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CHAPTER 4

Recurrence and Equidistribution on the Circle

So far we concentrated on dynamical systems where the asymptotic behavior can
be described simply: Every orbit was either fixed (sometimes periodic) or was
attracted to (possibly different) fixed points as the time approached positive and
negative infinity. In several situations, such as Proposition 2.3.5, we showed that
no other behavior is possible. )

In this chapter we study a fundamentally different type of behavior. Analysts
use the rather innocuous term “quasiperiodic” to describe it and to signify that it is
not much more than a generalization of periodic behavior. But from the dynamical
point of view this is a starting point for the understanding of nontrivial recurrence,
the central paradigm of the theory of dynamical systems.

We begin with a careful study of this phenomenon in the simplest possible
situation, circle rotations. In the second section this already gives a remarkable
array of interesting applications. The final section extends some of our insights to
nonlinear circle maps.

4.1 ROTATIONS OF THE CIRCLE

The description of our first example is surprisingly simple; it is, in fact, closely
related to some of the linear dynamical systems that appeared in Chapter 3,
specifically Section 3.1.8.4 with p = 1: For a linear system with a pair of complex
conjugate eigenvalues of absolute value 1, complex behavior may appear on the
invariant circles r = const. We now study these rotations of a circle.

4.1.1 Circle Rotations

In Section 2.6.2 we saw two different convenient ways to represent the circle that al-
low us to write various formulas in a nice fashion. One can use either multiplicative
notation, in which the circle is represented as the unit circle in the complex plane

St={zeC ||zl =1} = ("% | ¢ R},
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or additive notation, where
S' =R/Z

consists of the real numbers with integer translates identified (recall Figure 2.6.2).
In multiplicative notation all algebraic operations make sense as operations over
complex numbers. In additive notation we can use addition and subtraction (but.
not multiplication or division) just as the usual operations over real numbers,
but we have to keep in mind that all equalities make sense up to an integer. It is
customary to add “(mod 1)” to such equalities. Thus, the expressiona = b (mod 1),
where a and b are real numbers, means that @ — bis an integer.
The logarithm map

eZﬂf@ > ¢

establishes an isomorphism between these reprgsentations. Let us measure the
length of arcs on the circle by the parameter ¢; that is, the length of the whole circle
is equal to one. Let £(A) denote the length of the arc A measured in such a way. To
similarly define a distance introduce a metric on the set X = R/Z:={[x] | x € R}
of equivalence classes by setting d(x,y):=min{lb—al|aex bey) as in
Proposition 2.6.7.

We use the symbol R, to denote the rotation by the angle 27« In multiplicative
notation

R,(2) = zz with zg = ¢*"'®,
Not surprisingly, in additive notation we have
(4.1.1) Ry(x)=x+ea (mod1).
The iterates of the rotation are correspondingly
Ry(2) = Rue(2) = 7z
in multiplicative notation and _
- RMxX) =x+nae (mod1).

in additive notation.
A crucial distinction in the dynamics of rotations appears between the cases of
the rotation parameter « being rational and irrational.
~ Inthe former case, write « = p/q, where p, q are relatively prime integers. Then
Ri(x) = xfor all x, so R{ is the identity map and after ¢ iterates the transformation
simply repeats itself. Thus the total orbit of any point is a finite set and all orbits
are g-periodic.

4.1.2 Density of Orbits
The case of irrational o is much more interesting. First, it is clear from the above
formulas for the iterates that the orbit of every point is an infinite set. We can,
however, say much more.

Proposition 4.1.1 If« ¢ Q, then every positive semiorbit of R, is dense.
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Figure 4.1.1. Periodic orbit and segment of a dense orbit.

Proof Suppose x,z € S'. To show that zis in the closure of the positive semiorbit
of x, let € > 0. The positive semiorbit of x is infinite and no set of k= [1/e] +1
points has pairwise distances all exceeding . Thus there are ke N such that
! < k < |1/€] and d(RE(x), RL(x)) < e. Then d(RE(x), x) < € because R;! preserves
distances. By the way, this latter distance is independent of x because, if y € S!, then
y= R,,,x(x) and

d(RE1(), y) = d(RE (Ry-+(0)). Ry—x(x)) = d( Rttt y—(0)), Ry—x ()
= d(R, <(R<'(0). Ry—+(0)) = d(RY™ (x), x);

so kand I can be chosen independently of x.

Take 6 € [—1/2,1/2] such that 8 = (k— Da (mod 1). Then p:=[8| <€ and
Rk = Ry. Let N=[1/p] + 1 (independently of x). Then the subset {Rpg(x) | i =
0.1,..., N) of the positive semiorbit of x divides the circle into intervals of length
less than p < e, so there is an n < N(k — ) such that d(R!x),2) <e.O

Remark 4.1.2 Since the negative semiorbit of R, is the positive semiorbit of R_q,
we also proved the density of negative semiorbits.

An alternate proof of minimality shows the absence of proper invariant closed
subsets by contradiction:

Alternate proof of Proposition 4.1.1 Let AC §' be an invariant closed set. The
complement ' ~ A is a nonempty open invariant set that consists of disjoint
intervals. Let I be the longest of those intervals (or one of the longest, if there are
several of the same length). Since rotation preserves the length of any interval, the
iterates R7(I) do not overlap. Otherwise, §' ~ A would contain an interval longer
than I. Since e is irrational, no iterates of I can coincide, because then an endpoint
yofaniterate of I would come back to itself and we would have x + ke = x (mod 1)
with ke = [ an integer and & = I/ k a rational number. Thus the intervals R} (I) are
all of equal length and all disjoint, but this is impossible because the circle has finite
length and the sum of lengths of disjoint intervals cannot exceed the length of the
circle. O
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Proposition 4.1.1 motivates the following general definitions.

Definition 4.1.3 A homeomorphism (see Definition A.1.16) f: X — X is said
to be topologically transitive if there exists a point x € X such that its orbit
O £(x) := (f"(*))nez is dense in X. Equivalently, every f-invariant open invariant
set is dense. A noninvertible map f is said to be topologically transitive if there
exists a point x € X such that its (positive) orbit {‘}} (x) := (f"(x))nen, is dense in X.

The definitions for continuous-time systems are similar.

Definition 4.1.4 A homeomorphism f: X — X is said to be minimal if the orbit of
every point x € X is dense in X or, equivalently, if f has no proper closed invariant
sets. A closed invariant set is said to be minimal if it contains no proper closed
invariant subsets or, equivalently, if it is the orbit closure of any of its points.

Thus Proposition 4.1.1 establishes that any rotation of the circle by an angle
incommensurable with , that is, by an irrational number of degrees (we shall call
such a rotation simply an irrational rotation), is minimal and hence topologically
transitive.

While minimality always implies topological transitivity, the converse is by
no means true. Chapter 7 contains various examples that combine topological
transitivity (existence of some dense orbits) with the existence of many orbits of

different types, for example, infinitely many periodic (finite) orbits whose union is
in turn dense.

4.1.3 Dense Orbits

It may be interesting to get a good picture of how an orbit fills the circle densely. We
do this in a specific example by following the orbit of 0 under a rotation R,, where
we take

1
54—
c
for some ¢ > 1. @ € @ if and only if ¢ € Q. The unusual form of o will seem more
natural at the end.
Since 1/4 < & < 1/3 and hence 30 < 1 < 4o, the first time the orbit returns
more closely to 0 than ever before is after three steps. The first three points, «, 2«,

and 3a, are evenly spaced, and since 4« > 1, 3« is closer to an integer than the
previous points. The precise distance is

1
5+l
3 = 1
§:=1-3a=1-— =- € :
1 3
34 —— 34+—— 16+
54— 54—
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To find the next time of closest return we start from the fourth step, using4e = o — 8
(mod 1). So three e-steps take us from « to « — 5. How many of these 3a-steps does
it take to get the next closest approach? As before, it should be about «/4, and the
desired number 7 must satisfy n§ < « < (n+ 1). Indeed, n = 5 works:

5 1 1 1

M=—= < = = o,
3 E 1 1
) 34—+ —=) 3+- .
15+(]+c) +(5+5C) +5 34 I
5+ =
and
6
65: >---6—=-]->ﬂ'
3 18 3
16 + —
C

These five 3x-steps evenly fill the interval (0, @) and simultaneously its three image
intervals. When this next closest return is reached, the orbit segment is a §-dense
subset of the circle spaced evenly (except for the smaller interval of the new closest
return). The next closest return after this is determined by ¢, and it is safe to guess
that it will happen after about c steps.

If ¢ were about a billion, this would mean that it takes about a billion 5§-steps
until the next closest return, which is some 15 billion iterations of R,. In particular,
the first 7 billion iterations are guaranteed to leave gaps of §/2 > 1/35. So large
entries in this continued fraction form of ¢ are not a good thing for filling the circle
well. Continued fractions are discussed in greater detail in Section 15.2.

In conclusion, there is a natural sequence of ever longer time scales during each
of which the orbit achieves a finer degree of density in a fairly homogeneous way.
Thus, the behavior of an orbit is periodic, except for a little error §, which produces
a perturbation with much higher period — up to an even smaller error, and so on.

4.1.4 Uniform Distribution for Intervals

The preceding discussion suggests that we look into the way orbits of an irrational
rotation are distributed on the circle in a quantitative fashion by finding the
frequencies with which iterates of a point visit various parts of a circle. To be
specific, fixanarc A ¢ §',and forx € §' and n e Nlet

Fp(x,m):=card{keZ |0<k<n, RE(x) € Al

This function is nondecreasing in n for fixed x and A. Since the positive semiorbit
of any point is dense, there are arbitrarily large positive iterates of x that belong to
A. Hence

Fa{x, n) — 0o, as n— oo.

The natural measure of how often these visits happen is the relative frequency of
visits:
Falx, r)

s

(4.1.2)
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Figure 4.1.2. Frequencies.

Recall that £(A) denotes the length of the arc A measured by the parameter ¢
introduced at the beginning of Section 4.1.1.
The argument from the proof of Proposition 4.1.1 gives

Proposition 4.1.5 Suppose a is irrational and consider the rotation R,. Let A, A’ be
arcs such that £(A) < £(A"). Then there exists an Ny € N such that, ifx € S', N > Ny,
and n e N, then

Falx, n+ N) = Fa(x, n).

Proof By the density of the positive semiorbit of the left end of the arc A we can
find an Iy € N such that R}*(A) C A”. Then R!(x) € A implies R*™(x) € A’ and
Fp(x,n+ N} = Fa(x, n+ No) > Falx,n) for N = No. [

So far we have not specified what kinds of arcs we consider: open, closed, or half-
open. There is no difference as far as limit behavior of the frequencies is concerned,
since the difference between the number of visits for an open arc and its closure is
at most two. So it is convenient to always take arcs closed on the left and open on
the right, For such arcs we have the following additivity property: If the right end of
A, coincides with the left end of A, then Ay} N Az = &, Ay U A, is an arc and

Fa,(x, 1) ++ Fy,(x, n) = Faua,(x, 1),

It is also convenient to define Fs(x, n):=card{ke Z | 0 < k < n, RE(x) € A} for
any set A that is a union of disjoint arcs. So far we do not know that the limits of
relative frequencies exist. However, one can consider the upper limits:
f_t(z‘l) :=limsup M.
n

Hosoo

These quantities are obviously subadditive:
felA1U A7) = Fo(A1) +1i(A).

In particular, if U}, A; = S', then -7, f.(A) = 1. Proposition 4,1.5 implies
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Corollary 4.1.6 If£(A) < £(A), then T, (A) < (A

Similarly we introduce the lower asymptotic frequencies:

(A i i AT
=X 0o n

Obviously, for any set A we have Fa(x, 1) = n— Fa(x, n), where A° denotes the
complement §! ~. A of A and hence

Fulx, n) Fae(x, 1)

=1-liminf
n—o00

(4.1.3) f.(A) = limsup =1-1(49.
n—o0

Now we can formulate our main statement about asymptotic frequencies:

Proposition 4.1.7 For anyarc A c §' and any x € §!

f(4) = lim f-‘i%i)

1
— 00

= £(A),
and the limit is uniform in x.

Remark 4.1.8 The property of the sequence a,:= R?(x), n=0,1, 2, ... expressed
by this proposition is called uniform distribution or equidistribution: The asymp-
totic frequency of visits is the same for arcs of equal length, regardless of where on
the circle they are.

Proof First we show that the frequency of visits cannot be too high.

Lemma 4.1.9 IfE£(A) = 1/k, thenf,(A) < 1/(k—1).

Proof Consider k— 1 disjoint arcs A;, Az, ..., Ar of length 1/(k — 1) each. For
1 = i < k, Proposition 4.1.5 gives natural numbers N; such that, if x € S!, then
Fa,(x, i+ N)) = Falx, n);

hence Fa,(x, n+ N) = Fa(x, n), where N = max; N; and

k=1

(k= DEx(x, ) < ) Fa,(x,n+ N).

i=1

Since N is fixed, we let n — oo to obtain

< k1
(k—l)fx(A)ij( .si)zl_g

i=1

Figure 4.1.3. Upper asymptotic frequendles.
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Foranarc A ande > 0find kand an arc A’ 5 A oflength I/ k < £(A) + €. Then
- . 1 k
A< g k-1
by Lemma 4.1.9. Letting ¢ — 0 and thus k — oo gives J,(A) < £(A). Combined with
(4.1.3) for A = A°, this also gives f,(A) = £(A). This proves that the limit exists and
equals £(A). O

< (£(A) +¢)

4.1.5 Uniform Distribution for Functions
Clearly, frequencies also can be defined for any set A that is a finite union of
ares. To do this in a suggestive way we call

(%) = 1 ifxe A
IE=To iraga

the characteristic function of A. Then we define

n—1
Fa(x,n):=Y_ xa(RE(x)).
par

and accordingly the relative frequency is E:;é xa(R(x))/n. Since, by definition
of the integral, £(A) = [q xa(¢)d$, Proposition 4.1.7 can be reformulated as

1 n—1
(4.1.4) lim =% xa(Rix)) = f Xa($)do.
=0 st

n—0o 1

1. Birkhoff Averaging. We can also consider similar expressions for functions
@ other than characteristic functions.

Definition 4.1.10 The Birkhoff averaging operator B, is the operator that
associates to a function ¢ the function B,(¢) := Y 1) ¢ o R /n given by

n—1

1
4.1.5) Bu(g)(x) = — > o(Ri(x)).
k=0
Remark 4.1.11 Some useful properties of B, are

(1) B, is linear: B,(ag + byr) = aB,(p) + bB(y).

(2) B, is nonnegative: If ¢ > 0, then B,(¢) = 0. Also, B, is positive (or
monotone): If ¢ > 0, then B(g) > 0.

(3) B, is nonexpanding: sup,_ g Ba(@)(x) < sup, . (x).

(4) B, preserves the average: [, B.(¢)(d)dd = [5 ¢(¢) dp.

This leads to the following conclusions:

Proposition 4.1.12

(1) For any step function ¢ that is a linear combination of characteristic
functions of arcs, lim,_, o B.(p) = fs. p(¢)deo.
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(2) For any function ¢ that is a uniform limit of step functions we also have

limy, s 00 Balp) = fsl p(p)de.

Proof Since the map associaling to an integrable function its integral over S!
has properties analogous to those in the remark, we can start from (4.1.4), pass
to linear combinations and uniform limits, and compare results.

For the second claim fix € > 0, take a step function @, with sup,.q |@(¢) —
@:($)] < €, and apply the operators B, to ¢ = ¢, + (¢ — @) to get

(4.1.6) st(ﬂb)dsb"zesfstw(qb)—edfﬁ—esfslcoc(fﬁ)drﬁ—e

= lim B, (@) — € < liminf B,(¢) < limsup B,(¢) < lim B,(g:) +¢€
00 n—00 00 n—o0

[Lewrdsres [ o) +edvres [ pwrasre

foranye > 0.0

Lemma 4.1.13 Every continuous function is the uniform limit of step functions,
as is every function with finitely many discontinuity points and with one-sided
limits at these points (piecewise continuous functions).

Proof Every continuous function on S' is uniformly continuous; that is, for
every € > 0 one can find an n € N such that, on every arc of length 1/n,
the function varies by less than €. Dividing S! into n such arcs gives a step
function that is constant on each arc and differs from the given function by less
than €. Essentially the same argument applies to functions with finitely many
discontinuity points and one-sided limits at these points. 0

The last two results give:

Proposition 4.1.14 If « is irrational and ¢ is continuous, then

n—1

1
lim — e d
LOebE L0 fs 0(9)d¢

uniformly in x.

There is a more general class of functions for which the Birkhoff average
converges to the integral, namely, all functions integrable in the usual (Riemann)
BENSE.

Theorem 4.1.15 If « is irrational and ¢ is Riemann integrable, then

1 n—-1
(4.1.7) lim ~ % " o(RE(x)) = fs] p($)do

I=0

uniformly in x.
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Figure 4.1.4. Approximation by step functions, Rlemann sums.

Proof Pick a partition of S! into a finite number of arcs I;. The corresponding
lower and upper Riemann sums }_; mingy (L) and 3, max @, I(I;) can be
interpreted as integrals of step functions ¢, and @3 defined by ¢; = min g 5 on
I and ¢ = max g I, on I;. By definition of Riemann integrability, the parﬁiion
can be chosen such that

[ —e= [ o@ras < [ oo < [ oras+e
This implies that

[ o@ras—c < [ 0@)d = lim Buon) < liminf B.(0)
1 s] n—00 =00
(4.1.8)
< lim sup B, () < lim B,(¢s) = f 02(9) dp < f (@) de +c.
0o 51 51

Letting € — 0 gives the result. [J

Remark 4.1.16 The condition of Riemann integrability is essential. To see
this, take a point xy and define the set A as the union of the arcs of length
27542 centered at R'(x) for k> 0. Although some of these arcs overlap,
A is a union of arcs the sum of whose lengths is less than 1/2, whereas
lim,, , oo % Z;;cl, xd(lﬂ{x)) = 1. Of course, x4 is not Riemann integrable.

2. Time Average and Space Average. The quantities on either side of (4.1.7)
are averages.

Definition 4.1.17 Given a function ¢, we call

) 1 n—1
Jim — ; o(Ri(x))
its time average as sampled by following the orbit of x under the iterates of
the rotation Ry. (Figure 4.1.5 illustrates this for ¢ = x91/3)) The integral
[ ©(¢)d¢ is called the space average of the function ¢.
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Figure 4,1.5. Time average.
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These notions are both borrowed from physics, which is concerned with the
measurement of observable quantities associated with a dynamical system. This
means that there is a (measurable) quantity associated with the dynamical system
in question that varies with the state of the dynamical system — in other words,
one has a function defined on phase space whose value at a particular state of the
dynamical system is displayed by the measuring device. Especially for systems
that behave in unpredictable ways, it is quite natural to take a large number
of successive measurements and average them. The limit of these averages is
exactly the time average for the initial condition at which the measurements were
begun.

The space average is more likely obtained as a result of calculations with
a mathematical model of the physical system at hand. If one knows, as we do
in our simple example, that space averages and time averages are supposed
to coincide for the model one is testing, then the space average constitutes a
prediction of the time average that is being measured, thus providing a means
of verifying or falsifying the proposed model.

Returning to our situation, we note that the preceding result says that for any
Riemann-integrable function the time average exists for the orbit of any point x
and always coincides with the space average. This important property of irra-
tional rotations is equivalent to uniform distribution and is referred to as unique
ergodicity. This notion can be defined in the abstract setting of a continuous
map of a compact metric space, even though there is no notion of an integral.

Definition 4.1.18 If X is a compact metric space and f: X — X a continuous
map, then f is said to be uniquely ergodic if

n—1
DN L)

F=0

converges to a constant uniformly (in x) for every continuous function ¢.
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ary, way
by using trigonometric polynomials to approximate continuous fungtions. This
is possible dig to the classical theorem of Weierstraf} that says that continuous

giform limits of trigonometric polynomials. Thie/a theorem is a

uniform approximation of a continuous function on an interv, by polynomials.
' functions.

Alternate péoo_f of Proposii

cos 2w mx + i sin 2w max. If m

and
1 n—1 1 n—1 2
a2 cn(Bi@)|=1->"e L
= =
as n — 00, because Y }_, xF = (1 — 2"+1)/§
Birkhoff averaging operators are li so if p(x) = :z_la,-c;(x) is a

trigonometric polynomial, then lim,_, o B
because this constant has to be the integ

exists and is constant. It is ay
§! (the operators B, do not
ow us to pass to uniform
limits of trigonometric polynomials /that is, all continious functions. [

re straightforward
ver, that it does
not give the original unifor

tions one can use the argument from the proof of Theorem 4.1.15 bae
inuous functions ¢y < x4 < @s such that [(gs — ) < €

(Figure 4.1.6) and repeat the calculation (4.1.8).

Irrational rotapions serve as the starting point for a number of fruitful
generalizationg. Let us discuss one of them. The circle is a compact abelian

group, and fthe rotation can be represented in group terms as the group

[r k.

Figure 4.1.6. Approximation by continuous functions.

N\
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Ly: G — G, Lgg = gog.

element e € G is the cycli
tion 4.1.1 is closely re
infinite closed subgroups.
approximation, so we define a ¢

subgroup (gf}ucz. Proposi-

an orbit is dense requires a notion of
ical group to be a group with a metric for

S

‘or g, g € G denote by A, A’ C G the closures of theorbits of g and g,
espectively. Now gig’ = ghig(g 'g'), so A’ = Ag7'g’ and A’ = t}t&and only if
A=G.D S

B EXERCISES

[ Exercise 4.1.1 Prove that for the metric d(x, ) :=min{|lb—a| | ae x, be y)
on the set X=R/Z:=([x] | xe R} every mtatlon is an isometry (as in
Definition A.1.16).

B Exercise 4.1.2 Takec = 7.1inSection 4.1.3 and determine the next closestreturn.
@ Exercise 4.1.3 Prove the properties in Remark 4.1.11.

M Exercise 4.1.4 For arotation R, find N € N in terms of « such that Fyp, y/2)(x, n)/
n= 0.45 forall n = N (see Section 4.1.4).

M Exercise 4.1.5 Suppose the motion of the sun and moon as observed from a
specific place on earth are strictly periodic and that the time difference between
sunrise and moonrise is never twice the same. Prove that this difference is uniformly
distributed.

M Exercise 4.1.6 Give an example of a homeomorphism of a complete metric
space that has a dense orbit but no dense semiorbit.

H Exercise 4.1.7 Give an example of a homeomorphism of a compact metric
space that has a dense orbit but no dense semiorbit.

M Exercise 4.1.8 Prove that two minimal sets (Definition 4.1.4) are either disjoint
or equal.

M Exercise 4.1.9 Prove that a contracting map of a compact space is uniquely
ergodic

H Exercise 4.1.10 Give an example of a continuous map f of a compact metric
space X such that

1 n-1

=Y ot

"=
converges uniformly (in x) for every continuous function ¢, but f is not uniquely
ergodic.
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W Exercise 4.1.11 Using enough digits of the decimal expansion of r, find the clas-
sical approximations 21/7 and 355/113 and write the result in the form described
in Section 4.1.3. Find the fourth term in the continued-fraction approximation and
explain how the size of this number is reflected in the quality of the approximation.

M PROBLEMS FOR FURTHER STUDY

B Problem 4.1.12 Let G be a metrizable compact topological group. Suppose for
some g € G the translation Lg, is topologically transitive. Prove that G is abelian.

@ Problem 4.1.13 Show that a finite abelian Ig/roup has a uniquely ergodic
translation if and only if it is cyclic.

H Problem 4.1.14 Prove that the circle map x+ x+ (1/4) sin’xx shown in
Figure 2.2.4 is uniquely ergodic.

H Problem 4.1.15 Define the following metric d» on the group Z of all integers:
dz(m, n) = [lm— nllz, where

izl = 27* if n = 2% with an odd number /.

The completion of Z with respect to that metric is called the group of 2-adic or
dyadic integers and is usually denoted by Z,. It is a compact topological group.
Let Z; be the closure of the even integers with respect to the metric d;. ZJ is a
subgroup of Z; of index two.

Prove that for gy € Z; the translation Lg,: Z, — Z, is topologically transitive if
and only if gy € Z, ~ ZJ.

This is an example of a class of systems called adding machines. An equiva-
lent description is given in Definition 11.3.10, and Theorem 11.3.11 shows that
this dynamical system is a subsystem of the quadratic map f;: [0, 1] — [0, 1],
fu(x) := 2x(1 — x) from Section 2.5 for a particular value of A.

SOME APPLICATIONS OF DENSITY AND UNIFORM DISTRIBUTION-

umerous situations in which one would like to ohtaip'tﬁ)rmation
otic nature and where the dynamics of circl otations or toral
translations, which are considered in the next chapter, piaysé}:l:, possibly behind
the scenes, that makes it'possible to obtain this as totic information from the
knowledge we have acquired sofar. In this secuaﬁ we show some such examples.

4.2.1 Distribution of Values ffm'/Peu?ﬁis Functions
Let (x,) nem be a sequence of realrfumbers. A na\malway to describe the distribution
of values of such a sequence would be to consider ﬂléasymptotlc frequencies with

which this ﬁeq}w visits” various intervals. x\_\

\\\.
Definitio 2.1 Given a sequence (x,) .y and a < b, let F, ,(n) be t \h&lll.lmber of
%rygeéuch that1 < k < nand a < xx < b. We say that (x,),en has an as_]?mpmuc

istribution if for any a, b, —co < a < b < oo the limit

li Fa p(n)
1N =
n—oo R
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ensions, and conservation of the
sions are parametrized by a
‘his is therefore a system
e one gets flows on

Energy conservation reduces this to three dim.
size of angular momerftum to two, These two dime
time parameter along an ellipse and a perihelion angle.
similar to the-Tnathematical pendulum (Section 6.2.2) wl:lf -
i i i i i jant tori. However, the Kep
circles, that is, one-dimensional invarian . . ! epl e
several planets without mutual interaction gives higher-dimensional invarian

ith linear flows on them. This is the central feature of complete fnxeg?ub{liw in

; S
Hamiltonian dynamical systems. %

B EXERCISES
B Exercise 4.2.1 Give a detailed proof of (4.2.1).

M Exercise 4.2.2 Verify directly that for any fixed number n_ruhc sum of l_gf p +412} 7—
lg pover all pwith exactly mdigits is 1, as it should be according to Proposition 4.2.7.

@ Exercise 4.2.3 Verify the calculation needed to deduce Proposition 4.2.7 from
Proposition 4.1.7 or Theorem 4.2.3.

i ; 2
| Exercise 4.2.4 Referring to Proposition 4.2.7, determine limn.co F‘“.“.l:’{ r;
and find the asymptotic frequencies of 0 and 9, respectively, as the second digit o

powers of 2.

@ Exercise 4.2.5 Referring to the proof of Proposition 4.2.8, assume v # {]ti:lrllg
replace the section C; by the section C; = {xz = U}“Prove that the resulting re
map is a rotation and determine the rotation angle in terms of y.

| Exercise 4.2.6 Verify by direct calculation of the time derivatives that the
functions x 4 x? and x? + x7 are invariant under (4.2.5).

@ Exercise 4.2.7 Formulate the natural uniform distribution property referred to
in Proposition 4.2.9 and proved in Section 4.2.5.4.

B Exercise 4.2.8 Prove that any closed proper subgroup I" of R is cyclic, that is,
' = {na}ez for some a € R.

v
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M Exercise 4.2.9 Given an initial direction, how many slopes are there for the
billiard flow in a square and in each of the two triangles, and what are they?

I Exercise 4.2.10 Suppose a horizontal light beam enters a circular room with
mirrored walls, Describe the possibilities for which areas of the room will be best lit.

@ Exercise 4.2.11 Prove that a complete unfolding of a regular pentagon covers
every point of the plane infinitely many times.

W Exercise 4.2.12 Obtain the continuation of orbits in the billiard description of

the 2-particle system by interpreting double collisions as limits of a series of simple
collisions.

4.3 INVERTIBLE CIRCLE MAPS

The success in analyzing circle rotations is due in large part to the fact that
these come from linear dynamical systems, namely, from rotations of the plane
(Section 3.1). This causes the great homogeneity of the orbit structure that gives
uniform density of orbits and uniform distribution. However, another ingredient,
perhaps less apparent, is the simple structure of the circle itself. Analogously to
the study of interval homeomorphisms (Section 2.3.1) this makes it possible to
give a fairly satisfactory analysis of the orbit structure of any invertible map of
the circle. One-dimensionality of the circle provides two (related) features that
make a fairly detailed analysis possible: the (cyclic) ordering of its points and the
Intermediate-Value Theorem. These have the effect of tying together different
orbits tightly enough to make the possible orbit structures relatively easy to
describe. The importance of the order structure will become particularly apparent
in Proposition 4.3.11 and Proposition 4.3.15.

For noninvertible maps of an interval or of the circle the order of points may not
be preserved and hence use of this first property fails, while the Intermediate-Value
Theorem can still be used so long as we have continuity. Accordingly, the structural
features are much more complicated while still amenable to rather extensive
analysis. Chapter 11 outlines this for some interval maps.

One principle that will manifestitselfin various guises throughout this section is
that while, unlike the situation with rotations, the orbit structure of invertible circle
maps is not always entirely homogeneous, the asymptotic behavior is in various
different ways about as homogeneous, or at least coherent, as the entire orbit
structure of a rotation and, in fact, ultimately turns out to look much like a rotation.

In this section a fundamental dichotomy is central: A circle homeomorphism
(Definition A.1.16) may or may not have periodic points. Every orbit has the same
type of asymptotic behavior, and it corresponds in a precise sense to the behavior
of an orbit of a rational or an irrational rotation, respectively. The tool that leads to
this conclusion is a parameter that reflects asymptotic rotation rates and is rational
or not according to whether there are periodic points.

4.3.1 Lift and Degree
Recall the relation between the circle S! — R/Z and the line R (see Section 2.6.2).
There is a projection r: & —» §1 » X > [x], where [x] is the equivalence class of x in
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A . /\

v

Figure 4.3.1. A lift and degree.

/7 as in Section 2.6.2. Here [] denotes an equivalence class, whereas the integer
part of a number is written |- |. We use (-} for the fractional part.

Proposition 4.3.1 If f: S' — S! is continuous, then there exists a continuous
F: R — R, called alift of f toR, such that

(4.3.1) fo_rr:?toF,

that is, f(lz1) = [F(2)]. Such a lift is unique up to an additive integer constant, and
deg(f) := F(x + 1) — F(x) is an integer independent of x € R and the lift F. It is
called the degree of f. If f is a homeomorphism, then |deg(f)| = L.

Proof Existence: Pick a point p € S'. Then p = [xy] for some xo € R and f(p) = (]
for some yp € R. From these choices of x, and y, define F: R — IR by requiring that
F(x) = ¥, F is continuous, and f([z]) = [F(2g)] for all z € R. One can construct
such an F by varying the initial point p continuously, which causes f(p) to vary
continuously. Then there is no ambiguity of how to vary x and y continuously, and
thus F(x) = y defines a continuous map.?

Uniqueness: Suppose F is another lift. Then [F (x)] = f([x]) = [F(x)] for all x,
meaning F — F is always an integer. Because it is continuous it must be constant.

Degree: F(x+ 1) — F(x) is an integer (now evidently independent of the
choice of lift) because [F(x+ 1)) = f(lx+1]) = f([x]) = [F(x)]. By continuity,
F(x + 1) — F(x) =: deg( f) must be a constant.

Invertibility: If deg(f) = 0, then F(x + 1) = F(x) and thus F is not monotone.
Then f is noninvertible because it cannot be monotone. If |deg(f)} > 1, then
|F(x+1) — F(x)] = 1 and, by the Intermediate-Value Theorem, there exists a

3 To elaborate, take 5 = 0 such that d([x], [x']} < & implies d( f([x]). f(Ix'])) < 1/2. Then define F on
[xg — 8. % + 8] as follows: If [x — xo| = 5, then d{f([x}).g) < 1/2 and there is a unique y € (o —
1/2. yp + 1/2) suchthat[y] = f((x]). Define F(x) = y. Analogous steps extend the domain by another
4 at a time, until F is defined on an interval of unit length. Then f(iz]) = [F(2)] defines F onR.
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y € (x,x+1) with |F(y) - F(x)| = 1. Then f([y]) = f(x]) and [y] # [x], so f is
noninvertible. [

Definition 4.3.2 Suppose f is invertible. If deg(f) =1, then we say that f is
orientation-preserving; if deg( f) = —1, then f is said to reverse orientation.

Remark 4.3.3 The function F(x) — xdeg( f) is periodic because
F(x+1) — (x + 1) deg(f) = F(x) + deg(f) — (x + 1) deg( f) = F(x) + xdeg(f)

for all x. In particular, if f is an orientation-preserving homeomorphism, then
F(x) — x is periodic and so F — Id is bounded. A slightly stronger observation will
come in handy soon.

Lemma 4.3.4 If f is an orientation-preserving circle homeomorphism and F a lift,
then F(y) —y < F(x) —x+1forallx,y e R.

Proof Letk= |y — x]. Then
(4.3.2) FO)—y=FWP+Fx+B-Fx+R+x+b—-x+k—-y
=(Flx+8 -+ +Fy - Fx+b) - - x+R).

Now F(x+ k) — (x+ k) = F(x) —xand 0 < y — (x + k) < 1 by choice of k, so F(y) —
F(x + k) < 1. Thus the right-hand side above is at most F(x) —x+4+1-0. O

4.3.2 Rotation Number

The presence or absence of periodic points is determined by a single parameter
called the rotation number. It also tells us which rotation to compare a circle
homeomorphism to.

Proposition 4.3.5 Let f: S' — S' be an orientation-preserving homeomorphism
and F: R — R alift of f. Then

1
(4.3.3) p(F):= lim —(F"(x) — x)
Ini-sco R
exists for all x € R. p(F) is independent of x and well defined up to an integer; that
is, if F is another lift of f, then p(F) — p(F) = F — F € Z. p(F) is rational if and
only if f has a periodic point.

The fact that the rotation number is independent of the point is the first
manifestation of the coherent asymptotic behavior of orbits that we will come to
expect. This proposition justifies the following terminology:

Definition 4.3.6 p(f) := [p(F)] is called the rotation number of f.
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\

Figure 4.3.2. Subadditivity.

A sequence (@) pey With @nem < @, + ay, is said to be subadditive. Existence of
the rotation number is due to a similar property of the right-hand side of (4.3.3).

Lemma 4.3.7 If a sequence (ay)nen satisfies Gmyn < @y + A + L forallmne N
and some k and L, thenlim,,_, ., a,/n € R U {—oco} exists.

Proof amux < G+ @ + L gives @min < am+ an+ @ + 2L = apm + ap + L', so we’

may take k = 0. Let @ :=lim ,, , @,/ n € R U [—00).

If a<b<cand n>2L/(c—b) such that a,/n < b, then for any ! > n that
satisfies I(c — b) > 2max,.n @ we can write ! = nk+ r with r < n. This implies
afl < (kan+a, + kL) /1 < an/n+a./1+ (L/n) < ¢, so im ./l < c. Since ¢ > a
was arbitrary, this proves the lemma. [

Proof of Proposition 4.3.5 Independenceof x:Remark4.3.3gives F(x + 1) = F(x) + 1.
If |x — y| < 1, then |F(y) — F(x)| = 1 and

1 1
~IFMx) = ¥ =~ F"() — yi| < i (F"(0) — F"3)] + 12— y]) <

=l

Thus the rotation numbers of x and y coincide, if one of them exists.
Existence: Take x € R and a,, := F"(x) — x. Then

@myn = F™"(x) — x = F™(F*(X)) — F"(x) + ay < an+ 1 + ay

by Lemma 4.3.4 applied to f™ and F™. Thus Lemma 4.3.7 shows that a./n
converges, but possibly, to —oo. However,

n n

n 1 n—1 i 1 n—1
= =S (FM) - i) = = 3 (F(x) — %) = min F(y) — y,
i= =

so the limit is a real number p(F).
Also, p(F + m) = limyy oo (1/n) (F*(x) 4+ nm— x) = p(F) + mfor me Z, that is,
p(F) is well defined (mod 1).
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Periodic points: If f has a g-periodic point, then F7(x) = x + p for a lift x of it
and some pe Z.lf me N, then

Fma(x) — x I el . mp p
———— = ) PPN ) - P} = — =
mq mq ; mq 4
so p(F) = p/q.
Conversely, for any lift F the definition of rotation number yields
p(F™ = lim i((F"’]"(x} —x)=mlim —;—H(F’""(x) —-X) = mp(F}:'
soif p(f) = p/q € @, then p( f9) = 0 since the rotation number is defined up to an
integer. Therefore we need only show:

Claim If p(f) = 0, then [ has a fixed point.

Suppose f has no fixed point and let F be a lift such that F(0) € [0, 1). Then
F(x) — x ¢ Zforallx € Rsince F(x) — x € Zwouldimply that [x]isafixed pointfor f.
Therefore, 0 = F(x) — x < 1 for all x € R. Since F — Id is continuous and periodic,
it attains its minimum and maximum and therefore there exists a § > 0 such
that

D=déd=Fx)—-x=1-8=<1l
for all x € K. In particular, we can take x = Fi(0) and use F"(0) = F"(0) -0 =
Yo FHY0) — F(0) to get
ns < F"0)<(1-8n

or

§=

n
L ] <1-é.
n

As n— oo, this gives p(F) # 0, which proves the claim by contraposition. [
All periodic orbits, if any, have the same period:

Proposition 4.3.8 Ler f: S' — S! be an orientation-preserving homeomorphism.
Then all periodic orbits have the same period.

In fact, if p(f) = |p/q) with p, q € Z relatively prime, then the lift F of f, with
p(F) = p/q satisfies F1(x) = x + pwhenever |x] is a periodic point, that is, the set of
periodic points of f lifts to the set of fixed points of F7 —1d —p.

Proof If [x] is a periodic point, then F'(x) = x + s forsomer, s € Z and
Pyt DO F gy T
q n—+o00 nr noc 0rF

This means that s = mp and r = mq and that therefore F™(x) = x + mp.

Claim Fi(x)=x+ p.
If Fi(x) — p > x, then monotonicity of F implies
F(x) —2p=FUFix)— p—p=Flx)-—p>x

and inductively F™7(x) — mp > x, which is impossible. Likewise, F7(x) — p < x is
impossible because it implies F™9(x) — mp < x. This proves the claim. O
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4.3.3 Conjugacy Invariance

The notion of topological conjugacy is central to many aspects of dynamics and
will be introduced later (Definition 7.3.3). The rotation number provides the
first nontrivial example of a conjugacy invariant, due to the following result:

Proposition 4.3.9 If fih: S' — S' are orientation-preserving homeomor-
phisms, then p(h™! fh) = p(f).

Proof Let F and H be lifts of f and h, respectively, that is, 7 F = fr and
aH=hn.Thenn H '=hYha H ' =h ‘s HH ! = h~'n, so H ! is a lift of
h='. Also, H'FHisaliftof k™' fhsincen H'FH = h™'nFH = h™' fn H =
h' fhr.
Suppose H is such that H(0) € [0, 1). We need to estimate
|H™'F"H(x) — F*(x)| = |(H'F H)"(x) — F"(x)|.

(1) For x €[0,1) we have 0 — 1 < H(x) — x < H(x) < H(1) <2, and by
periodicity |[H(x) — x| < 2 for x € R. Similarly, |H 1(x) — x| < 2 for
(2) ;cf?:_y“i x| < 2, then |F"(y) — F"(x)| < 3 since |[y] — [x]| < 2 and thus
=3 <[yl-[*]1-1=F'yD) - F'([x]+1) < F'(y) - F"(x)
< F [yl + ) - F' (D =[y]+1-[x] =3.

Those two estimates yield
|H'F"H(x) — F"(x)| < |[H'F"H(x) — F"H(x)| + |F"H(x) — F"(x)| < 2+ 3,
so |(H1F HY(x) — F™(x)|/n < 5/nand p(H " 'FH) = p(F) by (4.3.3). O

The behavior of the rotation number under orientation-reversing conjugacies
is the subject of Exercise 4.3.6.

4.3.4 Circle Homeomorphisms with Periodic Points
The orbit structure of a circle homeomorphism can be described in a fairly
complete fashion. We first do this for the case with periodic points.

The first level of description is that each periodic orbit is ordered in the same
way as those of the corresponding rotation. This means that the periodic orbits
of an orientation-preserving circle homeomorphism behave like those of the
circle rotation with the same rotation number. So not only is there an internal
coherence of the various periodic orbits as described by Proposition 4.3.8, but
they also are qualitatively compatible with those of a rotation. This was, in fact,
presaged by the proof of Proposition 4.3.8.

Before proving this, the “ordering” of an orbit has to be defined. It is the
sequence in which one encounters the points of the orbit when moving from its
initial point in the positive direction. Formally, one can define this using lifts:

Definition 4.3.10 Given xq,...,x,—1 € S', take %y, ..., %,1 € [¥g, %o+ 1) C R
such that [#;] = x;. Then the ordering of (xp, . .., #1) on S! is the permutation
arof Tl n — 1) such that £y < X,y <+ < Xg(u-1) < Ko + 1.
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As a warmup, we find the ordering o of ({0, pla.2p/q.....(q — 1p/q})
on S', to which we later compare that of a periodic orbit. Define k € N by
0 <k < q and kp = 1(med gq). Then k minimizes the fractional part {ip/q} for
0 <i < q and hence k = o(1). Inductively, ki = o(i) (mod q). This defines the

ordering o of
n({o,g,@,”.,@ﬂ}).
9 9 q

Therefore, we want to prove:

Proposition 4.3.11 lLet f: S' — §! be an orientation-preserving homeomor-
phism. Suppose p and q are relatively prime and there is an x € S' sueh that
fU(x) = x. Then the ordering of (x, f(x), f2(x), ..., f97'(x)) on S' is given by
o(i) = ki (mod q), where kp =1 (mod q).

Proof Fix % € n~'([x]) and a lift F of f such that Fi(x) = £+ p (Proposi-
tion 4.3.8). Then [x, £ + p] is partitioned (up to common endpoints) into p - g
subintervalsby A := 7~ ({x, f(x), f2(x), ..., S77Y(x)}), and into ¢ subintervals
I =[Fi(%), F*'Y(%)], i=0...g — 1. Since F is a bijection between any I
and Ii;; and preserves A, each I; contains p + 1 points of A. Take k,r € Z
such that the right neighbor of % in A is &) = F¥) — r. Since F = F¥ —r is
increasing on R and preserves A, the facts that & = F(%) is the nearest right
neighbor of % in A and that [%, F(x)] is divided into p subintervals by A show
that FP(%) = F(%) and hence f*(x) = f(x). Therefore k is the unique integer
between 0 and ¢ — 1 such that kp = 1 (mod q), and the ordering of the orbit
(%, £(2), f3(x),...., f1}x)) is given by ki = o) (mod q). 0

The next proposition says that for circle homeomorphisms with rational
rotation number all nonperiodic orbits are asymptotic to periodic orbits. This
yields a complete classification of possible orbits with rational rotation numbers.

Proposition 4.312 Let f: S' — S! be an orientation-preserving homeomor-
phism with rational rotation number p(f) = p/q € Q. Then there are two
possible types of nonperiodic orbits for f:

(1) If f has exactly one periodic orbit, then every other point is heteroclinic
under f? to two points on the periodic orbit (Definition 2.3.4). These
points are different if the period is greater than one. (If the period
is one, then all orbits are homoclinic to the fixed point, as shown in
Figure 4.3.3.)

(2) If f has more than one periodic orbit, then each nonperiodic point is
heteroclinic under f7 to two peints on different periodic orbits.

Proof We can identify f7 with a homeomorphism of an interval by taking a
Lift =z of a fixed point of {7 and restricting a lift F7(-) — p of f to [z, z+ 1].
Then the statement follows from Proposition 2.3.5 applied to this interval
map, except for the last part of (2), that the two periodic orbits in question
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T

0 f z FF 1
Figure 4.3.3. A semistable point.

are different. But if there is an interval I = [a, b] C R such that a and b are
adjacent zeros of F7 — Id —p and a, b project to the same periodic orbit, then
f has only one periodic orbit because, if [a] = x € §', l[l')] = fk(x) € S, then

ﬁ;.l, f™(((a, b))) covers the complement of { f "(x)}1-; in S and contains no

periodic points. By invariance, f™(r((a, b))) does not either. [

Remark 4.3.13 This means that the asymptotic behavior is highly coherent for
all orbits, not only periodic ones, and also coherent with the structure of the
corresponding rotation.

As a particular case, if there is only one periodic orbit, then it is semistable.
It “repels on one side and attracts on the other’] as, for example, the point x = 0
under the diffeomorphism f: S' — S induced by the map

1
x> x+ Zsi.nz:rx (mod 1).

Nonperiodic points are not just individually asymptotic to periodic points,
but this behavior is coherent for iterates of points under f7; so for a nonperiodic
point x the points x, f(x),..., f? ~1(x) are all forward asymptotic to the corre-
sponding iterate v, f(y), ..., f177'(y) of a periodic point, and they are moving
in the same direction. This follows immediately from monotonicity (compare
Lemma 2.3.2):

Lemima 4.3.14 If I C R is an interval whose endpoints are adjacent zeros of
F7 —1d —p, then F7 —Id — p has the same sign on the interiors of I and F(I).

Proof If F1 —Id —p > Oon I, then F?(x) > x + pforallx € I, and monotonic-
ity of F implies F7(F(x)) = F(F7(x)) > F(x + p) = F(x) + p for all x € 1.
Therefore F9 —1d —p > 0 on F(I).

The case of F7 —Id — p < 0. is similar. O

Thus for a circle homeomorphism with a periodic point all orbits are
asymptotically periodic with the same period and in a coherent way.
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4.3.5 Circle Homeomorphisms Without Periodic Points
We show, analogously to Proposition 4.3.11, that the orbits of a circle home-

omorphism without periodic points are ordered as those for the corresponding
rotation.

Proposition 4.3.15 Let F': R — IR be a lift of an orientation-preserving home-
omo]ii'{phlsm f: 8'— S with p := p(F) ¢ Q. Then, for ny,na,my,my € Z and
x € IR,

mp+m <nmp+ms  ifandonlyif  F"(x)+my < F™(x)+ mo.

The left of these inequalities is the special case of the one on the right when
F is the rotation by p.
f’moj We do not have equality on the right for any x because this would
imply F™(x)— F™(x) € Z, and hence that [x] is periodic. Thus, for given
ny, ng, my, my € Z, the continuous expression F™(x) + m; — F™(x) — my never
changes sign and the second inequality is independent of x.
Now assume F™(x) -+ my < F™(x) + my for all x. Substituting y := F"(x)
shows that this is equivalent to
FU7m(y) — vy < my —my for all y € IR.
In particular, for y = 0 we get F"~™(0) < my — m;, and y = F™M~"(0) gives
FX™M7m(0) < (my — my) + F7™(0) < 2(mg — my).
Inductively, F™™="2}(0) < n(mz — m,) and
lim Frrtm—n2(g) . on(mg —m)  my —my
nsoo n{ny —ng) n—o0 n(ng —ng) | my — Ny
(with strict inequality since p ¢ (0). Consequently, nyp + m; < ngp + mg. This
proves “if"] Reversing all inequalities proves the converse. [

0=

The preceding proposition hears some resemblance to the earlier result
that periodic orbits are ordered like those for the corresponding rotation. It is
stronger because it applies to every orbit, rather than a naturally distinguished
subset.

This helps us in our study of the asymptotic behavior of orbits for
homeomorphisms without periodic points.

I.e:mma 4316 Let f: S' — §' be an orientation-preserving homeomorphism
without periodic points, m,n € Z, m # n, x € S', and I C 8! a closed interval
with endpoints f™(x) and f"(x). Then every semiorbit meets I.

Remark 4.3.17 For x # y € S' there are exactly two intervals in S! with
endpoints x and y. The lemma holds for either choice. Since x is not periodic,
I is not a point.

f‘rmf Consider positive semiorbits ( f"(y))nen. The proof for negative semiorbits
is exactly the same. To prove the lemma it suffices to show that the backward
iterates of I cover §', thatis, S' € Uy £75(1).
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Let I, := f"=™)(I) and note that these are all contiguous: If k € N, then
I and I;_; have a common endpoint. Consequently, if ' # |, Ix, then the
sequence of endpoints converges to some z € S'. But then

5 = ;,]f.“go f—k(n—m](fm(x}) — kl.im f(—k+l]{u—m](fm(x)}

= lim [ (R ) = fOm(lim T ())

k— 0o

.

is periodic, contrary to the assumption. O

If there are periodic points, they provide all the accumulation points of orbits.
Now we see what set plays this role when the rotation number is irrational.

Definition 4.3.18 The set w(x) := [}, {f7(x) | i = n} of accumulation points
of the positive semiorbit of x is called the w-limit set of x.

If there are periodic points, all w-limit sets are periodic orbits. If there are
no periodic points, the w-limit sets for different orbits still look the same; in
fact, they are the same.

Proposition 4.3.19 Let f: S' — §' be an orientation-preserving homeomor-
phism of S' without periodic points. Then w(x) is independent of x and
E := w(x) is perfect and either S' or nowhere dense (see Definition A.1.5).

By Proposition A.1.7, perfect nowhere dense sets are Cantor sets, that is,
they are homeomorphic to the standard middle-third Cantor set. Therefore, this
result produces Cantor sets directly from the dynamics of a circle map — at least
when we give an example where this is the possibility that is actually realized.

Proof Independence of x: We need to show that w(x) = w(y) for x, y € §'. Let
z € @(x). Then there is a sequence I, in N such that f'"(x) > z. If y € S, then
by Lemma 4.3.16 there exist k,, € N such that f*(y) € I, := [ f™(x), f**'(x)].
But then lim,, .o f*(y) = z and thus z € w(y).

Therefore w(x) C w(y) for all x, y € S! and by symmetry o(x) = o(y) for all
x, y € SL

E := w(x)is either S! or nowhere dense: Let us first show that F is the smallest
closed nonempty f-invariant set. If @ # A C S' is closed and f-invariant and
x € A, then [ f¥(x)}kez C Asince Aisinvariantand E = w(x) C {f*x))hez C A
since A is closed. Thus any closed invariant set A is either empty or contains E.
In particular, @ and E are the only closed invariant subsets of E itself. Since
E is closed, it contains its boundary, which is itself a closed set (Exercise 2.6.6).
The boundary is also invariant because a boundary point is a point for any
neighborhood U of which we have U N E # @ and U \ E # &, a property that
persists when we apply a homeomorphism. Therefore the boundary 9E of E isa
closed invariant sabset of E and as such we must have either 8 = @ and hence
E = §', orelse dE = E, which implies that E is nowhere dense (Exercise 2.6.6).
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Tt remains to show that F is perfect. Let x € E. Since E = w(x), there is a
sequence f, such that limg, 00 f ""(x) — x. Since there are no periodic orbits,
f*(x) # x for all n. Consequently, x is an accumulation point of E since
f*(x) € E for all n by invariance. O

4.3.6 Comparison and Classification

Both in Proposition 4.3.12 and in Proposition 4.3.19 there is a set of distin-
guished orbits (either periodic or in E) to which all others are asymptotic.
This distinguished set corresponds most closely to the rotation with the same
rotation number (for irrational rotation number this becomes clear with
Theorem 4.3.20). Thus if there are periodic points, there is a remnant of the
rotation that may be as small as a single periodic orbit or a finite set of them;
otherwise, the corresponding remnant is at least a Cantor set. It is in this dis-
tinction that Proposition 4.3.19 shows that the orbit structure of maps without

_periodic points is quite different from that of maps with periodic points. If there

are periodic points, all orbits are either periodic or asymptotic to a periodic
orbit; otherwise, either all orbits are dense or all orbits are asymptotic to or in a
Cantor set. Moreover, a further difference appears when we compare the orbit
structure of a circle map with that of a rotation with the same rotation number.
The vast majority of circle maps with periodic points possess nonperiodic
orbits — Proposition 4.4.10 and Lemma 4.4.12 show that having nonperiodic
orbits occurs over entire parameter intervals in a family of maps, whereas
having all orbits periodic happens only for an instant. (Furthermore, similar
arguments show that even having infinitely many periodic points is unstable,
and hence rare.) Thus, the presence of nonperiodic orbits, whichis a qualitative
difference to a rational rotation, is the most common behavior for maps with
rational rotation number.

For irrational rotation number the picture is different. The greatest qual-
itative similarity to an irrational rotation occurs when E = §' in Proposi-
tion 4.3.19. In this case all orbits are dense (w(x) = S' for all x € S'), which
is the same situation as for an irrational rotation. Unlike in the case of ratio-
nal rotation number, there is no indication that the alternative situation (E
is a Cantor set) oceurs more frequently (in fact, it never happens at all for c?
maps). Indeed, a map with irrational rotation number p is either equivalent to or

“contains” R,, up to some distortion, according to whether its orbits are dense:

Theorem 4.3.20 (Poincaré Classification Theorem) Let f: §' —» §' be an
orientation-preserving homeomorphism with irrational rotation number p.
Then there is a continuous monotone map h: S ' 5 S'withho f = Ryoh.

(1) If f is transitive, then h is @ homeomorphism.
(2) If f is not transitive, then h is noninvertible.

The map b here plays the role of the changes of variable or conjugacies that
we encountered in Section 1.2.9.3 and Section 3.1.3, except that it may not be
invertible. Section 4.3.3 rules out the nontransitive case for smooth f.
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Proof We first construct the lift of h only on the lift of a single orbit and show
that it is monotone. We then extend it to the closure of that lift and, using mono-
tonicity, “fill in” any gaps that may be left. Finally we define h as the projection.

Pick a lift F: R — R of f and x € R. Let B := [F"(x) + m}, mez be the
total lift of the orbit of [x]. Define H: B — R, F"(x) + m > np 4 m, where
p = p(I"). By Proposition 4.3.15, this map is monotone, and H(B) is dense in R
by Proposition 4.1.1. f we writeR,: R - R, x> x + p, then H o FF = f{p oH
on B because

Ho F(F"x) +m) = HF" Y x)+ m)=(n+ Dp+m
and

R, 0 H(F™(x)+m) = R,(np + m) = (n + 1)p + m.

Lemma 4.3.21 H has a continuous extension to the closure B of B.

Proof If ¥ € B, then there is a sequence (x, ),cn in B such that y = lim,_, o0 %,.
To show that H(y) := lim,_.c H(x,) exists and is independent of the choice of
a sequence approximating y, observe first that the left and right limits exist and
are independent of the sequence since H is monotone. If the left and right limits
disagree, then R ~. H(B) contains an interval, which contradicts the density of
H(B). O

H can now easily be extended to R: Since H: B — R is monotone and
surjective [because H is monotone and continuous on B, B is closed, and H(B)
is dense in R ] there is no choice in defining H on the intervals complementary to
B: Set H = const. on those intervals, choosing the constant equal to the values
at the endpoints. This gives a map H: R — R such that Ho F =R, o H and
thus the desired map h: §' — 5! since for z € B we have

H(z+1)= HF'(x)+m+1)=np+m+1=H(z)+1,
and this property persists under continuous extension.
To decide invertibility note that in the transitive case we start from a dense

orbit and so B = R and h is a bijection. In the nontransitive case, H is constant
on the intervals complementary to the orbit closure that we used. O

Remark 4.3.22 In the transitive case of Theorem 4.3.20, when h is invertible
we say that h conjugates f to Ry; in the case of noninvertible h we say that R, is
a factor of f via h. These notions are explored in Chapter 7 (Definition 7.3.3).
B EXERCISES

B Exercise 4.3.1 For which values of a does the function F(x) = 2x + a define the
lift of a circle map?

[l Exercise 4.3.2 Referring to (4.1.1), prove that p(R,) = [o].

B Exercise 4.3.3 Consider F(x) := x + (1/2) sin x. Decide whether F is the lift of a
circle homeomorphism,
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M Exercise 4.3.4 Consider F(x) := x + (1/4x) sin 27 x. Decide whether F is the lift
of a circle homeemorphism, and, if so, decide whether that homeomorphism is
orientation-preserving, If it is, determine the rotation number.

M Exercise 4.3.5 Let f: §' — 8! be a monotone (but not necessarily invertible)
map of degree one, that is, its lift is @ monotone function F: R — IR such that
F{x + 1) = F(x) + 1. Prove that the assertions of Proposition 4.3.5, Proposition 4.3.8
and Proposition 4.3.9 hold for f.

# Exercise 4.3.6 Referring to Proposition 4.3.9, what happens with the rotation
number under an orientation-reversing conjugacy?

M Exercise 4.3.7 Let f: S' — §' be a continuous map of degree one (not
necessarily monotone) and F: R — R its lift. Prove that
F'(x) - x

; F'x) —x - ; ;
HF):=1 —_— d Fy:=1 =
PR = T n and - pTB)= R T

both exist.

@ PROBLEMS FOR FURTHER STUDY
® Problem 4.3.8 Under the assumptions of the previous exercise call

F'(x) —x _ p]

R(F) := IpE]R [3xeR lim
n—o0 n

the rotation set of F. Prove that R(F) # @.

M Problem 4.3.9 Prove that a circle homeomorphism with finitely many fixed
points and an attracting fixed point has a repelling fixed point.

Show that there exists a circle homeomorphism with an attracting fixed point
and without repelling fixed points.

4.4 CANTOR PHENOMENA

In Proposition 4.3.19, a Cantor set appears naturally for some circle homeomor-
phisms without periodic points. There are several other ways in which Cantor sets
and related structures appear in this context. The conjugacy above is a case in point
in the nontransitive case. The dependence of the rotation number on a parameter
is an example with interesting physical implications.

4.4.1 Devil's Staircases
In the nontransitive case the map hin Theorem 4.3.20 is necessarily an example of
the following interesting phenomenon:

Definition 4.4.1 A monotone continuous functiong: [0, 1] — R {or¢: [0, 1] — S")
is called a devil’s staircase if there exists a family {1, ). of disjoint closed subinter-
vals of [0,1] of nonzero length with dense union such that ¢ takes distinct constant
values on these subintervals. (See Figure 4.4.1.)
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Figure 4.4.1. Devil's staircasse.

Example 4.4.2 A devil’s staircase can be constructed in a fairly explicit way.
For x =0.0q0p03- =3 ooy 37F (a; # 1) in the ternary Cantor set C define
f) =32, ;27" € [0,1] as in Lemma 2.7.3. In Section 2.7.1 we found that f is
surjective and nondecreasing, and that the two endpoints of a deleted interval are
mapped to the same point. It is not hard to see that f is continuous (this is used in
Problem 2.7.6). We can extend f to a nondecreasing continuous map on [0, 1] by
defining it to be constant on each deleted interval, the constant being the common
value of f at the endpoints. This is then a devil’s staircase, also called a Cantor
function.

The graph of this function has some self-similarity: The transformation given
by (”3 ' ;) in the plane maps the graph to a proper subset of itself because
flx)= f(3x),!2 on [0, 1/3].

The terminology “devil’s staircase” refers to the odd situation that the graph of
this function consists entirely of “steps’, namely, the horizontal portions over the
deleted intervals, yet there are no jumps at all; the function is continuous. Thus the
tops of the steps are there, but not their “faces” In analysis this provides a quaint
example with several odd properties, but we have now seen that in dynamics such
functions come up rather naturally.

Let us revisit the construction of the map h above in order to understand
the nontransitive case better. Since the set B from the proof of Theorem 4.3.20
projects to the closure of the orbit of [x], it contains the w-limit set E = o([x])
of [x], and, by choosing x € 71 '(E), we obiain n(B) = E, where E is the
universal @-limit set discussed previously. In the transitive case B=R and
E = S', but in the nontransitive case we find that if x € 7 ~1(E), then n(B)=
is a Cantor set. Consequently, in the nontransitive case h is a bijection of lhe
identification space E/~ (identifying the two endpoints of each complementary
interval) to S and conjugates f [g~ t0 Rotr): All orbits of f in E are dense in
E (by the definition of E). On the other hand, the construction of E = a(x)
yields that all points outside E are attracted to E in both positive and negative
time because iterates of such a point have to stay inside disjoint complementary
intervals of E and the length of these goes to zero.

4.4 Cantor Phenomena 137

4.4.2 Wandering Domains

nversely, one can think of the nontransitive map as being obtained from
tional rotation by “blowing up” some orbits to intervals whose union
up the complement of E. These complementary ijitervals are thus
permuted like-the points on an orbit for an irrational rotation. All interior
points in those in als are “wandering” in the sense bq;{nw since they stay
within those intervals Wwhose images are all disjoint., The 74:)(1 subsection has an
explicit construction of suclran example.

Definition 4.4.3 A point is said to be wandering if it %15 a neighborhood all of
whose images and preimages are pairwige.disjoint.

This hehavior is the extreme opposite of v
Definition 6.1.8.
To return to our comparison with the (:}517 of rational rotation number we

rence, which we introduce in

note that in that case a map f is only conjupate to a rotation if all orbits are
periodic with the same period and hence f9/= 1d for some g € Z. Furthermore,
a rational rotation can only be a factor wlien there are infinitely many periodic
points, which, as we noted earlier, is ungtable. g

4.3 The Denjoy Example
ow give an example of a nohtransitive circle diffeomorphism without
periodic points. The construction gtarts with an irrational rotation and replaces
the points.of one orbit by suitaPly chosen intervals. The resulting map is not
transitive. This example due t¢/Arnaud Denjoy proves:

Proposition 4.4.4
f: 8* — S' with p(

Proof If L, :=(|n| + 3) Yand ¢, := 2{(ln41/ L) — 1) = —1, then

1 |
Z—,‘:<2f —zdx=l.
_3n 7 x

(1 - Zfﬂ) d (X, %) +

neZ (%0, %)

1e total length of St Uuez Iisl — Z,‘Ez l,.) To define a civcle homeomor-
phigm f such that f(I,) = I,41 and f[s'\U is semiconjugate to a

suffices to specify the derivative f'(x) since }?‘ is then obtained by integratian.
On the interval [a, a + 1] define the tent function b

h(a,l,x):=1— %[2(2: —a)—1|.
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hen h(a,l,a+1/2) =1 and f:“ h(a,l, x)dx = 1/2. Denote the left endpoint
of

by a, and let Pk

Flx) = 1 forx € S' < U,z I,,,///
1+ ephi(ay, Iy, x) forx € I,. P

The choice cn =2(lut1/1n) — 1) = 2 (lups — ln) /L implies
[ r@dns [ @+ cuban ) dx = 4K e = b,
I, 4

so indeed f(I,) = I,4;. O ]

re

p(f) € R ~Q is transiti
In fact, slightly w e
erely that the derivative has bounded vaﬁ%i:ln. A function

g: S' — R is_said to be of bounded variation if its total variation Var(g) :=
sup » 1 J&(xi) — g(x;)] is finite. Here the sup is taken over all ﬁnifé'ct)\].lcctions
{x, %772, such that xy, x; are endpoints of an interval Iy and I N I; =@ for
. Every Lipschitz function and hence every continuously di.fferentihb{e
netion has bounded variation. -

4.4.4 Dependence of the Rotation Number on a Parameter
Here we examine the dependence of the rotation number on the map as the map
is varied. To begin with, it is continuous and monotone.

Proposition 4.4.5 p(-) is continuous in the uniform topology.

Proof If p(f)=p, take p'/q’, p/q € Q such that p'/q’ < p < p/q. Pick the
lift ' of f for which —1 < F?(x) — x — p <0 for some x € R. Then Fi(x) <
x+ p for all x € R, since otherwise F7(x) = x -+ p for some x € R by the
Intermediate-Value Theorem and p = p/q. Since the function F7 —Id is pe-
riodic and continuous, it attains its maximum. Thus there exists § = 0 such that
Fi(x) < x + p — 8 forallx € R. This implies that every sufficiently small pertur-
bation F of F in the uniform topology also satisfies F9(x) < x + pforallx € R
and thus p(F) < p/q. A similar argument involving p'/q’ completes the proof. O

The definition of the rotation number further suggests that it is monotone:
If F; > Fy, then p(Fy) > p(F3) follows from the definition. This leads to the
following econcepts of ordering on the circle and for maps of the circle:

Definition 4.4.6 Define “<” on S' by [x] <[y]:¢& y— x €(0,1/2) (mod 1)
and define a partial ordering “<” on the collection of orientalion-preserving
circle homeomorphisms by fy < fi : & fo(x) < fi(x) for all x € SL.

Notice that neither of these orderings is transitive. Indeed, [0] < [1/3] <
[2/3] < [0] and correspondingly Ry < Rys < Ry < Ry, where R, is the
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rotation as in Section 4.1. The definition of rotation number now immediately
implies:

Proposition 4.4.7 p(:) is monotone: If f; < f3, then o(h) < p(fo).

Remark 4.4.8 In particular, if {f;) is a family of orientation-preserving circle
homeomorphisms such that f,(x) is increasing in t for every x € R, then p(f;)
is nondecreasing in t.

At irrational values the rotation number is strictly increasing:

Proposition 4.4.9 If fy < fi and p(f3) ¢ Q, then p(fs) < p(f1).

Proof If Fy and Fy are lifts with 0 < Fy(x) — Fy(x) < 1/2 for all x € R,
then by continuity and periodicity Fy(x)— Fo(x) > 8 for some § >0
and all xe€R. Take p/qe@Q such that pla —8/q < p(Fy) < p/q.
Then there exists xyp € R such that Fi(x0) —xg > p — 8§ [because otherwise
P(Fy) = limyoo(Fg?(x) — x/nq) < limpsoo(n(p — 8)/ng) = p/q — 8/q). Since

Fl(x0) = Fy(F{ " (x0)) > Fo(F{ " (x0)) +

> Fo(Fj ' (x0)) + 8 = F(x0) + 8 > x + p,

we either have F{'(x) > x + pforallx € Ror F{(x)) = x; + p for some x; € R.
In either case p(Fy) < p/q < p(F1). O

While Proposition 4.4.9 shows that having irrational rotation number is not
stable, the situation is different for rational rotation number:

Proposition 4.4.10 Let f: §' — S' be an orientation-preserving homeomor-
phism with rational rotation number p( f) = p/q and some nonperiodic points.
Then all sufficienily nearby perturbations f with f < [ or all sufficiently
nearby perturbations f with f < f (or both) have rotation number plq.

The basic issue is whether the graph of F? — p has portions above and below
the diagonal, in which case small perturbations either way cannot get rid of
intersections with the diagonal (Figure 4.4.2). The borderline case, in which
the graph lies entirely on one side, is exactly the one where the bifurcation to
different dynamics occurs (see also Figure 2.3.2).

Pioof Since f has nonperiodic points, F7 — Id — p does not vanish identically
for any lift F of f. (It does have zeros by assumption.) If there exists x € R with

Figure 4.4.2. One-sided and two-sided stability.
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Fli{x)—x — p > ﬂ,_then for any sufficiently small perturbation f < f the
corresponding lift F of f is such that Fi(x) —x — p > 0 and hence o(f) =
p/a: so p(f) = p/q by_Proposition 4.4.7. Otherwise, the same holds for
perturbations with f < f. O

Remark 4.4.11 The proof shows that circle maps that have an attracting or
repelling periodic orbit (an orbit that lifts 1o a point where F? — Id — p changes
sign) can be perturbed (in either direction) without changing the rotation
number.

On the other hand, if F? —Id —p does not change sign, for example, F7 —
Id—p >0, then any perturbation f with f= f- has rotation number
o(f) > p/q since F* —Id—p > & > 0. In this case the zeros of F7 — Id—p
project to “parabolic” or semistable periodic orbits. These are orbits p
that attract on one side and repel on the other side; that is, there is some
open neighborhood U of p such that for all x in one component of U ~ {p}
we have limy oo d(f™(x), f*(p)) =0, and for all x in the other component
lim, oo d(f(x), f"(p)) = O (see Figure 4.3.3).

Here is an extreme case.

Lemma 4.4.12 Ifall points of a map f: §' — S' are periodic, then the rotation
number is strictly increasing at f.

To see that the rotation number depends on f in a nonsmooth way we re-
formulate these conclusions: The rotation number as a function of a parameter
can (and usually will) be a devil’s staircase (see Definition 4.4.1).

Proposition 4.4.13 Suppose that (fi)ief0.1] is @ monotone continious Sfamily
of orientation-preserving circle homeomorphisms such that p: t + p( fi) is
nonconstant and there exists a dense set S C Q such that, for each map f;,
either p(f;) € S or f; has some nonperiodic points. Then p is a devil’s staircase.

Proof By Proposition 4.4.5, p is monotone and continuous. Together with Propo-
sition 4.4.10, this also implies that p~'(S) is a disjoint union of closed intervals
of positive length.

We need to show that p~1(S) is dense. Assume, by enlarging S if necessary,
that whenever p(f;) = p/q € Q ~ S, fi has only periodic points. Then Propo-
gition 4.4.9 and Lemma 4.4.12 imply that p is strictly monotone at points t €
p1([0,1] ~ S). Thus for t € [0, 1) ~ p7Y(8) and € > 0 we have p(t) # p(t +€),
and hence by the density of S, the continuity of p, and the Intermediate
Value-Theorem there exists a t; € p~(S) N [t, ¢ + €]. This proves density. [l

In closing we remarlk that the results of this section depend on the mono-
tonicity and continuity of f, but not on invertibility. Thus it suffices to assume
that f: S' — S'is a continuous order-preserving map of degree one, thatis, its
lift F is nondecreasing and F(x + 1) = F(x) + 1 (Exercise 4.3.5). Such a map
may take constant values on a finite or countable set of intervals.
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4.4.5 Frequency Locking

The understanding gained in the preceding subsection about the dependence
of the rotation number on a parameter also leads to insights about flows on the
2-torus, and in particular about some systems of differential equations arising in
applications. The phenomenon that we are able to shed some light on now is that
coupled oscillators tend to become synrchronized, that is, their frequencies will
coincide or be at least rationally related.

Where do we stand? The problems of flashing fireflies and circadian rhythms
were introduced in Section 1.2.10 as situations that one might model as coupled
oscillators. We can simplistically model those biological clocks as a harmonic
oscillator or something close. Indeed, the harmonic oscillator is a good starting
point, as we will see by linearization in Section 6.2.2.

Now, in Section 4.2.4 we found that two uncoupled harmonic oscillators
produce, on a joint level set, a linear toral flow. This linear flow on T? satisfies the

_differential equations

X =
iz = 7.

To get an impression of the effects of coupling the two oscillators, modify the
preceding differential equations by including “mixed” terms:
n=an+0 sin 27 (xg — It)
(4.4.1)
Xy = wy + €2 5N 2m (X — Xz).
This is not exactly the same as coupling the original second-order equations in
Section 4.2.4, but it is a good way to get some insight.

A small detail here is the choice of sines to produce the mixed terms. This makes
sense because both variables are only defined mod 1. The constants ¢; and ¢
indicate the strength of the coupling. When they are both zero, there is no coupling
and we are back to a linear flow on the 2-torus, If they are positive, the right-hand
side acts to increase the slower rate of change of the two w's and to slow down the
faster one, which could plausibly lead to synchronization.

In Section 4.2.3 we learned to study flows on the 2-torus by looking at the section
map of the flow of (4.4.1) for the section x; = 0, say. In the absence of the coupling
terms, that is, when ¢, = ¢z = 0, this section map is just the rotation with rotation
number o, /.. For small values of the coupling constants the section map is there-
fore a perturbation of this rotation. In “most” cases this perturbation has a rational
rotation number, because this is the stable situation. And whenever the rotation
number is rational all asymptotic behavior is periodic (with the same period).

To explore this a little more carefully, suppose that w; and , are close to each
other. In fact, assume first that w; = @ =: . In that case, x(f) = y(f) = t is a
solution of (4.4.1). This particular solution works for all values of ¢; and ¢, so the
section map always has a fixed point, and hence rotation number 0.

For (c1, c2) # (0, 0), the section maps are not conjugate to rotations and therefore
their rotation number persists under small perturbations by Proposition 4.4.10.
In particular, when we fix ¢; and ¢, then for small values of @y — w, the flow of
{4.4.1) has a section map with a fixed point, all of whose orbits are asymptotic to a




CHAPTER 7

Simple Systems with Complicated
Orbit Structure

This chapter presents a rich array of properties of a collection of examples. Its
coherence derives from the fact that it is part of a general theory we outline in
Chapter 10. The examples (other than the quadratic map f;) are instances of hyper-
bolic dynamical systems (or symbolic dynamical systems), and the properties we
derive here are largely properties common to hyperbolic and symbolic dynamical
systems.

7.1 GROWTH OF PERIODIC POINTS

Periodic orbits represent the most distinctive special class of orbits. So far we have

mostly encountered maps with few periodic orbits or, as in the case of a rational
rotation, only periodic orbits. In these basic examples different periods did not
appear for the same map. Even the most complex situations so far still involve
periodic orbits neatly organized by period in families such as invariant curves in
plane rotations, linear twists, the time-1 map for the mathematical pendulum, or
billiards. There we placed more emphasis on coherence than complexity. Now we
encounter the first examples with a different periodic pattern. In these cases, when
periodic points of different periods are present, we want to count them.

Definition 7.1.1 Foramap f: X — X, let P,(f) be the number of periodic points of

f with (not necessarily minimal) period n, that is, the number of fixed points for f".

This section introduces numerous new examples of dynamical systems. For
now they are introduced with a view to their periodic orbit structure, but in due
time numerous other fascinating features of their orbit structure will emerge.

7.1.1 Linear Expanding Maps
Consider the noninvertible map E, of the circle given in multiplicative notation by
E:@ =2 |gd=1,
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Figure 7.1.1. Perlodic points for an expanding map. L

and in additive notation by

(7.1.1) Es(x) =2x (mod 1).

Proposition 7.1.2 P,(E,) = 2" — 1 and periodic points for E are dense in S'.

Proof If E}(z) = z, then z* = z, and z*"~! = 1. Thus every root of unity of order
2" — 1 is a periodic point for E; of period n. There are exactly 2" — 1 of these, and
they are uniformly spread over the circle with equal intervals. In particular, when
nbecomes large these intervals become small. (See Figure 7.1.1) [J

We see from Proposition 7.1.2 that a natural measure of asymptotic growth of
the number of periodic points is the exponential growth rate p( f) for the sequence
B n(f )

7.12) p(f) = Iim M

where log, (x) = log(x) for x = 1, 0 otherwise. In particular, Proposition 7.1.2 shows
that p(E;) = lim,.,(log2" + log(l — 27")/n=log2.
The maps
Epm: x> mx (mod 1),
where m is an integer of absolute value greater than one, represent a straightforward
generalization of the map E,. Not surprisingly, these maps also have dense sets of

periodic orbits. The proof of Proposition 7.1.2 holds verbatim with the replacement
of 2 by m:

Proposition 7.1.3 P,(E,,) = |[m" — 1| and periodic points for E,, are dense.
Proof z= El'(z) = z™" has |m" — 1| solutions that are evenly spaced. O

See also Section 7.1.3.
Another property of the maps E,, worth noticing is preservation of length
similar to the property of preservation of phase volume discussed in Section 6.1.
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Naturally, the length of an image of any arc increases; however, if one considers the
complete preimage of an arc A under E,, one immediately sees that it consists
of |m| arcs of length I(A)/|m| each, placed along the circle at equal distances.
The analysis in Section 6.1.2 can be extended to noninvertible volume-preserving
maps, so recurrent points are dense in this situation as well.

7.1.2 Quadratic and Quadratic-Lilke Maps

For e, let fi: R — B, fi(x):=Ax(1 —x). For 0 <X <4, the f, map the unit
interval I = [0, 1] into itself. The family f is referred to as the quadratic family.
For A < 3, this family was discussed in detail in Section 2.5, and the asymptotic
behavior for any such A is fairly simple and changes with A only a few times.
As it turns out, for the remaining interval of parameter values the quadratic
family develops a bewildering array of complicated but different types of behav-
ior, which change with caleidoscopic speed (see Figure 7.1.2 and Chapter 11).
Note that P,(f,) < 2" because the nth iterate of f is a polynomial of degree 27,
and hence the equation (f;)"(x) = x has at most 2" solutions. While one may
expect that in the complex plane this equation would indeed have exactly 2"
solutions for most values of the parameter A, this is certainly not the case for real
solutions.

Here we consider the behavior of the quadratic family for large values of the
parameter, namely, A = 4, While for A > 4 the interval [0, 1] is not preserved, the
set of points that remains in that interval is still quite interesting.

The analysis of the behavior of the quadratic family on the unit interval for
0 =< X =< 3 carried outin Section 2.5 showed simple periodic patterns: Only points of
periods 1 and 2 appear, and their number is small. With moderate effort this analysis
can be extended as far as L = 1 + +/6 (Proposition 11.2.1). On the other hand, we
have:

Proposition 7.1.4 For A > 4 we have P,( ;) = 2™

Proof Since P,(f,) < 2", itsuffices to prove the reverse inequality. To that end we use
the following observation: If f: R — R is continuous and A c [0, 1] is an interval
such that one endpoint is mapped to 0 and the other to 1, then by the Intermediate-
Value Theorem there is a fixed point of fin A. Now [0, 1] C [£(0), £i(1/2)] and
[0, 1]  [A(1/2), £i(1)], so there are intervals Ag C [0, 1/2] and A} C [1/2, 1] whose
images under f are exactly [0, 1], giving us two fixed points for f. The nonzero fixed

Figure 7.1.2. Bifurcation diagram.
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Figure 7.1.3. Periodic points of f.

>

point is indeed in the interior of A, because the right endpoint of A, is 1 and hence
is mapped to 0, so the other endpoint is mapped to 1 and therefore neither are fixed.

Furthermore, the preimages of Ay and A; under f consist of two intervals
each, so there are four intervals whose images under f? are exactly (0, 1]. Each
contains a fixed point of f2, again every one except 0 being in the interior of the
corresponding interval, so no two of these fixed points coincide.

Repeating this argument successively for higher iterates of fi we obtain 2"
intervals whose images under f" are [0, 1], and each of which therefore contains at
least one fixed point, giving 2" distinct orbits of period nfor f;. [0

It is useful that the argument to show that P,(f;} = 2" applies to any continuous
map f: [0,1] — B with f(0) = f(1) = 0 and such that there is a ¢ € [0, 1] with
f(c) = 1. In this more general case it is somewhat more convenient, however,
to talk about intervals whose images under f" contain [0, 1] rather than being
exactly [0, 1].

In the quadratic case (for A > 4) one can refine the preceding argument slightly
to show that there are exactly 2" periodic points (rather than using that the degree
of f*is 2. This also works for some continuous maps f of this more general
nature, which are monotone on [0, ] as well as [c, 1]. A continuous map defined
on an interval that is increasing to the left of an interior point and decreasing
thereafter is said to be unimodal. Thus we have found

Proposition 7.1.5 If f: [0, 1] — R is continuous, f(0) = f(1) = 0, and there exists
c € [0, 1] such that f(c) > 1, then P,(f) = 2" If, in addition, [ is unimodal and
expanding (that is, | f(x) — (] > |x — y|) on each interval of f~'((0,1)), then
Pu(f)=2"

The heart of the proof is the following lemma:

Lemma 7.1.6 Denote by My the collection of continuous maps f: [0, 1] — R such
that f~((0, 1)) = ¥, I; with I; C [0, 1] open intervals, { monotonic on I;, and
fI) =(0,1). Then fog e My whenever f € My and g e M.
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Proof If f € Mi and g € My, then f1((0, 1) = UL, I; and g~ ' (1) = U}, Jiy with
Jyll=<i<k 1< j=<]I) pairwise disjoint and (fog)~((0,1)) = Uy; Jij- The
composition f o gis monotonic on J;; and fo g(J;) = (0,1). O

Proof of Proposition 7.1.5 The lemma shows that P,(f) = k" for f € M because
f* € Mya. If f is expanding on every interval of f~1((0, 1)), then the same halds
for iterates of f. This shows that on each of those intervals there is at most one
solution of f"(x) = x. Therefore, P,( f) < k", proving equality. (]

7.1.3 Expanding Maps and Degree

Next we consider a nonlinear generalization of the expanding maps E,, We use
additive notation for circle maps. In this notation derivatives of maps can be
expressed as real-valued functions.

Definition 7.1.7 A continuously differentiable map f: S' — S! is said to be an
expanding map if | f'(x)| > 1 forall x € S'.

Since f is continuous and periodic, the minimum of | f| is attained and hence
is greater than 1.

Proposition 4.3.1 gives us a function F: R — R that satisfies [F(x)] = f(lx])
and F(s + 1) = F(s) + deg(f), where deg( f) is the degree of f. It has the following
simple property:

Lemma 7.1.8 If f,g: S' — S' are continuous, then deg(go [) = deg(f) deg(g), in
particular deg(f™ = deg(f)™

Proof If F,G are lifts of f and g, respectively, then G(s+ k) =G(s+k—1) +
deg(g) = - = G(s) + kdeg(g) and G(F(s+ 1)) = G(F(s) + deg(f)) = G(F(s)) +
deg(g) deg(f). O

This property is useful for counting periodic points.

Proposition 71.9 If f: S' — S' is an expanding map, then |deg(f)| = 1 and
Pa(f) = | deg(f)" - 1I.

Proof | f’| > 1 implies |F'| > 1 for any lift, so, by the Mean-Value Theorem A.2.3,
|deg(f)| = |F(x+ 1) — F(x)] > 1. By the chain rule an iterate of an expanding map
isitselfexpanding, so by Lemma 7.1.8 it suffices to consider the case n = 1. Take alift
F of f and consider it on the interval [0, 1]. The fixed points of f are the projections
of the points x for which F(x) —x ¢ Z. The function g(x) := F(x) — x satisfies
g(1) = g(0) + deg( f) — 1, so by the Intermediate-Value Theorem there are at least
|deg(f) — 1| points x where g(x) € Z. If g(0) € Z, then there are |deg(f) — 1]+ 1
such points, but 0 and 1 project to the same point on S'. Now g'(x) # 0, so g is
strictly monotone and hence takes every value at most once. Thus there are exactly
|deg( f) — 1] fixed points on §*. [J

This proposition in particular establishes part of the analog of Proposition 7.1.2
for E,n.

“points. Let x, y € () Taking the common denominator write x = 5/q,
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Similarly to quadratic maps, the argument that shows P,(f) > | deg(f)" — 1|
works for any continuous map. It is trivial for maps ofdegree 1 because the assertion
is vacuous. Indeed, irrational rotations do not have any fixed or periodic points. For
maps of degree 0 it merely guarantees a fixed point. For maps f with | deg(f)] > 1,
however, this result gives exponential growth of the number of periodic points:
p(f) = log, (| deg(f)D.

7.1.4 Hyperbolic Linear Map of the Torus g
e previous examples were all one-dimensional, but the patterns of the growfh
and\distribution of periodic points observed in those examples also appeay in
higher dimension.

A cohyenient model to demonstrate this is built from the following lingar map

of R?:
21 x
Lix,y)= k = .
xN=0Cx+y.x+y (1 1)(})

If two vectors (x, y)Nand (¥, ) represent the same element of T2, that is, if
(x—x'.y—y)eZ? thep L(x,y) — L(x,y) € Z? so L(x/y) and L(¥,y) also

=2x+y,x+y (med]l)

is invertible because the matrix (2
s g [ e
entries finfact (1) = (1, 3

345
2

=l2= < 1.

AP AR -2

= t/q, where
s,t,q € Z.Then&y (s/q, t/q) = ((25 + 1)/q. (s + t)/q) is a rational poim%ose coor-
hdve denominator g. But there are only g2 different points on T2 whose
coordinates’can be represented as rational numbers with denominator q.\'hgd all
iterates Fj'(s/q, t/q),n=0,1,2..., belong to that finite set. Thus they must repeat,
that is,/FJ'(s/q. t/q) = F'(s/q. t/q) for some n, me Z. But since Fj is invergelh‘&{
s/q.t/q) = (s/q, t/q) and (s/q, t/q) is a periodic point, as required. This gives
sity. (By contrast, not all rational points are periodic for E,,,. See Exercise 7.1.1.)
Next we show that points with rational coordinates are the only periodic
points for F;. Write F['(x, y) = (ax+ by, cx+dy) (mod 1), where a, b, ¢, d € Z. If
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es to be an icon for chaotic dynamics.
loral automorphisms, the expanding map
entatives of hyperbolic dynamical

great wealth of ideas in dyna
Together with the horseshoe an:
E» and the solenoid are the miost tractable re

systems, and thew provided the framework of c ts and techniques within
which each chaotic dynamical system is studied and descri This framework is
developéd in this chapter and the next, and it is described further in'G pter 10.
M EXERCISES

B Exercise 7.1.1 Prove that for the expanding map E(/m| = 2) rational points are
preimages of periodic points (“eventually periodic”).

B Exercise 7.1.2 Find a necessary and sufficient condition for a rational point to
be periodic under Ey,;.

| Exercise 7.1.3 Carry out the proof of Proposition 7.1.3 for the case m < —1.

B Exercise 7.1.4 Prove that for any ne N and 1 > 4 the quadratic map f, has a.
periodic point whose minimal period (Definition 2.2.6) is n.

M Exercise 7.1.5 Give an example of a continuous map f: [0,1] - R with
f(0)y = f(1) = 0 for which there exists ¢ € [0, 1] such that f(c) > 1, and suc!l that
P(f) = 2"

| Exercise 716 Give an example of a smooth unimodal map f such that
Pu(f) < 2™

M Exercise 7.1.7 Show that a continuous map f of S! can be deformed to Eaeg(f),
that is, that there is a continuous map F: [0, 1] x §' — 8" with F(0,) = Edgeg(/)
and F(1,) = f.

W Exercise 7.1.8 Show that maps of different degrees cannot be deformed into
each other, that is, that there is no continuous map F: [0, 1] x S§' — §!' such that
deg(F(0, ) # deg(F(1, ).

@ Exercise 7.1.9 Suppose f: §' — S! has degree 2 and 0 is an attracting fixed
point. Show that P,(f) > 2",

H Exercise 7.1.10 Consider the Fibonacci sequence from Section 1.2.2,.

Example 2.2.9, and Section 3.1.9. Show that the sequence obtained from tak-
ing the last digit of each Fibonacci number is periodic.

@ Exercise 7.1.11 Apply the inverse limit construction to a homeomorphism and
prove that the result is naturally equivalent to the original system.
M PROBLEMS FOR FURTHER STUDY

@ Problem 7.1.12 Prove that the solenoid in Section 7.1.5 is connected but not
path-connected.
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7.2 TOPOLOGICAL TRANSITIVITY AND CHAOS

We will show that some of the examples considered in the previous section
are topologically transitive in the sense of Definition 4.1.3, that is, they have
dense orbits, That there are at the same time infinitely many periodic points makes
these examples different from irrational rotations and the other topologically
transitive examples of Chapter 4 and Chapter 5. In expanding maps and hyper-
bolic linear maps of the torus we even found that the union of the periodic points
is dense, which means that dense and periodic orbits are inextricably intertwined.

Thus, the global orbit structure is far more complex in these examples. This
intertwining of density and periodicity is an essential feature of the complexity
of the orbit structure. It causes sensitive dependence of any orbit on its initial
conditions (see Definition 7.2.11 and Theorem 7.2.12), which is regarded as an
essential ingredient of chaos.

Definition 7.2.1 A continuousmap f: X — X ofametricspace is said to be chaotic
ifit is topologically transitive and its periodic points are dense.!

Circle rotations show that neither condition alone gives much complexity.

We will show presently that expanding and hyperbolic maps are chaotic. In
fact, we show the stronger property of topological mixing (Definition 7.2.5), which
isabsentin the minimal examples of Chapter4 and Chapter 5. Before introducing the
mixing property, we give an alternative definition of topological transitivity.

7.2.1 A Criterion for Topological Transitivity

We defined topological transitivity as the existence of a dense orbit. However, it is
useful to have an alternate characterization in terms of subsets of phase space. In
order to include noninvertible maps, we say that a sequence (x;);cz is an orbit of f
if f(x;) = xi,1 for all i € Z. However, we simply write f'(x) for i € Z anyway to keep
the notations more familiar.

Proposition 7.2.2 Let X be a complete separable (that is, there is a countable dense
subset) metric space with no isolated points. If f: X — X is a continuous map, then
the following four conditions are equivalent:

(1) f is topologically transitive, that is, it has a dense orbit.

(2) f has a dense positive semiorbit.

(3) Ifo # U, V C X, then there exists an N € Z such that f¥(U)NV # @.
(4) Ifo # U,V C X, then there exists an N € M such that fN(II) NV # @.

Of course, the implications (4) = (3) and (2) = (1) are clear. To show
which hypotheses are needed for which of the remaining directions, we prove
Proposition 7.2.2 in the following form.

! There is no universally accepted definition of chaos, but this definition is equivalent to the one most
commonly found in expository literature, which was put forward by Robert Devaney.
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(%)) M(Uy)

Ve Uy Figure 7.2.1. Construction for the proof.

Lemma 7.2.3 Let X be a metric space and [: X — X a continuous map. Then (1)
implies (3). If X has no isolated points, then (1) zmphes 4. If X is separable, then
(3) implies (1) and (4) implies (2).

Proof Let f be topologically transitive and suppose the orbit of x € X is dense.
Then there exists an n € Z such that f"(x) € U, and there is an m < Z such that
f™(x) € V;hence f™™U) NV # @. This implies (3).

If we can choose m = n, then by taking N := m — nwe have even established (4).
Otherwise we use the assumption that X has no isolated points, so f™(x) is not
an isolated point and therefore there are . € Z such that |m| — oo, f(x) e V,
and f™(x) —» f™x) as k- oo. Indeed, m — —oo since mp < n by assumption
(otherwise we are in the first case), so we can choose an m’ < 2m~— n from
among the m such that f™'(x) e f"™U). Then x':= f*™(f™(x)) € U and
frmenem (e — fM(x) e V,s0 fNUY NV # @ with N:=2m—n—m' € N. Thus (1)
= (4) if X has no isolated points. .

Now assume separability and one of the intersection conditions (3) and (4). We
give one argument to prove both that (3) implies (1) and (4) implies (2). For a count-
able dense subset § C X, let Uy, U, ... be the countable collection of balls centered
at points of § with rational radius. We need to construct an orbit or semiorbit that
intersects every Uy, By (3) there exists N} € Zsuchthat M) N # Qi.IfEl} holds,
we can take N, € N. Let V; be an open ball of radius at most 1/2 such that V; c Uy n
f~M(U). (See Figure 7.2.1.) There exists N; € Zsuch that f¥(V;) N Us is nonempty,
and, if (4) holds, we can take N, € M. Again, take an open ball V; of radius at most 1/4
suchthat ¥, ¢ Vi n f~M(1h). Byinduction, we construct a nested sequence of open
balls V, of radii at most 2=" such that V,,;, € V;;n =+ (U,2). The centers of these
balls form a Cauchy sequence whose limit x is the unique point in the intersection
V=1, Vu=2, Vi Then fl-1(x) e U, for every ne N, and all N, e N if (4)
holds.

If fis noninvertible, the last step may involve choices for negative values of N,;:
Take i such that N, < 0 for all k and NV,,, < Nj,. Choose x = x and xn, € Up1.
Together with f(xi) = X1, this defines an orbit of x. O

Corollary 7.2.4 A continuous open (Definition A.1.16) map f of a complete separa-
ble metric space without isolated points is topologically transitive if and only if there
are no two disjoint open nonempty f-invariant sets.
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Proof 1f U,V C X are open, then the invariant sets U=, f"(U) and V:=
Upez fM(V) are open because f is an open map, and therefore not disjoint by
assumption, so f{U) N f™(V) # @ for some n, me Z. Then f*™U) NV # & and
f is topologically transitive by Proposition 7.2.2. The other direction is obvious: A
dense orbit visits every open set, []

7.2.2 Topological Mixing
There is a property of a dynamical system that immediately implies this criterion
but is indeed much stronger:

Definition 7.2.5 A continuous map f: X — X is said to be topologically mix-
ing if for any two nonempty open sets [/, V c X there is an N e N such that
fMU)YNV # & foreveryn > N.

By Proposition 7.2.2, every topologically mixing map is topologically transitive,
On the other hand, our simple examples are not mixing. No translation T,, in
particular no circle rotation, is topologically mixing. This follows from the fact
that translations preserve the natural metric on the torus induced by the standard
Euclidean metric on B" and from the following general criterion.

Lemma 7.2.6 Isometries are not topologically mixing.

Proof Let f: X — X be anisometry (that is, a map that preserves the metric on X).
Take distinct points x,y,ze X, and let §:=min(d(x, y), d(y, 2), d(z, x))/4. Let
U, W, V; be 5-balls around x, y, z correspondingly. Since f preserves the diameter
of any set, the diameter of f™(U/) is at most 25 whereas the distance between any
pe V) and g € V, is greater than 25. Thus for each n either fA(UYNV; =& or
Ny, =

7.2.3 Expanding Maps

For expanding maps we prove topological mixing by showing the stronger fact
that, for any open set, its image under some iterate of the map contains S!. For the
linear expanding maps E, this is obvious: Every open set contains an interval of
the form [I/|m|¥, (I + 1)/|m|*] for some integers k and I < |m|¥. The image of this
interval under E¥, is St.

Proposition 7.2.7 Expanding maps of S' are topologically mixing.

. Progf Let f: §' — S' such that | f'(x)] > A > 1 for all x. Consider a lift F of f to R.

Then |F'(x)| = Aforx € R.If [a, b]  Ris an interval, then by the Mean-Value Theo-
rem A.2.3 there exists a ¢ € (a, b) such that |F(b) — F(a)| = |[F'(©)(b—a)| = AMb—a)
and so the length of any interval is increased by a factor at least A" under F".
Consequently, for every interval I there exists n € N such that the length of F(I)
exceeds 1. Thus the image of the projection of I to S§' under f” contains S'. Since
every open set of §! contains an interval, this shows that every open set has an
image under an iterate of f that contains §'. O
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Corollary 7.2.8 Linear expanding maps of §' are chaotic.

Proof Transitivity follows from Proposition 7.2.7 and thedensity of periodic points
from Proposition 7.1.3. O

For nonlinear expanding maps, this result also holds by invoking Theorem 7.4.3
(which is only stated for degree 2 in the following, but holds for any expanding map).

2.4 Hyperbolic Linear Map on the Torus 7
hyperbolic linear map F;, of the torus induced by the linear map L with m rix
(7 ; hvas introduced in Section 7.1.4. The eigenvectors corresponding to first
eigenvalue belong to the line y = (+/5 — 1/2)x. The family of lines parallel to it is
invariantunder L, and L uniformly expands distances on those lines by factor X;.
Similarly, there is an invariant family of contractinglines y = (—+/5 — 1/2)x + const.

Proposition 7.2.8, The automorphism Fy, is topologically mixi

Proof Fix open sets WV ¢ T2. The L-invariant family of lifes

V51

(7.2.1) y= 5 X + const.

projects to T? as an Fy -invariaht family of orbits of the linear flow T; with irrational
osition 5.13, this flow is minimal. Thus the

a piece J of an expanding line; fur
and a segment of an expanding line
torus. Since all segments of a giv

ngth T that intersects any e-ball on the
are translations of one another, this
such that V contains an e-ball and

/ U

Figure 7.2.2. Topological mixing. N
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7.2.5 Chaos

At the outset of this section we motivated our definition of a chaotic map by saying
that it implies sensitive dependence on initial conditions. We now justify this claim
by defining and verifying sensitive dependence.

Definition 7.2.11 A map f: X — X of a metric space is said to exhibit sensitive
dependence on initial conditions if there is a A = 0, called a sensitivity constant,
such that for every x € X and ¢ > 0 there exists a point y € X with d(x, y) < € and
d(fNx), fN(y) = A forsome N e N.

This means that the slightest error (¢) in any initial condition (x) can lead to a
macroscopic discrepancy (A) in the evolution of the dynamics. Accordingly, A tells
us at what scale these errors show up. Suppose I start a dynamical system in a state
x, let it evolve for a while, and try to reproduce this experiment. Even if I reproduce
x to within a billionth of an inch, the initial minuscule error may magnify to a large
difference in behavior in finite (often relatively short) time, that is, [ may find that
the second run of the same experiment bears little resemblance to the first. This is
what Poincaré meant by his comment quoted in Section 1.1.1.

For linear expanding maps this property is clearly true: Any initial error of an
orbit for E,, grows exponentially (by a factor of |m)| at every iteration) until it has
grown to more than 1/2|m|. In particular, § = 1/2|m| is a sensitivity constant. On
the other hand, this property clearly fails for isometries because points do not
move apart at all under iteration.

Itis important for the definition that A does not depend on x, nor on ¢, but only
on the system. Thus, the smallest error anywhere can lead to discrepancies of size
A eventually.?

Theorem 7.2.12 Chaotic maps exhibit sensitive dependenceon initial conditions,
except when the entire space consists of a single periodic orbit.

Proof Unless the entire space consists only of a single periodic orbit, the density
of periodic points implies that there are two distinct periodic orbits. Since they
have no common point, there are periodic points p, g such that A := min{d(f"(p),
™) | n,me Z)/8 > 0. (Note that n and mneed not agree.) We now show that A
is a sensitivity constant.

If x € X, the orbit of one of these two points keeps a distance at least 4A from
x: If they were both within less than 4A of x, then their mutual distance would be
less than 8A. Suppose this point is g.

Take any € € (0. A). By the density of periodic points, there is a periodic point
p € B(x, €) whose period we call n. Then the set

V=B @.A)

i=0

2 The meteorologist Edward Lorenz described this as the "butterfly effect”; Weather appears to be a
chaotic dynamical system, so it is conceivable that a butterfly that flutters by in Rio may cause a
typhoon in Tokyo a few days later.




210 7. Simple Systems with Complicated Orbit Structure

of points whose first niterates track those of g up to A is an open neighborhood of
g. By Proposition 7.2.2 (used in the direction that does not require completeness)
there exists a k € N such that fk{B(x,'e]) N V # @, that is, there exists a y € B(x, €)
such that f¥y) € V.If j:= |k/n] + 1, then k/n < j < (k/n) + 1 and

k
k:n-}—c<nj5n(—+l)=k+n_
n n

If we take IV := nj, then this shows that0 < N — k < n. Since f¥(p) = p, the triangle
inequality gives
d(fNp), NN =dp, YY)
(7.2.2) > d(x, [N g) — d(fNHg), RN —dip.x)
=4A—A—-A=2A
because p € B(x, ) C B(x, A} and
Ny = RO e RV € B Hg), )

by definition of V. Both p and y are in B(x, €) and either d( f¥(p), f¥(x)) = A or
atfN, Y = Aby (7.2.2). 0

Remark 7.2.13 There are maps exhibiting sensitive dependence that are not
chaotic, such as the linear twist from Section 6.1,1. Here, any point x has arbitrarily
nearby points (on a vertical segment through x) that move a considerable distance
away after sufficiently many iterates. The set of periodic points consists of those
points whose second coordinate is rational and is hence dense. On the other hand,
this map is clearly not topologically transitive.

Sensitive dependence can be derived from topological mixing alone, without
an assumption on periodic points:

Proposition 7.2.14 A topologically mixing map (on a space with more than one
point) has sensitive dependence.

Proof Take A > 0 such that there are points x;, x; with d(x1, x;) > 4A. We show
that A is a sensitivity constant.

Let V; = Ba(x;) for i = 1,2. Suppose x € X and U is a neighborhood of x. By
topological mixing there are Nj, N, € N such that f{(U)N W, # @ for n= N; and
MUYNVa # @ for n= N, For n> N:=max(N1, N\b), there are points yi, yz € U
with f'(y) € Vi and f"(3) € V4; hence d(f"(3). f*(3»)) = 2A. By the triangle
inequality d( (1), f"(x)) = Aor d[f'f{yz). ffx) = A0

W EXERCISES
M Exercise 7.2.1 Find the maximal sensitivity constant for F,.
M Exercise 7.2.2 Find the supremum of sensitivity constants for I, in Section 7.2.4.

B Exercise 7.2.3 Prove that, for a topologically mixing map, any number less than
the diameter sup{d(x. y) | x, y € X} of the space X is a sensitivity constant.
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B Exercise 7.2.4 Consider the linear twist T: §' x [0, 1] — S! x [0, 1], T(x, »=
(x+ y. ) from Section 6.1.1 that was remarked upon in Remark 7.2.13. Prove that it
has the following property of partial topological mixing: Let U, V € S! be nonempty
open sets. Then there exists N(U, V) € N such that T"(U x [0,1]) N (V x [0,1]) #£ &
foranyn= N.

B Exercise 7.2.5 Show that for a compact space sensitive dependence is a
topological invariant (see Section 7.3.6).

i Exercise 7.2.6 Prove that for any two periodic points of F;, the set of heteroclinic
points (see Definition 2.3.4) is dense.

M Exercise 7.2.7 Considera2 x 2 integer matrix L without eigenvalues of absolute
value 1 and with |det L| > 1. Prove that the induced noninvertible hyperbolic
linear map Fr: T? — T? is topologically mixing,

7.3 CODING

One of the mostimportantideas for studying complicated dynamics sounds strange
at first. It involves throwing away some information by tracking orbits only approx-
imately. The idea is to divide the phase space into finitely many pieces and to follow
an orbit only to the extent of specifying which piece it is in at a given time. This is a
bit like the itinerary of the harried tourist in Europe, who decides that it is Tuesday,
so the place must be Belgium. A more technological analogy would be to look at the
records of a'cell phone addict and track which local transmitters were used at various
times.

In these analogies one genuinely loses information, because the sequence of
European countries or of local cellular stations does not pinpoint the traveller at
any given moment, However, orbits in a dynamical system do not move around at
whim, and the deterministic nature of the dynamics has the effect that a complete
itinerary of this sort may (and often does) give all the information about a point.
This is the process of coding of a dynamical system.,

7.3.1 Linear Expanding Maps
The linear expanding maps

Em: §8' = 8, Ep(x) = mx (mod 1)

from Section 7.1.1 are chaotic (Corollary 7.2.8), that is, they exhibit coexistence
of dense orbits (Proposition 7.2.7) with a countable dense set of periodic orbits
(Proposition 7.1.3). Thus the orbit structure is both complicated and highly
nonuniform. Now we look at these maps from a different point of view, which in
turn gives a deeper appreciation of just how complicated their orbit structure really
is. To simplify notations, assume as before that m= 2.

Consider the binary intervals

k k+
aﬁ::[;,—%;l] forn=1,... and k=0,1,...,2"—1.
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Figure 7.3.1. Linear coding.

Figure 7.3.1 illustrates this for n = 2. Let x = 0.x,X; ... be the binary representation
of x € [0, 1]. Then 2x = x1.X2x3 ... = 0.x2x3 ... (mod 1). Thus

(7.3.1) Ea(x) =0.x3x3... (mod 1).

This is the first and easiest example of coding, which we will discuss in greater
detail shortly.

7.3.2 Implications of Coding
We briefly derive a few new facts about linear expanding maps that are best seen
via this coding.

1. Proof of Transitivity via Coding. First, weusethisrepresentationto give another
proof of topological transitivity by describing explicitly the binary representation
of a number whose orbit under the iterates of E; is dense. Consider an integer k,
0<k<2"-1Letk...k, be the binary representation of k, maybe with several
zeroes at the beginning. Then x € Ak ifand only if x; = ¥ fori = 0,...n— 1. There-
fore we write A&, , = Af from now on. Now put the binary representations of all
“numbers from 0 to 2" — 1 (with zeroes in front if necessary) one after another and
form a finite sequence, which we denote by wy, that is, w, is obtained by concate-
nating all 2" binary sequences of length n. Having done this for every n € N, put the
sequences wy,, n= 1,2, ... in that order, call the resulting infinite sequence w, and
consider the number x with the binary representation 0.e. Since by construction
moving w to the left and cutting off the first digits produces at various moments bi-
nary representations of any n-digit number, this means that the orbit of the point x
under the iterates of the map E; intersects everyinterval Ay, and henceis dense.
This construction extends to any m=> 2. To construct a dense orbit for Ey,
with m < —2, we notice that E2, = E,,.. Obviously the orbit of any point under the
iterates of a square of a map is a subset of the orbit under the iterates of the map
itself; thus if the former is dense, so is latter. So we apply our construction to the
map E,,: and obtain a point with dense orbit under E,,.
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2. Exotic Asymptotics. Next we use this approach to show that besides periodic
and dense orbits there are other types of asymptotic behavior for orbits of expand- -
ing maps. One can construct such orbits for E, but the simplest and most elegant
example appears for the map Ej.

Proposition 7.3.1 There exists a point x € S' such that the closure of its orbit with
respect to the map E; in additive notation coincides with the standard middle-third
Cantor setK. In particular, K is Es-invariant and contains a dense orbit.

Proof The middle-third Cantor set K can be described as the set of all points on
the unit interval that have a representation in base 3 with only 0's and 2’s as digits
(see Section 2.7.1). Similarly to (7.3.1), the map Ej acts as the shift of digits to the
left in the base 3 representation. This implies that K is Es-invariant. It remains to
show that E; has a dense orbitin K.

Every pointin K has a unique representation in base 3 without 1's. Let x € K and

(7.3.2) ] O.x[ XoXz ...

be such a representation. Let si(x) be the number whose representation in base 2 is
X1 X2 X3
>z

that is, it is obtained from (7.3.2) by replacing 2's by 1's. Thus we have constructed a
map h: K — [0, 1] that is continuous, nondecreasing [that is, x > y implies h(x) >
h(y)], and one-to-one, except for the fact that binary rationals have two preimages
each (compare Section 2.7.1 and Section 4.4.1). Furthermore, ho E3 = E; o . Let
D c [0, 1) beadensesetofpointsthatdoesnotconta inbinaryrationals. Then i~ (D)
is dense in K because, if A is an open interval such that A N K # @, then h(A) is a
nonempty interval open, closed, orsemiclosed and hence contains points of D. Now
takeanyx € [0, 1)whose E;-orbitisdense; the Ex-orbitofh'(x) € Kisdensein K. O

3. Nonrecurrent Points. Another interesting example is the construction of a
nonrecurrent point, that is, such a point x that for some neighborhood U of
x all iterates of x avoid U (see Definition 6.1.8). In fact, there is a dense set of
nonrecurrent points for the map E,.

Pick any fixed sequence (wy, ..., w,-,) of 0s and 1’s and add a tail of 0%s if
py = 1, or of 1's if wy; = 0. Call the resulting infinite sequence w. As before, let x
be the number with binary representation 0.w. Thus, x lies in a prescribed interval

Auwy...w,, and by construction x # 0. On the other hand, Ejx =0andhence E’x =0

for all m> n, so x is a nonrecurrent point.

Thus, we have found that E,, is chaotic and topologically mixing, that its
periodic and nonrecurrent orbits are dense, and that E; has orbits whose closure
is a Cantor set.

7.3.3 A Two-Dimensional Cantor Set

We now describe a map in the plane that naturally gives rise to a two-dimensional
Cantor set (previously encountered in Problem 2.7.5) on which ternary expansion
of the coordinates provides all information about the dynamics. This horseshoe
map plays a central role in our further development.
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Consider a map defined on the unit square [0, 1] x [0, 1] by the following con-
struction: First apply the linear transformation (x, y) + (3x, y/3) to getahorizontal
strip whose left and right thirds will be rigid in the next transformation. Holding
the left third fixed, bend and stretch the middle third such that the right third falls
rigidly on the top third of the original unit square. This results in a "G"-shape. For
points that are in and return to the unit square, this map is given analytically by

(3x, ¥/3) ifx<1/3

{xry}l ¥ [(3:{__‘ 2, [y-l—2)/3] ifx22/3‘

The inverse can be written as

(x/3, 3y) ify <173

(x, ) — I :
((x+2)/3,3y—2) ify=2/3.

Geometrically, the inverse looks like an “e”-shape rotated counterclockwise by 90°.

To iterate this map one triples the x-coordinate repeatedly and always assumes
that the resulting value is either at most 1/3 or else at least 2/3, that is, that the
first ternary digit is 0 or 2, but not 1. (If the expansion is not unique, one requires
such a choice to be possible.) Comparing with the construction of the ternary
Cantor set in Section 2.7.1, one sees that the x-coordinate lies in the ternary Cantor
‘set C. Looking at the inverse one sees likewise that, in order for all preimages
to be defined, the y-coordinate lies in the Cantor set as well. Therefore this map
is defined for all positive and negative iterates on the two-dimensional Cantor
set C x C. There is a straightforward way of using ternary expansion to code the
dynamics. For a point (x, y) the map shifts the ternary expansion of x one step to
the left, dropping the first term, and shifts the ternary expansion of y to the right.
It is natural to fill in the now-ambiguous first digit of the shifted y-coordinate
with the entry from the x-coordinate that was just dropped. This retains all
information, and the best way of vizualizing the result is to write the expansion
of the y-coordinate in reverse and in front of that of the x-coordinate. This gives a
bi-infinite string of 0's and 2's (remember, no 1's allowed), which is shifted by the
map. Of course, one should verify that the inverse acts by shifting in the opposite
direction.

7.3.4 Sequence Spaces
Now we are ready to discuss the concept of coding in general. We mean by coding
a representation of points in the phase space of a discrete-time dynamical system
or an invariant subset by sequences (not necessarily unique) of symbols from a
certain “alphabet,” in this case the symbols 0, ..., N— 1. So we should acquaint
ourselves with these spaces.

Denote by Qf the space of sequences o = (), whose entries are integers
between 0 and NV — 1. Define a metric by

20 !

(7.3.3) (@, @) = Zﬂ: w

-
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where 8(k, ) = 1if ks 1, §(k k) =0, and A = 2. The same definition can be made
for two-sided sequences by summing over i e Z:
3{w;, wi)

(7.3.4) dy(w,w') = E F

ieZ

for some A > 3. This means that two sequences are close if they agree on a long
stretch of entries around the origin.
Consider the symmetric cylinder defined by

Coppoctyy ‘=10 € Qn | wi = o for |i] < n).
Fixasequencew € Cy,_, o, ,. If@ € Cy,_, 4, ,, then

o Ol ) 8(j, wy) 1 1 2 1
de o) =) 5 = Iilzm——lm ~2) AT e

ief = li|=n

Thus Co,_,..an, T By (e, A'™), the A'~"-ball around & f @ ¢ Cy, . a,_,» then

dil:w) = Z 5(“):‘]-“601') > -

ied

because w; # a; for some |i| < n. Thus w ¢ By (@, A1-™), and the symmetric cylinder
is the ball of radius A'~" around any of its points:

(7.3.5) Cop_potny = By (e, AN

Therefore, balls in Q are described by specifying a symmetric stretch of entries
around the initial one. _

For one-sided sequences this discussion works along the same lines [one only
needs A > 2in (7.3.4)] and A1~"-balls are described by specifying a string of ninitial
entries.

Our examples [see (7.3.1)] suggest to represent points in the phase space by
sequences in such a way that the sequences representing the image of a point are
obtained from those representing the pointitselfby the shift (translation) of the sym-
bols. In this way the given transformation corresponds to the shift transformation
i o Qn — Qp, (ow)i = wip

of: of - af, (o Rw)i = winr.
We often write oy for the shift o on Q and likewise o § for o ® on QF. For invertible
discrete-time systems, any coding involves sequences of symbols extending in
both directions; while for noninvertible systems, one-sided sequences do the job.
Section 7.3.7 studies these shifts as dynamical systems.

Among the shift transformations that arise from coding there is also a new kind
of combinatorial model for a dynamical system that is described by the possibility
or impossibility of certain successions of events.

Definition 7.3.2 Let A = (a;)) ;U;=ln be an N x N matrix whose entries a;; are either
0's or 1's. (We call such a matrix a 0-1 matrix.) Let

(7.3.7) Qa={we Qn | Gy, =1 forneZ}.
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Figure 7.3.2. Obtaining a Cantor set.

The space §24 is closed and shift-invariant, and the restriction
oN kh =04

is called the topological Markov chaindetermined by A.

This is a particular case of a subshift of finite type.

7.3.5 Coding
Sequences representing a given point of the phase space are called the codes of that
point. We have several examples of coding: for the map E,, on the whole circle by
sequences from the alphabet (0, .. ., |m| — 1}; for the restriction of the map Ej; to the
middle-third Cantor set K by one-sided sequences of 0's and 1's; and for the ternary
horseshoe in Section 7.3.3 by bi-infinite sequences of 0's and 2's. In both cases
we used one-sided sequences, all sequences appeared as codes of some points,
and each code represented only one point. There was, however, an important
difference: In the first case, which involved for positive ma representation in base
m, a point could have either one or two codes; in the latter there was only one code.
This shows that the space of binary sequences is a Cantor set (Definition 2.7.4).
In fact, this also holds for the other sequence spaces.

7.3.6 Conjugacy and Factors
This situation can be roughly described by saying that the shift (2F, o %) “contains”
the map f up to a continuous coordinate change. (We already encountered such
a situation in Theorem 4.3.20.)

Definition 7.3.3 Suppose that g: X — Xand f: Y — Y are maps of metric spaces
X and Y and that there is a continuous surjective map h: X — ¥ such that
hog= foh.Then fissaid to bea factorof g via the semiconjugacy or factor map h.
If this k is a homeomorphism, then f and g are said to be conjugate and h is said
to be a conjugacy.
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These notions made a brief appearance in Section 4.3.5 in connection with
modeling an arbitrary homeomorphism of the circle by a rotation. The notion
of conjugacy is natural and central; two conjugate maps are obtained from one
another by a continuous change of coordinates. Hence all properties that are
independent of such changes of coordinates are unchanged, such as the numbers
of periodic orbits for each period, sensitive dependence (Exercise 7.2.5), topological
transitivity, topological mixing, and hence also being chaotic. Such properties
are said to be topological invariants. Later in this book we will encounter further
important tepological invariants such as topological entropy (Definition 8.2.1).

7.3.7 Dynamics of Shifts and Topological Markov Chains

We now study the properties of shifts and topological Markov chains introduced
in (7.3.6) and Definition 7.3.2 in more detail. These are important because
many interesting dynamical systems are coded by shifts or topological Markov
chains. To such dynamical systems the results of this section have immediate
applications.

Proposition 7.3.4 Periodic points for the shifts oy and (I‘,{} are dense in Sy
and QE, correspondingly, P.(on) = Pof)y = N", and both oy and ol are
topologically mixing.

Proof Periodic orbits for a shift are periodic sequences, that is, (o§)" © = @
if and only if Wpim = w, for all n € Z. In order to prove density of periodic
points, it is enough to find a periodic point in every ball (symmetric cylinder),
because every open set contains a ball. To find a periodic point in Cy_, 4
take the sequence & defined by w, = o, for In’| <m,n'=n {mod 2m + 1).
It lies in this cylinder and has period 2m + 1.

Every periodic sequence @ of period n is uniquely determined by its eoor-
dinates wy, ..., @, 3. There are N" different finite sequences (g, ..., @Wy_1).

To prove topological mixing, we show that 0§ (Co_,. 0, )NCp . 5, # & for
n>2m+1,say,n=2m + k- 1 with k > 0. Consider any sequence @ such that

w; = o; for [i| < m, w;=fi , fori=m+hk+1,....3m+k+1.

Then w € Cy_, o, and of(w) € Cp__  5,.
The arguments for the one-sided shift are analogous. O

There is a useful geometric representation of topological Markov chains. Con-
necti with j by an arrow if @;; = 1 to obtain a Markov graph G 4 with N vertices
and several oriented edges. We say that a finite or infinite sequence of vertices of
G 4 is an admissible path or admissible sequence if any two consecutive vertices
in the sequence are connected by an oriented arrow. A point of 2,4 corresponds
to a doubly infinite path in G4 with marked origin; the topological Markov
chain o, corresponds to moving the origin to the next vertex. The following
simple combinatorial lemma is a key to the study of topological Markov chains:

Lemma 7.3.5 For everyi, j€{0,1,..., N — 1}, the number N} of admissible
paths of length m + 1 that begin at x; and end at x; is equal to the entry afj of
the matrix A™.
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1

Figure 7.3.3. A Markov graph.

Proof We use induction on m. First, it follows from the definition of the graph
G 4 that Né = a;;. To show that

N-1
(7.3.8) N Z N ay,
k=0
take k € {0,..., N — 1} and an admissible path of length m + 1 connecting i

and k. It can be extended to an admissible path of length m + 2 connecting i to
j (by adding j) if and only if ay; = 1. This proves (7.3.8). Now, assuming by

induction that N/} = af} for all ij, we obtain N;}"H = (1;;'”‘ from (7.3.8). O

Corollary 7.3.6 P, (c4) = tr A™.

Proof Every admissible closed path of length m 4 1 with marked origin, that
is, a path that begins and ends at the same vertex of G 4, produces exactly one
periodic point of o4 of period m. O

Because the eigenvalue of largest absolute value dominates the trace, it
determines the exponential growth rate:

Proposition 7.3.7 p(o,) = r(A), where r(A) is the spectral radius.

Proof “<" is clear. To show “>" we need to avoid cancellations: If
Aji= re?™9i(1 < j < k) are the eigenvalues of maximal absolute value then
there is a sequence m, — 00 such that m,@; — 0(mod 1) for all j (recurrence

for toral translations, Section 5.1), 50 Y_ A7 " ~ r™=. [

Example 7.3.8 The Markov graph in Figure 7.3.3 produces three fixed points,
0, I, and 4. 01 and 23 give four periodic points with period 2. The period-3
orbits are generated by 011, 001, 234,

Topological Markov chains can be classified according to the recurrence
properties of various orbits they contain. Now we concentrate on those
topological Markov chains that possess the strongest recurrence properties.
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Definition 7.3.9 A matrix A is said to be positive if all its entries are positive,
A 0-1 matrix A is said to be transitive if A™ is positive for some m € N. A
topological Markov chain o4 is said to be transitive if A is a transitive matrix.

Lemma 7.3.10 If A™ is positive, then so is A" for any n > m.

Proof If aj; > 0 for all i, j, then for each j there is a k such that ap = 1.
Otherwise, a{} = 0 for every n and i. Now use induction. If a{} >0 for all i, j,

then a;‘jﬂ = fz_nl afjar; > 0 becaunse ap; = 1 for at least one k. O
Lemma 7.3.11 If A is transitive and «_y, . . . , o is admissible, that is, Oy =1
Jor i=—k,....,k—1, then the intersection 24N Cosvoor =: Co_y,..on.a 15

nonempty and moreover contains a periodic point.

Proof Take m such that a} , > 0. Then one can extend the sequence a to
an admissible sequence of length 2k + m -+ 1 that begins and ends with o_y.
Repeating this sequence periodically, we obtain a periodic pointin Cy_,  g,.4- 0

Proposition 7.3.12 If A is a transitive matrix, then the topological Markov chain
04 is topologically mixing and its periodic orbits are dense in Q4 ; in particular,
o4 is chaotic and hence has sensitive dependence on initial conditions.

Proof The density of periodic orbits follows from Lemma 7.3.11. Teo prove
topological mixing, pick open sets U,V C 24 and nonempty symmetric
cylinders Cu,, apa CU and Cg, . pd C V. Then it suffices to show
that 0{(Co,..0..A)NCp_,..p.a # @ for any sufficiently large n. Take
n=2k+ 1+ m+Iwithl > 0, where m is as in Definition 7.3.9. Then “‘:;,E{k >0
by Lemma 7.3.10, so there is an admissible sequence of length 4542 + m + 1
whose first 2k+ 1 symbols are identical to O gy ..., and the last 2k 41
symbols to f_y., ..., fiB. By Lemma 7.3.11, this sequence can be extended to a
periodic element of 24 which belongs to OH(Coyya) N Cp,

Example 7.3.13 The matrix ( é, :} is not transitive because all its powers are
upper triangular and hence there is no path from 1 to 0. In fact, the space
Q4 is countable and consists of two fixed points (...,0,...,0,...) and
(..-.1,...,1,...), and a single heteroclinic orbit connecting them (consisting
of the sequences that are 1 up to some place and 0 thereafter).

Example 7.3.14 For the matrix

O 2
S D
oD e
(=R
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every orbil alternates between entries from the first group (0, 1} on the one hand
and from the second group {2, 3} on the other hand, thatis, the parity (even—odd)
must alternate. Therefore no power of the matrix has all entries positive.

B EXERCISES

H Exercise 7.3.1 Prove that E; has a nonperiodic orbit all of whose even iterates
lie in the left half of the unit interval.

M Exercise 7.3.2 Prove that E; has a uncountably many orbits for which no
segment of length 10 has more than one point in the left half of the unit interval.

M Exercise 7.3.3 Prove that linear maps that are conjugate in the sense of linear
algebra are topologically conjugate in the sense of Definition 7.3.3.

M Exercise 7.3.4 Write down the Markov matrix for Figure 7.3.3 and check
Corollary 7.3.6 up to period 3.

M Exercise 7.3.5 Consider the metric

(7.39) a0 = Y

icZ ;
on Q. Show that for & > 2N — 1 the cylinder C,,_,. .o, , is a A1""-ball for .
I Exercise 7.3.6 Repeat the previous exercise for one-sided shifts (with A > N).
@ Exercise 7.3.7 Consider the metric
(7.3.10) o oy s PRI U e
[and d) («, @) = 0] on Qu. Show that the cylinder C,,_, ., , is a ball for 4.

M Exercise 7.3.8 Find the supremum of sensitivity constants for a transitive
topological Markov chain with respect to the metric d;.

M Exercise 7.3.9 Find the supremum of sensitivity constants for a transitive
topological Markov chain with respect to the metric d,.

[ Exercise 7.3.10 Show that for m < nthe shift on Q,,is a factor of the shift on Q,.

B Exercise 7.3.11 Prove that the quadratic map f; on [0, 1] is not conjugate to any
of the maps f, for & € [0, 4).

B Exercise 7.3.12 Show that the topological Markov chains determined by the
matrices
11 110
(1 0) and 001
110

[ Exercise 7.3.13 Find the smallest positive value of pl(o,) for a transitive
topological Markov chain with two states (that is, with a 2 x 2 matrix A).

are conjugate.
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B PROBLEMS FOR FURTHER STUDY
B Problem 7.3.14 Find all factors of an irrational rotation R, of the circle.

M Problem 7.3.15 Find the smallest value of p(os) for a transitive topological
Markov chain with three states (that is, with a 3 x 3 matrix A).

74 MORE EXAMPLES OF CODING
We now carry out a coding construction for several familiar dynamical systems.

74.1 Nonlinear Expanding Maps
There is a correspondence between general (not necessarily linear) expanding
maps of the circle (Section 7.1.3) and a shift on a sequence space. The construction
is similar to the one from Section 7.3.1. There is some effort involved, but there is
a beautiful prize at the end: We obtain a complete classification of a large class of
maps in terms of a simple invariant.

To keep notations simple, we consider an expanding map f: S! — §! of degree
2. By Proposition 7.1.9, f has exactly one fixed point p. (For maps of higher degree,
we could pick any one of the fixed points.) Since deg(f) = 2, there is exactly one
point g # psuch that f(g) = p. The points p and g divide the circle into two arcs.
Starting from pin the positive direction, denote the first arc by Ag and the second

arc by Ay. Define the coding for x € §' as follows: x is represented by the sequence
w € Qf for which

(7.4.1) f1(x) € A,,.

This representation is unique unless f"(x) € {p, g} = Ag N A,. This lack of unique-
ness is similar to the case of binary rationals for the map E,. Suppose a point x
has an iterate in (p, g). Then either x = pand f"(x) = p for all ne N, or else the
point 4 must appear before pin the sequence of iterates, that is, f"(x) ¢ {p. g} for
all nless than some k and then f*(x) = g and f*'(x) = p. In this case we make
the following convention. p has two codes, all 0's and all 1’s, and g has two codes,
01111111...and 1000000..., and any x such that F¥(x) = q has two codes given by
the first k — 1 digits uniquely defined by (7.4.1), followed by either of the codes for q.
Actually, going the other way around is better:

Proposition 7.41 If f: S' — S' is an expanding map of degree 2, then f is a
factor of o¥ on QF (Definition 7.3.3), that is, there is a surjective continuous map
h: Qff — 8! such that f*(h(@)) € A, foralln € Ny, thatis, hoo® = fo h.

Proof That the domain of his QF requires that every sequence of 0’s and 1's appears
as the code of some point. First, f maps each of the two intervals Aq and A, onto
§' almost injectively, the only identification being at the ends. Let

Agg be the core of Ag N f~'(Ag).
Agi be the core of Ap N f71(A}),
Ao be the core of Ay N f~1(Ay),
Ay be the core of Ay N fH(A)).
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Figure 7.4.1. Nonlinear coding.

Aop Aer Aggdin
Bt ke 5

b p+1

What we mean by “core” is that each indicated intersection consists of an interval
as well as an isolated point (p or g), and we discard this extraneous point. Each of
these four intervals is mapped onto S! by f?, again the only identification being at
the ends. By definition, any point from A;; has if as the first two symbols of its code.
Proceeding inductively we construct forany finite sequenceay, . . ., wy_y theinterval

(7.4.2) Ay = thecore of Ay N 1 (AL) -0 1A, ),
which is mapped by f” onto §' with identification of the endpoints. Now take any
infinite sequence w = ay, --- € QF. The intersection ()2, Au,....,, Of the nested
closed intervals A, ., , is nonempty, and any point in this intersection has the
sequence w as its code.

So far we have only used the fact that fis a monotone map of degree 2. To show
that his well defined, we use the expanding property to check that ()2; Aw,....ons
consists of a single point, hence a point with a given code is unique.

If g: I — §' is an injective map of an open interval I with a nonnegative
derivative, then by the Mean-Value Theorem A.2.3 I(g(D)) = [; g'(x) dx = g"(E)(])
for some ¢ e I. Thus, in our case, there is a &, such that

T - f FY D dx = (Y E - Do, s)-
A,

g |

Since f is expanding |(f™'| > A" for some A > 1, hence (A, w,,) <A™"— 0as
n— oo and (2, Auy....w., consists of a single point x,. This gives a well-defined
surjective map h: QF — §', w > x,. ‘
Give Qf the metric dy from (7.3.3). We showed in Section 7.3.4 that if
e=2A""and § = 4", then d(w, w) < § implies that w; = w} for i < n and hence
X% = Xl < WA w.,) <A™ =e€. Thus his continuous.
That h(o ®(w)) = f(h{w)) is clear from the construction. O
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74,2 Classification via Coding
Proposition 7.4.1 and the discussion preceding it established a semiconjugacy
between the one-sided 2-shift and the expanding map f on S', that is,

Proposition 7.4.2 let f: S' - S' be an expanding map of degree 2. Then
£ is a factor of the one-sided 2-shift (Qf, o) via a semiconjugacy h: QF - 81,
If h(w) = hiw') =: x, then there exists an ne Ny such that f(x) e {p. g}, where
p=f(p=[f@,q#p

The last sentence of this proposition says that h is “very close” to being a
canjugacy: There are only countably many image points where injectivity fails.

An important feature of this coding is that it is obtained in a uniform way for
all expanding maps, and that the absence of injectivity occurs at points defined
by their dynamics, namely, the fixed point and its preimages. This leads us to
the prize promised at the beginning:

Theorem 7.4.3 If f.g: S' — S' are expanding maps of degree 2, then f and g are
topologically conjugate; in particular, every expanding map of 5! of degree 2 is con-
Jugate to Es.

Proof We have semiconjugacies hy, hg: QF — S for f and g. For x ¢ §!, consider
the set H, := hy(h;' ({x))). If x is a point of injectivity of k, that s, F' ({x)) is asingle
point, then so is H,. Otherwise, x is a preimage of the fixed point under some iterate
of fand h}‘ ({x}) consists of a collection of sequences that are mapped under hg to a
single point. Therefore, H, always consists of precisely one point h(x). The bijective
map h: §' — §' thus defined is clearly a conjugacy: ho f = go k. It is continuous
because /iy sends open sets to open sets, that is, the image of a sequence and all
sufficiently closeby sequences contains a small interval. Exchanging f and g shows
that k! is also continuous. (]

This holds for any degree via an appropriate coding. It is the first major
conjugacy result that establishes conjugacy with a specific model for all maps
from a certain class. The Poincaré Classification Theorem 4.3.20 comes close, but
requires extra assumptions (such as the existence of the second derivative; see
Section 4.4.3) to produce a conjugacy with a rotation.

-3 Quadratic Maps 2
For ">4.consider the quadratic map -

\]}h B, x— Ax(l— .r)
Ifx < 0, then f(x) < xand f'(x) = 4,s0 jf_(x}-"—'i":oo.thnx > 1, f(x) < 0and

5

hence f"(x) — —occ. Thus the set of poil

h bounded orbitsis [),,.y, £~ "([0, 1D).

Proposition 7.4.4 If x 3_,.2--'—1‘-’}75 and iR — R, xM x), then there is a
homeomorphism hiSEf — A := e, £7(10, 11) such that ho o™=_f o b that is,
Fy, is conjugate to the 2-shift. S

//
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[0,1]) = Ap U A, by solving the quadratic equatiog, (x) = 1. Likewise,
F72(10, 1) =AU Apy U Ay U Ay consists of four intervals,and so forth. Consider
the partition of\A by Ag and A,. These pieces do not ove *‘a’p and

£ (0] = A — 20| = 24

1 1
=A2 4L > A2+ V52 - 4245 =1

on AgUA,. Thus, for any s
intersections

uence /v = (wg, wy, ...), the diameter of the

decreases (exponentially)
wy, ... ) the intersection

(7.4.3) P h({o) = () f(A,)
/

nely

Remark 7,45 It turns out that Proposition 7.4.4 holds whenever & > 4 (Proposi-

1 the present

result/ The situation present in either case, where a map folds an interval entirely

ovet itself, is referred to as a one-dimensional horseshoe, in analogy to ihe}sgmetry
een in the next subsection. !

74.4 Linear Horseshoe

We now describe Smale's original “horseshoe,” which provides one of the best
examples of perfect coding. (In Section 7.3.3 a special case was constructed, in
which ternary expansion provides the coding.)

Let A be a rectangle in R? and f: A — R? a diffeomorphism of A onto its
image such that the intersection A N f(A) consists of two “horizontal” rectangles
Ag and A, and the restriction of f to the components Af:= f~1(A;), i=0,1,
of f~1(A) is a hyperbolic linear map, contracting in the vertical direction and
expanding in the horizontal direction. This implies that the sets A” and A! are
“vertical” rectangles. One of the simplest ways to achieve this effect is to bend A
into a “horseshoe’} or rather into the shape of a permanent magnet (Figure 7.4.2),
although this method produces some inconveniences with orientation. Another
way, which is better from the point of view of orientation, is to bend A roughly
into a paper clip shape (Figure 7.4.3). This is an exaggerated version of the ternary
horseshoe in Section 7.3.3, which also leaves some extra margin. If the horizontal
and vertical rectangles lie strictly inside A, then the maximal invariant subset
A =2 _ FA) of A is contained in the interior of A.

Proposition 7.4.6 [ is topologically conjugate to o,.
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F2(A)

l I

Figure 7.4.2. The horseshoe.

Figure 7.4.3. The paper dip.

Proof We use A” and A! as the “pieces” in the coding construction and start with
positive iterates. The intersection A N f(A) N f2(A) consists of four thin horizon-
tal rectangles: Ay = A;N f(Aj) = fIADN fA(AD), i, je{0,1} (see Figure 7.4.2).
Continuing inductively, one sees that (L, f/(A) consists of 2" thin disjoint
horizontal rectangles whose heights are exponentially decreasing with n. Each such
rectangle has the form A, ., =i, f/(A®), where o; € (0,1} fori=1,....n
Each infinite intersection ﬂﬁ] J™(A™), wy € {0, 1), is a horizontal segment, and
the intersection (o, f"(A) is the product of the horizontal segment with a Cantor
set in the vertical direction. Similarly, one defines and studies vertical rectangles
Amvoon — (Y FoEA®1), the vertical segments [, f~"(A“-), and the set
My £7™(A), which is the product of a segment in the vertical direction with a
Cantor set in the horizontal direction.

~ The desired invariant set A = (2__, f~™(A) is the product of two Cantor sets
and hence is a Cantor set itself (Problem 2.7.5), and the map

h:Q— A, k@)= [ f"A")

is a homeomorphism that conjugates the shift oy and the restriction of the
diffeomorphism f to theset A. O

Since periodic points and topological mixing are invariants of topological
conjugacy, Proposition 7.4.6 and Proposition 7.3.4 immediately give substantial
information about the behavior of f on A.
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248 5 Local bifurcations II

the 2971 occur in addition to those present when f§ is irrational, 1f g =
(weak resonance) it can be shown that these additional resonances a slmliar.
but not det::%hmg, role for all gq. However, this is no longer true for g <4
(strong resonance) wﬁe&lhe additional resonances lea bifurcations that are
characterised by the value BT*q\\ L

Following Arnold & Takens (see Arnold, 1983; pp. 292—313; Takens, 1974b) we
describe a systematic approach to these nce phenomena by approximating
fi, ne R, by the time-2n map of a ctor field. The construction of
the approximation is described in §5.5. This approach-has the advantage that it
can be extended to include the generic case when ¢ =1 an 2 (see (ii) above).
For these vall;e?%l)zj(ﬂ} has real eigenvalues and is not a rotation. Bifurcation
diagrams for-the resulting families of vector fields are presented in §5.6 their
relation’l/m he corresponding local family f|U is discussed in §5.7.

5.2 Arnold’s circle map
Consider the following two-parameter family of diffeomorphisms f,,:S* — §*,
fun® =0+« +esin 6, (5.2.1)

e€[0, 1), 0, a0, 2n], with 0 and 2x identified. For what values of (a, &) does
fixy have rotation number p/q in lowest terms, where pe {0, 1,...,q—1},qeZ*?
It is convenient to measure 6 in units of 2%, i.e. 2n0' =@, so that the iteration
0,41 = fiae(0,) becomes

1
Onv1 =5 Saa20,) = f.0r(0h)
4

=0, + o + ¢ sin 2nd’, (5.2.2)
where 2o’ = o and 2ne’ = e. Dropping primes, we can wriltc
O+ 1 = Sanl0,) = 0, + @ + & sin 20, (5.2.3)
with a, #€[0, 1] and e€[0, 1/2xn). Finally, we obtain the lift, f[,_g,. of fio 8
Jian(x)=x + o + £ sin 2nx, (5.2.4)

x€R. This clearly satisfies fh_g,(x +1)= J?{a (%) + 1, as required for an orientation-
preserving diffeomorphism on $*' (see §1.2).
Proposition 5.2.1 The rotation number p(f. ) = p/q if and only if

Jta(x) = (x+p)=0 (5.2.5)

Jor some xeR.

.Fr'dm. Plf‘rt.-w:)'[‘n\ -}'}\ 2 Place ; ‘j\))n I 790, \.HS sdew s | \ CF(T Q.
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Proof, Clearly, if (5.2.5) is satisfied for some x = x, then
Flalxo) = Xo +p, (5.2.6)
and therefore
S8 (x0) = xq + np. (5.2.7)
Thus
i) = Lim L0050

L

= Lim L€al*) = %o 10y _ g (5.2.8)
n- o ng
Conversely, observe that (5.2.4) implies
S ho(x)=x+ g + F(a, €, x). (5.2.9)
Let « = (p/q) + f to obtain
FhoX)=x+p+ G, (8¢ x), (5.2.10)

where G,,(8, &, x)=qf + F((p/q) + B, &, x). Thus if (5.2.5) is not satisfied for some
xeR, then

GorglB, &, %) #0 (5.2.11)

for all xeR. Since G, is periodic in x (sec Exercise 5.2.1), this means that G,
is bounded away from zero. It follows that

oS i) — p/al = mmlq"Gmw &, x) > 0. (5.2.12)
Hence, p(f.) = p/q if and only if (5.2.5) is satisfied for some x €. O

It is not difficult to show that

q-1 _
Fla,e,x)=¢ ), sin[2nff, ,(x)], (5.2.13)
k=0
and
sin[2nf ¥k, ,(x + 1)] = sin[2nf*, ,(x)], (5.2.14)
k=0,1,...,9—1, so that G is bounded and attains its maximum and minimum

value on [0, 1]. Thus, for each , there is an interval of 8 on which Gpu(B,e,x)=0
for some xe [0, 1] (see Figure 5.2).
How do the end-points of thisinterval of # depend on&? Forg = 1, p = 0and

Gop(f, e, x)=p +esin 2nx =0 (5.2.15)

has solutions for some x€[0, 1] provided # < +e. Since 0 and 1 are identified, we
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conclude that p(f,,,) =0 for («,¢) in the linear wedge-shaped regions shown in
Figure 5.3(a). Given that g > 2, we can approximate the boundary of the region
in which p(f,.) = p/g for & « 1. First observe that (5.2,13) implies

1F(x, & x)| < qe (5.2.16)

for any «, x. Therefore, || <& is a necessary condition for G olalB, & X) to be zero
for some x. Thus, if ¢ is small so is f and we can consider the Taylor expansion
for F((p/q)+ B, e, x) about (8, &)= (0,0). To this end we next observe that, for
q=2,

k-1
7t ={" +kate ');0 sin(2af, ,(x)), k=1,...,q—1; -
X, k=0.
Hence, from (5.2.13),
: ot [ kp k=l
F(o, & x)= s{sm 2nx + g:‘ sin Zn(x + 7 +kB+e E}] sin[2nf!, ,(x)] )]}

= g{sin 2nx + qil sin Zu(x + ‘—::—’)]} +0o3E" 1{?*: r+s=1), (5.2.18)

k=i

where « = (p/q) + . It is easily shown (see Exercise 5.2.2) that

azt [ kp
Y sin 2n(x + —)] = —sin 2nx; (5.2.19)
=1 L

q

and we conclude that, for 4> 2, G, (8, e, x) takes the form
Ga(Bre, x)=qf + go(x)fe + g, (x)e? + O ' B r +5=2).  (5.2.20)
Figure 5.2 Plots of G,;(fi, ¢, x) (see (5.2.27)) for £=0.025 and (a)

B=P.e}=0.001;(b) § =0;(c) f = — p,,(e). Observe that G, ,(f, &, x) = 0
for some xe [0, 1] provided e[ —pB,.(e), B.(e)].

Gi(B & )
0.005F

-0.005
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Let G,(B, &, x) =0 define # as a function of ¢ and x in the form
Ble, x) = Bo(x) + B, (x) + £2B,(x) + O(*). (5.2.21)

Substitute (5.2.21) into (5.2.20) and compare coefficients of powers of £ to obtain
X
Bl =Pi()=0,  fal0)= J‘T“' (52.22)

1t follows that fi(e, x) is at least quadratic in ¢ for all g = 2.

Figure 5.3 Arnold tongues for the circle map (5.2.3): (@) Top; (b) Tyjas
(¢) Tyj3 and Typ3; (d) schematic illustration of {T,, |1 <g < 4}. There is
a tongue T, = {(o, 8)|p( fia.0) = p/q} for every rational number p/q € {0, 1)
but its width decreases rapidly with increasing g. The system of tongues
is symmetric about a = 4.

E
(a)
"
(b)
[#4
0 1
1
[]
]
]
! (c)
1
[+
0 : 1
[
1 1 I |
& Y
0o Py ()
1 [ |

...*-
-—
L
.



252 5 Local bifurcations 11

Example 5.2.1 Given that p/g =}, find g,(x). Describe the set {(%, £)]p(fin) =3}
and draw a diagram illustrating this set in the a,e-plane,
Solution. Observe that
FE.o(x) =X + 20+ & sin 2mx + & sin 2a(x + o + & sin 27x). (5.2.23)
Let @ =4 + f§ to obtain
StefX) =X+ 14+ 2f + £ sin 2nx + e sin 2n(x + & + B + & sin 2zx). (5.2.24)
Therefore
G, 2(B, &, x) =2p + & sin 2nx + e sin 2n(x + } + B + e sin 2nx).  (5.2.25)
Now,
&sin 2n(x + 5 + B+ & sin 2nx) = e{sin2a(x + })) cos(2n(f + ¢ sin 2nx))
+cos(2n(x + 1)) sin(2n(B + e sin 27x))}  (5.2.26)
and
Gypa(B, 8, x) =28 + e sin 2mx + e{sin(2n(x + }))
+cos2n(x + $)[2n(p + & sin 2nx)]} + O f r + 5 =2). (5.2.27)

Thus
g1(x) = 2m cos{2n(x + 1)) sin 27x,
= —2m cos 2nx sin 2nx, (5.2.28)
Therefore
me?
Ple, x) = T sin 4nx -+ O(e?). (5.2.29)
For given e« 1,
T, 3 ne? 5
—»2-2 + O{e*) < Ble, x}s——2—+0(s ) (5.2.30)

and {(x, &)lp(fisn) = 1} is a symmetric cusp-shaped region with vertex at « =}
(see Figure 5.3(b)). O

The sets T, = {(e, &)l p(f0,0) = Plg} for p/lge B[O, 1) are known as ‘Arnold
tongues’ and their boundaries can be approximated for any p/q (see Exercise 5.2.3).
For example, when p/g = §, it can be shown that f,(x) = 3'/2/6. This means that
the approximations to the upper and lower boundaries of Ty;; have the same
quadratic terms and the tongue must leave =4 as shown in Figure 5.3(c). The
width of T),; is at most O(e?). Such asymmetric behaviour is typical of tongues
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with ¢ 2 3 and the symmetry exhibited by Ty, and Ty, is exceptional. It is also
useful to note that the system of tongues is symmetric about a = 4. More precisely,
Ti1 - prg 18 the image of T, under reflection in a = 4. This means that T, takes '
the form shown in Figure 5.3(c). Similar considerations for ¢ = 4 yield the schematic

‘representation of {7, |1 < g <4} given in Figure 5.3d.

There is a separate tongue for every rational in [0, 1). The greater the value of
g the thinner is the tongue, but each one still has a positive width for £> 0, It
follows that the dependence of p(f,,,) on a, for fixed ¢ > 0, is rather subtle. For
each rational number, p/q€[0, 1), there is an interval of values of « for which
p(fiae) = P/q. However, the length of the (p/g)-interval diminishes rapidly with
increasing g and, in fact, the measure of the totality of tongues for 0 < & < g < (2n)"!,
0<a<1 is small compared with g, This means that, on selecting a member of
the family at random, it will have an irrational rotation number with probability
near one as &¢— 0. This is in sharp contrast to the behaviour of circle diffeo-
morphisms for which (see Theorem 3.4.1) a rational rotation number is a generic
property.

Analogous results to those described above can be shown to hold for any analytic
or sufficiently smooth unfolding of a rotation. In particular, this is true for familics
of the form

Siay(0) = 0 + o + a(0), (5.2.31)

where a(f) is an arbitrary analytic function on S*

5.3 Irrational rotations

When Df,(0) is an irrational rotation, a straightforward normal form calculation
shows that an invariant circle occurs. We have already considered this caiculation
for p=0in Examples 2.5.2 and 3, where it was shown that f;, could be transformed
into the complex form

To(2) = A0)z + azlzl? + 0(2I°), (5.3.1)

where a3 = d,, € Cin (2.5.31) and A(0) = exp(2xif). Let A(u), () be the eigenvalues
of Df,(0). Then, given that [(dlA(u)l/du)], =0 #0, A1) #1 for p#0 and the
z|z)*-term in (5.3.1) is no longer resonant. Therefore, it could be removed by a
suitable transformation. However, this would destroy the continuity of f{,u, z)in
u. We therefore choose not to remove this term and conclude that f(u, z) is
equivalent to

Jul2) = Mp)z{1 + a(@)lz* + R(x, 2)}, (53.2)

where A(u) = |A(u)lexp(2nif(u)) and a(u) = az(u)/A(n) depends smoothly on u. In
(5.3.2), R(y, z) is O(lzI*).
Let a(u) = c¢(u) + id(y), then, in the absence of the remainder, R(y, z),

| @) = 1Al 2l 1(1 + a()lz]?). (5.3.3)




