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Abstract

The paper is a first attempt at a foundation of inference for the assessment of
semiparametric and other highly-parametrised models, seeking reconciliation with the
low-dimensional Fisherian foundations. We highlight the possibility, in some contexts,
of avoiding the usual semiparametric considerations, which typically require estima-
tion of nuisance components through kernel smoothing or basis expansion, with the
associated difficulties of tuning-parameter choice that blur the distinction between es-
timation and model assessment. A key aspect of the present work is the inducement
of replication under the postulated model. We show via examples how this can be
achieved by exploiting some non-standard inferential separations. The separations are
in the vein of ancillarity /co-ancillarity and sufficiency /co-sufficiency separations, allow-
ing the replacement of out-of-sample prediction error as a criterion for semiparametric
model assessment by a type of within-sample prediction error. Framed in this light are
new formulations for the proportional hazards model, for a time-dependent Poisson
process with semiparametric intensity function, and for matched-pair and two-group
problems. Also subsumed within the framework is a post-reduction inference approach
to the construction of confidence sets of sparse regression models. Perturbative cases
are probed analytically and numerically. The purpose of the paper is to highlight a
new perspective on a problem of broad relevance, and to probe some of its implica-
tions. A general methodological development based on these ideas is left to others.

Some key words: co-sufficiency; exchangeability; foundations of model inference; in-
ferential separations; model adequacy; post-reduction inference.

1 Introduction

Two widely used approaches to assessing regression models, semiparametric or otherwise,
are to substitute unknown regression parameters by estimates and check residuals for any
anomalous behaviour, or to assess the predictive performance of the fitted model. The
visually compelling but sometimes informal approaches based on residuals can be viewed
as a way of evaluating predictive accuracy within sample. The two-stage exposition for
parametric models presented by Barndorff-Nielsen and Cox (1994, p. 29) clarifies this claim:
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the statistician first learns the value S = s° of the sufficient statistic for a parameter of
a given statistical model, before learning the additional information that the outcome is
Y = y°. If y° is extreme when calibrated against the conditional distribution of Y given
S = 59, a prediction within sample, then that casts doubt on the adequacy of the model.
Normal-theory linear regression example illustrates this sufficiency separation in a clean
and transparent form.

Example 1.1. Consider the regression model Y ~ N (u,0?1,,), where p = X3 € X C R",
with X the column space of X, full rank by assumption, and 3 € R%. The residual vector
¢ belongs to the orthogonal complement X+ C R”, which has dimension n — dg. With
y° € R™ the observed outcome and y € R"™ an arbitrary value, the n degrees of freedom
for variation of y separate, first according to X @ X+ = R™ and subsequently within X',
where one degree of freedom is used for estimation of o2, leaving n — (dg + 1) degrees of
freedom for assessment of the mean model u € X.

From a sufficient statistic, S = s(Y) = (X"Y,€"€) say, the information remaining
after conditioning on the observed value s of S has been referred to as co-sufficient (e.g
Lockhart et al., 2009). In general there need not exist an explicit statistic that carries
all the co-sufficient information without loss or redundancy, but in the present example, a
co-sufficient statistic is available.

Let V = (vy1,..., vdﬁ) be the matrix of eigenvectors corresponding to the unit eigenvalues
of the projection matrix I — X (XTX)"!X™. Based on the coordinates VY in basis V of
the projection VVTY € X+, a statistic independent of the squared length £Té = |[VTY||?
is

VY

n—dﬁ 1
e €5 @)

Q=
which is therefore unaffected by conditioning on S = s°. In (1), S"~% is the unit hy-
persphere embedded in R"~%%, and under the postulated mean model, @ is uniformly
distributed on 8”9 a conclusion that holds even if the normal distribution for Y is re-
placed by a student ¢ distribution or other spherically symmetric distribution (Muirhead,
1982, Ch. 1.5).

There are n — dg — 1 degrees of freedom for variation of the angles a1, ..., an—q;-1,
specifying the position of an arbitrary ¢ on S"~%8. This shows how the n degrees of
freedom for variation in y decompose, without loss or redundancy, into sufficient and co-
sufficient components as n = dg + 1+ (n — dg — 1). That the angles A;,..., Ap—dg—1 are
also independent in a statistical sense under the postulated mean model provides a means
of assessing model adequacy as discussed in §2. O

If a model contains a genuinely infinite-dimensional component, there is no hope for
either inference or model assessment from n observations. In practice, however, semipara-
metric models are not infinite dimensional. For example, smoothness assumptions imply
an approximating basis of order smaller than n, implicitly constraining the effective pa-
rameter space. The smoothness might be imposed using a truncated basis expansion, by
regularisation, or by kernel smoothing. The associated tuning-parameter selection for such
estimators is typically based on cross-validation, blurring the distinction between estima-
tion and model assessment.



The present work is a first attempt to reconcile inference for semiparametric and other
highly-parametrised models with the Fisherian parametric foundations, by illustrating the
feasibility and merits of an approach to model assessment that evades estimation of the
high- or infinite-dimensional nuisance component. The conceptual points are conveyed
via deliberately idealised examples that isolate relevant structures in an incisive form. A
general theory in this vein probably entails the inducement of approximate replication, in
a sense that will become clear.

The following example exposes two important points: that smoothness or other as-
sumptions on infinite-dimensional nuisance parameters can sometimes be removed, and
that model assessment can be performed without estimating nuisance parameters, and
without an additional sample to assess out of sample prediction error.

Example 1.2. Let (Yj1,Yjo)7; be outcomes on treated and untreated units from a
matched-pair design. A general semiparametric specification allows each pair to have its
own parameter vy;, specifying the distribution at baseline, and a parameter ¢ quantifying
a treatment effect that is stable across the pairs. This formulation is more general than a
typical semiparametric one in the following sense. Had covariates x € RP been available,
the same model would have been valid with ; = h(z;) for a regression function i : RP — T"
of arbitrary and unspecified form, conventionally belonging to a smoothness class.

Let (Yj1,Yjo) be independent and exponentially distributed with rates ~;1, v; respec-
tively. In work primarily discussing rather different points, Battey and Cox (2020, §5)
proposed an approach to model assessment for this example based implicitly on the follow-
ing argument, a generalisation of the co-sufficiency argument. Suppose, for an analogue of
a proof by contradiction, that the true distribution belongs to the postulated model and
has true parameter value ¢*, then Yjo +Yj1¢* =: Sj(¢*) is sufficient for v; and has density
function

s, %) (8) = 77s exp(—7;5), (2)

ie., S;(¢*) is gamma distributed with shape parameter 2 and rate parameter ;. The
conditional density of Yji at yj1, given S;(¢*) = s;(¢*), is ¥*/s;(¢*) uniformly in y;1,
showing that Yj; is conditionally uniformly distributed between 0 and s;(*)/v*. Equiv-
alently U;(¢*) := Yj19*/s;(¢*) has a standard uniform distribution for all j =1,...,m.
The above conclusions are invalidated if ¥* is replaced by any other value g, or if the
model is wrong, suggesting a route to assessment of model adequacy via the empirical be-
haviour of U;(vy), . .., Un(%o) for a postulated value g, which can be viewed as analogues
of residuals.

Some postulated values ¥y may produce a distribution for Uj(¢g), ..., Un(to) that
is hard to distinguish from a standard uniform sample even when the model is violated.
Unless m is small, it is sensible to replace 1y by the realisation of a consistent estimator
@ZA), if such exists, the logic being that only one value of 1 then needs to be refuted in order
to refute the model, rather than all possible values.

In this example, the transformed random variables Z; = Y}1/Y} are, under the model,
identically distributed with density function

¢*

fz(z0") = At a2

(3)



Since (3) is free of all the pair-specific nuisance parameters, inference on 1* can be con-
structed from a likelihood function based on (3), the resulting maximum-likelihood estima-
tor ¢ being consistent as m — co. An approach replacing 1* by 1 in U; ("), ..., Un(¥*)
can be formally justified using standard arguments recorded in §4.3. U

Example 1.2 replaces the usual semiparametric approach of assessing prediction error
after regularised estimation by an in-sample assessment based on the structure of the
postulated model, avoiding, without sample splitting, any post-selection model inference
issues that would arise from using the same sample to choose tuning parameters and to
assess the model.

2 Replication inducement

Underpinning the success of Example 1.2, and other semiparametric examples to be pre-
sented, is the possibility of inducing an internal replication, the strongest form of which
is defined in Definition 2.2. The term internal replication refers to all types of replication
of the forms described by Definitions 2.2-2.4. Some readers may prefer to see these defi-
nitions after reading the examples in §5 and §6, which motivated their formulation. With
the low-dimensional foundations in mind, we are led to constructions that retain a form of
co-sufficient or ancillary information in the internal replicates, as discussed in §3.2.

Definition 2.1 (Induced exchangeability). Let Yi,...,Y,, each valued in F, be inde-
pendent non-exchangeable outcomes under the postulated model mg. Suppose there exists
a function or composition of functions hg : F* — F™, m > 1, depending on the postulated
model but not depending on any unknown parameters, such that the joint distribution of

the induced random variables satisfies (Vi,..., V) 4 (Vr@)s -+ +» Vr(m)) under the postu-
lated model for any permutation 7 : [m| — [m], i.e. Vi,...,V,, are exchangeable. Then we
say that hg is exchangeability inducing under the postulated model.

Definition 2.2 (Induced replication). If, in Definition 2.1, Vi,...,V,, are independent
and identically distributed, we say that hg is replication inducing under the postulated
model. The distribution of the replicates may or may not depend on the unknown true
value of a fixed low-dimensional parameter 1.

It is not immediately clear that either an inducible exchangeability or an inducible
replication is present in Example 1.1. The null marginal distribution function Fjy; of each
angle A; can be derived from the expression given by Muirhead (1982, p. 49). From these
distribution functions, iid replicates Uy, ...,Up—g4;-1, uniformly distributed in this case,
can be constructed as U; = Fa,;(A;) as in Example 1.2. The construction in Example
1.1 and here is such that, in high-dimensional problems where a preliminary reduction is
needed, the post-reduction inference problem documented by Battey and Cox (2018) and
Battey, Rasines & Tang (2025) is avoided without sample splitting in the assessment of a
large number of possible models.

In Example 1.2 the function needed to induce the replication under the postulated
model depends on a fixed-dimensional unknown parameter. This is reflected in the more
general Definition 2.3.



Definition 2.3 (Interest-dependent induced replication). If, in Definition 2.2, hg
depends on the true value 9* of an unknown parameter v of fixed finite dimension, then
ho is said to be interest-dependent replication inducing under the postulated model, giving
rise to parameter dependent replicates Vi (¢*), ..., Vi, (¥%).

Remark 2.1. If, as in Example 1.2, the unknown value 9* in Definition 2.3 is replaced by
an estimate, the corresponding version of the induced random variables, Vi,ooo Vi say, will
typically not be independent, but they will be exchangeable. Provided that the estimator
1& is null-consistent for ¥* as some quantity n — oo, Vl, .. .,Vm will be asymptotically
independent in the same asymptotic regime.

Returning to Example 1.1, Battey, Rasines & Tang (2025) did not assess the adequacy of
their models using the marginal distribution of the angles A1, ..., A,_g4,-1 but by injecting
an additional component of randomness that produced iid copies of ) if and only if the
postulated model mean model u € X was true. Since the component of randomness was
used only to assess model adequacy via the co-sufficient component @), sufficiency was not
violated. A definition that captures this external mechanism for replication inducement is
as follows.

Definition 2.4 (Randomisation-induced replication). Let s, ..., s, be m indepen-
dent external sources of randomness. These are either random variables independent of Y,
or specify a component of randomness for independent replication from a suitable condi-
tional distribution given Y = y°. If there exist random variables (‘7])9”:1, constructed from
Y and #; according to a rule hg, that are iid under the postulated model, then hq is said

to be replication-inducing through randomisation.

Exact replication, by whatever means, may not always be achievable, and it remains an
open question whether a mechanism can always be found to approximate it. The present
paper makes a more modest contribution, showing through carefully-constructed examples
the diversity of ways through which an internal replication can be induced.

3 Information extraction for model assessment

3.1 Earlier literature

Bartlett (1937) was, we believe, the first to note the relevance of sufficiency in the assess-
ment of parametric models with an explicit sufficient statistic. Barndorff-Nielsen and Cox
(1994, p.29) gave an expanded explanation as outlined in §1. Engen and Lillegard (1997),
Lindqvist and Taraldsen (2005), and Lockhart et al. (2007) addressed the considerable chal-
lenges in making the observation operational, proposing an approach for simulating from
the conditional outcome distribution given the observed value of the sufficient statistic.
The term co-sufficient sampling was introduced by Lockhart et al. (2009) and adopted in
subsequent work, notably in work by Barber and Janson (2022) who substantially advanced
the methodology and associated theory for co-sufficient sampling. There is no literature
aiming to adapt information partitions for parametric models to semiparametric and other
challenging contexts. We outline some relevant structures below, which in some contexts
allow us to invoke the concepts of §2.



3.2 Some non-standard inferential separations

A perspective of this paper is that different model structures sometimes have inferential
separations useful for model assessment, complementing Bartlett’s (1937) sufficiency sepa-
ration, which uses the conditional distribution of an outcome Y given the observed value
of a sufficient statistic S.

A first generalisation is to a parameter dependent statistic S(¢) that is sufficient for a
high-dimensional nuisance parameter under the postulated model if and only if the ) = ¥*,
the value of a low-dimensional parameter.

A second generalisation allows S or S(¢*) to be conditionally sufficient, conditional on
some relevant component of the data, such as a failure having occurred at a particular time
point, in the case od the proportional hazards model.

An additional classical route to model assessment is based on an ancillary statistic,
part of a minimal sufficient statistic in a parametric setting. The relevant generalisation
considered in the present paper is to statistics that are ancillary for the high-dimensional
nuisance parameter and whose distribution typically depends on the unknown value of a
low-dimensional parameter. For the proportional hazards model, the ancillary statistic
for the infinite-dimensional baseline hazard function is conditionally sufficient for the low-
dimensional parameter, showing that the notions can agree in some contexts.

To make the separations convenient for practical use, we suggest combining them with
the notion of induced replication of §2. In some contexts there is a natural way to induce
this replication because of the inherent structure of the problem, as in Example 1.2 where
there was a shared parameter across pairs, even though there was no replication in the
original statement of the problem. In more challenging settings, more work might be needed
to uncover appropriate way to induce a replication under the postulated model, perhaps
approximately. This is the context of the high-dimensional sparse regression setting of §5.3.

4 Some broad preliminary insight

4.1 Joint assessment of a model and its interest parameters

Since Definition 2.3 is more general than Definition 2.2, we discuss the situation for that case
only. The discussion also covers the situation in which the replication is induced through
randomisation as in Definition 2.4. For concreteness, and with no loss of generality, we
take the replicates to be standard uniformly distributed when the postulated model is true
with 19 = ¢*, and therefore use the suggestive notation Uj(1)g), ..., Upn (o).

Supposing for an evidential analogue of proof by contradiction that the postulated
model is true with parameter value g, the canonical way of combining the supposed
independent standard-uniform replicates Uy (1), ..., Un (o) is via Fisher’s 1932 statistic
for combining p-values, whose traditional usage is in meta analysis.

The following initial discussion considers model adequacy in terms of a confidence set
for the parameter 1, before introducing in §4.3 a more powerful approach mirroring that
in Example 1.2.

With G, the distribution function of a x? random variable with 2m degrees of freedom,

the two-sided p-value is 2min{p(¢o), 1 — p(xo)}, where p(vg) := Gam (=2 log U;(2o)).



The resulting a-level confidence set for the interest parameter 1) under correct specification
of the model is

C(e) == {vo € ¥ : 2min{p(v),1 - p(v)} > a}. 4

If the confidence set is empty at a chosen level «, that casts doubt on the adequacy of the
model. The use of Fisher’s statistic in (4) is convenient for analytic calculations of power

because the expectation and variance of R; = —log U; simplify, by integration by parts, to
'R | F 'R 2
E(R;) :/ Mdu, V(R;) = _2/ Mdu— (/ Mdu) . (5)
0 u 0 u 0 u

where Fy; is the distribution function of Uj.

Both moments increase as the density function fyy of U concentrates near zero, and
the mean exceeds half the variance, and hence departs from the null x3 behaviour, when
fu departs from uniformity asymmetrically towards zero. When departures instead occur
towards 1, the mean and variance are typically both too small to be compatible with the
null distribution, although in this case sensitivity can be increased by replacing U; (1))
by 1 — Uj(to) in p(¢pg) from (4). Thus, if the majority of departures from uniformity
are in the same direction, C(«) is empty with high probability for sufficiently large m
when the postulated model is misspecified. More irregular departures from uniformity may
be better detected by alternative combination rules (see e.g. Birnbaum, 1954; Heard and
Rubin-Delanchy, 2018).

4.2 Two parallel analyses

In subsequent sections, we present the main conceptual development of the paper via
examples. These illustrate different ways through which internal replication can be induced
under the postulated model, and through which contradictions are forced when the model is
violated. Before turning to those constructions, we analyse the behaviour of the confidence
set (4), assuming the existence of random variables U;(1g). The aim is to supply qualitative
insight through a reasonably general analysis, showing how systematic departures from
uniformity translate to eventual emptiness of C(a) as m — oo. Calculations at this level
of generality are inevitably idealised.

When the model is erroneous or if it contains the true distribution but g # ¢*, then
Uj(¢o), g =1,...,m, are by definition not standard uniform, and for most of the example
cases we have in mind, are not identically distributed either. Since Uj(vg) is necessarily
supported on [0, 1], insight can be obtained by approximating its density function using
the parametric family

(1-9)u™, 0<u<l, 0<9;<]I, (6)

so that the null distribution is recovered in the limit as ; — 0. The model (6) is deliberately
oversimplified in that it specifies the directions of departure from uniformity to be in the
same direction for all j. Specifically, the distribution (6) concentrates towards zero for all
¥}, the opposite behaviour achieved only by replacing U; (o) by 1 — U; ().



Under (6), the kth moment of R; := —logU;(1)y) has the convenient form

I'(k+1)
ky
E(R;) = A= 0,)F ke{l,2,...}.
The mean and variance of 4, :=2377" | R; are
E(4n) =2) (1-9;)7" V(4n)=4) (19,7 (7)
j=1 j=1

recovering the x3, mean and variance as ¥; — 0 for all j and showing that A,, has a
larger mean and variance than a x3,, random variable, with the discrepancies increasing
as m — oo.

On letting k, be the 1 — a quantile of the x3,, distribution, Markov’s inequality in the
form presented in Appendix A shows that

, T 1Y
pr(Am 2 ka) 2 1 - inf (k 11 1_@432) ®)
The constituent terms are in the interval (0,1) for all s in the permissible range, so the
product tends to zero exponentially fast in m — oo.

For a parallel analysis that does not involve specifying a parametric family for U; (1)),
let pim(1o) = D20 E(Ry) and 7 (v0) = (3201, var(R;))Y/2. Then by the central limit
theorem Tm(wo)_l(ZTzl R; — p1m (o)) is asymptotically standard normal for large m, thus

(A > k) = l_q)<ka—2um(¢0)> N 1_®<2m+2\/mza—2um(¢0)>’ (9)

27 (t0) 27 (b0)

as m — oo, where z,, is the 1 — « quantile of the standard normal distribution and where we
have used the normal approximation to the x3,, distribution in the form ko ~ 2m+2y/mz,
for large m. Under the null, where the model is correct and ¢9 = ¥*, U;j(¢)p) has a
standard uniform distribution for all j, R; has a unit exponential distribution, implying
that pm, (vo) = m and 7., (o) = v/m. In this case, the previous display reduces to pr(A4,, >
ko) ~ «, which is the exact answer for any m. When the null distribution is violated,
pr(A,;, > ko) — 1 if and only if (kq — 2pm(%0))/27m(tg) — —oo, which requires that the
mean grows faster than the standard deviation as m — co. There is a parallel calculation
for the left tail.

4.3 Model assessment using a null-consistent estimator of ¢*

Example 1.2 illustrates a situation in which a consistent estimator of the interest parameter
is available when the postulated model contains the true distribution, without any need to
estimate the high-dimensional nuisance component. When a null-consistent estimator is
available, and when the effective sample size is large enough that sampling variability of &



around ¢* does not materially affect the null distribution, there is no need to assess U;(1)g)
for all plausible values 1)g; instead 1 can be used in place of g, leading to the statistic

Am = _QZlOg Uj(lzj)a (10)
=1

and its complementary version with 1 — U; in place of U;. The discussion following (6)
illustrates that the two need not be interchangeable for the purpose of refuting a false
postulated model, one version tending to have higher power than the other depending on
the form of departure. If A,, is extreme when calibrated against the x3,  distribution, that
casts doubt on the adequacy of the model.

Under the postulated model with true parameter value ¢*, let g be a function such that
Uj(W*) = g(Zj,¢*) for j =1,...,m has a standard uniform distribution. The continuous
random variable Z; may itself an induced replicate according to one of the definitions in
§2, in which case the only role of g is to standardise to standard uniformity. If Z; is not
an induced replicate, for instance if conditioning on a sufficient statistic for a nuisance
parameter is required to eliminate them, then g is part of hg in Definition 2.3.

Let 1& be a null-consistent estimator of ¢¥* as some quantity n — oo. For simplicity
of exposition let 1) be a scalar, the only difficulties in extending to the vector case being
notational. The usual linearisation argument gives

Uj(4) = Uj(4") + 0p(1) (11)

provided that the 1)-derivative of g is almost-surely bounded at Z; in a neighbourhood of ¢*.

In other words, U j(z/;) ~» Uj(1*) where ~» means weak convergence. If n is an increasing
function of m as in Example 1.2, the above linearisation is ineffectual for showing that A,
has an approximate x3,, distribution. In the notation of equation (9), um(¥*) = m and
Tm(¥*) = y/m, thus the argument presented in equation (1.3) of Randles (1982) and the
approximation ke ™~ 2m + 2,/mz, used in (9) implies

ko —2m
2y/m

provided that @E —p ¥* under the same asymptotic regime.

pr(Am>ka):1—q>< >:a, (m — o) (12)

When the model is violated, 1& either converges in probability to a a fixed value g5 # ¥*,
violating standard uniformity of each Uj(t) and therefore invalidating the mean and

~

variance standardisation used in (12), or U;(¢) has a non-degenerate limit distribution.

A~

This second scenario not only violates asymptotic uniformity of U;(z)) for every j but
also induces a complicated dependence between the U; (1&), j =1,...,m, because of the
shared dependence on 1&, whose distribution depends on nuisance parameters when the
postulated model is erroneous. In general, any such dependence is expected to exacerbate
the distributional violations in the aggregate (10) or its null-standardised version (12), so

may well be beneficial for detecting departures from the model.



5 Co-sufficient replication: non-matched examples

5.1 Introduction

The most obvious settings in which inducible replication is present under the postulated
model are those in which there is a degree of replication for the nuisance parameter by
design, as in Example 1.2. As illustrated in the example, there is no exchangeability across
the outcomes, either within or between pair, but each nuisance parameter appears twice
among the distributions of the outcomes, allowing replication to be easily induced under
postulated models with an amenable structure. We start, however, with some different
settings to provide the sharpest contrast with Example 1.2. Section 5.2 illustrates a more
abstract form of internal replication after conditioning, §5.3 illustrates how internal repli-
cation can be achieved artificially through a carefully-designed randomisation scheme, and
§5.4 illustrates the possibility of extending the notion of co-sufficiency to conditional co-
sufficiency. We then return in §6 to the matched pair setting of Example 1.2, where we
formalise some other constructions for achieving internal replication that do not directly
correspond to co-sufficiency but follow the same broad principles.

5.2 Semiparametric time-dependent Poisson process

The following is a semi-parametric generalisation of a model proposed by Cox (1955) and
best approached via Cox and Lewis (1966, pp. 45-46). Consider a time-dependent Poisson

process with intensity function
)\z(t) — eh(mi)+,3t

for the ith of n individuals, where h is an unknown function of the covariate vector x;. The
model could be suitable for sequences of health events, in which h(z;) captures individual-
specific effects and 3 captures the general effect of ageing.

To avoid assumptions on, and estimation of, h, write ; = h(x;). Suppose that in a fixed
interval (0, 7o), events are recorded at times (¢;1, ..., tim,) for individual 7. The likelihood
contribution for the ¢th individual is

0

to mg
L()\z’§ tily- .- atimi) = exp{— / Az(u)du} H )\i(tij),
j=1
which, for the special form \;(t) = €%5* becomes

L(’)/Z‘,B;tﬂ, A atimi) = exp{mi% + thij — e'Yi(eﬂtO _ 1)/6} (13)

j=1

Thus, the jointly sufficient statistics for (+;, §) based on the ith individual are (m;;, Z;”:Zl tij),
and the conditional distribution of Z;ﬂ’:’l t;j given m; eliminates «y;. There is, therefore, an
induced replication in the conditional distributions across the n individuals. The marginal
probability mass function for the number of events for the ¢th individual is Poisson with
rate

/0 " Ni(w)du = €% (P — 1)/B.

10



Thus, on using the right hand side of (13), viewed as a function of t;1, ..., t,, for fixed
parameter values, the conditional density is

m;! B exp(B Y54 tij)
(eﬁto _ ]_)mi ’

f(tila---utim,- | ml) = (14)
which is the probability density function of an ordered sample of m; random variables each

with density function

Bt
Jr(t:8) = (eﬂfoe—l)’ 0<t<to, (15)

(Cox and Lewis, 1966, pp. 45-46). Equation (15) reduces to 1/tp in the limit as § — 0.
It follows that the conditional distribution of S; = ZT:H T;j given m; is that of the sum
of m; independent random variables with density function (15). Cox and Lewis (1966) do
not proceed further and suggest that a conditional likelihood based on (14) be used for
inference on . To assess the model via the approach of §4.3, explicit calculation of the
conditional distribution of S; given m; is needed. Appendix B shows by way of a Laplace
transform that the conditional distribution function with support s < m;tg is

[/ Ls/to] ms s—utg
FSz’|Mi(8 | mz,ﬁ) = (elgto — 1)m11"(m1) z_;) < v >(—1)”eﬁvt0/0 eﬁww(mi_l)dw, (16)

where the integral is a gamma integral.

Although this alternating sum can in principle be evaluated at the observed values of S;
it is simpler, and more illustrative of general strategy when exact calculations are similarly
complicated, to estimate the conditional distribution function of S; based on Monte-Carlo
replicates of sums of m; random variables drawn from the density function (15). For large
m;, a normal approximation to the distribution can be used. Up to Monte Carlo sampling
error, the resulting statistics follow a standard uniform distribution at the true value of g
under correct specification of the model. The version based on the analogue of (10) uses
the maximum likelihood estimate 3 in place of 8, where 3 maximises the conditional log
likelihood function based on the product of joint conditional density functions (14) over
the n individuals.

Two adaptations of the model with intensity function A;(¢) as above have a quadratic
trend of the form \;(t) = exp(v; + B1t+B2t?) or a power-law trend of the form \;(t) = eYit5.
These are semiparametric analogues of models discussed by Cox (1955, p. 138), where
the essential elements of the above argument apply on noting that, in the first case, m;,
Si1 = E;nz’l T; and Sj2 = >, T? are jointly sufficient in the ith sample for v;, 81 and f32,

]:
and in the second case, m; and S; = Z;”:’l log T; are jointly sufficient for v; and 5.

5.3 Post-reduction confidence sets of models

For the construction of confidence sets of models in sparse high-dimensional regression,
Battey and Cox (2018) used sample splitting to ensure appropriate coverage properties of
the confidence set of models after preliminary reduction. Battey, Rasines & Tang (2025) ex-
plored a means by which, and consequences of, avoiding sample splitting using randomised

11



inference and the sufficiency /co-sufficiency separation presented in Example 1.1. They did
not use the marginal distribution of the angles but worked instead with the random variable
Q, generating iid replicates Q1,...,0Q5 using a generalisation of the randomisation scheme
introduced by Rasines & Young (2023). Following the common logic of the present paper,
the replication is induced if and only if the postulated model is correct. Battey, Rasines &
Tang (2025) subsequently assessed compatibility using the Rayleigh test for uniformity on
the sphere.

To reframe their approach using the unified exposition of §4, consider the m = k(k —
2)/2 inner products between all pairs Qi, Qj of synthetic replicates. Under the model
hypothesis with dy explanatory variables, the m inner products (cosines of the angles
between replicates), Z1, ..., Z,, say, each have density function (Fisher, 1915)

fz(2) = ﬁrr{<((:—_j§)—/21))/2}(l —H)n=do=d/2 1 << 1. (17)

Section 4 of the present paper provides an alternative to the Rayleigh test used by Battey,
Rasines & Tang (2025). The distribution function corresponding to (17) is

where the definite integral is the incomplete beta integral of arguments 1/2, (n —dy—1)/2
and 2. The m inner products are converted to standard uniform random variables in the
usual way U; = Fz(Z;), j = 1,...m. Strictly speaking, only the angles between disjoint
pairs of replicates are independent; in numerical work, however, it appears that if m is
small relative to n — dy, the dependence across all m of them is sufficiently weak that the
X3, null distribution of (10) holds to close approximation; see column 1 of Table 5 in the
supplementary file, where the empirical coverage probabilities of the model confidence sets
and the number of false models in the set are reported.

Superficially, this example appears totally different from those introduced in previous
sections, but the logic is the same: for every model postulated for inclusion in the confidence
set, replication under this model is induced via the sequence of steps leading to Uy, ..., U,,.
If their realised values are collectively extreme when calibrated against the distribution
expected under the postulated model, this casts doubt on the model, leading to its exclusion
from the confidence set.

5.4 Proportional hazards and conditional co-sufficiency

The proportional hazards model h(y;z) = ho(y)g(x] () is unusual in that the infinite-
dimensional nuisance parameter, the baseline hazard function hg, can be eliminated in the
partial likelihood analysis for the regression coefficient 5 (Cox, 1972, 1975), circumventing
estimation of hg. This section frames partial likelihood in terms of a notion of condi-
tional sufficiency for hg, pointing to a corresponding notion of conditional co-sufficiency for
assessment of the model.

On each of a number of independent individuals there is a survival time T;, and indi-
viduals are subject to non-informative censoring, so that the observable outcome consists
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of ¥; = min{T;, ¢;} and an indicator d; = 1 if ¥; = T}, and d; = 0 otherwise. We initially
consider the uncensored setting d; = 1 for all i. Let y) < y@) < -+ < y(,) denote the
ordered failure times and let i; be the index of the individual who fails at time y;. Thus
i = i; if and only if y; = y(;). Together, y«),...,y(m) and i1,..., 4, are equivalent to the
unordered failure times y1,...,yn, in the sense that the latter can be recovered from the
former, and vice versa. Let %; := {i : y; > y(;)} be the set of individuals still at risk of
failure at time y;.

The following arguments implicitly underpin the development of Cox (1972). By ignor-
ing the indices i1,...,4,, the ordered survival times y),...,y(,) are detached from any
covariate dependence and therefore must, in the absence of the information supplied by
i1, .. ,1n, tell us nothing about how covariates influence the distribution of survival times,
a version of ancillarity for 8 in the presence of nuisance parameters. The distribution of
these ordered times depends primarily on hg, the common instantaneous probability of
failure at baseline.

Let I1,..., I, denote the random variables whose realisations are i1, . . ., %,, and consider
the conditional distribution of I, ..., I, given y(),...,ym). Write

‘% = {y(l)a .. 'ay(j)aila s 72.]'*1}

for the history up to time y(;). The conditional probability that i; = i, i.e. the probability
that a failure occurring at time y(;) is contributed by individual ¢, conditional on 7, is
the familiar expression appearing in the partial likelihood for 3:

hlygiz) — _ g(=fBY)
Zkej ( )§95k) Zke%jg@iﬁ*)'

Although the conditioning set is the entire history %, the expression (19) is free of
Y(1)s - -+ Y(j—1), @ type of conditional sufficiency, for the nuisance parameter hg, of the
increasing sets of order statistics {y(l), . ,y(j,l)}, conditional on a failure having occurred
at time y;).

The above discussion suggests an assessment of the proportional hazards assumption
based on the conditional distributions of the indices I; given the relevant history 7. This
is a version of co-sufficiency relative to the nuisance parameter, and leads to assessment of
the model based on the same inferential partition that enabled inference on 8*, which is
defensible provided that the sample size is large enough to reliably estimate g*.

The discreteness of the indices and the changing risk sets present considerable difficulties
in making use of the above information partitions. An approach that is applicable more
generally, however, is to make use of the asymptotic normality of the score based on a
version of likelihood that preserves the relevant information, in this case the conditionally
co-sufficient information for the nuisance parameter.

The partial likelihood is based on

p;i(B6") = pr(lj =i | HG) = (19)

pr(Ilzil,..., H I —Z]’Zh’lg,...,ij_l)
w o ) (20)
a 1;[ ke%’ g (3 8*)
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leading to a consistent estimator of §* with familiar properties (Cox, 1972; Wong, 1982).
The simplest way to achieve the required replication, although almost certainly not the
most efficient way to proceed and therefore not explored formally, is to split the sample at
random into m blocks j = 1,...,m of equal size and to form the partial log-likelihood ¢;(5)
based on (20) in each block. The partial likelihood scores Sj(3) = Vl;(f) are approxi-
mately normally distributed at § = 8* as n/m — oo. Independent approximately standard
uniform replicates Uy (5*), ..., Un(B8*) can be obtained from the probability integral trans-
forms for the score statistics when 8* is known. Since §* is unknown, it is replaced by the
full-sample partial likelihood estimate B based on (20), as discussed in §4.3.

Since the partial likelihood score on the full sample is asymptotically normally dis-
tributed, it seems possible in principle to use a form of randomised inference in the vein
of Rasines & Young (2023) or Dharamshi et al. (2026), but it is unclear to what extent
the theoretical guarantees are affected by violation of exact normality; this investigation
requires a paper of its own and need not be restricted to the partial likelihood.

6 Matched-pair and two-group examples

6.1 Inferential structures for matched-pair examples

The most obvious settings in which inducible replication is present under the postulated
model are those in which principles of experimental design have been applied, the simplest
being the matched-comparison designs of Example 1.2 leading to outcomes (Y}, on)g":l
on the treated and untreated units for the m pairs. These will serve as useful cases for
some perturbative power analyses in §6.2 but their primary purpose in this section is to
illustrate some additional structures in an incisive form.

Example 6.1 (Continuation of Example 1.2). The statistic U;(1)g) constructed in Example
1.2 arises also through a complementary perspective valuable in other settings. On replacing
the observed value s;(¢g) by the corresponding random variable, we obtain

Yiio _  toZ;
Si(vo)  1+0Z;’

where Z; = Yj1/Yjo. The distribution function of Z; under the proportional rates model
of Example 1.2 is

Uj(vo) = (21)

N
Fy(z97) = Trore (22)
Thus (21) is Fz(Zj;10), showing through a different route that uniformity is achieved
if and only if the postulated model is an adequate approximation with ¢y = 9*. The
transformation to Z; = Yj1/Yjo is the most immediate way to eliminate the nuisance
parameters in this scale model. It was not a priori obvious, however, that this simple route
to internal replication preserves the co-sufficient information, in the generalised sense used

in Example 1.2. O

The set of random variables Z1,...,Z,, from Example 6.1 might be viewed from a
different perspective as ancillary for the nuisance parameters, in the sense that, from ob-
servation of these statistics alone, estimation of ~1,..., 7y, is impossible. There is some
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ambiguity of terminology in these highly parametrised models where generalised inferential
separations are needed. In particular, in a conventional parametric context, an ancillary
statistic must be part of the minimal sufficient statistic, and the co-sufficient information is
that left over after conditioning on the latter. When there is no exact sufficiency reduction,
such as here, the separations are less clearly defined.

Example 6.2. Suppose that the true distribution of (Yj1,Yjo) belongs to an additive
exponential model with rates v; + A for the treated individual in pair j and +; for the
untreated individual, with true value A* for the treatment parameter. This model would
arise, for instance, for the first event time in a Poisson process, where an additional source of
events is present in the treatment group. In the additive model, the statistic S; = Y1 + Yo
is sufficient for the nuisance parameter 7; and the conditional distribution function of Y}
given S; = s; is

*

. 1—e 2
Fle|Sj(y‘3j§A ) = 1_ 25 (23)

Provided that the model is correctly specified, the random variables U;(A*) := Fy, s, (Yj1 | s A%)
are uniformly distributed conditional on S; = s;, and therefore also unconditionally. The
above conclusion is invalidated if A* is replaced by another value Ag. O

Replication-inducing constructions for matched pairs fall into two broad classes. The
first eliminates pair-specific nuisance parameters by conditioning on a co-sufficient statistic,
as illustrated in Examples 1.2 and 6.2; the second eliminates them by transformation to a
random variable whose distribution is free of nuisance parameters, as illustrated by Example
6.1. Each of these may or may not depend on the parameter of interest, leading to four
generic inferential structures.

Structure 1. The joint density function f(yi,yo;v;,%) of (Yj1,Yjo) is such that there is
a statistic Sj, not depending on 1, such that Sj := s(Yj1,Yj0) is sufficient for ~; and the
conditional distribution function of Fy,, s, (y|s5;9) is continuous and bijective in y for any
¥, and injective in ¥ for any fized y.

To exploit Structure 1, it is immaterial whether Yj; or Yjg is used in the conditional
distribution.

Structure 2. The second co-sufficiency structure parallels Structure 1, except that the
sufficient statistic depends on the interest parameter v, as in Example 1.2.

The two co-sufficiency structures contain all the residual information having eliminated
the nuisance parameters through conditioning. Structures 1 and 2 lead therefore to natural
analogues of Bartlett’s (1937) argument. In view of (21), however, there is also interest
in replication induced via a version of ancillarity. In an idealised parametric analysis,
an ancillary statistic can be calibrated against its marginal distribution for assessment
of the model. The appropriate analogue in highly parametrised settings is ancillarity for
the nuisance parameters in the relaxed sense that, from observation of ancillary random
variables alone, the nuisance parameters cannot be estimated. The above relaxed definition
was implicit in constructions used by R. A. Fisher and D. R. Cox (e.g. Fisher, 1935;
Cox, 1958). Many formalised versions of approximate ancillarity for an interest parameter
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in the presence of nuisance parameters have been put forward for conditional inference
on a parameter of interest (e.g. Barndorff-Nielsen and Cox, 1994, p.38). Ancillarity for
a nuisance parameter is not, however, a standard concept, and its relevance for model
assessment is an observation new to this work.

Structure 3. The joint density function f(yi,y0:7;, %) of (Yj1,Yj0) is such that there
is a transformation t, not depending on 1, such that Z; := t(Y;1,Yj0) has a distribution
function Fz(z;1) that is continuous and bijective in z for any fixed 1, injective in 1 for
any fized z, and functionally independent of the nuisance parameter v;. While Structure 3
only applies exactly in the case of transformation models, Structure 4 extends beyond these
classes, as illustrated below in FExample 6.5.

Structure 4. Structure 4 parallels Structure 3, except that the transformation depends on
the interest parameter 1.

The following proposition formalises the sense in which each structure induces internal
replication. The propositions refer, for each of Structures 1-4, to equivalence classes of
density functions within which the approach has no power to reject the postulated model.
If the true density function violates the postulated model but belongs to the stated equiva-
lence class, then the model violation will not be detected at any sample size. An analogy is
to Markov equivalence classes in Gaussian graphical models, where multiple causal models
give rise to the same distribution over the outcomes and therefore are statistically indis-
tinguishable.

Proposition 6.1. Let (Yj1,Yjo) have a joint density function, provisionally assumed to
belong to the model M = {f(yj1,yjo0:7v;,¢) : v € I';v» € ¥}, where f satisfies one of
Structures 1-4. When any such structure holds, define, respectively

U (o) = Py (Y | 53 %0), Sj = s(Yj1, Yo),
U (o) = Py, 15, () (Y51 | 5 (%0)), Sj(%o) = 5(Yj1, Yjo: vo),
U (o) := Fz, (25 bo), Zj = Y1, Vo),
U} () = (23 (0), Z3(ab0) = 1Y, Yio: Vo).

Then U®) (9) ~ U(0,1) if and only if M holds with true parameter value 1/* = 1, or if
the true distribution of (Yp,Y7) with density function ¢g* belongs to the equivalence class
EW) (1), as specified in Appendix D.

Proof. A proof is given in the appendix. O

The four equivalence classes presented in the appendix are best explained with refer-
ence to the previous examples. Thus, in the context of Examples 1.2 and 6.1, the relevant
equivalence class is £®)(1)y) and consists of all distributions over the original random vari-
ables (Yj1,Yjo) for which the induced distribution over the ratios Z; = Yj1/Yjo is identical
to that postulated under M with the postulated value of . It is clear from this example
and others that members of the equivalence class, if any such member exists, must be such
that any pair-specific heterogeneity is eliminated through the same operation as under the
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postulated model, as otherwise no replication would be induced and standard uniformity
for every pair could not be achieved. Elimination of pair dependence is a necessary but not
a sufficient condition. Consider, for instance, a true distribution belonging to the Weibull
family with multiplicative treatment effect on the rate scale and a postulated model that
is exponential, a special case, then ratios Z; = Yj1/Yjo eliminate the pair parameters in
both cases, but no members of the Weibull model with non-unit shape parameter belong
to the equivalence class €G3 (o) for any value of vy, as the induced distribution over Z; is
different.

For a different perspective, consider fitting ¢ by maximum likelihood in the family
of densities for the induced random variable corresponding to Structure 1 or 3, i.e. the
conditional and marginal density functions. If the true density function g* belongs to
{EF) (4hg) : hy € W) for k = 1, 3 respectively, then the limiting maximum likelihood solution
15 under the postulated model gives zero Kullback-Leibler divergence within the induced
families. In other words, there is a point in the parameter space ¥ for which the induced
model on fy;|g or fz respectively intersects with a “true model” on the induced random
variables, this being any family of induced models that contains the true distribution over
the induced random variables.

While Proposition 6.1 ensures appropriate coverage when the postulated model is cor-
rect, it does not automatically translate to a powerful method for rejecting false models,
even when they do not intersect with the equivalence classes {£®) (1) : 1o € W}, since

when the postulated model is violated at g, the notional replicates U ](k)(q/;o) typically de-
pend on the nuisance parameters +;, and the summation in (4) does not necessarily produce
an aggregate that is sufficiently far in the tail of a x3,, distribution. It is partly for this
reason that the version based on @Z; from §4.3 is preferred. We explore the above examples
in §6.2.

6.2 Some local power analyses

Here we consider examples in which the true distribution belongs to a model that departs
only slightly from that postulated. This is done partly with a view to assessing the effec-
tiveness of (4) for joint assessment of the model and its parameters relative to the approach
in §4.3, where a consistent estimator of the interest parameter is used. In the first of the
examples below, the same preliminary reductions eliminate the nuisance parameters under
both models, so that there is no excess variability under the true model, relative to that
postulated, induced through the pair-specific nuisance parameters.

Example 6.3. Let the postulated model be the proportional rates model of Example 1.2
and suppose that true distribution of the paired outcomes is Weibull with rate parameters
4, and ;9" respectively for untreated and treated individuals in the jth pair. Suppose
further that the shape parameter of these Weibull distributions is ¢ # 1, so that the
postulated model is misspecified. In spite of this, the same pairwise operation eliminates
v under both models. Specifically, the distribution and density functions of the ratios
Zj =Y /Yjo are

1/}*§Z§_1

RGN AT
A7)

fz(z) = (24)
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and, by monotonicity, the distribution function of U;(tp) in (21) is

U Prus

Yo(l — u)) B (1 —u)s + p*us’

pr(Uj(vo) < u) = pr(Zj <

which is non-uniform for all ¢ # 1 and all .
Although no choice of )y gives uniformity, the expectation of R; = —logU;(tp) can
be shown via (5) to be monotonically decreasing in vy, implying the existence of a unique
value of ¢y at which E(R;) = 1. Consequently, departures from exponentiality in the
direction of the Weibull model are difficult to detect using the aggregation criterion (4).
For comparison, consider maximum likelihood estimation based on the induced density
based on (22). When the true model is Weibull with < close to 1, the limiting maximiser
Y of the expected log-likelihood satisfies 1§ = ¥* + O(¢ — 1) (see Appendix E.1). Thus,
the estimator remains locally consistent despite model misspecification, and by equation
(25),
. Pp*(I=9)ys
PT(UJW) <u)— (1—u)s + ¢*(1,<)u

This shows that the criterion (10) has power to detect departures from the model even
though the maximum likelihood estimator of 1*, based on the transformed random variables
Zj, is consistent in spite of the model misspecification. In particular, from (5), E(R;) =1
only when ¢ = 1, the point at which the Weibull model collapses to the exponential model.
Figure 1 plots the logarithm of both E(R;) and V(R;), obtained by numerical integration
as a function of ¢ and ¢*. This shows that (10) is most sensitive to departures from the
postulated model in the direction of ¢ < 1, with neighbourhoods of ¢ = 1 and ¥* being
difficult to detect, uniformly over the values of the other variable. There is power to detect
departures from the model when (¢,%*) take values in the upper right quadrant of the
reported range. ([

g;éu, j=1,...,m. (26)

Example 6.4. Another type of departure from the proportional exponential model of
Example 1.2 is in the direction of the additive-rates exponential model of Example 6.2,
with treatment effect A*. In the additive model, the nuisance parameters are eliminated
by conditioning on the pairwise sums, while for the multiplicative model, conditioning is
on Yjo + Y190 for postulated values of 1. Since there is no true value ¥* when the model
is erroneous, this second conditioning argument is ineffective at eliminating the nuisance
parameters except at ¥y = 1.

Since Structure 3 leads to an identical inferential procedure as Structure 2 under the
multiplicative model, interest lies in the behaviour of Z; = Yj1/Yjo under the additive
model, which has distribution function

FZj(Z) =pr(Z; <z) = (v +A%)z

T (A @)

Since (22) and (27) agree at the null effect value A* = 0, which corresponds to ¢ = 1,
we expect greater difficulty in detecting inadequacy of the multiplicative model for small
values of A*. A more exact analysis of power echoing the general discussion of §4.2 requires
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Figure 1: Logarithm of E(R;) and V(R;) calculated from (26) and (5), showing how the
sensitivity to detect model misspecification varies with ¢ and *. Dashed lines indicate
regions of the parameter space for the true Weibull model where E(R;) and V(R;) coincide
with their putative values under the hypothesised exponential model.

calculation of the density function of U;(v0) = %0Z;/(1 + 10Z;) when the distribution of
Z; is specified by (27). By monotonicity,

) lyra
do(l—u)/  yjtho(l —u) + (5 + A%)u’

with corresponding density function

fU(u) _ 7j(7j + A*)T/Jo 0<u<l.

(o1 —u) + (vj + A%)u)?’

This is not of the form (6), even approximately for A* close to 0, but exact calculation via
(5) shows that the expectation of R; = —log U;(to) is

pr(Uj(0) < w) = pr(Z; < 0<u<l, (28)

N CLA* oo 1.
E(R;) = %—r lo <7j+ >:7b O8N AT >0,
Vi + A = jth Vito ni—1
where n; = (v; + A*)/vj%0. This is monotonically increasing in 7; > 0 and crosses

E(R;j) =1 at n; = 1, which corresponds to A* > v;(1)9 — 1). Thus, sensitivity in the right
tail tends to increase with A*, and values 99 < 1 are more easily detected as erroneous than
1o > 1 when A* > 0, confirming intuition. The criterion A* > 7;(¢)9 — 1) does, however,
suggest that there are larger values of postulated g that make the erroneous postulated
model difficult to refute on the basis of the aggregation criterion (4), in spite of violation
of standard uniformity; this is supported by numerical checks. It seems necessary in this
example, therefore, to use a statistic based on 1[1, e.g. (10), echoing the conclusion from the
previous example.

Appendix E.2 presents a local asymptotic expansion of the maximum likelihood solution
in a neighbourhood of the point of intersection A* = 0 of the two models showing, as
expected, that there is little sensitivity to departures from the postulated multiplicative
model in the direction of the additive model at small A*. O
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The purpose of Examples 6.3 and 6.4 is to provide insight into the behaviour by way
of some special cases where intuition can be recovered from direct calculation. These
perturbative cases are ones in which the postulated model is so close to the true one that
there is little harm in using it as a basis for inference. More substantial violations of
modelling assumptions are probed by simulation in §F.1 of the supplement.

6.3 Extension to unbalanced strata

The experimental setting of §6 is a special case of a more general two-group problem arising
in observational settings. Specifically, observations on treated and untreated individuals
are stratified into groups that are as similar as possible. This typically leads to unbalanced
strata, having a different number of individuals in the treated and untreated groups. In-
ference is based on the sufficient statistics Sj1 and Sjo within treatment groups and strata,
which can be treated in an analogous way to the paired observations of §6, as the strata
sizes r;1 and 7o are known.

Let (Y;1);2, and (Yijo);”, be observations within the jth stratum for treated and
untreated individuals respectively. As a first example, if the observations (Y;jl):ill and
(Yijo):i °, are normally distributed with means ~; +* and ~; and variance 7, the likelihood
contribution to the jth stratum depends on the data only through S;; = Z:ﬁl Yiji/rin
and Sjo = E:fl Yijo/rj0. The difference Z; = Z:J:ll Yiji/rmin — Zziol Yijo/7jo0 is normally
distributed of mean ¢* and variance 7771 /(rjo +rj1), which can be handled as discussed
in §4.3 with 7 also estimated. This is an example of Structure 3, but the same answer is
achieved via a conditioning argument based on Structure 1.

If the individual observations are Poisson distributed counts with rates v;4* and ~;,
the sufficient statistics Sj1 and Sjo are sums of these counts, Poisson distributed with rates
rj17;%" and 7j0y;. The distribution of Sj1 or Sjp conditional on S;1 + Sjo eliminates ~y; in
the usual way. This is an example of Structure 1.

Example 6.5 is more interesting as it relies on Structure 4 to eliminate the nuisance
parameters.

Example 6.5. If the originating variables are exponentially distributed with rates ~;¢*
and ~;, the sufficient statistics Sj1 and Sjo are gamma-distributed sums, with shape and
rate parameters (7;1,7;4*) and (rj0,7;) respectively. Then
500" Sj1
Zi(y*) = L
]( ) TjISjO
has the F' distribution with parameters 2r;; and 2rj;o. The strategy of §4.3 based on
Proposition 6.1 then applies directly. [

7 Brief summary of numerical work

The supplementary file confirms the expected behaviour for several of the examples above,
showing recovery of nominal error rates when the postulated model is true and high sensi-
tivity to detect departures from an erroneous postulated model when a different semipara-
metric model generated the data. For brevity, we summarise one example that illustrates
these properties.
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The postulated model is the inhomogeneous Poisson process discussed in §5.2 with
semiparametric intensity function A\;(t) = €%5* for the ith individual. Simulation is
not straightforward and details are available in the supplement. To assess cases where
the postulated model is erroneous, we also simulated from an inhomogeneous Poisson
process with semiparametric intensity function specified differently as A;(t) = eit? with
p€{-05,0,0.5,1}.

By inducing an internal replication as discussed in §5.2, the postulated model is assessed
for its compatibility with the data and the results are reported in Table 1, revealing high
power to detect departures from the postulated model even at values of p very close to the
point of intersection p = 0. Left and right sensitivity refers to whether U; (@@) or1-U; (@ZA))
was used in the construction of Fisher’s statistic (10).

Direction Square root of number of individuals n
of sensitivity P 3 4 5 6 7 8
left 0 | 0.03 0.04 0 0.03 0.02 0.05
right 0 | 0.03 0.03 0.02 0.03 0.01 0.03
left 0.1 018 034 042 061 073 092
right 0.1 0.11 0.17 0.23 033 047 0.51
left 0.2 0.72 0.88 0.98 1 1 1
right 0.2 066 081 095 0.99 1 1

Table 1: The generating process is the inhomogeneous Poisson process with intensity func-
tion \;(t) = e¥tPlogt. the postulated model has intensity function \;(t) = e¥+Pt. Pro-
portion of 200 simulation runs in which the 5% test based on F 5;|m; and (10) rejects the
postulated model. The point of model intersection p = 0 is highlighted.

8 Discussion and open problems

The work provides new perspectives on the assessment of semiparametric and highly
parametrised models, illustrating the possibility and value, in settings where the model
admits this, of circumventing estimation of the infinite- or high-dimensional component.
The broad principle is to use the postulated model to induce replication of known form
if and only if the postulated model holds to an adequate approximation. We presented
deliberately idealised examples illustrating diverse routes to such inducement, in the hope
of suggesting, to others with different perspectives, new directions for research on semi-
parametric model assessment.

Assessment of a statistical model for its compatibility with the data is inevitably a
discrete problem unless competing models are nested, or can be artificially nested, allowing
model space to be continuously traversed through variation of a parameter. By contrast,
the simplest approaches to inference on the parameters of a given statistical model often
involve maximisation of a log-likelihood or other objective function, and therefore typically
invoke a notion of continuity on the parameter space. Perhaps for this reason, valuable
inferential structures, such as interest-dependent co-sufficiency, and ancillarity for a nui-
sance parameter, have been overlooked in the literature, yet emerge naturally for model
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assessment.

There are broad principles underpinning all of the examples presented, extracted in
§4, however the exact manner in which the replication is induced appears to be problem-
specific. This raises the question of whether any general routes to the exact or approximate
inducement of internal replication might be formulated.

Barber and Janson (2022) presented in a particular context a notion of approximate
exchangeability which could in principle be used to generalise Definition 2.1. Similar formu-
lations for approximate notions of approximation replication would facilitate a more formal
development beyond the idealised examples considered in the present paper. An alternative
might seek to collapse nuisance parameters into a low-dimensional summary that is both
estimable and relatively insensitive to local perturbations under the postulated model.

A reader has indicated a further example (Diggle et al., 2007). In this semiparametric
model for longitudinal data, possibly subject to drop-out, an internal replication is induced
through transformation to a cumulative scale. In the induced model, the nonparametric
component is reduced to a martingale random effect, whose distribution is arbitrary and
evaded in the analysis.

The same reader has asked about the trade-off between avoiding estimation of a high-
dimensional nuisance parameter, as favoured in the present paper, and having available an
estimate of the nuisance parameter, even if the estimate is poor. In the context of most
of our examples, this might entail a reformulation 7; = h(z;) where h is now the nuisance
parameter to be estimated semiparametrically. Standard approaches to model assessment
would then assess prediction performance out of sample. The development of a general
framework for fair comparison seems challenging.
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A Derivation of equation (8)

This is a standard argument. Let k., be the 1—a quantile of the X%m distribution, Markov’s
inequality implies

pr(Am > ko) =1 —pr(—Am, > —kg) > 1 — eFeE(e™*4m), s> 0.

Direct calculation shows that

m

1-19;
E(e ) =[] ——2= 0.
(6 ) j]‘_‘[ll—’lgj-{—QS, 5=

B Derivation of equation (16)
The Laplace transform of (15) is

IB(e(ﬁ—Z)to —1)
(eflo —1)(B —2)’

thus the conditional density function of S; is, for any 7 > 3,

fr(2) =

Bmi 1 /T+ioo (6(B—z)to _ 1)m,-
(5| M3 ) = gt = d
flolmaP) = (o —Tymom |, € (Boaym @
,Bmi m; m; st 1 /‘r+ioo esze—vzto
= —— —1)%e"Pt0 — ——d
o 2o ) OV | e
by the binomial formula. Let
k*( ) ez(s—vto)
z)= ——.
(z —p)m
Its contour integral is the residue at z = 8 which, for a pole of order m;, is
* 1 : d(mi_l) mg 1.%
Res(k"(2),) = (g Im -y {= 8™k (2)}
m;—1
— 1 im d( ) z(s—vto)
(mi — 1)! 258 dz(mi—1)
— (S — Utﬂ)(mi_l) eﬁ(s—vto).

(mi — 1)'
Thus,

m; .35 T .
I 61 = (i g 2 ()1 o) V8 > o)

1)mZI’(mZ) = v
Bmieﬁs I_S/tOJ oo ( )
= v _1\v _ m;—1 .
~ (ePlo — 1)miD(my) f,; (v )< 1)"(s = vto) ;s <mito (29)
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and zero otherwise. Integration gives

Bmi [s/to] m; t s—vto .
FSi|Mi(S | m’uﬁ) = (eﬁto — 1)m11—‘(m2) Z ( . >(1)v6ﬁv 0/0 Gﬁww(ml_ )dw

v=0

This is equation (16).

C Proof of Proposition 6.1

Proof. For notational convenience, introduce V*) for the, perhaps notional, random vari-
able relevant for exploiting a postulated model with Structure k. This is Z and Z(vy) for
k = 3 and k = 4 respectively and is the notional random variable Y, (S) and Ys(S(v9)) for
k =1and k = 2. These are not functions of S in the conventional sense, and are notional in
the sense that they typically cannot be expressed in terms of the original random variables,
but once S = s or S(¢p) = s(10p) is observed, Yo(S) and Y,(S(1)0)) have the conditional
distribution of Y, given S = s or S(0) = s(2o).

Temporarily dropping superscripts, let Fy/(v; 1) be the distribution function of V' under
the assumption that the postulated model is true at 1)9. Let G§,(v) be the true distribution
of V. Thus, if G, belongs to the family Fy := {Fy(-;1), ¥ € ¥}, then there exists a ¢*
such that G7,(v) = Fy (v;¢¥*).

One direction is by direct calculation: if 1y = ¢*, then the distribution of Fy (V1)) is
uniform. For the converse direction, suppose for a contradiction that Fy (V'; ) is uniformly
distributed but that G§,(v) # Fy(v; ). By uniformity,

u = pr(Fy(V;vo) < u) (30)
(

for all u € [0, 1]. First suppose that G}, 6 Fy. Since Fy (v,1)) is bijective in v for any fixed
1, there exists a u € [0, 1] such that F ;) ;é Fy Yu; ) for any v} # 1. Thus, for
any such value of u, FV( Yusabg); ’QZJ*) #+ FV( Y p*); 1/)*), where the right hand side
is equal to u by definition. It follows that Fy (Fy, ( ;10); ¥*) # u, which contradicts (30).

Suppose now that uniformity is achieved and G% ¢ Fv. Then GY(Fy ' (u; 1)) replaces
FV( (u Yo); w*) in the argument of the previous paragraph. Equality for all u can only
be achleved at the points 19 where G7,(v) = Fy (v;10). But at such points G7, belongs to
Fv, a contradiction.

The remaining question is whether there are distributions over (Yj, Y1) that induce the
same distribution G3,(v) = Fy(v;1g) over V that would hold if the postulated model for
(Yo, Y1) were true at ¢9. The corresponding equivalence classes are most easily expressed
in terms of density functions ¢* = gy, y,, inducing a density function gj, on V. These are

the sets £ (wo) from Proposition 6.1, made explicit in Appendix D. O

D Equivalence classes for Proposition 6.1

Proposition 6.1 refers to equivalence classes of density functions g over pairs (Y, Y1), within
which the approach to achieving internal replication based on Structures 1-4 has no power
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to reject the postulated model. In other words, if the true density function violates the
postulated model in the directions of any model belonging to the corresponding equivalence
class, then this will not be detected at any sample size. As in the statement of Proposition
6.1, we drop the pair-index subscripts. With |J| the absolute Jacobian determinant corre-
sponding to the transformation from (Yp, Y1) to (S, Y1) for k =1, to (S(¢o), Y1) for k = 2,
to (Z,Y1) for k = 3 and to (Z(30), Y1) for k = 4, the equivalence classes are:

' 9(vo(s,y1),y1) ||
fyl(s) g(y()(sa y1)7 yl) |J| dy

EW () = {g = fyiis(y1 | s34o) }7

9(yo(s(¥0), y1), 1) |7
otstwoy 9Wo(s(v0), y1), y1) [T] dys

E@ (o) = {g = fy1|s(¢0)(y1 | 5(to)) },

E® () = {9 : /y 9(yo(z,91),y1) 1T dyr = fz(z;0) },

1

£00) = {g: [ o(m(=tn). ). 10) Wiy = Fzs (2000)) }

1
The above equivalence relations are in terms of generic expressions and usually do not
specify the simplest route to calculation in particular cases. For instance, the distribution
of Z; from Example 6.1 can typically be calculated directly without explicit preliminary
transformation from (Yp, Y1) to (Z,Y7).

E Derivations for §6.2

E.1 Local consistency under the Weibull model

Maximisation of the log-likelihood function based on (22) when the true distribution is
given by (24) produces a maximum likelihood estimator 1) —, 13, where 9§ is the value of
1) that maximises the expected log-likelihood function

. &0 P*ezs Tl dz
= 1 —2 log(1 e 1
Yo afbgerﬂng< og Y /0 og(1 +12) ERSE (31)
This solution satisfies
1 > 2dz
— = )" . 32
Tty M o 32)

Since we are interested in the behaviour near the point of intersection of the two models
¢ =1, write ¢ = 1 + € and expand the integral for small ¢, giving

1 . o zdz
g e </ T+ 220+ 052) *O(€)>

On expanding the integral in partial fractions it follows that, to first order in ¢, 1§ solves

P G TR L)

w2 @ —05)?
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Equivalently, x = ¢* /1§ solves
(x —1)* =2(1 + e)z(logz + 1/x — 1). (33)

The left and right hands sides are both convex with a unique minimum at x = 1 for any €.
Thus, to first order in ¢, the maximum likelihood solution 1§ under the postulated model
is equal to the true value ¥*.

E.2 Local asymptotic analysis for the additive exponential model

The limiting maximum likelihood solution is in this case more complicated in view of the
nuisance parameters, but by the law of large numbers the average of the log-likelihood
contributions converges to the average of the expected log-likelihood contributions, thus

X . 2 o [ log(l+4z)dz
Py = lim ar max(lo P — — (v 4+ A / _
b= i ergme{logy =0 by A G G A

=1
Differentiation shows that 1 solves

1 zdz
— = lim — 7-7'+A*/ 0 '
T L0 ) | e AP

Analogously to Example 6.3 we can expand the integrand around A* = 0, which corre-
sponds to the point at which the two models intersect, giving, to first order

1 (45 —1—logyg *> L2 (i Ay
— = O(A 1 — .
g < (Vg — 1) +O(AY) Mmoo m Z i

Jj=1

To the same order, this is of almost identical form to (33) with the term 1 + ¢ replaced
by the limiting average a of (v; + A*)/v;. The first-order solution under the notional
asymptotic regime A* — 0 is thus the logical one 9§ = 1 for all a, * =1 and A* =0
corresponding to the null treatment effect and the point at which the two models intersect.
Thus, intuitively, there is little sensitivity to departures from the postulated multiplicative
model in the direction of the additive model at small A*.

F Numerical checks

F.1 Matched pairs

Data were generated from a joint model for matched pairs (Yjo, ¥;1)2; in which an addi-
tive treatment effect A* operates on the rate scale for Weibull distributed outcomes with
baseline rate parameters (7;)7L; and shape parameter ¢, where ()7, were generated from
a standard uniform distribution. The assumed model is exponential with a multiplicative
rate parameter as in Example 1.2. This notional parameter was estimated by maximum
likelihood based on the density function of the ratios Z; = Yj1/Yjo which, from (22) is
¥/(1 +12)2. Fisher’s statistic 2 > iy logUj (1)) was then constructed based on (22) with
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¥* replaced by ¢ and z replaced by Zj; Table 2 reports the results. At (A*,¢) = (0,1),
the true model intersects with the postulated model with null treatment effect, captured
by value ¢ = 1. Thus, the proportion of rejected tests of size @ would be a by construction
if ¢ was perfectly estimated. Table 2 reports a beneficial under-rejection rate in that case.
Elsewhere in the parameter space, power to detect departures from the model increases
to 1 with increasing m except when ¢ = 1, where the true Weibull distribution collapses
to the exponential and therefore is closer to the point at which the true and postulated
models intersect. Both the true distribution and those in the postulated model are in this
example constructed from a parameter space whose dimension diverges at the same rate
as the sample size m, so both models are semiparametric.

We also assessed the approach based on (4) without estimation of the notional parameter
1, computing the proportion of confidence sets for 1 that were empty. If the parameter
space of permissible values is constrained to some reasonable interval such as [0,4], then
such an approach tends to be more powerful for the sample sizes reported, but a larger
range, say [0, 10] requires a much larger sample size in order for the confidence set to be
empty with high probability; numerical results are not reported.

Direction (A%, <) Square root of number of pairs m
of sensitivity ’ 5 8 11 14 17 20
left (0, 0.5) | 0.657 0.977 1 1 1 1
right (0, 0.5) | 0.640 0.983 1 1 1 1
left (0,1) | 0.002 0.001 0 0 0 0
right (0, 1) | 0.001 0.001 0 0.001 0 0
left (0, 2) 0 0.221 0.994 1 1 1
right (0, 2) 0 0.232 0.997 1 1 1
left (1,0.5) | 0.717  0.982 1 1 1 1
right (1, 0.5) | 0.685 0.990 1 1 1 1
left (1, 1) 0.008 0.015 0.020 0.042 0.075 0.134
right (1, 1) 0.002  0.003 0 0.005 0.007 0.010
left (1, 2) 0 0 0.105 0.420 0.774 0.951
right (1, 2) 0 0.005 0.647 0.992 1 1
left (2,0.5) | 0.731  0.983 1 1 1 1
right (2,0.5) | 0.696 0.992 1 1 1 1
left (2, 1) 0.010 0.025 0.030 0.073 0.134 0.236
right (2, 1) 0.002 0.003 0.002 0.006 0.012 0.023
left (2, 2) 0 0 0.041 0.215 0.555 0.825
right (2, 2) 0 0004 0482 0979 1 1

Table 2: Weibull generating distribution with additive treatment parameter A* and shape s.
The assumed model is exponential with multiplicative treatment parameter 1. Proportion
of 1000 simulation runs in which the 5% test based on (10) rejects the postulated model.
The point of model intersection (A*,¢) = (0, 1) is highlighted.

Table 3 reverses the roles of the two types of models, taking the baseline distribution of
Yo to be the same as before but obtaining the distribution of Y;; through multiplication of
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Direction N Square root of number of pairs m
of sensitivity | (V7 ) 5 8 11 14 17 20
left (0.5,0.5) | 0.442 0.589 0.763 0.859 0.926 0.964
right (0.5,0.5) | 0.846 0.995 1 1 1 1
left (0.5,1) | 0.231 0.623 0.907 0.991 0.998 1
right (0.5, 1) 0.239 0.669 0.942 0.998 1 1
left (05,2) | 0875 1 1 1 1 1
right (0.5, 2) 0.002 0.035 0.182 0.536 0.817 0.939
left (1, 0.5) 0.708 0.925 0.990 1 1 1
right (1, 0.5) 0.565 0.881 0.984 1 1 1
left (1, 1) 0.079 0.068 0.082 0.059 0.070 0.058
right (1, 1) 0.061 0.075 0.073 0.060 0.065 0.054
left (1,2) 0.046 0.399 0.826 0.985 0.999 1
right (1,2) | 0.073 0450 0.894 0991 1 1
left (2, 0.5) 0.896  0.999 1 1 1 1
right (2, 0.5) 0.329 0.466 0.606 0.740 0.873 0.936
left (2, 1) 0.253 0.626 0.925 0.993 1 1
right (2, 1) 0.252 0.620 0.922 0.991 1 1
left (2, 2) 0.011 0.042 0.192 0.515 0.763 0.901
right (2,2) | 0889 1 1 1 1 1

Table 3: Weibull generating distribution with multiplicative treatment prameter ¥* and
shape ¢. The assumed model is exponential with additive treatment parameter A. Pro-
portion of 1000 simulation runs in which the 5% test based on (10) rejects the postulated
model. The point of model intersection (¢*, &) = (1,1) is highlighted.

the rate parameter ; by a value ¥*. The postulated model, by contrast, is the exponential
additive rates model of Example 6.2. There is high power to detect the erroneous model,
and at the point (*,¢) = (1,1) at which the true and postulated models coincide, the
nominal level is recovered asymptotically.

F.2 Time-dependent Poisson process

Simulation of an inhomogeneous Poisson process can be performed most simply using
the argument of Cox and Lewis (1966, pp. 27-28) that on the transformed time scale
fo u)du the process is Poisson of unit constant rate. It follows that the sequence

Tﬂ, ooy Tim, of ordered event times for individual i satisfy 7;(Ti,) = Z " Eij, where Ejj

are independent unit exponential random variables. For \;(t) = e%+5t, we have 7;(t) =
e (et —1)/B, and the event times are distributed as

ki

iTil(gEij) 1og(1+ (8/e") ];Eij>/ﬁ7 (34)

the limit as § — 0 being Tj, = e 7 > E;; as expected. To check that the nominal error
rates are recovered under the postulated model, we used this generating process with ~;
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drawn from a standard normal distribution, generating unit exponential random variables
to use in (34) until their sum exceeded the endpoint of the transformed timescale 7;(tg)
with tp = 5. Since we wish to assess cases where the model is misspecified, we also
simulated using the power-law intensity function A;(t) = €"it? with p € {-0.5,0,0.5,1}.

We generated
k; ki .\ 1/(p+1)
d__ (p+1) 255 Eij
Lt (Yo Ey) = < J (35)
J=1

e'Yz

until the corresponding sum of unit exponentials exceeded 7;(tog) = e‘”tgJrl /(p+1). At
p = =0 the true and postulated models intersect, but since the likelihood function (14)
is indeterminate there due to division by zero, we do not necessarily expect to recover the
nominal level.

From n individuals we estimated 8 in the postulated model by maximising the condi-
tional log-likelihood function

n m;

Zmz 1og( —)+BD Dt (36)

=1 j=1

based on (14). The model was subsequently assessed using the statistic —2 """ | log Ui (B)
where U;(f) = F. s, (Si | mi; $3) and the conditional distribution was approximated either
through Monte Carlo sampling using 1000 replicates under the postulated model if m; was
below 40, or by a normal approximation to the distribution of the sum under the postulated
model if m; exceeded 40. An analogous statistic was computed with /5’ replaced by its true
value. The results are reported in Table 4 for data generated under the postulated model
and in Table 1 for data generated under the power-law model.

Table 4 shows that the procedure rarely rejects the true model when the conditional
maximum likelihood estimate is used in the construction of each UZ(B ). When the true value
of B is used, it attains a rejection rate close to the nominal level, the discrepancy being
primarily due to Monte Carlo sampling error in the approximation to Fg,| a; (Si | mis ﬁ)
Table 1 of the main paper reports the power to detect departures from the postulated
model.

F.3 Confidence sets of regression models

This section presents numerical performance of the approach discussed in §5.3. The original
procedure of Battey, Rasines & Tang (2025) was intended for the situation in which the full
set of variables contemplated is inordinately large, necessitating some preliminary reduction
by variable screening prior to assessment of low-dimensional subsets of variables. Since,
in the present paper, we are illustrating a particular point, we simplify the problem by
assuming that the number of starting variables is 15, so that no preliminary reduction
is needed. If that were actually the case, there would be no advantage to using anything
other than a likelihood-ratio test of every low-dimensional model against the comprehensive
model, but it is reassuring to see coverage probabilities for the confidence sets based on
Uj = Fz(Z;) from (18). These are reported as a function of the number of synthetic
replicates k and the sample size n. We also report the simulation-average size of the
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Direction . Square root of number of individuals n

of sensitivity | © | eStimated/true |ammm e
left 0 true 0.05 0.08 0.02 0.07 0.05 0.06
right 0 true 0.05 0.07 0.04 0.05 0.02 0.05
left 0 estimated 0.03 0.04 0 003 0.02 0.05
right 0 estimated 0.03 0.03 0.02 0.03 0.01 0.03
left 1 true 0.02 0.07 0.06 0.04 0.07 0.09
right 1 true 0.03 0.04 0.03 0.03 0.05 0.05
left 1 estimated 0.01 0.01 0 0 0 0
right 1 estimated 0 0 0.01 0 0 0
left 2 true 0.06 0.03 0.06 0.05 0.06 0.05
right 2 true 0.06 0.04 0.04 0.07 0.03 0.04
left 2 estimated 0 0 0 0 0 0
right 2 estimated 0.01 0 0 0.01 0 0

Table 4: The generating process is the inhomogeneous Poisson process with intensity func-
tion \;(¢) = 1P as postulated. Proportion of 200 simulation runs in which the 5% test
based on Fyg,|5, and (10) rejects the true model.

resulting confidence set of models, i.e. the number of false models that are included in the
confidence set on average over simulation runs.

The experiment was conducted as follows. In each of 500 simulations, the n rows of the
n X d covariate matrix X were drawn from a mean-zero normal distribution with correlation
0.9 between s + a of the d variables, and correlation zero elsewhere, where d = 15, s = 5 is
the number of signal variables and a = 3 is the number of noise variables that are correlated
with signal variables. Associated with X is a vector 6 of regression coefficients with entries
1 in the positions corresponding to the signal variables, and zeros elsewhere. The outcome
vector was constructed as Y = X6 + ¢, where the entries of ¢ were taken as standard
normally distributed.

For every possible model of size dy < 5, the corresponding columns Xg of X were
extracted. For this postulated model we constructed a basis for the orthogonal projec-
tion onto the null space of Xy by taking the n — dy eigenvectors of I — Xo(XgXo)_lXo
corresponding to the unit eigenvalues. Let Vj denote this n x (n — dy) matrix of eigen-
vectors. From the vector of outcomes Y, k € {4,8,12,16} synthetic replicates Yi,....Y
were generated according to equation (4.3) of Battey, Rasines & Tang (2025) and the cor-
responding co-sufficient replicates were constructed as Q; = Vi'Y;/||Vy"Yj|l2. The statistics
Zi,...,Zy were then computed as the m = k(k — 1)/2 inner products (Qj,()z), j # .
When the postulated model is true, these follow the distribution (18) and U; = Fyz(Z;)
has a standard uniform distribution. The rejection regions for the model were thus defined
in the usual way via (10). Table 5 reports the resulting coverage probabilities of the 0.95
nominal-coverage confidence sets and the average number of false models in the set from
500 simulations.
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Direction - R(4 false models
of sonitivity | (10 R) | Coverage  BIM\S| B oty
left (100, 4) | 0.044 613 0.124
right (100, 4) 0.954 603 0.122
left (100, 8) | 0.954 508 0.103
right (100, 8) | 0.962 504 0.102
left (100, 12) | 0.964 477 0.097
right (100, 12) |  0.956 476 0.096
left (100, 16) |  0.956 462 0.093
right (100, 16) | 0.968 460 0.093
left (200, 4) | 0.950 270 0.055
right (200, 4) | 0.954 250 0.051
left (200, 8) | 0.956 213 0.043
right (200, 8) | 0.958 206 0.041
left (200, 12) | 0.958 197 0.040
right (200, 12) | 0.958 192 0.039
left (200, 16) |  0.956 190 0.038
right (200, 16) |  0.950 186 0.038

Table 5: Simulated coverage probability and expected size of the confidence sets of models
from 500 simulations. These were constructed from (10) based on the distribution (18)
of the cosine angles between projected synthetic replicates under each postulated sparse
model.
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