicol, M. 1996. On symmetric ω-limit sets in reversible flows. Pages 103–120 of: [Broer et al., 1996b].

Lamb, J.S.W., & Nicol, M. 1998. On symmetric attractors in reversible dynamical systems. Physica D, 111, ???–???

Lamb, J.S.W., & Quispel, G.R.W. 1994. Reversing k-symmetries in dynamical systems. Physica D, 73, 277–304.

Lamb, J.S.W., & Quispel, G.R.W. 1995. Cyclic reversing k-symmetry groups. Nonlinearity, 8, 1005–1026.

Lamb, J.S.W., & Roberts, R.M. 1997. Reversible equivariant linear systems. preprint University of Warwick # 97-??

Lamb, J.S.W., Roberts, J.A.G., & Capel, H.W. 1993. Conditions for local (reversing) symmetries in dynamical systems. Physica A, 197, 379–422.

Langford, W., & Nagata, W. (eds). 1995. Normal forms and homoclinic chaos (Waterloo, ON, 1992). Fields Inst. Commun., vol. 4. Providence, RI: Am. Math. Soc.

Leimkuhler, B. 1997. Reversible adaptive regularization I: perturbed Kepler motion and classical atomic trajectories. preprint Cambridge DAMTP 1997/NA8.

Lim, C.C., & McComb, I.-H. 1995. Stability of normal modes and subharmonic bifurcations in the 3-body Stokeslet problem. J. Differential Equations, 121, 384–405.

Lim, C.C., & McComb, I.-H. 1998. Time-reversible and equivariant pitchfork bifurcation. Physica D, 111, ???–???

Liu, B. The stability of the equilibrium of reversible systems. to appear in Trans. Amer. Math. Soc.

Liu, B. 1991. An application of KAM theorem of reversible systems. Sci. China Ser. A, 34, 1068–1078.

Liu, B., & You, J. 1994a. Quasiperiodic solutions for nonlinear differential equations of second order with symmetry. Acta Math. Sinica (N.S.), 10, 231–242.

Liu, B., & You, J.G. 1994b. Stability of a parabolic fixed point of reversible mappings. Chinese Ann. Math. Ser. B, 15, 147–152.

MacKay, R.S. 1983a. Period doubling as a universal route to stochasticity. Pages 127–134 of: Horton, C.W., Reichl, L.E., & Szebehely, V.G. (eds), Long-time prediction in dynamics. New York: Wiley.

MacKay, R.S. 1983b. A renormalisation approach to invariant circles in area-preserving maps. Physica D, 7, 283–300.

MacKay, R.S. 1986. Transition to chaos for area-preserving maps. Pages 390–454 of: Jowett, J.M., Month, M., & Turner, S. (eds), Nonlinear dynamics aspects of particle accelerators. Lecture notes in physics, vol. 247. Berlin: Springer.

MacKay, R.S. 1987. Instability of vortex streets. Dyn. Stab. Systems, 2, 55–71.

MacKay, R.S. 1988. Exact results for an approximate renormalisation scheme and some predictions for the breakup of invariant tori. Physica D, 33, 240–265.

MacKay, R.S. 1992. Greene’s residue criterion. Nonlinearity, 5, 161–187.

MacKay, R.S. 1993. Renormalisation in area-preserving maps. Advanced series in nonlinear dynamics, vol. 6. Singapore: World Scientific. annotated version of PhD thesis, Princeton University 1982.

MacKay, R.S., & Aubry, S. 1994. Proof of existence of breathers for time-reversible or Hamiltonian networks of weakly coupled oscillators. Nonlinearity, 7, 1623–1643.

MacKay, R.S., & Stark, J. 1992. Locally most robust circles and boundary circles for area-preserving maps. Nonlinearity, 5, 867–888.

Maillard, J.-M., & Rollet, G. 1994. Hyperbolic Coxeter groups for triangular Potts models. J. Phys. A: math. gen., 27, 6963–6986.

Malhotra, N., & Namachchivaya, N.S. 1995. Global dynamics of parametrically excited nonlinear reversible systems with nonsemisimple 1: 1 resonance. Physica D, 89, 43–70.

Malomed, B.A., & Tribelski, M.I. 1984. Bifurcations in distributed kinetic systems with aperiodic instability. Physica D, 14, 67–87.

Manz, U. 1996. On the stability of linear periodic Hamiltonian or reversible differential equations. Z. Angew. Math. Phys., 47, 333–336.

Mao, J.-M. 1988. Period doubling in six-dimensional symmetric volume-preserving maps. J. Phys. A: math. gen., 21, 3079–3091.

Mao, J.-M., & Helleman, R.H.G. 1987. New Feigenbaum constants for four-dimensional volumepreserving symmetric maps. Phys. Rev. A, 35, 1847–1855.

Matveyev, M.V. 1995a. Lyapunov stability of equilibrium positions of reversible systems. Math. Notes, 57, 62–73.

Matveyev, M.V. 1995b. Structure of the sets of invariant tori in the local KAM theory and problems of stability in reversible systems. preprint, to appear in C. Simó (ed.) Hamiltonian systems with three or more degrees of freedom.

Matveyev, M.V. 1996. Lyapunov and effective stability in reversible systems. preprint, submitted to J. Differential Equations.

Matveyev, M.V. 1998. Reversible systems with first integrals. Physica D, 111, ???–??? Matveyev, M.V., & Tkhai, V.N. 1993. Stability of periodic reversible systems. J. Appl. Math. Mech., 57, 1–10.

Maxwell, T.O. 1997. Heteroclinic chains for a reversible Hamiltonian system. Nonlinear Anal., 28, 871–887.

McComb, I-H., & Lim, C.C. 1993. Stability of equilibria for a class of time-reversible, D_n × O(2)- symmetric homogeneous vector fields. SIAM J. Math. Anal., 24, 1009–1029. McComb, I-H., & Lim, C.C. 1995. Resonant normal modes for time-reversible, equivariant vector fields. J. Dynam. Differential Equations, 7, 287–339.

McLachlan, R.I. 1995. On the numerical integration of ordinary differential equations by symmetric composition methods. SIAM J. Sci. Comput., 16, 151–168.

McLachlan, R.I., & Quispel, G.R.W. 1998. Generating functions for dynamical systems with symmetries, integrals, and differential invariants. Physica D, 111, ???–???

McLachlan, R.I., Quispel, G.R.W., & Turner, G.S. 1995. Numerical integrators that preserve symmetries and reversing symmetries. preprint.

Meiss, J.D. 1986. Class renormalization: islands around islands. Phys. Rev. A, 34, 2375–2383. Mestel, B.D., & Osbaldestin, A.H. 1989. Renormalisation in implicit complex maps. Physica D, 39, 149–162.

Meyer, H., Anglès d’Auriac, J.C., Maillard, J.-M., & Rollet, G. 1994. Phase diagram of a six-state chiral Potts model. Physica A, 209, 223–236.

Meyer, K.R. 1981. Hamiltonian systems with a discrete symmetry. J. Differential Equations, 41, 228–238.

Mielke, A. 1990. Topological methods for discrete dynamical systems. GAMM–Mitteilungen, 90/2, 19–37.

Mielke, A. 1991. Hamiltonian and Lagrangian flows on center manifolds. Lect. Notes Math., vol. 1489. Berlin: Springer.

Mielke, A. 1994. Essential manifolds for an elliptic problem in an infinite strip. J. Differential Equations, 110, 322–355.

Mielke, A., Holmes, P., & O’Reilly, O. 1992. Cascades of homoclinic orbits to, and chaos near, a Hamiltonian saddle-center. J. Dynamics Differential Equations, 4(1), 95–126. Montaldi, J. 1991. Caustics in time reversible Hamiltonian systems. Pages 266–277 of: [Roberts & Stewart, 1991].

Montaldi, J., & Roberts, R.M. 1997. Relative equilibria of molecules. Warwick preprint # 97-6. Montaldi, J., Roberts, M., & Stewart, I. 1990a. Existence of nonlinear normal modes of symmetric Hamiltonian systems. Nonlinearity, 3, 695–730.

Montaldi, J., Roberts, M., & Stewart, I. 1990b. Stability of nonilnear normal modes of symmetric Hamiltonian systems. Nonlinearity, 3, 731–772.

Moser, J. 1967. Convergent series expansions for quasi-periodic motions. Math. Annalen, 169, 136–176.

Moser, J. 1973. Stable and random motions in dynamical systems. With special emphasis on celestial mechanics. Annals of Mathematics studies, vol. 77. Princeton NJ: Princeton University Press. Moser, J., & Webster, S.M. 1983. Normal forms for real surfaces in C^2 near complex tangents and hyperbolic surface transformations. Acta Math., 150, 255–296.

Offin, D.C. 1992. A spectral theorem for reversible second order equations with periodic coefficients. Differential Integral Equations, 5, 615–629.

O’Reilly, O.M., Malhotra, N.K., & Namachchivaya, N.S. 1995. Reversible dynamical systems – dissipation-induced destabilization and follower forces. Appl. Math. Comput., 70, 273–282. O’Reilly, O.M., Malhotra, N.K., & Namachchivaya, N.S. 1996. Some aspects of destabilization in reversible dynamical systems with application to follower forces. Nonlinear Dynamics, 10, 63–87. Palmer, K.J. 1977. Linearization of reversible systems. J. Math. Anal. Appl., 60, 794–808. Parasyuk, I.O. 1982. Conservation of quasiperiodic motions of reversible multifrequency systems. Dokl. Akad. Nauk Ukrain. SSR A, 9, 19–22. in Russian.

Pérouème, M.C. 1993. Bifurcation from a periodic orbit for a strongly resonant reversible autonomous vector field. SIAM J.Math.Anal., 24, 1577–1596.

Piña, E., & Cantoral, E. 1989. Symmetries of the quasi-crystal mapping. Phys. Lett. A, 135, 190–196.

Piña, E., & Lara, L. Jiménez. 1987. On the symmetry lines of the standard mapping. Physica D, 26, 369–378.

Pluschke, W. 1989. Bifurcations of quasi-periodic solutions from fixed points of differentiable reversible systems. Ph.D. thesis, University of Stuttgart.

Politi, A., Oppo, G.L., & Badii, R. 1986. Coexistence of conservative and dissipative behaviour in reversible dynamical systems. Phys. Rev. A, 33, 4055–4060.

Posch, H.A., & Hoover, W.G. 1997. Time-reversible dissipative attractors in three and four phasespace dimensions. Phys. Rev. E, 55, 6803–6810.

Post, T., Capel, H.W., Quispel, G.R.W., & van der Weele, J.P. 1990. Bifurcations in twodimensional reversible maps. Physica A, 164, 625–662.

Quispel, G.R.W. 1992. Chaos and time reversal symmetry: an introduction. Pages 135–151 of: Nonlinear dynamics and chaos. River Edge NJ: World Scientific.

Quispel, G.R.W., & Capel, H.W. 1989. Local reversibility in dynamical systems. Phys. Lett. A, 142, 112–116.

Quispel, G.R.W., & Roberts, J.A.G. 1988. Reversible mappings of the plane. Phys. Lett. A, 132, 161–163.

Quispel, G.R.W., & Roberts, J.A.G. 1989. Conservative and dissipative behaviour in reversible dynamical systems. Phys. Lett. A, 135, 337–342.

Quispel, G.R.W., & Sevryuk, M.B. 1993. KAM theorems for the product of two involutions of different types. Chaos, 3, 757–769.

Quispel, G.R.W., Roberts, J.A.G., & Thompson, C.J. 1989. Integrable mappings and soliton equations. II. Physica D, 34, 183–192.

Rabinowitz, P.H. 1987. On the existence of periodic solutions for a class of symmetric Hamiltonian systems. Nonlinear Anal., 11, 599–611.

Rabinowitz, P.H. 1994a. Heteroclinics for a reversible Hamiltonian system. Ergodic Theory Dynamical Systems, 14, 817–829.

Rabinowitz, P.H. 1994b. Heteroclinics for a reversible Hamiltonian system II. Differential Integral Equations, 7, 1557–1572.

Ragazzo, C. 1997. On the stability of double homoclinic loops. Commun. Math. Phys., 184, 251–272.

Reißner, E. 1998. On flows with spatio-temporal symmetries near heteroclinic networks. Ph.D. thesis, Universität Augsburg. in preparation.

Renardy, M. 1982. Bifurcation of singular solutions in reversible systems and applications to reaction-diffusion equations. Adv. Appl. Math., 3, 384–406.

Rerikh, K.V. 1995. Non-algebraic integrability of the Chern-Low reversible dynamical system of the Cremona type and the relation with the 7th Hilbert problem (non-resonant case). Physica D, 82, 60–78.

Rerikh, K.V. 1996. Algebraic-geometry approach to integrability of birational plane mappings. I. integrable birational quadratic reversible mappings. preprint Dubna Joint Institute for Nuclear Research E5-96-247.

Richter, P.H., Scholtz, H.-J., & Wittek, A. 1990. A breathing chaos. Nonlinearity, 3, 45–67.

Rimmer, R.J. 1978. Symmetry and bifurcation of fixed points of area preserving maps. J. Differential Equations, 29, 329–344.

Rimmer, R.J. 1983. Generic bifurcations for involutory area preserving maps. Mem.Am.Math.Soc., 41, 1–165.

Roberts, J.A.G. 1990. Order and chaos in reversible dynamical systems. Ph.D. thesis, University of Melbourne. abstract in Bull. Austr. Math. Soc. 42 (1990) 527–528.

Roberts, J.A.G. 1997. Some characterisations of low-dimensional dynamical systems with timereversal symmetry. Pages 106–133 of: Judd, K., Mees, K.L., Teo, K.L., & Vincent, T.L. (eds), Control and Chaos. Boston: Birkhäuser.

Roberts, J.A.G., & Baake, M. 1994. Trace maps as 3d reversible dynamical systems with an invariant. J.Stat.Phys., 74, 829–888.

Roberts, J.A.G., & Capel, H.W. 1992. Area preserving mappings that are not reversible. Phys. Lett. A, 162, 243–248.

Roberts, J.A.G., & Capel, H.W. 1997. Irreversibility in conservative dynamics. preprint La Trobe University #97-26.

Roberts, J.A.G., & Lamb, J.S.W. 1995. Self-similarity of period-doubling branching in 3-D reversible mappings. Physica D, 82, 317–332.

Roberts, J.A.G., & Quispel, G.R.W. 1992. Chaos and time-reversal symmetry. Order and chaos in reversible dynamical systems. Phys. Rep., 216, 63–177.

Roberts, J.A.G., Post, T., Capel, H.W., & Quispel, G.R.W. 1991. Conservative versus reversible dynamical systems. Pages 218–226 of: I.Antoniou, & Lambert, F.J. (eds), Solitons and Chaos. Berlin: Springer.

Roberts, M., & Stewart, I.N. (eds). 1991. Singularity theory and its applications, Part II (Coventry, 1988/1989). Lecture Notes in Math., vol. 1463. Berlin: Springer.

Rodrigues, H.M., & Ruas-Filho, J.G. 1997. The Hartman-Grobman theorem for reversible systems on Banach spaces. J. Nonlinear Sci., 7, 271–280.

Roy, T.K., & Lahiri, A. 1991. Reversible Hopf-bifurcation in 4-dimensional maps. Phys. Rev. A, 44, 338–361.

Sandstede, B., Jones, C.K.T.R., & Alexander, J.C. 1997. Existence and stability of N-pulses on optical fibres with phase-sensitive amplifiers. Physica D, 106, 167–206.

Scheurle, J. 1979a. Bifurcation of a stationary solution of a dynamical system into n-dimensional tori of quasiperiodic solutions. Pages 442–454 of: Peitgen, H.-O., & Walther, H.-O. (eds), Functional differential equations and approximation of fixed points. Lect. Notes Math., vol. 730. Berlin: Springer.

Scheurle, J. 1979b. Uber die Konstruktion invarianter Tori, welche von einer stationaren Grundlosung eines reversiblen dynamischen Systems abzweigen. Pages 134–144 of: Albrecht, J., Collatz, L., & Kirchgässner, K. (eds), Constructive methods for nonlinear boundary value problems and nonlinear oscillations. Internat. Ser. Numer. Math., vol. 48. Birkhäuser: Boston. in German.

Scheurle, J. 1980. Verzweigung quasiperiodischer Lösungen bei reversiblen dynamischen Systemen. Habilitationschrift Stuttgart Universität.

Scheurle, J. 1982. Quasi-periodic solutions of the plane three-body problem near Euler’s orbits. Celest. Mech., 28, 141–151.

Scheurle, J. 1987. Bifurcation of quasi-periodic solutions from equilibrium points of reversible dynamical systems. Arch. Rat. Mech. Anal., 97, 103–139.

Scovel, J.C. 1991. Symplectic numerical integration of Hamiltonian systems. Pages 463–496 of: Ratiu, T. (ed), The geometry of Hamiltonian systems. MSRI Publications, vol. 22. New York: Springer.

Sevryuk, M.B. 1986. Reversible systems. Lect. Notes Math., vol. 1211. Berlin: Springer.

Sevryuk, M.B. 1987a. On invariant tori of reversible systems in a neighbourhood of an equilibrium point. Russian Math. Surveys, 42(4), 147–148.

Sevryuk, M.B. 1987b. Reversible dynamical systems. Ph.D. thesis, Moscow State University. in Russian.

Sevryuk, M.B. 1989. Stationary and nonstationary stability of periodic solutions of reversible systems. Funct. Anal. Appl., 23, 116–123.

Sevryuk, M.B. 1990a. Invariant m-tori of reversible systems with the phase space of dimension greater than 2m. J. Soviet Math., 51, 2374–2386.

Sevryuk, M.B. 1990b. On the dimensions of invariant tori in the KAM theory. Pages 82–88 of: Kozlov, V.V. (ed), Mathematical methods in mechanics. Moscow: Moscow Univ. Press. in Russian.

Sevryuk, M.B. 1991a. Lower-dimensional tori in reversible systems. Chaos, 1, 160–167.

Sevryuk, M.B. 1991b. References on reversible dynamical systems. unpublished.

Sevryuk, M.B. 1992. Reversible linear systems and their versal deformations. J. Soviet Math., 60, 1663–1680.

Sevryuk, M.B. 1993a. Invariant tori of reversible systems in the presence of additional even coordinates. Russ.Acad.Sci.Dokl.Math., 46, 286–289.

Sevryuk, M.B. 1993b. Invariant tori of reversible systems of intermediate dimensions. Russ.Acad.Sci.Dokl.Math., 47, 129–133.

Sevryuk, M.B. 1993c. New cases of quasiperiodic motions in reversible systems. Chaos, 3, 211–214.

Sevryuk, M.B. 1994. New results in the reversible KAM theory. Pages 184–199 of: Kuksin, S.B., Lazutkin, V.F., & Pöschel, J. (eds), Seminar on dynamical systems (St. Petersburg, 1991). Progress in Nonlinear Differential Equations and Their Applications, vol. 12. Basel: Birkhäuser.

Sevryuk, M.B. 1995a. KAM-stable Hamiltonians. J. Dynam. Control Systems, 1, 351–366. Sevryuk, M.B. 1995b. Some problems in KAM theory: conditionally periodic motions in generic systems. Russian Math. Surveys, 50(2), 341–353.

Sevryuk, M.B. 1998. The finite dimensional reversible KAM theory. Physica D, 111, ???–??? Sevryuk, M.B., & Lahiri, A. 1991. Bifurcations of families of invariant curves in four-dimensional reversible mappings. Phys. Lett. A, 154, 104–110.

Shepeleva, R.P. 1973. The critical frequencies of second order linear systems that are invariant with respect to time-reversal. Vest. LGU Math. Mekh. Astr., 19(4), 65–72. in Russian. Shepeleva, R.P. 1980. The critical frequencies of canonical systems that are invariant with respect to time-reversal. Izv. Vuzov Matematika, 9, 65–72. in Russian.

Shepeleva, R.P., & Yakubovich, V.A. 1972. The critical frequencies for systems that are invariant with respect to time-reversal. Vest. LGU Math. Mekh. Astr., 7(2), 71–81. in Russian. Shepeleva, R.P., & Yakubovich, V.A. 1974. The critical frequencies of parametric resonance in the class of fractionally periodic equations that are invariant with respect to time-reversal. Vest. LGU Math. Mekh. Astr., 13(3), 64–73. in Russian.

Shih, C.W. 1993. Normal forms and versal deformations of linear involutive dynamical systems. Chinese J. Math., 21, 333–347.

Shih, C.W. 1997. Bifurcations of symmetric periodic orbits near equilibrium in reversible systems. Internat. J. Bifurcations Chaos, 7, 569–584.

Sleeman, B. D. 1996a. Complexity in reversible dynamical systems and integrability. Pages 277– 291 of: Differential equations and control theory (Wuhan, 1994). Lecture Notes in Pure and Appl. Math., vol. 176. New York: Dekker.

Sleeman, B.D. 1996b. The dynamics of reversible systems and spatio-temporal complexity in biology. Pages 143–158 of: Conservative systems and quantum chaos (Waterloo, ON, 1992). Fields Inst. Commun., vol. 8. Providence, RI: Amer. Math. Soc.

Sosnitskiĭ, S. P. 1992. Poisson stability of reversible systems. J. Appl. Math. Mech., 56, 484–491. Stoffer, D. 1995. Variable steps for reversible integration methods. Computing, 55, 1–21. Tanikawa, K., & Yamaguchi, Y. 1987. Coexistence of periodic points in reversible dynamical systems on a surface. J. Math. Phys., 28, 921–928.

Tanikawa, K., & Yamaguchi, Y. 1989. Coexistence of symmetric periodic points in the standard map. J. Math. Phys., 30, 608–616.

Tasaki, S., & Gaspard, P. 1995. Fick’s law and fractality of nonequilibrium stationary states in a reversible multibaker map. J. Stat. Phys., 81, 935–987.

Teixeira, M.A. 1981. Local simultaneous structural stability of certain diffeomorphisms. Pages 382–390 of: Rand, D.A., & Young, L.S. (eds), Dynamical systems and turbulence (Warwick 1980). Lect. Notes Math., vol. 898. Berlin: Springer.

Teixeira, M.A. 1990. Stability conditions for discontinuous vector fields. J. Differential Equations, 88, 15–29.

Teixeira, M.A. 1994. A note on discontinuous vector fields and reversible mappings. Pages 301–310 of: [Chossat, 1994].

Teixeira, M.A. 1996. Generic bifurcation of reversible vector fields on a 2-dimensional manifold. preprint.

Teixeira, M.A. 1997a. Singularities of reversible vector fields. Physica D, 100, 101–118.

Teixeira, M.A. 1997b. Sufficient conditions for a singularity of center type. preprint. Teixeira, M.A., & Jacquemard, A. 1994. Bifurcation of singularities near reversible systems. Pages 311–325 of: [Chossat, 1994].

Tkhai, V.N. 1980. On stability of mechanical systems under the action of position forces. J. Appl. Math. Mech., 44, 24–29.

Tkhai, V.N. 1991a. On the behavior of a reversible mechanical system on the boudary of the region of stability. J. Appl. Math. Mech., 55, 569–575.

Tkhai, V.N. 1991b. Reversibility of mechanical systems. J. Appl. Math. Mech., 55, 461–468. Tkhai, V.N. 1993. On the stability of symmetric equilibrium positions of a reversible system. J. Appl. Math. Mech., 57, 777–782.

Tkhai, V.N. 1994. Some problems on the stability of a reversible system with a small parameter. J. Appl. Math. Mech., 58, 1–10.

Tkhai, V.N. 1995. Nonlinear oscillations of reversible systems. J. Appl. Math. Mech., 59, 35–45. Tkhai, V.N. 1996. Invariant sets and symmetric periodic orbits of reversible mechanical systems. J. Appl. Math. Mech., 60, 941–952.

Tsang, K.Y., Mirollo, R.E., Strogatz, S.H., & Wiesenfeld, K. 1991a. Dynamics of a globally coupled oscillator array. Physica D, 44, 102–112.

Tsang, K.Y., Strogatz, S.H., & Wiesenfeld, K. 1991b. Reversibility and noise sensitivity of Josephson arrays. Phys. Rev. Lett., 66, 1094–1097.

Turner, G.S., & Quispel, G.R.W. 1994. Tupling in 3-dimensional reversible maps. J. Phys. A: math. gen., 27, 757–762.

van der Heijden, G.H.M., & Thompson, J.M.T. 1998. Lock-on to tape-like behaviour in the torsional buckling of anisotropic rods. Physica D, 111, ???–???

van der Meer, J.C., Sanders, J., & Vanderbauwhede, A. 1994. Hamiltonian structure of the reversible nonsemisimple 1:1 resonance. Pages 221–240 of: [Chossat, 1994].

van der Schaft, A.J. 1983. Symmetries, conservation laws, and time-reversibility for Hamiltonian systems with external forces. J. Math. Phys., 24, 2095–2101.

Vanderbauwhede, A. 1982. Local bifurcation and symmetry. Res. Notes in Math., vol. 75. London: Pitman.

Vanderbauwhede, A. 1986. Bifurcations of subharmonic solutions in time-reversible systems. Z. Angew. Math. Phys., 37, 455–478.

Vanderbauwhede, A. 1990a. Hopf bifurcation for equivariant conservative and time-reversible systems. Proc. Roy. Soc. Edinburgh Sect.A, 116, 103–128.

Vanderbauwhede, A. 1990b. Subharmonic branching in reversible systems. SIAM J. Math. Anal., 21, 954–979.

Vanderbauwhede, A. 1992a. Branching of periodic solutions in time-reversible systems. Pages 97– 113 of: Broer, H.W., & Takens, F. (eds), Geometry and Analysis in Nonlinear Dynamics. Pitman Res. Notes Math., vol. 222. Harlow: Longman.

Vanderbauwhede, A. 1992b. Heteroclinic cycles and periodic orbits in reversible systems. Pages 250–253 of: Wiener, J., & Hale, J.K. (eds), Ordinary and delay differential equations. Pitman Res. Notes Math., vol. 272. Harlow: Longman.

Vanderbauwhede, A., & Fiedler, B. 1992. Homoclinic period blow-up in reversible and conservative systems. Z. Angew. Math. Phys., 43, 292–318.

Wan, Y.H. 1991. Versal deformations of infinitesimally symplectic transformations with antisymplectic involutions. Pages 301–320 of: [Roberts & Stewart, 1991].

Wan, Y.H. 1992. Codimension two bifurcations of symmetric cycles in Hamiltonian systems with an antisymplectic involution. J. Dynamics Differential Equations, 4, 341–374. Webster, S.M. 1996. Double valued reflection in the complex plane. Enseign. Math. (2), 42, 25–48. Wilbrink, J. 1990. New fixed point of the renormalisation operator associated with the recurrence of invariant circles in generic Hamiltonian maps. Nonlinearity, 3, 567–584. Wojtkowski, M.P. 1994. The system of two spinning disks in the torus. Physica D, 71, 430–439. Yan, J.G.G. 1992. Some characteristic features in the pattern of bifurcating steady states in coupled reaction-diffusion systems. Internat. J. Bifurcations Chaos, 2, 285–293.

Yan, J.G.G. 1993a. Bifurcation at 1:1 resonance in a reversible system using the 3-jet of the normal form. J. Differential Equations, 106, 416–436.

Yan, J.G.G. 1993b. Existence of stable spatially periodic steady-states in coupled reaction-diffusion equations. Adv. Appl. Math., 14, 62–88.

Yan, J.G.G. 1995. Formation and deformation of patterns through diffusion. J. Math. Biol., 34, 17–40.

Yan, J.G.G. 1996. Reversible Hopf bifurcations with Z_2-symmetry. Dynam. Contin. Discrete Impuls. Systems, 2, 75–108.

Yan, J.G.G., & Hwang, D. 1996a. Bifurcation in reversible systems with the presence of a square symmetry group. Pages 561–568 of: Proceedings of Dynamic Systems and Applications, Vol. 2 (Atlanta, GA, 1995). Atlanta, GA: Dynamic.

Yan, J.G.G., & Hwang, D. 1996b. Pattern formation in reaction-diffusion systems with D_2- symmetric kinetics. Discrete Contin. Dynam. Systems, 2, 255–270.

Yan, J.G.G., Feng, W., & Lu, X. 1995. Stability and pattern of bifurcating steady-states in systems with double involution. J. Math. Anal. Appl., 190, 101–128.

Yuan, J. 1989. Necessary and sufficient conditions for existence of periodic solutions of n-dimensional dynamical systems. Nonlinear Anal., 13, 589–598.

Zoladek, H. 1994. The classification of reversible cubic systems with center. Topol. Methods Nonlinear Anal., 4, 79–136.

Zotov, Yu.K., & Timofeev, A.V. 1992. Controllability and stabilization of programmed motions of reversible mechanical and electromechanical systems. J. Appl. Math. Mech., 56, 873–880. Zotov, Yu.K., & Timofeev, A.V. 1995. Methods for the stabilization of the motions of reversible dynamical systems using nonlinear coordinate transformations. J. Appl. Math. Mech., 58, 983–996.