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The development of mathematics in the direction of greater exactness has-as is well
known-led to large tracts of it becoming formalized, so that proofs can be carried out

according to a few mechanical rules. The most comprehensive formal systems yet
set up are, on the one hand, the system of Principia Mathematica (PM)2 and, on the

other, the axiom system for set theory of Zermelo-Fraenkel (later extended by J. v.

Neumann).3 These two systems are so extensive that all methods of proof used in

r o7 1d
“Su x(nly) ez {z £ [Pr((x)+(y))]x+y & [(Bu,v)u,v £EX & X =u*R(b Gl X) *v &

'z=u*y*v&n=I(u)+1]} t
l

th su x(n|y) derives from x on substituting y in place of the n-th term of x (it ely
being assumed that 0 < n £ [(x)).
28.
OStvx°en{n£Il(x)&v Frn,x & not ($p)[n <p £I1(x) & v Fr p,x]}
“(k+1)Stvx°en{n<kStvx &vFrnx& ($p)[n <p <k Stv,x & v Fr p,x]} l
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The essence

® First theorem of undecidability:

If axiomatic theory Is consistent,
there exist theorems which can
neither be proved or disproved
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The essence

Second theorem of undecidability:

There Is no constructive procedure
which will prove
axiomatic theory to be consistent.
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lived circa 300 BC

23 definitions

5 postulates

465 propositions




The axioms ‘(@ﬂmﬂ

It is possible
» to draw a straight line from any point to any point.
» to produce a finite straight line continuously in a straight line.

» to describe a circle with any centre and radius.

That all right angles equal one another.

Parallel lines don’t cross
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Consistency ' ‘E%MM

® Can mutually inconsistent statements be
derive from a set of axioms.

Say In Euclid’'s geometry
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In other words ‘%\MM

® Can we be sure no one some day derives
a proposition which contradicts another
proposition.
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o1, PRIMITIVE IDEAS AND PROPOSITIONS

Since all definitions of wems are effected by means of other terms, every
systemn of definitions which is not eireulinr must start from a cortain apparatus
of undefined terms. It iy to some cxtent optional what ideay we take as
undefined in mathematics; the motives guiding our choice will be (1) to
make the number of undefined ideas as small as poxsaible, (2) a3 between tv
systems an which the nnmber 15 equal, to choose the one which seems the
simpler and easier, We know no way of proving that such anid such w system
of undefined ideas contams as few as will give such and such results®, Hence
we gt only say that such and such ideas wee undefined n soch and such

Ru, not that they are mdefinable. Following Peano, we shall eall the

vl ideas wnd the andenmonsteted propositions primtive weas and

e propositions respectively, The primitive ideas are explaaned by means

deseriptions intended to point out to the reader what is meant; but the

explanations do not constitate definitions, becnnse they really involve the deas
they explain

In the present number, we shall first enumernte the primitive idess
reqquired in this section; then we shall define onplication; and then we
shall enunciate the primitise propositions required 1n this section. Every
definition or proposition in the work hies a number, for purposes of reference,
Folliwing Peano, we use numbees having a decimal as well as an integral
partanonter to be able to insert new propesitions betweer e 7
i the antegreal part of the number will be used to o
chapter. Defimtions will generally have numbers whose
than 1oand will be usually pat at the beginmng of chay
the integral parts of the nuwbers of propositions will
being precoded by aostar; thus o1 017 will mean the defi
so numbered, and “ o7 will wean the chapter in wh
nnbers whose antegral part s 1, e the present
generally be called “ numbers.”

Primtrive Tneas

Hementary propositions. By an *elementary "
b does not anvolve any vanbles, or in other &
nvolve such words wy “wll" © some,” “ the ™ or o
proposition such as * this ix red,” where © this
ion, will be clementary.  Any - combination
fns by means of negation, disjunction or conjune
copmized methods of proving independence are not applie

o CL Prsciples of Mathematics, § 17, What s there »
wppliew with even greater fo)ce to primitive ideas




Undecidable

= Russell's paradox:

Two types of sets:

Normal
» those who don’t contain themselves: ACZ A

Non-normal
» those who do contain themselves B Q B

10

H.J. Jensen, Dept. of Math., IC



Undecidable

Normal set:

A =
= AZ A

Non-normal:
B =
=B CB
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Undecidable

N = Set of all Normal sets

Question: Is N normal?

® Assume N is Normal = then N is member of
itself, since N contains all Normal Sets per its
definition i.e., N & N.

@ But if N C N then N is non-Normal

So N being Normal implies
N being non-Normal ! 12
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Undecidable

N = Set of all Normal sets

® Assume N is non-Normal — then N is member of
itself per definition of non-Normal.

® But if N is non-Normal it is a member of itself,
and N contains per definition Normal sets,
l.e., N is Normal .

So N being non-Normal implies
N being Normal !
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The strategy of Godel’s proof

Distinguish between:

mathematics == N

X
& X° =9

nEEENEEINElEr™S x=4 is not a solution
of Xx+2=3,

PM Is consistent




The strategy of Godel’s proof

Enumeration of formalised system:

Signs:

or

If ... then
there is an
equals
Zero

Immediate successor




The strategy of Godel’s proof

Enumeration of formalised system:

Math formulas:

codel numPe!

There is a number x following
right after y




The strategy of Godel’s proof

Enumeration of formalised system:
Meta-maths:

The formula G Is not
demonstrable using the
rules of PM
















The continuum hypothesis:

Cantor




d

Cantor

The real numbers cannot be
countered
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Cantor

So clearly:

# reals > # Integers




The continuum hypothesis:










The ‘
“finitistic’

Creativity IS needed at all
levels of'description.
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