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Summary. That parametrization and population-level sparsity are intrinsically linked

raises the possibility that relevant models, not obviously sparse in their natural for-
mulation, exhibit a population-level sparsity after reparametrization. In covariance

models, positive-definiteness enforces additional constraints on how sparsity can le-

gitimately manifest. It is therefore natural to consider reparametrization maps in
which sparsity respects positive definiteness. The main purpose of this paper is to

provide insight into structures on the physically-natural scale that induce and are

induced by sparsity after reparametrization. In a sense the richest of the four struc-
tures initially uncovered turns out to be that of the joint-response graphs studied

by Wermuth & Cox (2004), while the most restrictive is that induced by sparsity
on the scale of the matrix logarithm, studied by Battey (2017). This points to a

class of reparametrizations for the chain-graph models (Andersson et al., 2001), with

undirected and directed acyclic graphs as special cases. While much of the paper is
focused on exact zeros after reparametrization, an important insight is the interpre-

tation of approximate zeros, which explains the modelling implications of enforcing

sparsity after reparameterization: in effect, the relation between two variables would
be declared null if relatively direct regression effects were negligible and other effects

manifested through long paths. The insights have a bearing on methodology, some

aspects of which are discussed in the supplementary material where an estimator with
high-dimensional statistical guarantees is presented.
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1. Introduction

Sparsity, the existence of many zeros or near-zeros in some domain, plays at least
two roles in statistics depending on context: to aid interpretation of a high-dimensional
interest parameter; and to prevent accumulation of estimation error associated with a high-
dimensional nuisance parameter. There is now a large literature concerned with enforcing
sparsity on sample quantities, having assumed that the corresponding population-level
object is sparse. The present paper barely touches on sample quantities; it is concerned
with the more fundamental question of whether there are parametrizations enjoying a
population-level sparsity not present in the original formulation. In other words, from a
parametrization that is natural from a modelling point of view, we seek a sparsity-inducing
reparametrization.

That parametrization and sparsity are intrinsically linked was emphasized by Battey
(2023), who pointed to an implicit invocation of the idea in the form of parameter orthog-
onalization (Cox & Reid, 1987). The latter entails a traversal of parametrization space by
solving a system of partial differential equations. These are constructed in such a way that
interpretation of the interest parameter is retained, and such that in the new parametriza-
tion, the nuisance parameter is orthogonal to the interest parameter in the relevant sense.
In other words, the nuisance parameter is redefined in such a way that it induces sparsity
on the relevant block of the Fisher information matrix, a population-level object, reducing
its role. Any interpretation of the original nuisance parameter is sacrificed in favour of a
more reliable inference for the interest parameter. Inducement of population-level sparsity
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does not seem to have received subsequent attention until the recent examples highlighted
by Battey (2023), although it could be argued that the development of Gaussian graphical
models (e.g. Lauritzen, 1996; Cox & Wermuth, 1996) is in this vein, together with the
important work on graphical modelling for extremes by Engelke & Hitz (2020).

The motivating question for this paper is whether, for a given covariance matrix, not
obviously sparse in any domain, a sparsity-inducing reparametrization can be deduced.
Battey (2017) and Rybak & Battey (2021) provided a proof of concept for the idea. Their
position was that covariance matrices and their inverses are often nuisance parameters,
and it is therefore arguably more important that the sparsity holds to an adequate order
of approximation in an arbitrary parametrization, than that the sparse parametrization
has interpretable zeros. In the case of Gaussian graphical models, the precision matrix is
the interest parameter by virtue of the interpretability ascribed to its zeros. Thus, both
aspects are of interest and are addressed here. A third type of situation, to which the
present paper does not contribute, is when the covariance matrix is a nuisance parameter
that has a known structure up to a low-dimensional parameter. This situation is common
in some settings, for instance in the analysis of split-plot or Latin square designs with
block effects treated as random.

The contribution of the work to be presented is manifold. A starting point is the iden-
tification of new parametrizations in which sparsity conveniently manifests in a vector
space. For these new parametrizations we uncover the structure induced on physically
natural scales through sparsity on the transformed scale, and the converse result of in-
terest: that matrices encoding such structure are sparse after reparametrization. While
much of the paper is focused on exact zeros after reparametrization, an important insight
is the interpretation of approximate zeros, which explains the modelling implications of
enforcing sparsity after reparameterization: in effect, the relation between two variables
would be declared null if relatively direct regression effects were negligible and other effects
manifested through long paths. A further insight, although not taken up until section 6
in order to improve readability, is the unification of old and new parametrizations via
a class of matrix decompositions representing the chain graphs. This recovers the four
fundamental parametrizations as special cases of those induced by the chain-graph models
(Andersson et al., 2001), with undirected and directed acyclic graphs as special cases.

Because the population-level sparsity manifests in a vector space, imposition of sparsity
on relevant sample quantities produces a covariance estimate that necessarily respects the
positive definite cone constraint in much the same way that the canonical parametrization
of the full exponential family evades complicated constraints that would otherwise arise.
These benefits are transferred to any sensible methodology, and we discuss one approach
with high-dimensional statistical guarantees in the supplementary material. Our view,
echoing to some extent Cox (2001), is that the question of how to do the analysis is
important but secondary to understanding the substantive implications of sparsity at a
population level.

The paper has a strong group-theoretic and geometric underpinning, in itself enlight-
ening but not encouraging a broad readership. We have placed most of this discussion in
the supplementary material. Some readers may prefer the exposition of an earlier preprint
(Rybak, Battey & Bharath, 2024).

2. Notation

The following subsets of the vector space M(p) of p × p real matrices are extensively
referenced; most of them are matrix Lie groups with matrix multiplication as the group
operation: the symmetric matrices Sym(p); the skew symmetric matrices Sk(p); the general
linear group of nonsingular matrices GL(p); the orthogonal matrices O(p) ⊂ GL(p); the
rotation group of special orthogonal matrices SO(p) ⊂ O(p) with determinant +1; the
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symmetric positive definite matrices PD(p) ⊂ GL(p); the diagonal matrices D(p); the
permutation matrices P(p) ⊂ O(p); the lower triangular matrices with arbitrary diagonal
entries LT(p); the lower triangular matrices with unit diagonal entries LTu(p) ⊂ LT(p);
the strictly lower triangular matrices LTs(p) ⊂ LT(p). Versions of the upper triangular
matrices UT(p) are defined analogously, and versions of D(p) and LT(p) with positive
diagonal elements are differentiated using the subscript +.

The notation V(p) is used for a generic vector subspace of M(p) and Conep ⊂ Sym(p)
represents the interior of a convex cone within Sym(p) excluding the origin, an open
subset of Sym(p). For the purpose of the present paper, Conep can be thought of as the
constrained set of p(p+ 1)/2 elements constituting the upper triangular part of a positive
definite matrix. The symbols ⊕ and ⊗ denote, respectively, the direct sum and product of
two vector spaces; when the context is clear, ⊗ also represents the Kronecker product of
matrices, while A⊕B denotes a block-diagonal matrix with blocks A and B. The vectors
e1, . . . , ed denote the canonical basis vectors for Rd, where ei ∈ Rd is a vector with 1 for
its ith component and zero elsewhere. The index set {1, . . . , p} is written [p].

3. Reparametrization

3.1. Formulation. The set Conep is, from one perspective, the natural parameter domain
for parametrizing PD(p). The question we seek to address is whether there is another
parameter domain that is perhaps less physically natural, but in which a population-level
sparsity is present, encapsulating the relevant set of multivariate dependencies. In other
words, we seek a reparametrization that induces sparsity on the covariance matrix Σ.
The problem is addressed from the opposite direction, by first considering the parameter
domains in which sparsity can be fruitfully represented, and then studying the form of
multivariate dependencies that are implied by such sparsity. The deduced structures are
found in section 4 to be both necessary and sufficient, so that the direction of interest is
recovered through this route.

In a sense to be clarified, a construction based on the chain graph representations
discussed in section 6 subsumes the dependence structures of Battey (2017) and Rybak &
Battey (2021), plus those identified in section 4 in a broader sparsity class. This ultimately
points to a class of structures in which sparsity manifests in a vector space and which enjoy
a graphical models interpretation on the physically natural scale.

3.2. Four parametrizations. From an initial parametrization σ ∈ Conep of Σ ∈ PD(p),
formalized in the supplementary material, we study four maps of the form σ 7→ α(σ) ∈
Rp(p+1)/2 or σ 7→ (α, d)(σ) ∈ Rp(p+1)/2 so that sparsity of α respects the positive definite-
ness constraint on Σ. These reparametrizations can equivalently be written

α 7→ Σpd(α) := eL(α), L(α) ∈ Sym(p), α ∈ Rp(p+1)/2;

(α, d) 7→ Σo(α, d) := eL(α)eD(d)(eL(α))T, L(α) ∈ Sk(p), α ∈ Rp(p−1)/2, d ∈ Rp;

α 7→ Σlt(α) := eL(α)(eL(α))T, L(α) ∈ LT(p), α ∈ Rp(p+1)/2;

(α, d) 7→ Σltu(α, d) := eL(α)eD(d)(eL(α))T, L(α) ∈ LTs(p), α ∈ Rp(p−1)/2, d ∈ Rp,

where D(d) = diag(d1, . . . , dp) and eA denotes the matrix exponential of a square matrix

A. For each of the four reparametrization maps, the parameter domain Rp(p+1)/2 is
identified with a different vector space. These are, respectively, Sym(p), Sk(p) × D(p),
LT(p) and LTs(p) × D(p). The subscripts on Σ indicate which of the matrix sets, PD(p),
SO(p), LT+(p) and LTu(p) respectively, parametrized in terms of α, are represented as the
image of the exponential map from Sym(p), Sk(p), LT(p) and LTs(p) respectively. In each
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case L(α) depends on α through its expansion in the canonical basis

L(α) = α1B1 + · · ·+ αmBm. (3.1)

In an obvious notation, the canonical basis matrices corresponding to each parametriza-
tion are: Bsym := {B1, . . . , Bp(p+1)/2} consisting of p(p − 1)/2 non-diagonal matrices
of the form eje

T

k + eke
T
j for j < k and p diagonal matrices of the form eje

T
j ; Bsk :=

{B1, . . . , Bp(p−1)/2} consisting of skew symmetric matrices of the form eje
T

k − eke
T
j for

j < k; Blt := {B1, . . . , Bp(p+1)/2}, consisting of lower triangular matrices of the form
eke

T
j , j ≤ k; and Bltu := {B1, . . . , Bp(p−1)/2} consisting of strictly lower triangular ma-

trices of the form eke
T
j with j < k. The canonical basis is part of the definition of the

reparametrization maps (formalized in section B and C of the supplementary material).
We investigate in section 4 the structure induced on the original scale, i.e., in σ ∈

Conep or equivalently in Σ through sparsity constraints on α, and establish that the
uncovered structure is both necessary and sufficient for sparsity of α. This allows us to
say that the structure is both sparsity-induced and sparsity-inducing in the appropriate
parametrization. Importantly, the matrix on the transformed scale can be considerably
sparser than Σ, a conclusion with strong statistical implications. We revisit this point in
section 7.

3.3. Legitimacy of the four reparametrization maps. The matrix logarithm log :
PD(p) → Sym(p) of a covariance matrix was considered by Leonard & Hsu (1992) and
Chiu et al. (1996) as a tool to incorporate dependence on covariates. In a precursor to the
present work, Battey (2017) exploited the vector-space properties of Sym(p) and examined
the structure induced on Σ(α) through sparsity of α in an expansion of L = log(Σ) in the
canonical basis.

Starting from the natural parametrization σ 7→ vech−1(σ) = Σ, where σ ∈ Conep
and vech is the half-vectorization map which picks out the upper triangular part of the
vectorization of Σ, the same Σ is reached via the more circuitous route σ 7→ e◦bsym◦φpd(σ)
involving the composition of three maps (see the upper left panel of Figure 1). This
composition consists of a diffeomorphism φpd : Conep → Rp(p+1)/2 that takes σ to α, a

bijective map bsym : Rp(p+1)/2 → Sym(p) that maps α ∈ Rp(p+1)/2 to the symmetric matrix
L(α) via the expansion (3.1) in the canonical basis Bsym, and the matrix exponential
e : Sym(p) → PD(p). The legitimacy of this parametrization is ensured by Propositions
C.2 and C.3 of the supplementary material.

The second parameterization Σo is also not new: this was considered by Rybak &
Battey (2021) who applied the matrix logarithm to O in the spectral decomposition Σ =
OΛOT, where O ∈ O(p) is an orthonormal matrix of eigenvectors and Λ = eD ∈ D+(p)
is a diagonal matrix of corresponding eigenvalues. Without loss of generality Rybak
& Battey (2021) took the representation in which O ∈ SO(p) and considered the map
log : SO(p)→ Sk(p), yielding a different vector space from that in Σpd in which to study
sparsity. Allowance for additional sparsity via d = diag(D) can be easily incorporated
and corresponds to further structure. The composition of three maps described in Figure
1 (top right) consists of a diffeomorphism φo : Conep → Rp(p+1)/2, a map bsk from (α, d)
to D(d) and L(α) via (3.1) in the canonical basis Bsk, and the matrix exponential e :
Sk(p)→ PD(p) and e : D(p)→ D+(p). The situation regarding invertibility of the maps is
more nuanced than for Σpd, owing to the non-uniqueness of the decomposition Σ = OΛOT

and multivaluedness of the matrix logarithm of O ∈ SO(p). For the purpose of the present
paper, the implications are negligible, as we can make the parametrization injective under
some conditions in Σ. This is clarified in Proposition C.4 of the supplementary material.
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The situation is analogous for the two new reparametrization maps Σlt and Σltu,
depicted in the bottom row of Figure 1. The constructions can alternatively be ex-
pressed in terms of upper triangular matrices with analogous parametrizations Σut and
Σutu and there are no substantive differences in the conclusions of section 4 and sec-
tion 5. As with Σo, invertibility of Σlt is not guaranteed without further constraints,
since e : LT(p) → LT+(p) is not injective, while the Σltu parametrization enjoys in-
vertibility without any restrictions on the parameter domain (supplementary material,
Proposition C.4). The so-called LDU decomposition of Σ is Σ = UΨUT, U ∈ LTu(p)
where Ψ = eD ∈ D+(p). Analogously to the previous cases, the matrix logarithm
log : LTu(p)→ LTs(p) is applied to U and represented in the canonical basis Bltu.

α σ

L ∈ Sym(p) PD(p) 3 Σ

bsym

φpd

vech−1

eL

α σ

L ∈ LT(p) PD(p) 3 Σ

blt

φlt

vech−1

eL(eL)T

(α, d) σ

L,D ∈ Sk(p)× D(p) PD(p) 3 Σ

bsk

φo

vech−1

eLeD(eL)T

(α, d) σ

L,D ∈ LTs(p)× D(p) PD(p) 3 Σ

bltu

φltu

vech−1

eLeD(eL)T

Figure 1. Reparametrization maps for Σpd (top left), Σo (top right),
Σlt (bottom left), and Σltu (bottom right).

These four reparametrizations are the base cases from which a unified perspective
emerges in section 6. This unification stems from the interpretation in a notional Gaussian
model provided in section 5. The subsuming graphical structure is that the chain graphs
(e.g. Andersson et al., 2001) which allow for directed and undirected edges between nodes.

4. Structure of Σ(α) when α is sparse

Consider the matrices L ∈ V(p) ⊂ M(p) of section 3.2, all of which can be written in
terms of a canonical basis B of dimension m as L(α) = α1B1 + · · · + αmBm. Suppose
now that α = (α1, . . . , αm) is sparse in the sense that ‖α‖0 =

∑
j I1 {αj 6= 0} = s∗ <

p � m. Corollaries 4.1–4.4 to be presented specify the structure induced on each of
Σpd(α), Σo(α, d), Σlt(α) and Σltu(α, d) through sparsity of α. The basis coefficients α
and the structures expounded in Corollaries 4.1–4.4 are directly interpretable and are
elucidated in section 5 from a graphical modelling perspective, assuming for some of the
latter statements an underlying Gaussian model.

Corollary 4.1 for the map α 7→ Σpd(α) was derived by Battey (2017) using elementary
arguments. Specifically, this entailed showing that for a matrix L(α) ∈ Sym(p), repre-
sented in terms of the canonical basis Bsym, a basis for im(L) := {y ∈ Rp : Lx = y, x ∈
Rp} is provided both by the eigenvectors of Σ corresponding to the non-unit eigenvalues,
and by L(α), the set of unique non-zero column vectors of the basis matrices picked out
from Bsym by the non-zero elements of α. It follows that the rank of L(α), i.e. the di-
mension of im(L), is the equal to d∗ = |L(α)| < 2s∗. The precise value of d∗ depends on
the configuration of α, but can be specified in expectation if the support of α is taken as
a simple random sample of size s∗ from [p(p+ 1)/2]. Since the column space and the row
space of a symmetric matrix coincide, the non-trivial eigenvectors of L(α) have only d∗

non-zero entries, which corresponds to a very specific structure on Σ(α), summarized in
Corollary 4.1.



6 JAKUB RYBAK, HEATHER BATTEY, AND KARTHIK BHARATH

The analogous study of (α, d) 7→ Σo(α, d) by Rybak & Battey (2021) required con-
siderable technical modification, using a representation of normal operators in terms of
block-diagonal matrices, which simplifies calculations involving the matrix logarithm. The
analysis to be presented for α 7→ Σlt(α) and (α, d) 7→ Σltu(α, d) is more involved still,
since triangular matrices are not necessarily normal.

Lemma 4.1 and Theorem 4.1 are general results applying in different ways to the
four cases discussed in §3. They are specialized to these cases of interest in Corollaries
4.1–4.4 to expound the structure induced on α 7→ Σ•(α) or (α, d) 7→ Σ•(α, d) through
sparsity of α. While the statements of Corollaries 4.1 and 4.2 are not new, new proofs in
supplementary material D are presented in terms of the general formulation rather than
the more elementary proofs provided by Battey (2017) and Rybak and Battey (2021).

For a matrix M ∈ M(p) possessing a matrix logarithm M = eL, let M = QJQ−1 be
a real Jordan decomposition of M (e.g. Horn and Johnson, 2012, p. 202). Let A ⊂ [p]
denote the set of indices for columns of Q corresponding to eigenvectors whose eigenvalues
are not equal to one. Thus, the cardinality |Ac| of the complementary set is the geometric
multiplicity of the unit eigenvalue of M , and |A| = p− |Ac|.

Let d∗r and d∗c denote the number of non-zero rows and columns of L respectively. The
number of indices for which the corresponding row or column of L is non-zero is denoted
by d∗. These quantities are strongly related to s∗ when α is sparse. A bound which
is always valid is max{d∗r , d∗c} ≤ 2s∗, although max{d∗r , d∗c} can be considerably smaller
than this, as it depends on the configuration of basis elements picked out by the sparse
α. Indeed, it can arise that max{d∗r , d∗c} � p even when s∗ exceeds p, provided that the
configuration of non-zero elements of α produces zero rows or columns of L.

Lemma 4.1. Let M ∈ M(p). With M = eL and L ∈ V(p) ⊂ M(p), a vector space of
dimension m, |A| ≤ max{d∗r , d∗c}.

For normal matrices in M(p), i.e. those satisfying MTM = MMT, d∗r = d∗c so that
Lemma 4.1 recovers Lemma 2.1 of Battey (2017) and Proposition 3.1 of Rybak and Battey
(2021). Theorem 4.1 establishes general conditions for logarithmic sparsity of a matrix
M = eL ∈ M(p). In this and subsequent results, the dependence of d∗r and d∗c on s∗ is
implicit and suppressed in the notation.

Theorem 4.1. Consider M = eL ∈ M(p) where L ∈ V(p), a vector space with canonical
basis B of dimension d. The matrix M is logarithmically sparse in the sense that L =
L(α) = α1B1 + · · ·+ αmBm, Bj ∈ B with ‖α‖0 = s∗ if and only if M has p− d∗r rows of
the form eTj for some j ∈ [p], all distinct, and p − d∗c columns of the form ej. Of these,
p− d∗ coincide after transposition. If M is normal, d∗r = d∗c = d∗.

Figure 2 shows an example of a structure of M established by Theorem 4.1.
While arbitrary constraints on the value of s∗ are avoided in Theorem 4.1 and in sub-

sequent formal statements, a small value e.g. s∗ < p/2 is guaranteed both to generate and
to be implied by a simplification in the underlying conditional independence graph, under
a notional Gaussian model. As discussed below, relatively large values of s∗ also entail a
reduction in the underlying graphical model in many cases, a point worth highlighting,
but less relevant from the standpoint of inducing sparsity through reparametrization.

The importance of Theorem 4.1 lies in its implications for the four parametrizations of
section 3.2. Specifically, for all four, the form of Σ(α) induced by a sparse α, established
in Corollaries 4.1–4.4, follows immediately from Theorem 4.1. An example at the end of
this section illustrates these results. For each of the parametrizations studied here, the
induced structure for Σ(α) is necessary and sufficient for sparsity of α.

Corollary 4.1. The image of the map α 7→ Σpd(α) = eL(α) is logarithmically sparse in
the sense that ‖α‖0 = s∗ in the basis representation for L(α) if and only if Σ is of the
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Figure 2. Example of a structure of M as established in Theorem 4.1
with p = 10, d∗r = 7, d∗c = 8 and d∗ = 9. The entries that are zero by
Theorem 4.1 are light blue, those equal to one are medium blue, and the
remaining entries, whose values are unconstrained, are dark blue.

form Σ = PΣ(0)PT, where P ∈ P(p) is a permutation matrix and Σ(0) = Σ
(0)
1 ⊕Ip−d∗ with

Σ
(0)
1 ∈ PD(d∗) of maximal dimension, in the sense that it is not possible to find another

permutation P ∈ P(p) such that the dimension of the identity block is larger than p− d∗.

To return to the discussion of the permissible value of s∗, there are p(p + 1)/2 basis
elements for L. For α to induce a pattern of zeros in Σ of the type discussed in Corollary
4.1, L needs to have a zero row, which requires only p zero coefficients in the basis
expansion of L. Thus, s∗ can be as large as s∗ = p(p− 1)/2 for the structure to hold.

Corollary 4.2. The image of the map (α, d) 7→ Σo(α, d) = eL(α)eD(eL(α))T is logarith-
mically sparse in the sense that ‖α‖0 = s∗ in the basis representation for L(α) if and
only if Σ is of the form Σ = PΣ(0)PT, where P ∈ P(p) is a permutation matrix and

Σ(0) = Σ
(0)
1 ⊕Dp−d∗ , where Dp−d∗ ∈ D(p− d∗) and Σ

(0)
1 ∈ PD(d∗) is of maximal dimen-

sion, in the sense that it is not possible to find another permutation P ∈ P(p) such that
the dimension of the diagonal block is larger than p− d∗.

Corollary 4.3. The image of the map α 7→ Σlt(α) = eL(α)(eL(α))T is logarithmically
sparse in the sense that ‖α‖0 = s∗ in the basis representation for L(α) if and only if Σ
is of the form Σ = V V T , where V = Ip + Θ and Θ ∈ LT+(p) has p − d∗r zero rows and
p− d∗c zero columns, of which p− d∗ coincide after transposition.

Corollary 4.4. The image of the map α 7→ Σltu(α) = eL(α)eD(eL(α))T is logarithmically
sparse in the sense that ‖α‖0 = s∗ in the basis representation for L(α) if and only if Σ is
of the form Σ = UΨUT, where Ψ = eD ∈ D+(p), U = Ip + Θ and Θ ∈ LTs(p) has p− d∗r
zero rows and p− d∗c zero columns, of which p− d∗ coincide after transposition.

To make a comparison between different structures of Σ(α) more explicit, we consider
a simple stylized example with p = 5. For parametrizations Σpd and Σo we set d∗ = 3,
corresponding to s∗ = 6 and s∗ = 3 respectively. For Σlt we consider two cases: Σrlt, for
which d∗r < p, d∗c = p (this serving as the definition of Σrlt); and Σclt, for which d∗r = p,
d∗c < p. In both cases s∗ = 6. The structure of the resulting covariance matrices is
displayed in Figure 3.

Figure 3 illustrates that, unlike a Θ with zero rows, a Θ with zero columns can generate
a dense covariance matrix. Intuitively, for the same restriction on the sparsity of α, the
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(a) Σpd (b) Σo

(c) Σr
lt (d) Σc

lt

Figure 3. Structure of Σ(α) induced by sparsity of α. Zero entries are
in light blue, unit entries are in medium blue, and the unrestricted entries
are in dark blue.

corresponding covariance matrices Σrlt and Σclt should represent relationships of similar
inherent structural complexity. The following lemma confirms this intuition. Specifically,
Lemma 4.2 shows that although Σclt can be fully dense, the sparsity restriction on α
induces a low-rank structure on a submatrix of Σclt.

Lemma 4.2. Consider a random vector Y , Y = (Y T
1 , Y

T
2 , Y

T
3 )T with covariance matrix

Σ. Let |Yi| denote the length of the subvector Yi. Then, columns of Θ in Corollary 4.4
corresponding to Y2 are zero if and only if the submatrix(

Σ11 Σ13

Σ21 Σ23

)
of Σ has rank |Y1|.

If the map α 7→ Σlt(α) is instead replaced by an essentially equivalent representation
α 7→ Σut(α) in terms of upper triangular matrices, the analogous structures Σrut(α) and
Σcut(α) are the same as for Σclt(α) and Σrlt(α) respectively.

There is a relationship between the two parametrizations α 7→ Σlt(α) and (α, d) 7→
Σltu(α, d) if zeros in d are allowed. To see this, write

Σlt = exp(L) exp(LT) = exp(LuD1) exp((LuD1)T),

where D1 ∈ D(p) and Lu ∈ LTu(p). On writing LuD1 = Ls +D1, where Ls ∈ LTs(p) and
using the properties of the matrix exponential,

Σlt = exp(L) exp(LT) = exp(Ls) exp(D1 +DT

1 ) exp(LT

s ),

which recovers the LTU decomposition with D = 2D1. Thus if d is allowed to have zeros,
there is an exact relationship between the coefficients of the expansion of Σltu and those
of Σlt.



9

5. Statistical interpretation in a notional Gaussian model

5.1. Introduction. All results so far have held irrespective of any distributional assump-
tions on the outcomes. The purpose of this section is to provide insight into the interpre-
tation of sparsity on the transformed scale and thereby the implicit assumptions involved
in enforcing sparsity when it is only approximately present. To this end, we consider a real
or notional Gaussian graphical model, to which an interpretation in terms of conditional
independencies can be attached. In section 5.2 we show how an interpretation of α in the
Σltu parametrization emerges from the work of Cox & Wermuth (1993) and Wermuth &
Cox (2004), and particularly the relevance of an approximate zero in α, which has a strong
implication for the application of these ideas. In section 5.3 interpret the structure uncov-
ered in Corollary 4.4 in terms of role of underlying random variables as e.g., source, sink
or transition nodes within a real or notional Gaussian model. Importantly, the analysis of
section 5.2 points to a generalization and unification of the ideas presented so far, which
is developed completely in section 6. There, we explain how the parametrizations Σpd, Σlt
and Σltu all arise as a special case of a system of reparametrizations from a representation
of the chain graphs due to Andersson et al. (2001).

5.2. Interpretation of basis coefficients. With [p] = {1, . . . , p}, let a ⊂ [p] and
b = [p]\a be disjoint subsets of variable indices, and in a departure from previous no-
tation aligning with graphical modelling convention, let Iaa denote the identity matrix of
dimension |a|. As a consequence of a block-diagonalization identity for symmetric matrices
(Cox & Wermuth, 1993; Wermuth & Cox, 2004),

Σ =

(
Σaa Σab
Σba Σbb

)
=

(
Iaa 0

ΣbaΣ−1aa Ibb

)(
Σaa 0

0 Σbb.a

)(
Iaa Σ−1aa Σab
0 Ibb

)
. (5.1)

The matrix identity (5.1) holds independently of any distributional assumptions on the
underlying random variables. The components Πb|a := ΣbaΣ−1aa ∈ R|b|×|a|, Σaa ∈ PD(|a|)
and Σbb.a := Σbb − ΣbaΣ−1aa Σab ∈ PD(|b|) are the so-called partial Iwasawa coordinates
for PD(p) based on a two-component partition |a| + |b| = p of p (Terras, 1988, Chapter
4). For a statistical interpretation, let Y = (Y T

a , Y
T

b )T be a mean-centred random vector
with covariance matrix Σ, Πb|a is the matrix of regression coefficients of Ya in a linear
regression of Yb on Ya and Σbb.a is the residual covariance matrix, i.e. Yb = Πb|aYa+εb and
Σbb.a = var(εb). More explicitly, on fixing a component i ∈ b and j ∈ a, the corresponding
component of Πb|a is

βi.ja =
∂E{(Yi | Ya\j = ya\j)(yj)}

∂yj
. (5.2)

The conditional expectation indicates conditioning on observed values of Ya\j with yj as
a free variable. Although the ordering in Corollary 4.4 is immaterial, it is notationally
convenient to order the underlying random variables as Y = (Y1, . . . , Yp)

T and apply the
block-diagonalization identity recursively with, say a(1) = 1, b(1) = [p]\a(1), a(k) = k,
b(k) = b(k− 1)\a(k). There results a block diagonalization in 1× 1 blocks, recovering the
LDU decomposition. In this representation, the iith entry of Ψ = eD from Corollary 4.4
is given by Σii.[i−1], a mean-squared error from the linear projection of Yi on Y1, . . . , Yi−1,
and the ijth entry of the lower-triangular matrix U , for j < i, is given by Uij = βi.j[j],
that is, the coefficient of Yj in a regression of Yi on Y1, . . . , Yj .

Further interpretation for the entries of U is obtained by considering an upper-triangular
decomposition of the precision matrix. For an arbitrary partition Y = (Y T

a , Y
T

b )T, let Σ−1

be partitioned accordingly as

Σ−1 =

(
Σaa Σab

Σba Σbb

)
.
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The block upper-triangular decomposition takes the form,

Σ−1 = ΥΓΥT =

(
Iaa Σab(Σbb)−1

0 Ibb

)(
Σaa.b 0

0 Σbb

)(
Iaa 0

(Σbb)−1Σba Ibb

)
,

where Σaa.b = Σaa − Σab(Σbb)−1Σba. Then,

U−1 = ΥT =

(
Iaa 0

(Σbb)−1Σba Ibb

)
.

An alternative expression for the matrix of regression coefficients of Yb in a regression of
Yb on Ya is thus Πb|a = −(Σbb)−1Σba (Wermuth & Cox, 2004), which corresponds to the

non-zero off-diagonal block of U−1.
By partitioning Σ−1 recursively until Υ is upper-triangular, we obtain that the ith row

of U−1 contains minus the regression coefficients of Yi on Y1, . . . , Yi−1. Let Ū = I − ΥT.
Then, Ū ∈ LTs(p) and Ūij = βi.j[i−1] for j < i, i.e., the element (i, j) of Ū equals the
coefficient of Yj in a regression of Yi on Y1, . . . , Yi−1. Then,

U = (I − Ū)−1 = I +

p−1∑
j=1

Ū j ,

where we used that, for a nilpotent matrix N of degree k, (I+N)−1 = I+
∑k−1
j=1 (−1)jN j .

To illustrate this, consider a set of three variables (Y1, Y2, Y3). The marginal effect of
Y3 on Y1 is related to the conditional effects through Cochran’s recursion (Cochran, 1938),

β3.1 = β3.12 + β3.21β2.1, (5.3)

which generalizes to an arbitrary number of variables in the manner indicated below. The
right-hand side of equation (5.3) corresponds to tracing the effects of Y3 on Y1 along two
paths connecting the nodes in a recursive system of random variables (Y1, Y2, Y3), with
edge weights set equal to the corresponding regression coefficients. A directed edge in a
recursive system can exist from node j to node i only if j < i. Thus, there are two possible
paths from Y1 to Y3, namely Y1 → Y3 and Y1 → Y2 → Y3, which correspond to the first
and second term in (5.3) respectively.

The lower-triangular matrices U and Ū have the form,

Ū =

 0 0 0
β2.1 0 0
β3.12 β3.21 0

 , U = I + Ū + Ū2 =

 1 0 0
β2.1 1 0

β3.12 + β3.21β2.1 β3.21 1

 . (5.4)

The entry Uij for j < i thus corresponds to the sum of effects of Yj on Yi along all paths
connecting the two nodes. When the joint distribution of (Y1, Y2, Y3) is Gaussian, linear
regression coefficients correspond to conditional dependencies, and the trivariate system
can be represented by a directed acyclic graph, as shown in Figure 4(A).

For a system of four variables, (Y1, Y2, Y3, Y4) with a corresponding directed acyclic
graph of the form shown in Figure 4(B), we have,

U =


1 0 0 0
β2.1 1 0 0

β3.12 + β3.21β2.1 β3.21 1 0
β4.123 + β4.321β3.21β2.1 + β4.321β3.12 β4.213 + β4.321β3.21 β4.321 1

 . (5.5)

Again, Uij for j < i corresponds to the sum of effects of Yj on Yi along all directed
paths connecting the two nodes, with edge weights given by regression coefficients, i.e. the
marginal effect of Yj on Yi via Cochran’s recursion.
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(a) (b)

Figure 4. Directed acyclic graphs with edge weights given by regression
coefficients β.

Using the properties of the matrix logarithm,

L = log(U) = log[(I − Ū)−1] = − log(I + Ū) =

p−1∑
k=1

Ūk

k
.

Thus, the element (i, j) of L = log(U), and by extension, the corresponding coefficient
in the basis expansion of L, is equal to the weighted sum of effects of Yj on Yi along all
paths connecting the two nodes, with weights inversely proportional to the length of a
given path. As a result, in the absence of cancellations of effects along paths of different
lengths, a logarithmic transformation promotes approximate sparsity of the triangular
matrix, the interepretation of a near-zero being that relatively direct paths have a small
effect. This indicates the type of approximation that would be inherent in a statistical
algorithm that sets small values of α to zero: in effect, the relation between nodes i and
j < i would be declared null if relatively direct regression effects were negligible and
other effects manifested through long paths. Since relatively short paths are likely to be
more interpretable, logarithmic sparsity may have some advantages from a conventional
statistical modelling point of view, where the goal is to isolate stable effects of core scientific
importance, and where overconditioning leads to degeneracy (e.g. Bardorff-Nielsen and
Cox, 1994, p. 29). The most compelling applications for these ideas are probably in
the realm of genomics, however length-based weighted averages of paths between nodes
have been proposed in other application areas in which shorter paths are deemed more
important than longer ones (e.g. Estrada & Higham, 2010; Kloster & Gleich, 2014).

5.3. Interpretation of sparsity structures. Using the natural ordering in equation
(5.2), the entries of U encapsulate dependencies between each pair of variables, Yj , Yi,
j < i, conditional on other variables among Y1, . . . , Yj−1, and marginalizing over the
remaining variables Yj+1, . . . , Yi−1, Yi+1, . . . Yp.

In the terminology of e.g. Cox & Wermuth (1996), marginalization over a variable k
indicated by �◦ in the depiction below, induces an edge between i and j if the marginalized
variable is a transition node or a source node in a parent graph. No direction in the
induced edge is implied if the marginalized variable is a source node, which is indicated
by ----.

i←− �◦ −→ j, i←− �◦ ←− j,
i ---- j, i←− j.
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(a) Σr
lt(α) (b) Σc

lt(α)

Figure 5. Directed acyclic graphs corresponding to an example depicted
in Figure 3. Arrows indicate directed edges and nodes correspond to
random variables.

By contrast, if i and j are separated by a sink node in a, then conditioning on such a
variable, indicated by �◦ below, is edge inducing, with no direction implied.

i −→ �◦ ←− j,
i — j.

The entry Uij for j < i is zero if the effects of Yj on Yi cancel out. This happens, for
example, when β3.12 = −β3.21β2.1 in equation (5.3). Alternatively, when no cancellations
are present, Uij = 0, i > j, implies an absence of a directed path from j to i in the
corresponding directed acyclic graph. In addition, nodes 1, . . . , j − 1 cannot be sink
nodes, and nodes j + 1, . . . , i− 1, i+ 1, . . . , p cannot be transition or source nodes.

An assumption that Y is Gaussian of mean zero and covariance Σ allows the zeros in
U to be interpreted as conditional independencies. If the ith row of Θ = U − Ip consists
entirely of zeros, the dependence between i and any j < i can be explained away by
conditioning on the remaining variables [j−1]. This can happen for all j < i only if i ⊥⊥ j
for all j < i, i.e., there are no direct edges between i and j < i, and the only connecting
nodes, if any, are sink nodes k > i.

i −→ k ←− j, j < i < k.

Suppose that U − Ip from Corollary 4.4 has a zero jth column. This implies that for
every i > j, the only source or transition nodes connecting i and j are in the conditioning
sets [j − 1] (otherwise dependence is induced through marginalization), and that there
are no sink nodes among these conditioning variables (as conditioning on sink-nodes is
edge-inducing). Consequently, the examples from Figure 3 can be represented by directed
acyclic graphs presented in Figure 5.

6. Sparse parametrizations for chain graphs

The interpretation of basis coefficients discussed in section 5.2 points to two ways in
which sparsity after reparametrization can induce graphical structure. Corollaries 4.1
and 4.2 induce undirected graphical structure, while Corollaries 4.3 and 4.4 relate to
sparsity on the edges of a directed acyclic graph. So-called chain graphs have both directed
and undirected components and therefore subsume the structures identified earlier as
synonymous with sparsity after reparametrization. Corollary 6.1 to be presented is a
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unifying result in which the interaction of sparsity on the transformed scale with structure
on the original scale is elucidated, recovering the results of Corollaries 4.1, 4.3 and 4.4 as
special cases, the first two being edge cases in which all connected components consist of
undirected edges and directed edges respectively.

Consider a graph G = (V,E) with possibly both directed and undirected edges. We
assume that G contains no semi-directed cycles. Then G constitutes a chain graph (Drton
& Eichler, 2006, p. 83). When two nodes v, w ∈ V are connected by a path connected solely
of undirected edges, we say that u and w are equivalent. Let T be a set of equivalence
classes, called chain components, of this equivalence relation. Define a new graph D =
(T , E) with chain components as nodes. Since we assume that there are no semi-directed
cycles in G, the graph of D is a directed acyclic graph. The graph G is thus decomposed
into a directed acyclic graph D, and a set of undirected graphs corresponding to chain
components.

In Gaussian graphical models, chain graphs are usually characterized by the so-called
alternative Markov property (Andersson et al., 2001). A normal distribution N(0,Σ)
satisfies the alternative Markov property if and only if

Σ−1 = (I −B)Ω−1(I −BT), (6.1)

where Ω−1uv is zero if an undirected edge (u, v) is not in the graph, and Buv = 0 if a
directed edge u → v is not in the graph (Drton & Eichler, 2006). Since there exists at
most one edge between any pair of nodes, Ωuv 6= 0 implies Buv = 0, and vice-versa. Every
directed acyclic graph can be represented by a triangular matrix, so we can always find a
permutation matrix P such that decomposition (6.1) of PΣ−1PT yields a strictly lower-
triangular matrix B and a block-diagonal matrix Ω−1. That there exists a permutation
matrix P that simultaneously rearranges B and Ω−1 follows from the assumption that
there is an underlying chain graph. From now on we assume that a convenient ordering
of variables has been chosen such that B is triangular and Ω−1 is block-diagonal. The
factorization (6.1) then represents the precision matrix as a product of block-diagonal
and block-triangular matrices. The block-triangular matrix captures connections between
groups, where groups are defined by chain components, while the block-diagonal matrix
describes within-group connections.

Suppose that a random vectorX ∼ N(0,Σ) is partitioned into c blocks, X = (X1, . . . , Xc),
where each block Xi constitutes a chain component, that is, the variables within Xi form
a connected undirected graphical model. Let pi = |Xi| denote the dimension of the sub-
vector Xi. Decomposition of the precision matrix (6.1) implies a decomposition of the
covariance matrix,

Σ = TΩTT, (6.2)

where (recalling the definition of ⊕ from section 2) Ω = Ω1 ⊕Ω2 ⊕ · · · ⊕Ωc, Ωi ∈ PD(pi),
and T = (I − BT)−1 ∈ LTs(p), with diagonal blocks of the form Ip1 , . . . , Ipc , where
subscripts indicate the dimensions. The factorization (6.2) can be obtained by successive
block-triangularization of Σ.

The corresponding block-triangular transformation can be written

(α, δ) 7→ Σbt(α, δ) := eL(α)eD(δ)(eL(α))T,

whereD(δ) = D1(δ1)⊕· · ·⊕Dc(δc), Di(δi) ∈ Sym(pi), δi ∈ Rpi(pi+1)/2 and δ = (δT
1 . . . δ

T
c )T.

L(α) is block-triangular with c diagonal blocks, each equal to a pi × pi identity matrix.
Let pδ denote the dimension of δ. Then, α ∈ Rp(p+1)/2−pδ .

The parametrization Σbt(α, δ) unifies and generalizes parameterizations introduced in
Section 3. To see this, note that when D(δ) is diagonal we recover the parameterization
Σltu(α, δ), whereas when D(δ) consists of a single block of dimension p × p, we recover
Σpd(δ).
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To distinguish the sparsity structure induced on T and Ω, we use d∗r and d∗c to represent
the number of non-zero rows and columns of L, and d∗ to represent the number of unique
indices of non-zero rows and columns of L. An analogous quantity for D(δ) is denoted by
d∗δ .

Corollary 6.1. The image of the map (α, δ) 7→ Σbt(α, δ) = eL(α)eD(δ)(eL(α))T is loga-
rithmically sparse in the sense that ‖α‖0 = s∗α and ‖δ‖0 = s∗δ in the basis representation
of L(α) and D(δ) respectively if and only if Σ = TΩTT where Ω = Ω1 ⊕ Ω2 ⊕ · · · ⊕ Ωc,
for some c ≤ p, and

(1) (Sparsity of DAG ): T = Ip + A and A ∈ LTs(p) has p− d∗r zero rows and p− d∗c
zero columns, of which p− d∗ coincide after transposition.

(2) (Sparsity of chain components ): Ω is of the form Ω = PΩ(0)PT, where P ∈ P(p)

is a permutation matrix and Ω(0) = Ω
(0)
1 ⊕Dp−d∗δ , where Dp−d∗δ ∈ D(p− d∗δ) and

Ω
(0)
1 ∈ PD(d∗δ) is block-diagonal and of maximal dimension, in the sense that it is

not possible to find another permutation P ∈ P(p) such that the dimension of the
diagonal block is larger than p− d∗δ .

Note that L(α) = log(T ) = − log(I−BT) = −(log(I−B))T. With the appropriate basis
matrices, the basis coefficients of log(I−B) are equal to −α. Thus, sparsities of I−B and
T on the transformed scale coincide. In contrast, no obvious relationship exists between
the sparsity of I −B and T , since a zero entry in I −B does not imply a zero entry in T ,
and vice-versa. A similar point applies to Ω and Ω−1 since D(δ) = log(Ω) = − log(Ω−1).

A result analogous to Corollary 6.1 can be obtained for the precision matrix by noticing
that d∗r and d∗c are equal to the number of non-zero columns and rows of −L(α)T =
log(I − B) respectively. Part (1) of Corollary 6.1 thus describes structures arising when
the sparsity patterns of T and I − B coincide after transposition. For example, suppose
that the ith column of I −B is zero, that is, node i has no parents. Then, the ith row of
I − T is zero as well, since none of the variables X1, . . . , Xi−1 has any effect on Xi. This
is reflected on the transformed scale by a zero ith row of L(α).

The block triangularization in (6.2) represents the partial Iwasawa coordinates of the
positive definite matrix Σ−1 arising from the Iwasawa decomposition of the general linear
group GL(p) of invertible matrices (Terras, 1988). This follows from the identification
PD(p) ∼= GL(p)/O(p) seen via the fact that XTX is positive definite for every X ∈ GL(p)
(Section E in supplementary material). Relatedly, Draisma & Zwiernik (2017) identified
the subgroup of GL(p) acting on Σ, and studied corresponding equivariant estimators that
preserve the chain graph property.

Interestingly, information geometry of the zero-mean multivariate Gaussian (Skov-
gaard, 1984) induced by the Fisher Information metric tensor coincides with the quo-
tient geometry of PD(p) ∼= GL(p)/O(p) under a Riemannian metric that is invariant to
the transitive action of GL(p). Upon representing a positive definite covariance matrix
Σ in the partial Iwasawa coordinates (Σaa,ΣbaΣ−1aa ,Σbb.a), the metric is endowed with
an interpretation compatible with a suitable graphical model and a corresponding Σltu
parametrization.

7. Sparsity comparisons

7.1. Exact zeros. Section 4 studied the structure induced on Σ, in terms of exact zeros,
through sparsity of α. An aspect not discussed in detail there is the observation of Battey
(2017) and Rybak & Battey (2021) that α may be considerably sparser than its half-
vectorization σ = vech(Σ(α)), both in terms of exact zeros and approximate zeros. This
is most clearly illustrated through the parametrization α 7→ Σpd(α). As shown by Battey
(2017), and as is implicit in Corollary 4.1, the number of non-unit eigenvalues of Σpd(α)
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when ‖α‖0 = s∗ < p is d∗ < 2s∗ and the number non-zero entries of any eigenvector ξj
associated with a non-unit eigenvalue λj of Σ is also d∗. Thus, with A = {j : λj 6= 1}, the
(q, r)th entry of the matrix logarithm is Lqr =

∑
j∈A log(λj)ξqjξrj . If q ∈ A, then ξqj 6= 0

and log(λj) 6= 0 for j ∈ A. However Lqr = 0 is still feasible by cancellation in the sum
even if q, r ∈ A. Suppose that Lqr = 0. If q ∈ Ac or r ∈ Ac then Σqr = 0 by Corollary 4.1.
However if Lqr = 0 and q, r ∈ A, then Σqr 6= 0 by construction, illustrating the possibility
that L = log(Σ) may be substantially sparser than Σ. A random sparse L is necessarily
sparser in terms of exact zeros than eL. However a random dense Σ with the structure
specified by Corollary 4.1 almost surely has a matrix logarithm with the same degree of
sparsity in terms of exact zeros as Σ. Notwithstanding, it is often the case that L is much
sparser than Σ under more general notions of sparsity. A similar phenomenon applies in
the other parametrizations. The relative sparsity levels in the four parametrizations are
explored in §7.2.

7.2. Approximate zeros. A more general notion of sparsity suitable for the four cases
is q-sparsity. Defined for α 7→ Σpd(α) and α 7→ Σlt(α) as

s∗q = s∗q(α) =
(∑p(p+1)/2

j=1 |αj |q
)1/q

and for (α, d) 7→ Σo(α, d) and (α, d) 7→ Σltu(α, d) as

s∗q = s∗q(α, d) =
(∑p(p−1)/2

j=1 |αj |q +
∑p
j=1 |dj |q

)1/q
.

A comparable definition of q-sparsity for Σ ∈ PD(p) is

sq = sq(σ) =
(∑p(p+1)/2

j=1 |σj |q
)1/q

.

In the simulations to follow, sparsity after reparametrization is compared to sparsity on
the original scale via the ratio, s∗q/sq.

We consider both directions of the discussion in §7.1 by simulation for q > 0. Let V(p)
be the relevant vector space for each of the four parametrizations. In one direction, we
generate a sparse L ∈ V(p) or (L,D) ∈ V(p) ⊗ D(p) and compare their q-sparsity level
to that of the corresponding covariance matrix Σ ∈ PD(p). For the converse question,
we generate a dense Σ ∈ PD(p) and compare its q-sparsity level to that of L ∈ V(p) or
(L,D) ∈ V(p)⊗ D(p) after reparametrization.

7.2.1. Simulations for sparse L ∈ V(p). Figure 6 was obtained by generating 250 realiza-
tions of a random, sparse L ∈ V(p) with p = 20 by taking the support of α to be random
samples of size s∗ from the index set {1, . . . , p(p− 1)/2} for the two cases L ∈ Sk(p) and
L ∈ LTs(p) or from the index set {1, . . . , p(p + 1)/2} for the two cases L ∈ Sym(p) and
L ∈ LT(p). This was done for different values of s∗ as indicated in Figure 1. The values
of the nonzero basis coefficients were then drawn from a uniform distribution on [−1, 1].
The positive elements of the diagonal matrices in the decompositions Σo = OΛOT and
Σltu = UΨUT are obtained from χ2

4 and exp(1) distributions, as indicated.

7.2.2. Simulations for dense Σ ∈ PD(p). Rather than constructing Σ from a sparse
L ∈ V(p), we now sample covariance matrices directly, and construct the corresponding
tranformation on the logarithmic scale. A random dense Σ is obtained from the represen-
tation Σ = OΛOT by generating O uniformly over SO(p) according to Haar measure and
by generating the positive of the diagonal matrix Λ from a gamma distribution of shape
τ and scale κ, written Γ(τ, κ). The results are reported in Figure 7.
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Figure 6. Simulations for random sparse L ∈ V(p). Simulated ratios
s∗q/sq for different values of s∗ = ‖α‖0 and q.

8. Methodological implications

The insights uncovered in this work transfer benefits to any reasonable methodology.
The supplementary material offers one possibility, exploiting both the structure uncovered
on the original scale and the sparsity on the transformed scale. Theoretical guarantees are
provided for the resulting estimators, under a notional double-asymptotic regime in which
the dimension p = p(n) is allowed to grow with n at rate log p/n→ 0. In particular, the
formulation is such that approximate rather than exact zeros are allowed in α. We find
in Proposition I.1 of the supplementary material that the resulting estimator Σ̃ converges
in spectral norm at rate

‖Σ̃− Σ‖2 = Op

(
s(p)

(
n−1 log p

) (1−q)κ
2(κ+1)

)
,
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Figure 7. Simulations for random dense Σ ∈ PD(p). Simulated aver-
ages (standard deviations) of the ratio s∗q/sq for different values of q and
different distributions of eigenvalues of Σ. Blue entries signify greater
sparsity after reparametrization.

where s(p) and q characterize the sparsity of the logarithmic transformations of T and
Ω from (6.2) in a sense made explicit in the supplementary material. The parameter κ
controls the rate of growth of the number of parents for each node as n, p → ∞. The
approach is based on thresholding (Bickel & Levina, 2008a,b) after logarithmic trans-
formation of a suitable pilot estimator. Ideally a more direct approach might be found,
perhaps along the lines of Zwiernik (2023) whose elegant formulation in terms of Bregman
divergences covers linear constraints on a class of matrix functions of a covariance matrix,
which includes the matrix logarithm, the matrix inverse, and certain matrix powers.
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