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Abstract. It was shown by Gibbons and Tsarev (1996 Phys. Lett. A 211 19,
1999 Phys. Lett. A 258 263) that N-parameter reductions of the Benney equations
correspond to N-parameter families of conformal maps. Here, we consider a specific
set of these, the hyperelliptic reductions. The mapping function for this is calculated
explicitly by inverting a second-kind Abelian integral on the stratum ©; of the Jacobi
variety of a genus g (¢ > 3) hyperelliptic curve. This is done using a method based on
the result of Jorgenson (1992 Israel Journal of Mathematics 77 273).

PACS numbers: 02.30.1k, 02.30.Jr, 02.30.Zz

1. Introduction

1.1. Reductions of the Benney Moment Equations

The Benney equations [3] are an example of an infinite system of hydrodynamic type.
These can be written as a Vlasov equation [7], [15]
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Here f = f(x,p,t) is a distribution function and the moments are defined by
A" = / p" f dp.

Benney showed that this system has infinitely many conserved densities, polynomial in
the moments A™.

Following [14] and [1], we will now consider reductions of the moment equations;
that is the case where only a finite number, N, of the A™ are independent. Here, the
moment equations can be reduced to a diagonal system of hydrodynamic type with N
Riemann invariants, i say, dependent on N characteristic speeds, p;. We will assume
that the characteristic speeds are real and distinct.

It was shown by Tsarev and one of the authors that in such a case the reductions
correspond to N —parameter families of conformal mappings of slit domains. For details
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of the properties of these maps and the general construction of such a domain see [8]
and [9]. We will now consider a specific set of these reductions which we will call the
hyperelliptic reductions.

1.2. Hyperelliptic reductions

For this set of reductions the conformal mapping A(p) : 'y — Ty is defined as follows.
Let T'; be the upper half p—plane with 3n real points marked on it, p; (i = 1,...,2n)
and the set of characteristic speeds p; (j = 1,...n). These satisfy
P1<P2<p3<ps<p3<ps<:<pa-1<Pn<Pon
The domain T’y is the upper half A—plane with n vertical slits going from the fixed real
points A} to the variable points \; (: = 1,...,n). Here, \; is the Riemann invariant
associated with the characteristic speed p; and it satisfies the relation
Re (A) )

We now impose the conditions

A<p>=p+o(}3) a8 900 1)
and

It follows that A(p) is a function of n independent parameters which may be taken to

be Im(\;) (i = 1,...,n), the varying heights of the slits I and that I'y is a polygonal
domain. The map p — A(p) is thus of Schwarz-Christoffel type:

Ap) =p+ / “lo) — 1] dp (3)

o

where ¢(p) is given by
T 0-5)
I (0 —p)

o(p) =

I _
P D2 P3 P4 Pon—1  DPon

Figure 1. (The n parameter reduction) The p-plane with n branch cuts.

I Note that since Im(A) > 0Vp and the distribution function f = —7Im()), the distribution function
is negative.
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Figure 2. The A-plane associated with figure 1.

One of the conditions in (1) and (2) may be replaced by the constraint that the
residue of ¢(p), as p — oo on either sheet, is zero. This provides a relation between the
set of points p; and the set of characteristic speeds p;. Rewriting

- PP Pt — "= —ap—
2n
Hi:l (p - pi)
we find that the expansion of ¢(p) near infinity is
1 2n
(5 > i1 Pi — O‘n—l) 10 ( 1 ) '
b
The condition on the residue is therefore satisfied when

1 2n
Qp_1 = 3 Zpi
i=1

o(p

I

1+

that is,

n 1 2n
;ﬁi = 5;% (4)

It follows that ¢(p) dp is a second kind Abelian differential on the Riemann surface

Ry = {(p,v)rUQZH(p—pi)}'

i=1
where g = n — 1. That is, the differential 1-form ¢(p)dp is meromorphic on R, with
zero residue at each singular point.

This surface may be constructed from two copies of the complex p—plane joined
along the closed intervals

[P2i—1, Das) (t=1,2,...,9+1).

A homology basis (aj,as,...,a,;b1,be,...,b,) for R, is given in figure 3.

The first three examples of these maps, g = 0, 1,2, have been worked out in detail.
For ¢ = 0 the mapping may be calculated directly. The case of the n = 2 elliptic
reduction was evaluated in [14] by Yu and Gibbons. The n = 3 genus 2 hyperelliptic
reduction was studied in [1] by the authors. We now consider the case for g > 3. All such
maps, once known explicitly, correspond to reductions of Benney’s equations to systems
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; . ® .
1 . P2 3 ... P4 ngﬂ,.-.,'p2g+2

Figure 3. A homology basis on the genus g Riemann surface, R,. The b-cycles are
closed loops on the first sheet and the a-cycles are completed on the second sheet
(broken line). These have intersection index given by a;0a; = b;0ob; = 0,
Cliobj = —Cljobi = (5”

of hydrodynamic type with finitely many Riemann invariants. Tsarev’s generalised
hodograph transformation [13] leads to solutions of these, in terms of the solution of an
over-determined system of linear equations. The construction of n-parameter families
of such maps is thus an important step towards understanding the solutions of these
equations.

2. Transformation of the integral

Following [1], the integral we need to evaluate is (3):

P g+1 (p _pz) ’
A(p) —1|dp.
! /] ¢H%“ w

Setting p = pag+2 — 1/t in the integrand (¢(p) — 1) dp, we find

Ap 9T+ Agt9 4+ Agt? + Ayt + (—1)9! L) 5)

t2
VIT? (pagea — p)t — 1]
for some constants A; (i = 1,2,...,g+ 1). We note here that

g+1

Ay = (=19 (pagi2 — i)-

=1

(p(p) =1 dp =

This may be expressed in terms of just the p; using identity (4):

_1)g 2g9+1
A= B ; (p2g+2 — ;). (6)

If we now remove the constant imaginary factor

1

k= —4 ’
H?iﬁ (P2g+2 — Di)
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from (5), then we obtain a standardized form for the irrational denominator,

A g t9T A 9+ At + Ayt + (=19t dt
«p(p)dp_k( gt At Aot Ar b4 (1) )_2
S t
A —1)9t1\ dt
:k(Angltg1—|—Agtg2"'+A2+Tl+%) ; (7)
where
2g+1
' = k2 | BY (pagra —pi) [t gt + 4170
=1
= pot pate gt 442 (8)
The term

dt
or(p)dp =k (Agua 97+ Ag 972 o 4 Ap) —

in (7) may be evaluated directly since the set
- dt
duy; =t71= (i=12,...,9)
s
forms a basis of holomorphic Abelian differentials. The last two terms in ¢(p) dp can
be rewritten using (6) and the definitions of py and p; in (8). We have
(0, A
t2 t

= (-1)9"k [% - % (Z (P2g+2 _pi)> %] %

=1

— (_1)9+1 k |:i + l&l:| %

¢2(p)dp =k { ;

9
t2 2,u0t ()

This is a second kind differential on R,. As in the genus 2 case, we can evaluate

S

©2(p) dp using a restriction of the Jacobi inversion theorem to a one complex dimensional
subspace of the Jacobi variety, the one-dimensional stratum of the theta divisor, ©;.

3. The O divisor

Following Enolski [4], [5], let R,(s,t) be the hyperelliptic curve where s and ¢ satisfy

2g+1 2g
=4 ] t—t) =) it + 4t
1=1 =0

We define a set of holomorphic and their associated set of second kind differentials on
R, to be, respectively,

-, dt
du; = 71— (i=1,2,...,9) (10)
S
and
2g+1—i

d’f’i = Z (1+I€—Z)/L1+Z+k

k=i

thdt

T (=129 (11)
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From the period integrals of these differentials we form the matrices w,w’,n,n’ :

we(f) (g
2”:<_£fﬁ) 2#:<_£f”) (i, =1,2,....9).

These matrices satisfy the generalized Legendre relation

T
w w 0 —I, w B _i_ﬂ' 0 —I,
n n I, 0 n n ) I, 0 ’

where I, is the g x g identity matrix.

Letting A = 2w @ 2w’ be the lattice generated by the periods of the holomorphic
differentials, the Jacobi variety, Jac(R,), is the g-dimensional complex torus C’/A. The
Jacobi variety can be subdivided into k—dimensional strata, Oy, defined by

k (ti,sq)

Ok :Z/(t du+2wK(t0730) (k: 1,2,...,9)

i=1 0,50)
where K, s, is the vector of Riemann constants with base point (¢, sg). These have
the structure Jac(Ry;) = 0, D ©,.1 D -+ D Oy D 0. Such stratifications have been
studied by Onishi [12] and others.
The Abel map, A : R, — Jac(Ry), is given by u(z) :

UZ(Z):/ du’la (22172779>
20

where the u;(z) are taken modulo A and the base point zy = (g, o) is any fixed point in
R,. These create a one-dimensional image of the hyperelliptic curve in the Jacobi variety.
For the inversion theorem we require an extension of this map to a set of points.

Definition 3.1 A divisor D on the Riemann surface Ry is defined by the finite formal
sum

M
i=1

where n; € Z and z; = (s;,t;) € R,,.

We define the Abel mapping of D into Jac(R,) by

M 2
wmzzm/du mod A.
=1 Z

0

The lower limit of integration, here the point zg, is called the base point of the Abel
map. From now we shall set this to be (oo, 00).
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3.1. Hyperelliptic functions
Definition 3.2 The theta function is defined by the Fourier series
0((2w) tu) = Z exp {ir [m"rm +m"(w ") ul},

meZ9

where T = w™ W' is a symmetric matriz with positive definite imaginary part.

One important property of this function is that it is zero when u = 2w K, the vector of
Riemann constants associated with the point (0o, c0). For further properties see [4].
From the f—function we define the Kleinian o-function of the curve R, to be

o(u) = C exp (u"xu) §((2w) 'u — K)

1
O [ m3 1 !
det 2w H1§i<j§2g+1 (ti —t5)

and Y = 1 (2w)~! is a symmetric matrix.

where

In analogy to the Weierstrass p—function, the Kleinian p—function is defined as [4]

_au?;uj In[o(w)] = <‘”JU#> ()

0 0?

g = auia(u), oij = 8ujamo*(u).

$i5 =

where

Higher logarithmic derivatives of ¢ are expressed similarly. For example
84
il = —————— 1 u)l.
Bijkl Ou; Ou;OuyOuy n[o(w)]

3.2. Jacobi Inversion formula

Theorem 1 (Jacobi inversion theorem) [4] The Abel preimage of the point w € Jac(R,)
is given by the set S = {(t1,s1), (t2,52), ..., (tg,85)} € (Ry)?, where ty, are the zeros of
the polynomial

P(tyu) =7 =t pg g (u) =t 204 1(u) — ... — pg1(u)
and the sy are given by
OP(t;u)
Sp=— —/—
dug t=ty,

For the integral of the differential (9), we need the preimage of u when the points
ti — oo(i=2,...,g9). That is, for the case when S = {(¢1,s1)} and so u € ©; :

A(S) = / " .

o0
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This relation has been calculated from the results of Jorgenson [11] by Enolski

(see Appendix A). We obtain
= — 2(u) (12)
02 u €0,

where the one-dimensional stratum ©; may be defined as
©Or={u:0(u)=0,0k(u)=0(k=3,...,9)}.
This useful result (12) was first given by Grant in [10].

4. Evaluation of the integral

We now further transform the integrand (¢1(p) + @2(p))dp using the substitution
t = (—o01/09)(u) (12) and the definitions of the holomorphic differentials, du; (i =

1,2,...,9) (10).

Table 1. A list of branch points (p;) and poles (co4) of A(p) with the corresponding
points in the ¢t and u variables.

(p) P1 P2 ... P21 Pagr2 OO
(t) tl t2 e t2g+1 o0 Oi
('I.l) up U e U2g+1 0 :l:llo

Lemma 1 Let t = (—0y/02)(u) where w € Oy and define du; = t*"'dt/s, a set of
holomorphic differentials on R,. Then

o(p)dp =k (AT . du) +(~1)7H K (

where AT = (Ay, Az, ..., Agy1).

% _1ﬂ2u>ﬁ
S

The term
2

palow) s = (25 w) = 5% ) )

01

is a second kind differential with a pole of order 2 at w = +wuy (see Table 1). This can
be verified as follows.

Since ug is a regular point on the hyperelliptic curve R,, we can evaluate the
expansion of ¢, near ug in terms of the local parameter ¢. Setting v, = e;" . (u — up)
where (ex); = dx;, we have

t 0
vkz/duk—/ duk

tk—l

t
—/0 VAPIH £ Lo 829 + Lt 4 g

dt.
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This gives

1 1 1 Hl) 1 k42
— —_ tk— o~ 3 t+ +Ot+ k:1727-"7
Uk (k,/_u0> (2(k+1),u02 ) 9)

and so for £ > 1
1

v = (Eﬂo(kl)ﬂ) v +0 (,Ulk+1) . (13)

The Taylor series of ¢ near ugy can thus be expressed in terms of the single parameter
vy =€’ . (u — ug). We have

09 (0'2)+(O'12)U1+"' <0’2) 1
—(un — (un — uw = = e v +O 1
0'1( 0 ( 0 )) (0’11)'01—'—... 011 1 ()
and
0'_22(u _(u _u)): 0'22+(20'20'12)U1+...
0'12 0 0 0'112’0%4‘ (0’11 0'111)1){’4—(20'11 0'12)?}1 UQ+...
_ 022 v_2+ 202012 _ 0220111 _\/—022012 v_l—{—O(l)
o112 ! o112 o? Ho o11? !

(using (13)).

These expansions may be simplified by using the substitutions for o1 (ug) and o711 (uo)
calculated in Appendix B. This gives
022 1o 1 _
(2322 ) o (w-w) = (o) +00) (V92 3).(10)
In analogy to the genus 2 case, we now consider the function
1 o011
W(w) = —— 2 )

Ho 01

for u € ©,. Since du; = (—01/02)(“1) duy, the derivative of ¥ with respect to u; along

©={u:0=0,0,=0(k=3,...,9)}is
¢:di{_i&]
Uy Mo 01

B () (%) o

This function is only singular when o4 (u) = 0, that is when u = +u,.

We calculate the Taylor series of ¥ near the singular point ug as follows. Since just
the first three terms in the sum contain negative powers of o7 we will rewrite ¢ (u) as

Y= _i {(_0112) 0%2 + (0111 + 012> e + 0(1)1 (Vg = 3)

02 01

for u near ug. If we now take the limit v — uy < p — oo, we obtain

[ (0112)+(20110111)01+"' }
vi—~0 | (fo 0112) v} + (po 011 0111) V3 + (280 011 012) V1 V2 + - - -

. 1 _2 ( 1 om 1 012) —1 }
— vy | — - — ) vy +0O(1
v1—0 {(M) ! Mo 011 /Mo 011 ! 1)

Il
5
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and
lim |:—i (Eerﬂ — lim |:_(0-1110'2+0'110'12)—}----:|

u—uo | g \ O1 0201 (o o2 011)v1 + - -

Combining these gives

i ) = Jim, | () o0 (== T2 o) - T wo)) o5+ O()

u—uQ v1—0 A //J,O 011 /,[,0 09

_ <i) 521 0(1)  (Yg>3) (16)

Ho
(using substitution (B.1)).
From the expansion of ¢y (14) and ¢ (16) near their singular points, it follows that
(p2(u) —1(w)) is a holomorphic function on R,. We thus have that
(—1)7" py(u) duy + AT v du = (—1)9" Y(u) duy + BT . du (17)

for some g-vector of constants B = (Bs, Bs, . .. ,BQH)T .

5. Evaluation of the vector B.

Following [2], let f be a function on the Riemann surface R,. The divisor of f, (f), is
defined as

(f)zznizi_zmipi n;, m; € Z+

where Z; is a zero of f of degree n; and P; is a pole of f of order m;. The degree of the
divisor of f is

deg (f) :Zni—Zmi.

For any function f and Abelian differential dv the following hold:
deg (f) =0; (18)
deg (dv) = 2¢g — 2.

We will now consider the Abelian differential

(=17 [p2(u) — ¥ ()] du.
By construction, du; is a first kind Abelian differential. It therefore has no poles on
R, and zeros of total degree (2g — 2). From section 4, we know that the hyperelliptic
function (p2 — ) has no poles and so, by (18), it cannot have any zeros. Hence, for
some constant Cj, we have

Codur = (=1)7"" [pa(u) — (u)] dus.
Rewriting this using identity (17) gives

Coduy = (B — A)" . du

dt dt
= G = [(By — As) + (B3 — Ag)t + -+ (Byqs — Agr) 197 s
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Matching coefficients of ¢, we see
Co = By — A
and so
B; = A; (1=3,...,9+1).

The value of By may be found by evaluating (p2(u) — 1(u)) at a specific point. If, for
example, we take u = ug, then we obtain

. 1 o9 2 o112 2 015°
Co=1 - =(—— ——= - — = o)
0= Jim [ps(u) —(u)] ( T o (o) + (o) = - (uO)) +0(v)
(using substitutions (B.1), (B.2) and (B.3) from Appendix B). From this we have
1 o099 2 0112 2 0122
B:A+—19+1(——u + 2 ———u).
? 2+ (1) \/;7002(0) #002(0) #0022(0)

It would be possible to rewrite o112(up) in terms of lower order o—derivatives using the
following procedure. For each g > 1 there exists a set of PDE of the form

Qijrt — f(Hos- - H2g+1; Pmn) = 0, (19)

where 1 <i<j<k<lI<gand 1 <m<n<g((seel[4]). If we expand (19) for u near
ug, then we get Taylor series equal to zero. The relations between the o—derivatives
at the point uy € ©; are then found by setting o(ug) = o1(ug) = ox(ug) =0 (k =
3,...,9) and equating each coefficient with zero. This process, however, cannot easily
be generalized for all g > 3.

6. Result

Setting

4 2
k :i\/ﬁTOZi< 2g+1 ) ’

Hi:l (p2g+2 — i)
~ 1 099 2 0112 2 0122
By = (—1)9t! (——u + ——(wy) — ——=(u
2= (=1) \//7002(0) Moaz(o) M0022(0)
and substituting
1 09

P = P2g+2 — ri D2g+2 + a_l(u)
into (3) we have

4
Ap) =+ [ [o) - 1) @y

o0

N (p29+2 + 2(u)> + /(p2g+2p) [k A% du ké? duy +- (_1)g+lk (_\II(U)> du; — —
o1 0 duy

_ <p2g+2 + Z—j@)) + [k; (a+ Egel)T.w (17— —(u)] +C.
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The value of the constant C can be found by considering the limit of (A(p) — p) as
p — 004 & u — +up. Since

lim [A(p) —p] =0,

p—00
we have that
~ ~ T k
C: —k (A"—Bgel) .'U,0+ lim |:(—1)g+1—g(U)+2(U):|
u—uUQ
Expanding the terms in this limit we obtain

lim [( 1)%11@011] _ Ly < % ) . [(m (011) + (o01) vy + -+ }

u—uo Mo 01 v;—0 U1+( o111) V3 + (012) v2 + - - -

o (o (1) o)

v1—0 2 011 2 o1

= (~1)9+ (%) Jim {vfl + (2012 + zll;—l_> + O(vl)]

and

(02) + (012) 01 + - - }
(o11) v1 + (30111) v+ (o12) v2 + - - -

1 v/
(2) vt + <@ e Ho 020122) +O(v1)]

011 2 on 2 on

(o) (i) o)

Since C is constant we set k = (—1)9™ /[ and hence

This gives the following result.

Theorem 2 Let

b g+1 (p _pz) /
A(p) dp/,
/ \/H2g+2 p P

i)

g+1 —4 %
b <H1251r1 (pP2g+2 — pz)) ’
Be = (0 (= 2 )+ T ) - 27 ()

v/ Ho 02 ° Mo O2 o 022
and AT = (A, Az, ..., A 1) where the A; are defined as
g+1 g+1

ZA t = H (P2g+2 — Pi)t — 1]

=1
Then, if we set

02
P = Pag+2 + —(u)
01
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with u, uy € O and o1(uwy) = 0, we have
T 1 011

Ap) = (~1)" /i (A—I—Egel) (u — ug) — ﬁa—l(u)

2 o 1
+ Pagez + —= 2 (wg) + 5
op 2 po

N/

on sheet R; of the Riemann surface

Ry = {(vm) eC9:0% = H (p—pz-)}

associated with the relation p — ooy & u — +uy.

(20)

We note that in the g = 2 case the analogous solution to (20) could be rewritten

using the relation

011 01 01

a_1(u> = ;(u +ug) + ;(u —ug) = (1 (v + ug) + G (v — up)
for u € O;. In the case of higher genus reductions this is not possible since (utug) € O
and (7 is singular everywhere on ©,.

The formula (20) seems a little more complicated than the analogous results in

genus 1 and 2; the reason for this is the difficulty of expanding the terms involving ug in
the general case. However, we consider it remarkable that essentially the same formula

is valid for any genus.
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Appendix A. Reduction of the Inversion theorem to O;.

Following Enolski and Previato [6], we begin by rewriting the main result of [11] in
terms of first derivatives of the o—function.

Theorem 3 Let Kp be the vector of Riemann constants associated with the point
P, {P\,P,,...,P, 1} be a set of points on R, and let a = (a1,as,...,a,)", b =
(b1, bay...,by)T € C9 be any nonzero vectors. Then the following identity holds

110 (w)a; _ det[aldu(P)]- | du(P, )
"oy (w)b;  det [b] du(Py)|- | du(P, )]

Jj=1

where the point uw is given by

g1 .p,
u = Z/ du +2wKbp.
k=1"P



Higher genus hyperelliptic reductions of the Benney equations 14

Here, we take the du; to be the holomorphic differentials defined above:
ti*l

S

dui

dt (1=1,...,9).

Corollary 3.1 Let the points Py, Ps, ..., Py_1 coalesce to a point P. Then we obtain by
L’Hopital’s rule
7-10j (2w Kp)a;  det [a| du(P)] du(P)]-- - |du(P)6-?)]

9 0;(2wKp)b;  det[b|du(P)|du(P)D|-..|du(P)l-2)]

Jj=1

(A.1)

where du(P)(k) denotes the column of k' derivatives of the holomorphic differentials
du(P).

Expanding the RHS of (A.1) we find that the numerator is the determinant of the
matrix

@ 1 00 00
a 00 - 0
ag 2 00 --- 01

C
ag1 92 0 1 --- 0 0
ag 91 10 -~ 0 0

for some constant C. The matrix in the denominator of the RHS is of the same form,
but with b; instead of a; (¢ = 1,...,g). It follows that (A.1) can be written as

> 510 (2wKp)a;  ayt —ay

= . A2
ng':l 0 (2(4} Kp) bj blt — b2 ( )
To evaluate ¢ in terms of the o; we can therefore set a = (1,0,...,0)T and b =
(0,1,0,...,0)T. This gives
T u) = —t
)

for w € ©,. Further, since only a;,ay and by, by appear in the RHS of (A.2), we obtain
the following definition for ©:

O ={u:0(u)=0,04(u)=0 (k=3,...,9)}.

Appendix B. Differential relations holding at u = u,.

For any u in ©; we have o(u) = 0. Expanding this identity near uy we obtain a Taylor

T

series in v, = ;- « (4 — ug) equal to zero:

0=o0(ug— (up —u))
1

= BUll(UO)} Vi + [o2(u)] vz + [019(uo)] v1vs + {5 0111(’&0)} vy

(since o(wg) = o1(ug) = o3(ug) = 0). If we now substitute relations (13)

1
Vi = (E,U/O(k_l)ﬂ) ’Ulk +0 (U1k+1) (k = 27 37 s 79)
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into this expansion, then for g > 3 we have

1

1 1 1 1
0= 5 O'11(U0) + 5\/[700'2(11,0)] ’U% -+ |:60'111('U/0) -+ E M1 0'2(’11,0) + 5\/#_00'12(’11,0) ’Ui)) + O(Uil)

Setting each coefficient to zero, we find
o1 (w) = —+/to 72(o) (B.1)

1
0111(’“0) = —5 251 Uz(uo) - 3\//70012(110) (B-Q)
for ug € ©; with o1(ug) = 0 and for Vg > 3.

If we repeat the above procedure for the identity o3(u) = 0 (Yu € ©,), then we

and

obtain the following expansion

0=o03(ug — (uy — u))

1
= [o13(w0)] v1 + [023(10)] v2 + {50113(’&0)} 0%+ -
= [0’13(’&0)] U1 + O(’Ulz).
This gives the identity
o13(ug) =0 for g > 3. (B.3)
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