Hamiltonian Systems Near Relative Equilibria

Mark Roberts Mathematics Institute University of Warwick Coventry CV4 7AL, United Kingdom

Claudia Wulff Institut für Mathematik I Freie Universität Berlin 14195 Berlin, Germany

Jeroen S. W. Lamb Department of Mathematics Imperial College London SW7 2BZ, United Kingdom

December 11, 1999

Abstract

We give explicit differential equations for the dynamics near relative equilibria of Hamiltonian systems. These split the dynamics into motion along the group orbit and motion inside a slice transversal to the group orbit. The form of the differential equations that is inherited from the symplectic structure and symmetry properties of the Hamiltonian system is analysed and the effects of time reversing symmetries are included. The results will be applicable to the stability and bifurcation theories of relative equilibria of Hamiltonian systems.

Contents

1 Introduction 2

2 Prerequisites 7 2.1 Momentum maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 The Witt decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.3 Definition of ad^∗_ξ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.4 Definition of ημ(ξ, ζ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Hamiltonian systems near group orbits 15 3.1 The main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3.2 Symmetry properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.3 Related results in the literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.4 Conservation of momentum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4 Special cases and examples 21 4.1 Split momenta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.2 Minimal momenta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.3 Conormal isotropy subalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.4 Symmetric isotropy subalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.5 Example: G = SE(2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.5.1 gμ = se(2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.5.2 gμ = R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.6 Example: G = SE(3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.6.1 gμ = se(3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.6.2 gμ = so(2) ⊕ R^3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.6.3 gμ = so(2) ⊕ R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5 Proofs of Main Results 29 5.1 A local model for M/Γ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 5.2 A local model for M . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 5.3 Proof of Proposition 3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5.4 Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.5 Proof of Theorem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.6 Proof of Proposition 3.6 c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1 Introduction

Relative equilibria of equivariant dynamical systems are group orbits which are invariant under the flow of the dynamical system. In physical applications they typically correspond to constant ‘shape’ solutions which evolve by rotating or translating in space. Relative equilibria have been studied in many examples of Hamiltonian systems including rigid bodies [27, 32], underwater vehicle dynamics [20], gravitational N-body problems [34], molecules [13, 15, 38], systems of point vortices [14, 25, 28, 47, 49], liquid drops [18, 23, 24], self-gravitating fluid masses [3, 51] and problems from elasticity theory [26, 35]. Theoretical work has included the development of a variety of techniques for determining the stability of relative equilibria, (see [31] for a review and [21, 36, 43, 45, 46] for more recent work) and a number of results on their persistence and bifurcation [21, 24, 36, 38, 42, 46, 48, 50]. However stability, persistence and bifurcations are still a long way from being properly understood, especially in the presence of nontrivial isotropy subgroups and noncompact group actions.

Our aim in this paper is to develop a Hamiltonian analogue of a tool that has proved extremely useful for determining the stability and bifurcations of relative equilibria in general dynamical systems. This is the description of the dynamics in Palais slice coordinates developed by Krupa [17] for compact group actions and by Fiedler et al. [6] for general proper group actions. These give a decomposition of an equivariant vector field in a neighbourhood of a group orbit into a vector field along the group orbit and a vector field on a slice transverse to the group orbit. The group orbit is a relative equilibrium if and only if the corresponding point in the slice is an equilibrium point of the slice vector field. The study of stability properties and bifurcations of the relative equilibrium can be reduced to that of the slice equilibrium point, while changes in the ‘drift’ in the group orbit direction are given by the vector field along the group orbit.

The analogous theory for Hamiltonian systems has been developed to a much lesser extent. The structure of equivariant Hamiltonian vectorfields in slice coordinates has been studied by Mielke [35], Roberts and Sousa Dias [50] and Ortega and Ratiu [41, 43]. However their results are either only valid for specific cases or only define the slice vector field implicitly. In this paper we give a detailed explicit decomposition that is valid for Hamiltonian vector fields which are equivariant with respect to any proper Hamiltonian group action on a finite dimensional symplectic manifold.

We also incorporate the effects of time-reversing symmetries by allowing the Hamiltonian functions which generate the vector fields to be invariant under ‘semisymplectic’ group actions. This is done in a very general way which does not assume, for example, that the time-reversing symmetries are given by an involution that commutes with the time-preserving symmetries. The analogous result for general vector fields has been described by Lamb and Wulff [19].

In the rest of this introduction we briefly outline the general setting for the paper, starting with a short review of the theory for relative equilibria of general (typically dissipative and non-Hamiltonian) systems.

Relative equilibria in general systems

We consider an ordinary differential equation on a manifold M dx dt = f(x), x ∈ M (1.1)

that is equivariant with respect to the smooth action of a finite dimensional Lie group Γ, γf(x) = f(γx) for all γ ∈ Γ. (1.2)

This implies that γx(t) is a solution whenever x(t) is. We will always assume that the action of Γ is proper, which implies that its isotropy subgroups are compact.

We also include the possibility that the differential equation is reversible, ie there exists a reversing symmetry ρ such that ρf(x) = −f(ρx), (1.3) which implies that whenever x(t) is a solution, then so is ρx(−t). Note that if ρ is a reversing symmetry of (1.1) then so is ργ for every γ ∈ Γ.

In the reversible equivariant case, the symmetries (equivariances) and reversing symmetries form a reversing symmetry group G such that the group of equivariances Γ is a normal subgroup of G of index two, ie the quotient G/Γ is isomorphic to Z_2. It turns out to be useful to describe this structure by introducing a reversible sign (or temporal character [52]). This is a character (group homomorphism) χ : G → {±1}, such that χ(γ) = 1 for all γ ∈ Γ, and χ(ρ) = −1 for all ρ ∈ G \ Γ. Using this equations (1.2) and (1.3) are equivalent to the single equation

gf(x) = χ(g)f(gx) for all g ∈ G. (1.4)

We say that f is a (G, χ)-reversible-equivariant vector field or, alternatively, that f is (G, χ)-semiequivariant. We usually omit the (G, χ) prefix when it is obvious from the context.

A solution x(t) with initial condition x(0) = p lies on a relative equilibrium Gp whenever the group orbit Gp is invariant under the flow of (1.1). This means that f(p) = ξp := (^d_s exp(sξ).p)_{s=0} for some ξ which lies in the Lie algebra g of G. We call the element ξ the drift velocity of the relative equilibrium. We denote the isotropy subgroup of p by G_p, so G_p = {g ∈ G | gp = p}. Correspondingly we define Γ_p = G_p ∩Γ. The relative equilibrium is said to be reversible if G_p contains a reversing symmetry, so that Γ_p is a normal subgroup of G_p of index two, and nonreversible if G_p = Γ_p.

If Γ acts properly on M then so does G and by the slice theorem of Palais [44] sufficiently small neighbourhoods U of the group orbit Gp have the bundle structure U = (G × N)/G_p = G ×_{Gp} N. (1.5) where N is a local section (also called slice) transversal to Gp at p, and the quotient by G_p corresponds to the identifications

(g, v) = (gg^{−1}_p , g_pv) for all g_p ∈ G_p. (1.6)

To analyze the dynamics near, and bifurcations from, relative equilibria, it has proved very useful to model the flow in a neighbourhood of the relative equilibrium by differential equations on the space G × N: ġ = χ(g)gf_G(v) v̇ = χ(g)f_N (v)

(1.7)

where f_G : N → g and f_N : N → N. Here g denotes the Lie algebra of G. In the local coordinates (g, v) we have p = (id, 0), so that f_N (0) = 0, f_G(0) = ξ. The identifications (1.6) imply that f_G and f_N must be (G_p, χ)-semiequivariant:

f_G(g_pv) = χ(g_p) Ad_{gp} f_G(v), f_N (g_pv) = χ(g_p) g_pf_N (v), for all g_p ∈ G_p, (1.8)

where Ad_g is the adjoint action of G on its Lie algebra g: Ad_gξ = gξg^{−1}, g ∈ G, ξ ∈ g.

These results are due to Krupa [17] for compact Lie groups, Fiedler et al. [6] for equivariant flows and noncompact Lie groups and Lamb and Wulff [19] for reversible equivariant flows and noncompact groups. The dynamics near a reversible relative equilibrium are in fact determined by the restriction of the equations (1.7) to Γ × N, and this is how they appear in [19]. For these restricted equations the sign χ(g) is always +1 and so ‘disappears’ from the equations.

Note that in any case χ(g(t)) is independent of t and so the slice equation on N does not depend on G. This means that the equations (1.7) have a skew-product structure and so, for example, a relative equilibrium is stable in the space of group orbits if it is a stable equilibrium of the slice equation. Moreover the flow on N is given by a general G_p-(semi-)equivariant vector field, where G_p is a compact group even if the original symmetry group G is noncompact. It follows that the study of bifurcations from the relative equilibrium reduces (modulo drift along the G orbit) to the analysis of bifurcations from typically isolated equilibria of flows which are (semi-)equivariant with respect to an action of a compact Lie group.

Hamiltonian setting

The main aim of this paper is to derive a Hamiltonian version of the local equations for relative equilibria (1.7) on the lifted bundle G × N. The results of [17, 6, 19] on the general bundle structure naturally also apply to the Hamiltonian setting. However, it is important to understand how the symplectic structure of a Hamiltonian flow effects the form of the differential equations on G × N to obtain insights into generic dynamical phenomena near relative equilibria in Hamiltonian systems, including local bifurcations, drift and stability.

We now give a brief introduction to the setting for Hamiltonian differential equations. The starting point is a Hamiltonian ordinary differential equation on a smooth finitedimensional symplectic manifold M with (local) symplectic two-form ω_x (x ∈ M).

We say that a finite dimensional Lie group G acts χ-semisymplectically on M if ω_{gx}(gu, gv) = χ(g) ω_x(u, v) for all x ∈ M, g ∈ G, u, v ∈ T_xM. A Hamiltonian vector field

ẋ = f_H (x) (1.9)

is generated by a smooth function (the Hamiltonian), H : M → R, via the relationship ω_x(f_H (x), v) = DH(x)v x ∈ M, v ∈ T_xM. (1.10) If H is invariant under the action of G then the vector field f_H is (G, χ)-semiequivariant.

In this paper we derive explicit differential equations describing the flow near relative equilibria of Hamiltonian systems. In other words we describe the additional Hamiltonian structure on the vector fields f_G and f_N in the general slice equations (1.7). By Noether’s theorem (see eg [1, 32]), the continuous part of the symmetry group Γ causes the Hamiltonian system to possess conserved quantities, called momenta. The symplectic manifold is therefore partitioned into flow-invariant subsets, the level sets of the momenta. The way these level sets intersect the slice N can be complicated, and this leads to a nontrivial structure on the slice bundle (1.5) which has been described by Guillemin and Sternberg [10, 11] and Marle [30]. This in turn leads to a nontrivial structure on the lifted bundle equations which is described in §3 of this paper.

Related results on Hamiltonian relative equilibria

There have been several previous descriptions of differential equations near relative equilibria of equivariant Hamiltonian systems. Mielke [35] applied the slice theorem of Palais to derive reduced differential equations under some simplifying assumptions on the isotropy subgroup of the relative equilibrium, but did not investigate explicitly the Poisson structure of the generalized Hamiltonian vectorfield (see subsection 3.3 for more details). Roberts and de Sousa Dias [50] derived equations describing the dynamics on the slice N in the case of compact symmetry groups by embedding N in a larger space. This approach is extended to noncompact groups in this paper and then used to find the equations of motions in the original slice N. Ortega and Ratiu [43] also considered proper actions of noncompact groups and in particular derived ‘reconstruction equations’ that must be satisfied by the lifted vector field on G × N. Our results in this paper can be viewed as a solution of these reconstruction equations.

In his work Mielke [35] included a discussion of time-reversibility. However our study appears to be the first that systematically treats a general class of systems that are both equivariant and time-reversible. This is particularly important from the viewpoint of applications, as many (perhaps ‘most’) Hamiltonian systems in applications have timereversal symmetries.

Our approach combines ideas and techniques from the hitherto rather separate theories for general (typically dissipative) and Hamiltonian dynamical systems. In particular we build on results on slice equations for general and reversible dynamical systems [17, 6, 19] and for Hamiltonian systems with compact symmetry groups [50] and results on local normal forms for symplectic group actions [10, 11, 30, 2].

Organization of the paper

The remainder of this paper is organized as follows. In §2 we recall ideas and results (mainly from Hamiltonian systems theory) that are needed for our main theorems. These are momentum maps, the Witt decomposition, and the definitions and some properties of an operator ad^∗_ξ and a map η_μ. Then, in §3, we present our main results, Theorem 3.1 and Theorem 3.2, giving explicit descriptions of the differential equations governing the dynamics near a Hamiltonian relative equilibrium, and compare these results with related results in the literature. In §4 we discuss some important special cases for which the differential equations simplify and apply the results to systems with Euclidean symmetry groups. The final section, §5, is devoted to the proof of our main results.

2 Prerequisites

In this section we recall some notions from Hamiltonian systems theory (momentum maps and Witt decomposition) and introduce an operator ad^∗_ξ and a map η_μ. These are necessary for the formulation of our main results in Section 3.

2.1 Momentum maps

Let (M, ω) be a symplectic manifold and G a Lie group that acts semisymplectically on M with respect to a character χ : G → Z_2. For simplicity we assume throughout this paper that the symplectic action of the group Γ = ker χ is Hamiltonian. This means that for any ξ ∈ g the vector field p → ξp on M is a Hamiltonian vector field with a Hamiltonian which we denote by J_ξ : M → R. The function J_ξ is linear in ξ and so defines a momentum map J : M → g^∗ by J(p)(ξ) = J_ξ(p). In fact, since we are working locally, we really only need this to hold on some G-invariant neighbourhood of a group orbit Gp.

If H is a Γ-invariant Hamiltonian on M and ξ ∈ g then the Γ-invariance of H implies that DH(p).ξp = 0 at any point p ∈ M. It follows that the evolution of J_ξ along trajectories of the vector field f_H generated by H is given by

J̇_ξ(p) = DJ_ξ (p).f_H (p) = ω_p(ξp, f_H (p)) = −DH(p).ξp = 0

and so the components of the momentum map are conserved functions for the Hamiltonian vector field generated by H. This is Noether’s theorem [1, 32].

We will also assume throughout this paper that the momentum map J is equivariant with respect to the symplectic action of Γ on M and the coadjoint action of Γ on g:

J(gp) = Ad^∗_g−1 J(p) ∀ g ∈ Γ

where Ad^∗_g is the dual operator to Ad_g, ie Ad^∗_g(μ(ξ)) = μ(Ad_g(ξ)) for all ξ ∈ g, μ ∈ g^∗ and g ∈ Γ. Such a momentum map always exists if either Γ is a compact group acting linearly on a symplectic vector space or M = T^∗Q is the cotangent bundle of a smooth configuration space Q and the action of Γ on M is the cotangent lift of a smooth action on Q.

The coadjoint action of Γ extends to the coadjoint action of the full group G on g. However it is not true that J is equivariant with respect to the semisymplectic action of G on M and the standard coadjoint action of G on g. Instead the coadjoint action has to be ‘twisted’ by the character χ. More precisely, for any representation V of a group G given by a group homomorphism ϕ : G → GL(V ) we define the χ-dual representation or action of G on V to be that given by the homomorphism ϕ_χ : g → χ(g)ϕ(g). We define the χ-coadjoint representation of G on g^∗ as the χ-dual of the usual coadjoint representation of G on g^∗, i.e., (g, μ) → χ(g)Ad^∗_g−1 (μ) ∀ g ∈ G, μ ∈ g^∗.

For μ ∈ g^∗ and g ∈ G we will sometimes use the notation gμ for χ(g)Ad^∗_g−1 (μ). Note that if G acts by its adjoint action on g and by the χ-coadjoint action on g^∗ then the product action is χ-semisymplectic on g ⊕ g^∗ with its canonical symplectic form ω((ξ_1, ν_1), (ξ_2, ν_2)) = ν_1(ξ_2) − ν_2(ξ_1).

We will assume throughout the paper that the momentum map J is equivariant with respect to its semisymplectic action on M and its χ-coadjoint action on g^∗.

J(gp) = χ(g) Ad^∗_g−1 (J(p)) ∀ g ∈ G.

If G is compact and there exists a (possibly non-equivariant) momentum map J then a G-equivariant momentum map J_{new} can be obtained by averaging over the Haar measure m on G:

J_{new}(x) = ∫ G χ(g)Ad^∗_g−1 J(g^{−1}x)dm(g).

More generally one may obtain a G-equivariant momentum map whenever G is a compact extension of a group G^′ for which there exists a G^′-equivariant momentum map. In particular if there exists a Γ-equivariant momentum map for the symplectic action of Γ on M then there exists a G-equivariant momentum map for the semisymplectic action of G.

If J is such a G-equivariant momentum map then for any μ ∈ g^∗ the fibre J^{−1}(μ) is invariant under the isotropy subgroup G_μ for the χ-coadjoint representation of G on g^∗: G_μ = {g ∈ G | χ(g)Ad^∗_g−1 (μ) = μ}. Throughout the paper the notation ‘G_μ’ will refer to this group and g_μ to its Lie algebra. Note that Γ_μ = G_μ ∩ Γ may be either equal to G_μ or be a normal subgroup of index 2. For a further discussion of momentum maps and phase space reduction for semisymplectic group actions see [39].

2.2 The Witt decomposition

In this section we describe a natural decomposition of the tangent space T_pM and its symplectic form ω_p for any point p ∈ M. For notational convenience we drop the subscript p from ω_p in the rest of this section.

Define the ω-orthogonal complement of any subspace W of T_pM to be W^ω = {u ∈ T_pM : ω(u, v) = 0 ∀ v ∈ T_pM } . Let G_p denote the isotropy subgroup of the point p and g_p its Lie algebra. Since G_p is compact we can choose a G_p-invariant inner product on T_pM. We denote the orthogonal complement of any subspace W ⊂ T_pM with respect to this inner product by W^⊥.

Now let T = gp be the tangent space to the group orbit Gp in p and define the following subspaces of T_pM:

T_0 = T ∩ T^ω, T_1 = T ∩ T^⊥_0 , N_0 = (T + T^ω)^⊥, N_1 = T^ω ∩ T^⊥_0 .

It is easily checked that these are all G_p-invariant subspaces of T_pM and that

T_pM = T_0 ⊕ T_1 ⊕ N_0 ⊕ N_1.

Further properties of this decomposition are summarized in the following proposition.

Proposition 2.1

a) The symplectic form ω on T_pM restricts to symplectic forms ω_0 on T_0 ⊕ N_0, ω_{T1} on T_1 and ω_{N1} on N_1. The actions of G_p on these spaces are χ-semisymplectic with respect to the restricted forms.

b) The symplectic form ω defines a G_p-equivariant isomorphism between the induced G_p-action on N_0 and the χ-dual of the induced action on T^∗_0 . Under this isomorphism the symplectic form ω_0 is the natural symplectic form on T_0 ⊕ T^∗_0 :

ω_0 ((u_1, ν_1), (u_2, ν_2)) = ν_2(u_1) − ν_1(u_2)

c) Let J : M → g^∗ be a G-equivariant momentum map (with respect to the χ-coadjoint action on g^∗), J(p) = μ and G_μ be the isotropy subgroup at μ. Then: (i) T^ω = ker DJ(p).

(ii) DJ(p) maps T_1 isomorphically to T_μ(Gμ) ∼= g/g_μ and ω_{T1} to the Kostant- Kirillov-Souriau (KKS) form ω_μ:

ω_{T1} (ξ_1.p, ξ_2.p) = ω_μ(ξ_1, ξ_2) := μ ([ξ_1, ξ_2]) (2.1)

where ξ_i ∈ g, i = 1, 2, and [·, ·] is the Lie bracket on g.

(iii) The map g → T_pM given by ξ → ξp induces an isomorphism g_μ/g_p ∼= T_0.

Proofs of this proposition can be found in [40] and [2] for the case that G acts symplectically. The extension to semisymplectic group actions is straightforward.

Note that T = T_0 ⊕ T_1 and N = N_0 ⊕ N_1 are the tangent and normal spaces at p to the G orbit through p. The spaces T_1 and N_1 are the (uniquely defined) maximal symplectic subspaces of these spaces and we refer to them as the symplectic tangent space and symplectic normal space, respectively.

Remark 2.2 The symplectic form ω_{N1} on N_1 depends on the symplectic manifold M and every symplectic form for which the G_p action is χ-semisymplectic occurs for some M. If a G_p-invariant inner product < ·, · >_{N1} is fixed on N_1, then (G_p, χ)- semisymplectic forms ω(·, ·)_{N1} are given by

ω(w_1, w_2)_{N1} = ⟨w_1, Jw_2⟩_{N1} w_1, w_2 ∈ N_1 (2.2) where the linear maps J are orthogonal and skew-symmetric with respect to the inner product and are (G_p, χ)-semiequivariant: Jg_pw = χ(g_p)g_pJw g_p ∈ G_p, w ∈ N_1. Such maps are called complex structures on N_1. Any two out of the three objects J, ω(·, ·)_{N1} and < ·, · >_{N1} satisfying (2.2) determine the third uniquely. Normal forms for (G_p, χ)-semisymplectic complex structures are classified in [12]. The results can be regarded either as a classification of semisymplectic representations or, equivalently, as a semisymplectic Darboux lemma.

Since the linear action of the compact group G_p on N_1 is semisymplectic, by the remarks in section 2.1 there exists a momentum map J_{N1} : N_1 → g^∗_p which is G_pequivariant with respect to the χ-coadjoint action of G_p on g^∗_p. We now discuss the embedding of this momentum map as a mapping into g^∗_μ. Since G_p is compact we can choose a G_p-invariant complement m_μ to g_p in g_μ. Then g_μ = g_p ⊕ m_μ. By the natural projection from g_μ to g_μ/g_p we obtain a G_p-equivariant isomorphism m_μ ∼= g_μ/g_p. Accordingly, we also have g^∗_μ = ann_g∗_μ (g_p) ⊕ ann_g∗_μ (m_μ), where the annihilator of g_p in g^∗_μ is defined as

ann_g∗_μ (g_p) = {ν ∈ g^∗_μ | ν(ξ) = 0, ∀ξ ∈ g_p},

and other annihilators in a similar way. Now, ann_g∗_μ (g_p) is the subspace (g_μ/g_p)^∗ ⊂ g^∗_μ, while ann_g∗_μ (m_μ) is the image of an m_μ-dependent linear embedding of g^∗_p in g^∗_μ. Using this embedding we may regard the momentum map J_{N1} : N_1 → g^∗_p for the action of G_p on N_1 as a mapping from N_1 into g^∗_μ.

2.3 Definition of ad^∗_ξ

To describe the form of the vector field f_N in the Hamiltonian case it is useful to introduce a generalization of the Lie bracket for the quotient space g_μ/g_p. In fact the construction will apply to the quotient space g/k for any Lie algebra g of a (finite dimensional) Lie group G and subalgebra k of a compact Lie subgroup K. A more detailed discussion, including a generalization to noncompact subgroups K and applications to mechanical systems on homogeneous spaces, is given in [22].

Since K is compact there exists a K-invariant complement m to k in g, so that g = k⊕m. The natural projection π : g → g/k has kernel k and maps m isomorphically to g/k.

We construct a bracket on g/k by lifting elements of g/k to m, applying the Lie bracket [·, ·] of g, and then projecting the result back to g/k. In other words, let ξ̃, η̃ be the representatives in m of ξ, η ∈ g/k. Define the bracket [·, ·]_m on g/k by

[ξ, η]_m = π ( [ξ̃, η̃] ) . (2.3)

This bracket is equivariant with respect to the adjoint action of K on g/k:

[gξ, gη]_m = g[ξ, η]_m for all g ∈ K.

The subscript m is used in the notation [·, ·]_m to emphasize that the bracket depends on the choice of m. Moreover, it is not a Lie bracket since it satisfies all the axioms of a Lie bracket except the Jacobi identity. Only the restriction of the bracket to the fixed point set Fix_{g/k}(K) = {ξ ∈ g/k : gξ = ξ ∀g ∈ K} is again a Lie bracket.

Lemma 2.3 If n is the Lie algebra of the normalizer N(K) of K in G then:

a) [m ∩ n, k] = 0; b) Fix_{g/k}(K) = n/k;

c) The restriction of [·, ·]_m to Fix_{g/k}(K) is the natural Lie bracket on the Lie algebra n/k of the group N(K)/K. In particular, if K is a normal subgroup of G then [·, ·]_m satisfies the Jacobi identity, is independent of the choice of m and is the natural Lie bracket on g/k.

Proof.

a) The K-invariance of m implies that [m, k] ⊂ m. If g ∈ N(K) then gKg^{−1} = K and so [n, k] ⊂ k. It follows that [m ∩ n, k] ⊂ m ∩ k = {0}.

b) We show first that n/k ⊂ Fix_{g/k}(K). Let η ∈ n/k and let η̃ be the representative of η in m ∩ n. The fact that η̃ ∈ n implies that ge^{tη̃} g^{−1}e^{−tη̃} ∈ K and so Ad_gη̃ − η̃ ∈ k for all g ∈ K. Since η̃ ∈ m we also have Ad_gη̃ − η̃ ∈ m. It therefore follows from part a) that Ad_gη̃ = η̃ and so η ∈ Fix_{g/k}(K). This statement was proved by Field [7].

Conversely, let η ∈ Fix_{g/k}(K). Since g/k ∼= m and m is K-invariant we have Fix_{g/k}(K) ∼= Fix_m(K) and can choose a representative η̃ of η such that η̃ ∈ Fix_m(K). Then

e^{−tη̃} ge^{tη̃} = e^{−tη̃} e^{tAdgη̃}g = e^{−tη̃}e^{tη̃} g = g

for all g ∈ K, and so η̃ ∈ n ∩ m and η ∈ n/k. This proves part b).

c) Let η_1, η_2 ∈ Fix_{g/k}(K). If η_i = η̃_i + k, where η̃_i ∈ n ∩ m, then the Lie bracket on the Lie algebra n/k is defined by

[η_1, η_2]_{n/k} = [η̃_1, η̃_2] + k = π ([η̃_1, η̃_2]) = [η_1, η_2]_m

and being the Lie bracket on the Lie algebra of the group N(K)/K it satisfies the Jacobi identity.

This lemma is used in subsection 4.3 below.

For ξ ∈ g/k we also define an operator ad_ξ : g/k → g/k by ad_ξ(η) = [ξ, η]_m and denote the dual of this by ad^∗_ξ : (g/k)^∗ → (g/k)^∗ where (g/k)^∗ ∼= ann(k), the annihilator of k in g^∗. If k is normal in g then these give the usual adjoint action of g/k on itself and coadjoint action of g/k on its dual. Unravelling the definition of ad^∗_ξ we find that

ad^∗_ξ (ν)(η) = ν([ξ, η]_m) (2.4)

where ν ∈ (g/k)^∗, ξ, η ∈ g/k and [·, ·]_m is the bracket on g/k, as defined in (2.3). The K-equivariance of [·, ·]_m implies that

ad^∗_{Adg (ξ)} = Ad^∗_g ∘ ad^∗_ξ ∘ Ad^∗_g−1 g ∈ K (2.5)

where Ad^∗_g−1 is the action of g ∈ K on (g/k)^∗ ⊂ g^∗ obtained by restricting the coadjoint action on g^∗.

Using a K-invariant inner product we can identify g^∗ with g and the coadjoint action of K on g^∗ with the adjoint action of K on g. Since m is K-invariant we have the K-equivariant identifications (g/k)^∗ ∼= g/k ∼= m. Moreover, ann(m) ∼= k. Note that in general the identification of g with g^∗ will not be G-equivariant. However if the inner product is G-invariant then this identification is G-equivariant, the adjoint and coadjoint action of G are the same, and we have the following result.

Lemma 2.4 Assume that there exists a G-invariant inner product on g. If ξ ∈ g/k and ζ ∈ (g/k)^∗ then under the identification g/k ∼= (g/k)^∗, ad^∗_ξ (ζ) is given by

ad^∗_ξ (ζ) = [ζ, ξ]_m.

Proof. Let < ·, · > denote the G-invariant inner product on g. Recall that G-invariance implies that for all ξ_1, ξ_2, ξ_3 ∈ g we have ⟨ξ_1, [ξ_2, ξ_3]⟩ = ⟨ξ_3, [ξ_1, ξ_2]⟩ and so, under the identification g^∗ ∼= g induced by the inner product, ad^∗_{ξ2} (ξ_1) = [ξ_1, ξ_2].

If ξ, η ∈ g/k and ζ ∈ (g/k)^∗ then by definition ad^∗_ξ (ζ)(η) = ζ([ξ, η]_m). Let ξ̃ and η̃ be representatives of ξ and η in m. The isomorphism g ∼= g^∗ identifies π^∗ζ ∈ g^∗ with an element ζ̃ ∈ m. Then ad^∗_ξ (ζ)(η) = ζ(π([ξ̃, η̃])) = π^∗ζ([ξ̃, η̃]) = ⟨ζ̃, [ξ̃, η̃]⟩ = ⟨η̃, [ζ̃, ξ̃]⟩ = ⟨η, [ζ, ξ]_m⟩_{g/k} where ⟨·, ·⟩_{g/k} is the induced inner product on g/k. This gives the required result.

2.4 Definition of η_μ(ξ, ζ)

For any μ ∈ g^∗ let n_μ denote a complement to g_μ in g, so that g ∼= g_μ ⊕ n_μ. If the annihilators of g_μ and n_μ in g^∗ are denoted by ann(g_μ) and ann(n_μ), respectively, then g^∗ ∼= ann(g_μ) ⊕ ann(n_μ). The dual of the natural projection from g to g/g_μ is the natural inclusion of (g/g_μ)^∗ into g^∗, the image of which is ann(g_μ). We will therefore usually identify ann(g_μ) with (g/g_μ)^∗. The natural inclusion g_μ ⊂ g induces a natural projection g^∗ → g^∗_μ which restricts to a linear isomorphism between ann(n_μ) and g^∗_μ. Thus choosing a complement n_μ determines an (unnatural) embedding of g^∗_μ into g^∗.

In this section, to emphasize the fact that this embedding depends on the choice of n_μ, we won’t identify its image ann(n_μ) with g^∗_μ.

The tangent space at μ to the coadjoint orbit Gμ is the image of the map g → g^∗ given by ξ → ad^∗_ξ (μ) and so equals ann(g_μ) ≡ (g/g_μ)^∗. The subspace ann(n_μ) is therefore a complement in g^∗ to the tangent space T_μGμ. If n_μ can be chosen so that μ + ann(n_μ) is a G_μ-invariant slice transverse to Gμ at μ then for all ζ sufficiently close to the origin in ann(n_μ) we have g_{μ+ζ} ⊂ g_μ. However if G_μ is not compact such slices need not exist.

The following proposition introduces a map which measures the extent to which μ + ann(n_μ) fails to be a slice at μ. This map appears in the formulation of Theorems 3.1 and 3.2 and its properties have important consequences for applications of the theorem.

Proposition 2.5 Let G be a Lie group, g its Lie algebra and μ any point in g^∗. Let n_μ be a complement to g_μ in g and P_{ann(gμ)} be the projection from g^∗ to ann(g_μ) with kernel ann(n_μ). Then for each ζ sufficiently close to 0 in ann(n_μ) and each ξ ∈ g_μ the equation

P_{ann(gμ)} ( ad^∗_{ξ+η}(μ + ζ) ) = 0 (2.6)

has a unique solution η = η_μ(ξ, ζ) ∈ n_μ. The map η_μ : g_μ ⊕ ann(n_μ) → n_μ, defined on the whole of g_μ and a neighbourhood of 0 ∈ ann(n_μ), is smooth, linear in ξ, and satisfies η_μ(ξ, 0) = 0 for all ξ ∈ g_μ and η_{λμ}(ξ, λζ) = η_μ(ξ, ζ) for all λ ∈ R.

Proof. For fixed ξ ∈ g_μ and ζ ∈ ann(n_μ) equation (2.6) can be written as an inhomogeneous linear system of equations for η ∈ n_μ:

P_{ann(gμ)} ( ad^∗_η(μ + ζ) ) = −P_{ann(gμ)} ( ad^∗_ξ (μ + ζ) ) . (2.7)

It follows that there will be a unique solution for η = η_μ(ξ, ζ) if and only if the linear map η → P_{ann(gμ)} ( ad^∗_η(μ + ζ) ) is injective (and hence also surjective). To prove injectivity note that

P_{ann(gμ)} ( ad^∗_η(μ + ζ) ) = 0 ⇔ ad^∗_η(μ + ζ)(ψ) = 0 for all ψ ∈ n_μ ⇔ ad^∗_{nμ} (μ + ζ)(η) = 0.

Now ad^∗_{nμ} (μ) = T_μGμ = ann(g_μ) and so g^∗ = ad^∗_{nμ} (μ) ⊕ ann(n_μ). If ζ is sufficiently close to 0 then ad^∗_{nμ} (μ + ζ) is a small perturbation of ad^∗_{nμ} (μ) and we still have g^∗ = ad^∗_{nμ} (μ + ζ) ⊕ ann(n_μ). It follows that if η ∈ n_μ satisfies ad^∗_{nμ} (μ + ζ)(η) = 0 then η = 0. Thus η → P_{ann(gμ)} ( ad^∗_η(μ + ζ) ) is injective and there exists a unique solution η = η_μ(ξ, ζ) to (2.6).

The coefficients of the linear system (2.7) depend smoothly on ξ and ζ and hence so also will the solution η_μ(ξ, ζ). If ζ = 0 then the righthand side of (2.7) is 0 and so η = η_μ(ξ, 0) = 0. If η_μ(ξ_i, ζ) is a solution of (2.7) with ξ = ξ_i, i = 1, 2 then for all λ_1, λ_2 ∈ R the sum λ_1η_μ(ξ_1, ζ) + λ_2η_μ(ξ_2, ζ) is a solution for ξ = λ_1ξ_1 + λ_2ξ_2. Hence, by uniqueness, η_μ(λ_1ξ_1 + λ_2ξ_2, ζ) = λ_1η_μ(ξ_1, ζ) + λ_2η_μ(ξ_2, ζ).

Similarly, if λ ∈ R and η_μ(ξ, ζ) is a solution for particular values for μ and ν, then it also is for λμ and λζ, and so η_{λμ}(ξ, λζ) = η_μ(ξ, ζ).

The following proposition describes some further properties of η_μ(ξ, ζ) that are useful in applications. Proposition 2.6

a) Let χ : G → {±1} be any group homomorphism. If K is a subgroup of {g ∈ G : χ(g)Ad^∗_g−1 (μ) = μ} and n_μ is invariant under the restriction to K of the adjoint action of G on g then, for all ζ near 0 ∈ ann(n_μ), η_μ is K-equivariant in the sense that η_μ(Ad_g(ξ), χ(g)Ad^∗_g−1 (ζ)) = Ad_g(η_μ(ξ, ζ)) for all g ∈ K. (2.8) Moreover we have η_μ(ξ, ζ) = 0 for all ξ ∈ k. (2.9) b) Let G^0_μ denote the identity component of G_μ. If n_μ is a G^0_μ-invariant complement to g_μ in g then η_μ ≡ 0.

Proof.

a) If n_μ is K-invariant then for all g ∈ K

P_{ann(gμ)} ( ad^∗_{Adg (ξ+η)}(μ + χ(g)Ad^∗_g−1 (ζ)) ) = χ(g)Ad^∗_g−1 P_{ann(gμ)} ( ad^∗_{ξ+η}(μ + ζ) ) . It follows that if η_μ(ξ, ζ) is a solution of (2.7) for some ξ, ζ, then for all g ∈ K so is (Ad_g)^{−1}(η_μ(Ad_g(ξ), χ(g)Ad^∗_g−1 (ζ))). Hence, by uniqueness,

(Ad_g)^{−1} ( η_μ(Ad_g(ξ), χ(g)Ad^∗_g−1 (ζ)) ) = η_μ(ξ, ζ), giving (2.8). The K-invariance of n_μ also implies that [k, n_μ] ⊂ n_μ and so, if ξ ∈ k, ζ ∈ ann(n_μ) and ψ ∈ n_μ, we have ad^∗_ξ (μ + ζ)(ψ) = ad^∗_ξ (ζ)(ψ) = ζ([ξ, ψ]) = 0.

Hence P_{ann(gμ)} ( ad^∗_ξ (μ + ζ) ) = 0 and η_μ(ξ, ζ) = 0.

b) This follows immediately from (2.9) in part a) with K = G^0_μ.

We will follow §2.3 of Guillemin et al. [9] and say that μ is split if there exists a G^0_μ invariant complement n_μ to g_μ in g. This implies that η_μ is identically zero. If G^0_μ is compact then of course μ is split. An example of a split μ with noncompact G^0_μ is given in §4.6. We also give an example of a μ that is not split.

More generally, if K is any compact subgroup of G_μ then n_μ can be chosen to be at least K-invariant. In particular, in the rest of this paper we will always choose it to be invariant under the action of the compact phase space isotropy subgroup G_p.

We note that it is almost, but not quite, true that if n_μ is G_μ-invariant then it provides a slice for the coadjoint action at μ. For precise statements and a discussion see §2.3 of [9]. There it is also shown that if μ+ann(n_μ) is a slice at μ and ζ is sufficiently close to the origin in ann(n_μ) then the coadjoint orbit G(μ + ζ) fibres symplectically over Gμ with fibre a coadjoint orbit of G_μ.

For each ζ sufficiently close to 0 in ann(n_μ) we now define a linear map j = j_μ(ζ) : g_μ → g by j_μ(ζ)ξ = ξ + η_μ(ζ, ξ). If n_μ is K invariant for some subgroup K of G_μ then (2.9) implies that η_μ(ζ, ·) and j_μ(ζ) descend to give well defined linear maps from g_μ/k to n_μ and g/k, respectively. In particular this can always be assumed to hold for K = G_p. If μ is split then j_μ(ζ) is just the inclusion of g_μ into g and descends to the inclusion of g_μ/k into g/k.

3 Hamiltonian systems near group orbits

In this section we present our main results on the structure of a reversible equivariant Hamiltonian system (1.9) in a neighbourhood of a group orbit. The local parametrization (1.7) given by the slice theorem near a group orbit still holds. However the symplectic form imposes additional structure and there are further decompositions of the vector field f_G along the group orbit and the normal vector field f_N .

3.1 The main results

Let (M, ω) be a symplectic manifold with a smooth proper χ-semisymplectic action of the Lie group G. We consider a point p in M with isotropy G_p. It follows from the Witt decomposition of the symplectic form at p, as described in Proposition 2.1, that the normal space N can be decomposed as:

N = N_0 ⊕ N_1 ∼= (g_μ/g_p)^∗ ⊕ N_1

where N_1 is the symplectic normal space at p with its induced χ-semisymplectic linear action of the isotropy subgroup G_p. Note that by Proposition 2.1 the action of G_p on N_0 is the χ-coadjoint action of G_p on (g_μ/g_p)^∗. We fix a G_p-invariant inner product < ·, · >_{N1} on N_1 and a (G_p, χ)-semiequivariant complex structure J satisfying equation (2.2).

Choose G_p-invariant complements m_μ to g_p in g_μ and n_μ to g_μ in g. Then g = g_p ⊕ m_μ ⊕ n_μ and g^∗ = ann(m_μ ⊕ n_μ) ⊕ ann(g_p ⊕ m_μ) ⊕ ann(g_p ⊕ m_μ). These choices of complements also define G_p-equivariant linear isomorphisms (as discussed in Section 2.2):

ann(n_μ) ∼= g^∗_μ ann(m_μ ⊕ n_μ) ∼= ann_g∗_μ (m_μ) ∼= g^∗_p ann(g_p ⊕ n_μ) ∼= ann_g∗_μ (g_p) ∼= (g_μ/g_p)^∗ ann(g_p ⊕ m_μ) ∼= n^∗_μ

where ann(·) denotes an annihilator in g^∗ and ann_g∗_μ (·) an annihilator in g^∗_μ. Let H : M → R denote the smooth G-invariant Hamiltonian on M generating the Hamiltonian vectorfield (1.9).

Theorem 3.1 Let (g, ν, w) be the bundle coordinates from the slice theorem parametrizing a G-invariant neighbourhood of Gp and let h(ν, w) be the restriction of the Hamiltonian H to the slice N = (g_μ/g_p)^∗ ⊕ N_1. Define h̃ : g^∗_μ ⊕ N_1 → R by h̃(ζ, w) = h(ν, w) where ζ = ν + λ ∈ g^∗_μ, ν ∈ (g_μ/g_p)^∗ and λ ∈ g^∗_p. Then

g(t) ∈ G, ζ(t) = ν(t) + J_{N1} (w(t)) ∈ g^∗_μ, w(t) ∈ N_1

satisfy the differential equations

ġ = χ(g) g j_μ(ζ)D_ζh̃ ζ̇ = χ(g) ad^∗_{jμ(ζ)Dζ h̃}(μ + ζ) ẇ = χ(g) JD_wh̃(ζ, w) where

j_μ(ζ)D_ζh̃ = D_ζh̃(ζ, w) + η_μ(D_ζh̃(ζ, w), ζ)

and η_μ : g_μ ⊕ g^∗_μ → n_μ is the map defined in §2.4.

A proof of Theorem 3.1 is given in Section 5. Note that if μ is split, for example if G_μ is compact, then by Proposition 2.5 we have η_μ ≡ 0 and j_μD_ζh̃ = D_ζh̃.

Projecting the ζ̇-equation in Theorem 3.1 back to N_0 we obtain the following explicit differential equations in the bundle coordinates (g, ν, w):

Theorem 3.2 Coordinates (g, ν, w) can be chosen on G × N = G × ((g_μ/g_p)^∗ ⊕ N_1) so that the restriction of the (G, χ)-semiequivariant Hamiltonian system (1.9) to a neighbourhood of Gp can be lifted to the following system on G × N:

ġ = χ(g)g (D_ν h(ν, w) + η̂(ν, w)) (3.1) ν̇ = χ(g) ( ad^∗_{Dν h(ν,w)}(ν) + ad^∗_{Dν h(ν,w)}(J_{N1} (w))

+P(ad^∗_{η̂(ν,w)}(ν + J_{N1} (w))) ) (3.2) ẇ = χ(g)JD_wh(ν, w) (3.3) where h(ν, w) is the function obtained by restricting the Hamiltonian H to the slice N, the map η̂ : N → n_μ is given by η̂(ν, w) = η_μ(D_ν h(ν, w), ν + J_{N1} (w)) and P is the projection from g^∗ to ann(g_p + n_μ) ∼= (g_μ/g_p)^∗ with kernel ann(m_μ).

Details of the proof of Theorem 3.2 are given in Section 5.5 below.

The derivative D_ν h(ν, w) is an element of g_μ/g_p and so can also be identified with an element of m_μ. In equation (3.2) ad^∗_{Dν h(ν,w)} is the linear operator from (g_μ/g_p)^∗ to itself defined in §2.3 with g replaced by g_μ and k by g_p. The operator ad^∗_{Dν h(ν,w)} is the usual coadjoint operator from g^∗_μ to itself, with D_ν h(ν, w) being regarded as an element of m_μ. The map J_{N1} takes values in g^∗_μ via the embedding g^∗_p ∼= ann_g∗_μ (m_μ) described in §2.2. We will prove in Lemma 5.5e) below that ad^∗_{Dν h(ν,w)}(J_{N1} (w)) ∈ (g_μ/g_p)^∗.

The map η̂ : (g_μ/g_p)^∗ ⊕ N_1 → n_μ is defined using the map η_μ defined and discussed in §2.4. The operator ad^∗_{η̂(ν,w)} in equation (3.2) is the coadjoint operator from g^∗ to itself. The projection P maps the image of this operator into (g_μ/g_p)^∗.

Remark 3.3

a) (Relative equilibria) As in the general case mentioned in the introduction the orbit Gp is a relative equilibrium if and only if (ν, w) = (0, 0) is an equilibrium point of the slice equations and so if and only if D_wh(0, 0) = 0. The drift velocity of the relative equilibrium is ξ = D_ν h(0, 0).

b) (Interpretation) In a typical application, for example a gravitational or molecular N-body problem, the component N_1 of the slice describes the shape dynamics or internal vibrations of the system, while N_0 describes the motion of the angular momentum in body coordinates, that is in a frame moving with the velocity g^{−1}(t)ġ(t) of the motion g(t) of the center of mass. Because of this we call the momentum J_{N1} (w) the vibrational angular momentum. For a thorough discussion of the separation of shape and rotational dynamics in the context of N-body problems see [29].

3.2 Symmetry properties

As in (1.7), along a trajectory of the vector field the function χ(g(t)) is independent of t and so the equations (3.1, 3.2, 3.3) are essentially independent of g(t). Taking χ(g) = 1 the vector field f_G along the group orbit decomposes into a component in the g_μ/g_p direction and a component in the n_μ direction:

f_G(v) = f_G(ν, w) = j_μ(ν + J_{N1} (w))D_ν h(ν, w) = D_ν h(ν, w) + η̂(ν, w). (3.4)

Equations (3.2, 3.3) form an autonomous system on the normal space N called the slice equations. The vector field f_N is given by:

f_N (ν, w) = ( ad^∗_{Dν h(ν,w)}(ν) + ad^∗_{Dν h(ν,w)}(J_{N1} (w)) + P(ad^∗_{η̂(ν,w)}(ν + J_{N1} (w))) JD_wh(ν, w) ) . (3.5)

The action of G_p on the slice N = (g_μ/g_p)^∗ ⊕ N_1 is given by g_p(ν, w) = (χ(g_p)Ad^∗_g−1_p ν, g_pw). As in the general case (1.8) we have

Proposition 3.4 The vectorfields f_G from (3.4) and f_N from (3.5) are (G_p, χ)- semiequivariant.

Proof. The function h(ν, w) is G_p-invariant with respect to this action, and so D_ν h : (g_μ/g_p)^∗ ⊕ N_1 → g_μ/g_p is (G_p, χ)-semiequivariant if G_p acts on g_μ/g_p by the standard adjoint action.

The map η̂ is also (G_p, χ)-semiequivariant. This follows from the calculation: η̂ ( χ(g_p)Ad^∗_g−1_p (ν), g_p.w ) = η_μ ( χ(g_p)Ad_{gp} (D_ν h(ν, w)), χ(g_p)Ad^∗_g−1_p (ν + J_{N1} (w)) )

= χ(g_p)η_μ ( Ad_{gp} (D_ν h(ν, w)), χ(g_p)Ad^∗_g−1_p (ν + J_{N1} (w)) ) = χ(g_p)Ad_{gp} (η_μ (D_ν h(ν, w), ν + J_{N1} (w))) = χ(g_p)Ad_{gp} (η̂(ν, w)) .

The first equality follows from the definition of η̂, the (G_p, χ)-semiequivariance of D_ν h(ν, w) and the (G_p, χ)-semiequivariance of J_{N1} . The second equality is a consequence of the linearity of η_μ(ξ, ζ) in ξ and the third equality follows from statement 2 of Proposition 2.6 and the fact that χ(g_p)Ad^∗_g−1_p μ = μ, g_p ∈ G_p.

It follows from this that f_G is (G_p, χ)-semiequivariant, as for general reversible equivariant systems (1.7). Similarly the (G_p, χ)-semiequivariance of f_N (ν, w) follows from the (G_p, χ)-semiequivariance of D_ν h(ν, w) and η̂(ν, w), the (G_p, χ)-semiequivariance of J_{N1} and J, and the G_p-equivariance of D_wh(ν, w), ad^∗, ad^∗ (see 2.5) and the projection P.

There are a number of important special cases for which one or more of the terms in the expressions for f_G and f_N given by equations (3.4) and (3.5) vanish. If μ is split then η̂(ν, w) = 0 and P(ad^∗_{η̂(ν,w)}(ν + J_{N1} (w))) = 0, as will be described in §4.1. The term ad^∗_{Dν h(ν,w)}(J_{N1} (w)) is identically zero if g_p is a conormal subalgebra of g_μ, while ad^∗_{Dν h(ν,w)}(ν) is identically zero if g_p is a symmetric subalgebra of g_μ. These cases are discussed in §4.3 and §4.4, respectively. If μ is a minimal element of g^∗, ie the momentum isotropy subgroup G_μ has minimal dimension, then all three of these terms vanish, see §4.2.

In the cases that all three terms in the ν̇ equation vanish the ‘angular momentum in body coordinates’ ν is conserved and so can be regarded as a parameter in the ẇ equation. Investigations of bifurcations of relative equilibria (and more complex trajectories) from Gp can be reduced to studies of the dynamics of the ν-dependent ẇequation with Hamiltonian h_ν (w) = h(ν, w) on N_1. In particular, it follows immediately that if the relative equilibrium is nondegenerate, in the sense that the second derivative D^2_{ww}h(0, 0) of h with respect to w has maximal rank, then there exists a smooth family of nearby relative equilibria parametrised by ν ∈ (g_μ/g_p)^∗.

When ν̇ ≡ 0 results on bifurcations from equilibrium points of Hamiltonian systems can also be applied directly to the ẇ equation to obtain analogous results on bifurcations from relative equilibria. Since the family of Hamiltonians h(ν, w) is invariant under the action of G_p on the slice, results on bifurcations from equilibria of symmetric Hamiltonian systems are particularly relevant [8, 4, 40, 53]. Note however that the individual Hamiltonian h_ν (w) is only invariant under the isotropy subgroup (G_p)_ν and so the effects of symmetry breaking in families of Hamiltonians needs to be taken into account (see for example [37]).

3.3 Related results in the literature

The (ζ̇, ẇ) equations in Theorem 3.1 are an extension to noncompact semisymplectic group actions of a result given in [50]. In the absence of time-reversal symmetries the equations of Theorem 3.2 can be regarded as a particular solution of the ‘reconstruction equations’ of Ortega and Ratiu [41, 43].

The case where the (time-reversal) symmetry group G decomposes into a product of the isotropy group G_p of the relative equilibrium and another group ~Γ was treated by Mielke [35]. This is an example of the conormal isotropy subalgebra case treated in section 4.3 below. Mielke derived the corresponding differential equations, but did not make explicit the Poisson structure of the generalized Hamiltonian vectorfield on the slice N = N_0 ⊕ N_1. His equations [35, (5.6), (5.7)] appear as follows:

ġ = gJ_{gy} (y)D_yH, ẏ = J_y(y)D_yH (3.6)

where J(g, y) = ( J_g(y) J_{gy}(y) −J^T_{gy}(y) J_y(y) )

generates the symplectic form ω on M. Here y ∈ N and the ẏ-equation is a Poissonsystem. Mielke also treats the case of time-reversal symmetries which are involutions and respect the decomposition of G into G_p × ~Γ.

Note that from Theorem 3.2 we see that the Hamiltonian equations near group orbits indeed always have the form (3.6) and that the theorem provides explicit expressions for the matrix J(g, y):

J_{gy}(y) = j_μ(ν + J_{N1} (w)), J_y(y) = ( ad^∗_· ν + ad^∗_· J_{N1} (w) 0 0 J ) where y = (ν, w).

Finally J_g(y) is determined by the KKS form on T_1 evaluated at μ + ν + J_{N1} (w), as described in §2.2.

Mielke [35] studied Hamiltonian systems on cotangent bundles in more detail, and in the case of a relative equilibrium with μ = 0 he obtained our explicit differential equations (3.1, 3.2, 3.3).

3.4 Conservation of momentum

In the remainder of this section we discuss issues related to the conservation of momenta. A (G, χ)-reversible equivariant flow generated by an invariant Hamiltonian on M preserves the level sets of the momentum map J : M → g^∗. The following proposition of Guillemin, Sternberg and Marle describes the form this takes in the coordinates used in Theorem 3.2. Recall that we have fixed G_p-invariant complements to g_p in g_μ and g_μ in g and hence also linear embeddings g^∗_p ⊂ g^∗_μ ⊂ g^∗. We will use these implicitly throughout the remainder of this section.

Proposition 3.5 ([10, 11, 30]) In the coordinates used in Theorem 3.2 the momentum map J near an orbit Gp with J(p) = μ is given by:

J(g, ν, w) = χ(g)Ad^∗_g−1 (μ + ν + J_{N1} (w)) .

This proposition is reproved in §3.5 for the sake of completeness. It follows that Ad^∗_g−1 (μ + ν + J_{N1} (w)) must be constant along the trajectories of the equations in Theorem 3.2. The following result describes the momentum conservation properties of the slice equations (3.2, 3.3).

Proposition 3.6 Assume the hypotheses and notation of Theorem 3.2.

a) If μ is split and g(0) ∈ G_μ then g(t) ∈ G_μ for all t.

b) If μ is split and (ν(t), w(t)) is a solution of the equations (3.2, 3.3) then

(ν(t), J_{N1} (w(t))) ∈ G_μ(ν(0), J_{N1} (w(0))) ⊂ g^∗_μ

for all t.

c) In general the evolution of the vibrational angular momentum J_{N1} (w) along solutions of equations (3.2, 3.3) is given by:

J̇_{N1} (w) = ^P ( ad^∗_{Dν h(ν,w)}(ν) ) . where ^P is the projection from g^∗_μ to g^∗_p.

If G^0_p is a normal subgroup of G^0_μ (for example if G^0_μ is Abelian) then Prop. 3.6 c) and the fact that [g_p, m_μ] = 0, by Lemma 2.3 a), imply that J̇_{N1} (w) = 0 and so the vibrational angular momentum is preserved. Note that this is always the case if G_μ has minimal dimension, see §4.2. There we will see that such μ are generic in g^∗ and that in this case ν̇ = 0, so the momentum ν in body coordinates is also conserved.

Proof. If μ is split then η̂(ν, w) ≡ 0 and so equation (3.1) implies that ġ ∈ gg_μ at all points (g, ν, w). It follows that G_μ × N is invariant under the flow of the equations (3.1, 3.2, 3.3) and so g(t) ∈ G_μ for all t if g(0) ∈ G_μ. This proves part a) of the proposition.

Using part a) of the proposition, together conservation of J and Proposition 3.5, gives (with (g(0) = id)

μ + (ν(0), J_{N1} (w(0))) = Ad^∗_{g(t)}(μ + (ν(t), J_{N1} (w(t))) = μ + Ad^∗_{g(t)}(ν(t), J_{N1} (w(t))

for all t.

Statement c) can be deduced from Theorem 3.1. Details are postponed to §5.6.

4 Special cases and examples

In this section we describe a number of special cases for which the form of the equations of motion in Theorem 3.2 simplifies. The terms in the ν̇ equations (3.2) which vanish for each of these special cases are summarised in Table 1. The final two subsections shows how these special cases arise naturally in examples with g = se(2) and se(3), the Lie algebras of the special Euclidean groups SE(2) and SE(3).

4.1 Split momenta

If μ is split then by Proposition 2.6 b) the map η̂ in Theorem 3.2 is identically zero and so f_G(ν, w) = D_ν h(ν, w) ∈ g_μ/g_p and the term P(ad^∗_{η̂(ν,w)}(ν + J_{N1} (w))) in the ν̇ equation is identically zero. In particular this simplification will occur if there exists a G^0_μ-invariant inner product on g, which in turn occurs if G^0_μ is compact. In §4.5 we show that it also occurs if G^0 is the special Euclidean group SE(2), while in §4.6 we show that for G^0 = SE(3) there are momenta μ ∈ g^∗ which are not split.

If in addition to μ being split the isotropy subalgebra g_μ is Abelian, then (3.2) reduces to ν̇ = 0. For compact groups these two conditions always hold for minimal momentum values μ. The following section shows that a similar simplification holds for minimal μ for arbitrary Lie groups, even though in general such μ need not be split.

4.2 Minimal momenta

Let r = min {dim g_μ | μ ∈ g^∗}. We say that μ ∈ g^∗ is minimal if dim g_μ = r. The following result is due to Duflo and Vergne [5].

Proposition 4.1

a) The set of μ which are minimal is open and dense in g^∗. b) If μ is minimal then g_μ is Abelian.

For a proof see also [32](Theorem 9.3.10). In the case of minimal momentum values the momentum ν in body coordinates is preserved:

Proposition 4.2 If μ is minimal, then ν̇ ≡ 0.

Proof. We show that ad^∗_{ξ+ημ(ξ,ζ)}(μ + ζ) = 0 for all ξ ∈ g_μ and ζ sufficiently close to 0 in ann(n_μ). If μ is minimal then by Proposition 4.1 a) the dimension of any coadjoint orbit close to Gμ is equal to that of Gμ and so, for ζ ∈ ann(g_μ) close to 0, the tangent space ad^∗_g(μ + ζ) is a subspace of g^∗ which has the same dimension as ad^∗_g(μ) = ann(g_μ) and is a small perturbation of it. It follows that for ξ ∈ g_μ and η ∈ n_μ we have P_{ann(gμ)}(ad^∗_{ξ+η}(μ + ζ)) = 0 if and only if ad^∗_{ξ+η}(μ + ζ) = 0. The result therefore follows from the definition of η_μ given in Proposition 2.5.

The fact that the isotropy subalgebra g_μ is Abelian implies that a rather stronger statement is true, namely that each of the three terms on the righthand side of the ν̇-equation (3.2) vanishes individually. This is true even though in general η̂(ν, w) ≠ 0. The following example shows that non-split minimal μ do exist.

Example 4.3 Let G = SL(2, R). A basis for the Lie algebra sl(2, R) is given by

e_1 = ( 0 1 0 0 ) , e_2 = ( 0 0 1 0 ) , e_3 = ( 1 0 0 −1 )

and the Lie bracket by

[e_1, e_2] = e_3, [e_3, e_1] = 2e_1, [e_2, e_3] = 2e_2.

Denote the dual basis to {e_1, e_2, e_3} by {e^∗_1, e^∗_2, e^∗_3}. It is easy to verify that μ = μ_1e^∗_1 is not split (see [9]). Indeed g_μ = span(e_2), but since [e_2, ·] = ad_{e2} is not semisimple there is no g_μ-invariant complement n_μ to g_μ in sl(2, R). However g_μ does have minimal dimension.

4.3 Conormal isotropy subalgebras

We will say that g_p is a conormal subalgebra of g_μ if there exists a G_p-invariant complement m_μ to g_p in g_μ such that [m_μ, m_μ] ⊂ m_μ. Since the G_p-invariance of m_μ implies that [g_p, m_μ] ⊂ m_μ, this is equivalent to requiring that m_μ be a normal subalgebra of g_μ. It follows immediately that for any ξ ∈ g_μ and λ ∈ ann_g∗_μ (m_μ) ∼= g^∗_p we have ad^∗_ξ (λ) = 0 and so the term ad^∗_{Dν h(ν,w)}(J_{N1} (w)) in equation (3.2) is identically zero.

Two important examples of conormal subalgebras are given in the following lemma.

Lemma 4.4

a) If G^0_μ is a semidirect product G^0_p ⋉H for some normal subgroup H of G^0_μ then g_p is a conormal subalgebra of g_μ with normal complement m_μ equal to the Lie algebra of H.

b) If there exists a G^0_μ-invariant inner product on g_μ and g_p is a normal subalgebra of g_μ then g_p is also a conormal subalgebra of g_μ.

Proof.

a) This is clear.

b) Since m_μ is G_p-invariant we always have [g_p, m_μ] ⊂ m_μ and so, if g_p is a normal subalgebra of g_μ, then [g_p, m_μ] = {0}. Let ⟨·, ·⟩ denote the G^0_μ-invariant inner product on g_μ. Then for all ξ, ζ and η in g_μ we have: ⟨ξ, [ζ, η]⟩ = − ⟨[ζ, ξ], η⟩ = ⟨η, [ξ, ζ]⟩ . Let m_μ be the orthogonal complement to g_p in g_μ with respect to the inner product. Then putting ξ ∈ g_p, ζ ∈ m_μ and η ∈ g_μ in the above calculation, and using the fact that [g_p, m_μ] = {0}, shows that [m_μ, g_μ] ⊂ m_μ and hence that m_μ is a normal subalgebra of g_μ.

Now suppose that g_p satisfies the stronger condition of having complements m_μ and n_μ such that

[m_μ, m_μ + n_μ] ⊂ m_μ + n_μ. (4.1)

In particular this is true if g_p is a conormal subalgebra of the whole of g, so that the complements m_μ and n_μ can be chosen so that m_μ + n_μ is a normal subalgebra of g. Then a similar argument shows that the term P(ad^∗_{η̂(ν,w)}(J_{N1} (w))) in equation 3.2 also vanishes identically. In this case the equations (3.1), (3.2) and (3.3) reduce to ġ = χ(g)g (D_ν h(ν, w) + η̂(ν, w)) ν̇ = χ(g) ( ad^∗_{Dν h(ν,w)}(ν) + P(ad^∗_{η̂(ν,w)}(ν)) ) ẇ = χ(g)JD_wh(ν, w). An example for which g_p has complements satisfying (4.1), but which is not conormal in g, is given in §4.6. If g_p is conormal in g then we see from the definition of η_μ(ξ, ζ) that η_μ(ξ, ν + J_{N1} (w)) = η_μ(ξ, ν) and j_μ(ν + J_{N1} (w)) = j_μ(ν) so that the ġ-equation and the ν̇-equation do not depend explicitly on J_{N1} (w).

If, as in statement b) of the Lemma, g_p is a normal subalgebra of g_μ, then by Lemma 2.3 the bracket [·, ·]_{mμ} induced on g_μ/g_p by a G_p-invariant complement m_μ to g_p in g_μ is just the natural Lie bracket on the quotient algebra. As a consequence the operator ad^∗_{Dν h(ν,w)} becomes the natural ad^∗_{Dν h(ν,w)} operator on (g_μ/g_p)^∗. If there is a G^0_μ-invariant inner product on g_μ as in statement b) of the lemma then by Lemma 2.4 we can identify the coadjoint and adjoint G^0_μ-actions and, if in addition μ is split, we get the simple equation ν̇ = [D_ν h(ν, w), ν] for the momenta in body coordinates.

If g_p is trivial then of course it is both normal and conormal in g. More generally this is true if G^0 is the direct product of G^0_p and another group H, say. This is the case considered by Mielke [35].

4.4 Symmetric isotropy subalgebras

We say that g_p is a symmetric subalgebra of g_μ if there exists a G_p-invariant complement m_μ to g_p in g such that [m_μ, m_μ] ⊂ g_p. If G_μ and G_p are connected then this is equivalent to the quotient manifold G_μ/G_p being a symmetric space in the usual sense. The simplest example, and an important one for applications, is given by g_μ = so(3) and g_p = so(2).

For symmetric subalgebras it follows from the definition that the bracket [·, ·]_{mμ} on g_μ/g_p is identically zero and hence so are the ad^∗ operators on (g_μ/g_p)^∗. Thus the ν̇ equation (3.2) (with χ(g) = 1) becomes:

ν̇ = ad^∗_{Dν h(ν,w)}(J_{N1} (w)) + P(ad^∗_{η̂(ν,w)}(ν + J_{N1} (w))).

If g_p is a symmetric subalgebra of the whole of g or, more generally, if

[m_μ, m_μ + n_μ] ⊂ g_p + n_μ. (4.2)

then the term P(ad^∗_{η̂(ν,w)}(ν)) also vanishes. If μ is split then of course the whole of P(ad^∗_{η̂(ν,w)}(ν + J_{N1} (w))) is zero, and if in addition there is a G^0_μ-invariant inner product on g_μ then by Lemma 2.4 we can identify the coadjoint and adjoint G^0_μ-actions, and the ν̇-equation simply becomes ν̇ = [D_ν h, J_{N1} (w)].

For the particular case of g_μ = so(3) and g_p = so(2) the Lie bracket is just the vector product. We can take ν = (ν_1, ν_2) to lie in the two dimensional subspace orthogonal to so(2) in so(3) ∼= R^3 and so, for example if μ is split (eg g = g_μ), the ν̇ equation becomes: ( ν̇_1 ν̇_2 ) = J_{N1} (w) ( 0 −1 1 0 ) (_{∂h} ∂ν_1 (ν, w) ∂h ∂ν_2 (ν, w) ) . (4.3)

Equations of this form are well known in, for example, the study of dynamics near linear configurations of molecules [54, 16].

4.5 Example: G = SE(2)

The special Euclidean group SE(2) = SO(2) ⋉ R^2 is the group of all orientation preserving isometries of R^2 . We write g = (ϕ, a) where ϕ ∈ SO(2) and a ∈ R^2 . The Lie bracket on se(2) = so(2) ⊕ R^2 ∼= R^3 is given by

[(ξ^r, ξ^a_1 , ξ^a_2 ), (η^r , η^a_1 , η^a_2 )] = (0 , −ξ^rη^a_2 + η^rξ^a_2 , ξ^rη^a_1 − η^rξ^a_1 ).

Using the standard inner product on R^3 to identify it with (R^3 )^∗, the coadjoint action of se(2) = so(2) ⊕ R^2 ∼= R^3 on se(2)^∗ = so(2)^∗ ⊕ (R^2 )^∗ ∼= (R^3 )^∗ is given by

−ad^∗_ξ (μ) = ( ξ^a_1 μ^a_2 − ξ^a_2 μ^a_1 , −ξ^rμ^a_2 , ξ^rμ^a_1 ) ad^∗_{Dν h}(ν) ad^∗_{Dν h}(J_{N1} ) P(ad^∗_{η̂}(ν)) P(ad^∗_{η̂}(J_{N1} ))

μ split 0 0 g_μ minimal 0 0 0 0 g_p conormal in g_μ 0 [m_μ, m_μ + n_μ] ⊂ m_μ + n_μ 0 0 g_p symmetric in g_μ 0 [m_μ, m_μ + n_μ] ⊂ g_p + n_μ 0 0

Table 1: Cases for which the various individual terms in the ν̇ equation (3.2) are identically zero. The vanishing of a term is indicated by a 0.

where μ = (μ^r, μ^a) with μ^r ∈ R and μ^a = (μ^a_1, μ^a_2) ∈ R^2 . If μ^a = 0 then G_μ = G. If μ^a ≠ 0 then without loss of generality we may take μ^a = (0, 1), in which case G_μ = { (0, s) ∈ R^2 ⊂ SE(2) : s ∈ R } ∼ = R. Let nμ denote the orthogonal complement in se(2) ∼= R^3 to g_μ = R_3 = { (0, 0, s) ∈ R^3 ∼= se(2) : s ∈ R } with respect to the standard inner product. Then n_μ is G_μ invariant. It follows that every μ ∈ g^∗ is split and so η̂(ν, w) ≡ 0. The ġ-equation (3.1) takes the form ϕ̇ = D_{νr} h(ν, w), ȧ = R_ϕD_{νa} h(ν, w) where R_ϕ denotes a rotation by ϕ in R^2 . The assumption that G_p is compact implies that if g_μ = se(2) then g_p can be either {0} or so(2), while if g_μ = R_3 then g_p must be {0}. We treat each case in turn.

4.5.1 g_μ = se(2)

a) g_p = {0}: In this case g_p is trivially both normal and conormal in g_μ = g and the ν̇ equation on (g_μ/g_p)^∗ = se(2)^∗ becomes

ν̇^r = ∂h ∂ν^a_2 ν^a_1 − ∂h ∂ν^a_1 ν^a_2 ( ν̇^a_1 ν̇^a_2 ) = ∂h ∂ν^r ( ν^a_2 −ν^a_1 ) .

b) g_p = so(2) : Here we can take m_μ to be {0} ⊕ R^2 ⊂ R^3 . This is an Abelian normal subalgebra of se(2) and so g_p is both conormal and symmetric in g_μ = g. It follows that ν̇ = 0 on (g_μ/g_p)^∗ ∼= R^2 . Note that for ν = 0 the ẇ-equation is SO(2)-equivariant, while for fixed ν ≠ 0 the SO(2) symmetry is broken.

4.5.2 g_μ = R

This is the generic case of minimal momentum isotropy algebras and, as we discussed in general in section 4.2, we have ν̇ = 0 on g^∗_μ ∼= R. In this case we must have g_p = {0} and the equations on the group simplify to ϕ̇ = 0, ȧ = R_{ϕ(0)}D_νa_2 h.

4.6 Example: G = SE(3)

Finally we take G to be the special Euclidean group SE(3) = SO(3)⋉R^3 . This symmetry group arises in the study of the Saint Venant’s problem of rod theory and in this context was considered in [35] in the case of trivial isotropy g_p = {0}. The symmetry group SE(3) also plays an important role in the analysis of underwater vehicle dynamics given in [20] where isotropy subalgebras g_p = {0} and g_p = so(2) were considered.

We write g = (R, a) where R ∈ SO(3) and a ∈ R^3 . The Lie algebra se(3) can be decomposed as so(3) ⊕ R^3 ∼= R^3 ⊕ R^3 . With respect to this decomposition the Lie bracket is given by

ad_{(ξ}r_{,ξ}a_)(η^r, η^a) = [ξ, η] = ( ξ^r × η^r , ξ^r × η^a − η^r × ξ^a )

for ξ^r, η^r ∈ so(3) and ξ^a, η^a ∈ R^3 . Using the standard inner product on R^3 ⊕ R^3 to identify se(3) with its dual and then taking the transpose of ad_ξ gives

ad^∗_ξ (μ) = − ( ξ^r × μ^r + ξ^a × μ^a, ξ^r × μ^a )

for μ = (μ^r, μ^a) ∈ se(3)^∗ = R^3 ⊕ R^3 . The adjoint and coadjoint actions of SE(3) on se(3) and se(3)^∗ are respectively Ad_{(R,a)}ξ = ( Rξ^r , Rξ^a − Rξ^r × a ) Ad^∗_{(R,a)}−1 μ = ( Rμ^r + a × Rμ^a , Rμ^a )

where (R, a) ∈ SO(3) ⋉ R^3 .

Let SO(2) denote the subgroup of SO(3) consisting of rotations which fix the vector (0, 0, 1) ∈ R^3 and so(2) its Lie algebra. Let R denote the subspace of R^3 spanned by (0, 0, 1). Then the isotropy subgroups of the coadjoint action of SE(3) on se(3)^∗ are conjugate to SE(3) if μ = 0, SO(2) ⋉ R^3 if μ^a = 0 and SO(2) × R if μ^a ≠ 0.

In the first case g_μ = g and so n_μ = {0} and μ is trivially split. In the third case we can take n_μ = so(2)^⊥ ⊕ R^2 where so(2)^⊥ is the orthogonal complement of so(2) in so(3) ∼= R^3 and R^2 is the orthogonal complement of R in R^3 , both with respect to the standard inner product on R^3 . This subspace is SO(2) × R invariant and so again μ is split. In the second case, however, μ is not split. We can take μ to be (μ^r, 0) with μ^r = (0, 0, μ^r_3) and n_μ to be so(2)^⊥ ⊕ {0}. The identification of se(3) with its dual identifies ann(g_μ) with n_μ = so(2)^⊥ ⊕ {0} and ann(n_μ) with g_μ = so(2) ⊕ R^3 .

We consider the forms of the equations (3.1), (3.2) and (3.3) for each of the possible momentum isotropy subalgebras in turn.

4.6.1 g_μ = se(3) Since μ is (trivially) split in this case, we have η̂(ν, w) ≡ 0. The isotropy subalgebra g_p can be {0}, so(2) or so(3).

a) g_p = {0}: If g_p = {0} then ad^∗(J_{N1} (w)) ≡ 0 and the ν̇ equation (3.2) reduces to ν̇ = ad^∗_{Dν h(ν,w)}(ν). Putting ν = (ν^r, ν^a) ∈ so(3) ⊕ R^3 we obtain the more explicit form

ν̇r = ν^r × D_{νr} h + ν^a × D_{νa} h ν̇^a = ν^a × D_νr h. The equations on the group are given by Ṙ = RD_{νr} h, ȧ = RD_{νa} h. These equations have already been obtained by Mielke [35].

b) g_p = so(2) : The subalgebra g_p = so(2) is neither conormal nor symmetric in g_μ and the general form of the ν̇ equation is

ν̇ = ad^∗_{Dν h(ν,w)}(ν) + ad^∗_{Dν h(ν,w)}(J_{N1} (w))

where h(ν, w) = h(ν^r_2 , ν^r_3 , ν^a) is SO(2)-invariant. Putting ν = (ν^r, ν^a) ∈ so(2)^⊥ ⊕ R^3 with ν^r = (ν^r_1 , ν^r_2 , 0) leads to ( ν̇^r_1 ν̇^r_2 ) = ( 0 −1 1 0 ) { ν^a_3 (_{∂h} ∂ν^a_1 ∂h ∂ν^a_2 ) − ∂h ∂ν^a_3 ( ν^a_1 ν^a_2 ) + J_{N1} (w) (_{∂h} ∂ν^r_1 ∂h ∂ν^r_2 )}

ν̇^a = ν^a × ( ∂h ∂ν^r_1 , ∂h ∂ν^r_2 , 0 ) .

c) g_p = so(3): Finally, the subalgebra g_p = so(3) has a normal, Abelian complement and so is itself both conormal and symmetric. The ν̇ equation therefore reduces to ν̇ = 0, where ν = (0, ν^a) ∈ {0} ⊕ R^3 . Note that h(ν^a, w) is SO(3)-invariant, but that the ẇ-equation is only SO(2)-equivariant for fixed ν^a ≠ 0.

4.6.2 g_μ = so(2) ⊕ R^3 In this case μ is not split and we compute η̂(ν, w) in the following lemma.

Lemma 4.5 The mapping η : g_μ ⊕ ann(n_μ) ∼= (so(2) ⊕ R^3 ) ⊕ (so(2) ⊕ R^3 ) → n_μ = so(2)^⊥ ⊕ {0} from Proposition 2.5 is given by ( η_1 η_2 ) = 1 ζ^r_3 + μ^r_3 ( −ζ^a_3 0 ζ^a_1 0 −ζ^a_3 ζ^a_2 ) ξ^a where ξ ∈ g_μ = so(2) ⊕ R^3 and ζ ∈ ann(n_μ) ∼= so(2) ⊕ R^3 .

Note that η is independent of ζ^r.

Proof. We need to solve (2.6), i.e. P_{ann(gμ)}ad^∗_{ξ+η}(μ + ζ) = 0. Substituting the expression for the coadjoint action we get

P_{so(2)}⊥ ((ξ^r + η^r) × (μ^r + ζ^r) + ξ^a × ζ^a) = 0.

Remembering that ξ^r, ζ^r and μ^r all lie in so(2), and that η_=0, η^r = (η_1, η_2, 0), gives

−P_{so(2)}⊥ ((μ^r + ζ^r) × (η_1, η_2, 0)) = P_{so(2)}⊥ (ξ^a × ζ^a)

and hence

(μ^r_3 + ζ^r_3 ) ( 0 −1 1 0 ) ( η_1 η_2 ) = ( ξ^a_2 ζ^a_3 − ξ^a_3 ζ^a_2 ξ^a_3 ζ^a_1 − ξ^a_1 ζ^a_3 ) . Solving for (η_1, η_2) gives the result.

As in the previous case the phase space isotropy subalgebra g_p can be either {0} or so(2). If g_p = {0} then ν = (ν^r, ν^a) ∈ so(2) ⊕ R^3 and D_ν h(ν, w) = (D_νr h(ν^r, ν^a, w), D_νa h(ν^r, ν^a, w)) ∈ so(2) ⊕ R^3 . It follows from the definition of η̂(ν, w) ∈ n_μ = so(2)^⊥ in Theorem 3.2 that η̂(ν, w) = 1 μ^r_3 + ν^r_3 ( −ν^a_3 0 ν^a_1 0 −ν^a_3 ν^a_2 ) D_ν h(ν^r_3 , ν^a, w). (4.4)

If g_p = so(2) then ν = (0, ν^a) ∈ {0} ⊕ R^3 and D_ν h(ν, w) = (0, D_νa h(ν, w)) ∈ {0} ⊕ R^3 , and η̂ continues to have the form shown in equation (4.4) with ν^r_3 replaced by J_{N1} (w).

a) g_p = {0}: In this case the two terms ad^∗_{Dν h}(J_{N1} ) and P(ad^∗_{η̂}(J_{N1} )) in equation (3.2) disappear and ad^∗_{Dν h}(ν) becomes ad^∗_{Dν h}(ν), where the ad^∗ operator is that for the action of g_μ on g^∗_μ. Combining these observations with the calculation of η̂ above we obtain the following form for the ν̇ equation (3.2):

ν̇^r = ν^a_1 ∂h ∂ν^a_2 − ν^a_2 ∂h ∂ν^a_1 ν̇^a = ν^a × 0 0_{∂h} ∂ν^r + 1 μ^r_3 + ν^r ( −ν^a_3 0 ν^a_1 0 −ν^a_3 ν^a_2 ) D_νa h

= ∂h ∂ν^r ν^a_2 −ν^a_1 0 − ν^{a3} μ^r_3 + ν^r

( ν^a × D_νa h ) .

b) g_p = so(2): The subalgebra g_p = so(2) is conormal and symmetric in g_μ and so the terms ad^∗_{Dν h}(ν) and ad^∗_{Dν h}(J_{N1} ) both disappear. It also satisfies the condition (4.1) and so P(ad^∗_{η̂}(J_{N1} )) vanishes identically. A calculation similar to that above shows that the remaining term P(ad^∗_{η̂}(ν)) is nonzero and that the ν̇ equation (3.2) simplifies to ν̇ = − ν_3 μ^r_3 + J_{N1} (w) ( ν × D_ν h(ν, w) ) .

4.6.3 g_μ = so(2) ⊕ R

Since μ is split η̂(ν, w) is always identically zero. The phase space isotropy subalgebra can be either {0} or so(2). Since g_μ is a minimal momentum isotropy algebra and therefore Abelian it follows that in both cases the equations take the form Ṙ = R D_{νr3} h(ν, w)e_3, ȧ = R D_{νa3} h(ν, w)e_3, ν̇ = 0, ẇ = JD_wh(ν, w) where ν ∈ so(2)⊕R if g_p = {0} and ν ∈ R if g_p = so(2). Note that for (R(0), a(0)) ∈ G_μ where R(0) is a rotation by the angle ϕ_3(0) around e_3 and a_1(0) = a_2(0) = 0 the equations on the group simplify to ϕ̇_3 = D_νr_3 h(ν, w), ȧ_3 = D_νa_3 h(ν, w).

5 Proofs of Main Results

We begin by constructing ‘local models’ for M/Γ and M and then use these to derive the equations given in the statements of Theorems 3.1 and 3.2. We suppose that a G_p-invariant inner product has been fixed on T_pM, giving the Witt decomposition described in Proposition 2.1. We also assume that G_p-invariant complements n_μ and m_μ have been chosen such that

g = g_μ ⊕ n_μ and g_μ = g_p ⊕ m_μ.

Throughout this section we will identify g^∗_μ with the annihilator of n_μ in g^∗ and g^∗_p with the annihilator of m_μ in g^∗_μ and with the annihilator of m_μ ⊕ n_μ in g^∗.

5.1 A local model for M/Γ

Recall that Γ is the subgroup of G which acts symplectically on M. Using the complement m_μ we can embed g^∗_p into g^∗_μ and the normal space N = N_0 ⊕ N_1 ∼= (g_μ/g_p)^∗ ⊕ N_1 into g^∗_μ ⊕ N_1 by the mapping

(ν, w) → (ν + J_{N1} (w), w), ν ∈ (g_μ/g_p)^∗, w ∈ N_1.

This embedding is G_p-equivariant with respect to the χ-coadjoint action of G_p on N_0 ∼= (g_μ/g_p)^∗, the semisymplectic action of G_p on N_1 and the χ-coadjoint action of G_p on g^∗_μ.

As the direct sum of the dual of a Lie algebra and a symplectic vector space, g^∗_μ ⊕N_1 is naturally a Poisson space with Poisson bracket given by

{f_1, f_2}(ν, w) = −ν([D_ν f_1(ν, w), D_ν f_2(ν, w)]) + ω_{N1} (JD_wf_1(ν, w), JD_w f_2(ν, w))

for any pair of smooth functions f_i = f_i(ν, w) on g^∗_μ ⊕ N_1. The Poisson bracket is (G_p, χ)-semi-invariant: {f_1 ∘ g, f_2 ∘ g} = χ(g){f_1, f_2} ∘ g g ∈ G_p. Let ι denote the inclusion from g_p into g_μ and define a map

ψ : g^∗_μ ⊕ N_1 → g^∗_p, ψ(ν, w) = −^Pν + J_{N1} (w).

where ^P is the projection from g^∗_μ to g^∗_p dual to ι. This map is G_p-equivariant with respect to the induced action on N_1 and the χ-coadjoint actions on g^∗_μ and g^∗_p. Moreover it is a momentum map for the G_p-action on the Poisson space g^∗_μ ⊕ N_1, i.e. it satisfies [32]: {f, ψ_ξ}(ν, w) = Df(ν, w)ξ(ν, w), ξ ∈ g_p, (ν, w) ∈ g^∗_μ ⊕ N_1, f ∈ C^∞(g^∗_μ ⊕ N_1). Indeed one computes that

{f, ψ_ξ}(ν, w) = ν([D_ν ψ_ξ, D_ν f]) + ω_{N1} (JD_wf, JD_wψ_ξ) = ν([−ξ, D_ν f]) + ⟨D_wf, ξw⟩ = ξν(D_ν f) + ⟨D_wf, ξw⟩. The embedded image of N in g^∗_μ ⊕ N_1 is the zero level set of this momentum map, N ∼= ψ^{−1}(0).

It follows that the quotient variety N/Γ_p ∼= ψ^{−1}(0)/Γ_p has a natural Poisson structure. The group G_p/Γ_p is isomorphic to Z_2 if G_p contains elements that act antisymplectically on M, and is trivial if it doesn’t. In the first case the action of the generator ρ of G_p/Γ_p on N/Γ_p ∼= ψ^{−1}(0)/Γ_p is ‘anti-Poisson’.

By the slice theorem N/Γ_p is isomorphic as a set to a neighbourhood of Γp in the orbit space M/Γ and this construction therefore defines a Poisson structure on this neighbourhood. It will follow from the proof below that this structure is isomorphic to that induced directly from M. We note that it is often more convenient to work on the Poisson space g^∗_μ ⊕ N_1 rather than directly on the slice N.

5.2 A local model for M Let ~M denote the manifold G × (g^∗_μ ⊕ N_1). Define a smooth action of G × G_p on ~M by (g̃, g_p).(g, ν, w) = (g̃gg^{−1}_p , χ(g_p) Ad^∗_g−1_p ν, g_pw), g, g̃ ∈ G, g_p ∈ G_p (5.1) and a 2-form ω̃ on ~M by

ω̃(g, ν, w) = χ(g) (ω̃_G(g, ν) + ω̃_μ(g) + ω̃_{N1} ) (5.2)

where:

1. ω̃_G is the pullback of the natural symplectic form ω_G on T^∗G ∼= G × g^∗:

ω_G(g, ν) ((gξ_1, ν_1), (gξ_2, ν_2)) = ν_2(ξ_1) − ν_1(ξ_2) + ν ([ξ_1, ξ_2])

where g ∈ G, ν, ν_1, ν_2 ∈ g^∗, ξ_1, ξ_2 ∈ g (see [1, Prop. 4.4.1]), by the map (g, ν, w) → (g, ι_μν), where the inclusion ι_μ : g^∗_μ → g^∗ is induced by the G_p-invariant complement n_μ to g_μ in g;

2. ω̃_μ is the pullback of the KKS symplectic form (2.1) on the coadjoint orbit Gμ by (g, ν, w) → Ad^∗_g−1 μ; 3. ω̃_{N1} is the pullback of the symplectic form ω_{N1} on N_1 by (g, ν, w) → w.

We summarize some properties of the 2-form ω̃ in the following proposition. Proposition 5.1

a) The form ω̃ is a symplectic form on a G×G_p invariant neighbourhood of G×{(0, 0)} in ~M. The action of G on this neighbourhood is χ-semisymplectic while the action (5.1) of G_p is symplectic.

b) The restriction of ω̃ to T_{(id,0,0)} ~M ∼= g/g_μ ⊕ (g_μ ⊕ g^∗_μ) ⊕ N_1 is isomorphic to the direct sum of the KKS form on g/g_μ, the canonical form on g_μ ⊕ g^∗_μ and the form ω_{N1} on N_1.

Note especially that the G_p-action (5.1) on ~M is symplectic with respect to ω̃ although the G_p-action on the symplectic slice N_1 is semisymplectic with respect to the symplectic form ω_{N1} .

A momentum map Ψ : ~M → g^∗_p for the symplectic action of G_p on ~M is given by Ψ(g, ν, w) = ψ(ν, w). The map Ψ is G_p-equivariant with respect to the action (5.1) on ~M and the usual coadjoint action of G_p on g^∗_p. Because the action of G_p on ~M is free, proper, and symplectic we can reduce by G_p to obtain a natural symplectic structure ω̃_0 on a Ginvariant neighbourhood Ũ_0 of G ×_{Gp} {0} in the manifold ~M_0 = Ψ^{−1}(0)/G_p = G ×_{Gp} ψ^{−1}(0) ∼= G ×_{Gp} N.

There is an induced χ-semisymplectic action of G on ~U_0.

By the slice theorem ~U_0 is G-equivariantly diffeomorphic to a G-invariant neighbourhood U of the orbit Gp in M. The following theorem says that this diffeomorphism can be chosen to be a G-equivariant symplectomorphism with respect to the symplectic form ω of M and the symplectic form ω̃_0 on ~M_0. It is a generalization to reversible actions of the local normal form for symplectic G-manifolds obtained by Guillemin and Sternberg [10, 11], Marle [30] and Bates and Lerman [2].

Theorem 5.2 There exists a G-equivariant symplectomorphism between a G-invariant open neighbourhood of G ×_{Gp} {0} in ~M_0 = G ×_{Gp} ψ^{−1}(0) ∼= G ×_{Gp} N and a G-invariant open neighbourhood of Gp in M.

Proof. A calculation shows that the induced symplectic form on ~M_0 at the point G_p ×_{Gp} {0} is the same as that on M at the point p. The result then follows from the relative Darboux theorem below with Y = U ⊂ M, X = Gp, ω_1 = ω and ω_0 equal to the pullback of ω̃_0 from ~U_0 to U.

Theorem 5.3 (Semisymplectic Relative Darboux) Let the Lie group G act properly and χ-semisymplectically on a symplectic manifold Y with respect to two symplectic forms ω_0 and ω_1. Let X be a G-invariant submanifold such that ω_0 = ω_1 on X. Then there is a G-equivariant diffeomorphism Φ defined on a tubular neighborhood U of X such that Φ^∗ω_1 = ω_0 on U.

Proof. The proof is taken from [2] with minor modifications to deal with the semisymplecticity of the group action. Suppose that there is a (G, χ)-semiinvariant 1-form ζ on U such that ω_1 − ω_0 = dζ and ζ|_X = 0. Let ω_t = tω_0 + (1 − t)ω_1, t ∈ [0, 1]. Then the equation ω_t(ξ_t, ·) = ζ defines a t-dependent vectorfield ξ_t with ξ_t|_X = 0 which is G-equivariant because χ(g)ω_t(g^{−1}ξ_t(gx), v) = ω_t(ξ_t(gx), gv) = ζ(gx) = χ(g)ζ(x) = χ(g)ω_t(ξ_t(x), v). As in [2] the corresponding flow Φ_t satisfies Φ^∗_t (ω_t) = ω_0 and is G-equivariant so that we can define Φ = Φ_1.

We define ζ as in [2] by the formula ζ(y) = − ∫_t 0 ϕ^∗_t (ω_1 − ω_0)(y)(η_t(y), ·)dt

where ϕ_t is a G-equivariant contraction from the tubular neighbourhood U of X to X and η_t(y) is the tangent vector to ϕ_t(y). The contraction can be obtained by replacing Y by the normal bundle to X and defining ϕ_t(y) = (1 − t)y, as in [2]. Since η_t and ϕ_t are G-equivariant, and ω_1, ω_0 are G-semi-invariant, the form ζ is also G-semi-invariant.

5.3 Proof of Proposition 3.5

The proof of this result for semisymplectic group actions is essentially the same as for symplectic group actions [10, 11, 30]. We sketch the main ideas.

First we show that the map ~J(g, ζ, w) = χ(g)Ad^∗_g−1 (μ + ζ) is a momentum map for the semisymplectic action of G on ~M given by (5.1). In other words we show that ω̃(g, ζ, w) (( d dt ( e^{tξ}g ) t=0 , 0, 0 ) , ( gξ̂, ζ̂, ŵ )) = D~J_ξ(g, ζ, w)(gξ̂, ζ̂, ŵ) for all g ∈ G, ξ, ξ̂ ∈ g, ζ, ζ̂ ∈ g^∗_μ and w, ŵ ∈ N_1. Using the definition (5.2) of ω̃ the lefthand side is equal to ω̃((ξg, 0, 0), (gξ̂, ζ̂, ŵ)) = χ(g) (ω̃_G + ω̃_μ) ((ξg, 0), (gξ̂, ζ̂)) where

ω̃_G(g, ζ)((ξg, 0), (gξ̂, ζ̂)) = ζ̂(Ad_g−1 (ξ)) + ζ([Ad_g−1 (ξ), ξ̂]) and ω̃_μ(g)(ξg, gξ̂) = μ([Ad_g−1 (ξ), ξ̂])

while the righthand side is

D~J_ξ(gξ̂, ζ̂, ŵ) = D_g ~J_ξgξ̂ + D_ζ ~J_ξζ̂ = χ(g) ( −Ad^∗_g−1 (ad^∗_{Adg (ξ̂)}(μ + ζ)) + Ad^∗_g−1 (ζ̂) ) (ξ). Comparing coefficients of ζ̂ and Ad_g(ξ̂) shows that the two expressions are the same.

This action of G on ~M commutes with the free, symplectic action of G_p given by (5.1). Moreover ~J is invariant under this action of G_p. It follows that ~J restricts and descends to a well-defined map J on the G_p-reduced space ~M_0 and that this map is a momentum map for the action of G on ~M_0 [33]. Putting ζ = ν + J_{N1} (w) gives J(g, ν, w) = χ(g)Ad^∗_g−1 (μ + ν + J_{N1} (w)) as required.

5.4 Proof of Theorem 3.1 The slice theorem provides a G-equivariant diffeomorphism from a neighbourhood of the zero section of G ×_{Gp} N to a neighbourhood of Gp in M. The pull back of a G-invariant Hamiltonian H on M under this diffeomorphism is a G × G_p-invariant function h on G × N. Since H is G-invariant we know that h is independent of g ∈ G and depends only on the slice variables (ν, w) ∈ N_0 ⊕ N_1 = N. Via the inverse of the map (ν, w) → (ν + J_{N1} (w), w) the function h pulls back to a G_p-invariant function on ψ^{−1}(0) ⊂ g^∗_μ ⊕ N_1. Let h̃ be a G_p-invariant smooth extension of this function to g^∗_μ ⊕ N_1, so that h̃(ν + J_{N1} (w), w) = h(ν, w). For simplicity we choose h̃ to be the trivial extension: for ζ ∈ g^∗_μ with ζ = ν + λ, where ν ∈ ann_g∗_μ (g_p) ∼= g^∗_μ/g^∗_p and λ ∈ ann_g∗_μ (m_μ) ∼= g^∗_p we define h̃(ζ, w) = h(ν, w). We can also regard the function h̃ as a smooth G × G_p-invariant extension of h to G × (g^∗_μ ⊕ N_1).

By the reduction procedure outlined in §5.2 the flow on a neighbourhood U of Gp in M is G-equivariantly symplectomorphic to a flow on the neighbourhood ~U_0 of G×_{Gp} {0} in ~M_0 = Ψ^{−1}(0)/G_p ∼= G ×_{Gp} N. This flow is obtained by restriction to Ψ^{−1}(0) and reduction by the G_p-action (5.1) of the flow on ~M = G × (g^∗_μ ⊕ N_1) generated by h̃ and the symplectic form ω̃.

We are now ready to prove Theorem 3.1 which gives explicit differential equations for the flow on ~M. The Hamiltonian system of differential equations on ~M = G×(g^∗_μ ⊕N_1) is determined by the equation ~ω(g, ζ, w)((ġ, ζ̇, ẇ), (ĝ, ζ̂, ŵ)) = Dh̃(g, ζ, w)(ĝ, ζ̂, ŵ) where ġ, ĝ ∈ gg. From the definition of ω̃ in §5.2 the lefthand side of this equation is given by χ(g) ( ζ̂(g^{−1}ġ) − ζ̇(g^{−1}ĝ) + (ζ + μ)[g^{−1}ġ, g^{−1}ĝ] + ω_{N1} (ẇ, ŵ) )

while the righthand side is D_ζh̃(ζ, w)ζ̂ + D_wh̃(ζ, w)ŵ. Comparing coefficients of g^{−1}ĝ, ζ̂ and ŵ we obtain, respectively, ζ̇ = ad^∗_{g−1ġ}(μ + ζ) (5.3)

P_{gμ} (g^{−1}ġ) = χ(g)D_ζh̃(ζ, w) (5.4) ẇ = χ(g)JD_wh̃(ζ, w), (5.5)

where P_{gμ} is the projection from g to g_μ with kernel n_μ.

Equation (5.5) for ẇ is already in the required form while equation (5.4) gives us the component of g^{−1}ġ along g_μ. Specifically, if g^{−1}ġ = ξ + η where ξ ∈ g_μ and η ∈ n_μ then ξ = χ(g)D_ζh̃(ζ, w). To obtain η and ζ̇ we split equation (5.3) into its projections into the two subspaces ann(g_μ) and ann(n_μ) of g^∗. Since ζ̇ lies in ann(n_μ) ∼= g^∗_μ these equations are

0 = P_{ann(gμ)} ( ad^∗_{ξ+η}(μ + ζ) ) (5.6) ζ̇ = P_{ann(nμ)} (ad^∗_{ξ+η}(μ + ζ)) . (5.7)

By Proposition 2.5 equation (5.6) can be solved uniquely for η = η_μ(ξ, ζ) = η_μ(χ(g)D_ζ h̃(ζ, w), ζ) = χ(g)η_μ(D_ζh̃(ζ, w), ζ), the last equality following from the linearity of η_μ(ξ, ζ) in ξ. This gives

g^{−1}ġ = ξ + η_μ(ξ, ζ) = χ(g) ( D_ζh̃(ζ, w) + η_μ(D_ζh̃(ζ, w), ζ) ) = χ(g)j_μ(ζ)D_ζh̃

as required for the ġ equation. Substituting for g^{−1}ġ in equation (5.7) gives the ζ̇ equation. This completes the proof of Theorem 3.1.

Remark 5.4 In general different choices of the extension h̃ generate different flows on G × ( g^∗_μ ⊕ N_1 ) and even on G × ψ^{−1}(0). However these flows all induce the same quotient flow on the reduced space G ×_{Gp} ψ^{−1}(0).

5.5 Proof of Theorem 3.2 To prove Theorem 3.2 we pull the equations of Theorem 3.1 back to G×((g_μ/g_p)^∗ ⊕N_1) via the map to G × ψ^{−1}(0) ⊂ G × (g^∗_μ ⊕ N_1) given by (g, ζ, w) = (g, ν + J_{N1} (w), w). Remember that the function h̃ from Theorem 3.1 satisfies h̃(ζ, w) = h̃(ν + J_{N1} (w), w) = h(ν, w). It follows that

D_ζh̃(ζ, w) = D_ν h(ν, w) ∈ m_μ η_μ(D_ζh̃(ζ, w), ζ) = η_μ(D_ν h(ν, w), ν + J_{N1} (w)) ∈ n_μ.

Defining j = j(ν, w) = j_μ(ν + J_{N1} (w)) the equations in Theorem 3.1 become:

ġ = χ(g)gjD_ν h (5.8) ν̇ = χ(g)P_1 ( ad^∗_{jDν h}(μ + ν + J_{N1} (w)) ) (5.9) J̇_{N1} (w) = χ(g)P_2 (ad^∗_{jDν h}(μ + ν + J_{N1} (w))) (5.10) ẇ = χ(g)JD_wh(ν, w) (5.11) where P_1 is the projection from g^∗ to ann(g_p + n_μ) ∼= (g_μ/g_p)^∗ with kernel ann(m_μ) and P_2 is the projection from g^∗ to ann(m_μ + n_μ) ∼= g^∗_p with kernel ann(g_p). We need the following lemma:

Lemma 5.5 With P_1 and P_2 defined as above the following statements hold:

a) For ξ ∈ g we have ad^∗_ξ μ ∈ ann(g_μ) and so P_1ad^∗_ξ μ = P_2ad^∗_ξ μ = 0. b) For ξ ∈ m_μ ∼= g_μ/g_p and ν ∈ ann(g_p + n_μ) ∼= (g_μ/g_p)^∗ we have

P_1ad^∗_ξ (ν) = ad^∗_ξ (ν).

Here the ad^∗ operator on the left hand side is acting on g^∗ while the ad^∗ operator on the righthand side is the operator on (g_μ/g_p)^∗ defined in §2.3.

c) For η ∈ n_μ the map ad^∗_η maps ann(n_μ) ∼= g^∗_μ into ann(g_p) = (g/g_p)^∗ and so P_2ad^∗_ην = 0 for ν ∈ g^∗_μ.

d) For ξ ∈ m_μ ⊕ n_μ ∼= g/g_p the map ad^∗_ξ maps ann(m_μ ⊕ n_μ) ∼= g^∗_p into ann(g_p) = (g/g_p)^∗. Therefore P_2ad^∗_ξ ζ = 0 for ζ ∈ g^∗_p.

e) For ξ ∈ m_μ ∼= g_μ/g_p and ζ ∈ ann(m_μ ⊕ n_μ) ∼= g^∗_p we have

P_1ad^∗_ξ ζ = ad^∗_ξ ζ

where the ad^∗ on the left hand side is acting on g^∗, while that on the righthand side is acting on g^∗_μ.

Proof.

a) For ξ ∈ g and ξ̂ ∈ g_μ we have ad^∗_ξ (μ)(ξ̂) = μ([ξ, ξ̂]) = −ad^∗_{ξ̂} (μ)(ξ) = 0. b) If ψ ∈ m_μ ∼= g_μ/g_p then ad^∗_ξ (ν)(ψ) = ν([ξ, ψ]). Since ξ also lies in m_μ ∼= g_μ/g_p and ν ∈ g^∗_μ/g^∗_p this implies that P_1(ad^∗_ξ (ν)) = ad^∗_ξ (ν) where ad^∗ acts on g^∗ while ad^∗ operator acts on (g_μ/g_p)^∗.

c) Let η ∈ n_μ, ζ ∈ ann(n_μ) and ξ ∈ g_p. The g_p-invariance of n_μ implies that [η, ξ] ∈ n_μ and so ad^∗_η(ζ)(ξ) = ζ([η, ξ]) = 0.

d) The g_p-invariance of m_μ and n_μ implies that [ξ, g_p] ⊂ m_μ ⊕ n_μ for ξ ∈ m_μ ⊕ n_μ.

For ζ ∈ ann(m_μ ⊕ n_μ) we have ζ([ξ, g_p]) = 0 and so ad^∗_ξ (ζ) ∈ ann(g_p). e) We have P_1ad^∗_ξ (ζ)+P_2ad^∗_ξ (ζ) = ad^∗_ξ (ζ) where the ad^∗_ξ on the left hand side is acting on g^∗ and that on the right hand side is acting on g^∗_μ. It is therefore sufficient to show that P_2ad^∗_ξ (ζ) = 0, which follows from part d).

The equations (5.8, 5.11) for ġ and ẇ are those required for the statement of Theorem 3.2. By Lemma 5.5a) the first term in the ν̇ equation (5.9) vanishes. We now rewrite (5.9) as

ν̇ = χ(g)P_1 ( ad^∗_{Dν h}(ν + J_{N1} (w)) + ad^∗_η(ν + J_{N1} (w)) ) (5.12)

where η = η_μ(D_ν h(ν, w), ν + J_{N1} (w)). By Lemma 5.5b) the first term in (5.12) is P_1(ad^∗_{Dν h}(ν)) = ad^∗_{Dν h}(ν). Similarly, by Lemma 5.5e), we get P_1(ad^∗_{Dν h}(J_{N1} (w))) = ad^∗_{Dν h}(J_{N1} (w)) where the ad^∗ on the left hand side is acting on g^∗, while that on the righthand side is acting on g^∗_μ. Dropping the subscript 1 from P_1 completes the proof that equations (5.8, 5.9, 5.11) are equivalent to the equations in the statement of Theorem 3.2.

5.6 Proof of Proposition 3.6 c) Equation (5.10) simplifies to J̇_{N1} (w) = χ(g)P_2 ( ad^∗_{Dν h}(ν) ) as a result of the following observations:

1. The term P_2(ad^∗_{jDν h}μ) in (5.10) vanishes by Lemma 5.5a). 2. The term P_2(ad^∗_{jDν h}J_{N1} (w)) in (5.10) vanishes by Lemma 5.5d) 3. By Lemma 5.5c) we have P_2(ad^∗_{jDν h(ν,w)}(ν)) = P_2(ad^∗_{Dν h(ν,w)}(ν)).

Restricting to χ(g) = 1 and noting that the restriction of P_2 to ann(n_μ) ∼= g^∗_μ is equal to ^P proves part c) of Proposition 3.6.

Acknowledgments

We are particularly grateful to Andrew Lewis, James Montaldi and George Patrick for many discussions on subjects closely related to this paper. Many of the ideas, techniques and applications that are covered here are being developed in collaboration with them and will be treated in more depth in future joint publications. This work has been supported by EPSRC Research Grants GR/K99893 and GR/L60029 and by the Mathematics Research Centre and MIR@W Programme at the University of Warwick.

References

[1] R. Abraham and J.E. Marsden. Foundations of Mechanics. Second edition. Revised, enlarged, reset. The Benjamin/Cummings Publishing Company, Massachusetts, 1978.

[2] L. Bates and E. Lerman. Proper group actions and symplectic stratified spaces.

Pac. J. Math., 181(2):201–229, 1997.

[3] S. Chandresekhar. Ellipsoidal Figures of Equilibrium. Dover, New York, 1987. [4] M. Dellnitz, I. Melbourne, and J.E. Marsden. Generic bifurcation of Hamiltonian vector fields with symmetry. Nonlinearity, 5(4):979–996, 1992.

[5] M. Duflo and M. Vergne. Une proprieté de la représentation coadjointe d’une algébre de Lie. C.R. Acad. Sci. Paris, 268:583–585, 1969.

[6] B. Fiedler, B. Sandstede, A. Scheel, and C. Wulff. Bifurcation from relative equilibria to noncompact group actions: Skew products, meanders, and drifts. Doc. Math. J. DMV, 1:479–505, 1996.

[7] M.J. Field. Local structure for equivariant dynamics. In Singularity Theory and its Applications, Part II, volume 1463 of Lecture Notes in Maths., (M. Roberts and I. Stewart, editors), 142–166. Springer, New York, 1991.

[8] M. Golubitsky and I. Stewart. Generic bifurcation of Hamiltonian systems with symmetry. Physica D, 24:391 – 405, 1987.

[9] V. Guillemin, E. Lerman and S. Sternberg. Symplectic Fibrations and Multiplicity Diagrams. Cambridge University Press, Cambridge, 1996.

[10] V. Guillemin and S. Sternberg. A normal form for the moment map. In Differential geometric methods in mathematical physics, (S.Sternberg, editor), D.Reidel, Dordrecht, 1984.

[11] V. Guillemin and S. Sternberg. Symplectic techniques in physics. Cambridge University Press, Cambridge, 1990.

[12] I. Hoveijn, J.S.W. Lamb and R.M. Roberts. Reversible equivariant linear Hamiltonian systems. In preparation, 1999.

[13] P. Jensen, G. Osmann and I.N. Kozin. The formation of four-fold rovibrational energy clusters in H_2S, H_2Se and H_2Te. In Vibration-Rotational Spectroscopy and Molecular Dynamics, (D. Papousek, editor), World Scientific Publishing Co., Singapore, 1997.

[14] R. Kidambi and P. Newton. Motion of three point vortices on a sphere. Physica D, 12:1 – 33, 1998.

[15] I.N. Kozin, R.M. Roberts and J. Tennyson. Symmetry and structure of rotating H^+_3 . J. Chem. Phys., 111:140-150, 1999.

[16] I.N. Kozin, R.M. Roberts and J. Tennyson. Relative equilibria of D_2H^+ and H_2D^+.

To appear in Mol. Phys., 1999.

[17] M. Krupa. Bifurcations of relative equilibria. SIAM J. Math. Anal., 21:1453-1486, 1990.

[18] H.-P. Kruse and J. Scheurle. On the bifurcation and stability of rigidly rotating inviscid liquid bridges. J. Nonl. Sc., 8:215-232, 1998.

[19] J.S.W. Lamb and C. Wulff. Reversible relative periodic orbits. Preprint, Free University of Berlin, 1999.

[20] N.E. Leonard and J.E. Marsden. Stability and drift of underwater vehicle dynamics:

mechanical systems with rigid motion symmetry. Physica D, 105: 130-162, 1997. [21] E. Lerman and S.F. Singer. Stability and persistence of relative equilibria at singular values of the moment map. Nonlinearity, 11:1637 – 1649, 1998.

[22] A. Lewis and R.M. Roberts. Mechanical systems on homogeneous spaces. In preparation, 1999.

[23] D. Lewis. Nonlinear stability of a rotating planar liquid drop. Arch. Rat. Mech.

Anal. , 106:287 – 333, 1989.

[24] D. Lewis. Bifurcation of liquid drops. Nonlinearity, 6:491 – 522, 1993. [25] D. Lewis and T. Ratiu. Rotating n-gon / kn-gon vortex configurations. J. Nonlinear Sci., 6:385 – 414, 1996.

[26] D. Lewis and J.C. Simo. Nonlinear stability of rotating pseudo-rigid bodies. Proc.

R. Soc. London, A427:281 – 319, 1990.

[27] D. Lewis, T. Ratiu, J.C. Simo and J.E. Marsden. The heavy top: a geometric treatment. Nonlinearity, 5:1 – 48, 1992.

[28] C. Lim, J.A. Montaldi and R.M. Roberts. Relative equilibria of point vortices on the sphere. Preprint, 1999.

[29] R.G. Littlejohn and M. Reinsch. Gauge fields in the separation of rotations and internal motions in the n-body problem. Rev. Mod. Phys., 69:213 – 275, 1997.

[30] C.-M. Marle. Modèle d’action Hamiltonienne d’un groupe de Lie sur une variété symplectique. Rendiconti del Seminario Matematico, Università e Politechnico, Torino, 43:227-251, 1985.

[31] J.E. Marsden. Lectures on Mechanics. Cambridge University Press, Cambridge, 1992.

[32] J.E. Marsden and T.S. Ratiu. Introduction to Mechanics and Symmetry. Springer- Verlag, New York, Berlin, Heidelberg, 1994.

[33] J.E. Marsden and E. Weinstein. Reduction of symplectic manifolds with symmetry.

Rep. Math. Phys., 74:121 – 130, 1974.

[34] K.R. Meyer and G.R. Hall. Introduction to Hamiltonian Dynamical Systems and the N-Body Problem. Springer-Verlag, New York, 1992.

[35] A. Mielke. Hamiltonian and Lagrangian flows on a center manifold with applications to elliptic variational problems, volume 1489 of Lect. Notes Math. Springer- Verlag, Berlin, Heidelberg, New York, 1991.

[36] J. Montaldi. Persistence and stability of relative equilibria. Nonlinearity, 10:449 – 466, 1997.

[37] J. Montaldi. Perturbing a symmetric resonance: the magnetic spherical pendulum.

To appear in SPT98 – Symmetry and Perturbation Theory II (A. Degasperis and G. Gaeta eds.), World Scientific, Singapore, 1999.

[38] J. Montaldi and R.M. Roberts. Relative equilibria of molecules. J. Nonlinear Sci.

9:53–88, 1999.

[39] J.A. Montaldi and R.M. Roberts. A note on semisymplectic group actions. In preparation.

[40] J. Montaldi, R.M. Roberts and I.N. Stewart Periodic solutions near equilibria of symmetric Hamiltonian systems. Phil. Trans. R. Soc. London 325:237–293, 1988.

[41] J.-P. Ortega Symmetry, Reduction and Stability in Hamiltonian Systems. Thesis, University of California, Santa Cruz, 1998.

[42] J.-P. Ortega and T.S. Ratiu. Persistance et différentiabilité de l’ensemble des éléments critiques relatifs dans les systémes Hamiltoniens symétriques. C. R. Acad. Sci. Paris, I 325:1107–1111, 1997.

[43] J.-P. Ortega and T.S. Ratiu. Stability of Hamiltonian relative equilibria. Nonlinearity, 12:693–720, 1999.

[44] R.S. Palais. On the existence of slices for actions of noncompact lie groups. Ann.

of Math., 73:295 – 323, 1961.

[45] G. Patrick. Relative equilibria in Hamiltonian systems: the dynamic interpretation of nonlinear stability on a reduced phase space. J. Geom. Phys., 9: 111 – 119, 1992.

[46] G. Patrick. Relative equilibria of Hamiltonian systems with symmetry: Linearization, smoothness and drift. J. Nonlinear Sc., 5(5):373 – 418, 1995.

[47] G. Patrick. Dynamics of perturbed relative equilibria of point vortices on the sphere or plane. Preprint, 1999.

[48] G. Patrick and R.M. Roberts. The transversal relative equilibria of Hamiltonian systems with symmetry. Preprint, 1999.

[49] S. Pekarsky and J.E. Marsden. Point vortices on a sphere: stability of relative equilibria. J. Mathematical Physics, 39:5894 – 5906, 1998.

[50] R.M. Roberts and M.E.R. de Sousa Dias. Bifurcations from relative equilibria of Hamiltonian systems. Nonlinearity, 10(6):1719–1738, 1997.

[51] R.M. Roberts and M.E.R. de Sousa Dias. Symmetries of Riemann ellipsoids. To appear in Resenhas of USP, 1999.

[52] J.-M. Souriau. Structure of Dynamical Systems. Birkhäuser, Boston, 1997. [53] J.-C. van der Meer. Hamiltonian Hopf bifurcation with symmetry. Nonlinearity, 3(4):1041 – 1056, 1990.

[54] J.K.G. Watson. The vibration-rotation Hamiltonian of linear molecules. Mol.

Phys., 19:465 – 487, 1970.