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20 SUMMARY

21 Direct use of the likelihood function typically produces severely biased estimates when the

22 dimension of the parameter vector is large relative to the effective sample size. With linearly

;i separable data generated from a logistic regression model, the log-likelihood function asymptotes

25 and the maximum likelihood estimator does not exist. We show: that an exact analysis for each

26 regression coefficient produces half-infinite confidence sets for'some parameters when the data

57 are separable. Such conclusions are not vacuous, but an honest ‘portrayal of the limitations of the

28 data. Finite confidence sets are only achievable whenadditional, perhaps implicit, assumptions

29 are made. Under a notional double-asymptotic regime, in which the dimension of the logistic

30 coefficient vector increases with the sample size, the present paper considers the implications

31 of enforcing a natural constraint on the vector of logistic-transformed probabilities. We derive a

32 relationship between the logistic coefficients and a notional parameter obtained as a probability

33 limit of an ordinary least squares estimator. The latter exists even when the data are separable.

g;‘ Consistency is ascertained under weak conditions on the design matrix.

36 Some key words: Binary responses; Complete and quasi-complete separation; Conditioning; Regression; Sufficiency.

37

38

23 1. INTRODUCTION

41 1.1. Background

42 The analysis'of binary response data commonly assumes a logistic regression model for which

43 the distribution of response variables Y7, ..., Y, is

44

45 e%i B

46 pr(Yi=1) = ———, pr(Y; = —1) =1—pr(¥; = 1) (0
1+e%ih

47

48 for some unknown parameter 8* € RP and covariates z1,...,x, € RP, treated as fixed. This

49 was proposed by [Cox| (1958) and is the unique model for binary data yielding the same simple

50 sufficient statistics for the regression coefficients as in a normal-theory linear model. His exact

51 conditional inference based on combinatorial calculations evades maximum likelihood fitting

32 and simultaneously achieves relevance and elimination of nuisance parameters. See Chapter 4 of

;31 Cox| (1970) or Mehta & Patell (1995)) for a more explicit and general exposition than that of |Cox

zs (1958).

56 Motivated by high-dimensional models arising in modern scientific applications, notably ge-

57 nomics, there has been increased interest in theoretical treatments that allow for a notional dou-

58 ble asymptotic regime p, n — oo. Even prior to the genomics applications, this setting interested

59 Bartlett| (1936, [1937), who used it to illustrate serious difficulties with maximum-likelihood-
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2 R. M. LEWIS AND H. S. BATTEY

based approaches and advantages of using marginal and conditional likelihood, when available.
The approach of |Cox| (1958) is in this vein. It has some practical limitations, notably a possible
degeneracy of the problem when covariates are continuous, and also the computational difficulty
associated with the combinatorial quantities involved, see section [3.1]

Perhaps for these reasons, the exact conditional analysis is not widely used. Instead, the pre-
vailing approach to inference in logistic regression models, and more generally, is based on
maximum likelihood estimation and asymptotic calculations local to the null hypothesis, fol-
lowing (Wald| (1950). It is well-known that the resulting estimates and confidence intervals are
asymptotically calibrated when p is fixed and n is large. However there exist both practical and
theoretical difficulties with this approach, particularly in high-dimensional regimes. The first is
that the maximum likelihood estimator does not exist if and only if the data can be separated, that
is, whenever the outcome-covariate pairs (y1,z7)7, ..., (yn,2L)T are such that y;z1' 3 > 0 for
all ¢ and for some non-zero 3 € RP (Albert & Anderson,|1984). For centred Gaussian covariates,
Candes & Sur| (2020) derived the liming probability that the data can be Separated in terms of
the relative dimension p/n — & and a function of the signal strength. This probability converges
to one when x exceeds a threshold, illustrating the difficulties encountered in high-dimensional
regimes.

Issues are also encountered when the maximum likelihood estimator exists. In the same lim-
iting setting p,n — oo with p/n — k > 0, Sur & Candes, (2019) showed that the maximum
likelihood estimator can be severely biased when the design matrix is treated as random with in-
dependent and identically distributed entries. They.futthet.showed that standard error estimates
based on fixed-p maximum likelihood theory underestimate the true variability, and that the x3
limiting approximation to the distribution of likelihood ratio test statistic is poor. Related work is
due to|Zhao et al.{(2020) who obtained similar results for Gaussian designs with arbitrary covari-
ance structures. Similar ideas have been explored in more general models by |Coolen et al.[(2020),
who sought to correct the average bias in‘the p maximum likelihood estimates using ideas from
statistical physics, and Tang & Reidl(2020), who clarified the extent to which classical higher-
order inference based on the so calledr* statistic continues to hold under the p, n — oo regime.

Motivated by the issues summarised above, this work clarifies the extent to which inference
is possible in logistic regression models with separated data and proposes an alternative to max-
imum likelihood estimation. valid for these settings. We begin by studying the exact conditional
inference of |Cox| (1958)),"showing that in the presence of data separation, at least one of the ex-
act conditional confidence intervals is of infinite length in at least one direction. The results are
then extended to arbitrary exact confidence sets. Such conclusions are not vacuous and are the
best that could be hoped for without further assumptions or data. In high-dimensional regimes,
however, it is common to make further restrictions that allow for consistent estimation of the un-
known regression parameter. We introduce an approach based on least squares that is consistent
in both the ¢, and /2 norms when p,n — oo with p < n, under weak conditions on the design
matrix. These guarantees are shown to apply to cases with separated data.

1.2.  Our approach

Our work is concerned with settings in which the true model is thought to be logistic but that
separation precludes logistic likelihood fitting. Because the sufficient statistics are the same in
logistic regression as in a notional linear in probability model, the maximum likelihood estimates
of the logistic coefficients, if they exist, are recoverable from the ordinary least squares estimates
obtained by treating the model for the probabilities as linear, as shown in Proposition [6} This
suggests an approach to inference on the logistic coefficients based on the ordinary least squares
estimator.
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We establish a relationship between the logistic regression coefficients and the limiting values
of the ordinary least squares estimates, and use this as a basis for componentwise estimation on
B*. In particular, assuming the existence of a consistent estimator of X 5, this typically being
easier to obtain than an estimate of the entries of 5*, we manipulate the least squares estimator
to obtain a corrected least square estimator whose entries converge uniformly to those of the
parameter of interest. Whilst biased, we then show that the LASSO (Tibshirani, [1996)) estimate
of 5* produces a consistent estimator of X 3* when the unknown parameter is suitably sparse and
max?_; |z7 8*| < ¢1y/logn for some ¢; > 0. These conditions bound the entries of the unknown
parameter thereby avoiding the issues caused by separation. Asumptions of this form are natural
in high-dimensional regimes, see for example van de Geer et al.| (2014).

Least-squares fitting of a linear regression model to binary data has been explored by (Cox &
Wermuth| (1992) and [Battey et al|(2019). The latter work parameterised the linear in probability
model as

pr(Y; = y) = (1 +yz; 8°)/2

under the restriction that for all data z, |27 8°| < 1. Ordinary least squares was the recommended
approach for estimating the unknown parameter 3° as this i§ more robust than maximum like-
lihood estimation to observations that invalidate the condition+j#-” 3°| < 1. While there are ad-
vantages, notably of interpretation and existence of estimates; there are difficulties in treating the
linear in probability model as generative. Indeed, the Testriction to data  satisfying |27 5% < 1
violates [McCullaghl's (2002} formal definition©f a statistical model. For this reason we consider
the generative model as logistic and use a relationship between the logistic coefficients and the
probability limit of the ordinary least squares €stimator to obtain a consistent estimator of the
logistic parameters.

1¢3.  Related work

To avoid the issues encountered'by maximum likelihood estimation in the logistic regression
model, a number of methods have been proposed for use. When the maximum likelihood es-
timator exists, [Sur & Candes|(2019) introduced the Probe-Frontier method to correct the bias
and consistently estimate £* when p is large. [Yadlowsky et al.| (2021) remarked on the com-
putational difficultiés involved in using the Probe-Frontier method and proposed an alternative
named SLOE. Both approaches rely on the existence of the maximum likelihood estimator and
so are unsuitablefor settings with separated data.

When the data are separated, [Firth's (1993) bias reduced estimator has been recommended for
use, see for example Heinze & Schemper (2002). Kosmidis & Firth| (2021) showed that |Firth’s
(1993) estimator always exists and established an analogous result for a more general version
obtained by penalising the logistic log-likelihood function using a Jeffreys-prior penalty with
arbitrary tuning parameter. Additionally, when p is fixed and n — oo, the first order asymptotic
distribution of Firth’s estimator coincides with that of the maximum likelihood estimator (Firth,
1993)). It is unclear how [Firth(s (1993)) estimator behaves when the maximum likelihood estima-
tor does not exist and there are currently no theoretical guarantees when p, n — oc.

Although not proposed with this situation in mind, maximum likelihood estimation with cer-
tain forms of penalty on 3* ensures existence of an estimator when data are separated. Such
estimators have been shown to have low composite estimation and prediction errors with high
probability under sparsity assumptions (e.g. [Duffy & Santner, [1989; van de Geer}, 2008; [Meier
et al., 2008; [Fan & Peng, 2004), however their components are biased for B;-‘, j=1,...,p. We
make use of this observation to construct a consistent estimator of logistic regression coefficients
using a consistent estimator of X 3*, the latter typically being easier to obtain. Unlike the infer-
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ential procedures of |van de Geer et al.| (2014), Ning & Liu (2017), Ma et al.| (2021})), |Shi et al.
(2021) and|Cai et al.| (2021} which entail correcting the bias of penalised estimators and require
a consistent estimator of 5* in either the ¢; or ¢ norm, our procedure only requires that X g*
be estimated consistently, making it applicable to a broader range of settings, see for example
Raskutt1 et al.[(2011]).

2. NOTATION AND LIKELIHOOD FRAMEWORK

Let n observations on p variables be represented as vectors x1,...,x, € RP, and let X €
R™ P be the matrix with rows xZT We assume throughout that X has full-rank, a condition
that can always be checked once the data have been observed and which does not affect the
presence of separation. Let Col-Sp(X) denote the column-span of X and Py =X (X7 X)~1 X7
the projection matrix onto Col-Sp(.X). Each element of the response vector ¥= (Y7, ..., Y,,)T,
taking values in {—1,1}, is assumed to be an independent random variable-with distribution
given in . A realisation of Y is written in lower case. Define I' gR"*™ t0 be the diagonal
matrix with (7, 7)-th entry given by I';; = Var(Y;). Let 5* be the maximum likelihood estimator
or MLE, when it exists, of * and let 3% = (X7 X)~! X7V be the'ofdinary least squares, or OLS,
estimator. Define 3° to be the limiting value of 3° as p,n —%.00lwith p < n. Unless otherwise
specified, this is the notional limiting operation assumed throughout.

For a function f : R — R and a vector v, we use f(v) to.denote the vector with ith entry f(v;).
The vector £1, {3 and £, norms are given by || - |1, |} [Je-and || - |- If the argument is a matrix,
these refer to the matrix norms induced by the corresponding vector norms. The Frobenius norm
is written || - || 7. The minimum and maximum eigenvalues of a square matrix are written Ay (+)
and A\pax (+) respectively. For a set S C R™{ thé:notation S refers to its orthogonal complement

St ={w R :ulv=0 YveS}
For a univariate random variableyZithe sub-Gaussian norm is given by

12|y, = supq~/*(E|Z|%)"/4,
q>1

3. EXACT INFERENCE WITH SEPARATED DATA
3.1.  The exact conditional analysis of|Cox|(1958))
In the logistic regression model, the log-likelihood function at an observation y =

(Y1, - .-, yn)T is given by
exp(3_7_1t;5;)
0(B) =1 j
v Og{H?zl(He“?B)

where t; = > | x5z and z; = (y; + 1)/2 € {0,1}. Let T; and Z; be the random versions of
these quantities, obtained by replacing y; by Y;. When the data are separated, the log-likelihood
function asymptotes and so inference via maximum-likelihood fitting is unavailable.

Suppose that only inference on the first component 37 is of interest, the other entries
B3, ..., B, being regarded as nuisance parameters. When all entries of 5* are of interest each
entry may be treated in turn as the single interest parameter. |Cox| (1958)) argued that inference on

http://mc.manuscriptcentral.com/biometrika
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B7 should be based on the conditional distribution of T given 15, ..., T}, given by
c(ty, ..., ty)efh
ZueTl c(u,ta,. .., tp)eﬁf“

pr(lh =t | Ty =t,..., T, =tp) = @

where

n
c(ti, ... t,) = Hze 0,137 s = ty, Yk = 1,...,p}‘
=1

is the number of realisations of the outcome variable that produce the same observed values of
the sufficient statistics 77, ..., T}, and

T = {Sheaz: 2 Ci), Ci={2e{0,1}": T ok = tig¥h = 2,....p}.
Let 165
bv
flv]b) = Zu:f:j(lutgtp) ,et,,)ebu
be the conditional probability that 71 = v when 37 = b, and
Fi(ti[0) = Yoz, [0 |0),  FpftbY= >, f(v D)

be the conditional probabilities that 77 > t; or.77/<#;."On replacing ¢; by 77 in the definitions
above, (Cox| (1970) constructed a (1 — ¥)-level exact-Confidence set for 87 as (8; (T1), B (T1))
where

{Fl{Tl | B7 (T h=9/2  if tmin < T1 < tmax

/Bl_(Tl) =r>® it Th = tmin

and 170
FZ{TI ' ﬂ;r(Tl)} = 19/2 iftrnin S Tl < tmax
5T(T1) =0 if 77 = tax,

with ¢,1in and ¢, the minimum and maximum values of the set T';.

Let (8 (t1)3B5(t1)) be the observed confidence interval for ;. We show that the observed
value of ¢; coincides with either or both of ¢y,;, and ¢, When the data are linearly separable.
It follows that the exact conditional confidence interval defined above is of infinite length. When
the data are completely separated, that is, when there exists 8 € RP\{0} such that y;z1 3 >0 s
forall? = 1,...,n, the interval may equal the whole real line.

PROPOSITION 1. Suppose the data are separated by some vector 3 € RP\{0}. If B1 > 0 then
the upper limit of the confidence interval satisfies 6f (t1) = oo and if 1 < O then the lower limit
of the confidence interval satisfies 1 (t1) = oo. If additionally the data are completely separated
with 31 = 0, the conditional likelihood satisfies 180

pr(letl‘TQZtQ,...7T :tp)zl, VﬁIER
and the exact confidence interval is the trivial interval (81 (t1), i (t1)) = R.

The result above only requires existence of one such 3. If the data can be separated by multiple

vectors, say 51, 3(2) € RP with B?) <0< ﬂf), then the result may be applied to each vector
separately to conclude that (37 (t1), 8{ (t1)) = (—00, o0).

http://mc.manuscriptcentral.com/biometrika
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6 R. M. LEWIS AND H. S. BATTEY

In section[3.2] we show that all exact confidence sets necessarily contain infinite half intervals,
irrespective of how they are constructed, and thus the restrictions outlined above are limitations
of the data and not the method of analysis.

3.2.  Other forms of exact analysis

Define CSE;) (T1) C R to be an arbitrary (1 — 9J)-level exact conditional confidence set for 5}
satisfying

pr{gr e CSV(T) | Ty =to,..., Ty =t,} >1—9, VBIeR. 3)

Let CSE;) (t1) be its observed value. The following result outlines the form of these sets in the
presence of separation.

THEOREM 1. Suppose the observed data are separated by 3 € RP\{0}~If 51 > O then there
exists B > 0 such that [B,o0) C CSq(s,l)(tl) and if 51 < O then theréexists ‘B > 0 such that

(—o0,—B] C CSE;) (t1). If additionally the data are completely separated with 31 = 0, the con-
ditional likelihood satisfies

pr(letl’ngtg,...,Tp:tp):l, VﬁTGR
and the exact confidence set is CSS) (t1) =R

Similar results are obtained when an unconditional analysis is performed. This makes use of
the distribution of the response vector Y rather than the conditional distribution of 77 given
Ty,...,T,. Define CSy(Y) C R to be a (1 —")-level exact unconditional confidence set for
B satisfying

pr{B* C8(V)} > 1-9, VB eR”

with observed value CSy(y)*CRP, and let CSS)(y) be the projection of CSy(y) onto its first
component.

THEOREM 2. Suppose the observed data are separated by [ € RP\{0} and let m €
{0,1,...,n} be the'number of observations satisfying x;fﬁ = 0. Assume ¥ <27 If B1 >0

then there exists B > 0 such that [B, o0) C CSS) (y) and if B1 < O then there exists B > 0 such
that (—oo, —B] C Cngl)(y). If additionally the data are completely separated by (3 and 31 = 0,
then CS{" (y) = R.

Theorems [T|and [2] show that all confidence sets with exact coverage guarantees, either condi-
tional or unconditional, contain at least one unbounded interval of the form [B, co) or (—o0, — B]
where B > (. In some settings, these sets are equal to the whole real line. As a result, only lim-
ited information about the unknown parameter is available from data that are linearly separable.
The most severe setting occurs when the data can be completely separated by some 3 € RP\{0}
with 81 = 0, in which case there is never enough evidence to reject a null hypothesis concern-
ing only S}, whatever this might be. Even when the data can be separated but not completely
separated, one-sided hypotheses of the form Hy : 5 > by or Hy : 3] < bg for by € R cannot
be rejected, depending on the sign of the first entry of the separating parameter. Any refinement
requires either additional data or further assumptions.

http://mc.manuscriptcentral.com/biometrika
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The non-existence of finite confidence intervals also affects estimation as, for example, it
is impossible to guarantee that an estimate of an entry of 5* lies in a small region about the
unknown parameter with a pre-determined probability. Indeed, if there existed such an estimate
B1 of B satisfying

pr(| — Bl <e)>1-9, VBfeR

for some € > 0 and 9 € (0, 1), then [3; — €, 31 + €] would be an exact (1 — 19)-level confidence
interval for 5] with bounded support. Markov’s inequality implies that the variance of any such
estimate is unbounded as a function of the unknown parameter.

In high-dimensional settings, restrictions on X 5* are natural and often made. These justify
our approach to estimation based on least squares, to be presented in section [5] which has sta-
tistical guarantees even when the maximum likelihood estimator does not‘exist or exhibits poor
performance. Our results are asymptotic, allowing both the dimension pfand, the sample size n to
diverge simultaneously.

4. PRELIMINARY RESULTS

We begin by studying the limiting behaviour of the least squares estimator BO in the logistic
regression model. This motivates a construction that allows consistent estimation of the logistic
coefficient of interest. Since the dimension p is allowed to grow under the notional operation
n — oo, the limit distribution of B is not welldefined. Instead we consider the behaviour of
linear functions o 3°, where choices of particular interest are « equal to one of the canonical
basis vectors for RP or representing simple contrasts of the entries of 3°. Thus assume « € By
for some d > 0 where

By ={€R”: |lafo < d, [af2 <1}

is the sparse ¢o-ball of radius one'in RP. The following result shows that linear functions of the
least squares estimator converge in probability to similar functions of

B0 = (XTX)"1XT tanh(X3*/2).
PROPOSITION 2. Define
Xp =14 X:sup [T (XTX)"' XT3 < Bn™!
a€eBy

for some constant B > 0. When d = o(n), dlog(p/d)/n = o(1) and t > 0,

sup pr{ sup \aT(ﬁO -89 > t} = o(1). 4)

XeXp OéEBd

The result in Proposition [2] is stated uniformly over all design matrices contained in the set
Xp. Justification for this will be provided at a later stage. For now, it is sufficient to consider a
single design matrix satisfying ||a” (X7 X)"1XT||2 = O(n~!), for which it follows that

16° = Bl = 0 (1), P23 = B°l|2 = op(1)

http://mc.manuscriptcentral.com/biometrika
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provided the diagonal entries of (X7 X/n)~! are asymptotically bounded above under no re-
strictions on p beyond p < n. This may be seen by setting d = 1 in Proposition 2} Proposition 3]
strengthens the latter result, showing that the rate of convergence in £3-norm is of order p 12,

PROPOSITION 3. Suppose Amax{ (X7 X/n)~'} = O(1). Then,

p 280 = Bl = Op(p'1?)

and when p = o(n),

16° = 8112 = op(1).

For inference on the entries of 5*, the limiting distribution of the least squaresiestimator is of
interest. PropositionEI shows that after suitable normalisation, the distribution,of o (3° — 8°) is
asymptotically Gaussian.

PROPOSITION 4. Let B, = || o (XT X))~ XTT2||y and define-R"C RP to be a set satisfy-
ing

sup By, Hla" (XTX) T X fs =to(1). )
aER
Then,

sup sup ‘pr{BglaT(BO = 8% <} — ®(x)| = 0(1).
a€R zeR

Assumption (B)) arises when the quantity of interest is expressed as a sum of independent
random variables and central limit type arguments are used to derive its asymptotic distribution. It
is closely related to a Lindenberg ¢ondition. Similar assumptions are made by Huber| (1973)) and
Lei et al.| (2018]) to establish,thé asymptotic normality of the least squares estimator in a different
context. To understand when this assumption holds, suppose the rows of X are independently and
identically distributed as,centred, multivariate normal random variables with covariance matrix
Y. and focus on the limiting setting where p, n — oo with p/n — k € [0,1) and BN — 72
for some v > 0. This is a setting that will be considered further in section[7} Let R consist of the
standard basis vectors of RP. Theorem 2.16 (Bail |1999) shows that

sup [la” (X7 X)X T3t = Op (0.
aE

Further, max’"_, |z 8*| = Op(y/logn) and so
- 10g(m7;{1 L) < mglx |z} 8| = Op(y/logn).
i= i=

As B, > min}" 1“;./ ?[laT(XTX)"1XT|5, a sufficient condition for the left-hand side of (5) to
be op(1) is

sup la (XTX) X7 o, = op (n1/2e-eVTer)
aER

http://mc.manuscriptcentral.com/biometrika
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for all constants ¢ > 0. Although the distribution of (X7 X)~1 X7 is unknown, if we assume
that the entries of (X7 X /n)~1 X7 are sub-Gaussian with bounded norm, then 270

o (XTX)7 X7 o = Op(n~t/logn)
= op <n71/2efc\/logn)

for all ¢ > 0 and so the condition is satisfied.

5. MAIN RESULTS

The previous results motivate a corrected least squares estimator, which is shown in the present
section to be consistent in both the /., and scaled ¢2 norms, and to have‘some predictive guar-
antees. The considerations involved in obtaining stronger inferential guarantees are also briefly 2
discussed and assessed by simulation.

5.1. The corrected least squares estimator

Section [] showed that the probability limit of a linear function of the least squares estimator
is a linear function of 8° = f(3*) where

F(8%) = (XTX) ' XT tanh(X 5*/2).

If this function f were invertible, then a consistent estimator of each entry of 3* could poten- 2
tially be obtained using f~1(/3°). The function is not invertible, however we show that it can be
rewritten as

f(3*) =<p"+06

for some ¢ € R and § € RP depending only on X 3*. Whilst the entries of 8* are difficult to
estimate, estimation of X 3* i$ simpler and leads to an estimator of o’ 3* in the form

laT(8° —0)

where ¢ and ) are estimatés of ¢ and § to be defined. 285
Write

tanh(X(5%/2) =¢XpB" +u+ A (6)

where ¢ X 3* is the projection of tanh(X 3*/2) onto X 3*, u € Col-Sp(X )+ and A is the pro-
jection of tanh(X 3*/2) onto the subspace

Col-Sp(X) N Col-Sp(X %)+ = {cXB* +u:¢ e R, ue Col-Sp(X)*+}+.

Such a decomposition exists uniquely because the subspaces Col-Sp(X 5*), Col-Sp(X)N

Col-Sp(X #*)* and Col-Sp(X )~ are orthogonal and span the whole of R™. It follows that 290
1/2 Xp*=0 .
S =) BT (X2 yge 4 g A = (Px — Pxp-) tanh(X 3% /2)
1X5+13 ’

where, to correspond with the definition of ¢, we use the notation Py g+ tanh(X 3*/2) to mean
X B*/2 when X 3* is the zero vector. On definining § = (X7 X)) 1 XTA,

BY = (XTX)™ X7 tanh(X3*/2) = ¢B* + 6. @)

http://mc.manuscriptcentral.com/biometrika

€202 JoquiaAoN G0 U0 1saNnB Aq GEZBEE./SI0PESENBWOIG/EE0 L 0 L/10P/O|dIHE-9OUBAPE/JBIOIG/WOY"dNO"DIWSPED.//:SA)IY WO} PaPEOjUMO]



oNOYTULT D WN =

295

300

305

310

315

Manuscripts submitted to Biometrika

10 R. M. LEWIS AND H. S. BATTEY

Based on this observation, define the corrected least squares estimator to be

5 =@ - §)
where ¢ and 4 are given by
.12 =0, o .
¢ = ATtanh(i/2) . 0 = (XTX)"'XT P tanh(7/2),
mE 170

with P = Px — Py and 1) a consistent estimator of * = X 3* to be discussed next.

5.2.  Assumptions

To ensure that the corrected least squares estimator may be used to estimate 5*, assumptions
are required in addition to X being full rank with p < n. Define

X = (X € R™ : max{s ™!, Amax{ (X7 X/n) "' }} < B},
for a constant B > 0. This set satisfies Xg) C Xpg where Xp was defined'in Proposition
Condition 1. the unknown parameter satisfies a) p~/2(| 3*[|s%= Q(1) or b) || ]| = O(1).
Condition 2. there exists a non-empty Hp C Xg) such that'for all ¢ > 0,
sup P{h(7), n") Ht}=o(1)
XeEHpB

where n* = X 3* and

11 =7l =0,
h A’ * = A ¥ P
(7 1") {max{”ﬂn?f’ IIH}Hz} Y

n

Condition [T] makes restrictions on the unknown parameter that avoids the issues outlined in
section[3] Part a) follows from partb)salthough there will be settings where only part a) is needed
and we identify these throughout. Assumptions of this form are common in high-dimensional
regimes, for example, Condition is implied when * contains at most s = O(1) non-zero en-
tries of bounded magnitude, but may also hold for dense vectors.

ConditionZ]ensures the existence of a design matrix X € H p for some B > 0. For this matrix,

max{g_l, )\max{(XTX/n)_l}} =0(1)

and there exists 77 where h(7,n*) = op(1). This second statement guarantees that a consistent
estimator of n* = X 8* is available for estimation of ¢ and §. The former allows the behaviour
of the least squares estimator to be controlled, as in Propos}tions@landﬂ and limits the accumu-
lation of error when correcting the estimator using ¢ and . It is sometimes sufficient to replace
the eigenvalue condition by a weaker one but for notational simplicity, we do not do this here.
When the rows of X are treated as independent and identically distributed observations from an
appropriate distribution and 5* # 0,

—1_ nt Y (@ B)?
n=15"" | &l B* tanh(z! 8*/2)
and the weak law of large numbers may be applied to both the numerator and denominator to

deduce that ¢~ = Op(1), see Lemmafor details. In section|§| we identify suitable choices of
7) and H g that ensure Condition [2]is met.

<
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For most of the analysis, it will be sufficient to focus on a single X € H . However, in section
[7l we consider the validity of our results in settings with separated data, focusing on the accuracy
of our estimator in terms of the £o,-norm. As our results are asymptotic and the limiting proba-
bility of data separation has not yet been considered for fixed designs, section[7treats the design
matrix as random. To extend our analysis to this framework, we show that consistency in terms
of the /,-norm in the fixed design setting holds uniformly over all X € H g. It follows that our
estimator consistently estimates the entries of 5* with respect to certain joint distributions for
X and Y, even in settings where data separation occurs with probability converging to one. For
clarity, we use pr(-) to denote the probability conditional on the observed value of the design and
pry. x () when considering the joint distribution. The latter only appears in section

Our assumptions make no explicit restrictions on p relative to n beyond p < n. However there
may be some implicit constraints. Sectionﬁlconsiders a more refined setting where p/n — K €
[0, 1) to evaluate the validity of our approach when the data are linearly separable.

5.3. Consistent estimation

Under the assumptions in section the corrected least squares estimator B* is consistent,
both entry-wise and in terms of the £5-norm. We refer to thedatter-as the composite estimation
error. This is established in Theorems[3|and[] In light of the.comments in section[5.2] consistency
in terms of the ¢,,-norm is established uniformly over design'matrices X € Hp in Theorem
All other results focus on pointwise convergence.

THEOREM 3. Suppose conditions[Ip) and2lheld..For all t > 0,

sup pr( sup [a®(B%— %) > t) = o(1)
XeHp aEBg;

as p,n — oo with p < n and d = O(L)xIn particular,
sup, pr([|3* — B*[lco > 1) = o(1).
XEHB

THEOREM 4. Suppose conditions[Ii) and 2| hold. If there exist B, N > 0 such that X € Hp
foralln > N, then,

p 28" = B*||l2 = op(1)

as p,n — oo with p < n.

To derive these results, the estimation errors were decomposed into terms involving BO - B9,
¢ —¢,and § — 4. The results in sectionEl and Condition ensure that these quantities converge
to zero in probability.

For the purpose of variable selection, it is the first result that is of most interest. Provided
the non-zero entries of 3* are sufficiently large, a variable selection procedure that selects the
5 indices corresponding to the entries of $* with the largest magnitudes will asymptotically
prioritise signal variables over noise variables. For a more formal Wald-based test of 37 =0
with appropriate calibration, the asymptotic distribution of the corrected least squares estimator
is needed.

5.4. A remark on inference

Proposition [3 provides initial insights into the limiting distribution of the corrected least
squares estimator, probed further by simulation in section [§]
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PROPOSITION 5. Suppose Condition[2holds and there exist B, N > 0 such that X € Hp for
alln > N. Assume o € By with

B, o™ (XTX) ' X oo = 0(1).
Then, under the null hypothesis Hy : o7 * = 0,

ol (B* = B*)
§*1||04T(XTX)*1XTF1/2H2

=11 + Iy + op(1)

where

I, % N(@0,1), I=-¢/B*aT(-0).

Proposition[5] shows that, up to the term II, the limiting distribution of a.scaledVersion of our
estimator is standard normal. In section[8] we conduct simulations whose Tesults suggest that ITy
is negligible in the particular cases considered. They also suggest thatanormal approximation to
the distribution of the corrected least squares estimator may be accurate even when o’ 5* # 0.
Neither observation has yet been established theoretically. Part of the difficulty arises in the term
B, which up to the quantity T, is of order n1/2. Then for ITs,to converge to zero in probability,
we would require

20T (5 — 8)= op (D),
however we have only shown that
n'2a”(§ )= Ol — n’ll2)

which is not expected to be op(1) in,high*dimensional regimes.

If a closed form approximation.to ‘the distribution of the corrected least squares estimator
cannot be derived, a bootstrap algorithm may serve to estimate p-values. This has not yet been
considered in detail, but also presents,an avenue for future work.

5.5. Prediction error

Although the primary ‘aim was estimation of the unknown parameter, the prediction error of
the corrected least squares estimator, defined by

n_1/2||XB* o Xﬁ*H%

may be of interest. This is somewhat misleading terminology, as X 3* is the vector of logistic-
transformed probabilities. Theorem [5| shows that the above quantity converges in probability to
a value that depends on the relative dimension p/n and the signal strength.

THEOREM 5. Suppose there exist B, N > 0 such that X € Hp foralln > N. Then,
nfl/QHX(I@* . ,8*)”2 _ nfl/ngl”PXPlﬂ”F + Op(l)
when p,n — co with p < n.

When p = o(n), the error is 0p(1) as || PxI''/?|| » is bounded above by || Px||r = \/p. When
p/n does not converge to zero, there exist values of 5* where the prediction error does not
decay to zero. As a result, whilst the corrected least squares estimator may be usefully used for
estimation and variable screening, it is less suitable for inference on the logistic transforms of
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the individual probabilities. This is unproblematic as Condition [2] assumed the existence of an
alternative estimator suitable for this purpose.

Starting with an initial estimate 7)(!) of n*, consider an iterative version of our estimator where
fort =1,2,...

o _ |12 =00 s xTxy-ixT (0

Y= )T tanh(7D/2) (s 20 o = (X" X)X {Px — Py } tanh(*" /2)
o2 K

B = (30 — 5y /e, A+ — X 50

In view of Theorem [3] the iterative version need not perform better than the once-corrected
version, as 1) = X 3* violates the convergence condition in Condition [2| This conclusion was
also checked by simulation but not reported.

6. POSSIBLE CHOICES OF 7)
6.1. Maximum likelihood estimation

When the data cannot be separated, the maximum likeliheod estimator exists and may be used
to correct the least-squares estimator. Proposition [6] shows,that our estimator obtained by setting
nto X 3* recovers the original maximum likelihood estimator.

PROPOSITION 6. Suppose the logistic maximum likelihood estimator B* exists and let 1) =
X (*. Define

(12 o o )
$=q T tanh(n/2) 0 = (XTX)"' X" Ptanh(n/2),
e, @ 75 Oy

where P = Py — Py. Then, < g_l(ﬂo ) That is, the corrected OLS estimator recovers
the logistic maximum likelihood.estimator.

This result only serves to supply insight and is of no practical relevance. The equivalence to
maximum likelihood estimation in this setting demonstrates that the corrected OLS estimator,
without exploiting.further assumptions, is subject to the same considerable bias as maximum
likelihood estimation. In the next section, we show that when this estimator is combined with a
version of 7) that exploits constraints on X 8*, bias is substantially reduced.

6.2. Penalised regression
To operationalise 3*, a consistent estimator 7 of n* = X 8* satisfying h(/, %) = op(1) is
needed. A penalised regression may be used to obtain such an estimator even when the maximum
likelihood estimator does not exist. This entails setting 1) = X B(A) where

B = argmingeg, {—n1(B) + Mp()}, A2 0 ®

and p: RP — R is a penalty function that does not depend on the data but ensures a unique
maximiser exists. See [Dufty & Santner| (1989), Meier et al.| (2008)), Kosmidis & Firth| (2021)
and [Fan & Peng| (2004) for examples including the ridge, group LASSO, Jeffrey’s-prior and
non-concave penalty functions respectively. Unless strong condmons are imposed on the design
matrix that limit the amount of correlation between covariates, B rarely provides an accurate
estimate of the individual entrles of 3*, see section|[§]for numerical examples. Nevertheless, under
much weaker conditions X B consistently estimates n*. The corrected least squares estimator
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that makes use of X B (M) to estimate 7*, improves estimation of the entries of 3* over that of
B,

As an example, consider the LASSO estimator that maximises (8) with p(3) = ||3||1. Lemma
1 in Meier et al.| (2008) shows that B(’\) exists whenever A > 0 and 0 < Z?Zl 1; < n, which
includes cases with separated data. Further, under a suitable sparsity assumption, the LASSO
estimator produces consistent predictions whenever the design matrix is contained in

n T 3% " . 1/2 *
Xg) = {X S max{max 2 ] max max vl A"~ 0},¢>62(X)} < B}

i=1 y/logn i=1 j=1 \/logn’ [|XB3%]-

where S = {j : 8] # 0}, s = |S|, Bs is the vector with entries equal to those of 3 for all indices
in S and 0 otherwise, and

_ 1 | X 5\\%8.
BeRP:Bs 40, ||Bsc |1 <3lIBs ] n||Bs||3

This is established in Proposition [7]
PROPOSITION 7. Let A = A+/(log plogn)/n with A > 0,sufficiently large. For t > 0,

sup pr{h(XBW, X5*) >4} =o(1)
xex®

¢p(X)

when

se2BVIosn, flog plog n/n max{he25V1En, flog plogn/n} = o(1).

The proof of this result closely follows the arguments in Theorem 6.4 and Lemma 6.8 in
Biihlmann & van de Geer (2011},p. 130-134). We make minor modifications to account for our
slightly weaker assumptions, see the'definition of Xg)
6.8 of Biihlmann & van de/Geer|(2011)).

Proposition [7] establishes conditions under which Condition [2]is satisfied, with

compared to the assumptions in Lemma

P XBY, =X Ax.

As aresult, the least squares estimator, after correction by the LASSO, is consistent with respect
to both the /5 and /., norms whenever there exists B, N > 0 such that X € Xg) N X(B2) for all
n > N. We call this the OLS-LASSO estimator. In the following section, we show that when
the rows of X follow a multivariate Gaussian distribution, there exist suitable constants such the

probability that X € Xg) N Xg) is arbitrarily close to one for large enough sample sizes. Thus,
the set Xg) N Xg) is non-empty.

6.3.  Other approaches
Any consistent estimator of * = X 5* can be used for correction. Thus, if 5* is sparse, Propo-
sition [7] shows that a LASSO penalty yields an estimator with appropriate behaviour. If instead
B is dense but X 5* is well-approximated by a small number of left singular vectors of X, then
it may be possible to consistently estimate n* using a sparse singular value decomposition of X .
We do not explore this here, although it highlights our method’s potential validity under a variety
of sparsity assumptions.
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7. RELEVANCE TO SEPARATED DATA

The applicability of our method to separated data is considered here, focusing on the OLS- s
LASSO estimator defined in section[6.2] As no restrictions on the observed response y are made
in section and section only assumes 0 < "' | y; < n, the occurrence of separability
does not affect the existence of our estimator. To ensure that our asymptotic guarantees are also
valid, it is necessary to verify that the limiting probability of separation is non-zero. If this were
not the case, then for any ¢ > 0, 450

pr(||* = B*|lee > t) = pr(||3* — B*||oc > t, data are not separated) + op(1)

and so consistency may be achieved irrespective of the value of the estimator when the data
are separable. The probability of data separation has not yet been studied for fixed designs and
so we adopt the random design setting introduced by |(Candes & Sur| (2020) and summarised in
Condition[3l

Condition 3. The joint distribution of (Y, X) is given by 455
N P
2 MNG(0,8),  P(Yi=1]a)= e
and for some x € [0,1) and 72 > 0,
p/n — K, BEL B — 42

as p,n — oo.

Let pry, y denote the probability uniderthe joint distribution of ¥ and X |Candes & Sur) (2020,
Theorem 2.2) show that there exists some decreasing function h(y) where

Kk >h(q) = pry x(data are separated) — 1
w < D(y) = pry x(data are separated) — 0.

Our aim is to show that the OLS-LASSO estimator is consistent with respect to the /o,-norm 4o
even in these settings where the limiting probability of separation is one. For this, we also assume
Condition 4l

Condition 4. a) The unknown parameter satisfies ||*||oc = O(1) and ||3* o = O(n'/?=¢) for
some & € (0,1/2), and b) there exist constants \pin, Omax > 0 such that

p
)\min(z) > /\min) I}’ljllx ij < Omax-

For every x € [0,1) and v > 0, there exist choices of ¥ and §* satisfying the conditions s
above. For example, let §* € RP have exactly one non-zero entry taking the value v > 0 and
let ¥ = (1/4)117 + (3/4)L,x,. Thus, Conditionlé—_ll makes no further restriction on the limiting
probability of separation.

Proposition [§] shows that in this random design setting, the corrected least squares estimator
is consistent. If x is sufficiently large compared to v, then consistency is achieved alongside 470
separation.
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PROPOSITION 8. Suppose ConditionsEIand hold with v,k > 0. Let B* be the OLS-LASSO
estimator. Then, for all t > 0

bty (13 = B*lloo > ) = o(1).
In particular, when k > h(y),

er7X(|!B* — [*|leo < t, data are separated) — 1.

Similar results are expected to hold for other quantities of interest, for example the composite
estimation error, although we do not derive a result of this form. Instead, given our preference
for conditional analyses, we highlight the importance of characterising the limiting probability
of separation for fixed designs to ensure similar guarantees can also be providedn these settings.

8. NUMERICAL PERFORMANCE

Results of extensive numerical experimentation are reported in the supplementary material. In
section 1] different versions of the corrected least squares estimators were obtained from vari-
ous estimators of n* = X 5*. For each estimator, error rates wereé.examined as a function of the
sample size n when p, n — oo with p/n kept constant. Cases\with separated data were included.
The results show that both the component-wise and ¢ompesite estimation errors converged to
zero, whilst the prediction error remained stable at anon-zero value, coinciding with the analysis
in section 5} The small-sample performance was-analysed in section [4.2] of the supplementary
material, where the average composite estimation,and prediction errors of the corrected least
squares estimators were recorded in multiple contexts, keeping n fixed. The results were com-
pared to those of the maximum likelihogdiand Firth/'s (1993)) estimator.

The remainder of this section fixes.n'=/700 and p = 70 and provides a comparison to other
available methods. Based on the résults“in section [4.1] of the supplementary material, we focus
on the SCAD (Fan & Li, [2001)correction to the least squares estimator, denoted OLS-SCAD, as
it outperformed other corrections..The following four approaches were also considered: a SCAD
penalised regression (Fan.& Li, 2001), Firth’s bias-reduced estimator (Firth, [1993), the despar-
sified LASSO (van_de 'Geer et al. 2014} and the LSW estimator (Ca1 et al.l 2021). The first
comparison serves to illustrate bias removal from penalised estimators. Other penalties were ex-
amined and exhibited similar performance, therefore the results are not reported. The methods of
van de Geer et al.[(2014) and |Cai et al.[(2021) also aim to remove bias from penalised estimators
in high-dimensional settings, although data separation was not explicitly considered.

The data were generated as defined in section [7] with the rows of X sampled independently
from a p-dimensional multivariate Gaussian distribution with mean zero and covariance matrix
3. to be specified. The outcome Y was generated from a logistic regression model with log-odds
equal to X 8*. The following three examples were considered:

Example 1. The covariance matrix and parameter vector were given by

1 ift =j, 1 ift=1,3
0.5  otherwise, 0 otherwise,

to ensure the presence of a pair of highly correlated signal variables with small marginal corre-
lation with the response.
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Example 2. The covariance matrix and parameter vector were given by

L iti =, 1 ifi=1,2.3
1 Z: b b
Yij = 4095 if{i,j} = {1,4}, B = {

s 0 otherwise,
0.5  otherwise,

to ensure the presence of a signal variable that is highly correlated with a noise variable.

Example 3. The covariance matrix and parameter vector were given by

L ifi=J. 1 ifi=1,2,3

. . . 1 Z - b b

Yij =095 if{i,j} = {1,2}, B = {0 otherwise
0.5  otherwise, '

to ensure the presence of a pair of highly correlated signal variables with equal signal strength.

Due to the dependence structure among the covariates, these!scenarios exemplify situations
where the individual entries of 5* are difficult to estimate acCurately. In R = 500 Monte Carlo
replications, we obtained the aforementioned estimates of 5%, Teprobe the inferential capabilities
beyond point estimation, for all except the SCAD penalised regression, we also computed 95%
confidence intervals for 87 and (3}, the former corresponding to a signal variable and the latter
to a noise variable. Motivated by the results 4n Section [5.4} we defined a ¥-level test for the
hypothesis Hy : o 3* = by based on the least squares estimator of the form

U(Y;9,a) = 0 if [T < R129/25 T — OzTB* — by ©)
o Lif [T] > 21 g, |l (XTX)-1XTT1/2,

where z;_y /9 is the (1 —J/2) quantile of the (0, 1) distribution and I is the diagonal ma-

trix with entries [j; = 1 — tanh? (0:/2) fori = 1,...,n. Approximate confidence intervals were
constructed by inverting this/test.'No guarantees have been provided for this construction to date,
the numerical results sérve,only to gain insights into the relevance of the term IIs in Proposition
|§[ The R functions ¢v .fAtvreg, logistf, lasso.projinthe hdi package and LF in the
SIHR package were used to compute the estimates and confidence intervals. As ncvreg neces-
sarily includes an intercept term whereas lasso.proj does not, we fitted all models without
an intercept except SCAD. This is likely to marginally favour the SCAD and OLS-SCAD results.

The left column of Figure [I] shows the average estimated signal strength of entries 1-6 of
B* for each example. The right column shows the distribution of estimates of 3] obtained via
SCAD and OLS-SCAD. The results show that OLS-SCAD was able to correct the bias in the
SCAD estimates. In Example 1, the SCAD estimate of 8* failed to accurately characterise the
two signal variables that were only weakly marginally related to the response variable, whereas
OLS-SCAD was able to estimate all signal strengths accurately. In Example 2, the estimates of
the highly correlated noise and signal variables were less biased for OLS-SCAD than for SCAD.
This was because SCAD estimated the signal strength of the second signal variable to be zero in
a non-negligible portion of cases. Finally, in Example 3, SCAD often assigned most of the signal
strength corresponding to the two highly correlated signal variables to a single signal variable,
whereas OLS-SCAD spread the signal more evenly across the two variables. The other three
estimators performed similarly to OLS-SCAD in terms of estimation.

Whilst the examples show that OLS-SCAD is able to estimate the effects of signal variables
with improved accuracy over the estimator obtained directly via SCAD, it is often the case that
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Fig. 1: Left column: average estimated signal strengths of entries 1-6 of 5* in each example
obtained using OLS-SCAD (black), SCAD penalised regression (orange), Firth’s estimator (red),
desparsified LASSO (blue) and LSW (green). Error bars show one estimated standard deviation.
True signal strengths are marked with black crosses. Right column: histogram of estimates of 3]
obtained via OLS-SCAD (black) and SCAD penalised regression (orange) for the second signal
variable in each example. The black dashed line represents the true signal strength.
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Method IZ] pr(3; € 1) IZ] pr(Bf €Z) pr(0¢ 1)
(null variable) (signal variable)
Ex. 1 | OLS-SCAD | 0.49 (0.01) 0.94(0.24) | 1.14(0.02) 0.94 (0.24) 0.93 (0.26)
FIRTH 0.50 (0.01) 0.94 (0.24) | 1.19 (0.03) 0.94 (0.23) 0.93 (0.26)
DLASSO | 0.44(0.01) 0.95(0.21) | 0.81 (0.01) 0.81(0.39) 0.97 (0.17)
LSW 0.54 (0.02) 0.97 (0.16) | 1.28 (0.05) 0.96 (0.20) 0.84 (0.37)
Ex.2 | OLS-SCAD | 1.39 (0.04) 0.97 (0.18) | 1.36 (0.04) 0.95(0.21) 0.83 (0.37)
FIRTH 1.42 (0.05) 0.96 (0.20) | 1.45(0.05) 0.96 (0.19) 0.80 (0.40)
DLASSO | 0.99 (0.03) 0.92(0.27) | 1.00 (0.03) 0.95(0.21) 0.99 (0.11)
LSW 2.55(0.47) 0.98 (0.13) | 2.76 (0.72) 0.99 (0.09) 0.26 (0.44)
Ex.3 | OLS-SCAD | 0.63 (0.02) 0.96 (0.20) | 1.45(0.04) 0.96 (0.20) 0.76 (0.43)
FIRTH 0.64 (0.02) 0.95(0.21) | 1.53(0.06) 0.96 (0:19) 0.76 (0.43)
DLASSO | 0.55(0.01) 0.98 (0.15) | 1.07 (0.03) 0.9240.27) 0.96 (0.20)
LSW 1.44 (0.28) 0.99 (0.10) | 3.67 (0.92) 099(0.09) 0.09 (0.29)

Table 1: Average length, |Z|, coverage probability, pr(3 € Z); and*power, pr(0 € Z), of the
confidence intervals obtained via the corrected OLS estimator, (OLS-SCAD), Firth’s method
(FIRTH), desparsified LASSO (DLASSO) and |Cati et al./s approach (LSW). Standard errors are
given in brackets.

the latter has smaller cumulative estimation and prediction error, particularly when p is large and
B* is sparse. This is because the correctedyversions of the OLS estimator are not sparse and so
error is accumulated across all entri€sS of'the parameter vector.

Table [T] shows the average lengthuand coverage probability of the confidence intervals. The
power is also recorded. No intervals were obtained for SCAD due to the bias and highly non-
Gaussian distribution of its"estimates observed in Figure [T} The intervals obtained from OLS-
SCAD and Firth’s appreach._performed similarly and moderately better than the other two ap-
proaches, with OLS-SCAD producing slightly shorter intervals than Firth’s approach on average
for a coverage closeito 95%. The LSW method produced the largest confidence intervals, result-
ing in uninformativerintervals that contained both zero and the true non-zero signal strength in
a large number of cases. The desparsified LASSO produced the shortest intervals, however this
sometimes resulted in coverage probabilities substantially below the nominal level 0.95.

9. DISCUSSION
9.1. Extension to cases withp > n

A limitation of our analysis is that corrections of the least squares estimator can only be used
for inference in settings with p < n. The result is nevertheless relevant in the sparse p > n set-
ting. For instance, in (Cox & Battey| (2017) a large number of low-dimensional regressions are
fitted, the motivation being that if a variable is causal, its explanatory power is, to a certain ex-
tent, preserved regardless of which other variables are included. Indeed, the original motivation
for studying the problem of the present paper came from the difficulties in applying logistic re-
gression in the context of (Cox & Battey|(2017) due to separable data. The corrected least squares
estimator may be used as an alternative to logistic regression in this context.
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9.2. Extensions to other models

Beyond its relevance to settings with separated data, there are additional benefits of the new
approach that may be of interest beyond the logistic regression model. The method converts an
estimation and inferential problem on the entries of 3* to a predictive one on X 3*, the latter
typically being easier to solve without assuming strong conditions on the design matrix. As a
result, the performance is favourable even in settings where covariates are highly correlated in
sample. The numerical results of section [§] exhibit this most clearly, providing examples where
a penalised regression estimator fails to accurately characterise the entries of the unknown pa-
rameter, yet when this estimator is used alongside the least squares estimator, the performance is
improved.

Another favourable aspect is the method’s adaptability to different forms of sparsity. In our
analysis, sparsity is only assumed to ensure that a LASSO penalised regression produces a con-
sistent estimator of X 5*. However, by making use of an alternative estimator. of .X 5%, there is
considerable flexibility in the form that this assumption takes. This was briefly outlined in sec-
tion [6.3] It would be of interest to determine whether a version of the corrected least squares
estimator can be used with similar benefits in other models.

SUPPLEMENTARY MATERIAL

The supplementary file contains proofs of the theoretical results stated in the main paper and
additional numerical simulations.
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SUMMARY
This supplementary file contains proofs of the theoretical results and additional simulations.

1. PROOFS OF MAIN RESULTS

Proof of Proposition[l] The confidence interval for 57 is unbounded above when ¢; is the
maximum element of the set T and unbounded below when t¢; is the minimum. The result
follows from Lemmas[S1land [S21 O

Proof of Theorem[I} The case where the data are completely separated and 51 = 0 follows
directly from Lemma[S2} Now consider the case where 3; > 0 and suppose for a contradiction
that VB > 0, there exists bp > B with bp ¢ C’Sl(gl)(tl). When the data can be separated by /3

with 81 > 0, Lemma |§_T| says the observation ¢; is the maximum value in the set T;. Hence,
when 5* = (bp/ /1) for some B > 0,

1
pr(Th =t | Ta =t2,..., T, =tp) = (U,t2,itp) B* (u—
Lt Serning g s et
B 1
- ( 7t 7"'7t ) -
L+ et} C«fn?ﬁebm )

— 1,
as B — oo. In particular, there exists B > 0 such that when 5* = (b /1),
pr(T1:t1|T2:t2,...,T :tp)Z’ﬂ. (Sl)

We will reach a contradiction by showing that this probability is also strictly less than 1J. By
definition, 051(91) (T1) satisfies

pr{Bi e ST | Ty =ty,.... T, =t,} >1—0, VB R

In particular, this inequality should hold for 5§ = bp. But 5 = bp ¢ C’Sl(;) (t1) by assumption,
and so when 8* = (bp/(1)0,

pr(Th #t1 | To =ta,..., T, =1t,) > pr{f] € CSél)(Tl) | Th =tg, ..., Ty =tp}
>1—-9 (S2)
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2 R. M. LEWIS AND H. S. BATTEY

by definition of the confidence set. Inequalities (ST)) and (S2)) cannot both hold, and so we reach
a contradiction. It follows that there exists B > 0 such that [B, c0) C CSél)(tl). A similar ar-
gument establishes the case where 81 < 0. O

Proof of Theorem[2} The proof closely follows the ideas in the proof of Theorem [I] Suppose
B1 > 0 and suppose for a contradiction that VB > 0, there exists bp > B with bp ¢ CSél)(y).
When * = (bg/ 1)/ for some B > 0,

pr(Y =y) =[] !

14+ e—(bB/ﬁl)yixiTﬁ

i=1

— 9 m ;

— 2*””‘,
as B — oo. In particular, there exists B > 0 such that when 5* = (bg/51)5
pr(Y =y) 227" - (27" -0)=1. (S3)
However, by definition, C'Sy(Y) satisfies
pr{f* € CSy(Y)} >1—-9, VB*eRP

and so this inequality should hold for 5* = (bp/f1)[. But for this choice of 5*, 5] ¢ C’Sél) (y)
by construction and so 5* ¢ CSy(y). It follows that,

pr(Y #y) >pr{f* € CSy(Y)} >1 -4 (S4)

by definition of the confidence set. Inequalities (S3)) and (S4) cannot both hold and so we reach

a contradiction. Thus, there exists B > 0 such that [B,00) C CSI(;)(y). A similar argument
establishes the case where 81 < 0.
Now assume the data are completely separated by g with 5; = 0 and suppose for a contradic-

tion that there exists b € R with b ¢ C 51(91) (y). Define ¢y and c satisfying

191/71 b n s
cy =max{ 0,log | ———— | ¢, = +1 ‘ max;’_, |y le“
1—ot/n miny_ [ 3|

Complete separation ensures c is well-defined. Consider 3*7 = ¢87 + (b,0,...,0). By defini-
tion of the confidence interval and the fact that b ¢ C’Sél) (y),

pr(Y #y) > pr{* € CSy(Y)} > 1 - 9.

However,

1

T
i L+ e vim B

n

B H 1 + e_c‘ /Bl YiTi1b

1 n
<1 +ecﬂ>

v

\Y]

Y
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by definition of ¢ and cy. Thus, we have reached a contradiction and so 081(91) (y) =R. O
Proof of Proposition[2] Fix t > 0. By Lemma[S3} for all ¢ > 0 there exists a set N g € By of

cardinality at most
(2+e)ep
ed

pr{ sup o (3 - 8°)) = t} <or{ max a7 - %) 2 11— 0}

acBy €,d

< {(2—1—e)ep}d max pr{|64T(BO - B >t(1- e)}

such that for all possible matrices X,

ed GEN, 4

where we have applied a union bound to obtain the last inequality. Let e = Y — E(Y") and write
. n
at (B’ —p°) = Zvﬁi
i=1

where v; = @ (X7 X)~12;. The random variables ¢; lie in the range [—2,2] and hence, are
sub-Gaussian with ||g;]|, < 2. As they are also independent, & (3" — 8) is sub-Gaussian with
|aT (8% — 8%)||y, bounded above by

n 1/2
(va) = a7 (XTX) X7,
=1

up to a constant. Then, there exist constants C| c1, ca > 0 not depending on ¢ such that for all
X eXp

Pr{ sup |aT (3 = ) > t} <C {(24—e)ep}d max exp{ —c1t?(1 — €)? }

a€By ed GENe.a a7 (XTX) =1 XT3

< Cexp{—cot’(1 — €)*n+ dlog (Cep/d)}

for some constant C. depending only on e. By assumption, this bound converges to zero as
n — 0o and so the result follows. . O

Proof of Proposition[3} The estimation error can be written as |3 — 8°||2 = || Ael|2 where
A= (XTX)"1XT and e =Y — E(Y) consists of independent and centred sub-Gaussian ran-
dom variables with max]" ; ||&;|/y, < 2. Using the Hanson—Wright inequality (Theorem 6.2.1 in
Vershynin| (2018))), for any ¢ > 0,

t2 t
r{ ||| Ae||2 — E(||Ae||3)] > ¢} < 2ex <—cmin{ , })

for some constant ¢ > 0. Note,

IATA|IE < pllATAI3.
Further, || AT A||2 = Amax{(XT X)~2}. Thus for any ¢ > 0,

t2n? tn

pr{|[[Ael|3 — E(||Ae[|3)| > ¢} < 2exp [_Cmin { Amad (XL X/1) 12D Amax (XX /1)~ 1}
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4 R. M. LEWIS AND H. S. BATTEY
As p < nand Apax{ (X7 X/n)~1} = O(1), the right hand side is o(1) and so
1413 — E(l|A¢3) = 0p(1).
As
E(||Ae[|3) = (P AT A)

< || Al%

< pllAll3

< p/M A (XX /) )

the expectation is asymptotically bounded and so || Az||3 = O,(1). When p = o(n), the expecta-
tion is o(1) and so || Ae||3 = 0,(1). O
Proof of Propositiond} Lete =Y — E(Y') and write

B, 'a"(3° - 8% = B 'ui(a)e;
i=1

where v;(a) = o (XT X)~1z;. Bach term B, v;(a)e; is an independent random variable with
zero mean and variance bounded above by one. Define

ZE{\B vi()ei1{|B; vi(a)ei| > 13}

ZE{IB a)eiP1{| B, tvi(a)ei| < 1}},
By Theorem 5.8 in[Petrov| (1995, p. 154), there exists some absolute constant A > 0 such that
sup [pr{B, "o (8° ~ %) < &} — B()| < A{An() + In()).
fAS

As ¢}, is a bounded random variable and B,, ! max’"_; |v;(a)| = o(1) uniformly over a € R, the
event max;—i,._n | B, 1Ui(a)si| < 1 has probability one when n is large enough. Thus,

sup Ap(a) = o(1).
a€R

Further,
<ZB *Jos(a) PE(eil?) < 285 wdax [vi(a)|

as |g;| < 2and Y1, B, 2|vi(a)*E(e?) = 1. Then
sup In(cr) = o(1)
acR

and so the result follows. U
Proof of Theorem[3} Fix t > 0. For { < 1, define A, be the event that (7, n*) < £. By defi-
nition of H g,

sup pr(A%) = o(1). (s5)
XeHp
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Our aim is to show that for appropriately chosen &,

sup pr{ sup |’ (5" — %) > ¢ | Ag} =o(1), (S6)

XEHB aEBy

in which case the result follows from

sup pr{sup T (3" — 87)] zt} < sup pr{sup (3" — 87)| 2t|A£}

XeHp aEBy XeEHpB aEBy
+ sup pr(Ag).
XeHp

Assume the event A¢ holds and recall that * = ¢~ (3% — §) and 3* = ¢~1(3° — §). Then,

sup ‘OéT(B* — )| <TI0 + 1y + 113
a€By

where

I = sup ¢’ (5° - 8°)]

aeBy

Ty = sup & (5 - )
a€By

I3 = sup [¢7' =7 [a” (8" - §)].
a€eBy

By Lemmas [S3] and [S6] and our assumptions, there exist constants C, N > 0 such that when
X € Hp,

|E—¢|<Ce,  sup [aT (0 —0)| < C¢
a€By

and whenn > N,
max{d, [|3*[|«} < C.

As ¢! < B when X € Hp, it follows that when ¢ is small enough,

. 1 1
< < :
c—CE = B1-C¢

and

BC¢

-1 -1 a1 —1y)~
—7l < —¢| < .
TSRS §|—B—1—C§

On choosing

. ~1ind ¢ !
§<m1n{1,(30) mm{3+t’t+3023}}

it follows that ITy < ¢/3 and I3 < ¢/3 when n > N, where we have used the fact that o (8% —
§) = sal'B* < d||B*||eo < C?. Thus, forn > N,

sup pr(Ily > /3| A¢) = sup pr(Il3 > t/3 | A¢) = 0.
XeHp XEHB
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Further, by Proposition 2] and equation (SJ)),

SUPx e, PH{SUPaes, [0” (87 — 8°)| > t(B~! — C§)/3}

Sup pr(Ily > ¢/3 [ A¢) < I~ subxery PHAD) o(1).
Applying a union bound,
3
sup pr{ sup [ (6" — 5*)| > ¢t | AE} <> sup pr(Il > 1/3 ] A¢) = o(1)
XeMp | acBq — XeHp
and so the result in (S6) follows. a

Proof of Theoremd The estimation error may be bounded by

15* = B*lla = 11671 (B° = 0) = s 1(B° = 0)|l2
<=8 = bll2 + [€TH(UIB% — B2ll2+ 116 — 6ll2).
Consider each of the terms. By Lemmaand the assumption that ¢l= O(1), we have ¢l=
Op(1) and [¢™1 — ¢t = op(1). Also, [|3% = 4|2 = <[|8*|l2 = O(\/p) by assumption and the
fact that ¢ < 1/2. For the second term, Proposition shows that
18° = 8°ll2 = 0p(v/P)-
By the proof of Lemma[S6]
10 = ll2 < [(XTX) ' XT|2[|(Px — Py) tanh(i/2) — (Px — P) tanh(n*/2)]l2
= O{h(n,n")}
=op(1).

Combining results, we conclude that p~'/2||3* — 8*||2 = op(1). O

Proof of PropositionB} Recall that 8* = ¢71(3° — ) and 8* = ¢H(B° — §). The statistic of
interest may then be decomposed as

aT(B* _ /8*)

=1 + o + 113 4+ 1II S7
caT(XTX)1XTT1/2, e (S7)
where
M- et =8
|]aT(XTX)_1XTF1/2|]2

M- _$ aT(S —9)
27 T ol (XTX)1XTTL/2||

D (<1> a”(B° - 8%
P \¢ o (XTX)-1XTT1/2||

S a’(8° - 9)
H4 - - 1 .
S |aT(XTX)=1XTT1/2||,
By Proposition ] II; converges in distribution to a standard normal random variable. By as-
sumption ¢! = O(1), and so applying Lemma S5} we have ¢ — ¢ = op(1) and ¢! = Op(1).
Combining this with Proposition [ it follows that II3 = op(1). Under the null hypothesis
Hy : oT'B* = 0, we have II; = 0 and so the result follows. a
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Proof of Theorem[3] By definition,
n X (B = ) e = nTPeTIX (B0 = 8) — I X (B0 = )
and so we can write
[T flo = [T + T3 + Talo] < n™ 2| X (8% = 5%)l2 < [T ll2 + [|TTo + I3 + Tl |2
where
M = 121X (30 — 89
My = n~Y2(c1 — 1) X (30 — 8°)
Iy = —n~ 2 = ¢ X(8° - 9)
Iy = —n Y271 X (6 - 6).

By Lemma |TI1||2 converges in probability to n~'/2¢=1||PxT'V/2||r. We now show that 1o
|z + I3 + 4|2 = 0,(1) by showing that the individual terms are 0,(1). By Lemma [S5|and

the assumption that ¢~ = O(1), it follows that [¢~! — ¢~!| = op(1). As the projection matrix

Px has rank p,

n” 2PV | < 072 Pyl = (p/n) 2 < 1

and so by Lemma[S7]
n X (B0 = B2 = nT [ PxTV2|p + op(1) = Op(1).
Then, ll2 = op(1). For I3, X (8% — 6) = ¢X3* = ¢n* by definition, and 110
*I' tanh(n* /2 tanh(n*/2
w2y = RO /2)  tanhio /2)s
vn*(lz vn

Thus, ||TI3]|2 = op(1). Finally, ¢~ = Op(1) as s~' = O(1). By the proof of Lemma|S6|
n~ Y2 X(6 = 8)llz =2 (Px — Py) tanh(i/2) — (Px — Pye) tanh(n*/2)]|2
= O{h(n,n")},

and so ||I14||2 = op(1). Thus the terms IIy, I13 and I14 are all op(1), and so the result follows.[
Proof of Proposition[f] The maximum likelihood estimator satisfies

_argmaxiz:{<y+1) log(1+ez )}

BERP

Taking derivatives,

~(Yi+1 e B
:Z 2 5 | T

1+em 7
XTY &N (e B — 1)z
2 g4 erth
- % {XTY - XTtanh(XB*/z)}

and so 115

B = (XTX)'XxTy = (XTX)" !XT tanh(X 3*/2). (S8)
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Write
tanh(X5*/2) = ¢XB* +u+ A

where u € Col-Sp(X)*, ¢ is defined in the statement of the proposition and A= (Px —
Py 5.) tanh(X 3% /2). Then, by ,
B0 =3B+,
and so the result follows by inverting this relationship. O
Proof of Proposition[/] Deferred to section 3] of the supplementary material. O
Proof of Proposition[8] Throughout this proof, we will use pryx(-), pry x(-) and pry(-) to
denote the probabilities under the conditional distribution of Y given X, the joint distribution of

Y and X, and the marginal distribution of X. Fix ¢1,¢5 > 0. Our aim is to show that there exists
N > 0 such that

pryx(I6* =Bl = t1) <t2,  ¥n > N.

Define Hp = Xg) N Xg) for every B > 0. Lemmas show that there exist B, N1 > 0
such that

pry(X € Hp) > 1 —ta/2, Vn > Nj. (S9)

We focus on this choice of B from now on. When s = ||5*o = O(n'/?~%), Propositionlzlshows
that for all £ > 0,

sup er|X{h(XB(>\)7XB*) >t} =o(1).

XeHB
Further || 5*(|oc = O(1) as [|5*[|cc < [|37[|2 and
*T % *T *
* (12 B /8 *T * /8 Eﬁ
18713 = sy > (87587 < 5= = 0()
by assumption. Applying Theorem 3] there exists Ny such that
sup pry|x (|8* — B*[lec = 11) < t2/2,  ¥n > Ny (S10)
XeEHp

Let N = max{Nj, N} and assume n > N. Then, by and (S10),

pry,x (16% = Ble = 1) < / pry x (15" = B loc = t1)dF(X) + pry (X ¢ Hp)

XeHpB
<t

where F’1s the distribution function of X . The first result follows. To obtain the second statement,
let £ be the event that the data (Y, X) are separated. Candes & Sur (2020) showed that pr(&)
converges to one in the setting of interest. So,

pry,x (16% = B*lloc < t1, €) = pry x (15" = B[l < t1) + pry,x (€) — 1

which converges to one. O

2. PROOFS OF ADDITIONAL RESUTLS

LEMMA S1. Suppose the observed data are separated by 3 € RP\{0}. If 81 > 0 then t1 is
the largest element in the set T1. If 51 < O then t1 is the smallest element in the set T1.
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Proof. Fix Z = (#1,...,%,)T € Cy,let A= {i : z; # %} denote the set of indices where 2
and Z differ, and let §j; = 22Z; — 1. Then, for all & # 1, 140

n n n n
Y iz =Y waki = Y rayi= Y Tirbi

i—1 i=1 i=1 =1
= wayi= Y vadi

€A €A
— Z TikYi = — Z ZikYi
€A €A
<= Z iy = 0.
icA
Asyia:;frﬁ >0foralli=1,...,n,

0< Zyzszﬁ

€A

P
= By yimik
k=1 €A
=51 ) it (S11)
icA
by the arguments above and the definition of C;. Consider possible cases for 3;. When 3; > 0,
inequality (S11)) implies » . 4 y;2;1 > 0. Then

n n n
Y minz— Y waki =Y (yi— i)/
i=1 i=1 i=1
= Z YiTi1
€A
>0
and so it follows that > """ | @j12; > Y ;| z41%;. As Z was arbitrary, the result holds for all Z €
C; and so t; = Z?zl xi1%; is the largest element of the set Ty. When 31 < 0, we must have s
Ei cAYiri1 < 0. The result follows analogously, this time showing that ¢; is the smallest element
of the set T;. O
LEMMA S2. Suppose the observed data are completely separated by 3 € RP\{0}. If 1 =0
then ty is the unique element of the set T1 and

pr(T1:t1|T2:t2,...,T :tp):1, VB* € RP.

Proof. Using the notation and results in Lemmal[ST] when the data are separated and 51 = 0it 1
must hold that

yixl B =0, Vie A

by . This establishes the fact z and Z € C; can only differ at indices i where z! 3 = 0.
When the data are completely separated, xlT B >0foralli=1,...,n. Thus, Cy, and hence T+,
contains a unique element. It follows that the conditional probability is equal to one for all values
of the unknown parameter. O s
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LEMMA S3. Let By = {a € RP : ||allo < d, ||a||2 < 1}. For any € > 0, there exists N q C
By such that

sup [a” (8° — )] < (1 — )" max |a” (6° — 5"

a€By O‘eNe,d

and

(2+€)ep d
Nl < {222

Proof. The following arguments closely resemble those in Appendix A.4 of |Fan et al.| (2018).
For a set S C {1,...,p} of size d, define B(S) = {a € R? : support(a) C S, [Jal2 < 1} and

N (S) C B(S) to be an e-net (see Definition 4.2.1 in [Vershynin (2018)) of B(S) of minimum
size. Write

Bi= |J B©S), Na= | N(©S
Sc{1,....p} SC{l,...p}
|S|=d |S|=d

where NV 4 is an e-net of By satisfying

Noal < (Z) <1+§>d§ {(“d)p}d

by Lemma 4.2.13 in |Vershynin| (2018) and equation (A.12) in [Fan et al| (2018). For any o €

B(S), there exists & € N,(S) such that || — @||2 < € and the support of o — @ is a subset of S.
So,

@ (6% = 5%)] < |(a = @)"(6° = 5%)| + [a" (B° - 5"))

<e sup [a"(B°— B+ max_|a" (8- 5.
acB(S) GEN(S)

In particular,

sup T (8= B*)| < (1—¢)" max_|a"(B" — ")
aeB(S) GENL(S)

< (1—¢" max |a7(5° — 5.
a€Ne d
By taking the maximum over all sets S and noting that the upper bound does not depend on S,
the result follows. O
LEMMA S4. Define

tanh(x) :1:7&0
fle) = {1 z=0.
Then for any = € R,
2
x
— < <
3422~ fla) <1

Proof. The result holds for the case « = 0 by inspection. When z # 0, it is sufficient to con-
sider z > 0 as f is even. As the functions — tanh(z) and (3 + 22) tanh(z) are convex over
the positive real line, they may be bounded below by the linear terms in their respective Taylor
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expansions. It follows that

—tanh(z) > —=, (3 + 2?) tanh(z) > 32
and so
3z < tanh(z) <z
3+22 —
which establishes the result. ]

LEMMA S5. Let

|5 —n*]l2, n* =0,
ha(n,n") = {Ilﬁn*llz \
e 1F0

Then there exists a universal constant C' > 0 not depending on X such that
[¢ = I < Cmax{ha (7, 7"), hi (7. 1")}-
Proof. Define f(z) as in Lemma[S4 When n* = 0,

= ‘Zz—l i {f(%:/2) —1}‘ Al l4li3
2[14l13 24|l — 24

where we have used Lemma |S4{ to bound |f(7;/2) — 1| by 2/12 When 7* # 0, we have
¢ — | <IIj + Iy + II3 where

1
2t = [ /2 | s -
R GIERN AT
_ S il /%) — 0270 /2)
113
ol — 2=t 1T (/21 = ]|
13

o < | 113 113

Using the Cauchy-Schwartz inequality and the fact that f(7;/2) <1
ln*13
17" (|2 — NIl

(Hn*Hz + Hﬁ\lz)
7% |2 (]2

* o * o
< <Hn : n\\z) <2+ In : 77Hz>
7% |2 (]2

n *5H. — p* P
[l (I3 [[7*]]2
The function = f(x/2) = 2 tanh(x/2) is Lipschitz continuous with constant one and so,
n A lh, — m* * 5 N ¥
oI, < Zi:l‘ﬁz”ﬁ; LA (1+ I nllz) <||n U ||2).
[l (I3 177+ |2 177+ |2
The result follows on combining the bounds. O

and
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LEMMA S6. Let

*

2= m=0,
w2 =l (14 ) o

|2
Then there exists a constant C' > 0 such that for all X € Xg),

hQ(TA]vT,*) = {

sup a7 (5 — 8)| < CBY?hy(i,n").
OzEBd

Proof. For a € By,
a7 (5~ 8)| < " (XTX) " X7 |a| (Px — Py) tanh(§/2) — (Px — Py) tanh(n®/2)]l2
By definition of Xg),

sup HaT(XTX)leTH% < nil)\max{(XTX/n)fl} < Bn~ L.
a€By

As the largest eigenvalue of a projection matrix is one and tanh(-) is Lipschitz continuous with
constant one,

[[Px {tanh(7)/2) — tanh(n"/2)} |2 < || tanh(7)/2) — tanh(n*/2)|l2 < {1 —1"[|2/2.
Further, there exists some constant C' > 0 such that
1P tanh(7)/2) — Py tanh(n”/2)[|l2 = [[<5 = <n”|[2
< ISl = n*ll2 4 1€ = <llIn*[l2
= Cn'?ha (i, )
by Lemma and the fact that || < 1/2. The result follows on combining these inequalities. [J

LEMMA S7. For any X € R"*P of rank p < n, the prediction error of the OLS estimator
satisfies

nfl/QHX(BO . /BO)HQ _ n*l/QHPXrl/QHF + Op(l)

asp,n — oo withp < n. R

Proof. The unscaled prediction error can be written as || X (8% — 5%)||2 = || Pxe|2 where
e=Y —E(Y) consists of independent and centred sub-Gaussian random variables with
max}_; ||€i]|y, < 2. The expected prediction error is

E{|IX(5° - 8|3} = u(DPx) = || PxT"/?|
and so by the Hanson—Wright inequality (Theorem 6.2.1 in|Vershynin| (2018)), for any ¢ > 0,
R tn? ot
pr {10 — 49013 — |PAT 2 ] = ) < 2exp (~Comin { " 2 )
I1Px (15" 1Pxll2

for some universal constant C' > 0. As Py is a projection matrix of rank p, || PX||%, = p and
|IPx|l2 = 1. Thus, as p < n,

pr { |IX(8° = 8%) 3 — I1PxT V23| = tn} = o(1)

and so the result follows. O
LEMMA S8. Suppose ConditionsEIandhold with ~y > 0. Then, ¢~ = Op(1).
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Proof. Recall that

(XB*)T tanh(X */2) *
c= 1X58*113 , X5 #0
1/2, Xpg*=0.

By the weak law of large numbers and the assumption that E{(x7 3*)2} — 2,

(X8t (XB"/2) 3y o IXBNE g
n n

where V = (21 %) tanh (27 3% /2). As V is a non-negative random variable,
E(V) > tanh(1/2)pr(|a] 8] = 1) = 2tanh(1/2)[1 — &{(37£5") "2},

When ~ > 0, this is bounded away from zero by a constant for large enough sample sizes. Fur-
ther, E(V) < 1/2. Using Slutsky’s Theorem, ¢ > 7~ 2E(V) and so ¢! = Op(1). O
LEMMA S9. Suppose Conditions@and hold with k € (0, 1). Then,

Amax{ (XTX/n)~1} = Op(1).

Proof. The matrix X has the same distribution as the matrix ZX.!/2 where each row of Z is
an independent sample from the distribution N,,(0, I). Then,

Amin (XTX /1) £ 0= Ain (51227 Z521/2)
> Amin(Z7 Z /1) Anin (2)
> Amin(Z7 Z/1) Ain.-

The lower bound converges to a positive constant in probability as p,n — oo with p/n — k €
(0,1) by Theorem 2.16 (Bai, |1999). As

Amax{ (XTX /)1 = A1

min

(XTX/n)

the result follows. U
LEMMA S10. Suppose Conditions[3|and[@ hold with -y > 0. Then,

max | 5| = Op(y/logn), m’éxrﬁf( |z4;] = Op(y/logn),

=1
and when 5* # 0,
IX8*15" = Op(n~'/%).
Proof. By assumption, z! 8* ~ N(0,3*T23*) and so z!3* is sub-Gaussian with norm

bounded by (872 *)1/ 2 up to a constant. Then, there exist constants C, ¢, ¢ > 0 such that,

1
pr(uf T 5] > cr/fogn) < Cnoxp (- 2752 ) 50

provided c; is large enough as *7'$8* — 2. It follows that max?_, |z} 8*| = Op(/logn).
We know that z;; ~ N(0,%;;) for j € {1,...,p}. Thus, z;; is sub-Gaussian with norm

bounded by EJJ/ 2 up to a constant. Then, there exist constants C, c¢1, co > 0 such that

1
pr( %f(m%lx\:viﬂ > c14/logn) < Cnpexp <_6220gn) =0
=1 j= ii

210

215
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provided c; is large enough as maxjj?:2 3.;; is bounded. It follows that max;’ ; max?z1 |zi;| =
Op(y/logn).

Finally by the weak law of large numbers, || X3*|3/n 5 % and so ||Xp* I3t =
Op (nil/ 2). Il

LEMMA S11. Suppose Amax{(XT X/n)~1} = O(1). Then ¢2(X) = O(1).

Proof. For a vector 3 € RP, let 8s be the vector with entries equal to those of 3 for all indices
in S and 0 otherwise. The Cauchy-Schwartz inequality implies || 3s||? < s||3s||3. Then,

2 2
IX51Bs . 1X513
nlBsIF = Al

Amin (X7 X/n)

whenever 8 # 0. Thus,
¢p 2(X) < Aphy (XX /n)

min

where the upper bound is of O(1). O

3. THE LASSO ESTIMATOR OF X 3*

In this section, we prove Proposition [/| establishing that the LASSO estimator of X 5*
satisfies the requirement in Condition 2] The arguments closely follow those in Theorem
6.4 in Biihlmann & van de Geer| (2011, p. 130-133). Define Z; = (Y; +1)/2 and R(f3) =
L3 llog{1 +exp(z!B)} — Z;zl 8] and R(B) = E{R(f)}. For a set S, let Bs be the vector
with entries equal to those of /3 for all indices in S and 0 otherwise. Let s = ||3*||p and x; denote
the j-th column of X. Recall the index ¢ is reserved for indexing rows of X. Define E to be the
event that

X700 < 2nA

wheree =Y — E(Y).
LEMMA S12. There exist universal constants C, ¢ > 0 such that,

inf pr(Ey) > 1 — Cpexp{—cn)?/(B*logn)}.
xex®

Proof. Let S; =3 1" | gixij. As ¢, =Y; —E(Y;) € [—2, 2], these random variables are in-
dependent and sub-Gaussian with ||g;||y, < 2. It follows that S; is sub-Gaussian with norm

bounded by ||z;||2 < By/nlogn up to a universal constant when X € X(Bz). Using a union
bound, there exist universal constants C, ¢ > 0 such that

sup pr(E5) = sup pr (UL, {|S;] > 2nA})
xex@ xex@

< Cpexp{—cn\?/(B*logn)}

and so the result follows. O
LEMMA S13. Suppose 5* = 0. Forall X € Xg) andt > 0,

pr(|XpN — X %2 > t) < pr(ES).
Proof. By definition of 3,
R(BV) + MNBV |1 < R(B*) + A1
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On the event E), we have (2n)7!||X7¢|| < A and so 250
R(BW) = R(8") < (20) 17X (BY) - 5) + A6 1 = BV
< AB* = BV + Bl = MBN 1.
By the triangle inequality,
R(B™) = R(5*) < 2X||B[l = 0
and so XB()‘) = X p*. It follows that
pr([| X BW — X %2 > 1) < pr(E)

forall t > 0. 0
LEMMA S14. Suppose max?_, |z 8| < c1v/logn and max?_ |z 8*| < cav/logn. Then,
1X8 - X583

R — R(B8*) > .
(6) (B ) - Snemax{cl,cg}\/logn

Proof. Using a Taylor expansion, there exists 3, = vf3 + (1 — v)3* with v € [0, 1] such that 25
R(B)—R(B")=5-) (B=B") wi{ ———— % (B-5").
2n — (14 e%i Pv)2
By assumption,
jaf Bo| < vz Bl + (1 = v)|z} 5| < max{er, e2}y/logn
and so
e:piTBU ernax{cl ,c2}v/logn
>
(1—|—€IZT’8U)2 - (1 _|_€max{cl,02}\/logn)2

where the last line follows because (3e* + 1)(e” — 1) > 0 for all > 0. It follows that

> e max{c1,cz}\/logn/4

« Xp— XpB*|3
R(®) - R(3") = — ”2
8nemax{c1,02}\/logn
and so the result is obtained. O
LEMMA S15. Let A = Ay/(logplogn)/n with A > 0, * # 0, B > 0 and suppose 260

se?BVIoen, /log plogn/n = o(1).

There exists N > 0, such that when X € Xg) andn > N,

768 A2e*BVIen g 100 plogn
ngg(X) '

Eye = o Xp - XBV|5 <
Proof. Define
M*/6 = 32¢5°(X)se*PVIosn ),
Let 3 = tpW) + (1 —t)B* where
t= M
M* + B = B[l
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By convexity of the logistic log-likelihood and the ¢;-norm,

R(B) + MBI <t{R(B DBV} + (L= O{RB) + A5}
R(B*) + 5" -

Then, with e = (1,...,&,)7 where ; = Y; — E(Y;),
R(B) = R(B") + AllBll < (20)'e" X (B — 8%) + A5
By definition of /3, |3 — 5*||1 < M*. So, on the event Ey 65
R(B) = R(B") + Bl < AM* /6 + X|| 5%

Recall S = {j : 87 # 0}. Then, as || 3]l = [|Bs|l1 + ||Bs |1

R(B) — R(B*) + || Bsell1 < AM*/6 + X||5*|l1 — Al|Bs]1
< AM*/6 4+ ||8* — Bs1.- (S12)

First suppose A||3* — Bs||1 < AM* /6. Then,

R(B) — R(B*) + AlIB — B*[1 = R(B) — R(B*) + Al|Bse|l1 + AllBs — Bl
< AM*/6 4 2)||Bs — 8|1
< AM*/Q. (S13)

Let § = 8* — 3. If \||3* — fBs||1 > AM* /6, then by equation (S12),

Aldsel1 = Al Bsellr ]
< AM™ /6 + M|B* — Bsll
< 2X\|16s]h

and so by definition of ¢Z(X),

IX (8" — B)l3s

* o112

Combining this with equation (S12)), we have

R(B) — R(B*) + A8 — B*[lh = R(B) — R(B*) + Al Bsell + Al Bs — B5l11
< AM*/6 4 2X[|Bs — 5%
2M| X (8" = B) |25/
Vngo(X)

As || — B*||1 < M* and max; ; |z;;| < By/Iogn by assumption,

< AM*/6 +

(S14)

n
X (8" = B)lloo < max Y |55 — | < BM*\/logn

Jj=1
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and 50, || X B||oc < B(M* + 1)y/logn < 2B+/Tog n for n large enough. The last inequality fol-
lows because M* = o(1) under the assumptions of this lemma. By Lemma

2)\||X(,3* _ B)H251/2 4\/§€Bx/logn)\sl/2 = N
Ve X) < 0 () x \ R(B) = R(5%)
39¢2B+v/logn )2 R(B) _ R(,B*)
< +
) 4

where the last inequality follows because ab < a? + b%/4 for all a, b € R. Combining this with

equation (ST4),

32623\/10gn)\25 R(B) _ R(B*)

ROB) — RO + M3 = 5l < MM 64 5 204 S8

Rearranging, we obtain,

32€2B\/logn)\28
95(X)
In particular, using this and equation (S13), we find |3 — 8[|y < M*/2and so ||V — g*||; <

M. The desired result can then be obtained by repeating the arguments with 3 replaced by 8 .
In particular, replacing 3 with 3% in equations (S13) and li yields

%{R(B) —R(B)} + A8 —B|l1 < AM*/6+ < 2AM* /6. (S15)

R(BN) — R(B*) < AM*/2.

Using Lemma[ST4] this implies that

* 2(N) |12
n

and the result is obtained by replacing M* and A by their defined values.
Proof of Proposition[/] By Lemmas[S12]and[ST3] when 3* = 0,

sup pr{h(Xp™, X5*) >t} = sup pr(|X(BV — 572 > 1)
xex? xXex®

< sup pr(EY)
xex®

= o(1)

as long as A is large enough. Now suppose 3* # 0. Then,

sup pr{h(XSW, X5*) >t} < sup pr{n V2| X (BN — g*)|s max{B,1} > t}.
xex xex(y

Let

frn = BV 5100 plogn/n

285

290
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satisfying f,, = o(1) by assumption. Combining Lemmas and [S15] there exist positive con-
25 stants IV, C1, Co, c; > 0 such that when n > N,

sup pr (n71|]XﬁA()‘) — XB*||3 > t* max{B, 1}72) < sup pr (nilHXB(/\) — X3 > len>

xexy) xex@
< sup pr(ES )
xex
< Cyexp{—(c14? — 1) logp}.
This probability also converges to zero when A is large enough and so the result follows. O

4. FURTHER NUMERICAL PERFORMANCE
4.1. Asymptotic performance

In this section, we consider the asymptotic performance of the corrected least square estima-
a0 tor by observing how various error rates behave as p, n — oo with p/n = k. Data were gener-
ated based on the distribution in Condition [3] of the main paper to ensure that cases with and
without data separation were included in the study. This placed focus on the pair (v, <) where
v = E{(z] 5*)?} and k = p/n. The values v = 3 and x € {0.1,0.5} were chosen for our analy-
sis. Based on the work of |(Candes & Sur|(2020), data separation occurs with probability converg-
w5 ing to zero when k = 0.1 and y = 3, whereas this probability converges to one when x = 0.5.
The design matrix X was generated as consisting of n observations on p variables with
n € {100,200, ...,1000} and p = kn. Excluding the intercept term, the covariates correspond-
ing to a given observation were generated from a p — 1 dimensional multivariate normal distri-
bution with mean zero and covariance matrix ¥ = p117 + (1 — p)I with p = 0.5. The response
si0  variable Y was generated from a logistic regression model with logarithmic odds given by X g*.
The parameter 8* had exactly s = 5 randomly chosen non-zero entries with equal signal strength.
The intercept term always had a non-zero effect. To guarantee v = 3, each non-zero entry of 3*
was set to approximately 0.90.
For each sample size, various corrections to the least squares estimator were obtained by mak-
a5 ing use of a variety of estimates of n*. The first was the oracle estimator that made use of the true
value of n*. This is unavailable in practice but serves as a useful reference point. The predictor n*
was also estimated using the ridge (Hoerl & Kennard| [1970), LASSO (Tibshiranil [1996), SCAD
(Fan & Li, 2001)) and MCP (Zhang, |2010) penalised regressions. Additionally, a logistic regres-
sion was fitted using only the left singular vectors of X corresponding to the largest 7 eigenvalues
2 of XTX where # = argmaxj<20/\j/)\j+1 and A\ > --- > )\, are the eigenvalues of XTX. This
approach is referred to as SVD based on its relation to the singular value decomposition of X. In
R = 500 repetitions, a new randomly generated response variable was generated and the average
composite estimation and prediction errors were recorded. For a chosen null and signal variable,
the estimated signal strength of each estimator was also obtained. The results are given in Figure
325
We also considered the average behaviour of the test defined in (9)) of the original paper with
9 = 0.05, bg = 0 and « equal to one of the standard basis vectors. The proportion of times the
null hypothesis was rejected for the chosen null and signal value were recorded to examine the
Type I error and power. The results are given in Figure For the chosen null variable, Figure
530 shows the ordered p-values 2{1 — ®(|T'|) } plotted against their theoretical expectation under
a uniform distribution.
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Fig. S1: Average performance of the corrected least squares estimator for various values of n
and s = 5. The left column corresponds to £ = 0.1 and the right column to x = 0.5. Various
corrections to the OLS estimator were used: oracle (black), LASSO (red), ridge regression (blue),
SVD (green), SCAD (orange), MCP (purple). The dashed lines in the bottom two rows denote
the true signal strength. Error bars represent empirical standard errors.
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Fig. S2: Average Type I error and power of the test ¢(Y’; 0.05, ) for various values of n, s = 5
and « equal to a standard basis vector. The left column corresponds to x = 0.1 and the right
column to x = 0.5. Various estimators of 1 were used: oracle (black), LASSO (red), ridge re-
gression (blue), SVD (green), SCAD (orange), MCP (purple). Error bars represent empirical
standard errors.

The results show that the composite estimation error decreased as a function of . On the other
hand, the prediction error remained relatively stable at a non-zero value which coincides with the
analysis in section [5.5] The average biases of the corrected least squares estimators were often
close to zero for null variables. For signal variables, the bias increased slightly for the ridge,
LASSO and SVD estimators, but remained small for the oracle, SCAD and MCP estimators. All
estimators controlled the Type-I error close to the intended level of 0.05. The power of the test
increased with the sample size and for large enough sample sizes, was very close to one. The
plots displayed in Figure [S3|show that the distribution of the p-values under the null hypothesis
was in close agreement with a uniform distribution.

The simulations were repeated, this time allowing s = {nl/ 3| to grow with the sample size.
By definition of + and the form of 3*, this altered the signal strength as a function of 7, and so
the average estimated signal strength was replaced by the average estimation error 3 — 3. The
results are shown in Figures [S4] [S5]and [S6|. They closely resemble the case with s fixed.
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Fig. S3: Plots of the ordered p-values 2{1 — ®(|T'|)} against their theoretical expectation under
the null hypothesis Ho : §; =0 when s = 5. Various estimators of n* were used to compute
T oracle (black), LASSO (red), ridge regression (blue), SVD (green), SCAD (orange), MCP

(purple).
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kv p | Statistic ML Firth’s ML | OLS-Oracle OLS-LASSO OLS-Ridge OLS-SVD OLS-SCAD OLS-MCP
0.1 3 0.5 ]| P(exists) | 1.00(0.00) 1.00 (0.00) | 1.00 (0.00)  1.00 (0.00)  1.00 (0.00) 1.00(0.00) 1.00 (0.00) 1.00 (0.00)
Est. Err. | 0.27 (0.13) 0.20 (0.07) | 0.19(0.05)  0.17(0.03)  0.17(0.03) 0.18 (0.05) 0.19 (0.05)  0.20 (0.08)
Pred. Err. | 0.52 (0.31) 0.37(0.14) | 0.30(0.07)  0.41(0.08)  0.40(0.08) 0.33(0.08) 0.35(0.09) 0.37 (0.16)
0.1 3 09 | P(exists) | 1.00 (0.00) 1.00(0.00) | 1.00(0.00)  1.00 (0.00)  1.00 (0.00) 1.00(0.00) 1.00 (0.00) 1.0 (0.00)
Est. Err. | 0.69 (0.39) 0.53(0.21) | 0.52(0.13)  0.36(0.10)  0.36(0.09) 0.53 (0.15) 0.45(0.17)  0.49 (0.14)
Pred. Err. | 0.55 (0.46) 0.37(0.17) | 0.29(0.07)  0.41(0.07)  0.40(0.08) 0.36(0.12) 034 (0.12)  0.33 (0.10)
0.1 8 0.5 | Pexists) | 0.78 (0.42) 1.00(0.00) | 1.00 (0.00)  1.00 (0.00)  1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.0 (0.00)
Est. Err. | 0.35(0.32) 0.15(0.07) | 0.10(0.03)  0.18(0.03)  0.20(0.01) 0.15(0.02) 0.16(0.18) 0.14 (0.06)
Pred. Err. | 0.92(0.98) 0.36 (0.27) | 0.17(0.04)  0.56 (0.09)  0.61(0.03) 0.42(0.07) 0.43(0.59) 0.38 (0.18)
0.1 8 09 | P(exists) | 0.62 (0.49) 1.00(0.00) | 1.00(0.00)  1.00 (0.00)  1.00 (0.00) 1.00(0.00) 1.00 (0.00) 1.0 (0.00)
Est. Err. | 0.91(0.84) 0.43(0.31) | 0.24(0.07)  0.20(0.04) 0.19(0.03) 027 (0.07) 0.24(0.07) 0.21(0.03)
Pred. Err. | 1.25(1.57) 0.44 (0.44) | 0.16(0.04) 049 (0.11)  0.54(0.06) 0.28 (0.11) 0.37(0.16)  0.59 (0.02)
0.5 3 0.5 | P(exists) | 0.00 (0.00) 1.00(0.00) | 1.00(0.00)  1.00 (0.00)  1.00 (0.00) 1.00(0.00) 1.00(0.00) 1.0 (0.00)
Est. Err. NA 0.37(0.21) | 0.35(0.05)  0.22(0.03)  0.22(0.02) 0.27(0.03) 0.26 (0.05) 0.27 (0.04)
Pred. Err. NA 0.94 (0.51) | 0.84(0.08)  0.65(0.05)  0.65(0.05) 0.69(0.05) 0.69(0.10) 0.70 (0.08)
05 3 09 | P(exists) | 0.00 (0.00) 1.00(0.00) | 1.00(0.00)  1.00 (0.00)  1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.0 (0.00)
Est. Err. NA 0.70 (0.19) | 0.94(0.12)  0.60 (0.08)  0.62 (0.08) 0.98(0.14) 0.72(0.12) 0.76 (0.11)
Pred. Err. NA 0.65 (0.08) | 0.64 (0.06)  0.56(0.05)  0.56(0.05) 0.70(0.10) 0.56 (0.06) 0.56 (0.05)
0.5 8 0.5 | P(exists) | 0.00 (0.00) 1.00(0.00) | 1.00(0.00)  1.00 (0.00)  1.00 (0.00) 1.00(0.00) 1.00(0.00) 1.0 (0.00)
Est. Err. NA 0.13(0.01) | 0.19(0.03)  0.12(0.01)  0.13(0.01) 0.15(0.02) 0.13(0.02) 0.13 (0.02)
Pred. Err. NA 0.79 (0.01) | 0.39 (0.06)  0.65(0.08)  0.69 (0.05) 0.57 (0.04) 0.50 (0.09) 0.50 (0.09)
05 8 09 | P(exists) | 0.00 (0.00) 1.00(0.00) | 1.00(0.00)  1.00 (0.00)  1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.0 (0.00)
Est. Err. NA 0.21(0.03) | 0.54(0.11)  0.27(0.03)  0.28 (0.04) 0.49 (0.09) 0.36 (0.09) 0.26 (0.03)
Pred. Err. NA 0.79 (0.01) | 0.39(0.06)  0.57(0.11)  0.58 (0.07) 0.44(0.12) 0.45(0.14) 0.66 (0.01)

Table S1: The proportion of times an estimator exists, P(exists), as well as the average composite estimation error, Est. Err, and average pre-
diction error, Pred. Err., are given for various estimators of 5* when n = 100. The sample standard deviation is given in brackets. The columns
named MLE and Firth ML correspond to the maximum likelihood estimator and Firth’s bias-reduced estimator (Firth||1993) respectively. The
other columns correspond to estimators obtained from corrected versions of the least squares estimator. The Oracle version uses the true value
to estimate n*, the other five estimators use Ridge regression, LASSO, SVD, SCAD and MCP estimators of n*.
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4.2.  Small-sample performance

The finite sample performance of our estimator was tested by computing average composite
estimation and prediction errors in various settings with n fixed. The data were generated as in
sectionwith n =100, p € {0.5,0.9}, and v € {3, 8}. The parameter 5* consisted of exactly
s = b randomly chosen non-zero entries with equal and positive signal strength. In this case, we
allowed the intercept effect to be zero in some cases.

For each combination of parameter values, R = 100 Monte Carlo replications were performed
where the design matrix was kept fixed but a new random response variable was sampled each
time. In each repetition, multiple estimators of 5* were obtained. The first was the usual logistic
maximum likelihood estimator. We also calculated Firth’s bias-reduced estimator (Firth, |1993).
The others were corrections to the least squares estimator obtained by using the oracle, LASSO,
ridge, SVD, SCAD and MCP estimators of 7). The results are given in Table[S1} For each estimate
j3 of 3%, the proportion of times the estimator existed, the average relative composite estimation
error |3 — 8*||2/(\/pl|B*|l2) and the average relative prediction error || X (8 — 3)||2/[| X 5|2
were recorded as well as the standard errors for these quantities over replications. The estima-
tion error was divided by ,/p||5*||2 to make the entries of Table [SI| comparable on account of
the varying dimension p and signal strength. Note that in some cases the maximum likelihood
estimator did not exist and so the errors for the maximum likelihood estimator were averaged
only over the simulations that returned a solution.

The results show that the corrected least squares estimators perform favourably in compari-
son to the maximum likelihood estimator and [Firth’s (1993)) estimator, both in cases with and
without data separation. This was most evident for the prediction error. In view of Theorem [3]
this suggests that Firth’s estimator may produce inconsistent predictions when x # 0. A more
formal analysis of Firth’s estimator in high-dimensional settings is required to establish this the-
oretically. Comparing the various corrections to the least-squares estimator, the LASSO version
performed the best in terms of estimation error, often out-performing even the oracle estimator.
This is possible as the oracle estimator obtains 3* exactly from 3, but it may not be the best
correction of the estimator BO. Increasing the sample size severely increased the time required
to compute Firth’s estimator whilst the times required to compute the corrected least squares
estimators were less affected.

We also obtained the Probe-Frontier correction (Sur & Candes, [2019) although omitted the
results from Table [ST] This gave very similar results to those obtained using Firth’s estimator
when the maximum likelihood estimator existed but provided no estimate when the data was
separated. It was also considerably more computationally demanding. SLOE (Yadlowsky et al.l
2021) may be used to reduce the computational burden, although SLOE is also unavailable when
the data is separated and so is omitted from this study.
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