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Abstract. It was shown by Gibbons and Tsarev (1996 Phys. Lett. A 211 19,
1999 Phys. Lett. A 258 263) that N-parameter reductions of the Benney equations
correspond to particular N-parameter families of conformal maps.

In recent papers (J. Phys. A: Math. Gen. 36 No 31 (8 August 2003) 8393-8417),
(J. Phys. A: Math. Gen. 37 No 20 (21 May 2004) 5341-5354), the present authors
have constructed examples of such reductions where the mappings take the upper half
p-plane to a polygonal slit domain in the A-plane. In those cases the mapping function
was expressed in terms of the derivatives of Kleinian o functions of hyperelliptic curves,
restricted to the 1-dimensional stratum ©; of the ©-divisor. This was done using an
extension of the method given in Enolskii et al (2003 J. Nonlinear Sci. 13 157)
extended to a genus 3 curve (V Z Enolski and J Gibbons, Addition theorems on the
strata of the theta divisor of genus three hyperelliptic curves, (in preparation)). Here,
we use similar ideas, but now applied to a trigonal curve of genus 4. Fundamental
to this approach is a family of differential relations which o satisfies on the divisor.
Again, it is shown that the mapping function is expressible in terms of quotients of
derivatives of o on the divisor ©;. One significant by-product is an expansion of the
leading terms of the Taylor series of o for the given family of (3,5) curves; to the best
of the authors’ knowledge, this is new.

PACS numbers: 02.30.1k, 02.30.Jr, 02.30.Zz

1. Introduction

1.1. Reductions of the Benney Moment Equations

The Benney equations [1] are an example of a system of hydrodynamic type with
infinitely many degrees of freedom. These can be written as a Vlasov equation [2],
3],
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Here f = f(x,p,t) is a distribution function. The moments A,, are defined by
Ay = / p"f dp. (2)
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Following [4], we let Ag(x,p,t), be given by the integral

)\R—p+P/ fxp?d' (3)

where P denotes the principal value. Comparing the first derivatives of Ag(x,p,t), we
obtain the PDE

O O _ D (p O 0o
ot p@x_ﬁp '

ot tp Oz + ox (4)

If we hold Ar constant in (4), then this gives the conservation equation
dp 0 (1,
— 4+ —| = Ag | =0. 5
b g (54 o) )

Alternatively, if we now hold p constant in (4), we obtain
OAr N OAr  0A¢ OAr
ot p or or Op

which is a Vlasov equation of the same form as (1). Thus (1) and (6) have the same

=0 (6)

characteristics. Any function of A\g and f must satisfy the same equation.
Suppose further that for some point p = p;(z,t), Ar(p;) = Ai(z,t) we have:

O

=0
Op ’

P=p;

then substituting

O
ot

O\ O\r O\
= and — =

ot ox R ox

P=p; p=p;

into (4) gives
85\1 + 3 8_5\1 =0
ot " Piar T

We say that i is a Riemann invariant with characteristic speed D;.

We are interested in the case where the function Ag(p, x, t) is such that only N of the
moments A,, are independent. Then it was shown in [5] that there are N characteristic
speeds, assumed real and distinct, and N corresponding Riemann invariants (p;, 5\1)
Then Benney’s equations reduce to a diagonal system of hydrodynamic type with finitely
many, /N, dependent variables 5\1-, satisfying:

o\ Iy )\) O\
ot ox

Such a system is called a reduction of Benney’s equations.

=0 (i=1,2,...,N). (7)

The construction of a general family of solutions for equations of this type was
outlined in [5] and [6]. Instead of considering the principal value integral (3), we now
define a new function A, (z,p,t

A (z,p,t) p+/fxpt (8)
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where T is an indented contour passing below the point p. This function has the same
asymptotics as Ag(z, p, t), provided all the moments A,, exist, and it can be analytically
continued throughout the upper half p-plane, provided that f is Holder continuous.

We now suppose that the relation f = F(Ag) holds in some region of the (z,p)-
plane at some time ¢, and that f = 0 outside this region. Then since both (1) and (6)
have the same characteristics, the relation will be preserved by the dynamics. In this
case the definition for A, (8) becomes a nonlinear singular integral equation:

A (2,p,1) =p+/TW dp’. (9)

Some solutions to (9) can be described in terms of a conformal mapping of a slit domain.
We take the upper half A\-plane, I', , and draw a Jordan arc ¢ in I'; starting from a point,
MY on the real axis. We then fix an arbitrary point on this arc, 5\1, and make a slit vy,
running along the arc from \? to \;.

Y1 P+

Figure 1. The slit ; on the Jordan arc ¢ = ~; U¢c.

Note that the slit v, in figure 1 is given by the relation
Im(Ay) = —7F(Re (A4))

and so, for consistency, F' must be continuous with £ < 0. The function p (A, 5\1) is
then determined uniquely by the following properties.

(i) p(Ap, A1) has a branch point at A;, that is
p~pte(d—A)7+ 00— 4).
(ii) p (A, A1) is real on the real A -axis and on both sides of ;.
(iii) p(Ay, A1) is analytic in the cut half plane T',.
(iv) As || = oo, with Im(Ay) > 0, p(A,, A1) has the expansion

. 1
p(As, A1) ~ AL+ 0 <)\—) :
+

The evolution of p is then given by (5); expanding near A; gives:

oo,
ot p@x_'
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Thus A is a Riemann invariant with characteristic speed p = p (Ay).

It is possible to generalize this construction to /N non-intersecting slits. Here, each
of the slits ~; is made along a fixed path starting on the real \,-axis and ending in a
branch point Ai. Again, \; are the Riemann invariants of the system with associated
characteristic speeds p()\i) and the slits v; are given by

Im(A;) = —7Fj(Re (A1)

where F; < 0 are continuous functions.

In the particular case that the slits are all straight line segments, making angles
with the real )\ axis which are rational multiples of 7, the usual Schwartz-Christoffel
construction gives a mapping function of the form:

ro=pt [ " 16) — 1)dp, (10)

—o0
where ¢(p') is some algebraic function. In this case it is natural to consider this
expression as an integral of a second-kind differential on the corresponding algebraic
curve. This approach was used in [7], [8] and [9], where the slits were all at right angles
to the real axis, and the corresponding curves were then elliptic or hyperelliptic. The
question thus arises whether a similar approach is equally useful for a curve which is
not of this type; here we look at a particular example, where the underlying family of
curves are trigonal.

While the resulting formula (103) is clearly highly transcendental, it is remarkable
that all known examples of such explicit representations of Schwarz-Christoffel slit
mappings may be written as rational functions of derivatives of o-functions for the
corresponding algebraic curve. The principal advantage of such an approach is that
the original Schwartz-Christoffel integral depends on many parameters, which must
satisfy integral constraints. In the present trigonal case for example, it depends
on 10 parameters, satisfying 6 constraints - it is thus very hard to use the integral
representation to calculate the properties of the reduced system, without evaluating the
integral anyway. Calculating the Hamiltonian structure, for example, in terms of the o
function representation may well be more tractable; work on this is continuing. Some
recent closely related work on expressing the analogous hyperelliptic mappings in terms
of automorphic functions, by Crowdy [10], [11] suggests further generalisations may be
possible. In that representation, the constraints are satisfied automatically, and the
mapping no longer contains spurious parameters, depending only upon the dynamical
variables.

In a series of papers by Wiegmann, Krichever, Mineev-Weinstein, Zabrodin and
co-workers, (see, e.g. [12],[13]), a related problem, in a sense inverse to this one, is
addressed. There, families of conformal maps are constructed in terms of the solutions
of dispersionless integrable hierarchies, and these are further related to the solutions
of random matrix models. The detailed connections between that work and this still
remain to be clarified. It is clear, however, that the topics of conformal mappings and
of dispersionless integrable hierarchies are intimately connected.
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2. A Trigonal Reduction

To motivate the calculations which follow, we consider reductions where the slits are
straight line segments making angles of 7/3 or 27/3 with the real axis, leading to a
trigonal curve. There is one elementary example with this slit geometry, leading to the
dispersionless Boussinesq hierarchy [14]. Here the mapping is

Ay = (p* +3Agp +341)° = (p— P)(p — P)(p — P3))"°, (11)

and the two slits have fixed base point at the origin, which is the image of the three
points {Py, P, P3}. See figures (2) and (3). We should point out that although the
mapping itself is written in elementary functions, the curve is non-trivial, having genus
1.

P, P, Py

Figure 2. The p-plane.

Ao=0

Figure 3. The A-plane associated with figure 2.

Let us now consider a similar reduction, but instead with 2 pairs of slits, as shown
in Figure(4) where the conformal mapping A : P — L is constructed as follows. We
define P to be the upper half p-plane with 10 points marked on the real axis. These
satisfy

P1<]31<P2<]52<P3<P4<]33<P5<]54<P6.

The domain £ is the upper half A-plane with 2 pairs of slits on it, as in figure ( 5). The
first pair of slits radiate at 60 degree angles from the fixed real point A\}; The end points
of these slits move along the radial lines and are labelled X1 and Ao. A second pair of
slits is arranged similarly, radiating at 60 degree angles from the fixed real point \g.
Here, the variable end points are labelled A3 and A\, As in the hyperelliptic cases, the
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point i is the Riemann invariant associated with the characteristic speed p;. By setting
A(P;) = \; and imposing the conditions

A=Ay = A3 = A,

A= A5 = Xg = A, (12)

it follows that £ is a slit domain of the form shown in figure (5).

ﬁl ﬁg Pg P4 P5 P6

Figure 4. The p-plane.

A(p1)

(pz (p5 )\(ﬁ 4)

APINNY// A(p3) AP1)N\NY// A (ps)

Ao Ao

Figure 5. The A-plane associated with figure 4.

The mapping A\ : P — L can then be given in the Schwartz-Christoffel form:

Ao =+ [ (o) - D (13

where
2/3 2 )
11, (p— P))] y
where

zﬁz(fﬂp—BO- (15)

i=1
From the conditions (12), we see that once the base points A} and \j have been fixed,
the mapping A(p) is a function of 4 independent real parameters. As in the hyperelliptic
case, it is natural to take these to be the variable imaginary parts of the slit ends:
S(A(p:)), i =1,2,3,4.
From the construction of the conformal mappings, we also have the property

1
lim p(p)~1+0 (E) :

p—0o0
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This provides a relation between the characteristic speeds p; and the fixed points B;.
We have

6 4
2 1 1
li =1 - g P, — E p; | —+0O [ =
pggo #(p) + <3 — — p) p - (p2>

and so

4 9 6
E;ﬁizgz;l%. (16)

Following the process used in the hyperelliptic cases, we now define the Riemann surface
I

FI{(p,y)€C21y3=<H(p—R)>} (17)

i=1
We will then be able to use the properties of this surface to evaluate the integral A(p).

This is a (3,6)—curve and so relates each point p, except the branch points P;, to
three values in the complex plane and so the Riemann surface for (15) consists of three
sheets, triply branched at the points F;.

For all p in the finite plane, other than the branch points, each branch of the
function y(p) is finite and so the curve is regular here, and p is a good local parameter
at such points. However, if we evaluate y along a contour encircling the point P;, the
values at the end points differ by a factor of

w = exp (2i7/3).

Hence, the P; are regular branch points of order 3. The local co-ordinates at the branch
points are

gz(p_Pi)l/S (7’:1776>
In the neighbourhood of P;, y is an analytic function of the corresponding local
coordinate &.

We may describe the Riemann surface more precisely, and label the different sheets,
by noting that:

k—1
% — exp <2m’ ) as Ip| — o0,
p 3

where k = 1, 2 or 3. The different sheets are joined along the real intervals (the cuts)
[Py, Py, [Py, Ps], [Py, Ps] and [Ps, Ps]. Specifically, as p passes from a point on the upper
side of [Py, Ps] or [Ps, Ps) to the lower side, y moves from sheet k to sheet (k + 1)mod 3,
and as p passes from a point on the upper side of [Py, P5| or [Py, Ps] to the lower side, y
moves from sheet k to sheet (k—1)mod 3. The branch cuts, and the connections between
the different sheets, are shown in figure (6). The k-th sheet is completed by adding a
point at infinity, denoted ooy, where a good local co-ordinate is & = 1/p. Expanding
y(p) in terms of this local co-ordinate gives
6

y(p) = exp(2ri(k — 1)/3 (g OONATE om)
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and so at each of the 3 points at infinity the function y has poles of order 2.

Definition 2.1 Any Riemann surface R given by

where n is an integer and Q,, is a polynomial of order m, is called a cyclic (n,m)
Riemann surface.

Since all the n sheets have common branch points, at the zeroes of @,,,(x), and all branch
points are ramified in the same way, these curves are much simpler than more general
examples. Thus in our example, the curve I':

v =1]e-r)

i=1

is a cyclic (3,6)—curve.

Figure 6. The cyclic trigonal Riemann surface I'. The bold lines are cuts on the
surface. The solid curve is on sheet 1, the dashed curve on sheet 2 and the dotted
curve on sheet 3.

2.1. Properties of the cyclic trigonal Riemann surface

We now investigate some of the properties of the Riemann surface I'. Some key results
for trigonal Riemann surfaces have been found by Eilbeck, Enolski and Leykin, [15],
by Buchstaber, Enolski and Leykin, [16], which consider (3,4) surfaces in detail, and
recently by Onishi [17], who finds formulae holding on cyclic (3,4) surfaces, while
Matsumoto [18] has looked at trigonal curves with 6 branch points, as in our case.
Our approach follows the method of [15] and [16] closely.

First it is necessary to calculate the genus of the curve, and to define a basis of a
and b cycles. From the Riemann-Hurwitz theorem, the genus of a cyclic (n,l)—curve is
given by

2g=2-2n+1l(n—1)
giving in this case, with n = 3, [ = 6,

g=1-3+62/2=4
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We can thus define a basis of cycles on R consisting of four a and four b cycles.
These must have intersection index given by:

ClZ'OCljZO, aiObjzéij, biOszo,
where d;; is the Kronecker delta. A suitable set of cycles for this first homology basis,
H; (R,Z) = {a1, ag, a3, ay; by, by, bz, by},
is shown in [18].
To identify a basis of holomorphic differentials on I' we need to calculate the
Weierstrass gap sequence [19] for the curve. This process is simplified if the orders
of y and p are co-prime, that is, if the curve is in canonical form. To achieve this

we transform the curve by sending one of the branch points, Fg, to infinity, using the
invertible rational map:

1
p:P(g—;, (18)
1 .
P=P—m i=1..5 (19)
s = yt’K, (20)
5
E* =1](Ps - P). (21)

i=1
For the curve I' this canonical form I is then given by
5

$s=T[¢-1) (22)

t=1
=X+ Mt At At + Mt 1.

We will call the Riemann surface for this cyclic (3,5)—curve T,. This surface is

made from three sheets of the complex plane. It has branch points of order 3 at

Ty,..., Ty, Ts = oo and so there is just one infinite point. The local co-ordinate near

t = oo is then t = 1/£3. Tt follows that each sheet of T, has branch cuts along the closed

intervals

T, T), [Tz, T3], [Ty, Ts), [T5, o<

and is regular elsewhere. We note that if P, < Py for ¢ <5, then 7; > 0 for ¢« < 5.
The three sheets are then connected in the same way as the Riemann surface I,
replacing P; by T; for t = 1,...,5 and Py by oc.
The Weierstrass non-gap sequence for this cyclic (3, 5)—curve is the set of all positive
integers expressible as sums
3a; +506, =WNG, (23)

for non-negative integers «;, ;. These numbers are:

{0,3,5,6,8,...}.

I We use the notation \; for the moduli of the curve, following e.g. [15]. We should emphasise that
these bear no direct relation to the function A(p) used above.
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Only the first g terms of this are of interest here; all integers > 2¢g are trivially members
of the sequence. The complement of this set is the Weierstrass gap sequence; here it is
given by
WG = {747'73772771} = {17 27 47 7} :
Following [15], we can now define a set of holomorphic differentials on T, by
dt dt

du(t,s) =UT— = {Uy, Up, Us, Us} -
u (78) fy {17 29 3 4}3827

where U; = t* s% and the exponents a;,3; are as above. The analyticity of these
differentials follows from direct expansion in terms of the local parameters at branch
points. Solving equation (23) for «;, 5; € Z, as shown in table 1, we see

du® = (1, t, s, t?) dat (24)

352"

U, | WNG; | oy | 5
U
Uy
Us
2

DO W[ O

NI = O
[l Nel Nan]

Table 1. A list of positive integers P and @ satisfying
3a; +506; =WNG;
where W NG, is the ith Weierstrass non-gap number.

These differentials may be re-expressed in terms of p and y, to construct a set
of holomorphic differentials on the original curve, but instead we will work with the
canonical form of the curve, and transform the integral (13) into the variables ¢ and s.
The integrand (¢(p) — 1) dp (14) becomes

(p)dp = H?:l[(PG_ﬁi)t—l] g

o) dp = [ —- )
{Hz‘:1 [(P6_-Pi)t—1]}

K2 1+A1t—|—A2t2+A3t3+A4t4 ﬁ
[ts+)\4t4+)\3t3+)\2t2+)\1t—|—)\0]2/3 32(:2

t 32
where A; are constants, and K is defined as above.
We note that we can write the constant A; in terms of the curve moduli, \;, as

follows. Evaluating (25) explicitly we find
4

A== (Ps—p)

=1

1 A dt
= 3K (t—2+—1+A2+A3t+A4t2)— (25)
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and

L 3/ Z?:l(P6_Pi)
)\0 == gK / ; )\1 - K3/2 . (26)
If we now use identity (16), which relates the branch points P; to the p;, we see

4 9 6
A1=—<4P6—Zﬁi>=—<4P6—§ B)
i=1 i=1

It follows that
dt 12X 1)\ dt
t)ydt =k (Ag+ Azt + Ayt?) — + k| S+ == ) — 27
o) (Aot Ast+ Aut) 555 + (t2+3)\0t>332’ (27)
where the first term is a sum of holomorphic differentials and the second term is a second
kind differential.
To identify functions on the surface T4, we first define the period matrices:

2(,(}1'3‘ = % dui, 2&123- - % duz (28)
a; b;

J J
where w and w’ are 4 x 4 matrices.

The lattice of points generated by these periods is given by
A={2mw+2nw :m,neZ}. (29)
We define Abelian functions on C* as meromorphic functions which are invariant under
translations by this period lattice A; that is, they satisfy

flp+2nw+2mw) = f(p)

for n, m € Z. We now define the Jacobian of T, by Jac(Ty) = C*/A. As in the
hyperelliptic cases, we can map T, into Jac(T4) using the Abel map. For any point ¢
and base point ¢, € T, this is given by

A(t) = /t du(t') mod (A) (30)
= u(t) (31)

The map 2(¢) forms a 1 dimensional image of the T4, a subset of the 4 dimensional
Jac(Ty). We denote this one dimensional stratum of Jac(T,) by

0, = {u:u:/t:du mod(A)}.

Henceforth we will always choose the base point t, = co. Since A(t) is given by a single
integral with respect to one parameter, a point (¢,s) € Ty, it makes sense to rewrite
the integral (25) as an integral on the one-dimensional stratum ©; of Jac(Ty). Thus,
we need to understand how meromorphic functions on T, correspond to the restrictions
of Abelian functions to this subspace of the Jacobi variety. Similar such problems of
inverting meromorphic differentials on lower-dimensional strata of the Jacobi variety of
a curve have been studied for example, by Alber and Fedorov, [20], and Enolski, Pronine
and Richter, [21].
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3. Abelian differentials and the sigma function

It is possible to construct the correspondence between meromorphic functions on T, and
the restrictions of Abelian functions on Jac(Ty) to ©1, using the Kleinian o function.
Key to this construction was the definition of the associated second kind differentials
and the set of normalized holomorphic differentials. Thus we will begin by constructing
a set of associated second-kind differentials on the Riemann surface T, and then recall
the main properties of the normalized differentials.

3.1. Differentials

We recall that T, has the set of holomorphic differentials (24):

dt dt
T T
du” =U ﬁ = (ul, Uy, Us, U4) g
d¢
= (1, t, s, t?) —.
( ) ) 87 ) 382
To evaluate a set of associated second kind differentials
dt
dr’ = (R1, R2, R3, R4) —.
r ( 1, 29 3 4) 3 82

we use the procedure described in [15] and [16].
Klein’s fundamental second kind 2-form, d€)(¢,z) on Ty is defined as the unique
2-form, depending symmetrically on two distinct points (¢, s) and (z,w) on Ty:
S =t F Mt N NP+ N+ N,
w3 = Z5+A4Z4+>\323+)\2Z2+)\12+/\0
(t,5) # (2, w),

which satisfies:

dQ(t, z) ~ ( + O(1))dtd=

(t —2)?
with no singularities except on the diagonal (¢,s) = (z, w).
It may be constructed by setting

A0t ) = - (‘PT(Z”“’)%’ 8)) a4 R wyu, 5) - 4L

dz t—z
and where
(2, w) = (1, w, w?), dT(t,s) = (5%, s, 1).

To identify the unknown polynomials RT(t,s) = (R1, Ra, Rs, R4), we impose the
symmetry condition

dQ(t, z) — dQ(z,t) = 0.
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We find:

d [s*+sw+w?\ dzdt
dQ(t,z)ZE( PR ) o
+ (R1(z w) +tRy(z,w) + sRs(z,w) + > Ru(z w)) ﬁi

7 ’ ’ ’ 3w? 3 s2

sw, + 2ww, %+ sw+w?]| dzdt
t—z (t — 2)? 32
dz dt

+ (Rl(z,w) +tRa(z,w) + s Ra(z,w) + 12 'R4(z,w)) 307 352"

If we multiply this by
352 3w?
dt dz
and then set
3w?sw, +6ww, 3w?s®+3wds+ 3wt

Ql(t7z) = t— 2 B (t _ 2)2

and

Qa(t, 2) = Ri(z,w) + t Ra(z,w) + s R3(z,w) + t* Ra(z, w),
then the symmetry condition is equivalent to

Q1(t,2) — Qi(2,t) = Q2(2,1) — Qa2(t, 2). (32)
We simplify the left hand side of (32) using

wi =2 M2 N2 2P+ A 2+ Do,

and
d
3w2wz:$(w3):5z4+4)\4z3+3)\3z2+2)\2z+>\1.
This gives
d d 1
£2) = s (w? 2 w2 (w3
@u(t,2) Sdz(w)+ wdz<w) (t—=z)
1
+ [Bw?s® + 3 sw(w?) + 3w?(w?)] T
s+ 2w? 3w?s?
=—— (524—1—4/\423—1—3)\322+2)\2z+)\1)+(t_z)2
s+w? g 4 3 2
+3(t—2)2 (Z +)\4Z +>\32 +)\22’ +)\12+>\0>,

with Q1(z,t) evaluated in a similar way. If we now expand the expression (Q;(t,z) —
Q1(z,t)) and then rearrange, we obtain

Ql(t7z) - Ql(zvt) =
(4t22+3t)\3 +2tZ>\4 + )\2 +t22 )\5 — 223)\5 — 22 )\4 + 5t2 )\4 + 7t3>\5) S (33)
— (422t +32X3+ 2tz da+ Ao +t22 A5 =288 A — P M+ 522 M+ 728 A5) w
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Recalling that the right hand side of (32) is
QQ(Z, t) — Qg(t, Z) = (Rl(t, S) + ZRQ(t, S) +w Rg(t, S) + 22 R4(t, S))
— (Ri(z,w) + t Ra(z,w) + s R3(z, w) + t* Ra(z,w)),

we can now evaluate the polynomials R;(¢, s) by matching coefficients of s and w. We
note that the R;(t, s) are not defined uniquely, but one such set is given by

Ri(t,s) = st (3A3+Tt* +5tAy),

Ro(t,s) =2st (2t + A\y),

Rs(t,s) = 2> + 24 — Ay,

R4(t,s) = st. (34)

The second kind differentials dr associated to the set of first kind differentials du are
then given by
dt
T _

dr™ = (Ri1, Rz, R3, Ra) 352’
we can now define the corresponding two 4 X 4 period matrices n and 7'

2n;; = —7{ dry, 277% = —?{ dry, (5,5=1,...,9). (35)

aj bj

By construction, and the use of Riemann’s bilinear identity, these period matrices n, 1
and w, ' must satisfy the generalized Legendre relation; if the 2¢g x 2¢ matrix 9 is

defined by
o [ ¢ w,’ ,
non
0 -1 T 0 -1
m g mT:__ g
(19 0 ) 2 <1g 0 )

and so 9 belongs, up to a factor of /—2, to the Symplectic group Sp(8,C) (see, e.g.
22], p. 37].

then:

3.2. The o function

If we introduce the normalized holomorphic differentials dv on T, by setting

%dvjzéi,j, i,jzl,...,él,
ai
then their periods around the b cycles are given by
-1 .o
f;i dvj = (w w')i’j =T, ,7=1,...,4,

where, as usual, the matrix 7 must be symmetric, with positive definite imaginary part.
Following [19], we can now define the Kleinian o function on Ty:
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Definition 3.1 Let t, be any reqular point on the Riemann surface T4, and let

{th,..

L tay € (Ty)*; the Abel map of the divisor (t, + to + t3 + t4) is defined by:

4 t;
u= E / du.
i=1 Yla

Then the fundamental Abelian o-function on C*, the covering space of Jac(Ty), is given

by

o(u; M) =

VS&)) Vo (32re7ta)

Z exp(im(m”rm + 2m” ((2w) 'u — A,))

mecZ4

where D(v) is the discriminant of the curve T,

D)= [[ @-1),

1<i<j<5

and A, is the Riemann constant with base point t,; if we fiz t, = oo, and choose the

homology basis as in [18] then the corresponding Riemann constant A, was shown there
to be

1111
Aoo = (_7 a8’ _)T'

22722
The fundamental properties of o are:
it is an entire function on C*, the covering space of Jac(Ty),
it is quasi-periodic:

o(u+ 2wk + 2'k'; M) =

exp{2(nk + n'k)T (u + wk + w'k')} o(u; M) (36)
it is invariant under changes in the basis of cycles - it is a modular invariant:
o(u;9M) = o(w; M),y € Sp(2g, Z) (37)

the first term of the of the o-series is the Schur-Weierstrass polynomial which is
defined as follows. If e is the elementary symmetric function of weight k with
respect to the variables zi,...,z,, then the determinant det(egy;_ok+1)jk=1,. g,
can necessarily be expressed as a polynomial in terms of Newton polynomials
Pop_1 = 228144 zskfl, k=1,...,¢9. The substitution pop_1 =ur, k=1,...,9
defines the required Schur-Weierstrass polynomial in Jac(T,); for the curve T this
polynomial has weight 8 in the Sato-Weierstrass grading, where we assign weights:

|U1’ = 7, |U2‘ = 4, |U3| = 2, ’U4| =1.

the higher order terms in the Taylor expansion of o with respect to (uq, ug, us, u4)
are also all isobaric polynomials of weight 8 in these variables and the curve moduli
(Mo, A1, A2, Az, \y), where the weights of the moduli are assigned as follows:

Xo| = =15, |M] =—12, |Xa|=-9, |A3]=—6, |\ =-3.
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This is used to define a higher genus analogue of the { function and Weierstrass’ g
function. We have, analogously to the elliptic case,

0 i .
i (w) = 5 - log o (w)] = %(u), (i=1,...,4)
and
)=~ flogow) = - () + ZZw),  (j=1,...,4)
pZJ - auzau] gO' - o 0_2 ) Z?.] - & )
where we denote:
0o o 0% c
7= 0ui’ i = a’U,]’ 8ui’
Higher order logarithmic derivatives are written, for example,
93
ij =" , L, k=1,...,4).

The periodicity properties of these functions are as follows:
(i) G(u+2wm+20'm’)) = G(u) +2(mm +n'm’);  (i,7=1,...,4).
where the subscript 7 on the last term denotes the ith component of this vector;
(i) gij(u+2wm+2w'm’)) = g;;(u) (i,j=1,...,4).
Thus the Kleinian g;; functions and all their derivatives are Abelian functions on
Jac(Ty).

3.3. Genus 4 Trigonal curve: Jacobi’s inversion theorem and some relations between
the gkl

We begin by rewriting Klein’s theorem (Thm. (3.4) in [15]), for the case of the curve
T,.

Theorem 3.1 For arbitrary distinct (t,s), and base point (tq,s(t,)) on Ty and an
arbitrary set of g =4 distinct points {(t1, 1), ..., (ts,84)} € (T4) it follows that

24: . </t du — 24:/““ du) Us(t, s)Us_1(ty, 5,) = F%i—i)f) r=1,...,4(38)
ij=1 ta k=1"1ta "
Ut(t,s) =(1,t, s, t)
and F' s the symmetric function
F(t,s;t,,s,) = 3s25% +
(26367 + €0t + 3o + 1 (2t + 8) + po(E7 + 2tt,) + pa(3t2t) + pa (263t + £°12)] s
(2632 + t*, + 3o + pa (2t +t,) + pa (8 + 2tt,) + p3(3t°t,) + pa(26%t, + £712)] s,

appearing in the numerator of the second kind fundamental 2-form:
F(t,s;ty,s,) dt dt"
(t—t)? (3s?) (3s7)

=dQ(t, s; t,, sr)



Genus / trigonal reduction of the Benney equations 17

This result allows us to write down the Jacobi inversion formula on T, explicitly,
and also to find some PDE satisfied by the p derivatives on ©4. To do this we follow
the procedure outlined in [15] for a (3,4) curve.

We fix the base point t, of the Abel map at infinity. We then let ¢ — oo.
Expanding equation (38) in the local co-ordinate t = 1/ gives the following Taylor
series expansion:

_ MtE 28 2 3
mis= (-5 ) + (-5 -55) - o @

Paat?  p3al  part, gl
LHS = (242 P42 B2afr Pl -
( 3 s? 3 s 3 s? 3 s? *
B [@344 + 33 n ©13 + Q144 + tr (023 + ©244) + 2(034 + Pa44)
35, 352

and

3

1
6s,
L] €10
652
If we multiply both sides by 3 s? and subtract the right hand side from the left, then
the coefficient of &, O}, is:

+ {— (2334 — 3444 — ©334) — (3134 + (20234 + 2444 + ©234)

—12(20344 + Paaaa — @344))

Co = p1a + Paatr + Q318 + Paats — ty5y; (39)
C1 = (13 + P1a4a) + (923 + P24a)tr

+ (33 + ©314)5r + (P34 4 Paaa — M)tz — 2t2; (40)
Co= — % (91444 + 39134 + (39234 + P2444) 1,

+ (3334 + P3144) Sy + (Pasaa + 3p3aa)t2] — 1. (41)

It follows that C; must be zero for any u € ©4 and some (¢,,s,) € Ty.

In the hyperelliptic case, the first term, analogous to Cy here, defines the inversion
equation - there it is a polynomial of order ¢g in the unknown t.. Here, however,
equation (39), however, contains both ¢, and s, and so we simplify this further by
eliminating s,.. Evaluating the resultant of Cy and C'; with respect to s, gives the quartic

Do1 = 2t} 4+ (A — paaa — 3p3a)t]
+ (—3aMs — 014033 + PaaaP3s + P31 — Pous — P23 — Paagzaa) Lo
+ (=913 — 9144 + ©244034 + P23034 — P24§340 — P21033) L,
T 13034 — £14§0344 — 91433 T §1446934- (42)

This forms the key equation in Jacobi’s inversion theorem for the curve T,. For each of
the four roots {t,...%4} of this equation, the corresponding point s; can be found from
Co = 0. The g = 4 points (¢;, s;) € T4 form the Abel preimage of u.

If we similarly eliminate s, from the pair of equations Cy and C; then we obtain

3 1 3 1
Dy = (3@214 - 5@344 - 5@4444) tf + <6p44p24 - 5@334@44 - 5@2444
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3 1
+ 04444034 + 393446034 — 5@234 — 5@3444@44) ti

3 1 1
+ (—5@344@?2,4 + 302346034 — 5@3444@24 + 24448034 — 5@4444@%4 + 3@%4

3 1 3 3 1
—59134 + 5@3444@34@44 + 644014 + 5@334@34@44 — 5@334@24 — 5@1444) tf

2 2 2

1

3 3
5 02444054 — 3 02344054 + B 93346034624 + 01444 @34) Ly

1 1 3
(——93444@14 + — 034446034024 — 93348014 + 3901346034 + 6014024

1

3 3 1
+ (39?4 + 5@334@34@14 — 5@134@34 + 5@3444@34@14 — 5@1444@:%4) )

another quartic in ¢, which must have the same roots {t;} as Dy;. Multiplying Dy, by

3 1
(3@214 - 5@344 - 5@4444)

and subtracting this from Dg,, we have a cubic equation in z. Since this must be
satisfied by four distinct ¢; € T, the coefficients in this cubic must equal zero. This
allows us to rewrite the highest order g derivative in each coefficient in terms of lower
order derivatives. For example, from this pair of equations, Dy, and D2, we obtain an
expression for 4444 from the coefficient of 23, 3444 from 22, Posys from 2z and 444 from
the constant term. Simplifying these, we find, for example,

_ 3 2 2 2 2
Paaas = ————— (4 034 Paa + 4024 P31 + 205 P311 + 2 P44 P33 — Paaa — P3a4 P33 + 4 14) -

£33 + (9344

By looking at higher order terms of ¢ in the expansion of theorem 3.1 and eliminating
s, and t, as shown above, we may obtain relations for more of the g derivatives. It is
not yet clear how a fundamental set of such relations might be constructed.

Theorem 3.2 (Jacobi inversion for genus 4 Trigonal curve) [[19], p 32] Let T4
be the genus 4 cyclic (3,5)— curve defined by

4
=14+ Nt
=0

let
k=17

where (t; + to + t3 + t4) is a non-special divisor and du is the vector of holomorphic
differentials.

The Abel preimage of the point u € T4 is then given by the set
{(t1,51),. .., (ts,84)} € (T4)4, where {t1,...,t4} are the zeros of the polynomial

P(t; 11) = 2t4 + ()\4 — 9444 — 3@34)t3
+ (—p3ars — Paap33 + PasaPss + P31 — P2aa — P23 — Paapzaa) £
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+ (=913 — P1aa + P2144031 + P2334 — P210344 — P2a033)
+ P13034 — P1460344 — P14033 + P144§034,
and the pairs {(t,,s.)}i, each satisfy:
Q(tr, sr;u) =0,
where

Q(tm Sr; U.) = P14+ pQ4tr + 348, + @4475% — 8.

3.4. Strata of the Jacobian and the inversion theorem on ©1

Consider (T4)*, the k-fold symmetric product of Ty, containing divisors of the form
k

Dy, = Z (ti, s:)

=1

and define the Abel map of such a divisor with base point oo:

k t
u=u(ty,...,t) :Z/ du mod(A).
i=1 700

If we set

t;

@k:{u:u:Z/ du mod(A)}, k<4 (43)

i=1 v
then evidently we have the stratification
JaC(T4) =0;D @3 260,00, D @0 =0.

We may let a point in O descend towards ©,_; by allowing (tx, sx) to tend to oc.
From the Jacobi inversion theorem, we know that one root of P must tend to
infinity as u descends to O3, implying that o is zero there, so we can therefore define
O3 equivalently by
O3 ={u:o(u) =0}. (44)
In principle this approach could be used to descend successively to lower strata, as
was done in the hyperelliptic case, but this approach requires detailed knowledge of the
partial differential equations satisfied by the g;;. Instead, we use a theorem from a paper
of Jorgenson [23] (but see also Fay [24], p.31 for a closely related result) to identify an

alternative expression for ©; more directly.
This result is the following: Let

k
>
=1

be a divisor of degree k < g on C, and define its Abel map in the usual way:

k th
u= E / du.
i=1 Yla
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Then the following equation holds:
4105 (way  dot [al du(ty)|---| du(te)| du(t)|--- | du(t)s)
S o5 ()b,  det[b|du(ty)] | du(ty)[du(t)] - | du(t)eF-2]

(45)

where du(t)®”) denotes the column of i-th derivatives of the holomorphic differentials
du(t).
For the genus 4 trigonal curve T the set of holomorphic differentials is given by (24)
T o\ dt
du :(1,t,s,t)@
and so we can construct the strata Oy successively as follows.
We have already noted that on ©3, o(u) = 0. In that case (45) reduces to:

S0 (g _ det[a[ du(ty)| du(ty)| du(ts)]
1 0;(u)b;  det[b]du(t)[ du(ts)| dufts)]’

Now as u in ©3 approaches O,

t3 — 00.

We can therefore express the fourth column of both determinants in terms of du; for ¢3
near infinity. The local co-ordinate is t3 = 1/£3 and so substituting this into (24) we
find

du, 6, 2y 40 12

—— Z 4
a@ &+ 3A 8 +0(ET) (47)
dug 3,2 46 9

- — i\ 4
N g4 20+ O(E) (43)
dU3 1
2 _ _ )\ 4 7 4
M e+ g0 (49
dU4 2
— =14+ M +0(£%. 0
g o) (50

Letting £ tend to zero, the determinant in the numerator of (46) becomes

ay 1 1 0

C a9 tl t2

0
as S1 S2 0
ag 2 t2 1

The denominator is of the same form but with b; instead of a;. Evaluating the
determinants gives

4
> 105 (u) a; _ay(ty1 sy — s1ta) + as(sy — s9) +as(ta — 1)

Z?:l oj (u) b;  bi(tys2 — s1ta) + ba(s1 — s2) + bs(ta — t1)

(51)

This condition holds for u(t, t3) € ©,. Since a4 and by do not appear in the right hand
side, we must set their coefficients to be zero and so the stratum O, is characterised by

Oy ={u:o(u) =o4(u) =0}.
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In ©,, (45) reads
S0 (u)ay _ det [a] du(t,)| du(ts)| du(ts)']
St oy (b, det[b]du(t)du(ty)] du(t,) ]

Now, as before, we let ¢ — oo. The third column of the two determinants can be
1/3

(52)

expanded, as before, in powers of & = 1/(t3)"/°. The fourth column is given by the

derivatives of these expressions:

U ey gaet 4o
d?uy 2 5 8
@ —3& +4X08+0(&°)
d2U3 4
. R _1 _)\ 3 6
e + 3 1§+ 0(8°)
d?uy 2 5
e = —2M& +0(£).
Letting £ tend to zero, the numerator of (52) now becomes

agz 1 0 0

a9 tl 00
C

as Sip 0 1

Qg t% 1 0

and again the matrix in the denominator is of the same form but with a; replaced by
b;. Hence, equation (45) gives the relation

E?:l oj(u)a; _ G —aih
S oj(u)b;  by—bity

J=1

Since as, a4 and bs, by do not appear in right hand side of this equation we must set their
coefficients equal to zero.
It follows that the stratum ©; can therefore be characterised by

©; ={u:o(u) = o4(u) = o3(u) = 0} (53)
(see [25] for an analogous result for a (2,5) curve), and we obtain the relation

aq 0'1(11) + as 0'2(11) _ as —aity
b101(H)+b202(U) bg—bltl.

If we now set a; =1, as =0 and b; =0, by = —1, we find
01
=2 () (54

which gives the inversion of the restriction of the Abel map to Ty:

"= / " du (55)

[e.¢]

for u € ©4, the one-dimensional stratum of the 4-dimensional Jacobian Jac(T}).
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4. Evaluation of ¢

We can now transform integrand (27) ¢(t) dt using the inversion formula (55)

t= —ﬁ(u) for ue®©
02
and the expressions for the holomorphic differentials
dt dt dt , dt
dulzg, d _tg 5 dU3_83 5 du 4—t382 (56)
From equation (27) we have
dt 1 2)M1)\ dt
dt = k (As + Azt + Ay t? El+-02) —.
e(0) (A Ast o At) 55+ (t2+3)\0t>3s2

Separating this into the holomorphic and meromorphic parts ¢; and ¢y, given
respectively by

dt
A Ast+ Ayt
( o+ Ast + Ay )382
and
(1 2a1y
P27\ 2 T30 1) 382
we see
@1(t) dt = k [Ay duy + Az duy + Ay duy] (57)
and
2
. ()] 2)\1 (o)
aaltyat = | (Zw) - 532 <u>] dur (59)

Thus ¢; is a sum of holomorphic Abelian differentials on the Riemann surface T4. Since
©(p) has zero residue at p = oo on all three sheets, and residues are invariant under
conformal maps, we know that the second term ¢, must have a double pole with zero
residue when o (u) = 0; modulo periods; there are three such points, denoted ug, wuy,
and w?ug, where w = —3 + i‘/Tg,
regular everywhere else on ©;.

corresponding to one point on each sheet of Ty4. s is

Thus as in the hyperelliptic cases we must construct a function ¥ which satisfies
d
— [¥(u)] = pa(u), u € 0.
o [F(W)] = ea(w) 1
As the integral of a second kind differential, it can have at worst simple poles at the
three points w'ug. From the holomorphic differentials (56), we have

o _,0 0 _ 0 0 _,0
81@ n 8%1’ 8U3 B 8U1’ 8U4 n 8u1

and so the differential operator D; = d/du;|e, is given by

D, =
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where

$°=[t" + Attt + A tt + Ao t? + At + Ao

5 4 3 2
— [— (ﬂ) + M <ﬂ> ~ s (ﬂ) + X (ﬂ) — N (ﬂ) + Mo
02 02 02 02 02

Since this has 3 distinct roots for s, we cannot compare D;(¥) and ¢, directly. This

problem is therefore approached in a similar way to the higher genus hyperelliptic cases.
We begin by identifying a function ¥ whose derivative has the same expansion as @, near
each of the poles w'uy. We then verify that this function has no other poles. The solution
can then be obtained by using an extension of Liouville’s theorem on the stratum ©; of
the Jacobi variety.

4.1.  Ezpansion near the pole uy.

We will begin by expanding the function ¢, near the point u = uy and then compare
this with the expansion of a suitable function ¥. We note that because of the cyclic
automorphism of Ty, the expansions at the other 2 points w™uy are not essentially
different; the conditions to be imposed at the three points w™ug all hold or fail together.

Let ug = (ug 1,02, Uo,3, Up,4), then the Taylor series of the terms in ¢, are given as
follows. Writing w; = (u; — ug;) we have

2 Moy 2N l 03 + 012w + o93w3 + 1/2 011wF + ...
o1 wy + o3 ws + 1/2 0111 w3 + o113 wy w3 + o we + 1/2 0133 w3 . ..

(@)2 _{ 03 + 209 015 Wy + 205 a3 w3 + . ..

)

3 )\0 (o] B 3 )\0
011 w% + 20’13 011 Wi w3 + afgwg —+ ...
Since this expansion is on ©1, we can rewrite it in terms of the single parameter ¢. On
©; we know t = —0y /0y and so o1(ug) = 0 corresponds to the points ¢ = 0. This means
that the wug,; are given by the integrals

0
Uo’i:/dui 221,,4

[e.e]
As the Riemann surface T4 has no singularities and the branch points satisfy T; > 0,
t = 0 is a regular point and so we write the w; = u; — (up); in terms of the local parameter
t. This gives, on the sheet on which s — )\(1)/ Sast — 0,

t 0 t
wlz/ dul—/ d’ul:/ du1
0 00 0
t dt/
:/0 (s)2/3

1 1A

1 .2 3
= t—— t Oo(t 59

with similar formulae on the other 2 sheets. Similarly, we see that

1 1
0
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1 1

_ 2
w3—§mt+0(t ) (61)

0

and
11 4

w4:§Wt + O(t%). (62)

0
We can thus rewrite the series (60) - (62) in terms of the parameter w;. This gives

3

Wy = (’LLQ — U0,2) = 5)\(()2/3)'11)% + O (wlg) s (63)
w3 = (’LL3 — UO,3) = )\(()1/3)11}1 + O (w%) s (64)
wy = (ug — ugq) = 3)\84/3)10? + O (wi). (65)

Substituting in the expressions for w; in terms of w; (63)-(65) we obtain the following

expansions:
2 2\ 1

— )
w1

3 Ao 01 3X [\ o + )\(1)/3 013
2 2
1 1
2y = 72 4+ C—+0(1)
01

2
(0'11 + /\(1)/3 0'13) wl w1
where the coefficient C is given by
C = —92 . X (66)
o (8
[—20120%1 -2 ()\(2)/3) 012025
—4 ()\é/3> 012013011 — 2 ()\(1)/3) 0'230'%1

—2X 09303, — 4 (/\3/3) 023013011

2/3
+090110111 + ()\0 ) 020110133

+2 (A(l)/?’) 020110113 + 2 (A?/?’) 0201307113
+A102013011 + Ag020130133
+3 (/\3/3) 09011012 + ()\1)\(2)/3) 020%3
+302013012] -

The second and third order sigma derivatives in this term are
011, 012, 013, 023,

and

0111, 0113, 0133-

Thus to check that our integrand ¢, has zero residue, as it must, we need to find lower
order expressions for these derivatives at the point ug € 0;. First we will find some
relations holding throughout ©1, and then specialise to the 3 points w™uy.
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4.1.1. Relations between the o-derivatives holding throughout ©1. We start in ©3. The
point at infinity is a branch point of period 3 and so the expansion for ¢3 is given in
terms of the local parameter t3 = 1/£3. Substituting this into the definitions of u; from
the Abel map,

1/€%

Ui(tl,tg, 1/53) — Ui(tl,tQ,OO) = / duz
we find
Ul(tl,tg, 1/53) — U1<t1, tg) = —%57 + 1—15 /\4 510 + O (513) 5 (67)
Us(ty, ta, 1/€%) — us(ty, ta) = —i &+ 22—1 A& +0 (510) ) (68)
s(tr, 12, 1/€%) — us(tr, 1) = 3 €+ 2 M€ + 0 (€) (69)
and .
ug(ty, ta, 1/€%) —ua(ty, ) = =€ + g &+0(¢). (70)

If we now calculate the Taylor series for o(u) = 0, which holds identically in O3, in

terms of £ using (70), and then substitute in identities (67) - (70) we obtain

),
O=o0 (u<t1,t2,00) - [u(tl’t% OO) - u(t17t27t3)])

= U(”(tla lo, OO)) + (_U4<u(t17 ta, OO)))f (71)
N <_%03<u(t1, by, 00)) + %(;44@(151, b, oo))) £ 4 0(¢%) (72)
— (_303(u(t1,t2, 0)) + %044(11(1517152, OO))) & +0(&%), (73)

since 04 = 0 = 0 on O,.
The terms in the right hand side are evaluated at the point u = u(ty,ts,00) € Os.
Setting the coefficients of ¢ equal to zero, we find

0'44—0'3:0, Yue @2. (74)

on ©,. If we repeat this process, expanding (74) as u — ©; < ty — 0o, we similarly
obtain the relation

0'33—0'2:0, Vue@l. (75)

4.1.2. Relations between the o-derivatives holding at ug € ©1. At the point u = uy we
have the additional restriction o1(ug) = 0. This will yield enough relations to evaluate
the expansion of ;.

We have

©; ={u:o(u) = o4(u) = o3(u) = 0}
and the terms we need to express in terms of lower derivatives are

011, O12, 013, 023,
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and

0111, 0113, 0133

If we were to expand o4(u) = 0 Vu € O; for u near uy, then all of its terms would
contain derivatives with respect to uy, which we do not require. Therefore we will just
consider the identities ¢ = 0 and o3 = 0, both valid throughout 04, and in particular
near ug.
The stratum O3 is given by the set of points u € Jac(Ty) such that
3

t;
U(tl, tg, t3) = Z/ du
i=1 Y >

where the divisor (t; + t3 + t3 — 300) has dimension 3. This can also be defined by
condition (44):
O3 ={u: o(u)=0}.
We begin by calculating the Taylor series of
o(u) =0
for u € ©; near the point uy. This gives
0=o0(u+ (u—uyp))

1
=0+ (al)wl + (0’3) W3 + (50’11) w%

1
+ (0'13) w1 w3 -+ (O'Q) Wy + <§O'33> w32 “+ ..

where w; = (u; — up;) (i = 1,...,4). If we now substitute in the expressions for w; as
functions of w; (60) - (62) and use the results valid at uy € ©:

0'1(110) = 0'3(110) = 0'4(110) = O'(ll()) = O,

we find
0=0+ |:0'3)\(()1/3) + O'1i| w1
a3 L 1 @) 1 3 @3], 2 5
+ O'13>\0 + 20’3)\3 + 2)\0 033 -+ 20'11 + 20’2)\0 w1 +O(w1)
3 1 1
= |:§0'2)\(()2/3) + 50'11 + 013)\(()1/3) + 5)\(()2/3)0'33] w% + O(’LU:{)) (76)

where each term on the right hand side is evaluated at ug. Setting the leading coefficient,
that of w?, in (76) to be zero gives

011 — —3)\(()2/3)0'2 - 2)\(()1/3)0'13 — )\(()2/3)0'33

at uy € ©;. An analogous relation for 1;; can be found from the coefficient of w?.
The substitutions for o3 and o113 are then obtained from the Taylor series of
o3(u) = 0 for u € ©; near u,.
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Now these still involve o33 and o133. The former was found above (75), which holds
throughout ©;. Expanding near u = u, gives the required result.
To summarise, the full list of substitutions required to evaluate C is

o1 = =220 gy, (77)
o3 = —)\81/3) 09, (78)
033 = 09, (79)
o111 = —6 A7 015 — 32 A5 0, (80)
o113 = —2 )\(()2/3) 093 — 2 )\(()1/3) 012 — A3 09, (81)
o133 = —2 A 095 + 010 (82)

valid for u = ug € 6.
If we substitute these into the coefficient C (66), then this term vanishes. Thus the
expression for ¢ dt is indeed a second kind differential on ©; :

o(uo — (ug — u)) = (1 ! )iw(w?). (83)

We now consider the function

T(u) = 22 (u). (84)
01
Let
d 0 0 0 0
— — [P(u)] = 2 U
¢<u> du1 [ (U)] <8u1 + t8u2 * 58U3 i 8U4> (U)
where
83 = (t5 + )\4t4 -+ /\3t3 —+ )\2t2 + >\1t -+ /\0) .
Substituting
01
t= =
T

into 1 (u) we see

2 (85)

0-2 0-2

013012 0123+010134—013014
02

1 1

Y=—— (30%3 + 013 011) +— <U113 + s0133 +
01 o1

Since s is regular at u = uy, all singularities must come from the coefficients of ;% and

o' Thus for u near uy we will write sg = s(t)|;~0 and define

1 1 0130
1)00(11) = {__2 (30 ‘7%3 + 013 011) + — <0'113 + S0 0133 + 13 12):| + O(l)
01 01 02

To expand this near u = u, we first need to evaluate sy. Using Maple, we calculate the
Taylor series of sg for ¢t near zero. The first few terms are

1A 1A 1?2

1/3 1 2 1 2 3

80—)\0 + <_2_3>t+ <_2_3__W>t +O(t ) (86)
3)\0/ 3)\0/ 9)\0/
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We can then invert the series for wy(t) (59) to rewrite this as
= )\(1)/3 + ()\3) w1 + (3)\3/3>\2) ’LUl2 + O(’LU13). (87)

Using expression (87) for sp, we can now expand 1y for u near ug in the same
manner as ¢. We obtain

o N3 + Ao 1
o = |—013 = 5 4/03 - S 2/ ( >+O(w1) (88)
201301100 + 0132y + o112 wi

This can be simplified by writing o1; and 013 in terms of o3. From identities (77) and

Yo = [—%#] (27) +0twh (59)

and so the function
11 d [ 11 o0y
530 = i | o)
has same principal part as ¢, near u = uy (see equation (83)).

(78), we see

5. The expansion of ¢(u) near u=0

We now need to verify that the function
d 11 053
o[ 330 00 )
like (5, is regular at u = 0.

To do this we need the expansion of ¢ for u near 0. Such an expansion for a o-
function was first found in the elliptic case by Weierstrass [26], [27]. A similar expansion
was found for the genus 2 hyperelliptic case by Baker [28], and was recently generalised
to arbitrary genus hyperelliptic curves by Buchstaber and Leykin [29].

In this case the leading terms of o can be evaluated as follows. We know that the
first term in the Taylor expansion of o is the Schur-Weierstrass polynomial. To calculate
this polynomial we proceed as follows. For a general point on Jac(T,) we have

ui(tl, tg, tg, t4) = Zul(tk) = 1, Ce ,4.

Let us now study the stratum ©3 near u = 0. We let t,t5, and t3 approach infinity,
and set ty = co. We replace u;(tq, t, t3,00), by the leading term in the expansion of the
Abel map:

r(tr, o, 3, 00) = <—1€f - 76 -78).
Us(ty, ta, t3, 00) = < S& - —524 lef )

1

2

ug(ti, ta, t3, 00) = <—§§12 - 552 - 53)
ug(ty, ta, t3, 00) = (=& — & — &3) -
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If we evaluate the resultants of these equations, successively with respect to &3, & and
then &, we obtain the polynomial

S =Cuy® (448uj — 56 uj uy — 112uj + 448 up uz uj + uj — 448 ug uy)

where C' € R is an irrelevant constant. The Schur-Weierstrass polynomial is the leading
term in o, which must vanish on ©3. Now the factor u}? is non-vanishing except at the

origin. The Schur-Weierstrass polynomial for T, is thus given by the factor
SW = 448u3 — 56u3 uj — 112u3 + 448ug uz uj + uj — 448uy u;.

Now the weights of the terms wu; are given by the Weierstrass gap sequence. These are
7,4,2 and 1 respectively and so this polynomial has weight 8.

We now use this as the starting point for the Taylor series expansion of o near
u = 0. From (67)-(70) we see that the powers of £ in the Taylor series expansion of u;
near u = 0 increase by steps of 3. Thus the total weights of the successive terms in the
Taylor series for o near u = 0 will increase by weights of 3.

We look for a series for o as a sum of monomials of weights 8 + 3n with n > 0,
with coefficients of u?lu?u?uf which are isobaric polynomials in the A; - they have
weight of \; is 3¢ — 15. To include all the information about the curve, this series needs
to contain all of the curve moduli \;. The lowest weight at which all \; appear is 23, so
we must calculate at least to this order.

There is a unique series, o, including terms of weight < 23, which satisfies the

conditions:

e The leading term, of O(u}) of 7, is the Schur-weierstrass polynomial.
o 0= O(Uiﬁ) on @1, @2, and @3.

e On Jac(T,), the Jacobi inversion formulae are satisfied to sufficiently high order:

©14 + ©ts + 3481 + paat] —t1s1 =0,

and

(P13 + ©144) + (923 + P244)t1 + (33 + ©344)51 + (Pa3 + Pasa)t] = t3.

Here the Kleinian gp-functions are to be replaced by the corresponding logarithmic
derivatives of &, and evaluated at u((t1, s1), (t2, s2), (t3, S3), (t4, S4)), where all points
t;, are allowed to tend to oo, so that u — 0.

This series is given in full in the appendix.
Using this Taylor series expansion for o(u) as u — 0 we can quickly compare the
properties of

and
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for u near 0.
We represent the sigma derivatives in terms of the known Taylor series ¢ valid near
u = 0. The derivatives of o are determined up to order:
g; = 6’1 + O(ui(ﬁ*%).
The leading terms are of order
(SW); = O(uy ™).
Since u; has weight
W(ul) =M= 77
it follows that the series for ¢(u) is valid up to and including terms of weight 16. It is
given by
; _ T 2\ 3 6 17
lim p(u) =lim | =&+ +0(&) ).
-0 \ 3\

We can calculate the expansion for

Dy(¥(u)) = D, (%>

01

o o1 0 ) a1\ 0 \o
_ (2 a9 9 (o) 9 )
81,&1 (D) 8u2 8U3 (D) 8U4 01
0113 013011 0123+013012

B 2 2

01 01 02 02011
2

0133 013 010134 013014

+ s —s—5 + 2 2
01 01

(o) (o))
in the same way as for ¢ although, here, we also need to use the series expansion for
s as t — o0o. The highest order derivative in this expression is o113 which has weight
7+ 7+ 2 =16 and so the Taylor series we obtain is valid to order 7. We find

. d . 3 6 8

llllir(l) {d—m\ll(u)} = %1_1)1(1) [—)\2 — 2087 = 3XNE° + O(& )]

which is regular as u tends to 0. Thus the functions ¢, and

i (3,7

have the same series expansion near the pole u = uy and are regular everywhere else on
O,. It follows that we can write

d 11
[QOQ] du1 + A2 du1 + Ag dUQ + A4 dU4 = |:E (———@(u))} du1 + Blel (90)
1

for some vector of constants BT = (B;, By, B3, By).
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5.1.  Fwaluation of the vector B

We can now evaluate the vector B for the trigonal case using the same technique as for
the higher genus hyperelliptic reductions.
Consider the Abelian differential

By definition du; is a first kind Abelian differential and so has zeros of degree (29—2) = 6
and no poles on T4. From the calculations above we know that

is regular on T, and so F' must be a constant. If we compare the expansions of ¢, and

i (3,7

near u = 0, (83) and (89), we see that

1A
F=-222
3 o
and so identity (90) can be written
1A dt
—gf duy = [(By — As) + (By — A3) t + By s + (By — Ay) t?] o (01
0

To evaluate the vector B we look at the expansion of (91) as t tends to infinity.
The values of du; are given by equations (47) - (50). The left hand side is therefore

LA 6 9
- O
(33) €+ o
and the right hand side becomes

(Ay — By) 4+ (—B3) &+ <§A4 (By — Ay) + Az — Bg) £+ (%A4B3) ¢

+ {(g)\:a - §)\Z> (Bs — Aq) + g)\4(32 — A3) + Ay — B1:| £+ 0(&N).

3 9 3
Matching coefficients of &, we find
By = Ay,
B3 =0,
By = A3,
A

and so equation (90) becomes

(o] dug + Ag duy + As duy + Ay duy

d 11 1A
0
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5.2.  Explicit formula for the trigonal reduction

From the definition of A\ (26), we set
K =3X"
Substituting

1 o

p=PFs— - =P+ —(u) uco,
t o1

into (13), we have

Ap) =p+ /p (p(p') — 1) dp'

o

Psl—P 1A
= (P6 + 2(ll)) + 3)\(2)/3/ |:<A2 — ——2> du1 + A3 dU2 + A4 dU4:|
o 0 3 Ao

1 1
-» [ d 110 Po—» dt
3>\2/3/P6 — (=28 d —/ =
+ 0 0 d'U,l 3A0 01 (u) “ 0 t2

1A
3)\(2)/3 {(z‘b — ——2> uy + Azug + Ayuy — ———(u)] (92)

. [ﬁm)] +C (93)

where the A; are defined in equation (25). To calculate the constant C we recall that
the expansion of A(p) as p tends to infinity is

1
lim A(p) =p+ O (—) :
Pp—00 p
From the identity

o
p:P6+—2(11) 116@1,

01
we see that p — oo is equivalent to o;(u) — 0. The Taylor series for equation (93) is thus

calculated in terms of w; = (u — uy) - €;. We can then use the substitutions (63) - (65)
to rewrite w;(j = 2,3,4) in terms of w;. We have

lim [A(p) — p] = (94)
. 1A 110 o
ulg{llo {3 )\(2)/3 {(A2 - g)\—z) uy + Asug + Agug — g)\—oo_—lf(u)] — a—j(u)} ) (95)

Calculating the Taylor series for the first terms gives

- 2/3 _ 1 Lo
J {3% (= 550) v v o] = 55 “”}
1

w1

1
RS

1A
+3 )\3/3 [(Az - g)\_z) up,1 + Azugz + Agugs + CO} +0(w)
0
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where ¢q is

1 2
Co = 3 |:(6A2/\g O-%l — 2)\8/3>\2 013 + 614.2)\3/3 0'%3 — 4)\3/3>\2 011 0'13) Up,1

6 ()\0 011 + )\3/3 0'13)

+ (6143)\2/3 g13 — 2)\2 )\0 0'121 + 6A3)\(2) 0'121) Up,2

+ (6144)\3 0'121 + 6144)\3/3 0'123 —+ 12A4Ag/3 011 0'13) Uo,3 + (12A4)\g/3 011 0'13) Ug,4
+6A4>\02 0'%1 — 2/\0 0113011 — 2/\3/3 0113011 + 6A4)\g/3 O'%3 + ].214.2)\8/3 013011
+3>\g/3 012013 + )\0 0130111 — )\3/3 0130133 + )\0)\3 0'123 +12A3)\g/3 011 0'13}

Using substitutions (77) - (82) we find
3093
= )\0 09 (UO)

and so

- 2/ (4 1A _ Lo
JLH&O{S*O (4 530) v o o] = 5 “”}
S N B
= 3/\3/3 wy

1A 9
4 {3 A2 [(AQ - Ef,) to1 + Astuos + Ag qu} _ rif’(uo)} +O@w).  (96)
0

The Taylor series for the second term in equation (94) is
. 09 09 1
lim {——(u)] = |-——35
u—ug 01 0'11 _'_ )\O 0'13

— +
w1y

1
1/3 2
2 (0’11 + )\0 0'13)

1/3 1/3 1/3
(—2011 012 — )‘0 012013 — 2)\0 011033 — 2>‘0 011023

—2/\(2)/3 013 0923 + 2)\3 09013 + )\8/3 09 0133 + 090111 + 2)\(1)/3 0920113 + 3)\(2)/3 09 0'12)i| + O(wl)

again, using the substitutions (77) - (82) for the second and third order sigma derivatives,
this becomes

. ()] 11 1 1)\1
lim |——)| = |>——| — + |-=2 :
ugﬂo |: 01 (u):| [3 )\(2)/3] w1 + |: 3>\0:| + O(wl) (97)

i () -] =0 (),

p—o0 p

we set the constant C to be
~ 1) 9 o 1A
C=-3)"[A,-=2 A A 2 U= ey
0 27 3%, Up1 + Az U2 + AgUpg +)\(1J/3 s (u0)+3 o (

To summarise, the mapping we require is given by the following result:

98)
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Theorem 5.1 The Schwartz-Christoffel mapping
P [ TLies (0 — 92)
Alp) =p+/ (Zl— —1|dp,
~ \ITi= (0 = P)
s given explicitly as follows.
Rather than the coordinates (p,y) on the cyclic (3,6) curve

FZ{(p,y)r y?’:H(p—B)},

i=1
we define new coordinates (t,s) by:

1
b= PG - ;a (99)
1 :
s = yt’K, (101)
5
K= [[(# - P). (102
i=1

Define X\; by the equation

6
S o Ll Py
i=1 H?:1 (PG - Pl)
and set AT = (A, Ay, A3, Ay) where the A; are defined by

4

ZAiti:H[(Pﬁ_ﬁi)t_l]'

i=1
The image of ', Ty is then given by the cyclic (3,5) curve

4
T, = {(t,s) 50 :t5+Z)\iti},
i=0

We then define the restriction to Ty of the Abel map u, with image ©1 C Jac(Ty), by
tqt/

U = / 3812

O<Z 2t/(it/

Uz = / 352

oci)’ Sldt/

2
0o OS

/t t/2dt,
Ug =
o 812

The inversion of these mappings is given by:

g
p = P6 + —2 (11)
01
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Then, with u = (u1, ug, us, ug) € A1 and o1(ug) = 0, we have:
1A
Ap) =3 )\(2)/3 (A2 - ——2) (w1 —ug1) + As (ug — ug2) + As (ug — uga)

3 Ao
11 013 9 0923 1>\1

on the sheet of the Riemann surface

{(p,y): y3=H(p—R-)}

=1

associated with the relation p — +00 < u — +uy.
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Appendix A. Expansion of o(u) near u =0

For u near u = 0, the expansion of sigma is an even function (see Onishi, [30], Lemma
(5.4)):
o(u) = Cy(uy, ug, uz, ug) + Cr1(u1, ug, us, ug) + Cra(us, ug, uz, us) + Crz(u, us, uz, us)
+ Coo(uy, ug, ug, ug) + O(uf’).
where

Cs = uff + 448u3 + 448uyuzu; — 56uzu; — 112u3 — 448u uy,

1
Ci = 5)\4 [—112ugu4 + 16uguf1 + u2u3 + 2240u§u3u4 — 56uiu§]

28 1 8 1 1
C - _ _)\ 6. 2 _)\ _)\2 8 . )\2 )\ 14
1 5 Natista t < R R L e T TR A

32 8 56 28 1 1
b (Bxa 5w+ (3000 2200 ) i+ (g 7o) el

15 15 75
336 7 14

3.4
— 56 A3 ug us Uy,

49 3 2 56 56
Crr= oo A dg = —o Dy — o A2 B (2 -2 ) B
17 (85800 477 5720 2T 10725 4) e I N e

1 2 2 1 1 1
e — — A g 5,7 2\ it S YIS 3,11
+(15 7574 157 3) “3“4+(132 2T go5 M T gap ) st

9 ., 17 .
* (16016 A2 3503000 4~ 600600 A?’) tath

56 o6 4 8 8
+ (—g)\zl)\g—?)\g) u2u§u4+ <g)\2+§)\4)\3+ﬁ)\i> u%u;;ui

98 42 56
+ (_E)\Q _ 3)\4)\?’) U ug U + )\2u1U3ui+g>\2ulu2u2

56 112 28
+ 22405 uq Uy u% ui - 3)\2 Uy ug uf; - ?)\2 Uy ug — 1—5)\2 ug ui

112 1 3
+ 448X\g uy U3 uz — ?)\2 u’ ug ud + (—E Ao + 10 Ay )\3) Us ug u

+ (224 Ay + 224 Ay A3) U u3 uy,
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28
Coo = 112 N3ud ud uj + 112 M\ uf u3 uj + = Ay u? ul
2 4 79 1
X SN = el (e X2 )
* (50 T A 2) U3\ T 8763955200 0 T 20213184 "
1 31 31
e DD — —— )4 A2\ 20
73032960 "% T 13693680000 ¢ 2733736000 " * 3) a
1 2 13
+ (—)\14-5)\4)\24—5)\?1)\3—1-2—0)\%) u%u%ui
+ ==+ A A+ —— L P 7 A\ A2 As ) utul?
528 71T 1320 71 7? T 19800 158400 % T 19800 7)) B
211 23 1
- A2 AL As A
* ( 115315200 " 13018000 "* * 87360 "+

1 173
)\ . )\2)\ 2,16
384384 "~ 35035000 * 3) tatha

1 3
—56 A1 4+ 14 A3) up ug + (—— )\4)\2—1—4—0)\% — %)\1> u uy

/\\/—\

+ 11—152 A1 — 11152 AgAg — 854 >\3) u ug

+ (168 A3 + 224 ) uj u3

+ ( 32175 Aida + 64;50 Xt 32?75 X = 17160 Ache = 85180 Al) g
+ ( 0 — N+ @ AL — 1200 )\2 50 =M )\2> U3 Uy

- ( ﬁ N~ qgsp M T Mt 397600 X+ 3300 Az) s

+ (_% Asdo — 11%2&) Uy ug Uy

+ (f—iA + i—gﬁ&,) ug uguj + (—%M - 3)\4&) Uy U3 U

+ (%)\1 + 1—0)\4>\3> uy uj uf + < % — A — 275 A3 — %)‘4)‘2) s U3 U
" (% Mot 120 ) w s + (—?Am — 28 - 21A2> ud

+ (W Aida + 3001300 Ashe  5a5a M

401
v )\2 o _)\4 14
3603600 " 64350 4) H2tisth

1 1 1
(75 )\4)\3—|— 75 )\4)\2 + — 60 A > UQngU,}LO (224)\4)\2+448)\1)U1 'LL%U%U;;
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16 32 16 12 128
+ (E/\4)\2+ 3)\1> U1UQU3UZ+ (—1—5>\4)\2 - E)\g - 1—5>\1) U/QU’;/U/Z
+ 448 Alu% Ug Us,
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