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Abstract

We introduce a method for producing congruences between Hecke eigenclasses, possibly
torsion, in the coherent cohomology of automorphic vector bundles on certain good reduction
Shimura varieties. The congruences are produced using some “generalized Hasse invariants”

adapted to the Ekedahl-Oort stratification of the special fiber.
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Chapter 1

Introduction

1.1 Motivation: Weight 1 Modular Forms mod p

This thesis is concerned with the conjectural correspondence between modular forms mod
p and mod p Galois representations. We will begin by reviewing the first example where
“torsion” phenomena arise: weight 1 modular forms mod p.

Fix an odd prime p and an integer N > 3 relatively prime to p. Let X = X(N)/Z,
be the proper modular curve with full level N structure. We have a universal generalized

elliptic curve £/X, from which we may define a line bundle
w= e} Jx

where e denotes the identity section of &.
Then Katz [18] has defined the space of geometric modular cusp forms of level N, weight

k, and with coefficients in a Z,-algebra R as
Si(R) = H(X,w®*(—c0) ®z, R)

where oo denotes the divisor of cusps of X. When k > 2, Katz proves that for each Z,-algebra



Sk(R) = Sk(Zp) ®zp R.
However when k = 1, this does not hold, and in fact a new phenomenon arises: it can
happen that the reduction mod p map

Sl(Zp> - Sl (Fp>

is not surjective. Modular forms mod p which do not lift to characteristic 0 are termed “ethe-
real” by some authors. The first example of an ethereal form was discovered by Mestre in
1987 for N = 1429, p = 2 (see the appendix of [6].) Further examples were found by Buzzard
in the early 2000’s, including the first examples with p odd [2]. More recently, Schaeffer [33]
has developed an algorithm for finding ethereal forms and has produced extensive tables.
Let us explain what the existence of ethereal forms has to do with the “torsion” in the

title of this thesis. We have a short exact sequence of sheaves on X

0 — w(—00) & w(—00) = w(—00)/p =0

and upon taking cohomology we conclude that

coker(S:(Z,) — S1(F,)) = H (X, w(—00))[p).

The space S;(F,) has an action of Hecke operators Tj, S; for [ { Np. If f € S;(F,) is an

eigenform, then there is a mod p Galois representation

ps:Gq— GL?(FP)

associated to f, even if f is ethereal (we will explain why in the next section). These Galois

representations have the unusual property that they are unramified at p. In fact there is a



diagram

{Eigenforms in S (Qp)} — {p :Ggq — GLz(Qp) odd, unramified at p, .. }

| |

{Eigenforms in $;(F,)} +—— {p: Gq = GLy(F,) odd, unramified at p,--- }

where the top horizontal arrow is the usual Langlands correspondence between weight 1
modular forms and odd two dimensional Artin representations, and the bottom horizontal
arrow is part of Serre’s conjecture. The vertical arrows are reduction mod p.

The fact that the left vertical arrow needn’t be surjective can also be seen on the Galois
side: there exists odd mod p representations unramified at p whose projective image con-
tains PSLy(F,). Such a representation cannot be the reduction of a two dimensional Artin
representation for p > 5.

The basic goal of this thesis is to try to understand this picture for groups beyond GLs.

In particular we want to construct the bottom arrow from left to right.

1.2 Constructing Congruences Using Hasse Invariants

We maintain the notation of the last section. For convenience we let X = Xg, . Let us
suppose we have a Hecke eigenform f € S;(F,). We will sketch how to construct a Galois
representation

py: Gq = GLa(F,)

associated to f.

The key tool will be the Hasse invariant

Ae H(X,w® ™.



We will recall its construction in section [.4] below.

We may form the product Af € S,(F,). By a crucial property of the Hasse invariant
reviewed below, Af is also a Hecke eigenform with the same Hecke eigenvalues as f. But as
it has weight p > 1, it admits a lift to characteristic 0. By the lemma of Deligne-Serre [5],
6.11], we may even pick a lift fes (Qp) which is a Hecke eigenform. Then we make take
pfr = Py, the reduction of the Galois representation associated to f.

In the rest of this thesis we will also want to consider higher coherent cohomology. Let

us suppose then that we have a Hecke eigenform
fe H' (X, w(~00))

that we would like to associate a Galois representation to. Of course, we could use Serre
duality to reduce to the case above, but let us explain a different method which will be a
sort of baby case of the more general argument to be explained in section below.

We may again try to multiply by the Hasse invariant, obtaining
Af € H'(X,w®(—00))

but this space is easily seen to be trivial (recall that p > 2), and hence Af = 0. But all is

not lost: we may consider the short exact sequence of sheaves on X
0 — w(—00) 4 W (—00) = w®|gs — 0
where SS = V(A) C X is the supersingular locus. The resulting long exact sequence reads
HO(X,w®(—00)) — H(SS,w®|ss) > HY(X,w(—00)) = 0

One may show that the surjective map 6 commutes with all the Hecke operators. Hence



there exists a Hecke eigenform g € H?(SS,w®P|gs) with the same Hecke eigenvalues as f
(note that we may not be able to pick g with d(¢g) = f).

Now if we are lucky, d(g) = 0 and so we may find some g € H°(X,w®P) with the same
Hecke eigenvalues as g, and so we are done as before.

If not, then we use a “generalized Hasse invariant”
B € H(SS,w®" 5)

whose construction is explained in section below (see also [35]). Multiplication by B

gives a Hecke equivariant isomorphism
HO(SS, W®p‘SS) ~ HO(SS, w®p2+P—1 |SS)

But now the weight is sufficiently large that Bg may be lifted first to H°(X, w®7’2+p_1(—oo))
and then to characteristic 0.
The idea of using sections of powers of w on the supersingular locus, as well as the “Hasse

invariant” B to raise the weight comes from the paper of Serre [35] (see also the work of

Ghitza [10]).

1.3 Geometric Siegel Modular Forms

We will now explain the methods and results of this thesis. We begin by establishing some
notation. In the body of the thesis we will work with general PEL type modular varieties of
type A and C (to be introduced in Chapter [2)) but for simplicity in this introduction we will
only consider Siegel modular varieties.

Fix a prime p, an integer N > 3 relatively prime to p, and a positive integer ¢g. Let X'/Z,
be the moduli space of principally polarized abelian varieties of dimension g with a principal

level N structure.



Over X we have a universal family 7 : A — X and from it we may form the Hodge bundle

where e : X — A denotes the identity section. It is locally free sheaf of rank g. We may also
consider its determinant

w=det€&.

To each algebraic representation p of GL4 on a finite free Z,-module we may form a vector
bundle V,/X by “applying p to the transition functions of £.” For example this procedure
leads to familiar tensor constructions like Sym"€. The V, are sometimes called automorphic
vector bundles, and they are the natural generalizations of the line bundles w®* when g = 1.
When g > 1 one speaks of sections of V, over XEI as holomorphic Siegel modular forms of
genus g, weight p, and level N (of course classically one would work with complex, rather
than p-adic coefficients).

In this thesis we will also be interested in the higher coherent cohomology of the vector
bundles V,. The Siegel modular varieties X'/Z, are not proper, and in order to have a
reasonable theory of coherent cohomology we need to introduce compactifications, due to
Faltings-Chai [9] in the arithmetic setting.

First, there is a family of toroidal compactifications 7*°° : X — X' indexed by a suit-
able choice of combinatorial data (a so called compatible family of rational polyhedral cone
decompositions.) This choice will be suppressed in what follows, but when it is made ap-
propriately, X*°"/Z, is smooth and proper, with boundary D = X*" — X a relative simple
normal crossing divisor. There is also a minimal (or Baily-Borel or Satake) compactification
gmin s X — X™n. The minimal compactification X™/Z,, is projective and normal, but not

smooth when g > 1. When g > 1 its boundary is not a divisor. In fact it has codimension

'Indeed by Koecher’s principal when g > 1 it is not necessary to impose any condition of “holomorphy
at the cusps.”



g. There is a map X' — X™" fitting into a commutative diagram

The theory of the compactifications X*" and X™" is made somewhat complicated by
the fact that neither can be interpreted as moduli spaces in general. Nonetheless there is a

semiabelian scheme A/X'*" extending the universal family over X. Using it we may define
gean _ B*Qz/xtor,

the so called canonical extension of the Hodge bundle.
We may then define, for each representation p as above, a canonical extension V" J Xt

of V,, to X", as well as a so called subcanonical extension
sub __ can
V= Vi(=D).

One should think of Vpsub as the sheaf whose sections are cusp forms.

Then we may define spaces of geometric Siegel modular formsE|
n tor can n tor sub
H" (™, Viem) and H™ (X VIP)
as well as mod p and mod p” variants

Hn(xtor’ V;)Can/pr) and Hn(xtor’ V;)sub/pr)‘

2 A priori these spaces could depend on the choice of toroidal compactification, but it turns out that they
don’t. See the discussion in section



These spaces carry an action of the Hecke algebra

T = ) Z,[GSpsy (Q1)// GSpay (1)

UNp

and it is this action that makes them interested.

As explained above, when n = 0 one should think of these spaces as holomorphic Siegel
modular forms and holomorphic Siegel cusp forms respectively. When n > 0 they should
be viewed as some sort of “non holomorphic” Siegel modular forms. Indeed by a theorem
of Harris [16], with C coefficients, these spaces can essentially be computed in terms of
automorphic representations on the group GSp,,/Q. A cuspidal automorphic representation
T = ®,7, contributes according to its archimedean component m.,. Following [16], those
that do contribute are called d-cohomological. By a theorem of Mirkovié¢ [16], 3.5], if 7
is tempered and 0-cohomological then it is either discrete series or a non degenerate limit
of discrete series. The former class of representations generalize classical modular forms of
weight k£ > 2, while the latter generalize modular forms of weight 1.

Let us now give three reasons why it is interesting to consider the higher coherent coho-

mology rather than just H°.

1. For g > 2 there should exist L-packets of automorphic representations which contribute
to the higher coherent cohomology of some V, but not to the H? of any vector bundle.
In order to associate GGalois representations to such automorphic representations one

needs to work with higher coherent cohomology.

2. In a recent breakthrough Calegari and Geraghty [3] have extended the Taylor-Wiles
method to situations where the automorphic forms of interest contribute to cohomology
in more than one degree (like the weight 1 modular forms considered earlier.) In
order for their method to succeed, they require the existence of Galois representations
attached to all cohomology classes, including torsion, in the entire range where there

is cohomology. One of the main goals of this work is to produce some of the Galois



representations they require.

3. By modifying a construction of Harris-Lan-Taylor-Thorne [I7] one may construct cer-
tain “boundary cohomology classes” in coherent cohomology out of torsion classes in
the betti cohomology of certain arithmetic locally symmetric spaces. This leads to a
new proof of cases of Scholze’s spectacular work [34]. This is the subject of a forth-

coming paper.

1.4 The Ekedahl-Oort Stratification and Generalized
Hasse Invariants

In this section we let X/F, denote the special fiber of X. The classical Hasse invariant is a

section

Ae H (X, w1

which plays an important role in the construction of congruences between automorphic forms.

We briefly recall one of its constructions. We begin with the relative Verschiebung
V=Vyx: AP — A

where A®) is defined by the Cartesian diagram

AP 5 A

Lo

X =X, x

where F'x denotes the absolute Frobenius on X.

V induces a map on cotangent spaces along the identity section

Vi€ = EW = F}E



where we have used the isomorphism e*Q2! ) x = (e* ), / ). We take its determinant to
obtain

V*w — wP) @

which gives the Hasse invariant

Ae H (X, w® ™.

An abelian variety with non zero Hasse invariant is called ordinary. We have a (set

theoretic) decomposition of X into its ordinary and non ordinary loci
X = Xord U XNO

where XNO is exactly the zero locus of A.

There are several ways to further stratify X according to finer invariants of abelian
varieties in characteristic p. The one that will play a role in this thesis is the Ekedahl-Oort
stratification [28]. Its definition begins with the surprising observation that for a principally
polarized abelian variety A over an algebraically closed field k of characteristic p, there are
only finite many possibilities for its p-torsion A[p| as a finite group scheme over k up to
isomorphism.

This observation leads to a set theoretic decomposition

X:HXw

weWwl

of X by reduced locally closed subschemes X, which is characterized in the following way:
two geometric points z,y € A(k) lie in the same X, if and only if A,[p] = A,[p].

The indexing set W is a certain set of Weyl group Coset representatives which we now
describe. Let W be the Weyl group of type C,. Concretely, we realize this as the subgroup
of Sy, given by

W={we Sy |w2g+1—1)=2g+1—w()}.

10



The group W is generated by the simple reflections

si=(i+1)(29g—i29g+1—4) i=1,...,9g—1

sg=1(9g9+1)

Then let I = {1,...,g— 1} and let W} be the subgroup of W generated by s; for i € I (this
is nothing but the symmetric group on g letters.) Then the indexing set W' is the set of

minimal length coset representatives for W/W;. Explicitly it is the set of w € W/ satisfying

w(l) <w(2) < - <w(g).

We will explain how this indexing comes about below.

The classical Hasse invariant recalled above lives on all of X and its non vanishing locus
is the ordinary locus X°¥. Our generalized Hasse invariants live on the closed strata X,
and they are non vanishing on X,,. That is, they cut out X,, — X,,, the union of the strata

lying in the closure of the open stratum X,,.

Theorem A (Existence of generalized Hasse invariants). For each w € W! there is an
integer Ny, > 0 and a section

A, € HO(Yw,w@)N‘”)
with the following properties:

1. A, is non vanishing precisely on X,,.

2. For every Hecke correspondence X &Y 23 X we have

pTAw = PSAw

thought of as sections of piw ~ piw over p;*(Xy) = pyt (Xw).

11



In fact we prove an analogous result for any PEL modular variety of type A or C, see
Theorem [4.5.4

We now give an overview of the construction of the Hasse invariants in the theorem.
We use the theory of the canonical filtration due to Oort [28]. In fact, our construction is
directly motivated by the “generalized Raynaud trick” of Ekedahl and Oort. Let (A, \) be
a principally polarized abelian variety of dimension g over an algebraically closed field k of

characteristic p. Then there is a canonical filtration
0=GyCGy CGyC---CG, =A[]p

of the p-torsion subgroup scheme Al[p| by finite subgroup schemes which is defined as the
coarsest filtration such that for every i, F~1(G"), V(G'")) are both terms in the filtration.

Here F' and V are the Frobenius
F: Alp] — (A[p)®

and Verschiebung
Vi (A[p)® — Alp]

respectively. Note that G. = ker F' = imV is always a term in the canonical filtration.
Moreover the canonical filtration is always self dual in the sense that G; = G+ , under
the Weil pairing induced by A. In particular n = 2c¢ is even and for every ¢ > j we have
isomorphisms G;/G; ~ (Gae_j/Gae—i)? (here for a finite flat group scheme G we denote its
cartier dual by GP.) Note that while the canonical filtration itself does not depend on the
principal polarization A, these isomorphisms do.

A crucial property of the canonical filtration is that there exists a permutation o :

{1,...,2c} — {1,...,2c} with the property that

12



1. Forz=1,...,c we have

and

is an isomorphism.

2. Fori=c+1,...,2c,
F_l((Ga(i))(p)) = Gy, F_l((Ga(i)fl)(p)) = Gi_1,
and
F:Gi/Gio1 = (Gowy/Gogiy-1)P
is an isomorphism.

Let the order of G; be p¥i. It turns out that the k; and the permutation ¢ determine the
group A[p] up to isomorphism, and so determine which Ekedahl-Oort stratum (A, A) lies in.

The Weyl group element w associated to this Ekedahl-Oort stratum is the unique w € W?

with
U)J?(kl) = l{?g(i)
forv=1,...,2c, where x € W is the permutation given by
x(i)=14+g fori=1,...,¢g
and

x(i)=i—g fori=g+1,...,2¢.

Now consider an Ekedahl-Oort stratum X, and the universal abelian scheme A over it.

13



It is not difficult to show that over X, A[p] has a canonical filtration
O:GOCG1C"‘CGQC:A[p]

by finite flat subgroup schemes G; over X,, which over each geometric point gives the canon-
ical filtration considered above. For this it is crucial that we are working in a fixed EO
stratum. We remind the reader that the category of finite flat group schemes over a general
base is not abelian, and that a finite flat subgroup scheme H C G is a homomorphism of
finite flat groups schemes which is a closed immersion.

Moreover, over all of X, we still have isomorphisms
Ve (Ga(i)/Ga(i)fl)(p) — Gi/Giy

fori=1,...,cand

F Gi/Gi_l — (Ga(i)/Ga(i)—l)(p)

fort=c+1,...,2c.

For a finite flat group scheme G/S we let
wg = € Qg /s

It can be shown that wg, /¢, , is locally free for i = 1,...,2c unless ¢ = 2c and o(2c) = 2¢
(in which case A[p]/Gac—1 is étale.) Hence we can define line bundles w; = det wg, /¢,_,, again

unless ¢ = 2c and o(2¢) = 2¢. Cartier duality defines isomorphisms
Wi & Wye 1

unless ¢ =1 and (1) =1 or i = 2c and o(2c) = 2c.

14



Now differentiating Verschiebung and taking determinants we get isomorphisms

V*:iw; — w%)

or in other words, nonvanishing sections
- ®
B; € H(Xu,wi ™ @wlh).

Now G. = ker F : A — A® and hence wg, = wy = w, the determinant of the Hodge

bundle. From this we obtain an isomorphism

C
o= Qe
i=1

Now for suitable integers r;, i = 1,...,c¢ (some possibly negative!) we can form the

alternating product
C

A, =[] B € H'(Xu, ™).
=1

The r; are chosen to make this combination of the B; a section of a positive power of w.

Then what we want to prove is

Key Claim. Some power A, of A!, extends to a section A, € H(X,, w®Nw) which is non

vanishing precisely on X,,.

Here is the idea: we would like to extend the canonical filtration on X, to X,,. Unfortu-
nately this is impossible: it need not attain a limit, even in codimension 1. To remedy this
we introduce some auxiliary moduli spaces of abelian varieties with parahoric level structure.

Let X be the moduli space of principally polarized abelian varieties (A, A) in characteristic
p along with a self dual filtration of A[p] by finite flat group schemes G; with |G;| = p".
Then there is a proper map 7 : X — X given by “forgetting the level structure.” Over the

Ekedahl-Oort stratum X,,, 7 admits a section s given by the canonical filtration.

15



We let X,, be the Zariski closure of s(X,) . Now the situation has improved for the

following reasons:

1. Because the canonical filtration over s(X,,) extends to a filtration over X,,, we can
extend the line bundles w; and the sections B; as well (although they will no longer be

non vanishing.)

2. X, can be studied using Grothendieck-Messing theory [4]. In particular it is normal

and X, — s(X,) is a union of divisors.

3. By a formal argument, in order to prove the key claim it suffices to show that A/

extends to a section of w™» over X,, whose non vanishing locus is precisely s(X,,).

Thus in order to complete the proof we have to

1. Compute the order of vanishing ordp(B;) for i = 1, ..., c and each irreducible compo-

nent D of X,, — s(X,,).

2. Show that for each irreducible component D of the boundary
ordp(Ay,) = ZriordD(Bi) >0
i=1

The first is reduced, via Grothendieck-Messing theory, to a completely explicit problem about

sections of line bundles on Schubert varieties. The second is combinatorics.

1.5 Hasse Invariants at the Boundary

For our applications to the construction of congruences, it is important to understand how
the Hasse invariants A, of the previous section behave at the boundary of the minimal
compactification X. This subject is rather technical, so let us only mention some of the

results.

16



First of all, the Ekedahl-Oort stratification extends to the minimal compactification (see

Theorem (6.1.6}) Let X™" = A" Then we have

Xrnin _ H Xglin
wew!
The following theorem is somewhat technical and we refer the reader to the text for a

precise statement.

Theorem B. 1. The Hasse invariants A, € H°(X,,w") extends to a section A, €

~=min

HY(X,, ,w) whose nonvanishing locus is X™".

2. Ay is “nice” at the boundary. See Theorem[6.2.5 for a precise statement.

Roughly what “nice” means in the statement of the theorem is that the Fourier-Jacobi
expansion of A,, along each boundary component has only a constant term, and that constant
term is a suitable Hasse invariant on a lower dimensional PEL modular variety.

As a corollary we have the following theorem which answers in the affirmative a question

of Oort [28]:
Theorem C. The open Ekedahl-Oort strata of the minimal compactification X™ are affine.

Indeed this follows immediately from the fact that the non vanishing locus of an ample

line bundle on a proper variety is affine.

1.6 Constructing Congruences

In this section we explain how to use the generalized Hasse invariants of the last sections to
produce congruences. The idea is this: for any automorphic vector bundle V,, and nonnegative
integers r and n, we want to study the Hecke modules H"(X*", V;“b /p"). We would like to
relate it to a space of modular forms in characteristic 0 that we can already attach Galois
representations to. Here is the result, Theorem in the text, which may be regarded as

the main result of this thesis.
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Theorem D. For any automorphic vector bundle V, and integers r and n, there is an
integer C' (which can be taken to be as large as desired) such that H™" (X', V" /p") is a

Hecke equivariant sub quotient of H° (X%, V;Ub ® w’).
Before discusses the proof of Theorem |D| let us mention some related work.

e For Hilbert modular varieties, the analogous result was proved by Emerton-Reduzzi-

Xiao [§]

e Building on methods of Scholze [34], Pilloni and Stroh [29] have proved an analog of
Theorem [D| where X" is replaced by a “strange integral model” coming from the
theory of the Hodge-Tate period map. At the present time, it is not clear if there is

any relation between the two results.
e A similar result has also been announced by Goldring and Geraghty.

The first step in the proof of Theorem [D] is to pass from the toroidal compactification
to the minimal compactification. By a Theorem discovered independently by Harris, Lan,
Taylor, and Thorne [I7] and by Andreatta, Iovita, and Pilloni [I] (see Theorem [3.3.6) if

7 X' — X™Win j5 the canonical map, then for i > 0
Riﬂ*‘/I;SUb = 0.

Let V = mVj“b. We warn that V' is not usually a vector bundle. This, along with the
fact that A™™"/Z, is not smooth at the boundary is the source of technical complications.
On the other hand there is something important to be gained from working on the minimal
compactification: w is ample.

Now in order to prove Theorem @, we need to show that H™(X™" V/p") is a Hecke
equivariant sub quotient of H(X™ V @ w®) for some large C.

Let us explain the idea of the proof. Recall that X™" = XP‘E:“ has an Ekedahl-Oort
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stratification

min _ H Xglin

wew!
and we denote the closure of X™" hy X .
Fori=0,...,dim X = @ we let
Xi _ U yzin
l(w)=dim X —

be the union of the codimension 7 EO strata. Then each X; is a reduced closed subscheme
of X™" and every irreducible component has codimension i in X. By a formal argument,
on each X; we can construct a “glued Hasse invariant” A; € H°(X;,w®") which has the
property that its restriction to each YTH in the union above is a suitable power of the Hasse

invariant A,, on yzlin . In particular A; has the following properties:
e The zero locus of A; is set theoretically X, 1.
e The section A; is “compatible” with all Hecke correspondences.
Now in order to prove Theorem |D| we will inductively construct the following objects

1. Closed subschemas X'i of ™" with reduction ()N(i)red = X, and which are Hecke stable

in the sense that for each Hecke correspondence X & Y 3 X we have
“1ivy =l ¥
pr (Xi) = py (X3)

2. Sections /L eH O(XZ-, wNi) whose restriction to the reduction X; is a suitable power of

A; and which are compatible with the Hecke correspondences in the natural sense.

3. Hecke equivariant surjections

<)

H* 7 (X, V@ wMit g ) = H' (X, V @ w®
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The argument proceeds in the following steps:

e To start the induction we take X, = A™in Xz, Z/p" and My = 0, so that the target
of the chain of surjections produced in 3 above is H"(X™*,V/p"), the space we want to

understand in Theorem

e The construction of /L given XZ is formal: Afm has a canonical lift to X, for m
sufficiently large. The compatibility with Hecke correspondences also follows from the

canonicity.

e Now consider the following sequence of coherent sheaves on X

Ak LR L
0= Veow|z = VewMiti oV g @Mtk

v(ir) = 0 (*)
where V(AF) denotes the vanishing locus of the section A* on Xj.
Key Claim. This sequence is exact.

Admitting this for the moment we consider a part of the long exact sequence in coho-

mology:
anifl(v(;lf)’ V& w@MrFkN,‘) N ani()z*h V& w®Mi) N ani()z*i’ V® w®Mi+kN¢>
Now recall that w is ample on X and as n —¢ > 0 we can pick k sufficiently large that
H (X, V@w®Mi) =0

by Serre vanishing. Then we can take M., = M; + kN; and X, = V(flf) and the
map

H" 7N (X1, Vi @ wOMi1) — B X, Vi, ® w®M)

in the above long exact sequence gives the desired surjection.
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We now turn to the key claim in the above argument, namely the exactness of @ This
is actually quite delicate at the boundary, where the full strength of Theorem [B] is used.
Here we content ourselves with explaining why it is true in the interior. In the interior,
V is locally free, so the claim amounts to the fact that A; is a non zero divisor on the
interior of X;. Now X; is cut out by the sequence p", 21’50, e ,flffll, which, by induction, is
a regular sequence. Hence as X is regular, the interior of X; is Cohen-Macaulay (this step
in the argument breaks down at the boundary.) Thus in order to check that A; is a non
zero divisor, it suffices to check that it doesn’t vanish identically on any reduced irreducible
component. But this follows from our knowledge of the set theoretic vanishing locus of A;.

To summarize what we have done towards proving Theorem [D] we have constructed a
closed subscheme X,, of X, a section A, € HY(X,,,w™") which is a non zero divisor on V| o

and a Hecke equivariant surjection
H(X,, V@uwM|g )= H (&A™ V/p").
Now consider the short exact sequence of coherent sheaves on ™"
0 K—=Vew 3Vewr| i —o0.

where K is just the kernel of the restriction map on the right. Tensoring with wtNe and

taking cohomology we obtain an exact sequence
HO(X*,V @Mtk 55 (10X, V @ wM iy o i (amin, K @ w®),

By Serre vanishing we can pick k large enough so that the term on the right vanishes. Then

the restriction map is surjective.

21



Now consider the diagram

HY(X,,V@wdM)  —— Hr(xmin V/pr)

&

HO(Xmm, Ve w@Mn+kan) res HO(X'm V& w@Mn+k:Nn)

where all the maps are Hecke equivariant, the horizontal maps are sujections, and the vertical

map is injective. This gives Theorem @ with C' = M, + kN,,.

1.7 Overview and Advice for the Reader

Chapter [2|is a review of the theory of PEL modular varieties, while Chapter [3| is concerned
with their compactifications. Nothing except possibly the results of section can be
considered new, and we follow Lan [2I] closely. These chapters can probably be skipped
and referred back to as necessary (and moreover the results of Chapter [3| are not used until
Chapter [6). Chapter [4] is concerned with the Ekedahl-Oort stratification, the theory of the
canonical filtration, and generalized Hasse invariants on open Ekedahl-Oort strata. The
first main result of this thesis is proved in Chapter [5, where the proof of the existence
of generalized Hasse invariants is completed. In Chapter [6] we study the Ekedahl-Oort
stratification and generalized Hasse invariants at the boundary. Finally the argument for
constructing congruences is presented in Chapter

On first reading, the reader is advised to consider only the case of compact Shimura
varieties. Then chapters 3 and 6 can be skipped, as well as all the details concerning the

boundary in chapter 7.

1.8 Notation and Conventions

Throughout this thesis we fix a rational prime p, an algebraic closure Qp of Q,, and an

isomorphism ¢ : Qp ~ C. We let E be a finite extension of Q, contained in Qp with integer
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ring R, uniformizer 7 and residue field k. We will freely enlarge E as necessary throughout
the text.

We let

20 =1]z, z=]]z

Ip !
and

A" =7P2Q, A*=Z®Q, A=RxA™

Throughout the text we will use X with various decorations to denote a PEL modular
variety, or a compactification or completion etc over R. We will use X with the same
decorations for its base change to k.

Throughout this thesis all schemes are assumed to be locally noetherian unless mentioned

otherwise. We make the following conventions regarding group schemes:
e All group schemes will be commutative.

e For a flat group scheme G/S for S/F, we have [I4] VIIa 4] relative Frobenius and

Verschiebung homomorphisms which we will denote by
F:G— GW

and

V:.GWP - @,

They are functorial, compatible with arbitrary base change, and satisfy V F' = [p]g and

FV = [plgw -

o We embed the category of commutative group schemes over S into the category of fppf
sheaves of commutative groups on S. When we speak of injective or surjective group
homomorphisms we should always mean in the sense of the corresponding morphisms

of fppf sheaves (note that this conflicts with the meaning of these words in scheme
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theory!) Similarly we form kernels, cokerenels, and images in the category of fppf
sheaves of commutative groups (so in particular cokernels and images need not be

representable), and a sequence of maps

G1—>G2—>G3

of commutative group schemes is said to be exact at (G, if the corresponding sequence

of fppf sheaves is.

For G/S a finite flat group scheme, we denote by

GP = Hom(G,%,,)

its Cartier dual.
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Chapter 2

Good Reduction PEL Modular

Varieties

In this chapter we review the theory of PEL modular varieties and automorphic vector
bundles on them. Basic references for this subject are [19] and [21]. We will mostly adopt

the approach of [21].
We let Z(1) = 2miZ. For any Z-module M we denote M (1) = M ® Z(1).

2.1 PEL Datum
In this section we recall some definitions that are needed to formulate PEL moduli problems.
Definition 2.1.1. A rational PEL datum is a tuple (B, *,V,(-,-), h) where

e B is a finite dimensional semisimple Q-algebra.

e x is a positive involution on B (i.e. trg,q(xx*) > 0 for all nonzero x € B.)

e V is a finitely generated, left B-module (which we do not assume is faithful!)
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o (-,-): V xV — Q(1) is an alternating form such that
(bv, w) = (v, b*w)

for all v,w € V and b € B.

e h: C — Endp, (V) is a homomorphism of R-algebras such that
(h(z)v,w) = (v, h(Z)w)

for all z € C and v,w € V, and such that the symmetric form 1/(27%)(v, h(i)w) is

positive definite.

Let (B, ) be a finite dimensional semisimple Q algebra with positive involution as above
and let F' be its center. We let T denote the set of embeddings 7 : F' — C. Via the fixed
isomorphism ¢ : Qp ~ C we may also view it as the set of embeddings 7 : F' — Qp. We have

a decomposition

F=]]#

[7]
of F into a product of number fields, where the product is indexed by Aut(C) orbits of T.

We have a corresponding decomposition

B=1]5m

[7]

of B where By is simple with center F};;. The positivity of the involution * forces it to
preserve this decomposition, and hence (B, ) is a product of finite dimensional simple Q-
algebras with positive involution.

We now recall that a simple Q-algebra with positive involution (B,x) falls into one of

three classes. We let F' denote the center of B and F* C F the subfield fixed by .
1. (Type A) F/F™ is a totally imaginary quadratic extension of a totally real field F*.
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2. (Type C) F = F7 is totally real and for every embedding 7 : FF - R, B ®p, R ~

M,,(R) for some integer n.

3. (Type D) F = F™ is totally real and for every embedding 7 : F — R, B ®p, R ~

M, (H) for some integer n, where H denotes the real quaternion algebra.

For technical reasons we will exclude case D throughout this thesis. We say that the PEL
datum (B, *,V,(-,-,),h) has no factors of type D if in the decomposition of B into simple
factors as above, none of the factors is of type D.

The homomorphism h defines a decomposition

VeC=VoVf

as C vector spaces where h(z) acts as z on Vj and Z on V{. This decomposition is stable

under the action of B, and each factor is (maximal) isotropic for (-, -).

Definition 2.1.2. The reflex field of the PEL datum (B,x*,V, (-}, h) is the subfield Fy of
C over which the B ® C module Vj is defined, i.e. it is the subfield of C fixed by all those
o € Aut(C) such that

Ve = Vp ®c, C ~ V

as B® C modules. Equivalently it is the subfield of C generated by the traces tr(b|Vj) for all
b € B, where the trace is taken with b thought of as an endomorphism of the C vector space
Vo. (We remind the reader that there need not exist a B® Fy module W with W @ C ~ Vj
as B ® C-modules.)

Definition 2.1.3. An integral structure on a rational PEL datum (B,*,V,(-,-), h) is the

additional choice of © and L where

e (O an order in B which is stable under .
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e [ is a lattice in V which is stable by O and such that for all z,y € L

(x,y) € Z(1).

An integral PEL datum is a tuple (O, x, L, (-, -), h) consisting of a rational PEL datum with
an integral structure. We omit B and V from the notation as they can be recovered as O ® Q

and L ® Q respectively.
Definition 2.1.4. Given an integral PEL datum (O, *, L, (-, -), h) define an algebraic group
G/Z by

G(A) = {(g,a) € GLoga(L ® A) x A* | (gx, gy) = a(z,y),Vr,y € L ® A}

for all rings A. We note that G ® Q depends only on the rational PEL datum.

Next we recall what it means for a compact open subgroup K C G(AP**) to be neat as

in Lan [21, 1.4.1.8] (see also Pink [30].)

Definition 2.1.5. Let g, = (g9,a) € G(Qy). Then let I'j, be subgroup of Q; generated by
a and the eigenvalues of g thought of as an element of GL(L ® Q). For any embedding
Q — Q, consider the torsion subgroup (QX NIy, )tors- This does not depend on the choice
of the embedding.

Then an element g = (g;) € G(A>P) is said to be neat if

ﬂl;ﬁp(ax N Fgl)tors = {1}

An open compact subgroup K C G(AP*) is said to be neat if every g € K is.

Definition 2.1.6. We say that a rational prime p is a good prime for an integral PEL

datum (O, *, L, (-,-,), h) with no factors of type D if p { Disco[LY : L], where Disce is the
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discriminant of @, and LV is the dual lattice
LY ={zx eV | {(x,y) € Z(1),Vy € L}.

For the rest of this chapter assume that p is a good prime for the integral PEL datum
(O,%,L,(-,-),h). The fact that p{ Discp implies (see e.g. [21, 1.1.1.21]) that

O®Z,= H M, (Or,) ® Zy)
(7]

where nj;) = dimp, | B[IT/]2 and moreover that p is unramified in each Fj;j. In particular

0=0@F,=]] MOk, &F,)
[7]
is a semisimple F, algebra with involution, and we may identify 7 with the set of ring
homomorphisms Op — F,,.

The moduli problem associated to an integral PEL datum is naturally defined over the
reflex field Fy. Then if p is a good prime, one can even work integrally over Op, (. For
studying rationality properties of automorphic forms, it is important to work over a number
field like Fj or a more integral variant. However for the purposes of studying congruences,
it is more convenient to work over a p-adic base. Moreover we have no reason to work over
a small field or ring of coefficients and we will readily enlarge it whenever it is convenient.
Let us now introduce the base we will work over.

Let E C Qp be a finite extension of Q, which contains the images of all the embeddings
71 F — Q. We can take E to be unramified over Q,, but this is not necessary. We note
that E contains the reflex field F thought of as a subfield of Qp via i : Qp ~ C. Welet R
be the integer ring of F, denote a uniformizer by 7 and let & be its residue field, which has

a canonical embedding into Fp.
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By our choice of R, it is easy to see that there is an O ® R module L( such we have

Lo®r C >~V

as O ® C-modules. Moreover Lg is unique up to isomorphism.

Next we introduce some notation for formulating the Kottwitz determinant condition.
We follow the coordinate free approach of Lan [21], which is based on that of Rapoport-Zink
[31].

Definition 2.1.7. Let S be any scheme.

1. We have a quasi-coherent sheaf of Og-algebras

05]0Y] := 05 ® Z[0"]

where Z[OV] is the symmetric algebra

Z[0Y] = Symy(OY).

A choice of a Z-basis «ay,...,qa, of O with dual basis af,...,«) of OV defines an
isomorphism

Z(OY| ~ Zlxy, ..., 1,
sending o to ;.

2. Given a locally free sheaf of finite rank £ on S with an Og linear action of O, we define

a section Detpje of Og[OV] as follows: choose a basis a1, ..., q, for O and dual basis
ay,...,a) of OV and consider

det(ziay + -+ + 2p,|E) € Os @ Z[xy, ..., x,].
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Via the isomorphism Z[OV] ~ Z[z1, ..., x,] above this gives the desired section. One

readily checks that it does not depend on the choice of basis of O.

This definition is motivated by the following easy lemma, which we refer to [21], 1.1.2.20]

for a proof.

Lemma 2.1.8. Let k be a field such that O ® k is a separable k algebra. Then if Vi and
Vi are two finite dimensional O ® k modules which are finite dimensional as k-vector spaces
such that

Det(g‘vl = Det@‘vg
then Vi ~ V5 as O @ k modules.

We note that the reason for working with determinants rather than traces is that other-

wise, this lemma would be false if k has positive characteristic.

2.2 PEL Modular Varieties

Let (O,*,L,{(-,-),h) be an integral PEL datum without factors of type D for which p is a
good prime. Following Lan [21], we give two different descriptions of the associated PEL
moduli problem. The first moduli problem involves abelian schemes with extra structure up

to isomorphism.

Definition 2.2.1. For a compact open subgroup K C G(Z(p)) we define a functor MEom

which sends an R-scheme S to the set of isomorphism classes of tuples (A, A, i, ax) where
1. A/S is an abelian scheme.
2. A\: A— AV is a prime to p polarization of A.

3. i: O — Endg(A) is a ring homomorphism compatible with A in the sense that



for all x € O and such that the Kottwitz condition is satisfied:

DetO\Lie(A/S) = Deto|LO € OS[OV]

where the finite locally free Og-module Lie(A/S) has an Og-linear action of O via 7.

4. ag is an integral level K structure of (A4, A, ) in these sense of Defnition 1.3.7.6 of Lan

21].

and an isomorphism between (A, \,i,ax) and (A, N, o)) is given by an isomorphism

f: A— A of abelian schemes which is compatible with A and ¢ in the sense that

A= fYNf

and

fi(x) =i'(z)f

for all x € O, and moreover f sends the level K structure ax to o/ in the sense explained

in Definition 1.4.1.4 of [21].

We do not recall Lan’s somewhat complicated definition of an integral level K structure
in 4 above. However below we will give an equivalent but simpler definition that works when
the base S is locally noetherian.

Now we give the second version of the moduli problem, involving abelian schemes with
extra structure up to prime to p isogeny, which is however only defined on locally noetherian

schemes.

Definition 2.2.2. For a compact open subgroup K C G(A**) we define a functor M8
which sends a locally noetherian R-scheme S to the set of isomorphism classes of tuples
(A, N\, i, ag) where

1. A/S is an abelian scheme.
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2. A: A — AY is a prime to p quasi-polarization of A. (We remind the reader that a
prime to p quasi-polarization is a prime to p quasi-isogeny such that there exists an

integer N > 0 with N\ a polarization.)

3. 1: 0O®Zgy — Endg(A) ® Zg,) is a ring homomorphism compatible with A in the sense
that
Xi(z*) = i(x)" )\

forallz € O ® Z(p) and such that the Kottwitz condition is satisfied:

DetO\Lie(A/S) = Det@“;o € Os[ov]

where the locally free of finite rank Og-module Lie(A/S) has an Og-linear action of O
via 1.
4. ag is a rational level K structure of (A, \, ).
and an isomorphism between (A, \, i, ax) and (A, N7, o)) is given by a prime to p quasi-
isogeny f: A — A’ of abelian schemes which is compatible with A and ¢ in the sense that

A=rfYNf

for some locally constant function r : .S — Z(Xp’)>0 and

fi(z) =i'(x)f

for all x € O ® Z(,), and moreover f sends the level K structure ax to oy in the sense

explained below.

Let us now recall the definitions of the rational and integral level K structures appearing

in the moduli problem, at least when the base S is locally noetherian.
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Definition 2.2.3. 1. Let S be a locally noetherian scheme, let (A, A, %) be as in definition

2.2.2| and let K C G(A°?) be a compact open subgroup.

First assume that S is connected and pick a geometric point s of S. Then a rational

level K structure ax on (A, X\, 1) is a m1(5,3) invariant K-orbit of pairs (a, v) where
a: L @A®P ~VPA

is an O invariant isomorphism of A°P-modules, and
v:A®P(1) ~ VPG,

is an isomorphism such that

(L& A®P) x (L@ A®P) —20 A%p(1)

Jaxa I»

VPA: X VPA; — L VPG,

commutes. Here VV? denotes the rational, prime to p adelic Tate module, e* is the Weil
pairing induced by the polarization, and G(Aoo’p) acts on the set of (o, ) on the right
via its action on L ® AP and A*P(1) (the later being via the similitude factor.)

If f: (AN i) — (A, N,7)is aprime to p quasi-isogeny with similitude factor r € Z(Xp’)>0

as in the definition, then from a pair («, v) for (A, \, i) as above we define (/') via
o =VP(f)a and v/ = r~lv. In this way f sends a level K-structure ax on (4, \,4) to

a level K structure o/ on (A, X', 7).

By a standard argument which we don’t recall here the notion of a rational level K
structure is canonically independent of the base point 5. Finally if S is not necessar-
ily connected then a rational level K structure on (A, A, ) is just a rational level K

structure in the sense above on each connected component of S.
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2. Continue to assume that S is a locally noetherian scheme and now let (A, \, i) be as

in definition [2.2.1] and let K C G(Z°®) be open compact.

Let ax be a rational level K structure on (A, A7) as above. Then a is said to be
an integral level K structure if for every geometric point § of S, and every pair (o, v)
in the m(S,3) invariant K orbit as above, o and v define isomorphisms between the

natural Z® lattices on both sides, i.e. we have
a: L@ZWP ~TPA,

and

v:ZP(1) ~ TPG,,

isomorphisms of Z(”)—modules, where TP denotes the integral prime to p adelic Tate

module.

Remark 2.2.4. Lan [21] 1.3.7.6] has given a definition of an integral level K structure which
does not require the base S to be locally noetherian. Then he proves in Lemma 1.3.8.5 and
the discussion before it that this definition is the same as the one given above when the base
is locally noetherian. As the functor M¥™ will turn out to be finitely presented (see below)
it is determined by its points on locally noetherian schemes. Nonetheless, Lan’s definition

seems to be better adapted to his study of level structures on degenerating abelian varieties.

Let Mfiiom’LN denote the restriction of the functor ME°™ to the category of locally noethe-

rian R-schemes. Then there is an obvious natural transformation
ME™EN _y ppisos

sending a tuple (A, \, i, ak) to its prime to p quasi-isogeny class. It is not difficult to see
that this defines an isomorphism of functors (see |21} 1.4.3.4].)

We now make some remarks about these definitions.

35



Remark 2.2.5. 1. The reader may wonder why we would want to have both descriptions
of the moduli problem. For many purposes, for example for defining Hecke actions as
in Section below, it is more convenient to work with abelian schemes up to isogeny.
However for many questions of a local nature, such as the theory of degeneration, it
seems more suitable to work with abelian varieties up to isomorphism (at least that is
the approach of [9] and [21].) In particular the results on compactifications from [21]

which we refer to extensively are written in this way:.

The reader may note that in order to consider ME™ we assumed that K C G (Z(p)),
while in order to consider M*® we could work with any K C G(A>?). However there
is not actually any generality lost by working with the first moduli problem. Indeed
it is not difficult to show that for any fixed K" C G(A>?) one can pick a new lattice
L' C V so that (O,%,L' (-,-),h) is also an integral PEL datum with p as a good
prime, and K stabilizes L' in the sense that if G’ denotes the new Z structure on Gq
determined by L, then K C G'(Z®). The moduli problems ME°% associated to these

two integral PEL data are the same.

2. The reader may also note that the definition of M only involves O ® Zp), L®ASP,
and L ® R and not O and L. Similarly in the definition of ME™ we only need the

adelic object L ® Z® and L ® R and not the lattice L.

Next we recall the following theorem of Kottwitz. A detailed proof (which is also different

from that of Kottwitz) can be found in [21].

Theorem 2.2.6 ([21) 1.4.1.11, 7.2.3.10]). Suppose K C G(A>P) is a neat compact open.
Then:

1. The objects parameterized by M}?Og have no non trivial automorphisms.

2. M}?Og is represented by a smooth quasi-projective scheme Xk /R.
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2.3 Automorphic Vector Bundles

The goal of this section is to define some automorphic vector bundles on our PEL moduli
spaces. Let K C G(A*P?) be a neat open compact subgroup. Let (A, A, i, ax) be a member
of the universal isogeny class over Xx. To it we associate a pair (w4, Ox,) of a vector
bundle with an O ® Z,) action and a line bundle. If (A’, X', 4, o/x) is another member of
the same isogeny class, then by the neatness of K there is a unique prime to p quasi-isogeny

fa(A N ag)— (AN 7, a), as in definition which defines an isomorphism of pairs
<WA7 OXK) x>~ (WA/, OXK)

which is (f*)~! on the first factor, and multiplication by 7 on the second factor, where r is
the locally constant Z(Xp ’)>0 valued function on S such that A = rfY\'f.

In this way we obtain a canonical pair (£x,Zk) of a vector bundle with an O ® Z,)
action and a line bundle on Xk which is independent of the choice of (A, A\, 7, k) in the
universal isogeny class. (The reason for this slightly convoluted definition will become clear
in the next section when we define Hecke actions. In particular the trivial line bundle =g

will have a non trivial Hecke action.)

Definition 2.3.1. 1. Let M/R be the affine algebraic group representing the functor
M(A) = GLog,a(Ly @r A) x A*

for R-algebras A.

2. The principal M-bundle on Xy is defined by

Pk (S) = Isomogos ((Ex @ Og,Ex @ Os), (Lo ® Og, R ® Og))

3. For any algebraic representation p of M on a finite R-module W define the coherent
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sheaf
vaJ( = PK XM W

It is functorial in p.

For example we have

Vi =€k
and
Vaerry x = det & =: wi.
Proposition 2.3.2. 1. If p is an algebraic representation on a finite free R-module (resp.

a finite free R/m"-module) then V, i is a locally free sheaf on Xy (resp. a locally free
sheaf on X x R/7".)

2. If0 — p — p— p”" — 0is a short exact sequence of algebraic representations of M

then we have a short exact sequence
0— VplyK — Vp,K — Vp//J( —0

of sheaves on X .

3. If p is an algebraic representation of M on a finite R-module and k is any integer then

_ ®k
Vogdeth Ly i = Vo @ Wi

2.4 Hecke Action

Suppose we have g € G(A*?) and K, K’ C G(A*P) compact open subgroups satisfying

g 'Kg C K'. Then we can define a natural transformation

Mg%® — Mg®
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as follows: send a point (A, A\.i, ak) to (A, A, i, axr) where if 5 is a geometric point of S and
(a, V) K is the m1(S,3) stable K orbit given by ag, then (a,v)gK’ is the m;(S,3) stable K’
orbit corresponding to agr. If K’ is neat then so is K and the above natural transformation
defines a map

[g] X — Xk,

Here are the basic facts about Hecke actions on the modular varieties and automorphic

vector bundles.

Proposition 2.4.1. Let g € G(A™P?) and let K, K' C G(A*P) be open compact subgroups

satisfying g 1 Kg C K'. Suppose K' is neat. Then
1. The map [g] : Xk — Xk is finite, étale, and surjective.

2. If p is any algebraic representation of M as in the last section, then there is a canonical
1somorphism

g: 9" Voxr — Vyk.

3. If ¢ € G(A®P?) and K" C G(A>®P) are such that ¢ ' K'g’ C K" and K" is neat then
991 =970 [9] : X — X
and for any p we have

99" =golgl"(g") : 99T Vo = Vok.

2.5 Morphism to Siegel Space

We continue to let (O, *, L, (-,-),h) be an integral PEL datum without factors of type D

for which p is a good prime. In this section we recall that there is are canonical maps from
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general PEL type modular varieties to Siegel modular varieties given by “forgetting the extra
endomorphisms.”

Let us consider a new integral PEL datum
(Za 1d7 L7 <'7 '>7 h’)

This PEL datum has type C, reflex field Q, and p is still a good prime for it. We let G be
the corresponding group as in definition , and for K ¢ G (A°>P) open and compact, let
M}?Og be the corresponding moduli problems. Moreover if K C G(A>?) is neat let Xz /R
denote the corresponding PEL modular variety.

The group G is naturally a closed subgroup scheme of G. Suppose we have open compact
subgroups K C G(A>P) and K C G(A*") such that K C K. Then there is a natural
transformation

isog “risog
M® — M

defined as follows: send a tuple (A, \, 4, ax) to (A, A, iy, o) where A and A are unchanged,
io : Ly — Endg(A) ® Z, is the unique such homomorphism (note that the determinant
condition is trivial in this case) and aj is defined by sending a (S, 3) invariant K orbit
of pairs (a, v) to its K orbit (which is still 7(S,) invariant as the action of 7,(S,5) and
G(AP) commute.)

To summarize the situation we have the following.

Proposition 2.5.1. 1. Let K C G(A*™?) and K C é(AOO’p) be open compact subgroups.
Suppose that K C K and that K is neat. Then K is neat and the natural transforma-

tion defined above gives a finite morphism

(bK,f( : XK — .)Ef(.

2. Let g € G(A™?) and suppose we have K, K' C G(A®?) and K,K' C G(A>?) with

40



KCcK,K cK', g'KgCK', and g 'Kg C K'. Suppose K' is neat. Then we have

a commutative diagram

G o~
X —5 Xz

l[gl l[g]

P
X —— Xz,

The only point which isn’t obvious is why ¢ 5 is finite. For this we refer to Proposition

1.3.3.7 of [21].
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Chapter 3

Arithmetic Compactifications of PEL

Modular Varieties

The goal of this chapter is to recall the theory of arithmetic compactifications (toroidal
and minimal) of good reduction PEL modular varieties due to Faltings-Chai [9] (for moduli
spaces of principally polarized abelian varieties with principal level structure) and Lan [21]
in general. We will follow Lan closely.

The objects introduced in this chapter will not be used until chapter [6} The reader who
is only interested in the coherent cohomology of compact Shimura varieties may skip this
chapter.

In Section [3.1| we will recall the description of certain “boundary charts” which model the
formal completion of a toroidal compactification along its boundary strata. In section (3.2 we
will recall the compactifications themselves. Then in section we turn to the subject of
extensions of automorphic vector bundles to the compactifications, as well as Hecke actions
on them. Finally in section we prove some technical results that will be used in Chapters
[0 and [7]to deal with difficulties at the boundary in the construction of congruences in Chapter
[

Throughout this chapter we will fix an integral PEL datum (O, x, L, (-,-),h) without
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factors of type D and for which p is a good prime. For technical reasons, we will assume it

satisfies the following condition, which is Condition 1.4.3.10 of [21].

Condition 3.0.2. We require that the action of O on L extends to an action of a maximal

order in O ® Q containing O.

As explained in Remark 1.4.3.9 of [21] this condition does not limit which PEL moduli
problems we may consider (see also Remark [2.2.5) and it is used by Lan in his study of

degenerations of abelian varieties with PEL structures.

3.1 Toroidal Boundary Charts

Lan defines [21, 5.4.2.4] a set Cuspy of cusp labels of level K. They are defined to be certain
equivalence classes of triples (denoted there by (Z3;, 4, d%)) and for convenience we fix once
and for all a representative of each equivalence class. We now recall a long list of objects
associated to a cusp label € € Cuspy. The definitions of these objects are rather elaborate
and mostly won’t be recalled here.

For each cusp label € (or rather its chosen representative) we have

1. An O-lattice X (which is part of the data given by the chosen representative of €, see
21, 5.4.2.1]).

2. A subgroup I'y C GLo(X) (denoted I'y,, in [21], 6.2.4.1]) which is neat in the sense
that for every v € I'y the subgroup of QX generated by the eigenvalues v (thought of

as an element of GL(X ® Q)) is torsion free.

3. An R-vector space My of bilinear pairings

() (XOR)x (X©R) > OaR
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which are Hermitian in the sense that for all x,y € X ® R and b € O ® R we have

(z,y) = (y,2)"

and

(bx,y) = b(z,y).

. The cones P} C Py C My where P, is the cone of positive definite hermitian pairings
in My and Py is the cone of positive semidefinite hermitian pairings with admissible
radical (see 6.2.5.3, 6.2.5.4 of [2I] for the definitions.) These cones are stable under

the action of I'y

. A Z-lattice S¢ C M which is stable under the action of I'y on M. (See of 6.2.4.4 of

[21] where S¢ is denoted Sg,,.)

. A non-canonical integral PEL datum (O, , L, (-, -)¢, he) with reflex field Fp, the reflex
field of our original PEL datum. If G4 /Z is the corresponding group then K determines
a neat open compact subgroup Kj C Gcg(Z@)). Let Xy /R be the corresponding PEL
modular variety. It is canonically associated to % even though the PEL datum is not.

(See 5.4.2.6 of [21] where Xy is denoted by MZ*.)

. A finite étale cover Xy — Xy with an action of I'y such that X /Ty = Xyp. (See [21)

5.4.2.6,5.1.2.2] where Xy is denoted by My*.)

. A torsor under an abelian scheme Cy — ?&g with a compatible action of I'y. (See

6.2.4.7 of [2I] where Cy is denoted by Cg,, s, .)

. A torsor under the split torus with character group S¢, =¢ — Cy, with an action of

I'y compatible with that on Cy and S¢. We have

Ee = Specoc% EB W (l)

eS¢
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where for each | € S, Uy (l)/Cys is a line bundle and for each pair [,I" € Sy there is
an isomorphism

giving @le&g W (1) the structure of a sheaf of Og-algebras. The action of I'y on Z¢

defines for each v € I'y and [ € S¢ an isomorphism

7 Ve(l) = 7" Wy (D)

where ~* is the pullback along v : Cy — Cy. (See 6.2.4.7 of [2I] where Z¢ is denoted

by Es,,s,, and W¢ is denoted by Vg, 5, .)

10. A semiabelian scheme /Lg /Cy% with an O action which sits in an exact sequence

0T — Ay — Ay — 0

where T is the constant torus with character group X and A is the pullback of the
universal abelian scheme on Xy to Cy. Acg carries an action of I'y covering that on

C% and compatible with the action of I'¢ on X.

Next we would like recall some definitions related to torus embeddings and cone decom-

positions (see section 6.1 of [21]).

Definition 3.1.1. 1. A rational polyhedral cone o C My is a subset of the form

g = R>0U1 + ttt _|_ R>0Un

for vy, ...,v, € SY. (Note that by convention the empty sum is {0}.)
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2. For a rational polyhedral cone o C My we have semigroups

o' ={l€S¢|l(v) >0,YveEo}
oy ={l €8¢ |l(v) >0,Yv e o}

ot ={l €8¢ |l(v)=0,Yv € o}

3. A rational polyhedral cone 0 C My is said to be non degenerate if @ (the closure of
o in My for the real topology) does not contain any non trivial R-vector subspace of

M.

4. A rational polyhedral cone 0 C My is said to be smooth if it is of the form

g = R>0U1 + ctt + R>0vn

for vy, ..., v, € S which extend to a basis for S¢.

5. A rational polyhedral cone 7 is said to be a face of a rational polyhedral cone o if there
exists a linear functional A : My — R with A(6) C Rsg and 7 = N A~!(0). Then &
(the closure in the real topology on M) is the set theoretic disjoint union of the faces
of Note that ¢ is always a face of itself. We say that 7 is a proper face of ¢ if 7 is a face

of 0 and 7 # 0. (We note that in [21], a face is what we have called a proper face.)

6. A DI'y-admissible rational polyhedral cone decomposition is a set ¥4 = {0, };es of non-

degenerate rational polyhedral cones such that

(a) The o; are pairwise disjoint, and Py = {J;; 0;.
(b) For each o; € 3¢ and each face 7 of 0;, 7 € Xg.

(¢) The set 3 is invariant under I and the set of orbits X /T" is finite.

Y is said to be smooth if each o} is.
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To each non degenerate rational polyhedral cone 0 C My we have a relatively affine torus

embedding

Ze(0) = Specy,, P v

leagV

We have a sheaf of ideals

Iy = P V()

leay
on Z¢ (o) which defines a reduced closed subscheme Z¢(0), C Z¢ (o) which is a relative
torus torsor over Cy under the split torus with character group o=.
If o, 7 C My are non degenerate rational polyhedral cones such that 7 is a face of o, then

the inclusion ¢ C 7V induces a map

which is an open immersion. We let Z¢ (o), be the locally closed subscheme which is the

image of Z4(7),. Then set theoretically we have

7 face of o

Now given a ['y-admissible rational polyhedral cone decomposition Y4 we may glue the
Z¢(0) for 0 € Y¢ to form a separated, locally of finite type, relative torus embedding
E¢ v, /Cy. For each 0 € ¥y we denote by Z¢ 5. » the image of Z¢ (o), under the open
immersion Z¢(0) C ZE¢ ., . Then Z¢ x, is stratified by the locally closed subschemes Z¢ 5., »

with o € ¥¢. More precisely we have a set theoretic decomposition

\:%72% = H :%72%70

oEX ¢
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and

‘:‘%,Ecg,o’ = | | :%:E%’T

TEX ¢
o is a face of T

The action of I'y on Z¢ extends to an action of E¢ 5 covering that on Cy. v € T'y
sends the open Z¢ (o) isomorphically to =4 (7o) and the stratum = 5. , isomorphically to
E¢ S o

If ¥4 is smooth then Z4(0)/Cy is smooth for each o € X.

Now let ¢ 5., C E¢ . be the reduced closed subscheme whose support is the union of
the strata ZE¢ 5., » for o € Y¢y with o C P%}L (that this is closed follows from the fact that
P} C Py is open). dy ., is stable under the action of I'y. We let X4 5. /Ce% be the formal
completion of Z¢ y. along d¢ 5., .

The formal scheme X4 5. /Cy has a cover defined by relatively affine formal schemes as

follows: for each o € X¢ with o C P} we let

oy =0 — U Tt

TCP%Z a face of o

and then the sheaf of ideals defining the closed subscheme
O¢,2, NEg(0) C Eg(0)

Iy =P V(1) ¢ P V(D)

l€0§ leoV

Then let

@‘P%(Z)

leoV
be the .Z-adic completion of the direct sum. This is a sheaf of adic O¢,-algebras (not

quasi-coherent!) and by definition the formal completion X« (o) of Z¢ (o) along 0% 5., is the
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relative formal spectrum

Xy (o) = Spf @w

“leov

The underlying reduced scheme of X« (o) is the union of = (o), for 7 C P/ a face of o.
If 7 C P/ is a face of o then X¢(7) C X4(0) is an open formal subscheme.

The X4 (o) for 0 € Xy with 0 C PT form a relatively affine cover of the formal scheme
Xy, I 0,0 € By with 0,0’ C P/ then X4 (o) and X« (0’) intersect if and only if o and
o' have a common face contained in P (note that by contrast, Z4(c) and Z¢(0’) always
intersect.)

The action of I'y on Z¢ ., which preserves Jy¢ .., induces an action of I'y on X¢ 5., .
We now impose the following additional condition on the cone decomposition Y4, which is

Condition 6.2.5.25 of [21].
Condition 3.1.2. For each o € Xy with o C P, if we have v € I'y with 6 N7 # {0} then
v=1.

Assuming that ¢ satisfies Condition we may form the quotient X4 5. /Iy as a

formal scheme in such a way that the quotient map
Xy, = Xox,/Te

is a local isomorphism of formal schemes in the Zariski topology. Indeed, it follows from
Condition and the discussion preceding it that X« 5., has a cover by the Zariski opens
X4 (o) for o € Yy with 0 C P*, which have the property that they are disjoint from all of
their translates by I'4.

Now recall that from point 10 at the beginning of this section that we have a semiabelian
scheme Ay /C% with O action. By abuse of notation, we will also denote by A the following

things:

1. A¢/=¢ 5., the base change of A¢ to Z¢y.,, with an induced action of I'y covering

that on E¢ 5., .
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2. Ay/%4 5, the formal completion of Ay /Sy 5., along the pre image of dg 5., .
3. Acg/(xcgz%)/r%) the quotient of Ay by T'y.
We now recall more definitions from [21].

1. There is a partial order on Cuspy which we denote by < (see definition of [21]). If
¢,¢ € Cuspy with ¥ < ¢’ and if X and X’ denote the corresponding O-lattices
then there is an O-equivariant surjection X — X’ inducing inclusions My C My and

Py C Py. For a given cusp label 4 we have

Pe = [] T«P}
C<E
2. If €,%¢" € Cuspy with € < ¢ and if Xy (resp. X¢r) is a ['y-admissible (resp. I'g-
admissible) rational polyhedral cone decomposition then ¢ and ¢ are said to be

compatible if for each o € ¥¢/, we also have o € Y« via the inclusion My C M.

3. A compatible family of cone decompositions at level K is a collection 3 = {X¢ }¢ccusp,
of a I'g-admissible rational polyhedral cone decomposition for each cusp label € such

that if ¥ < ¥’ then Y« and Y are compatible.

4. A compatible family ¥ = {34} of cone decompositions at level K is said to be good
if every Y« is smooth and satisfies condition and Y is projective in the sense of
definition 7.3.1.3 of [21]. We recall that good compatible families of cone decomposi-
tions at level K exist (see Proposition 7.3.1.4 of [21I]) and any two good compatible

families of cone decompositions at level K admit a good common refinement.
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3.2 Arithmetic Compactifications

3.2.1 Toroidal Compactifications

Here is the the main theorem, due to Lan, on the existence and basic properties of arithmetic

toroidal compactifications (see |21} 6.4.1.1,6.4.3.4,7.3.3.4])

Theorem 3.2.1 (Lan). Let K C G(Z(p)) be a neat open compact subgroup and let X be
a good compatible family of cone decompositions at level K. Then there is a smooth pro-
jective scheme X5,/ R, along with a semiabelian scheme A/ Xy, with an action i : O —

Endyior (A) of O with the following properties

1. There is a dense open embedding j}?fz X — X}grz such that the pullback of (A, 1) to
Xy is canonically part of the universal object (A, A\, 1, i) on Xk (viewed as represent-
ing the functor Mi*™). The (reduced) boundary Dy x = Xi&% is a Cartier divisor with

simple normal crossings and is flat over R.

2. There is a set theoretic decomposition

tor __ tor
XK,Z - I I XK,E,‘K

¢ eCuspg
with each X;(Orzgﬂ/R flat, reduced, and locally closed. We do not call this decomposition
a stratification because it is not true that the closure of one X}grz,% 18 a union of others.

By abuse of notation, let 2\?}?2% denote the formal completion of X325, along X%, o (by
convention, by the formal completion of a scheme X along a locally closed subscheme
7 we mean the formal completion of the open subscheme X — (Z — Z) along its closed

subscheme Z.) Then there is a canonical isomorphism of formal schemes

Vtor

Ky =~ Xes, /Ty

over which there is a canonical isomorphism of the formal completion of A with Ay

51



compatible with the action of O.

3. There is a stratification

Xies = T X%
(¢,[0])

the indexing set being the set of all pairs of a cusp label € € Cuspy and a I'y orbit
o] =T -0 witho € ¢ and 0 C P}. If (¢,[0]) and (¢, [0']) are two such pairs,
then X}f’rz’(%’[a} lies in the closure of XKZ (o] zf and only if € < €' and there are

representatives o of [o] and o’ of [0'] so that via the inclusion My C My, o' is a face

of o.

4. If K, K' C G(Z(p)) are neat open compact subgroups and g € G(A*P) is such that
g 'Kg C K' and ¥ (resp. ¥') is a good compatible family of cone decompositions at

level K (resp. K') and X is a g-refinement of 3 then there is a morphism
[g] : ert(OrE th(ofrz/
extending the morphism [g] : Xk — Xk of section |2.4)

3.2.2 Minimal Compactifications

Here is the main theorem, due to Lan, on the existence and basic properties of arithmetic

minimal compactifications (see 21, 7.2.4.1,7.2.4.3].)

Theorem 3.2.2 (Lan). For each neat open compact subgroup K C G(Z(p)) there is a flat,

projective, normal scheme X2 /R with the following properties.
1. There is a dense open embedding j5" : Xy — Xmin

2. For each cusp label € € Cuspy there is a canonical locally closed immersion Xy —

X. We will identify Xy with the induced locally closed subscheme of X™. These
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subschemes define a stratification

apn= I X

€ eCuspy
such that for €, ¢ € Cuspy, X¢ lies in the closure of Xgr if and only if € < €.

. For each choice ¥ of a good compatible family of cone decompositions at level K there
1S 4 map

TRy X}frz — X}}lin

such that jp™ = 75 0 j}?fz. Moreover for each cusp label € € Cuspy we have
WI}}E(XCK) = Itgz%

set theoretically. Moreover we have

7TK727*OX}2<91"2 - OXIr?in .

. For each cusp label € € Cuspy let 2\?}?‘2 denote the formal completion of X2™ along

Xy. Then there is a canonical structural morphism

A
min

For each choice X3 of a good compatible family of cone decompositions at level K there

is a commutative diagram of morphisms of formal schemes

Ut
X5y — Xex/Te

e ]

Vmin
, —————————
K,% X%

53



where the top horizontal arrow is the isomorphism of Theorem part 2, the left

vertical arrow comes from formally completing g .

5. If K,K' C G(Z®) are neat open compact subgroups and g € G(A™P) is such that

g 'Kqg C K' then there is a finite surjective morphism
) A —

extending the morphism [g] : Xx — Xy of Section [2.4] If ¥ (resp. ¥') is a good
compatible family of cone decompositions at level K (resp. K') and ¥ is a g-refinement

of X then there is a commutative diagram

9]
Xy = X,

lﬂK,z l”rK’,Z’

X]r{nin l9] X[r?/in .

3.3 Extensions of Automorphic Vector Bundles

In this section we explain how to extend the automorphic vector bundles on Xk defined in

section to the compactifications of the last section.

3.3.1 Canonical and Subcanonical Extensions

Let K C G(Z(p)) be a neat open compact subgroup and let X be a good compatible family
of cone decompositions at level K. For each universal object (A, \, i, ak) in the univer-
sal isogeny class over Xk, by part 5 of Theorem there is a canonical extension to a
semiabelian scheme A/AE%, with a ring homomorphism i : O ® Z,) — End x5, (A) ® Zgy).
As in section W we associate to this extension (A7) a pair (wa, OXItng ) of a vector bun-
dle with an O ® Z(, action and a line bundle on A}, Moreover if (A', N,i’, o) is

another member of the same isogeny class, there is a unique prime to p quasi-isogeny
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(AN i ak) = (A, N, a)) as in definition [2.2.2] which by part 5 of Theorem [3.2.1]

extends to a prime to p quasi-isogeny
f:(A0) — (A4
of semiabelian schemes with O-action, and hence defines an isomorphism of pairs
(wa, Oxfgrz) ~ (war, Oxggrz)

which is (f*)~! on the first factor, and multiplication by 7 on the second factor, where r is

the locally constant Z(Xp ’)>O valued function on S such that A = rfY\f.

Hence we obtain a canonical pair

(&=

of a vector bundle with an O ® Z,) action and a line bundle on X35, whose restriction to

XK is ((‘:K, EK)

Definition 3.3.1. 1. The canonical extension of the principal M-bundle Pk is the prin-

cipal M-bundle PE™ on A2% defined by
PE"(S) = Isomogog ((EF" @ Os, EE"), (Lo ® Os, R® Os))

for each X}%.-scheme S.

2. If p is an algebraic representation of M on a finite R-module W we define the coherent
sheaf

can  __ can M
p,K,E — K X W,
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the canonical extension of V, x to Xf°%,. We also define the subcanonical extension

sub  __ can  __ can
Voks = IpksVoks = Vorks © Iy

where .#p, , is the ideal sheaf of the (reduced) boundary Dgyx = X% — Xx. We

remark that .#p is a line bundle because D is a cartier divisor.

By abuse of notation, we will denote det £2" = dC;“Lg x5, the canonical extension of the
determinant of the Hodge bundle wg, also by wg.

We have the following analog of Proposition [2.3.2]

Proposition 3.3.2. 1. If p is an algebraic representation on a finite free R-module (Tesp.
tor

a finite free R/m"-module) then V32 and Vs, are locally free sheaves on Xj&%, (resp.

are locally free sheaves on Xj¢5, x R/n".)

2. If0 = p — p— p”" — 0 is a short exact sequence of algebraic representations of M

then we have short exact sequences

can can can
O _> Vp’,K,E % ‘/[),K,Z _> ‘/;//7[(72 _> O

and
0— VSb s ysub s ysub )
PI:K:E P7K72 Pll,K,E

of sheaves on X[2%,.

3. If p is an algebraic representation of M on a finite R-module and k is any integer then

can o can Rk
pRdet? Ly K& — 7 p, KX ® Wi
and
sub _ sub Rk
Vp@det’c Ly, K2 — VpKX QWg
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Next we consider Hecke actions.

Proposition 3.3.3. Let K, K’ C G(Z®)) be neat open compact subgroups and g € G(A>P)
be such that g-'Kg C K’ and let & (resp. X') be a good compatible family of cone de-
compositions at level K (resp. K') such that 3 is a g-refinement of X' so that there is a
map

lg] : X% = X&'y

as in point 4 in theorem |3.2.1. Then the isomorphism
9:9"Vorr = Vok-

of Proposition extends to an isomorphism

. *1/7can can
g:lg] 0Ky 7 VRS

and a morphism

. *Y 7sub sub
g:lgl ks = VR s

3.3.2 Higher Direct Images

In this section we record two results on higher direct images of automorphic vector bundles.
For the first results, let K, K’ C G(Z(p)) be a neat open compact subgroups with K C K’
and let ¥ and ¥’ be good compatible families of cone decompositions at levels K and K’

such that X refines >’ so that we have a map
[].] : X;grz — XtO/I:E/

as in part 4 of Theorem [3.2.1}

For the proof of the following proposition, see the proof of Lemma 7.1.1.4 of [21].
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Proposition 3.3.4. With notation as above, for all i > 0 we have
R'([1].0x,, = R'[1].Ip,., = 0.

Moreover if K = K’ then we have

and

[1]*jDK,E = jDK,E"
Combining this with the projection formula and Proposition we obtain

Corollary 3.3.5. With notation as above, let p be an algebraic representation on a finite

R-module. Then for all i > 0 we have
R"[l]* ,ff}?,z = Ri[l]* ,il}?,z = 0.
Moreover if K = K’ then we have

[1]* pcjfn,E - pC,??,E’

and

[1]*‘/5,%),2 = V;lll?,zf-

The next theorem is deeper and concerns higher direct images of subcanonical extensions
from toroidal to minimal compactifications. In this generality it is Theorem 8.2.1.2 of [20].
Special cases of it were discovered independently by Harris, Lan, Taylor, and Thorne [17]
and by Andreatta, lovita, and Pilloni [I]. See also the work of Lan and Stroh [23] for a more

conceptual approach under more restrictive hypotheses.
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Theorem 3.3.6. Let K C G(Z(p)) be a meat open compact subgroup, and let ¥ be a good
compatible family of cone decompositions at level K. Let m x : X}é’fx — X2 pe the map as

in part 8 of Theorem[3.2.9. Let p be an algebraic representation of M on a finite R-module.
RiﬂKyz,*V;il}gz =0

for all v > 0.

We remark that this theorem is not true with V;"}?’E replaced by V7%

3.3.3 Pushforwards to the Minimal Compactification

In this section we consider certain extensions of automorphic vector bundles to minimal

compactifications.

Definition 3.3.7. If K C G(Z(”)) is a neat open compact subgroup and p is an algebraic

representation on a finite R-module, we define a coherent sheaf on ABin

sub __ sub
Vp,K = WK,E,*Vp,K,z

where 3 is a choice of a good compatible family of cone decompositions at level K. We claim
that this doesn’t depend on Y. Indeed if ¥’ is another choice of a good compatible family of

cone decompositions at level K, and ¥ refines ¥’ then we have

sub sub sub
TKExVp K> = i, [ 0 KS = WK,E’*V;J,K,E'

by part 5 of Theorem and Corollary [3.3.5] The general case reduces to this upon using
the fact that any two ¥ and ¥’ admit a common refinement.

In general we won’t consider push forwards of canonically extended (rather than sub-

canonically extended) automorphic sheaves to the minimal compactification. As an excep-
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tion, we have the following important proposition which is essentially part of the construction

of the minimal compactification (see [21, 7.2.4.1]).

min

Proposition 3.3.8. The push forward g s, .wk is a line bundle on X which is ample.

As a further abuse of notation, we will also denote the line bundle 7y x wr on Xk by

WK -

We have the following analog of Propositions [2.3.2] and [3.3.2]

Proposition 3.3.9. 1. If0 — p/ — p — p” — 0 is a short exact sequence of algebraic

representations of M then we have a short exact sequence

sub sub sub
0— Vp’,K,E — Vp,K,z — V;),,,K,E — 0

of sheaves on XZ™.

2. If p is an algebraic representation of M on a finite R-module and k is any integer then

sub _ sub Rk
Vp@detk LYK = VoK QWi

Proof. Part 1 follows from part 2 of Proposition and Theorem [3.3.6 Part 2 follows
from part 3 of [2.3.2] Proposition [3.3.8, and the projection formula. O

We note however that the analog of part 1 of Propositions [2.3.2] and [3.3.2] is no longer

true. Even if p is an algebraic representation on a finite free R-module, V;}P needn’t be

locally free.

Next we consider Hecke actions.

Proposition 3.3.10. Let K, K' C G(Z™) be neat open compact subgroups and g € G(A>?)

be such that g 'K g C K’ so that there is a map

[g] : X]I(nin — [I?/i/n
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as in point 4 in theorem |(3.2.1 Then the isomorphism
g: [9]*‘/;;,1(' — VoK.
of Proposition extends to a morphism
g: "V = VoK.

Proof. Let ¥ (resp. ') be a good compatible family of cone decompositions at level K (resp.

K') such that ¥ is a g-refinement of 3’ so that there is a commutative diagram

9]
Xy o gy

lﬂ—KYE lﬂK,’El

Xlr{nin l9] X[r(nlin .

as in part 5 of Theorem |3.2.2 Then by Proposition there is a canonical morphism

. *1 7sub sub
g:lg] ks = VRS

Push it forward by 7k 5, and consider the composition

*Y 7sub * sub *1 7sub sub sub
9] oK' = 9] TrK,aE/*‘/p,K’,Z’ — WK,E,*[Q] 0K\ 5 7 WK,E,*Vp,K,z = VpK-

One can verify that this is independent of the choice of ¥ and ¥’ with a similar argument

as that in Definition B.3.71 m

3.3.4 Hecke Action on Coherent Cohomology

The goal of this section is to define actions of Hecke algebras on the coherent cohomology of

the extensions of automorphic vector bundles on compactifications considered in the previous
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sections. First we will define the Hecke algebras we will consider.
Definition 3.3.11. Let K C G(Z®).

1. The (universal, prime to p) Hecke algebra T of level K is the R-algebra of compactly
supported R-valued bi-K-invariant functions on G(A°P) with multiplication being

convolution (with the Haar measure on G(A*?) normalized so that K has measure

1)

2. Let S be a finite set of places of Q including p, co, and all other primes [ for which G(Z,)
is not a hyperspecial maximal compact subgroup of G(Q;) and let K* = [[,,4 G(Z;) C
G(A?), an open compact subgroup. We let T be the R-algebra of compactly sup-
ported bi- K *-invariant functions on G(A®) with multiplication being convolution (with
the Haar measure on G(A®) normalized so that K has measure 1.) If K C K then
there is a homomorphism of R-algebras T — T defined by sending the characteristic

function of KggKg to the characteristic function of KgK.
Next we consider some generalities on trace maps.

Lemma 3.3.12. Let 7w : X — Y be a generically finite, separable, and proper map of reduced

noetherian schemes with Y normal. Then there is a trace map
try : m.0x — Oy

which 1s characterized by the fact that for each generic point n of Y,
(W*OX)W — OYm

is the trace map from the finite separable Oy ,-algebra (7,.Ox), to Oy,,.
If Z C Y is a reduced closed subscheme with ideal sheaf %7 and Z' is is the set theoretic

pre image 71 (Z) with the reduced induced subscheme structure with ideal sheaf Zz, then
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try maps the sub sheaf 7,77 of m.Ox into Sz, i.e. there is a map of sheaves

try : M Iy — g

Proof. By considering the Stein factorization of 7

X — Spec(m,Ox) =Y

we may reduce to considering the case where 7 is finite. We may also assume that Y is affine
and irreducible.

So now we are reduced to the following problem: we have a normal domain A with
fraction field K and a finite A-algebra B such that B ® 4 K is a finite separable K algebra.
What we want to show is that if b € B then trpg ,x/x (b ® 1) actually lies in A. But now as
A is normal, it suffices to show that for every height 1 prime p of A, trpg,x/x(b® 1) lies in
A,. Then the image B’ of B®y A, in B ®4 K is a finite and torsion free as an A,-module,

and hence finite free as A, is a DVR. Hence

trpe, /(D@ 1) = trp s, (b®@ 1) € A,

]

Definition 3.3.13. Let K C K' C G(Z(p)) be neat open compact subgroups and let ¥ (resp.
¥') be a good compatible family of cone decompositions at level K (resp. K’) such that ¥

is a [1] refinement of ¥, so that there is a map

1] = X — Xy,

Let p be an algebraic representation of M on either a finite free R module or a finite free

R/7m"-module for some r.
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1. As in Lemma [3.3.12] we have a trace map

tr: [1]*0‘)(}2% — OXIE(O’YZ’

can

Tensoring with V3¢ v, we obtain

can

p, K% —

can
p, K%/

([1:Oxger ) ®

and we also have isomorphisms

can can

([1]*0/\’}2&3) &V, ks =~ (1] ([1]" pc;??',z’) =~ [1]. 0, K5

by the projection formula and the isomorphism of Proposition [3.3.3]

obtain a trace map

can

tr: [1]. s

can
p, K3

Similarly from tensoring the trace map
tr: [1]*jDK’E — fDK’,E"
with V7% s we obtain a trace map

. sub sub
tr: [1]*‘/;),1(,2 — ‘/;),K’,E”

2. Now consider the diagram

0
Xy — Xy

TK,S T! 5!
(1]

xpin i,
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as in part 5 of Theorem [3.2.2] Applying 7 s, to the trace map

r 1LV o Vil s

Dy
we obtain a map

1LV = g s ALV Rs = T Vi s = VIS

which we also denote by tr. One may show that this is independent of the original

choice of ¥ and ¥’ by choosing common refinements as in Definition [3.3.7]

Now we consider coherent cohomology. For the rest of the section let K C G(Z(p)) be
a neat open compact subgroup and let p be an algebraic representation of M on a finite
free R-module or a finite free R/n"-module for some r. Let ¥ and ¥’ be good compatible
families of cone decompositions at level K such that X is a refinement of >’. By considering

the Leray spectral sequence for the map
1] : X]t(orz — Xlt{orzl
and applying Corollary we conclude that for each ¢ the pullback maps
A, Vi) = HUXS Vi) and  H(X s, Vi o) = HU(XG, Vi)
are isomorphisms. Consequently to make something canonical we may define
H (Xtor’ pcan) . IEHZ( It(orD pcf;?,z)

and

Hi(x[t{or) Vsub) hg HZ(X;{?Ev Vsub )
b
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where the limit is taken over the directed system of all good compatible families of cone
decompositions at level K under refinement.
By considering the Leray spectral sequence for the maps

min

TKY - X;(O’% — K>’
and applying Theorem |3.3.6| we conclude that the pullback maps

HI(X Vi) — HY (A Vo)
are isomorphisms.

Let g € G(A™P). Let ¥ be a good compatible family of cone decompositions at level K
and let ¥’ be a good compatible family of cone decompositions of level gK ¢! N K which is

both a 1-refinement and a g-refinement of 3, so that we have a Hecke correspondence

tor [g} tor [1} tor
XK,E XgKg_lﬂIﬂZ’ XK,E'

We define an endomorphism T}, of H* (X5, Vi i) for o either can or sub as the composition

of

; 91" 7y g ;
HZ(X;nga LK) = HZ(‘th?{rg—lﬂK,Z” lg]" DKs) = HZ(X;;(Ig—IﬂK,EU po,gKg—lﬂK,E’)

and

. . t .
Hl(‘X;;;g*lﬂK,E’? pngg*lﬁK,E’) = HZ(XIt(O,EH [1]* p?gKg*lﬂK,E’) _r> HZ(XItgrEv pO,K,Z)

where the isomorphism in the second displayed equation comes from the degeneration of the
Leray spectral sequence for [1], by Corollary [3.3.5 By considering refinements one shows

that this yields an endomorphism T}, of H*(X}", k) which is independent of the choices
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of ¥ and ¥'.

Similarly we may define an endomorphism Ty of H'(Xp™ V1) as follows: we have a
Hecke Correspondence
L

~ [9] -
min min
XK XgKg* INnK

and we define T, to be the composition of

*

HY(X8, Vi) S H(X00 e (g V) 5 HA(Xm e, VEs k)
and

HY (X0 s Viaeg-1om) = HUQGE (VoG o) = H (AR, VR,

Moreover one readily checks that the isomorphism H'(XR™, V92) ~ H* (X", VSR) is com-

patible with 7.

3.4 Well Positioned Subschemes and Sections

Throughout this section fix a neat open compact subgroup K C G(Z(p)) and ¥ a good
compatible family of cone decompositions at level K. The fact that the line bundle wy /X2"
is ample plays a crucial role in the construction of congruences in Chapter [/} However the
fact that X210 is usually not smooth over R is the source of some complications. The goal

of this section is to develop some tools to deal with these difficulties.

3.4.1 Subschemes Well Positioned at the Boundary

Let € € Cuspy be a cusp label. Corresponding to ¢ we have we have the reduced locally
closed subscheme X}, of A%% and we denoted the formal completion of the latter along

the former by X 1% Via the isomorphism of formal schemes

Vtor ~
Ky ~ Xesy /Ty
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of part 2 of Theorem we have a structural morphism
A]tgrz’qg — X(g)

Similarly we have Xy viewed as a reduced locally closed subscheme of }?12 and we
denoted the formal completion of the latter along the former by X }}“%2 By part 4 of Theorem

we have a structural morphism

If Z C Xy is a closed subscheme then we denote by (—)z, the base change of a scheme (or

formal scheme, or sheaf) over Xy to Z.

Definition 3.4.1. 1. We say that a closed subscheme Z C X [t(orz is well positioned at the
boundary if for every cusp label € € Cuspy, the formal completion of Z along X }{Orz(g

is of the form (22}?3-3(5) 7, for some closed subscheme Z of X.

2. We say that a closed subscheme Z C X" is well positioned at the boundary if for
every cusp label ¢ € Cuspy, the formal completion of Z along Xy is of the form
(X %) 2., for some closed subscheme Zy of Xy (which must in fact just be the scheme

theoretic intersection of Z with Xy.)

Intuitively, a closed subscheme of A5, or & min s well positioned at the boundary if it is
locally cut out by automorphic functions whose Fourier-Jacobi expansions consist of only a
constant term.

Here is the main result we will prove regarding these definitions.

Theorem 3.4.2. There is a correspondence between subschemes Z™™ C X2 well positioned
at the boundary and subschemes Z*" C X};’rz well positioned at the boundary characterized
by the fact that for each cusp label € € Cuspy, the corresponding closed subschemes Zy are

the same. Moreover if Z™® and Z'** correspond then
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1. W}}E(Zmin) = Z'" scheme theoretically.
2‘ 7TK,27*OZtOY - OZmin.

3. Z™in gs reduced if and only if Z'* is reduced if and only if Z4 is reduced for every cusp

label € € Cuspy.

Before proving the theorem we will prove the following lemma. One essentially finds the

proof in Faltings-Chai [9, p. 154-155] and in Lan [2I], Proposition 7.2.4.3].

Lemma 3.4.3. Let ¢ € Cuspy and let m : X¢ 5, /T'¢ — Xy be the canonical map of formal

schemes. Let Z C Xy be a closed subscheme. Then

Tr*(O(%%ﬁ,Z%/F%)Z> = 7T*<03€<g,2<g/F<g> ® Oz

as sheaves of adic Oz-algebras.

Proof. 1f we let 7 : X¢ 5, — X¢ denote the canonical projection, then as the quotient map

Xov, = Xoyn,/Te
is a local isomorphism we have

~ (= r
W*(O(x%,&g/r%)z) = (W*O(x%,z(g)z) ¢

We may factor 7 as

X, = COp 3 Xy

First we claim that

7T17*O(3€<g,2<g)z = H e (l)z

lePY
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Indeed, we have

7?17*0(35%,2%)2 = ﬂ 771,*03&5(0) C H \Ij%’(l)z
UEE%,O’CP% lePy
the intersection being taken inside of the huge sheaf HZGS% U4 (1)z, and where the inclusion

follows from the fact that

ﬂ o' =Py

O’GECg,O’CP%_

To show the other inclusion we need to show that for each o € Y« with o C P%r we have

II ¥e(D)z € 11.0x000), = P¥e(l)2

lePY, leoV

or in other words that for each n, all but finitely many of the terms in the product on the
left are in .Z7.

Hence we have

Ty
7T*(O(%%,E%/F%)z) = | T H Ve (l)z
lePY
IN%
= | ] (e (D)2)

In order to complete the proof of the lemma we must show that

I's T'¢ I's

[[uve@)z | =[] m2e¥)] ©0z (%)

M v M
lePy lePy lePy

—
3
*
=
X
S
[2

Now we recall some facts found in the proof of Proposition 7.2.4.3 of [2I]. For each [ € P
let 'y ; denote the stabilizer of [ in 'y and let Fﬁg’l denote the finite index subgroup of I'y

which acts trivially on X,. Then as in the proof of Proposition 7.2.4.3 of [21] we may factor
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Ty as

Cy B O™ X ™ X,

where both 7y, and 799 are abelian scheme torsors and 7y 3 is the finite étale cover of point
7 in the list at the beginning of section and there is an action of I'y; on C(1) for which
Ty1 and mo are equivariant. Moreover there is a 'y equivariant line bundle ¥'(1)/C(1),
relatively ample over Xy with a Iy, equivariant isomorphism We (1) ~ 75, Y'(1), and such
that the Iy, ; action on my 5, W'(1) is trivial. Additionally, for use in the proof of Proposition
below, we note that when [ € P%/’+ then C(l) = Cy so that Wy is already relatively
ample over Xig and 'y is trivial.

Next we recall that if 7 : C' — X is an abelian scheme torsor and .Z/C' is a line bundle
then the formation of 7,.Z is compatible with arbitrary base change in either of the following

two cases:
1. Z = O¢ (Indeed, 7.0 = Ox.)

2. & is relatively ample for C'/X. Indeed, this follows from the theorem on cohomology
and base change [13, III, 7.7.5] and the fact that for an abelian variety over a field, the

higher coherent cohomology of an ample line bundle vanishes [27].

For the first isomorphism in @ we must show that for each [ € P/ we have

To(Ve(l)z) = (2. Ve (1)) 2

or in other words, we must show that base change to Z commutes with push forward by
T« for 1 =1,2,3. For my; this follows by the projection formula and point 1 above. For
o, it follows from point 2 above. For 7y 3 it follows from the fact that my 3 is affine.

For the second isomorphism in (ED we must show that the formation of I'y invariants

commutes with base change. First note that the product over all | € P breaks up into a
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product over I'y orbits on P} of terms of the form

Indp¢ (5. Ve (1)) 2

but then

(Indfe (2 W (1)) = (2 Wi (1) )" = ((m Wis (1)) )4/

as Iy, acts trivially on 7y, We(l). Finally by étale descent we have an isomorphism
(Mo, Wig (1)) )" 00 = (my  Weg (1)) T/ et @ Oy

Indeed this reduces to the fact that of A — B is finite étale Galois with Galois group G, and
M is a B-module with a semi linear GG-action then by étale descent there is a G-equivariant
isomorphism

M% @4 B~ M.

Then if A’ is any A-algebra, tensoring with A" and taking G-invariants we obtain an isomor-
phism
MCE @4 A~ (M @y AN

]

Proof of Theorem[3.4.3 Let Z C X%, be well positioned at the boundary. Our first aim is

show that the natural map of coherent sheaves on X"

O‘)(Ir?in = 7TK,27*O;\{;<ME — 71'K,E,*(QZ

is surjective (where the first equality holds by part 3 of Theorem [3.2.2)). It suffices to prove

this after formally completing along the locally closed subschemes Xy for each cusp label
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% € Cuspg. We may compute the formal completions of these sheaves along Xy using [13),
II1, 4.1.5]. We have m 'y, (Xy) = Xi2% , and we denoted the formal completion of X% along

this by /f}(‘”zé, so that we have a map of formal schemes

A .
min

A~ . ytor
ks Xxsg = Xk
As 7y is proper, we may identify the formal completion of
WK,E,*OX}(Orz — T 5«0z

along Xy with

T2 Ogior = Trs0y

where Z denotes the formal completion of Z along X}(OTEZ, Now recall from part 4 of Theorem

that we have a commutative diagram of formal schemes

V't
XS5y — Xon, /e

[

The top row is an isomorphism and the bottom row, while certainly not an isomorphism
of formal schemes, does induce an isomorphism of underlying topological spaces. Via these
isomorphisms the map of sheaves we are considering can be identified with

Tx Ofsf,&g /T —F T O(%%,E%/F%)Z%

where Zy is the closed subscheme of Xy determining Z. This map is surjective by Lemma
B.43

Hence we may define a closed subscheme Z™* C X2 to be the closed subscheme with

structure sheaf mx 5 ,Oz. Then it follows from Lemma 3.4.3|again that the formal completion
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of Z™n along Xy is ( AI‘?};)Z%.

For part 3, the reducedness of Z*" implies the reducedness of Z™" by part 2. Next we
claim that if Z™" is reduced then so is each Zy. First recall that by [13| IV, 7.8.3], the
formal completion of a reduced excellent ring is reduced. Hence if Z™" is reduced then so
is the formal scheme Zf}ﬂn obtained by formally completing Z™" along Xy (by which we
mean that the structure sheaf is a sheaf of reduced rings). But by the computation in lemma
we saw that the structure sheaf of Oz occurs as a direct factor of Ozgin (as the factor
corresponding to [ = 0) and hence Zy is reduced. Finally we we claim that if Z¢ is reduced,
then so is Z%*'. To show that Z%" is reduced, it suffices to show that for each cusp label
%, the formal completion of Z*" along X" is reduced. But this is a formal completion of

(E¢ .34 )|z, and the map Z¢ 5, — Xy is smooth. O

3.4.2 Sections of w* Near the Boundary

Let ¢ € Cuspy be a cusp label. Over the toroidal boundary chart Z4 5. we have the

semiabelian scheme A which sits in an exact sequence
0T — Ay — Ay — 0

where T is the constant torus with character group X and A¢ is the pullback of the universal
abelian scheme on Xy. Then taking co-lie algebras we have a short exact sequence of locally
free sheaves on Z¢ 5.,

0— wa, — Wi, — wp — 0.

We will denote the determinant of the Hodge bundle of Ay by we¢ /Xy and the determinant

of wy, by wg. Then we have an isomorphism

C()TQJX@O:

E¢,2e
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given by sending x € X to df. Hence we have a ['g-equivariant isomorphism

Wy ~ det X @ mFweg

where 7 : ZE¢ 5, — Xy denotes the canonical map.
Now we will consider completions. Recall that we have an isomorphism of formal com-

pletions

Vtor

K% = Xo s /Te.

We will denote the formal completion of wg /X5 along A5, by Gre. We will also
denote the formal completion of &y /Z¢ 5., along Oy s by cfjcg/%cg,g%. We use the same

symbol for its quotient by I'¢, a line bundle on the formal scheme X4 5., /I'v. Then we have
Gy ~ det X @ 1wy
where 7 : X4 5., /Ty — Xy is the canonical map. Indeed, even though I'y acts non trivially

on X, the neatness of 'y implies that 'y acts trivially on det X.

Proposition 3.4.4. With notation as above, for each cusp label € € Cuspy we have a
canonical isomorphism

Wk,e =~ we >~ det X @ mwey

of line bundles over the formal scheme Xi&5,, where m @ X% o, — Xy is the structural

morphism.

Proof. The first isomorphism comes from the isomorphism between the formal completions

of A and Ay (see part 2 of Theorem [3.2.1]) O

We have a similar result for the minimal compactification. We will denote by Wk «/ X min

the formal completion of wg /X }?‘2 along Xk.
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Proposition 3.4.5. For each cusp label € € Cuspy we have a canonical isomorphism

Wre ~det X @ miwy

A
min

of line bundles on é?;(n‘;, where @ Xgg — Xy is the structural morphism of part 4 of

Theorem [3.2.2.

Proof. This follows from Proposition combined with the theorem on formal functions

[13), 111, 4.1.5] and the projection formula. ]
Now we have the following definition.

Definition 3.4.6. 1. Let Z'" C A}, be a closed subscheme which is well positioned at
the boundary corresponding to closed subschemes Zy C Xy for each cusp label %.

Then a section

A 6 HO(Ztor, w%k‘ztor>

is said to be well positioned at the boundary if for each cusp label % there is a section
Ay € H (Zg,wiF|2,)

such that the section

A€ H(X2%) 7, o)

obtained by formally completing A along X }é’%% is of the form

a®F @ % Ay

under the isomorphism of Proposition [3.4.4| restricted to ( Aztéf %)z, Where

T (?\A’K,z,%)zg — Zg
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is the structural morphism and « is a choice of generator for det X.

2. Let Z™» C X®" be a closed subscheme which is well positioned at the boundary

corresponding to closed subschemes Z, C Xy for each cusp label €. Then a section
A€ HZ™ 0] o)

is said to be well positioned at the boundary if for each cusp label % there is a section
Ag € H(Zg,wSF|2,)

such that the section

A € HO((‘)E‘I?;)Z%”’DK)

obtained by formally completing A along X’ ;;“g, is of the form

a®F @ % Ay

under the isomorphism of Proposition [3.4.5| restricted to (?2 ;(mg) 74, Where

VI (.XA.K727<(,§/>Zmin — Z%

is the structural morphism and « is a choice of generator for det X.

Remark 3.4.7. 1. The choice of the generator a of det X is unique up to multiplication
by —1. Hence the sections Ay for cusp labels € associated to A are possibly only
determined up to multiplication by —1. On the other hand if either k is even or 2 = 0
on Z then replacing a by —a does not change A¢. In our applications one of these
conditions will always be satisfied, and hence we will speak of the A4 as if they are

canonically associated to A.

7



2. Now suppose that Z'" C X35 and Zmin . Xmin are closed subschemes which are well
positioned at the boundary and correspond as in Theorem |3.4.2l Then by part 2 of

that Theorem, the pullback map
]¥0(Zmin7 w}@}k) - HO(ztor’ w?}k”)

is an isomorphism. It is clear from the definition that this induces a bijection between
sections well positioned at the boundary in each space and under this bijection the

corresponding Ay for cusp labels € are the same.

3. If Z is a subscheme of X%, or AR™ which is well positioned at the boundary and
A € H°(Z,w®|y) is well positioned at the boundary then it is clear from the definitions
that the (scheme theoretic) vanishing locus V(A) of A is also well positioned at the

boundary.

3.4.3 Automorphic Vector Bundles Near the Boundary

In Chapter we will need to show that a certain sequence of sections of powers of w (restricted
to suitable subschemes) is a regular sequence on V;‘}?. This is complicated by the fact that
X0 is not usually Cohen-Macaulay and V;)S’I}? is not usually locally free. Our aim is to prove

that the situation is better when the sections are well positioned at the boundary in the

sense of the previous section.

Proposition 3.4.8. Suppose we have integers r,m > 0 and a sequence Ag, Ay, ..., A,, where
min r k
AOGHO(XK XR R/ﬂ_ ,w® O|X?inXRR/7TT)

and fori=1,...,m,

A, € HO(V(AZ'_l), w®ki

V(Ai71))'

Suppose that for i = 0,....,m, A; and V(A;) are well positioned at the boundary (in fact
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this is only a condition on the A; by part 3 of Remark ) Suppose further that for each
cusp label €, the associated sequence of sections Ay o, Aga, ..., Aem on subschemes of Xy
is a reqular sequence. Then for each representation p of M on a finite free R/m"-module, the

sequence Ag, A1, ..., Ay, is Vps“b—regular.

Proof. 1t suffices to prove the corresponding statement after formally completing along Xy C
X for each cusp label 4 € Cuspy. Let V;‘}?% denote the formal completion of V;f}? along
Xg.

From part 4 of Theorem that we have a commutative diagram of formal schemes

Vrtor
XK,E,‘K g -’{%’,E%/F%

[

Vmin
e
Xpin Xy

in which the top horizontal arrow is an isomorphism, and the bottom horizontal arrow is not
usually an isomorphism, but does induce an isomorphism of underlying topological spaces.

As Ay, ..., A; are well positioned at the boundary, we have
Vsub _ Vsub O _ Vsub O _ Vsub
p,K|V(Ai) — VoK ®(’);3;?i% V(Ai) — VpK ®(92c<g V(Ag,i) — p,K|V(A<6’,i)

(note that the equalities on the far left and far right are just the definition of the restriction,
but we want to emphasize that in this formula the restrictions correspond to tensor products
over different ringed spaces!) Hence in order to show that A; is a non zero divisor on
V;‘}?\V( A,y we need to show that Ag; is a non zero divisor on the (not usually quasi-
coherent!) sheaf of Oy (4, ,_,)-modules V;ﬁ?\v( Ag,)- To complete the proof, we will show

that as a sheaf of Oy, -modules, \A/;’,‘}P is a (usually infinite) product of locally free sheaves of

Ox, x g R/=r-modules.
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By the theorem on formal functions [13, 111, 7.7.5],
ViR = fremVoies

where VSUb denotes the formal completion of VSUbE along A%, .

Now we have the local isomorphism

p: :{(g,g% — %(572%/1“(5.
Denote ™ = mp. Then as Oy, -modules

sub ~ sub \T'¢
W*V KY T = (T.p" VpKz>

We will study this in a manner similar to the proof of Lemma [3.4.3, The map 7 factors
as a composition

%(572% g O<g B) /ﬁg B ng
First we recall that by Proposition 5.6 of [22],

1. There is a I'y equivariant sheaf V/Cy such that
V;‘}?E =mV® I

2. V has a filtration

V=V'oVio...ovi=0

such that for each 4, V//Vi*! is of the form miV/ for V// X4 a locally free sheaf of

OX% XRR/WT—modules.
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By an argument similar to that in the proof of Lemma we have

m Vs = [ el ®oc, V

lepyt

and hence

7 Vis = [[ mema(Te() @ V)

ler,t
Recall from the proof of Lemma that for [ € P%/’Jr, Uy (1) is relatively ample over Xy
and hence 7y, Wy (1) is locally free and R'my W (1) = 0. Then it follows from this and point
2 above that m (V4 (I) ® V) is a locally free sheaf of Oy, p/---modules. Hence each of
the terms in the product above are locally free sheaves of Ox., x ,r/x-modules.
It remains to analyze what happens when we take I'g-invariants. For [ € P%f’Jr, the
stabilizer of [ in T'y is trivial (see the proof of Lemma [3.4.3]) Thus the the product over the

terms corresponding to the I'y-orbit of [ is
Ind?ﬁm’*m’*(\lf(g(l) @ V).

Hence (ﬁ*p*V;‘}gz)F‘g is a product of locally free sheaves of Oy, x ,r/~-modules as desired.

]
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Chapter 4

Ekedahl-Oort Stratification and

(Generalized Hasse Invariants

The first goal of this chapter is to recall the Ekedahl-Oort stratification of the special fibers
of PEL type Shimura varieties. It was introduced and studied first in the Siegel case by
Ekedahl and Oort [28]. For Hilbert modular varieties it was studied by Goren-Oort [I1].
The general PEL case was taken up by Moonen and Wedhorn [24] [25] [37] (see also [26] and
[36].) Then we will introduce our “generalized Hasse invariants” on the open Ekedahl-Oort
strata. Their definition is directly inspired by the “generalized Raynaud trick” of Ekedahl
and Oort [28]. We will then formulate the first main result of this thesis, Theorem [£.5.4]
which states that some power of these Hasse invariants extends to the closed Ekedahl-Oort
stratum and vanishes on the complement of the open stratum. We reduce the proof of this
theorem to the Siegel case, which will be completed in the next chapter.

Let us now give a more detailed overview of this chapter. In section we define
I-truncated Barsotti-Tate with various additional structures (polarizations and endomor-
phisms.) The key examples will be the p-torsion subgroup schemes of the abelian schemes
parameterized by the PEL modular varieties introduced in Chapter 2 We also introduce

a more general notion of “partial BTys” which includes the p-torsion of of the semiabelian
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schemes over the toroidal compactifications of Chapter [3| In section we will recall the
theory of the canonical filtration, due to Ekedahl and Oort. The canonical filtration plays
a central role in the theory of BT;s and in this thesis. In section we will recall the
classification of BT; with polarization and endomorphisms over algebraically closed fields
of characteristic p, due to Kraft (unpublished work,) Oort [28], Moonen [24], and Moonen-
Wedhorn [26]. Essentially the classification shows that such a BT; is “determined by its
canonical filtration.” In section [4.4] we will introduce the Ekedahl-Oort stratification of a
PEL modular variety. We will define it using the theory of canonical filtrations, as in [28],
but for general PEL modular varieties. But using the results of Section we can show
that our definition agrees with the usual one. As a consequence of our approach we are able
to prove Theorem which is perhaps the first new result of this chapter: it states that
under the maps

¢K,f< : XK —>Xf<

of section from a general PEL modular variety to a Siegel modular variety, each EO
strata of Xy is open in the pre image of some EO stratum of Xy under ¢, . Finally
in section we turn to generalized Hasse invariants. They are first constructed as non
vanishing sections of a power of the determinant of the Hodge bundle on the open Ekedahl-
Oort strata, using the canonical filtration. Then we state our main Theorem on the
existence of generalized Hasse invariants: it states that some power of these these sections
extend to the closed Ekedahl-Oort strata and vanish on the complement of the open strata.
In this chapter we will explain how to reduce it to the Siegel case. The proof in the Siegel
case will be given in the next chapter.

Throughout this chapter we work over a base S which is assumed locally noetherian and

of characteristic p.
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4.1 Definitions

4.1.1 Truncated Barsotti-Tate Groups

Definition 4.1.1. A (1-)truncated Barsotti-Tate group (or BT; for short) is a finite flat

group scheme G/S such that

Gt o Y, @

18 exact.

Note in particular that if G/S is a BTy, then [p]¢ = 0 and G[F]| C G is finite flat.

Remark 4.1.2. More generally one can define n-truncated Barsotti-Tate groups for any integer
n over schemes which aren’t necessarily of characteristic p. However we won’t need these

notions.

The p-torsion subgroup of an abelian scheme or p-divisible group over S is a BT;. However
we will also need to consider the p-torsion subgroup of semiabelian schemes, which are not

finite in general. Hence we introduce the following non-standard notion.

Definition 4.1.3. A partial BT, is a quasi-finite, flat, separated, group scheme G/S such
[p]le = 0 and for every s € S, the fiber G,/k(s) is a BT;.

We remark that it really is necessary to assume that [p]¢ = 0 (consider the kernel of F*
on the universal characteristic p first order deformation of a supersingular elliptic curve.)

We now prove some lemmas to show that this is a reasonable definition.

Lemma 4.1.4. Let G/S be a quasi-finite group scheme such that for every s € S, the fiber
Gs/k(s) is connected. Then G/S is finite.

Proof. The hypothesis implies that G — S is a universal homeomorphism, and so the con-

clusion follows from [I3], IV 8.11.6]. O
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Lemma 4.1.5. Let G/S be a partial BTy. Then G[F|/S is finite flat.

Proof. The relative Frobenius F gives a bijection on points, so each fiber G[Fs consists of a
single point. Hence by lemma[4.1.4] G[F]/S is finite. We need to show that G[F]/S is flat.

By assumption we have [p]ae = FV =0 on G and hence we can consider the map
V:G® - G[F).
Now for every s € S, Gs/k(s) is a BT; and so the map on fibers
V:GY = G,[F)

is a surjective map of finite groups schemes over a field, and hence flat. By the fiberwise

criteria for flatness [I3, IV 11.3.11] we conclude that G[F] is flat. O

Corollary 4.1.6. Let G/S be a partial BTy. Then wg = e*Qé/S is locally free of finite rank

equal to the height of G[F].

In particular the rank of wg is locally constant on S. We (abusively) call it the dimension

of G.
Corollary 4.1.7. Let G/S be a partial BTy which is finite over S. Then G is a BT.

If 7: G — S is a finite flat group scheme then the degree of GG is defined to be the rank
of m.O¢ as a locally free Og-module (a locally constant function on S.) The degree of a BT,
is a power of p" where h is the height.

Defining the height of a partial BT, is somewhat more subtle. We recall the following

lemma

Lemma 4.1.8. Let m: X — S be flat, separated, quasi-finite. Consider the degree function

d:S—N

s +— deg X.
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where deg X, = dimy(,) As where Xy = Spec A; (we remind the reader that the fiber X, of

the quasi-finite map 7 is a finite k(s)-scheme.)
1. The function d on S is lower semicontinuous.
2. If d 1s locally constant then f is finite.

Given GG/S a partial BT, we can consider the “finite height” function

fGZS—>N

s+ log, deg Gs.

Then fg is lower semicontinous by the above lemma. We will say that G has height < h if
fa(s) < hfor all s € S. The reason for calling this the finite height will become clear in the

next section when we consider quasi-polarizations.

4.1.2 Quasi-Polarizations on BT;s

In this section we define principal quasi-polarizations on partial BT;’s. There are some
subtleties in characteristic 2. Our definition is somewhat ad-hoc as a result.
If G/S is a finite flat group scheme killed by p, then its cartier dual GP is the finite flat

group scheme representing the functor

S" — Hom(G(S"), G,n(S")) = Hom(G(S"), 1,(S")).

It is (contravariantly) functorial and compatible with arbitrary base change. In particular
(GPHYP = (GP)®) Cartier duality interchanges Frobenius and Verschiebung in the sense
that

Fgp = (Vg)P : GP — (GP)®
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and

Vo = (Fo)P : (GP)® — GP

Moreover there is a canonical evaluation homomorphism G — (GP)P which is an isomor-
phism.

We recall the following well known fact:
Proposition 4.1.9. Let G/S be a BT;.
1. GP is also a BT;.

2. If we let h denote the height of G, d the dimension of G and d' the dimension of G”

(sometimes called the codimension) then we have an equality

h=d+d

of locally constant functions on S.

Proof. The first part is an immediate consequence of the definition and the exactness of
cartier duality. For the second, just note that the Cartier dual of ker(F : GP — (G®)P) is

coker(V : G® — G). Hence

ht(G) = d +ht(im(V : GP = G)) =d +ht(ker F: G — GP)) = d' +d.

Giving a bilinear pairing

A:Gx G =,

is the same as giving a group homomorphism

A:G— GP.
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Now let G/S be a separated, quasi-finite, flat group scheme killed by p. A pairing

NG X G = py

is said to be antisymmetric if A = A~! if X denotes the pairing defined by exchanging the
two factors. If G is finite, this is equivalent to the corresponding map A : G — GP satisfying
AP = — )\ where (GP)P has been identified with G via the canonical map described above.

If G/S is finite flat and endowed with an antisymmetric pairing A : G x G — p,, then we
let

ker A := ker(\ : G — GP).

We note that if ker A is trivial, then X\ : G — GP is an isomorphism. Indeed \ is then

injective and G' and G have the same degree. It is clear that for any S scheme S’ and any

x € (ker \)(9') and y € G(5’) we have

Mz, y) = My, z) =1

Then if ker A is flat, G/ ker \ is representable by a finite flat group scheme and it is endowed

we have a pairing

A:G/ker A x G/ ker A = p,

which has trivial kernel.

Definition 4.1.10. 1. A principal quasi-polarized partial BT; is a pair (G, A) consisting

of a partial BT; G and a skew symmetric pairing

NG x G =,

such that for each s € S, the following conditions are satisfied on the fiber (G, A):

(a) The kernel ker \; is a group of multiplicative type.
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(b) If p = 2 then (G5, As) denote the base change of (G, As) to some algebraic closure

k(s) of k(s), then the pairing

D(Gs/ ker A5) x D(G5/ ker As) — k(s)

induced by Az is alternating, where D is the (contravariant) Diuedonne module

functor.

2. By a principally quasi polarized BT; we mean a BT; G along with an anti symmetric
pairing A : G x G — pu, such that the corresponding homomorphism A : G — GP is an

isomorphism and if p = 2, the condition of (b) in the definition above is satisfied.

Let us make some remarks about this definition.

Remark 4.1.11. 1. If (G, ) is a principally quasi-polarized partial BT, and G is in fact
finite (i.e. it is actually a BT;) then it is not necessarily true that (G, ) is a principally
quasi-polarized BTy in the sense of 2 above because A may have a kernel. However if
ker \ is trivial, then as remarked above A : G — GP is an isomorphism so (G, \) is a

principally quasi-polarized BT}.

2. Let us now make some remarks on the “correctness” of this definition. Our no-
tion of partial BT;s is already nonstandard, so we will only discuss principal quasi-
polarizations on BTys. When p # 2 our definition agrees with that in [37]. Wedhorn
shows for example, that the “truncation” functor from the stack of principally quasi-
polarized p-divisible groups to principally quasi-polarized BT;s is formally smooth,
and this justifies this being the “correct” notion of a principle quasi-polarized BT, in

families.

When p = 2 there is some trouble which has been discussed in [28] and [24]. Our

definition has been rigged with the following two considerations in mind:

(a) If (G, ) is a principally quasi-polarized BT; over an algebraically closed field
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k of characteristic 2 then there is a principally quasi-polarized 2-divisible group
(X, XN)/k with (G, \) as its 2-torsion. This would not be true without the extra

condition on the pairing on the Dieudonne module!

(b) If S is any base of characteristic 2 and (A, \)/S is a prime to 2 quasi-polarized
abelian scheme then A[2] with the A\-Weil pairing X : A[2] x A[2] — o is a

principally quasi-polarized BT}.

It should be clear that this condition on the Dieudonne modules of the geometric fibers
would not be suitable for the study of families. We do not know if there exists a good
notion of principally quasi-polarized BT;s over general bases of characteristic 2! The

reader who finds this to be a headache should just assume that p # 2.

We have several numerical functions on S for a principally quasi polarized partial BT,

(G, \):
1. The dimension d(s) = htG[F].
2. The height h(s) = 2d(s).
3. The finite height f(s) = htGs.
4. The toral height ¢(s) = ht ker ;.
5. The abelian height a(s) = ht(G/ ker \y)

We note that when (G, \) is a principally quasi-polarized BT, this definition of height

agrees with that of the previous section by Proposition [4.1.9, We have the relations

f+t=a+2t=h

from which we see that given the height h, any one of f, t and a determine the rest. The
height and dimension are locally constant, while the finite height and abelian height are

lower semicontinous and the total height is upper semicontinuous.
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4.1.3 BT;s With Extra Endomorphisms

Let O be a finite dimensional semisimple F,-algebra. Let F be its center. We denote by T
the set of all embeddings 7 : F — F,. Absolute Frobenius acts on 7 and we denote it by F.

For 7 € T let [r] denote its orbit under Frobenius. Then we have a decomposition

F=][Fy
]

where F, are finite fields. We have a corresponding decomposition
0= H M, (F)
[7]

and we denote the idempotent in the [7] factor by ej;.
Let k be a subfield of F,, containing the image of every embedding F — F,. Then we

have decompositions
Fok=]]k

and

Owk=[][M, (k)

where k, denotes k with an O-action via 7. We let e, denote the idempotent in the 7 factor.
For the rest of the chapter we will assume that our base S is actually a k-scheme. Let &
be a finite locally free Og-module with an Og-linear O action on either the left or the right.

Then we obtain a decomposition

E=Ps =Pe. <

Note that e, lies in the center of O ® k so this formula makes sense even when O acts on the
right. Each summand &, is a summand of a finite locally free Og-module and hence itself

finite locally free. We call the vector of locally constant functions (rk(&:)/rf)- the multi
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rank of €. If £P) denotes the pullback by absolute Frobenius F : S — S with its induced

Og-linear O action, then

(Er)®) = (7).

Note also that if £ has an Og linear O action on the left, then it has the same O-multirank

as its dual £ (which has a right O action.)

Definition 4.1.12. By a partial BT, with O action, we mean a partial BT; G/S equipped

with a ring homomorphism i : O — Endg(G).

Let G/S be a partial BT, with O action. By Lemma wg = wgr) is a locally free
Og-module which inherits an Og-linear right O action. We denote its multi rank by (d,),c7
and call it the multi dimension of G.

Next note that the decomposition of O into simple factors induces a decomposition

When G/S is finite (i.e. when it is a BTy) let hj;) = ht(G)/(ri[F- : F,]). Then we call the

tuple (hj;)) the multi height of G.
Proposition 4.1.13. Let G/S be BT with O-action. Then for each [7], hy is an integer.

Proof. We clearly may as well assume that O = M, (F) is simple. By the usual Morita
equivalence we reduce to the case that » = 1. Thus what we need to show is that if F is
a finite field and G is a BT; with a F action, then its height is a multiple of [F : F,|. As
the height is locally constant and compatible with base change, it suffices to treat the case
that S = Speck’ where k" is an algebraically closed field of characteristic p, with a chosen
embedding k — k'

We now utilize Dieudonne theory. Let D be the contravariant Diuedonne module of the
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BT, G/K' with a F action. Then the height of G is k¥’ dimension of D. There are maps

F:D» D V:D-— DW

As G is a BTy we have ker F = imV and imV = ker F. Hence there are short exact
sequences

0—=kerF - D —=kerV —0

and

0—=kerV — DP s ker F — 0.

Moreover, as F acts on G, there is a £’ linear F action on D which commutes with F' and
V which commutes with F' and V. We may then decompose D, D®_ ker F and ker V into

isotypic pieces as above, and we see that for each 7 € T

dim D, = dim(ker F), + dim(ker V), = dim(D®), = dim Dp,.

Hence the height of G is dim D = ) __-dim D, is a multiple of [F : F,]. O

Now let * be an involution of @. Then (O, *) can be factored as a product of simple

algebras with involution. We recall that there is a rough classification of simple algebras

with involution as follows: let (O, *) be a simple algebra with involution with center F and

let F* = F*='4. Then (O, ) has one of the following types:

1. Type A split: F = F¥ x F™ with F* a field, and O = M,(F*) x M,(F*)° with

*(z,y) = (y, @)
2. Type A non split: F/F* a quadratic extension of fields, with O = M,(F).
3. Type C: F = F™ and O = M,(F) with * given by conjugation with respect to a non

degenerate symmetric form.
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4. Type D: F = F* and O = M,(F) with * given by conjugation with respect to a non

degenerate alternating form.
As x acts on the center F it acts on the set of embeddings 7T .

Definition 4.1.14. By a principally quasi-polarized BT; with (O, *) action we mean a

principally quasi-polarized partial BT; (G, \)/S along with i : O — Endg(G) which satisfies

AMx-—, =) =A—,2" =) : Gx G — p,

for all z € O.

Note that when (G,\) is a principally quasi-polarized BT; then the condition in the

definition is the same as asking that the isomorphism X : G — GP satisfies \i(x) = i(2*)P .

Proposition 4.1.15. Let (G, \, i) be a principally quasi-polarized partial BT, with O-action.
Then
dT + dT* = h[ﬂ

4.1.4 Mod p PEL Data

In the last section we saw that principally quasi-polarized BT; with O action have certain
discrete invariants: the multi height (h};) and multi dimension (d.). If we consider the
special fiber of a PEL modular variety as in Chapter 2] the p-torsion of the universal abelian
scheme will be a BT with extra structure, and we should be able to read off these discrete
invariants from the PEL datum defining the moduli problem. The goal of this section, which

is pure linear algebra, is to explain how this works.

Definition 4.1.16. Let &’ be a field of characteristic p. By a symplectic O ® k’-module we
mean a finite dimensional &’ vector space V equipped with a &’ linear left O action and a

non degenerate alternating pairing (-,-) : V' x V' — £’ satisfying

(xv,w) = (v, z"w)
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for all # € O, and v,w € V. We say that two symplectic O ® k’-modules (V, (-,-)) and
(V',(-,-)") are isomorphic if there is a O ® k'-linear isomorphism f : V — V' and a constant

¢ € K’ such that for all v,w € V, we have (f(v), f(w)) = c{v,w).
The following result is basic.

Proposition 4.1.17. Let k' be an algebraically closed field of characteristic p with an em-
bedding k — k'. Then two symplectic O ® k'-modules V and V' are isomorphic if and only

if their O-multiranks are the same.

From now on, we assume that (O, x) has no simple factors of type D. Let (V, {-,-)) be a

symplectic O-module. Then to V we can associate the algebraic group

G(A) ={(g.0) € Endoga(V ® A) x A | (gv, gw) = a{v, w)}

Proposition 4.1.18. Assume (O, *) has no simple factors of type D. Then there is a bi-
jection between the set of symplectic O-modules up to isomorphism and tuples (hir) such

that
1. hy is even if [T] corresponds to a factor of O of type C.
2. hiy) = hiz. for each [7].
The bijection is given by sending (V, {-,-)) to the O multi rank of V ®rF, k.

Proof. To see that a symplectic O-module (V/, (-, -)) is determined up to isomorphism by the
V ® k multi rank, note that because (O, %) has no factors of type D, the algebraic group G

is connected, and so the result follows by Lang’s theorem and Proposition [4.1.17] O]

Proposition 4.1.19. Let (V,(-,-)) be a Let k'/k be an extension which is either a finite field
or an algebraically closed field. Then two O-stable maximal isotropic subspaces of V' are in

the same G(K') orbit if and only if they have the same O multirank. Moreover, a tuple (d.)
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occurs as the O-multirank of such a mazimal isotropic if and only if it satisfies
d’T + d’T* == h[T]

forallTeT.

The failure of these two propositions when (O, ) has simple factors of type D is one of
the reasons for excluding this case in this thesis.

Now we come to the main definition of this section.

Definition 4.1.20. By a mod p PEL datum we mean a semisimple Fp-algebra with invo-

lution (O, *) along with one of the following equivalent sets of data (by Propositions 4.1.18
and [1.1.19])

1. A symplectic O-module along with a G(k) orbit of maximal isotropic O-submodules

NCV®Ek.

2. A pair of tuples of integers (h};)) and (d,) satisfying
d'r + d'r* = h'[‘r]

for all 7 € T. (Note that this condition implies the two conditions on (hj;) in Propo-
sition [4.1.18])

Definition 4.1.21. Given an integral PEL datum (O, *, L, (-, -), h) with no factors of type

D such that p is a good prime, we define a mod p PEL datum as follows:

e Take O = 0O ® F,, which is a semisimple Fj-algebra as p is a good prime. Take * to

be the induced involution. (O, *) has no simple factors of type D because (O, %) does.

o Take (V,(-,-)) to be L ® F,, and the pairing induced by (-,-) after picking a choice
of an isomorphism Z(1) ~ Z and reducing mod p. The resulting pairing on V' is non

degenerate because p is a good prime.

96



e Take N C V ® k to be a maximal isotropic with the same O-multirank as Lo Qg k.

We finish this section by introducing some notation that will be used in Section Let
D be a mod p PEL datum. Let G be the associated group as defined above. Fix a maximal
torus and Borel T' C B C G so that we get a set of simple roots A. Let Py C G be the
parabolic fixing N C V ® k and let I C A be the corresponding set of simple roots. Let W
be the Weyl group of G, and let W; C W be the parabolic subgroup generated by the simple
reflections in I. Let [ denote the length function on W. Let W' denote the set of minimal

length coset representatives for W/W;, so that for each w € W we have

(ww") > l(w)  Yw' € Wy

4.2 The Canonical Filtration

4.2.1 Definition and Basic Properties

Let G,G’" be a quasi-finite, flat, separated S-group schemes and let f : G — G’ be a
homomorphism. In general, ker f exists as a quasi-finite, separated S-group scheme, but
it need not be flat. Meanwhile im f needn’t even be representable. However we recall
the following crucial fact: if ker f is in fact finite and flat then im f is representable by a
separated, quasi-finite, flat closed subgroup scheme of G’ which is finite if G is.

Let us introduce some definitions.

Definition 4.2.1. Let G be a partial BT and let H C G is a finite flat closed subgroup

scheme.

1. If F~Y(H®) C G is finite flat then we denote it (abusively) by F~*(H) and say that
“F7Y(H) exists.” If im(V : H® — @) exists as a finite flat group scheme then we
denote it by V(H) and say “V(H) exists.” As G itself might not be finite, we also let

F7Y(G) = G and V(G) = G[F]. This is consistent with the case that G is finite and
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the above definitions apply.

2. Let R be the set of words in the symbols FF~! and V. Given R = R;---R, € R
where each R; is either F~! or V, we say that R(H) exists if R,(H), R,_1R,(H),
...,RiRy--- R, (H) all exist. By the convention above, we may also make sense of

R(G), even if G is not finite.
We now observe the following easy but crucial fact.

Lemma 4.2.2. [f R, R’ € R and R(G[F]) and R'(G[F)) both ezist, then either R(G[F]) C
R'(G[F]) or R'(G[F]) C R(G[F)).

Proof. For any finite flat subgroup H C G, we have G[F] C F~'(H) and V(H) C G[F]
provided they exist. This implies the result if one of R or R’ is empty.

Otherwise, write R = R;R and R = R’lé’ with R; and R} each either F~! or V. If
Ry = R} the result follows by induction. If not, then without loss of generality R; = V' and
R} = F~'. But then

R(G[F]) C G[F] C R'(G[F]).

]

Definition 4.2.3. Let G/S be a partial BT;. We say that G admits a canonical filtration
if for each R € R, R(G[F]) exists. If G admits a canonical filtration then we say that it has

constant type if for each R € R, the (locally constant) height of R(G[F1]) is constant on S.

Let us explain the definition. Suppose that G/S is a partial BT; which admits a canonical
filtration of constant type. Then by [4.2.2] the subgroups of the form R(G[F]) for R € R form
a filtration of G. Moreover, if two groups R(G|[F]) and R'(G[F]) have the same (constant)
height, they must be equal. As the height of any R(G[F]) is bounded by the height of any
of the fibers Gy, we see that the set {R(G[F]) | R € R} must in fact be finite. Ordering

them by inclusion, and adding 0 and G if necessary, we arrive at a filtration

0=GoCcGyC---CG.=G[F]Cc---CcG,=G
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of GG by finite flat closed subgroup schemes. It is called the canonical filtration. By construc-
tion it has the following property: for i = 0,...,n both F7(G;) and V(G;) exist and are
terms in the filtration. Moreover, it is the coarsest filtration of G with this property.

Let us continue to assume that G/S is a partial BT; which admits a canonical filtration
of constant type. For i =1,... n, G;_1 C G; is a finite flat closed subgroup scheme, and
hence we may form the quotient G;/G,;_1, which is separated, quasi-finite, flat, and even
finite expect possibly when i = n (if G itself is not finite.) Our next goal is to study how F
and V behave on the “associated gradeds” of the canonical filtration.

The following theorem, due to Ekedahl and Oort, summarizes the main properties of the

canonical filtration.

Theorem 4.2.4. Let G/S be a partial BT, which admits a canonical filtration of constant

type.

1. Fori=1,...c, there exists some 1 < j <n with G; =V (G;). Let o(i) be the smallest

such j. Then V(Go-1) = Gi—1 and

Vi (Go(iy/Goiy-1)® — Gi/Giy

s an isomorphism.

2. Fori=c+1,...,n, there exists some 1 < j < n with G; = F~*(G;). Let o(i) be the

smallest such j. Then F~YGyy-1) = Gi—1 and
F: Gi/Gi1 = (Go(i)/ Goiy-1)?

s an isomorphism.

3. The map o : {1,...,n} — {1,...,n} defined in parts 1 and 2 is a bijection and satisfies



and

ole+1)<o(c+2)<---<an)

Proof. We first prove the first sentences of parts 1 and 2. We have that F~(G,,) = G,, and
V(G,) = Ge. Fori=1,...,n—1 it follows from the definition of the canonical filtration
that G; = R(G[F]) for some R € R and so there exists j such that either G; = F~!(G;) or
G; = V(G,). But if i < ¢ then G; C G. = G[F] so we must have G; = V(G,), and if i > ¢
then G[F] C G; so we must have G; = F~(G;).

Now if 1 < i < i’ < ¢ then V(Gop)) = Gi C V(Goary) = Gy. Thus Goury € Gopy s0 we
must have G, C Gy and hence o(i) < o(i’). Thus fori =1,...,¢,0(i —1) <o) =1
and hence

Gi1 = V<Ga(i—1)) - V(Ga(i)—1)~

Thus if V(Go@)-1) = G then j > i — 1. But also j < i by the definition of ¢(i), and hence

7 =1 —1. Consequently we have a map
V: (Gotiy/Gogiy-1)™ = Gi/Giy.

which is surjective.
Similarly if ¢ < ¢ < ¢’ < nthen F~Y(Gyu)) = G; C F 1 (Gypr)) = Gy Thus Gory € Go
and so we must have G, C Goy and hence o(i) < o(i'). Thus for i = ¢+ 1,...,n,

o(i—1) <o(i) — 1 and hence
Gi1 = F7(Goi1) € F~H(Gopiy1)-

Thus if F~1(Gyi)-1) = G; then j > i—1. But also j < ¢ by the definition of ¢(¢), and hence

j =1 — 1. Consequently we have a map

F Gi/Gi—l — (Go(i)/Ga(i)*l)(p)‘
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which is injective.

Now for ¢ = 1,...,n we have a short exact sequence
0— FYG)/F Y Gio1) & Gi/Git 5 V(G /V(Giy) — 0.

The F is non zero if and only if have i = o(j) where G; = F~!(G,). Likewise V is non zero
if and only i = o(j) where G; = V(G;). One of F or V must be non zero, as G;/G;_; is.
Hence o is surjective. Consequently it is also injective. We conclude that in the above exact

sequence exactly one of F' or V is zero, and the other is an isomorphism. O]

Next we deduce something about the structure of the sub quotients for the canonical

filtration.

Proposition 4.2.5. Let G/S be a partial BTy which admits a canonical filtration. If 1 <

i < n satisfies o(i) =i then
1. Ifi < c theni =1, in which case Gy s of multiplicative type.
2. If i > c then i = n, in which case G, /G,_1 is étale.
If 1 <i <n is such that o(i) # i then G;/G;_1 is an a-group (i.e. both F' and V are 0.)

Proof. Let us suppose that o(i) = i. Let us first consider the possibility that ¢ < ¢. Suppose
i > 1. From the definition of the canonical filtration, we must have G,_; = V"(G};) for some

Jj > cand some r > 0. But G; C G and hence
G; = VT(GI) C VT(G]) =G
a contradiction. Hence we must have ¢ = 1. Then by Theorem [4.2.4) we have that

ViGY -G
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is an isomorphism, and hence G is multiplicative.
Now let us consider the case that ¢ > ¢. Suppose ¢ < n. From the definition of the
canonical filtration, we must have G; = F~"(G;) for some j < cand r > 0. But G; C G;_4

and hence

Gi - F7T<Gj> C FﬁT(Gl;l) - Gi,1

a contradiction. Hence we must have ¢ = n. Then by Theorem we have that
F:Gp/Guy — (Gr)Grq)®

is an isomorphism, and hence G, /G, _; is étale.

Now we prove the last statement of the proposition. For i = 1,...n we have V(G;) = G,
with 0 < j < c¢. We clearly must have 7 < i. Suppose ¢ = 5. Then 57 > 0 so by Theorem
V(Go;y) = Gj and V(Gy(j)-1) = Gj-1. Hence we must have G,y C G; and so

But for 1 < j < ¢ we have o(j) > j and hence o(j) = j. Thus unless o (i) = i we must have

i < j. In other words we have shown that unless (i) = ¢, the map
V6P = q,
factors through G; C G;_1, and hence
V: (Gi/Gifl)(p) — G;/Gi4
is 0.
Now we consider F. If 0 < i < ¢ then G; C G[F| = G, so certainly F'is 0 on G;/G;_;.

Hence we assume that ¢ > ¢. Now by Theorem we have G; = F7'(G,(;)). Now o(i) <1
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so unless o (i) =i we have o(i) < i and hence
F:G — GEP )
factors through Gl(jp()i) C GE{ )1. Thus
F:Gi/Giq— (Gi/Gi—l)(p)

is 0. L]

Corollary 4.2.6. Let G/S be a partial BT which admits a canonical filtration of constant
type. Then fori =1,...n, wg,/q, , s locally free. It is trivial if and only if i =n, n > ¢
and o(n) = n, in which case G;/G;_1 is étale. Otherwise it has rank equal to the height of
G;/Gi1.

Proof. This follows from a general fact about finite flat group schemes killed by F. m

It is certainly not true that any partial BT, over a general base admits a canonical
filtration. The next theorem, also due to Ekedahl and Oort, describes how we can decompose
the base S into locally closed subschemes in such a way that the restriction of G to each
piece admits a canonical filtration. This decomposition will ultimately give the construction
of the Ekedahl-Oort stratification for the special fibers of Siegel modular varieties and their
toroidal compactifications.

In preparation we record the following well known lemma.

Lemma 4.2.7. Let f: X — S be finite map. And let

S — N

s — deg X

be the degree map. Then
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1. The function d is upper semicontinuous on S.
2. If d 1s constant and S 1is reduced then f is flat.

Theorem 4.2.8. Let G/S be a partial BTy of height < h. Then there is a coarsest set

theoretic decomposition
S=]]5%
(0%

into finitely many reduced locally closed subschemes such that for each o, G|S, admits a

canonical filtration of constant type.

Proof. We will construct a decomposition S =[], S, into reduced locally closed subschemes

such that the following two properties hold
1. For each a, G|g, admits a canonical filtration.

2. Two points s,s" € S lie in the same S, if and only if R(G[F]) and R(Gy[F]) have the
same height for all R € R.

It is clear that such a stratification satisfies the conditions of the theorem.

We make the following preliminary observation: if R € R and R(G[F]) exists, then the
fibers of R(G[F]) consist (set theoretically) of single points. Indeed if this is the case for
some finite flat H C G, then the same is true for V(H) and F~'(H) if they exist.

Suppose we have G/S a partial BTy and R € R such that R(G[F]) exists and has constant
height. Let R; be either V or F~!. As a step in the construction of the decomposition in
the theorem, we will explain how to decompose S = [[ S, into into finitely many reduced

locally closed subschemes such that
1. For each a, Ri(R(G[F])|s,) exists.

2. Two points s,s" € S lie in the same S, if and only Ry R(G,[F]) and Ry R(Gy[F]) have

the same height.
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First suppose Ry = F~'. Then F~!'R(G[F]) is quasi-finite and separated, but not nec-
essarily flat. But by Lemma [4.1.4] it is in fact finite. Thus by Lemma 4.2.7 we see that the
subset S, C S of points s such that ht(F~'R(G[F]))s = n is locally closed. Give it the
reduced induced subscheme structure. Then Lemmal[4.2.7 again implies that F~'R(G[F])|s,
is flat.

Now we argue similarly when R; = V. In this case, consider H = ker(V : (R(G[F]))® —
G). Then the subset S,, C S of points s such that ht(H,) = n is locally closed, and if we give
it the reduced induced subscheme structure, H|g, is flat by [£.2.7, and hence V(R(G[F])|s,).
Again there are at most h + 1 values of n for which S, is nonempty, and so we have the
desired decomposition.

Let R,, C R be the set of words of length at most n. Then by iterating the above two
steps we may construct a decomposition S = [ [, S, into finitely many reduced locally closed

subschemes such that the following two properties hold:

1. For each a, G|g, admits a canonical filtration.

2. Two points s, s; € S lie in the same S, if and only if R(G4[F]) and R(Gy[F]) have the

same height for all R € R,,.

To complete the proof we need to show that this decomposition is independent of n for

n sufficiently large. But in fact, this is the case for n > h by Lemma O

Remark 4.2.9. Note that we make no attempt to give a “scheme theoretic” definition of the
decomposition in the theorem. In particular one might as well assume that the base S in
the theorem is reduced. In fact, we could have put scheme structures on the S, by at each
step, considering the flattening stratification of the relevant finite, but not necessarily flat

group scheme. However, we don’t know of any application of this.

Finally we say something about how the canonical filtration behaves under base change.

Proposition 4.2.10. Let G/S be a partial BTy and let f : S — S be any morphism with

S’ nonempty.
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1. If G admits a canonical filtration
0=GocCcGyC---CG.=G[F]Cc---CG,=G
then Gg admits a canonical filtration which is
0=(Go)s C(Gr)g C-+- C(Ge)s = Go[F] C--- C(Gn)s =Gy
except that it may may happen that (Gn_1)ss = (Gp)s in which case the canonical

filtration of G ends at (G,_1)g. This never happens if G is a BT;.

2. Suppose G has bounded height. If S =[], S is the decomposition of S into reduced
locally closed subschemes as in Theorem [/.2.§ then the decomposition of S for G is

S =TT/ "(5)
where the union is over those o for which f~1(S,) is nonempty, and the locally closed

set f71(S4) is given its reduced induced subscheme structure.

Proof. Both parts follow from the fact that F', V, and the formation of images and inverse

images (when they exist as finite flat group schemes) are all compatible with base change. [

Let us try to demystify the exception in part 1 of the above proposition through a simple

and typical example.

Example 4.2.11. Let E/F,[[¢]] be the semiabelian extension of the Tate curve. Let G =
E[p] be its p-torsion subgroup. This is a partial BT; which admits a two step canonical
filtration

0OCpu,CG

where G/, is a quasi-finite étale group with trivial special fiber. On the other hand the
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special fiber Gy, is just u,, and hence it only has a one step canonical filtration. Of course

this is because the étale quotient G/u, has trivial special fiber.

As we will see below, in the presence of a principal quasi-polarization, partial BT; “re-

members” whether or not it is missing an étale part and so we can fix this defect in Convention

[4.2.15] below.

4.2.2 The canonical Filtration of a Principally Quasi-Polarized

partial BT,

In this section we will study the canonical filtration in the presence of a principal quasi-

polarization.

Definition 4.2.12. Let (G, A)/S be a principally quasi-polarized BT;. Let H C G be closed

finite flat subgroup scheme. Then we let

H* = X\ Hker(GP — HP)).

The antisymmetry of A implies that (H+)* = H.
Next we observe the following easy lemma:

Lemma 4.2.13. Let (G, )\)/S be a principally quasi-polarized BTy and let H C G be a finite

flat subgroup scheme. Then

1. F7Y(H) exists if and only if V(H?') does, in which case

(F™Y(H))" =V(H).

2. V(H) exists if and only if F~*(H*Y) does, in which case

(V(H))" = F~(H").
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Proof. Indeed, more generally let (G, A) and (G’, \') be finite flat group schemes equipped
with isomorphisms A : G — GP and X' : G’ — (G')P and f : G — G’ is such that A = fPNf.
Then if H C G is a finite flat subgroup scheme then f(H) := im(f : H — G’) exists as a

finite flat if and only f~1(H?) is finite flat, in which case

(fF(H))* = f7H(HY).
The lemma follows from this and the fact that cartier duality exchanges Frobenius and
Verschiebung. O
Proposition 4.2.14. Let (G, \) be a principally quasi-polarized BTy which admits a canon-
ical filtration of constant type. Let

0=GoCGyC---CG.=G[F|]C---CG,=0G.

be the canonical filtration. Then n = 2c¢ and the filtration is self dual in the sense that for
i=0,...,2c
G; = Gy,

2c—1°

and for 0 <1 < j < 2¢, X\ induces an isomorphism
A Gy/Gy (G2c—i/G26—j)D
Moreover the permutation o : {1,...,2c} — {1,...,2¢c} satisfies
o(2c+1—1i)=2c+1—0(i)

Proof. For any R € R, let R' € R denote the element obtained by exchanging F~! and
V. Then as G[F| = G[F]*, Lemma {4.2.13| implies that R(G[F])* = R'(G[F]). Hence the

terms of the canonical filtration are stable under H ~ H=*. As this is inclusion reversing,
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1

%—;- The second two statements follow

we conclude that we must have n = 2c and G; = G

immediately. [l

Now we want to explain how to extend Proposition to principally quasi-polarized
partial BTys. First we have to deal with a small notational inconvenience. Note that if (G, )
is a principally quasi-polarized BTy, the by the previous proposition, if (G; is multiplicative,
then G,,/G,_1, its Cartier dual, is étale. On the other hand (G,,_1, A) is a principally quasi-
polarized such that G; is multiplicative, but such that the “top” sub quotient in the canonical

filtration, G,,_1/G,,_2, is not étale.

Convention 4.2.15. If (G,)\) is a principally quasi-polarized partial BT; with G multi-
plicative but G,,/G,_1 not étale, then we will increment n by one and extend the canonical

filtration so that G,,_1 = G,, and G,,/G,,_; is étale (and trivial.)

As remarked above, this convention makes no change when (G, \) is a principally quasi-
polarized BT and the reader may verify that with this new canonical filtration all the results
of the previous section remain trivially valid. Moreover with this convention, the canonical

filtration is compatible with base change without the exception in part 1 of Proposition

4210
Now we have the following analog of Proposition

Proposition 4.2.16. Let (G, \) be a principally quasi-polarized partial BT, which admits a

canonical filtration of constant type. Let

0=GoCcGyC---CG.=G[F|]C---CG,=0G.

be the canonical filtration, observing Convention[4.2.15. Thenn = 2c and fori=1,...2c—1,

G; and Gy._; are orthogonal for A and for 1 <i < j < 2c—1, X induces an isomorphism

A GJ/Gz x~ (G2c—z‘/G2c—j)D
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Moreover the permutation o : {1,...,2c} — {1,...,2¢c} satisfies

oc(2c+1—1i)=2c+1—0(i)

4.2.3 The Canonical Filtration of a partial BT; With Extra Endo-

morphisms

We begin with the following important observation: if (G, 1) is a partial BT; with O-action
and R € R is such that R(G[F]) exists, then R(G[F]) is stable under the action of O. Indeed
this follows immediately from the functoriality of F' and V. Thus if G admits a canonical
filtration

0=GoCcGyC---CG.=G[F]Cc---CG,=G

it must be stable by O. In particular O acts on the sub quotients G;/G;_; and their co-lie
algebras wg, /¢, , (on the right) which are locally free Og-modules by Corollary 4.2.6

Definition 4.2.17. Let (G,4)/S be a partial BT} with O-action. We say that (G,4) admits

a canonical filtration with constant O-type if G admits a canonical filtration of constant type
0=GoCcGyC---CG.=G[F]Cc---CG,=G

and moreover, for each i = 1,...,n the O multi rank of wa,/a,_, 18 constant.

i—1

The following theorem will ultimately lead to the construction of the Ekedahl-Oort strat-

ification on PEL type modular varieties and their toroidal compactifications.

Theorem 4.2.18. Let (G, i) be a partial BT, with O action with height < h. Then there is

a coarsest (set theoretic) decomposition



into finitely many reduced locally closed subschemes such that for each B, Gls, admits a
canonical filtration of constant O-type. Moreover if S = ], Sa is the decomposition from
Theorem [4.2.8 then for each j there is some o such that Sg is an open and closed subscheme
of Sa.

Proof. 1t is clear that the decomposition S = []; S5 in the theorem must refine the decom-
position S =[], S, of Theorem {4.2.8] So consider one of the locally closed subschemes S,
from Theorem [4.2.8, Then G|g, admits a canonical filtration

0=GoCcGyC---CG.=G[F]C---CG,=0Glg,.

Consider for each i, the O multi ranks of wg, /¢, ,. These are locally constant functions on S,
and consequently there is a coarsest decomposition of S, into open and closed subschemes

on which they are all constant. This gives the decomposition in the theorem. O

4.3 Classification Over an Algebraically Closed Field

The goal of this section is to recall the classification of principally quasi-polarized BT;s with
O-action over an algebraically closed field. This is due to Oort [28] when O = F, and
Moonen [24] in general (at least when p > 2.)

Let D = (O, x, (hyr), (d;)) be a mod p PEL datum with no factors of type D. Let &’ be an
algebraically closed field of characteristic p, with an embedding k& — k’. Let BTli/)k, denote
the set of isomorphism classes of principally quasi polarized BT; with O action of type over
k' of type D.

Let (V,{-,-)) be the symplectic O-module corresponding to D and let G be the corre-
sponding group.

Let G be an element of BTlﬁ,. G admits a canonical filtration

0=GyC CGe=G[F] CC Go=G.
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Now let D = D(G) be the contravarient Dieudonne module of G. It is a k' vector space with
a k'-linear right action of O, a pairing (-,-) and an F' and V. Let h, be its multi degree.
Then by the proof of Proposition we have h, = hj; for each 7 € T.

We now define two flags on D(G). The first is

OCkerFFCD

and let Py C Gy be the parabolic stabilizing this flag. We have dimy (ker F'), = d, and
moreover ker [’ is maximal isotropic. Hence Py has type I.

The other flag comes from the canonical filtration. Let
D; = ker(D(G) — D(Gae—y))
so that we have an O-stable, self dual, flag
0=DyCD;C---CD.=imF C---C Dy.=D.
Let Po C Gy be the parabolic which stabilizes it. Then following Moonen, we define
w(G) = relpos(Py, Py) € W

The following theorem is due to Oort [28] when O = F,, Moonen [24] for O general and

p > 2, and Moonen-Wedhorn [26] in general. The formulation given here is due to Moonen.

Theorem 4.3.1. The map defined above gives a bijection

BT}, — W'

G — w(Q)

Now we want to connect this classification with the notions introduced in section 4.2l
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Here is the key proposition.

Proposition 4.3.2. Let the notation be as above. Then w(G), and hence G up to isomor-
phism, s determined by the permutation o as in theorem and the O-multiranks of

WG, /G, Jori1=10,...,2¢c.

Proof. The relative position w(G) is determined by the O-multiranks of

ker F'N Dl

fori=0,...,2c.
By Theorem [4.2.4] translated into the language of Dieudonne modules, we have that for
1=1,...,c,

e (Da(i)/DU(i)—l)(p) — Di/D;

is an isomorphism, while for i = c+1,..., 2c,
V:D;/D; 1 — (Do(i)/Da(i)il)(p)
is an isomorphism. Moreover we have canonical isomorphism
Wi i/Goes = Di/(Di—1 + FD;)

and we have F'D; C D;_; except when i = 1 and o(1) = 1.
Now for ¢ = 1,...,2c there are two possibilities. If 071(i) < ¢ then as we have an
isomorphism

F (Di/Di_l)(p) — Da—l(i)/Dgﬂ(i_l)

we have

ker FND; =ker FND,;_;.
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On the other hand when ¢7'(i) > ¢ then we have an isomorphism
Vi Dy-1(3)/ Do-13y-1 — (Di/Di_1)®

As imV = ker F it follows that the O-multirank of ker F' N D; is that of ker F' N D,_; plus

that of Dz/Dz—l ]

4.4 The Ekedahl-Oort Stratification of a PEL Type
Modular Variety

Now we return to the setting of PEL modular varieties. Let (O, , L, (-,-), h) be an integral
PEL datum with no factors of type D for which p is a good prime. Let D = (O, x, (hir),dy)
be the corresponding mod p PEL datum.

Let K C G(A®?) be a neat open compact subgroup. For any (A, A, i, ax) in the universal
isogeny class over Xx we get a principally quasi polarized BT, of type D by taking the p
torsion A[p] along with the Weil pairing \ : A[p] x A[p] — p, determined by A, and the O
action induced by the action of O on A.

As K is neat, for any other choice (A’, X',4', a/y) in the universal isogeny class over X,
there is a unique prime to p quasi-isogeny f : (A, \, i, ax) — (A", N, 7, a/y) as in Definition
. Hence there is a canonical isomorphism f : (A[p],i) — (A'[p],7") of BT; with O action.
In this way we get a canonical BT, with O-action over X, which we denote by (G,4) along

with a principal quasi-polarization A which is only canonical up to F similitude.

Now from Theorem 4.2.18 and Proposition we get a set theoretic decomposition
Xi= [ Xew
weW!

of Xk into reduced locally closed subschemes X ,,/k which has the following properties:
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1. For each w € W', (G, i)|x,, admits a canonical filtration of constant O type.

2. For any k'/k algebraically closed extension and = € X (k') let w = w(G,) be as in
section Then x € Xg . (K').

This is the Ekedahl-Oort stratification of Xg. We will also denote the Zariski closure of
Xkw by YK’U,.

We now list some of the basic properties of the Ekedahl-Oort stratification, due to Oort,
Moonen, Wedhorn, and Wedhorn-Viehman.

Theorem 4.4.1. 1. For each w € W', Xk, is nonempty, smooth, and of dimension

l(w).

2. There is a partial order < on W, which we emphasize is not necessarily the Bruhat

order, such that (set theoretically)

7K7w = H XK,w’-

w’ <w

Next we show that the Ekedahl-Oort stratification is prime to p Hecke stable.

Proposition 4.4.2. Let ¢ € G(A™P?) and let K, K' C G(A*P?) be neat compact open

subgroups with g~'Kg C K' so that we have a map
lg] : Xx — X}
Then for each w € W1,
9] ( Xkrw) = Xiw and (9] (X k) = X k0

Note that these pullbacks can be interpreted either set theoretically or scheme theoretically as

lg] is étale.
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Proof. If we let G+ (resp. G) denote the canonical BT, with O action on on Xg (resp.
X¥) then by the definition of [g] we have a canonical isomorphism G X x,, Xk ~ Gk, and
so the first result follows by Proposition [4.2.10, The statement about the closures follows

from the fact that [g] is flat. O

Finally we consider the relation between the Ekedahl-Oort stratification on Xy and that
on a Siegel modular variety. We recall the notation of Section [2.5] We have another PEL
datum (Z,id, L, (-, -), h) which defines a group G with G C G and with corresponding PEL
modular varieties X 7 for KcG (A°P) neat open compact. We also get a new mod p PEL
datum D. We note that a BT of type D is just a principally quasi polarized BT, of height
dim L. We let (W, I ) be the corresponding Weyl group and parabolic type.

For any algebraically closed extension k'/k we get a commutative diagram

BT, —— W/

I

BT,2 —— W

where the horizontal arrows are the bijections of Section and the left vertical arrow is
“forget the O action.” The dotted map @ is defined by the commutativity of the diagram.
It is independent of £'.

Now for K C G(AP) neat open compact, we have an Ekedahl-Oort stratification

Finally for K C G(A*") and K C G(A>?) neat open compacts, with K C K we have
a map

¢K,R:XK_>XK

from Proposition [2.5.1}
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Theorem 4.4.3. With notation as above, for each w € wi

gb[}?f{(xf(,w) = H XK,w

weW! 0(w)=

where here the disjoint union is actually as schemes, i.e. each Xk ,, is open and closed in
—1 <
¢K7R(Xk,w)'

Proof. Let G be the canonical BT, on Xf{ and let (G,i) be the canonical BT; with O-
action. Then it follows from the definition of ¢y ; that G = G x x. Xx. The Ekedahl-Oort
stratification of X i 1s the decomposition from Theorem applied to G / X - Then by
Proposition the decomposition

is that given by applying Theorem to G/ Xk, except that some of the terms may be
empty. On the other hand the Ekedahl-Oort stratification of X is exactly the decomposition
given by Theorem applied to (G,1)/Xk. Moreover Theorem tells us that each
Xk must be open and closed in some ¢Z[~((X K,w)' But by considering a geometric point

of Xk, it follows from the definition of 6 that Xy, must lie in gb;(lf((X f(,e(w))' O

Remark 4.4.4. The observation that each X ,, is open in gb;(’lk()N(Kw) seems to be new to
this thesis. The reader might find it more surprising in light of the fact that the dimensions of
the Xy, with (w) = @ aren’t even all the same. In principle there should be a completely
combinatorial proof of this fact: indeed the map 6 : W’ — W' and the partial order < on
W both have purely combinatorial descriptions, and the problem is to show that 671(w) is

discrete for < for each .
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4.5 Generalized Hasse Invariants

4.5.1 Generalized Hasse Invariants for Partial BT; With Canonical

Filtration

In this section let G/S be a partial BT, which admits a canonical filtration of constant type
0=GoCGC---CG.=G[F|]C---CG,=0G.

By Theorem and Corollary there is a permutation o : {1,...,n} — {1,...,n}
such that:

1. Fori=1,...c we have V(Gs)) = G; and V(Gy()-1) = G;—1 and
V (Gt /Goiy-1)” = Gi/Giy

is an isomorphism.

2. Fori=c+1,...,n we have "1 (Gy)) = G; and F~1(Gy(y—1) = Gi—1 and
F:G/Giog — (Ga(i)/Go(i)—l)(p)

is an isomorphism.

3. The co-lie algebra wg, /¢, , is finite locally free. It is trivial if i = n and o(n) = n (in

i—1

which case G, /G, is étale) and has rank equal to the height of G;/G;_; otherwise.

Now for ¢ = 1,...,n and unless i = n = o(n) we have line bundles

w; = detwg, /G, -
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on S. We also have the line bundle w = det wg. Moreover there is a natural isomorphism
w = Q;_w;
which comes about as follows: the filtration
0=GoCGyC---CG.=G[F]

of G[F] by finite flat subgroup schemes induces a filtration of wg = wer by locally free
subsheaves where the sub quotients are wg, /g, , fori=1,...,c.

Now for ¢ =1, ..., c Verschiebung defines isomorphisms of co-lie algebras

(»)
Go(iy/Gaiy—1

V*. Wa; /Gioa — W

and hence upon taking determinants an isomorphism

. ®» o, ®
A w; —>wU’Ei) _wg(’;).

Similarly for i = ¢+ 1,...,n Frobenius defines isomorphisms of co-lie algebras
* . ()
£ Wy /Gy " WGi/Gia
and unless ¢ = n and o(n) = n upon taking determinants we obtain an isomorphism

., QP )
B; : Wy () — Wi-

We will also let
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We may also think of the A; as non vanishing sections
) 0 ®—-1 Xp
A € HO(S,wi™ @uw,iy)-

We like to think of the A; defined above as being some sort of “partial Hasse invariants.”
By combining them suitably we may create a “total Hasse invariant” as follows: let N be
the least common multiple of the orders of the cycles of o. For ¢ = 1,... ¢ consider the
composition

pTl/

AP ANy
A ®p o (i) ®p2 ®pN—1 o N—=1(;) pN
w; — Woi) Bt Woa(y = P Wonoagy T Wong

multiplying these together over i = 1,...c and using the fact that o¥(i) = i we get an
isomorphism

N
w — wP

which can be viewed as a non vanishing section
A€ HO(S, w7 1).

We call this the total Hasse invariant for the partial BT, G.
We record the fact that the formation of this total Hasse invariant is compatible with

base change.

Proposition 4.5.1. Let G/S be a partial BT, which admits a canonical filtration, and let
S'— S. Let A’ € HY(S,w”"~1) be the total Hasse invariant for G/S as defined above.

4.5.2 Generalized Hasse Invariants on Open Ekedahl-Oort Strata

Now we return to the setting of PEL modular varieties. We retain the notation of Section
.4 In particular for each K C G(A>P) let G/Xx be the canonical BTy of section [4.4]

Then we have a canonical isomorphism wg = £k and hence det wg = wg.
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Definition 4.5.2. For each w € W/ let
w € H (X i, ™)

be the non vanishing section attached to the BT, G|x, , as constructed in the last section.
Here N! = p"¥ — 1 where N is the least common multiple of the cycles in the permutation

o associated to G.

We record the behavior of these Hasse invariants under the Hecke action and the maps

to Siegel modular varieties.
Proposition 4.5.3. Let the notation be as above.

1. If g € G(A>®?) and K, K' C G(A°P) are open compact subgroups with g7'Kg C K’
then

P Y
[g] K w — AK,w
under the canonical isomorphism [g]*wrr a ~ wi a Testricted to X, .

2. Let notation be as in Sections and . Let = 0(w) € WI. For K ¢ G(A>?)

and K C G(A™P) open compact subgroups with K C K, we have

* / Y
¢K7RAI~<,H~J - AK,w
under the canonical isomorphism ¢} Wi ~ Wk

Proof. Both statements are immediate consequences of the behavior of the total Hasse in-

variant under base change in Proposition [4.5.1] O

4.5.3 Extensions: Reduction to Siegel case

Now we are in a position to state the first main result of this thesis.
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Theorem 4.5.4. For each w € W' there is an integer N,, > 0 such that for each K C

G(A>P) neat open compact, there is a unique section
AK,w & H0<7K7M,M%Nw)

with the following properties
1. Ak is non vanishing precisely on X C X k.
2. There is some integer n > 0 such that A w|x,,, = (Ak.,)"

3. If g € G(A®P) and K, K' C G(A>?) are open compact subgroups with g~ *Kg C K’
then we have

[g]*AK’,w = AK,w
under the canonical isomorphism [g]*wg: ~ wy restricted to X g .

Here we give some reductions. The proof of the theorem will be completed in the next

chapter.

Proof. First note that once an A ,, satisfying 2 has been constructed, the Hecke stability
in 3 is automatic by the density of Xk, in YKM and the Hecke stability of Af, from
Proposition [£.5.3

Next we claim that it suffices to show that N,, and Ag,, satisfying 1 and 2 for a single
level K C G(A®"P). Indeed, first note that if K C K’ C G(A*P) are neat open compacts
so that we have a map

[1] X — Xy
Then observe that

1. Forn > 0, (A,,)" extends to a (necessarily unique) element of H%(X g, w?(N{“) if and

’

only if (A%, )" extends to an element of H O(X ka0, ™).

122



2. If such extensions exist, the extension of (Al )" is non vanishing precisely on Xy, if

and only if the extension of (Al )" is non vanishing precisely on X .

Point 1 follows from the fact that [1] is finite étale, and point 2 is clear. Then the reduction is
complete upon noting that for any pair K, K C G(A*?) of neat open compact subgroups,
we have K N K’ C G(A*P) open compact with K N K’ C K and KNK' C K'.

Next we claim that it suffices to prove the theorem for Siegel modular varieties. Indeed,
with notation as in Sections [2.5| and , suppose we have K C G(A™?) and K C G(A>™?)
neat open compacts and suppose we have shown that for some n > 0, (A,f(,a(w))n extends to

a section

N w
Ai pw) € HO(XR,G(w)aW;~<9< )

which is non vanishing precisely on X R.0(w)- Then take Ny, = Ny, and
Ak = O 2 Ak ooy € HO(X gy W)

under the canonical isomorphism ¢ -wi >~ wg. Note that by Proposition , Ak w
extends (A% )" Also note that by Theorem we have

XiwN ¢;f(( ~f(,e(w)) = Xkw-

It follows that Ak, is non vanishing precisely on X .

The Siegel case will be treated in Chapter [3] []
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Chapter 5

Extension of Hasse Invariants

The goal of this chapter is to complete the proof of Theorem [£.5.4, We refer the reader to
the introduction for an overview of the strategy.

We now introduce some notation that will be used in this chapter. Fix a positive integer
g. Let W be the Weyl group of type C,. We realize W as the subgroup of permutations on

w € Sy, the permutation group on {1,...,2g}, satisfying
w(2g+1—1i) =29+ 1 —w(i).

For notational convenience we will adopt the convention that w(0) = 0.

Inside W we have the simple reflections
si=@i+1)(29+1—1i29—1) i=1,...,9—1
and

Sg:<99+1)'

We denote the usual length function on W by [ and the Bruhat order by <. For a subset
J C {1,...,g} we denote by W the parabolic subgroup of W generated by s; for i € J,

1 # 0. For two subsets J and J’ it is known that the cosets wW;, W w, and WwW
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each contain a unique element of minimal length, and we denote the corresponding sets of
minimal coset representatives by YW, W7 and W7
Throughout we fix I = {1,...,g—1}. Then W; C W is the symmetric group on g letters.

We also fix the Weyl group element

r=(1g+1)(29+2) (g9 29).

We note that € /W7 and in fact it is the longest element in this set.

If w € W we denote by “.J the set

wJ={i|s =ws;w " for some j € J}.

Throughout most of this chapter we will fix another subset J C {1,...,g — 1}. We will

then use the following notation:
e {0,....9} —J={ko,...,k}withO=Fko<k; <...<k.=g.
e ki =29 —ko_; fori=c,...,2c.
o J="J={g—ilieJ}.
° {0,...,g}—j:{/%0,...,l~cr}with027~€0</;:1<...</€C:g.
° l;:i:2g—l~€27n_i fori=c,...,2c
We note the formula

ki=g— ke

fori=20,...,r.

When this notation becomes burdensome the reader should focus on the “generic” case
when J =0 so that J =0, k; = k; =4, and ¢ = g. The subsets J and J will determine the
types of certain partial flags we will consider, and this will correspond to the case where all

the flags are complete.
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Let V = Fgg with basis ey, ..., ey, and fix the symplectic form ¢ on V' given by
@Z}(ei’ ej) =0
and

V(es, eag41—5) = 0y

for 1 <i,j < g. For this section only we will let G = GSp(V, %) = GSp,,/F).

5.1 Weyl Groups and Schubert Varieties

5.1.1 Admissible pairs

We begin this section with some lemmas about Weyl group cosets.

Lemma 5.1.1. J,J' C {1,...,g} be arbitrary and let w € W’'. Then the following are

equivalent

1. w €W and WywW, = wWy

2. JcvJ
Proof. First we prove that 2 implies w € W. Indeed, 2 implies that for all i € J, s; =
ws;w™! for j € J'. But then

l(s;w) = l(ws;) = l(w) + 1

because w € w’’, and hence w € 7.
Next note that W;wW = wW if and only if for ever ¢ € I, s;wWy = wW . This is
equivalent to

S; € U)W‘]Iwil.
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From this it is clear that 2 implies 1. To show the converse what we need to show is that if

S;w = W

for some v € W, then v is a simple reflection. But in fact, as w € 7W7/'

L+ 1l(w) = l(siw) = l(wv) = l(w) +I(v)

and hence [(v) = 1. O
Lemma 5.1.2. Letw € Wl and J C {1,...,g9 — 1} be such that *J = J. Then

1. Foralli=1,...,2¢c, there exists 0 < j < 2c such that w(k;) = k;.

2. Ifi=1,...,2c and k;—y < a < k; then w(a) = w(k;) — (ki — a).

3. There is a unique permutation o € Sa. satisfying w(k;) = ko). We have 0(2c+1—1) =

2c+1—0(i) foralli=1,...,2c and o(1) < 0(2) < --- < o(c).
4. For i = 1, C. ,26, k’z — ki,1 = ko(i) — kg(i)_l
Proof. Let ¢ € J. Then by hypothesis there is j € J with
S; = wsw !
and hence
(G +1)(2g+1-7 29— ) = (w(i) wi + 1)(w(2g +1-7) w(2g — i)).
Moreover as w € W we have

w(i) < w(i+1) and  w(2g—1) <w(2g+1—1)
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(indeed w € W' is equivalent to w(k) < w(k + 1) for all k # g). From these three formulas

we conclude that one of the following two possibilities occurs:
e wii)=j,w(i+1)=7+1, wg—i)=29g—j,w2g+1—i)=29g+1—jor
o w(i)=29g—j,wii+1)=29+1—j,w2g—1)=j,w2g+1—19)=j+1

Either way we see that the set
S=JU(29g—-J)

is stable by w. But by definition we had

(1. ke =1{1,....29} 8

and so this set is stable by w as well, proving 1. Moreover these formulas show that for
i€ S, w(i+1)=w()+1 and so 2 follows from this and induction. Point 3 is clear.

To prove 4, note that by 2, k;;)—1 < k) — (ki — ki—1). Hence

ki = kicr < ko) — kogiy—1 < ko2() — ko2(y—1 < -0+

But 0" (i) = i for some n > 0 and hence all of these inequalities are equalities. O

Definition 5.1.3. We say that the pair (w,J) with w € W and J C {1,...,9 — 1} is
admissible if w € W' and *J = J

Note that (w,0) for w € W' is always admissible. Moreover if (w,J) and (w,J’) are
admissible then so is (w, J U J’). Hence if w € W' there is a maximal J such that (w, J) is

admissible, and we denote it by J,,.
Proposition 5.1.4. Let (w,J) be an admissible pair. Then
1. we W and WiwW; = wWj.
2. Foralli=1,...,2¢c, there exists 0 < j < 2¢ such that w(l;:l) = k;.
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3. Ifi=1,...,2c and ki_y < a < k; then w(a) = w(k;) — (ki — a).

4. There is a unique permutation o € S satisfying wx(k;) = koq) fori = 1,...,2c.

Moreover o(2c+1—1) = 2c+1—0(i) foralli=1,...,2c ando(1) < 0(2) < --- < a(c).
5. Fori = ]., . ,20, kz - ki—l = k'g(i) - ko(i)—l'

Proof. Point 1 follows from Lemma while 2 through 5 follow from Lemma applied

to wx. ]

For notational purposes we also introduce the permutation 7 € Sy, given by

oli+c) 1<i<c
(i) =

o(i—c) c+1<i<2¢

Then by parts 4 of the Proposition we have that for i = 1, ..., 2c, w(l;:l) = k-(;. Moreover
T(2c+1—i)=2c+1—7() fori=1,...,2cand 7(1) < 7(2) < --- < 7(c). By part 5 of the

proposition we have k; — k;_, = kriy — krgy-1-

5.1.2 Schubert varieties

Let F1;/F, denote the variety of symplectic flags of type J in V. More precisely, this space

parameterizes flags
O=FChC---CF.C---CF.=V®0s

where the Fj are local direct summands, F; = Fs- ;, and dim F; = k; for i = 0,...,2c.

Fl; has stratifications by certain Schubert varieties which we now recall. We define
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standard flags

and let P, P, and B be the parabolics of G stabilizing the flags (E;), (E;), and (EF)
respectively.
The Schubert varieties we will consider correspond to the orbits of P and B on Fl;. We

have two decompositions into reduced locally closed subvarieties

Fl; = [] Y

welWJ

and

Fl; =[] v7

wewJ

ForweJWj,OSiSQc,andOﬁjSchet
dy(i,§) = dim(wE; N E;) = #(w{l,...,k}0{l,...,k})

andfoerWj,OSiSQc,andOSjﬁleet
d2(i,§) = dim(wE; N EP) = #(w{l,...,k}n{l,....4}).

Let k/F, be a field. Then (F) € Fl;(k) lies in Y, (k) for w € "W if and only if the

Schubert condition

dim(F;NE; @ k) = dy(4, ) forall 0 <i<2¢,0<j<2¢

130



is satisfied. Similarly (F;) lies in Y2 (k) if and only if
dim(F,NE] @ k) =dj(i,j) forall0<i<2c0<j<2g.

Let Y, and 75 denote the Zariski closures of Y,, and Y,? respectively. Their points can

also be characterized by Schubert conditions. We have (F;) € Y, (k) if and only if
dim(F, N E; ® k) > dy (i, 7) forall 0 <i<2¢ 0<j<2¢

and (F}) € Y. (k) if and only if
dim(F;,NEf @ k) > d(i,j)  forall 0 <i<2c 0<j<2g.

We remark that for the Schubert varieties Y,,, the Schubert condition for the pair (i, j)
is equivalent to that for the pair (2¢ —i,2c — 7). Similarly for the Schubert varieties Y;? the
Schubert condition for the pair (7, j) is equivalent to that for the pair (2¢ — 4,29 — 7).

The following proposition regarding the Schubert varieties Yﬁ is well known.

Proposition 5.1.5. Forv,w € w
1. dimYp = dim?i = l(w).
2. 75 s normal.

3. VP C 75 if and only if v < w in the Bruhat order.

4. The complement
voove= v

veDB

15 a union of irreducible divisors where

DB ={veW’ |v<wandl(v) =l(w) —1}
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1s the set of Bruhat descendants of w.
As B C P we can decompose each P orbit Y,, for w € 7 W into B orbits as

Y, = H YUB

veE(W wW 5)nW I

As X, is irreducible and the decomposition is finite, there must be a unique open orbit.
That is there is a maximal element w € (W;wWj;)N W+ for the Bruhat order (this can also
be seen purely combinatorially) and Y;? C Y, is open dense.

We now have the following Corollary to proposition [5.1.5}
Corollary 5.1.6. For w € Tw

1. dimY,, = dimY,, = I(w)

2. Y, is normal.

3. If WywW; = wWj then the complement

1s a union of irreducible divisors where
B ~ Jyid
D,=W;D,N"W".

Proof. 1 and 2 follow from the fact that Y, = ?5. For 3, note that when W;wW; = wW;

we have Y,, = V.5, Hence

Yo Y,=Y,-YvE= ] V). (*)

veDB

For the last equality, for each v € D let © be the shortest element of W;vW;. Then

what we need to show is that VUB =Y, or in other words that & = v. There is a purely
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combinatorial proof of this but here we give a geometric one. First note that Y,? C Y; which

implies one inclusion, and also using the fact that Y; is P-stable by definition we have
Y,cP-YPcP.YV,

Hence we would be done if we knew that ?f was P-stable. But indeed the left hand side of
(*) is P-stable and hence so is the right. Moreover, as P is irreducible it must stabilize each

of the 75, v € D, individually, so we are done. O

For the rest of the section we assume (w,J) is admissible and so in particular w € 7 W

We first observe that the Schubert conditions defining Y, are very easy to describe.

Proposition 5.1.7. If (w, J) is admissible and k/F, is a field then
Yy(k) = {(F) € Flj(k) | F; C E;y @k, fori=1,...,c}.
Proof. Note that for e =1,...,c we have

dw(i> T(Z)) = l~€l

and hence the Schubert condition for the pair (i,7(7)) is

If (i,7) satisfies 1 < i < ¢ and j > 7(i) then dy(i,j) = k; and so the condition for the
pair (i,7) is
F CE &k
As E.; C E; this condition is implied by the Schubert condition for (i, 7(7)).
Next we consider pairs (i, j) where i = 1,...,cand j < 7(i). We claim that d,,(i, j) = kg

where ¢’ is the largest integer for which 7(¢") < j, or equivalently, for which w(k;) < k;. For
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this it suffices to show that w(ky + 1) > k;. Indeed
w(l%i/ +1) = w(l%i’ﬂ) - (l;?z"+1 - l;‘z" —1)= k’f(i’+1) - (k‘r(i’+1) - kf(i’+1)—1) +1>k;

where the first equality is by Proposition 3, the second equality is by Proposition
5, and the last inequality uses that k,(41y-1 > kj as 7(¢ + 1) > j.

The Schubert condition for the pair (4, j) is
dim F, N E; @ k > ky
But if the Schubert condition for (i, 7(:")) holds then
Fy C F,NE;

and hence the Schubert condition for the pair (4, 7) holds. O

Let (.#;)/F1; be the universal flag of type JonV® Oy ;. Define &; by
& = E; @ Op;.

We will use the same symbols for their restrictions to any subvariety of Fl; when this will
cause no confusion.

By the proposition, over Y,, we have
ﬁi C 57(1’)

and

Fi1 C Erim1y C Eriy—1

for i = 1,...,c. Hence we may form the maps of vector bundles (of the same rank by
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Proposition [5.1.4] 5)
Fi Fii1 — 5T(i)/8’7'(i)—1

and then

Ci : det(ﬁl/,@l,l) — det(ST(l)/&(z)_l)

We may think of C; as a section of the line bundle
I‘IOII]O7 (det(ﬁi/ﬁi_ﬁ, det(&(i)/&(i)_l)) ~ det(ﬁi/ﬁi_l)v

where the last isomorphism is non canonical and depends on a choice of a trivialization of
the trivial line bundle det(&;¢)/Erq)—1)-

For the rest of this section, the goal is to study the vanishing locus of C;, i = 1,...,c.
First we give an explicit description of the set of Bruhat descendants DZ. Let w = s;, - - - 5,
be a reduced expression for w in terms of simple reflections. Then any v € DZ can be written

in the form

U:Sil"'gi""

J SZ

for some j. In other words

v=w(si;,, 5i) 80, (Si e Si)-
Hence any v € D2 has the form v = ws where s € W is a reflection (recall that a reflection is
just an element conjugate to a simple reflection.) Since it is easy to enumerate all reflections
in W, in order to explicitly determine the set DZ we should just check whether or not ws is
in DB for each reflection s.
We first consider the case that s is conjugate to sz, i.e. s = (i 29+1—d)fori=1,....,¢.
Then one easily checks that ws < w if and only if w(7) > ¢ and that in this case one always

has {(ws) = {(w) — 1. Now we need to determine when ws € W7. We have ws € W if
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and only if for all j =1,...,cand all k;_; <1 < m < k;, w(l) < w(m). Let j be such that
kj_y <i<kj Thenifi> k;_;+1 we have by Proposition that w(i—1) =w(i)—1>g

(we cannot have w(i — 1) = g as g = k, but i — 1 isn’t of the form k; for any .) Hence
ws(i—1) =w(i —1) > g > ws(i)

and so ws ¢ W7. On the other hand if i = k;_1 + 1 then to show that ws € W there is
nothing to check if i = k; and otherwise we only have to check that ws(i) < ws(i +1). But
by Proposition [p.1.4] we have ws(i+1) = w(i+1) = w(i) +1 > g whereas ws(i) < g. Finally
we note that if ¢ = k;_; + 1 then w(i) > ¢ if and only if w(k;) > ¢, again by Proposition
b14

Next consider the case where s is conjugate to s;, @ # g. Then s = (a b)(2g+1—a 2g+1-b).
We can assume without loss of generality that a < min(b,2¢g + 1 — b). Then one checks that
ws < w if and only if w(a) > w(b), and a slightly tedious calculation shows that under this
condition, [(ws) = l(w) — 1 if in addition w(a) < g. A calculation similar to the one above
determines when ws € W.

To summarize we have
Proposition 5.1.8. Let (w,J) be admissible. Then DE consists of
o, = w(l;:i_l +129— /;:i_l) for 1 <i < c for which T(i) > c.

® U, = w(l%a_l +1 /;:b)(Qg —ko129+1— l;:b) for1 <a<e, c+1<b<2c for which

7(b) < 7(a) and 7(a) < c.

As Y, is normal and hence regular in codimension 1, it makes sense to talk about the

order vanishing of a section of a line bundle along an irreducible divisor.

Proposition 5.1.9. If 1 <i < ¢ then C; is non vanishing on Y,,. Moreover for v € DE we
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have

1 ifv=v, orif v="1vg withi=a or2c+1—-0>

ordﬁa (Cy) =
0 otherwise.

Proof. For the first statement consider the point (wF;) € Y,,(F,). By Proposition [5.1.4}
w{l;ifl + 17 SR ];Z} = {k’r(i)—l =+ 17 SR kT(Z)}
and hence
wkjwF,_1 — Er(i)/ET(i)fl

is an isomorphism. This shows that C; doesn’t vanish on the point (wF;) and by considering

the P action we see that C; is non vanishing on all of Y,,.
Now let v € DB. An inspection of the cases in shows that for all 1 < j < g, we

have v(j) = w(j) except
o if v =1 andj:/%l,ljtl,
e orifv=uw,, and j = l%a,l + 1 or l%zg,b + 1.

and moreover in these exceptional cases we have v(j) < w(j) = kruy—1 + 1.
Consider the point (vF;) € Y,P(F,). Then unless i = [ in the first case, or i = a or

2g + 1 — b in the second case, we still have that
vF JvEi 1 = Ergy/Eriy—1

is an isomorphism. Now in the exceptional cases we see that

{v(kica + 1), kriy—1 + 2, ke

U{l%i—l + 1, ey l;:z}
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and so det(vF;/vF;_1) is generated by the class of

Co(ki1+1) N €hoyat2 N Neg g

but this maps to 0 in E,u)/Eru)-1 as v(ki—y + 1) < krg)—1 and hence ey, ,4+1) € Erp)-1-
Now by considering the action of B we can conclude that C; vanishes on all of Y,? if and
only if it vanishes at the point (vF;).

Thus to complete the proof of the proposition it suffices to show that when C; vanishes

on 75, it vanishes to order 1. In order to do this it suffices to find a tangent vector (F}) €

Y (Fp[e]/€?) such that the underlying F,, point of (F7) lies in ¥,” and such that the restriction
of C; to (F]) is nonzero.

Indeed take the tangent vector to the point vF; given by
Fj = (eo) + €Cury, - €ugiey) + (i)
Then det F//F]_; is a free k[e]/e*-module of rank 1 generated by the image of
(ev(,;i_lﬂ) + eekm)_lﬂ) A(1+ e)ekf(i)_lﬁ A AT+ 6)6,%(2.)
and this maps to
€ Chy 11 N Choy_r2 N Aey ) € det(Ery/Eriy-1) ® F,e]/e

under C;. O
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5.1.3 An Inequality

Let (w,J) be an admissible pair. First we define some constants ¢;, i = 1,...,c. Let N be

the least common multiple of the lengths of the cycles of the permutation . We let

N-1

G = Z Ei,jpj

J=0

where for j =1,..., N,

1 if o7 (1) <c
€,N—j =
—1 otherwise.

Now we prove

Proposition 5.1.10. If (w,J) is admissible then for all v € DB we have

g

Z CiOI‘d?f (Oc+1—i) >0

=1

Proof. We begin with a trivial remark. If r(x) = Z?:o a;z’ is a polynomial with a; €
{0,1,—1} for all j, then if a, = 1, r(p) > 0 for any prime number p. Indeed, this is so
because p® — p"»~ ! — ... — 1 > 0 for any prime number p.

Now we split up into two cases according to the two possibilities for v in Proposition
[b.1.8 First suppose we have v = v; so that 1 < j < ¢ and 7(j) > g. Then by Proposition

0. 1.9
g

Z CZ'OI'd?;B (CC+1_2‘) = Cet1—j-

i=1
In order to win we just need to check that the leading coefficient ¢; y_1 of ¢; is 1. But
olc+1—j)=72c+1—-j)=2c+1—-7(j) <ec

Now consider the case where v = vy, with 1 <a <¢, ¢ +1<b < 2¢ 7(b) < 7(a) and
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7(a) < ¢. Then by Proposition |5.1.9]

g
E CZ‘OI'd?B (Cc—i—l—i) = Cet1—a t Co—c-

=1

This will be a polynomial in p all of whose coefficients are either 0,2, or —2. First we note

that the coefficients of this polynomial are not identically zero. Indeed, we have
N _ N —
o (c+l—a)=c+1—a<c and o' (b—c)=b—c<c

and hence

€a,0 = €2¢+1-b,0 = 1

and hence the constant term is 2.

We need to prove that the leading nonzero term is positive. From the recipe above, we
see that the leading term will be £2p™~% where i is the smallest positive integer for which
the pair of numbers

o'(c+1—a), and o'(b—c)

are either both < ¢ or both > ¢. By what we have said above such an ¢ exists (and is
< N.) Moreover the sign will be positive of they are both < ¢ and negative otherwise. Let

r=o(c+1—a),and s =o(b—c). Then
r=o(c+l—a)=72c+1—-a)=2c+1—-17(a)

and

s=o0(b—c)=r7(b)

and so the conditions on a and b show that we have

r>c>S
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and

r+s<2c+1.

What we want now follows by repeated application of the following lemma:

Lemma 5.1.11. Let r and s satisfy

r>c>s

and

r+s<2c+ 1.
Then exactly one of the following three possibilities holds:
e o(r),o(s) <g.
o The pair (r',s'") = (o(r),o0(s)) satisfies the hypotheses of the lemma.
o The pair (r',s'") = (o(s),0(r)) satisfies the hypotheses of the lemma.
Proof. Note that the conclusion of the lemma is equivalent to the claim that o(r) + o(s) <
2c 4+ 1. But the hypothesis on r and s imply that s < 2c+ 1 —r < g. But then

o(s)<o(2¢g+1—r)=2c+1—0(r)

which is what we wanted. O
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5.2 Moduli of Abelian Varieties with Parahoric Level,
Local Models, and Kottwitz-Rapoport Stratifica-
tion

In this section we will recall the theory of moduli spaces of abelian varieties with parahoric
level structure and their local models. A basic reference for this subject is the original paper
of de Jong [4]. We also refer to the book of Rapoport-Zink [31] and the survey article of

Haines [15].

5.2.1 The moduli problem

We denote by X ; the moduli space of principally polarized abelian schemes over a base of
characteristic p with parahoric level structure of type J, and an auxiliary prime to p level
structure which will be suppressed throughout this section because it plays no role except

to rigidify our moduli problem. Here are two equivalent descriptions of the moduli problem
1. X; parameterizes tuples ({A4;}, {¢; : A; = Ait1}, A\, X') where

(a) A; for i =0,..., ¢ are abelian schemes of dimension g.
(b) A: Ay — Ag and X : A, — A, are principal polarizations.

(c) ¢+ Ay — Ajpq for i =0,...,c— 1 are isogenies of degree p*i—Fi-1

Moreover we impose the condition that the composition

\% Vv

AoﬂAlé"'—)AC_l(ﬁc—i}lAchc 5)1140_1%"'—)14143/10

is pA.

2. X ; parameterizes tuples (Ag, A, {G;}) where (Ap, \) is a principally polarized abelian

scheme and G; for i = 1,..., ¢ is a finite flat subgroup scheme of Ag[p] of order p*:
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which satisfy G; C G;1 fort =1,...,c—1, and G, is isotropic for the Weil pairing on
Ap[p| induced by A.

To pass from description 1 to description 2, one takes G; = ker ¢;¢;_1--- 9. To go in
the other direction, take A; = Ay/G; and let ¢; be the canonical map Ay/Gi—1 — Ao/Gi.

Finally to get A’ consider the diagram

AO p—)\> AO
A, A,
and argue that the existence of a bottom arrow making the diagram commute is equivalent
to G. being isotropic.
When we consider points of X; we will use all of the notation in 1 and 2 above, as
well as the following additional notation. We let A; = Agc_z‘ for ¢ < 1 < 2¢c. We let
G =& 40N A — Ac,l, and we let ¢; = ¢3. . : A; — A;yq for ¢ < i < 2¢. Using this

notation, the chain of isogenies
Ag— A1 — - = Ao — - — Ao

is self dual in the sense that the diagram

AO SN \Ac S . \AQC
| |x |
Age —— - v Ay —— o v Ay

commutes (here the top row is the original sequence, the bottom row is its dual, and all the
vertical maps are the defining equalities except for the one in the middle which is X'.) Next

we let G; = ker(Ag — A;) for ¢ < i < 2¢. Then the sequence of finite flat subgroup schemes

0=GoCG C---CG.C--+ C Gy = Agp]
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is self dual for the Weil pairing on A[p| induced by A. In particular we obtain isomorphisms
Gi/Gi1 =~ (Goey1-i/Gaei)P, where we recall that GP denotes the Cartier dual of the finite
flat group scheme G.

We denote the universal point over X; by ({4;,{#:}, A\, \') and the universal subgroups
by G;. As usual we will also use the same symbols to for the restrictions of these objects to

subschemes of X ;, when the meaning is clear from context.

5.2.2 Local models

For i =0,...,2c — 1 we define a map

0 ifk <j<kip
Pile;) =

e; otherwise.

Then we define the local model X%°/F, as the moduli space of tuples (W;);=o

.....

is a local direct summand of V' ® Og of rank g which satisfy:
1. ¢;(W;) C Wigq fori=0,...,c— 1.
2. Wy and W, are isotropic for 1.

For i =c,...,2c let W; = Wi .. With this notation, 1 is equivalent to ¢;(W;) C Wiy
fori=c¢,...,2c—1.
In this paper we will be especially interested in the irreducible component X},OC’O C Xloe

where W, = (eg11, ... e25) ® Og, or equivalently the locus where

(P2e—1+ " Per19c)lw, = 0.
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We now explain how to identify X}]OC’O with a certain Schubert variety. Indeed we will

construct a map

P X900 5 Fl;

and show that it defines an isomorphism 1 : X% ~ Y. Given a point (W;) of X%(S)
we define

F1i - ¢2c—1 T ¢20—i<W2c—i)'

for i = 0,...,c. Then one checks that F; C V ® Og is a local direct summand of rank &;,
and moreover one has inclusions 0 = Fy C F} C --- C F,.. Moreover, F. = W, is isotropic.
Hence we can define Fy, ; = F;* for i = 0,...c and we obtain a flag of type J. Tt is clear
from the definition that F; C Ey,, ® Og for ¢ = 1,...,c and hence we have defined a map
P XY Y,

This map has an inverse defined as follows: given a point (F}) € Y ,(S) we take

Woeri = (2e—1 - ¢2c—i)_1(Fi) =F® <6kg+i+1ﬂ .., e29) ® Og

fori=0,...,c, and

Wi = WQJEfi

. . . loc,0 37
for i = 0,...,c. Hence we have an isomorphism ¢ : X 7" ~ Y.

Let P;/k be the the subgroup
Py C GSp(V, ) x GL(V)*™ x GSp(V, )
of elements (go, g1, - - -, g.) satisfying

i = Git10i
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fori=0,...,c—1, and such that gy and g. have the same multiplier. Then it is known that
P is smooth (it is the special fiber of a parahoric group scheme.) Moreover, P acts on X loc
via (g;) - (W) = (¢:W;). It is known that the action of P has finitely many orbits on X
and they are naturally indexed by a certain finite set of affine Weyl group double cosets.
We will describe the orbits of P; on the component X},OC’D explicitly in terms of (ordinary)
Schubert varieties below, and this is all that will be used in this paper.

For a point (g;)i=o,.... of P; we denote

9 = p(gh_)

for v = ¢+ 1,...,2¢c, where the adjoint is taken with respect to ¥ and p is the common
multiplier of gy and g.. With this definition we have gy = g9, and ¢;9; = g;11¢; for i =
c,...,2c—1.

There is a surjective homomorphism

?J—>P

(9:) = 9o

To see that gy actually lies in P note the identity

Gi—1* Gogo = GiPi—1 - Po.

The kernel of right hand side is E;, while the kernel of the left hand side is g, ' F;. Hence
goE; = k.
Similarly, one shows that g. leaves (e,11,...,es,) invariant, and hence X}]OC’O is stable
loc,0

under P;. Moreover it is clear that the map X ;  — Flj defined above is P equivariant,

where we let P act on Fl; via its map to P.
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Then we get a decomposition

loc,0 loc
XJ - H Xw

we! W w<z

into irreducible locally closed subvarieties by transferring the stratification of Y, by Schubert
varieties. Moreover this is precisely the decomposition of X boc’o into its orbits under P;. As
usual we denote the Zariski closure of X'?¢ by 71;:0

Next we want to translate some of our constructions and results from the last section to

X0 This is pure bookkeeping. First we observe that for any point (W;) € X°%0(k), k a

field of characteristic p, the natural maps
Wi — W;
for ¢ <i < j <2care of rank g — (k; — k;). Then for i =0,...,c we define
Ui = im(Wo._; — Wa.) Vi = coker(Wo._; — W)

and

U =ker(W, = Wa._;) Vi=im(We = Wae_y).

7

Over all of X'*¢ we have the tautological vector bundles W, i = 0, ..., 2¢ corresponding
to the universal point of X'¢. By the observation above, over X},OC’O we can define locally
free sheaves

Ui = im(Wgc,i — WQC) Vl = coker(WQC,i — WQC)

and

U = ker(W, = Wae_;) Vi = im(We — Waei).
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which, by considering the definition of the map 1, fit in diagrams

0 —— U, — Wy ——— V; — 0

l l |

0 — V*Foy —— V*F, —— " (Fe/Feei) —— O

and
0 —— u! _ W, — 1% — 0

! ! !

0 —_— 1/J*820—i/5c E— ¢*52c/5c E— 1/}*520/826—7: —_— 0
where the rows are exact and where all the vertical maps are canonical isomorphisms induced
by . We remark that in the second diagram, all the vector bundles are trivial.

Next we record:

Proposition 5.2.1. For 0 < i,5 < ¢ and any point (W;) € X7°(k) consider the diagram

0 > U WO > Vi 0
0 > Ul W, > V! 0

Then the following are equivalent

1. We can fill in an arrow U; — U} in the above diagram.

2. We can fill in an arrow V; — VJ in the above diagram.
3. If (F;) = ¢((W;)) is the corresponding point of Fl;(k) then F,_; C Eoe—j ® k.

Proof. The equivalence of the first two is obvious. For the first and third, note that passing

to the description in terms of 15 we are asking whether the diagram

Fc—i E— FC

|

EQc—j/Ec —_— EZC/EC
can be filled in. 0

148



Next for 2+ = 1,..., ¢ we define the reduced closed subscheme Xboc’i cX 3OC’0 by specifying
that a field valued point (W;) € XY°%(k) lies in X7 if and only if ker ¢o_y - doy =
(€hy i1y --s€q) C Wy

We want to understand what this condition means in terms of (F;) = ¢((W;)). Then we
note that

(Choit1s--neg) T Wey

if and only if

1 I
Wc+i = Wc—i C <€kc7i+17 ) eg> C <617 R eg> S <ekc+i+1> ) 629>
which holds if and only if
F, C{e1,...,ey).
To summarize, we have shown

Proposition 5.2.2. For:=1,...,c we have

loc,i loc
XJ - H XJ,w

wEJWj,ng,w{l,...,l%i}C{l,...,g}

In particular X'*" is P, stable (but it is easy to see this directly.)
Now let ¢ < i < 2¢. For a point (W;) € X'*“"°(k) we note that the map Wa._; — W,

has rank k. — ko._; (by the definition of X(l,oc’ifc.) Hence we can define
Ui = im(Wgc,i — WC) ‘/7, = COker(ch,i — Wc)

and similarly the map Wae_i| yioc2e—i — We|ytoc2e—i has constant rank and so we can define
J J

vector bundles on X'*“*77 by

U; = im(Wyey — W,) V; = coker(Wse—; — W,.)
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Note that we cannot define vector bundles on all of X }IOC’O by the same formulas.

At the level of points we have
Wi =Fi_c® (er;11,- - -, €29)

and hence

1
Woei = Wit = Fyei N (€hyeit15 - - - €2g)
. loc.i
We have a diagram of sheaves on X ;"

0 —— U; _ W, — Vi — 0

! ! !

O e ¢*F3c—i/gc —_— ¢*52c/5c —_— 1/}*520/f3c—i g O
Then we have

Proposition 5.2.3. For ¢ < i < 2c and 0 < j < ¢ and any point (W;) € X},OC’FC consider

the diagram

0 \UJ’. s W, V}’ s 0
ol
0 > U, > W, Vi > 0

Then the following are equivalent
1. We can fill in an arrow U; — U; in the above diagram.
2. We can fill in an arrow V] — V; in the above diagram.

3. If (F;) = ¢ ((W5)) is the corresponding point of Flj(k) then Ese_; C Fs._;, or equiva-

lently Fi_. C Ej.

Proof. The equivalence of the first two points is obvious. For the equivalence of 1 and 3, we
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note that upon applying ¢, 1 is equivalent to asking whether

E2cfj/Ec —_— EZC/EC

|

F3c—i/Ec E— E2C/Ec

can be filled in. ]

Now let (w, J) be admissible. Combining Propositions|5.2.2} 5.2.1} and 5.2.3| with Propo-

sition we conclude

Proposition 5.2.4. Let (w,J) be admissible and let iy be the largest integer with ig < ¢ and

~ —loc

w(ki,) < c. Then X, C X% and a point (W;) € XY (k) lies in 71;:0 if and only if
1. For1 <i<cwitho(i) < c we can fill in

Wo — Vi

|

/
We — Va(i)—l
with an arrow Vi_y — V1.
2. For 1 <1< cwith o(i) > ¢ we can fill in

|

Wc —_— ‘/20—4-1—1'

2c+1—1)

Proof. By what we have proved, this is just a matter of keeping track of indices. Let

(F;) = ¥((W;)) By Proposition we see that 1 is equivalent to

Fei1-i C Eger1-0) @k = Erey1-0 @k

For 2, first note that o (i) > cif and only if 7(c+1—1i) = 0(2c+1—1i) < c and hence Va1

151



is defined and we may apply proposition Then it says that 2 is equivalent to
Fei1-i C Egaer1-0) @k = Er(ep1-0) @ k

but these two conditions together are precisely the Schubert conditions for Y, according to
proposition [5.1.7} O

—loc

Proposition 5.2.5. Let (w,J) be admissible and let (W;) € X (k)

1. If 1 <i<cando(i) < c then we can fill in the diagram

Wy — V;

|

with a map V; — Va’(i). Thus over YIJOZ, we have a commutative diagram of locally free

sheaves
Wy — Vi —— Vi

L l

W, —— V(’,(i) — Vé(i)_l

and hence we obtain a map of sheaves on 7?;
Alec s det ker(V; — Vi_1) — det ker(V;(i) — V(/,(i),l)

which, fits in the commutative diagram

Aioc
detker(V; = Vo)  —— detker(V, ;) =V )

l |

*Ceq1-i
Y det(Feqr1—i/ Feoi) RAEEEN U det(Erer1—i)/Er(c—i))

where the vertical maps are isomorphisms induced by 1.
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2. If 1 <i<cando(i) > c then we can fill in the diagram

. —loc . .
with an arrow Va’( -1 Vae—i. Thus over X ;,, we have a commutative diagram

2c+1—1

of locally free sheaves

We ’ Vc/r(20+172') ’ V(/T(QtH*lfi)fl

| l l

We —— Voeq1oi — Voc—i

. ~-loc
and hence we obtain a map of sheaves on X,

Bgﬁlﬂ‘ : det ker(V;(chfi) - V;(20+17i)71) — detker(Vacr1-i — Vac—i)

which fits in a commutative diagram

loc

detker(V, o1 iy = Viger1i-1) ——— detker(Vaeyr1i — Vac i)

l l

* TV

Cc —1 *
¢* det(ga(i)/ga(i)—l) —+1> w det<yc+i/§c+i—l)
where the vertical maps are isomorphisms induced by 1.

Proof. Let (F;) = ¢ ((W;)). If 0(i) < ¢ then by Proposition [5.2.1} to prove the first part of
1 it suffices to show that

Fo; C EQc—a(i)-

Similarly if (i) > ¢ then by Proposition [5.2.3] to prove the first part of 2 it also suffices to
show that

Fc—i C Echo'(i)'
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In either case, if i = ¢ there is nothing to prove. Otherwise 7(c—i) < 7(c+1—i)—1 = 2c¢—0 (i)
and

Fc—i C ET(cfz') ® k’ C EQC,O-(Z‘) ® k’

where the first inclusion follows from the Schubert condition for Y,,. The rest of the propo-

sition is a diagram chase. O

5.2.3 The local model diagram and the Kottwitz-Rapoport strat-

ification.

We now explain the connection between X; and the local model X¥° introduced in the
last section. Let X, be the moduli space of {A:},{o:i - A = A}, N {ay}) where
({A;},{pi}, A\, \) gives a point of X; and fori =0,...,¢, a; : HCIIR(AQC_i/S) — V ® Og are

isomorphisms which satisfy:
1. ap and . send the poincare pairings induced by A and X to 1.

2. The following diagram commutes

$5e_1 P3e—2 (oM
Hjp(Ase/S) —— Hj(Aze1/S) 2REE Hir(Ac/S)
o) b1 Pe—1
VeOs —— V ® Og > e y V®0s.

We have a diagram
X; & X, B Xle
where p; is given by “forget the a’s” and py sends ({A4;},{¢: : A — A}, M, N {ai})

..........

replacing {o; } with {g;a;}. The maps p; and p, are equivariant for this action where we let

P act trivially on X ;. Then the basic result of the theory of local models is (see [4] or [15])
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Theorem 5.2.6. 1. The map py is a torsor for Py. In particular it is smooth and sur-

jective.
2. The map po is smooth.

Given any locally closed subvariety Z°¢ C X9¢ we can define Z = p,(p,*(Z%)) C X. If
Z%¢ is P stable then p;'(Z) = py '(Z'°¢). In this case we can often transfer “smooth local”

information from Z to Z’. For example we have the following Proposition.

Proposition 5.2.7. Let 7'°° C X% be P; stable and let Z = pi(py*(Z2'°°)) be the corre-

sponding subvariety of X ;.
1. If Z'°¢ is normal then so is Z.

2. Let W'°¢ C Z'°° be a P, stable prime divisor such that the local ring of Z'°¢ at the
generic point of W'°° is reqular. Then W C Z is a divisor with the property that the
local ring of Z at every generic point of W is reqular. Moreover if there are line bundles
L on Z and L' on Z'°°, sections s € HY(Z, %) and s'°¢ € H°(Z"¢, L"), and an

isomorphism p;.L ~ p3.L°¢ on p;(Z) = py ' (Z'°°) sending s to s°° then

ordyy(s) = ordyyec (5'°)

where the left hand side is to be interpreted as the order of vanishing on every irreducible
component of W.
We now record the following well known lemma.
Lemma 5.2.8. Let ¢ : A — B be an isogeny of abelian varieties over a field k of character-

istic p of degree p' and such that

dimyg (ker ¢* : wp — wa) = 1.
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Then Frobenius F : A — AW factors through ¢:
AL B AP

For i = 0,...,c we let X} C X be the subvariety associated with Xboc’i C X'¢. Then

we have
Proposition 5.2.9. Let x = ({A;}, {o:}, A, N) € Xy(k) be a field valued point of X .

1. We have x € XY(k) if and only if the isogeny Ay — A, factors

2. If this is the case then we further have x € X'(k) if and only if Gevi/G. is killed by F.

Proof. From the definition we have x € XY(k) if and only if the map wy — w, is 0. But
Ag — A, has degree p?, and hence 1 follows from Lemma . For 2, note that G./G.y; =
ker A, — A.;. Hence this is killed by frobenius if and only if A, — A..; factors through
Frobenius. On the other hand, by definition we have z € X’ (k) if and only if dimy,(ker(w4, —
wa,,;)) = keyi — ke. As the degree of A, — A.y; is pFe+i~Fe  the result follows again rom

Lemma £.2.8 O

As X9 is reduced, we conclude from the proposition that for the universal family over

X9, the isogeny Ay — A, factors

where v is an isomorphism. Here as before we are abusing notation by not writing restrictions
when they are clear from context. Similarly we conclude that over X%, G,../G; is killed by
Frobenius.

We now recall the following important theorem.

156



Theorem 5.2.10. Let S be a scheme over F,,. The functor
G (we, V" wg — wg)))

defines an anti equivalence between the category of finite, locally free group schemes G/S
killed by Frobenius, and the category of pairs (M,V : M — M®) with M a locally free
sheaf on S

Now for ¢ = 1,...,c we have an exact sequence of group schemes on X

Over XY we have G; C Ao[F] = G, and hence over X9 we have an exact sequence of finite

flat groups schemes killed by Frobenius
0= G — Ao[F| — A[F].
Hence we have an exact sequence
WA, = wa, — wg, — 0.

Over XY we have a commutative diagram

pTw.Ai 7 pTon 7 piwgi 0

Il

p;WQC—i I p;WQC — p;vz — 0

where the first two vertical arrows are isomorphisms induced by the a’s and the dotted arrow

is the induced isomorphism.

157



Next, for ¢ < 7 < 2¢ we have an exact sequence
0—Gi/G.— A. — A,.

By Proposition over X7 ¢ we have G;/G. C A.[F] and hence we have an exact sequence

of finite flat group schemes killed by Frobenius
0= Gi/Ge — A[F] — A[F].
Then we get an exact sequence of sheaves
w4, — WA, — wWg/g. — 0.

Over X7 ° we get a commutative diagram

piwa, — pjwa, — piwg,ig. — 0

PoWaei —— poWe ——— poVi —— 0

where the first two vertical arrows are isomorphisms induced by the a’s and the dotted arrow
is the induced isomorphism.

Now for 0 < ¢ < ¢ note that
gc/gz = ker(-Ai — AC)'
Over XY, G./G; is killed by Frobenius and hence over X we also have

Ge/Gi = ker(Ai[F] — A[F]).
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Hence the the image of the map A;[F] — A.[F] is representable by a finite flat subgroup
scheme H,; C A.[F]. By Proposition there is a canonical isomorphism

and hence
Under this isomorphism we have

Hence we have natural isomorphisms
Wow) ~ im(wa, = wa,)

But on XY we have a commutative diagram

Piwa, — PiWA,

| |

p§W267i — p;Wc

where the vertical maps are isomorphisms induced by the a’s. Hence we have an induced
isomorphism

* * /
Piwgm = PV
1
Now we record

Proposition 5.2.11. Let x = ({A;}, {¢:i}, N\, N) € X9(k) be a field valued point. Let 0 <

1,7 < c. Then the following are equivalent

1. V(GY) c G;

J

2. F(GQC_,') C G(p)

2c—j
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3. We can fill in the dotted arrow in the diagram

WAy, » Wa,

I

wp, —» wG(p)
J

Proof. The equivalence of the first two points follows from Cartier Duality. For the equiva-

lence of 1 and 3 note that by Theorem [5.2.10| we have V(G§-p )) C G; if and only if we can fill

in the diagram
WA [F] — Wg;

V

But now we have a commutative diagram

WAy, —7 WA[F]

| s

wa, — W
Ac AP [F)

where the top horizontal arrow is the isomorphism induced by A : Ag — As. = Ay, the
bottom horizontal arrow is induced by v, and the commutativity of the diagram follows

from the fact that A, — As. is the dual of Ag — A, and hence factors

A5 AP Y 4,

Similarly we have

Proposition 5.2.12. Let x = ({A;}, {¢:i}, N\, N) € X9(k) be a field valued point. Let 0 <

1< candc<j<2c. Then the following are equivalent

1. V(GY) c q;

J
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2. F(Gopi) C G

2c—j

3. We have x € X5 (k) and we can fill in the dotted arrow in the diagram

WA, —* Wo

2¢c—j

~

wAC E— wGQc—i/GC
Proof. The equivalence of the first two points follows from Cartier duality. Now we prove the
equivalence of 2 and 3. First note that if F(Ga_;) C G¥) ; then as Ggﬁlj c G we conclude
that F kills Gy, ;/G,. and hence that z € X5 (k). Now assuming that z € X5 *(k), point

2 is holds if and only if we can fill in the dotted arrow in the diagram

—_— W

W
AP [F) Gy

.

wAC[F] wG2C7i/Gc

where the first vertical arrow is the isomorphism induced by . O]

Now from the stratification of X }IOC’O by Schubert varieties we obtain a stratification

This is the Kottwitz-Rapoport stratification of X9. In fact there is a Kottwitz-Rapoport
stratification of all of X, obtained from the stratification of all of X'*¢ by P orbits, but it
will not play a role in this thesis. As usual we denote the Zariski closure of X,, by X Jaw-

For the rest of this section we fix an admissible (w, J). We now record the following corol-
lary to Propositions [5.2.11] and [5.2.12], the discussion leading up to them, and Proposition
b£.2.4l

Proposition 5.2.13. Let (w,J) be admissible and let x = ({A;}, {¢:i}, N\, N) € X9(k) be a

field valued point. Then the following are equivalent
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1. z € YJ@(I{;)

2. For1 <1 < c we have V(Ggp()i)fl) C Gi_1.
3. For c+1 <1 < 2c we have F(G;) C Ggp()i).
As X Jw 1s reduced, we conclude that over X Juw, for 1 <i<¢:

e The map V : Q(%)_l — Go(i)—1 factors through G;_;.

e The map V : fo(’z.) — Go(i) factors through G;. Indeed, if ¢ = ¢ then G, = im(V : géﬁ) —
Gse) and there is nothing to prove. Otherwise this follows from the previous point and
the fact that g%) C gfgﬂ)_l.

Similarly for c+1 < i < 2¢

e Themap F: G, — g}p ) factors through gfj@).

e The map F : G;_; — G factors through Q%)fl. Indeed, if 7 = ¢ + 1 there is nothing

to prove as G, is killed by Frobenius. Otherwise by the previous point it factors through

(p) (»)
Gotio1) C Yo(iy—1-

We remark that it doesn’t necessarily make sense to say something like V(gffg)_l) CGi

because the image on the left may not exist.

Proposition 5.2.14. Let (w, J) be admissible. Then over X j,,, fori=1,...,2c we have
1. The map V : (Gi/Gi_1)® — Gi/Gi_1 is 0 unless o(i) =i and i < c.
2. The map F : Gi/Gi—1 — (Gi/Gi_1)® is 0 unless o(i) =i and i > c+ 1.
3. wg, /g, , s locally free of rank k; — ki_1 unless o(i) =i and i > ¢+ 1.

4. We have a canonical isomorphism wg, /g, , = wg, | g, . induced by A, unless o(i) = i.
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Proof. By Cartier duality, it suffices to prove 1 and 2 for « = 1,...,c. Then 2 is clear
because G; C G, is killed by Frobenius. For 1, let 1 < j < ¢ be the unique integer with

o(j) >i>o(j —1). Then by the assumption that o(i) # ¢ we must have ¢ > j and hence
(p) (p)
9 C Y9ag5)

but

VG = Goty

o(4)

factors through G; C G;_;.
To prove 3, note that by 2, unless o(i) = ¢ and i > ¢+ 1, G;/G;_; is a finite flat group

ki—k

scheme of order p*~"-1 which is killed by Frobenius, and hence wg,,g, , is locally free of

rank kz — ki—l'
Finally to prove 4, we note that by 1 and 2, unless o(i) = i, G;/G;_1 is an a-group (i.e.

both F' and V are 0) and hence the isomorphism

gi/gifl = (g20+17i/g20+1)D

induced by A induces

~ V
Wg, /6,1 = wg2c+l—i/g20—i ’

For i =1,...,2¢c, suppose that o(i) # i if i > ¢+ 1 and let
w; = det wg, /g,

a line bundle on X j,,. Also let w := detwy,. Then by the proposition, we have canonical
isomorphisms

v
Wi = Wae 1
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unless o(i) = i. Moreover from the filtration
0=G0oCGICGC CGe=AF]

we have an isomorphism

W = detwAO[F] ~ ®wi.

i=1

Now we come to the key definition of this thesis. For i = 1,...c we have maps over X ;,,
V' (Goti/Gotiy-1)® — Gi/Gia

which induce maps

* .
[ I WG o(i)/Go(i)—1)®

and hence upon taking determinants
At w; — wﬁ(i).
We also view this as a section
A; € HO(YJ,w,wg(i) Rw;t).
Similarly for i = ¢+ 1,...,2c with o(i) # i we have

F:G/Gi—1 — (ga(i)/ga(i)—l)(p)

aand we can form

* .
P w(ga(i)/ga(i)ﬂ)(”) — WG, /Gy
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and hence upon taking determinants
B;: w((fz) — W
We also view this as a section
B; € H(X J, w; ®w;(f.))

Ifi=1...,cand o(i) # i then Cartier duality gives a commutative diagram

V*
Wg; /G 1 r WG, 1)/

! !

Gocq1—i/G2c—i

o(i)—1

\ \2
wg2c+1—a(i)/920—a(i)

where the vertical maps are the isomorphisms of Proposition 4. Hence we conclude
that

A = B;/c-i-l—i € HO(YJ:w’wg(i) ® wi_l)'

We want to compute the vanishing locus of the A; (or equivalently By.1_;). In prepara-

tion for this we record the following proposition.
Proposition 5.2.15. Let (w, J) be admissible. Then
1. ijw 18 normal.

2. The complement

Ylw - XJ,w = U 7J,v

VEDy,

is a union of (not necessarily irreducible) divisors.

Proof. This is an immediate consequence of Theorem and Propositions[5.2.7] and [5.1.6]

]
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Next we have the following exercise in bookkeeping;:
Proposition 5.2.16. Let (w,J) be admissible.

1. Ifi=1,...,c with (i) < ¢ then over Elw we have a commutative diagram

pTwGi/Gi_l pTsz pé‘[(wG¢71

— - -

PIGo(i/Goti-1)) | ' P, Pt
p; ker(V,- — Vi—l) —_— | — p;vz —_— p;Vi_l
piker(V ;) = Vi 1) » Voo — Vow—

where the rows are short exact sequences, the solid vertical maps are induced by the
a’s as discussed after Theorem|5.2.1() and the dotted arrows are isomorphisms induced
by those on the right. Taking the determinant of the face on the left we conclude we

obtain a commutative diagram

* P4 o o, (P)
p1Wi ? P1%5 )
I

psdetker(V; — Vio1) —— piker(V, ;) = V1)

where the vertical maps are isomorphisms.
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2. Ifi=c+1,...,2c with (i) < ¢ then over E{Lw we have a commutative diagram

PIW(Gy (i)/Ggoy)® W

— /

(py —> W,
Ga(i) Ga(i)—l

-

pTwGi/Gi,1 l ” p’{sz/Gc T) pTwGifl/Gc
piker(Vy oy = Vi) — | p5Voo) —— | —— Vo
psker(V; — V1) > Vi ——— Vi

where the rows are short exact sequences, the solid vertical maps are induced by the
a’s as discussed after Theorem|5.2.10) and the dotted arrows are isomorphisms induced
by those on the right. Taking the determinant of the face on the left we conclude we

obtain a commutative diagram

p1wl(,% : » Piwi

J/ loc

ps detker(V o — V0 ) = phker(V; — Vi)

where the vertical maps are isomorphisms.
As an immediate corollary we can compute the order of vanishing of the A;.

Corollary 5.2.17. Let (w,J) be admissible. Fori=1,...,c andv € D,, we have
ordg, (A;) = ordy (Cer1-;)
Proof. If o(7) < ¢ then we have
ordg, (A;) = ordl%; (AP) = ordy, (Cet1—;)

sV

where the first equality is by Propositions[5.2.16|and [5.2.7], and Theorem and the second
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equality is by Proposition On the other hand if (i) > ¢ then we have
ordg, (Ay) = ordy,  (Boct1-i) = Ordl%;m(B%%il—z‘) = ordy (Cet1-:)

by the same list of results. O

For 1 <i < ¢ with o(i) < ¢ let A, = A; while if o (i) > ¢ let

A€ HO(Ylw’w;cﬁ—l—a(i) ®w; ')

)

be A; after applying the isomorphism wy () > wWact1-0(i)- Recall the definition of the numbers

N and ¢; from Section [5.1.3] Then we define

Ajw =4 € B (X gy ®” )

i=1

Theorem 5.2.18. The section Aj,, above extends to a section
Ag € HOX j, 0 )

whose vanishing locus is precisely X j., — X -

Proof. This follows from Corollary [5.2.17 combined with Proposition [5.1.10 ]

5.3 Ekedahl-Oort and Kottwitz-Rapoport Strata

Let X be the moduli space of principally polarized abelian schemes over a base of character-
istic p (with suitable prime to p level structure which we omit from the notation.) We have

an Ekedahl-Oort stratification

X:HXw

weWw!

as in Section [4.4l
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Now fix some w € W!. Let A be the universal abelian scheme over X. Then over X,,,

the principally quasi-polarized BT; A[p] has a canonical filtration

0=GyCG C--CG.C-C G = A]plx,-

as in Section It is self dual by proposition [4.2.14] Let J be the type of this filtration,

i.e. choose J such that

k; = htG;
for i = 0,...,2c. Then the canonical filtration defines a canonical section
Sw - Xw — XJ
to the projection
Ty X;— X

given by forgetting the level structure. We note that 7; is proper by [4].
We have the following theorem of Gortz and Hoeve [12, Theorem 5.3] (a related result

can be found in [7]).

Theorem 5.3.1. Let the notation be as above. Then (w,J) is admissible and the section s,
defines an isomorphism

Sw 1 X = Xjw-

Now we are in the following situation. We have a proper surjective map

WZYJ,w%Xw

which restricts to an isomorphism from X, to X,,. We have a section

Al e HY (X, w®Nw)
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as constructed in Section On the other hand, s} A’ is the section A,,, which extends
to

Aj,w S H0<Xj7w, W®N{”)

which vanishes precisely on X Jw — Xjw. We would like to conclude from this that there
is some n > 0 such that (A’)" extends to an element of H°(X,,w®" ) which vanishes
precisely on X,, — X,, and hence complete the proof of Theorem m This follows from

the following lemma.

Lemma 5.3.2. Let f : X — Y be a proper surjective morphism of reduced noetherian
schemes. Let £ be a line bundle on'Y and let U C'Y be a dense open subscheme with the
property that f~*(U) — U is an isomorphism and let Z = X — U be its (set theoretic) com-
plement. Suppose we are given a section s € HY(X, f*.£) which vanishes (set theoretically)
on f~Y(Z). Then there is an integer n > 0 and a section t € H(Y, L") which vanishes set

theoretically on Z and pulls back to s™ under f.

Proof. First we reduce to the case that f is finite. We consider the stein factorization
X % X' = Spec f.Ox L V.
As g,.Ox = O we have that s gives a section of
gL =

and so it suffices to prove the theorem for f’ which is finite.
Next we observe that the question is local on Y. Indeed if for some finite affine open cover

Y = UV; we have integers n; and sections t; € H(V;, £™) such that f*t; = s™

F1V) then

[T mi

i

form ¢, =t . Then for each i, j, t vinv; because f is surjective, Y is reduced,

viny; = 1
and they both pull back to s, n = [], n;. Hence they glue to a section ¢ € H°(Y, £™) which

pulls back to s™.
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Hence we may assume that Y = Spec A and X = Spec B are affine, A — B is finite, and
% is trivial. Let I be the radical ideal corresponding to Z C Spec A and let I’ = v/IB be
the radical ideal corresponding to f~1(Z). Then ¢ is just a regular function b € B and the
fact that it vanishes on f~1(Z) means that b € I'.

Form the exact sequence of A modules

0A—-B3C—=0

where the map A — B is injective because f is surjective and A is reduced. For p € U C
Spec A, A, — B, is an isomorphism by assumption, and hence C, = 0. Thus suppC C Z
and hence there is an integer n; such that I"*C' = 0. Now b € I’ = v/ BI and so there is

some ny > 0 with 6™ € BI and hence we can write

b =Va

with @ € I. Then

a(™™) =a"ad™) =0

and hence b™™ lies in the image of A. m
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Chapter 6

Generalized Hasse Invariants at the

Boundary

The goal of this section is to study the Ekedahl-Oort stratification and generalized Hasse
invariants of chapters|4] and |5 near the boundary of the compactifications recalled in chapter
Bl As we have seen in chapter [3] suitable formal neighborhoods of the boundary in either a
toroidal or minimal compactification “fiber over” smaller PEL modular varieties. Roughly
speaking, these “structural morphisms” give the non degenerating abelian part of an abelian
variety near the boundary. What we will show is that in these formal neighborhoods, the
Ekedahl-Oort stratification is just the pullback of the Ekedahl-Oort stratification of the
smaller PEL modular variety, and similarly on each Ekedahl-Oort strata, the Hasse invariant
is the pullback of a suitable Hasse invariant on the smaller Shimura variety.

Let us now summarize the contents of this Chapter. In Section we study the Ekedahl-
Oort stratification at the boundary. We treat toroidal compactifications first. On a toroidal
compactification X%, we have a semiabelian scheme A with O-action extending the abelian
scheme on the interior. Its p torsion A[p| gives a principally quasi-polarized partial BT; with
O-action, and hence the general construction of chapter |4 we may extend the stratification

from the interior to the entire toroidal compactification. In order to understand it at the
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boundary, we also consider the “Raynaud Extensions” A on the boundary charts Z¢se XRk.
The p-torsion of Ay defines an Ekedahl-Oort stratification of ¢ 5. Xr Kk, which from the
definition of Ay is seen to be the pullback of the Ekedahl-Oort stratification of Xy via

the map Z¢x, Xr k — X¢. Hence we obtain two stratifications of our formal scheme

)A(}?‘”E% ~ (X4, /T'y) Xrk (see|3.2.1 part 2) and our aim is to show that they are the same.

Let us illustrate how this goes in the simplest possible case. Consider what happens
at the cusp of the modular curve. We have the semiabelian Tate curve E/F,[[¢]] and the
Raynaud extension G,,/F,[[¢]]. They are related by the fact that their formal completions
along their special fibers are canonically isomorphic. Now in general given a semiabelian
scheme A/F,[[g]] we cannot expect to recover the quasi-finite flat group scheme A[p] from
the formal completion A. However we can recover the finite part Alp]7 (see Lemma and
the surrounding discussion for this notion) and this is enough to determine the Ekedahl-Oort
strata of both the generic and special fiber of A. Returning to the Tate curve E, we can

conclude that

and hence the generic fiber of the Tate curve is ordinary. The general case is just an elabo-
ration of this argument.

The main properties of the Ekedahl-Oort stratification of a toroidal compactification are
summarized in Theorem [6.1.5] From this it is easy to define an Ekedahl-Oort stratification
of the minimal compactification, and we summarize its properties in Theorem [6.1.6|

Next, in section [6.2] we turn to Hasse invariants. In theorem [6.2.2| we show that for each
Ekedahl-Oort stratum X ,,, the Hasse invariant on X g ,, extends to Ytgw, and on a suitable
formal neighborhood of the boundary, it is just the pullback of a suitable Hasse invariant
on an Ekedahl-Oort stratum of a smaller PEL modular variety. Again this will be done by
comparing the semiabelian scheme A/X% with the Raynaud extension Ag. The latter is

an extension

0T — Ay — Ay — 0
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where A is the pullback of the universal abelian scheme on X¢ and T is a torus. Then it
follows easily from the definition that on an Ekedahl-Oort stratum Z¢ s ., of the boundary
chart, the w Hasse invariant of Ay is just the product of a suitable Hasse invariant and a
power of the determinant of

V*:wp — wg?),

which is nothing but the canonical generator of det wé’fl.

In the case of the Tate curve considered above, the isomorphism E[p]/ ~ G,,[p] gives a
canonical generator (up to sign) j:dTT of wg where T is one of the generators of the character

lattice of G,,,. Moreover we have

dar  [dT\"
v = (=
= (7)

and hence over Z[[g]] the classical Hasse invariant is nothing but A = (4£)P~! (note that this
formula does not depend on the choice of T'.) The reader will recognize this as nothing but the
classical calculation of the g-expansion of the Hasse invariant. We like to interpret Theorem
6.2.2] as saying that “each Fourier-Jacobi expansion of the generalized Hasse invariant A,
has a suitable generalized Hasse invariant at the boundary as a constant term, and vanishing
non constant terms.”

Finally we show in Theorem that the Hasse invariants also extend to the minimal
compactification (this is easily deduced from the Toroidal case using the results of Section
3-4). As an immediate consequence we deduce in Corollary that the minimally com-
pactified Ekedahl-Oort strata X" are affine. In the Siegel case, this answers a question of
Oort [28] 14.2].

We remark that for Siegel modular varieties, extensions of the Ekedahl-Oort stratification
to compactifications were already considered by Oort, and the results of section [6.1] should
be compared with [28, §6].

Throughout this chapter we fix an integral PEL datum (O, *, L, (-, -, ), h) without factors
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of type D satisfying Condition , a neat open compact subgroup K C G (Z(p)), and ¥ a
good compatible family of cone decompositions at level K. We let D be the corresponding
mod p PEL datum as in Definition and we denote by W/ the associated set of Weyl
group cosets (see the end of section [4.1.4)).

6.1 Ekedahl-Oort Stratification at the Boundary

6.1.1 Ekedahl-Oort Stratification of the Boundary Charts

Fix a cusp label ¥ € Cuspy. Associated to it is an integral PEL datum (O, %, L¢, (-, -)¢, he)
and hence an associated mod p PEL datum Dy. We let Wé‘g be the associated set of Weyl
group cosets. Both D and D¢ consist of the same semisimple F,-algebra with involution
(O, ). We denote the numerical invariants of D by (k) and (d;) and those of Dy by (h [+])
and (d¢ ) (see definition ) We also let (¢, = t;)) be the O-multirank of X ®zk. Then

it follows from the construction of (O, *, Ly, (-, )¢, he) (see 5.4.2.6 of [21]) that for each 7
hin = he [ + 2t

and

dir) = deg 7] + U7

Now let £’ be an algebraically closed field of characteristic p with an embedding k& — k£’.
Let Go/k' be the BT, with O-action of multiplicative type with character group X @ F,. It

has multi height and multi dimension (t};)). We form
G1 = GO X GOD

which we make into a principally quasi-polarized BT, with O-action in the obvious way.
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We define a map

Lyt Wt — W
by the commutativity of the diagram

BT, D¢ —— Wie

l L
9

BT,p, —— W/

where the horizontal arrows are the bijections of Section and the left vertical arrow is
the map
G— G x .

It is clear that t¢ is injective and independent of the choice of k.

For G € BTlg we may also define a principally quasi polarized partial BT; with O-action
of type D with the group with its O-action given by G x Gy, and with the quasi-polarization
extended from G to be zero on GGy. Then we note that G X Gy and G x G; have canonical
filtrations with the same O-type in the sense of Definition

Then as in section the PEL modular variety X¢ has an Ekedahl-Oort stratification

Xe= J[ Xewe

I
Weg EW%%&

For notational purposes we define for w € W/

X we if there exists wy € Wéﬁg with g (we) = w
X<g w —

)

0 otherwise

Now consider the special fiber of the toroidal boundary chart

EW,Z% XR k — X%
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Over Z¢ 5., X g k we have a semiabelian scheme A, which sits in an exact sequence
0T — Ay — Ay — 0

where T is the split torus with character group X, and Ay is the pullback of the universal
abelian scheme on X¢. Then Ay[p] is a BT, with O-action. We make it into a principally
quasi polarized BT, with O-action of type D by extending the principal quasi polarization
on A¢[p] to be zero on T'[p].

As a consequence of Theorem applied to Ay [p] and Proposition we have a

decomposition

Z¢se Xrk = H 24 S w-
weWw!

Now consider a geometric point © € Z¢ 5., ,(k"). We have

Hence by the definition of 1 and what we observed above, if we corresponds to Ag|[p|, then
t(wg) = w, or in other words under the map 7 : Z¢ 5., Xp k — X¢, the point x maps into
X¢ .. Hence we have

7T_1 (X‘ia”,w) - E‘K,ng,w

at least set theoretically. But in fact as 7 is smooth, 77!(X¢,,,) is reduced and so this holds

scheme theoretically as well. As 7 is flat, we also have

where X, (resp. Z¢ n., ) denotes the Zariski closure of X¢ ,, (resp. Z¢ s, w)-
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Now consider the canonical filtration

0=GyCG C--CGeC - C Gy = Alp]

|E<€,E(g,w

of the principally quasi-polarized partial BT, fl[p] where we remind the reader that

|E<€,ch,w
according to Convention [4.2.15| for canonical filtrations for partial BT; we may have Go._1 =

Gae if Alp) has no étale part.

|E<€,E<g,w

Now note that as T'[p] is multiplicative we have

|E(g,2<g,w

VTRIL),. ) =Tlhlzes,..

and thus

TPz 5,0 © G-

and

0C Gy/T[p) C Go/Tp] C---G/Tp] C -+ C Ga/T[p| = A¢[p]

|E<€,E<g,w

is a canonical filtration for the BTy A¢[p]|=, . except that if the fibers of A¢[p]l=, .,
are connected-connected then G1/T[p] = 0 and Ga./T[p] = Gae—1/T[p] and the outermost
two terms should be removed (we call this the exceptional case in what follows.)

Now we turn to Hasse invariants. Applying the construction of section of a Hasse
invariant associated to a BT; with canonical filtration we obtain

~ _ ~ N_
o € H'(Bipsy 05" )

associated to Ay [pllz¢ s, and
! 0= x, ©pN—1
Cw €H (:%:E%,Uﬂ T We )
associated to A¢[p]|z, . where the notation is as in the beginning of section Note
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that the same integer N occurs in both expressions because the canonical filtrations for
Acg[pﬂag@%w and Ay [p]\gcg’zcg’w have the same associated permutation o, except in the ex-
ceptional case when that for the latter is missing two cycles of length 1 (which doesn’t change
N.)

We want to compare flﬁﬁw and Ai . From the definition we have

~ V-1 pN -1
A/%,w = 14117_1 Bv iﬁ,w = 1411)_1 B
where
B e HO(E%E%UH <w2 & WC)pN_l)
is the product of the terms for ¢ = 2, ..., ¢ in the definitions of flég,w and Ay, while

1211 € HO(E%,E%U}vwi@pil)
comes from
det V* : det wg, — (det wg, )®?

while

A1 € HO(E%E%M, (det wGl/T[p])(X)p—l)

comes from

det V* : det wg, /7 — (det wa, 7)) *P

Now consider

V*: det Wrp) — (det wﬂp})@p

If z1,..., 2, form a basis for X, then det wy,) = det wy is generated by
dzq dzx,,
T Tm
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and

Vi = %P

and hence

Al = Oé®p71A1.

We note that the section

a® 1 e H'(Byx, xp ko) = H'Zyx, xpk, (det X @ O= )

€S XRE
is really canonical and independent of the choice of basis x4, ..., z,,. Indeed, a is unique up
to multiplication by —1, and either p =2 or p — 1 is even.

Now by Theorem applied to the PEL modular variety X¢, for each wy € ng there

is a generalized Hasse invariant

v ®Nw
Acg’wcg c HO (Xrg,w%,w% %)

which satisfies
Nuw

Aéﬁ,pr_l = *A‘f,w%|5<g,zcg,w'
For the rest of this chapter we will adopt the following convention.

Convention 6.1.1. For each w € W' and each ¢ € Cuspy for which there is a wy € ngg
with 1y (wy) = w then we assume that N, = N,,. If this is not already the case it may be

arrange by replacing A,, and the A¢ ., with suitable powers.

For the rest of this chapter for w € W/ such that there exists wy € ng with g (we) = w
we will denote the section Ag ., by A¢ . € H (X0, ngw).

Let us summarize what we have seen in this section in the following proposition.

Proposition 6.1.2. With notation as above, for each cusp label € € Cuspy and each
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w € W we have

T (Xew) = Z¢ 5w T ' (Xew) = Z¢.50w

where T : Z¢ 5., Xr k — X is the canonical map. Moreover if

i 0= ~@pN -1
€, w S H (H%uz(é,uﬂw%) )

is the Hasse invariant associated to the BTy with canonical filtration Ag|p] by the

|E<g,2<g’w

construction of section then under the isomorphism
wy ~ det X @ mFwy

of section|3.4.2 we have

_ Nuw N
! ON_1 e *
pY -1 — p—1 (g) 4 |—‘
‘g’w « ™ (f,w :‘<€,E<g,w

where o € det X is a generator and Ay ., € HO (yﬁw,w%N‘”) 15 the generalized Hasse invari-

ant of Theorem [{.5.4).

6.1.2 Ekedahl-Oort Stratification of the Toroidal Compactification

Let A be an adic noetherian ring with ideal of definition . We let A = A/I and for a scheme
X/Awelet X = X x4 A. Given a scheme X/A we let X denote its formal completion along
X. This defines a functor X — X from the category of finite type schemes over A to the
category of formal schemes, adic and finite type over Spf(A). This functor is in general far
from being an equivalence. Nonetheless, it does induce an equivalence between the category
of schemes finite over Spec(A) and formal schemes finite over Spf(A) (we remind the reader
that a formal scheme X/Spf(A) is finite if it is adic over Spf(A) and X is finite over A.)

We now consider the theory of “finite parts” of quasi-finite schemes over A. We recall the
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following well known lemma, whose proof we sketch because we don’t know of a reference

for this exact statement.

Lemma 6.1.3. Let X/A be quasi-finite and separated, and assume that X is finite over A.

Then there is a unique (scheme theoretic) decomposition
X=x'T]x

with X' /A finite and X empty.

Proof. By Zariski’s main theorem one may factor X — Spec A as
X — X — Spec A
with X — X an open immersion and X — Spec A finite. Then
XX

is an open immersion because X — X is, and it is also closed because X is finite over A.

By [32, XI Prop. 1] and Hensel’s lemma we then have
X == Xl H XQ

WhereXT1:7. Then take X/ = X; N X and X’ = X, N X. O

Remark 6.1.4. The same result (and proof) holds if one only assumes that (A, 1) is a

Henselian couple in the sense of [32, XIJ.

We call X7 as in the lemma the finite part of X. From the lemma it follows that X =X/
In other words, we may recover X/ from the formal completion X via the equivalence of

categories discussed above.
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Formation of the finite part is clearly functorial in X and compatible with fiber products
over A. In particular if G/ Spec A is a quasi-finite, separated, group scheme with G /A finite,
then G’/ Spec A is a finite group scheme. Moreover G/ is flat over A if G is.

Now we turn to the problem of extending the Ekedahl-Oort stratification at the boundary
of a toroidal compactification. By Theorem m there is a semiabelian scheme A/X}¢%,
with an action of @ which extends the universal abelian scheme A over Xx. Then A[p]
a principally quasi-polarized partial BT, with O-action. Hence by Theorem and

Proposition we obtain a set theoretic decomposition

tor __ tor
XK,Z - H XK,E,w'

weWl!
As usual we will also denote by ngfz’w the Zariski closure of Xg 5 .

Let € € Cuspy be any cusp label. We may cover the formal scheme

Xiso = (Xome ¥ k)/Te

by affine formal schemes i with the following properties:

1. 8L lifts to an open in the formal scheme (X4 5, Xg k) (use the fact that Xy, —

X4 v, /T¢ is Zariski locally an isomorphism.)

2. U arises as the formal completion of an affine open in X}?fz, as well as from the formal

completion of an affine open in Z¢ 5. Xg k.
Xe “R

We have {4 = Spf A for A an adic noetherian ring with some ideal of definition /. We may
also consider the scheme U = Spec A. As the formal completion of a noetherian ring is flat,
we have flat maps of schemes

fl U —)X;grz

and

fg . U—)E%{E(g XR/{,‘.
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We also know that U is reduced because it is the formal completion of a reduced excellent
ring (see [13, IV, 7.8.3]).
We denote by (A,4)/U the pullback of the semiabelian scheme with O-action (A, 7)/ X%,

by fi, and we denote by (A,i)/U the pullback of the semiabelian scheme with O-action

(fl, i)/(E¢x, Xr k) by fo. By part 3 of Theorem |3.2.1} the [-adic completions A and ;1 are

isomorphic, compatibly with the O-action. In particular we conclude from Lemma [6.1.3[and
the remarks following it we conclude that we have an isomorphism of BT; with O-action

over U

Alp) ~ Alp) = AJp]

where the second equality is because A[p] is already finite. Now applying the construction
of theorem [4.2.18| and its compatibility with base change 4.2.10| (noting that it makes no

difference whether we apply it to A[p]/ or A[p]) we conclude that set theoretically,

ST X w) = f3 ' Cesgw)-

Now as f; and f, are flat we conclude that again set theoretically

_1,~-tor —1/=
N I(XK,E,w) = /3 1(:%”,2%10)-
But 7;?;710 and Z¢ 5., ., are reduced by definition, and hence by [I3, IV, 7.8.3] again,
fr 1(7?2@) and f; ' (E¢.5,.0) are reduced as well, and hence the equality holds as schemes.
We can now conclude our main theorem on the Ekedahl-Oort stratification on a toroidal

compactification.

Theorem 6.1.5. Let K C G(Z(p)) be neat open compact and let > be a good compatible

family of cone decompositions at level K. For each w € W' we have

1. Yt];rz,w is well positioned at the boundary and for each cusp label € € Cuspy the

corresponding subscheme is X¢ ,, C Xg.
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2. We have (set theoretically)

—tor . tor
XK,E,w - H XK,E,w/'

w’ <w

where = is the partial order of Theorem |4.4. 1.

3. Let g € G(A™P?) and let K,K' C G(Z®) be neat open compact subgroups with
g 'Kg C K' and let X (resp. ¥') be a good compatible family of cone decompositions

at level K (resp. K') such that X is a g-refinement of X2'. Then

—tor —=tor

[9]_1(Xto'r,2',w) = ;?rzw and [9]_1(XK/,zf,w) = XK,E,w'

Proof. Recall that by definition, part 1 just means that for each cusp label ¥ € Cuspy, the

T

—>tor
. to 3
formal completion of X KSw along X K¢ 18

(Xoso/Te)x,,

under the isomorphism

ptor
KX% — %%,E%} /F%ﬂ-

But this is exactly what we showed in the preceding paragraphs after intersecting with each

affine open Al.
Part 2 follows from Theorem [4.4.1] and part 3 follows from [4.4.2] O

6.1.3 Ekedahl-Oort Stratification of the Minimal Compactifica-
tion

Now we would like to define an Ekedahl-Oort stratification on the minimal compactification
Xmin - There is no natural partial BT} over X" to use to construct it directly. Instead we
use the construction of the previous section for the toroidal compactification.

Indeed we have a map x5 : X2 — Xpin - and the fibers of 7y x are contained entirely
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inside single Ekedahl-Oort strata X}?fxw Hence we may simply define
Xt = s (XS )

and

——min ——tor

XK,w = WK,E(XK,E,w>~

Here is the main theorem on the Ekedahl-Oort stratification of the minimal compactifi-

cation.
Theorem 6.1.6. Let K C G(Z®)) be neat open compact. For each w € W' we have

1. 7?2) is well positioned at the boundary and for each cusp label € € Cuspy the corre-

sponding subscheme is 7%711, C Xy.

2. We have (set theoretically)

—min . min
Xew =[] X5,

w’ <w

where = is the partial order of Theorem |4.4. 1.

3. Let g € G(A>®P) and let K,K' C G(Z(p)) be neat open compact subgroups with

g 'Kg C K’ then

—min

[g]il(X?’l?w) = X?,I'Lrll) and [g]il(yil’r,lw) = XK,w‘

Proof. The first point follows from Theorems [3.4.2] and [6.1.5] Part 2 follows from Theorem

and part 3 follows from [4.4.2] O

6.2 Extension of Hasse Invariants to the Boundary

In this section we explain how to extend the generalized Hasse invariants from the interior

to the entire toroidal and minimal compactifications.
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As a preliminary we prove a lemma which permits us to deduce the regularity of a rational
function after passing to a formal completion. If A is a ring then we denote by K(A) its
total ring of fractions. By definition K (A) = S7'A for the set S of non zero divisors in A.
If A — B is flat, then a non zero divisor in A remains a non zero divisor in B and so there

is an induced map K(A) — K(B). We claim that if in fact A — B is faithfully flat, then
A=BnK(A),

the intersection occurring inside K(B). Indeed suppose a/s € K(A) N B. Then aB C sB

and hence

a€(sByNA=sA

where the last equality holds because A — B is faithfully flat.

Now consider the following situation. Suppose U, = Spec Ag is a reduced noetherian
affine scheme, and Z C Uj is a closed subset defined by an ideal Iy, C Ag, which we assume
does not contain any generic point . Let A be the Iy-adic completion of Ag. Let us assume
that Z meets every irreducible component of U, so that Ay — A is injective by Krull’s

theorem. Moreover Ay — A is flat so we have a map K(Ay) — K(A) which is also injective.

Lemma 6.2.1. With notation as above, we have
Ay =ANH"(Uy— Z,0y,)

the intersection taking place inside K(A).

Proof. Let p be a prime ideal contained in Z. Let Ag, be the localization of Ay at p, and
let Ap be the p-adic completion of Ay, which is also the pA-adic completion of A. Then we

have maps

A= A, HUy—Z,0y,) — K(Ay,), and, K(A) — K(A,).
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Now suppose € AN H(Uy — Z,Oy,). In order to show that x € A we need to show that
x is regular at each point of Z, i.e. for each p as above, the image of x in K(Ag,) actually

lies in Ag,. But Agp, — flp is faithfully flat, and hence

by what we said above. O

Theorem 6.2.2. For each w € W', each K C G(Z(p)) neat open compact, and each Y a

good compatible family of cone decompositions at level K there is a unique section
r —-tor N
At}?,z,w € HO(XK,E,WW% )

with the following properties

1. The restriction of A}‘wa to YK,M is the section Ak ., of Theorem .

. . g, . —-tor
2. AW, ., is non vanishing precisely on X325 ., C X g 51w

3. AR, is well positioned at the boundary in the sense of deﬁnz’tion where for each

cusp label € the corresponding section is Ag ,, € HO(ch,w,ngw).

4. If g € G(A>®P) and K,K' C G(Z(p)) are open compact subgroups with ¢ 'Kg C K’
and ¥ (resp. X¥') is a good compatible family of cone decompositions at level K (resp.

K') and ¥ is a g-refinement of X' then

* Ator __ Ator
9] AK',E/,w = AK,E,w

. . . . —-tor
under the canonical isomorphism [g]*wy ~ w restricted to X i v -

Proof. Fix w € W!. Let S C Cuspy be a set of cusp labels with the property that if € € S

188



and €’ € Cuspy with € < €’ then ¥’ € S. Then let

tor
KES_ HXKE%’”
¢esS

Then by the assumption on S, X%, ¢ is open in X35, We will prove by induction on S that

AKw € H (XKwa ®N)

extends to A5, ¢ N Yﬁfm. So suppose we have an extension for S” and we want to extend
it to S =5 U{%}.

We recall some notation from section [6.1.2, We may cover the formal schemes

X5 e = (Xgx, xrk)/Te

by affine opens il = spf A satisfying the conditions listed there. We may in particular assume
that for each &l there is an affine open Uy = Spec Ap in X%, ¢ such that the formal completion
of Uy along Uy N A5, o is 4.

As in section we also denote U = Spec A, and let U, = Spec A,, be the closed
Ekedahl-Oort strata. We also let Uy, w = Spec Ap . be the closed Ekedahl-Oort strata of Uy.

Then we have our partially extended section
AK,w,S c H (onw — (onw N Xtor ) ®Nw)

which, after formally completing along X }("ryf N Uy is regular by Proposition . Hence
by lemma we get the desired extension to all of Uo,w.

This proves the existence of A}?faw extending A, satisfying property 3. Property 2
follows from Theorem [4.5.4] Finally property 4 follows from Theorem |4.5.4| and the fact that

~ . o . ~=tor
XKk is Zariski dense in X s . [l
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As a consequence we deduce the existence of generalized Hasse invariants on the minimal

compactification.

Theorem 6.2.3. For each w € W' and each K C G(Z(p)) neat open compact there is a
unique section

—min

Eﬁﬁ; € HO(‘XK,w?w%Nw)
with the following properties

1. The restriction of A%fﬁ}u to YK,M is the section Ak ., of Theorem .

—>min

2. AR%, 18 non vanishing precisely on Xt C X,

3. A?{‘; 1s well positioned at the boundary in the sense of definition where for each

cusp label € the corresponding section is Ag ,, € HO(Ygg,w,wﬁ?Nw).

4. If g € G(A>®P) and K,K' C G(Z(”)) are open compact subgroups with ¢ 'Kg C K’
then we have
9] AR, = AR

—min

under the canonical isomorphism [g]*wg: ~ wy restricted to Xy .

Proof. The existence of A%f‘u and the first three properties follow immediately from Theorem
and part 2 of Remark [3.4.7. The uniqueness and property 4 follow from and the

fact that YKyw is Zariski dense in Y?Z and the latter is reduced. O
We record the following corollary.

Corollary 6.2.4. For each w € W', the Ekedahl-Oort stratum in the minimal compactifi-

cation X% is affine.

Proof. This follows immediately from the fact that it is the non vanishing locus of the section

?f; of the ample line bundle w}%Nw on the proper scheme Y?I:U o
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Chapter 7

Construction of Congruences

In this section we explain how to use the generalized Hasse invariants of the previous chapters
in order to produce congruences between coherent cohomology classes of automorphic vector
bundles on PEL modular varieties. The underlying idea is quite simple, but the argument is
complicated by considerations at the boundary. We refer the reader to the introduction for
an overview of how we construct congruences, and we advise the reader to first understand
the argument when the PEL modular variety is compact.

Throughout this chapter we fix an integral PEL datum (O, *, L, (-, -, ), h) satisfying Con-
dition and a neat open compact subgroup K C G (Z(p)). We fix an algebraic represen-

tation p’ of M on a finite free R-module W, as well as an integer » > 0 and a filtration
O:WOCW1CW2CW3:W/7TTW

by M-stable submodules such that W;/W;_; is a free R/n"-module for i = 1,2,3. We denote
the representation of M on W5 /W, by p. For example we may just take p to be the reduction
mod 7" of p/, so that W; = W, and Wy = W3, but we also want to allow representations p
which do not admit lifts to characteristic 0.

The goal of this section is to prove the following theorem, which may be regarded as the

main result of this thesis.
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Theorem 7.0.5. For all integers n > 0 and C' there is an integer k > C' such that

1P (2, Vi)

P

1s a subquotient of

HO (X, VIR © witt)
as T -modules.

Remark 7.0.6. The role of C' is to ensure that we can take the number k& guaranteed by the
theorem to be as large as we like. This will ensure that HO(X™, V5" @ wi®) ® E can be
computed in terms of automorphic representations of G' which we expect to be able to attach

Galois representations to by other means.

Remark 7.0.7. Our primary goal in this work was to prove this theorem in the case n > 0.
However we remark that the case n = 0 is not without interest. Indeed even when n = 0,

C' =0, and p is the reduction mod 7" of p’ (so that V3'p = VSR /n") the map

HO (0, Vi) — HO(X, Vi)

p Ps

needn’t be surjective.

In section we give some preliminaries. We first prove a general lifting lemma which
will allow us to canonically extend a sufficiently large power of a section of a line bundle
canonically to an infinitesimal thickening. Then we will give some setup for the inductive
step of the construction of congruences. In particular we introduce certain unions of Ekedahl-
Oort strata in the minimal compactification (denoted X;) and certain Hasse invariants A; on
them which are obtained by “glueing together” the Hasse invariants of the previous parts.
Then in section the main line of our argument: we inductively reduce the cohomological
degree while increasing the codimension of the subscheme of X2 we are working on. Finally

we conclude the proof of Theorem in section [7.3]
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7.1 Preliminaries

7.1.1 Lifting Lemma

The following standard lemma says that we can improve congruences by taking powers.

Lemma 7.1.1. Let A be a ring and I C A an ideal. Then if x,y € A with x —y € I then
Ipn N ypn e Ipn —|— p_[pn71 +p21pn72 + . +pnI

Proof. Write x =y + b for a € A. Then

p—1
p . .
P— P 4 P ipp—i
=y 3 (D
and hence 2P — y? € IP 4 pI. The result follows from this and induction, upon noting that if

J=1"" 4 pI" "
then

JP 4 p] C I 4+ pl" T

Globalizing this we have

Lemma 7.1.2. Let X be a scheme and Xy C X a closed subscheme defined by a sheaf of
ideals 9. Assume that there are integers ¢ and d with p° = 0 on X and 7" = 0 (and so in

particular the sets underlying X and X, are the same.) Assume there is a line bundle £ on

X and a section s € H'(Xy,.%|x,). Then there exists a section § € HO(X, L7 with

ct+d—1 c+d—1

c H°(X,, 27

§|X0 = s’ |X0)
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Moreover s is the unique section with the following property: for any Zariski open U C X

and section s' € H(U, Z|y) with 8|y, = s where Uy = U N Xy, we have

Proof. Pick an affine cover {U;} of X such that . is trivial on each U;. Let U; o = U; N Xo.
Then for each ¢

HO(Ui7$|Ui) — HO(UZ}U?':%ULO)

is surjective (because U, is a closed subscheme of U; and .Z|y, is trivial,) and so we can

pick sections s; € HY(U;, & U,o- We claim that the sections sfwd_l glue to

v,) reducing to s
give a section with the desired property. For any pair of indices ¢ and 7, and any affine open

V' C U;NV; we have two lifts s;|;y and s;|y of s|y, where V5 = VN Xy. Then by Lemma

pc+d—1 pc+d—1 . pc+d—1 . .
we have s; ly = S; lv. Hence the sections st glue together to give the desired
section s. The uniqueness statement is clear. O

7.1.2 Setup

For every g € G(A*"?) we have a Hecke correspondence

Definition 7.1.3. 1. We say that a closed subscheme Z C X" is Hecke stable if for

every g € G(A*™?) we have

as subschemes of X;}ig_lm - We denote it by Z,.

2. If Z C X™ is Hecke stable then we say that a section

A€ H(Z,w 2)
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is Hecke stable if

0 ®k . . .
as sections of H"(Z,, wg Kg-1nk|2,) via the isomorphisms
*
[1] WK ™~ WyKg—1NK
and
* ~Y
[g] WK = WyKg—1nK
restricted to Z,.

. If 7 is any algebraic representation of M on either a free R-module or a free R/7m*
module for some s, and V“‘b /XBn is the corresponding sub canonically extended au-

tomorphic vector bundle as in definition so that we have maps
0 Ll VER > Vi

and

[ ] V:rs;l;(g—lﬁK — VSub

as in Proposition [3.3.10] and definition [3.3.13] Upon restricting to Z and Z, we obtain

g: 9" (ViR1z2) = (9] V2i)lz, = Vigkg-nxlz,

and

v (Vi inklz,) = (Vg 1nm) |z = ViR 2

where in the first equality we are using the fact that [1] is affine. Then we define the

Hecke operator Ty to be the endomorphism of H*(Z,V?{?|z) given by the composition
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of

i su LN ) * su ) su
H'(Z,VRl2) = HU(Zy, [9) (VER|2) = HY (Zg, Vinkgiol2,)

and

H'(Zy, Vit ioklz,) = H'(Z, [(Viskginklz,)) = HI(Z,VER2).

9 VrgKg— T,9Kg~

Fori=0,...,dim(Xg) let

—min ;
Y- U X

weWw!
l(w)=dim(X g )—1

be the union of the closed codimension i Ekedahl-Oort strata. Let N} be the least common

multiple of the N,, with /(w) = dim(X ) — ¢. Consider the map

foxi= Il Xee— X

weWw!
l(w)=dim(X g )—1

this map f is finite and if we consider the open

then

is an isomorphism and we have a section
/ 0 ®N!
A e H'(U,wy 'lx,)-

whose restriction to X is (A2 )Ni/Ne Then A} extends to a section of w®"7 on X/ that

vanishes (set theoretically) on X/ — f~!(U). Then applying lemma there is some integer
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M such that AM extends to a section

A; € HO(X;, WP

Xi)

where N; = M N] whose set theoretic vanishing locus is X; — U = Xj;.
We summarize the key properties of the filtration X; of X}?},L“U and the sections A; in the
following proposition. We remark that no properties of the X; and A; beyond those listed

here will be used in what follows.

Proposition 7.1.4. There is a filtration
Xt =XgD X1 D-vee D Xaim(xx) 2 Xaim(xg)+1 =0
of X1 by reduced closed subschemes along with sections

Ai € HO<XZ‘, w%Ni

Xi)

satisfying the following properties:

1. For each cusp label € € Cuspy, each irreducible component of

X;NXe

has codimension 1 in Xc.
2. The subschemes X; C X are well positioned at the boundary and are Hecke stable.

3. The set theoretic vanishing locus of the section A; is X;11. The sections A; are Hecke

stable and well positioned at the boundary.

Proof. Points 1 and 2 follow from Theorem [6.1.6| while point 3 follows from Theorem [6.2.3|

O
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7.2 Inductive Step

As the first step in the proof of Theorem we will prove the following proposition, which

is the main induction step in the argument.
Proposition 7.2.1. Let n be as in the Theorem (7.0.5

e There exists a filtration

X]r?in XRR/WT:XQDXlD”'DXn

of X3 by Hecke stable closed subschemes which are well positioned at the boundary
and which satisfy (Xi)red = X,;. Moreover for each cusp label € € Cuspy, the (scheme
theoretic) intersection

XZ' N Xy
1s Cohen Macaulay.

e Fori=0,...,n, there exists integers N; > 0 and Hecke stable sections

Al’ & HO(Xi,UJ}G} g

<)

which are well positioned at the boundary and have the property that for each cusp
label € € Cuspy, the restriction of flz to XZ N X 1s a non zero divisor. Moreover for

i=0,...,n—1 there are integers k; > 0 such that X,.1 C X; is the vanishing locus of

Ak,

e fori=0,...,n, there are integers M, defined by My = 0 and M;,, = M; + k:iNi and

fori=20,...,n—1 there are Hecke equivariant surjections

H (X, (V;,Lll? ® W?MHI)BQH) - H"(X,, (‘/;’S’l}? i) %)
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Proof. This will be proved by induction on i. For the base case we have Xy = X min o p R/7"

We clearly have (Xo)red = Xy and for each cusp label € € Cuspy
XoNXy = Xy xz R/7"

which is Cohen Macaulay as Xy /R is smooth and hence Xy is regular and 7" is a non zero
divisor.

First we explain how to construct A; once X; has been constructed, using Lemma .
Let . be the ideal sheaf of X; in X;. Then as (X}-)red = X, we can pick an integer ¢ with

77 =0 and an integer d with p? C (7") and hence p? is zero on X;. Then let N; = pctd-1N;

and let A; € HO(X;, w}%ﬁﬂ %,) be the canonical section guaranteed to exist by Lemma |7.1.2

which satisfies

ct+d—1

Ai|Xi = Af c HO(th;e;Ni

Xi)‘

We need to explain why A; is Hecke stable. For any g € G(A®P) let
Xog = [ (X0) = [17(X0) € X3

and let

Xig=1[g]""(X)) = [1]7"(X;) C X;;ég—lml(-

Let .7, be the ideal sheaf of X, , in )~(Z-7g. Then ﬂ;’d = 0 by part 3 of Theorem and
the fact that if ¢ € Cuspg and ¢” € Cusp,f,-1 are such that the restriction of [1] to X

factors through Xy then [1] : Xy — Xy is étale.

Now Lemma applied to

[g]*AZ - [1]*AZ € HO(Xi,gawffj(\;;—lmK Xi,g)
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gives a canonical section

A. 0y, ®N;
Aige H (Xz,gangg—lmK

%)

We will use the uniqueness statement of Lemma to show that
9] Ai = Ai,g = [1]" A..

Let us prove the first equality, the other following by the same argument. Let U C X; be a

Zariski open subset such that there exists a section
A e HO U, w2 |p)
with
Alunx, = A € H(U N X, wp [onx,)-

Then by the uniqueness statement of Lemma we have
(A = Ay € HO(U, Wi p)
Similarly by the uniqueness statement of Lemma applied to the section

[9]"(A") € H([g) " (U), w0 isncl i)

we have

c+d—1

9] (A = Aiglig1w) € H([9) 7' (U), i il io1 )

and hence

~ ct+d—1

9] Al g1y = [g]" (A" = Aiglg—w)

We are done upon noting that we can pick a cover of X; by such opens U.

Next we claim that for each cusp label ¥ € Cuspy, the restriction of Ai to Xi N Xy is
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a non zero divisor. As X; N Xy is Cohen-Macaulay, it has no embedded primes and so in
order to prove the claim it suffices to show that it doesn’t vanish set theoretically on any
reduced irreducible component of XZ- N Xy. But the set theoretic vanishing locus of fli is the
same of that of A;, namely X;,; by part 3 of Proposition But by part 1 of [7.1.4] no
reduced irreducible component of )Z'Z- N Xy is contained in X;,1NAXy. From this, the inductive

hypothesis, and Proposition we conclude that A; is a non zero divisor on V;‘}H X,

. 1 . I sub ~ o e .
Now suppose ¢ < n. As A; is a non zero divisor on V2 |%,, for any positive integer k we

have a short exact sequence

LAk N Y
~ sub QM;+kN;\| _ sub QM;+kN;
5. =~ (VE@w " )5, = (VI @we )

7

0— (V;f}? ® w}%Mi)

By Serre vanishing we may pick k sufficiently large such that

H" (X, (Vo @ wigh i)

%) =0

and hence a piece of the long exact sequence in cohomology of the above short exact sequence

reads

Hn—i—l(Xi’ (‘/;71;? ® w}(?MHrkNi)

4 n—i/ v su i
viar) = H'(XG, (V,;J](D Q@ wi')

Xi) — 0.

We claim that ¢ is Hecke equivariant. Take any g € G(A*?). To save space let K, =
gKg~' N K. First note that whenever we have a map f : X — Y of schemes and a coherent
sheaf .7 on Y, the map

foH(Y,F) = H(X, [*F)
is by definition the composition

—1

H(Y,Z) = H(X,f ') = H(X, f*F)
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where f~!(—) denotes the pullback of sheaves of abelian groups, and the second map is
induced by the map f~1.% — f*.# of sheaves of abelian groups on X. Moreover the functor
S~ (=) isexact,and f~!: H*(Y,—) — H*(X, f~!(—)) is a morphism of é-functors. Applying

this to [g] : Xi, — X; we obtain a commutative square

!

H™ (X, (V33 @ wig N g) —2— B, (V3R @ wigh)

Lt Lo

H" 7 (Ko, [0 (VR @ ™) i) 3 HY 7 (X, [0 (V0 @ wig™)

%))
Next we have a morphism of short exact sequences of sheaves of abelian groups on X ,

; ' AL =1 s i+kN; 11 rsu BN
[g] l(mlﬁ’@w%Ml) <, i [9] 1(‘/;;,[?®W§Mz+km) <, N [g] 1(Vp7}?®W}€3Ml+kNl)

L | l

k ~
(Ve @ wih) %, — (VR @w ")y

V(AF)

. AH .
. 49 sub QM;+EN;
Xy (V,;,Kg @ wg, )

where, for example, the map in the first column is the composition

] (V3R @ wie™)

Xig

%) = (VR @ wi™)lg) & (Vi @ wig™)

and the other two columns are defined similarly. From this we get a morphism of long exact

sequences in cohomology, and in particular a commutative square

H (X [ (Vi @ w5 ) ) % B (X, [0 (VR @ 0] 5)

T l

n—i— su i ~i g n—i( ¥ su i
H (X, g, (VEub ® WM +kN) V(Aﬁg)) —— H" (X, (Vp’fgg ® w%‘”)

pky O Wk, i)

Next the functor [1], is exact (because [1] is affine) and defines an isomorphism of J-functors
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H*(X, 4, —) ~ H*(X;,[1].(=)) and hence we obtain a commutative square

H" (X, (Vps,l}?g ® w}‘?fi““N")!mgg)) 2 H" (X5, (‘/;)s,l}?g ® W%Wi)

H (R [ (V3 @ Wt

%)

n—i( W su M;
V(Af,g)) g H (XZ7 [1]*( P,I?g ® w}eég ) Xi,g)'

Finally we have a morphism of short exact sequences of sheaves on X;

Ak 8 )
u M; ¢ u i+kN; u M;+kN;
ML(V3R @wg) )z, +1LVER @ Wk, Nz, » ML(V3R @ Wk, )

Jo Jo |

Ak e L
(VR @wi g, —— (PR 0w ™ )lg, —— (R @wg™™™)

i

and hence we obtain a commutative square

H= (R, [ (V3 @ w9 ) 3 B (X (1 (Vi @ W)

I o

n—i—1/ v su i +EN; g n—i/ Y su i
H G, (VR @ w0 )y ) S B, (VR @ )

%)

%)

Combining the four commutative squares above we conclude that 6 commutes with 7j,.

Finally (continuing to assume i < n) we must construct X;.1 and show that it has

the required properties. We take Xz‘+1 = V(/lez) Then ()N(Hl)red = X1 because the set

theoretic vanishing locus of flfl is the same as that of A; which is X by part 3 of proposition

7.1.4. Moreover we already saw that for each cusp label ¥ € Cuspy, the restriction of flf

to XZ N Xy is a non zero divisor on XZ N Xy and hence its (scheme theoretic) vanishing locus

X, 11 N Xy is also Cohen Macaulay.
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7.3 Completing the Proof

By composing the Hecke equivariant surjections given by Proposition we obtain a Hecke

equivariant surjection
H(X,, (ViR @ W) 5,) = H" (X0, (ViR @ wi®)|,) = H" (X, VoR).
Now consider the restriction map
Vsub sub|X
It is surjective and so it fits into a short exact sequence of sheaves
0= F = VIR = ViRlg, =0

for some coherent sheaf .# on X®™. Tensoring this exact sequence with the line bundle

w];(N"J’M" for some nonnegative integer k and taking cohomology we obtain part of a long

exact sequence
HO(xmin, ng{ ®wan+Mn) s HY(X,, (ng( ®Wan+Mn)|f<n) S Y (xm 2 ®wan+Mn)
Next from the filtration
O=WoCcWy C Wy C Wy =W/r"W
we obtain by Proposition [3.3.9| a filtration of sheaves

sub sub sub sub sub
0= VWO K VW1 K VWQ K V V

204



such that for e =1,2,3

sub sub sub
WnK Wz LK = VYW /Wil K

Now as wyg is ample, we can pick k sufficiently large so that
o H'(Xp™ F @uwilti) =0,
o HY (Xpm Vb i ® whNntMn) — 0 for i = 1,2, 3, and

/W’L 1

e kN, + M, > C, where C is as in the statement of Theorem m

By the first point, and the long exact sequence above, we have a surjective, Hecke equivariant

restriction map

HO (X, V2 @ WintMn)y o HO(X,, (VS0 @ wlNatMn)| o .

Next using the fact that H' (X", Vi, ywsnb g ® wkN"+M”) =0 for 7 = 1,2,3, we conclude
that

H (Xmln Vslulb{ ® wanJrMn/,/T ) Hl (Xmm VsubK ® wanJrMn) =0

and also that for the filtration

0C HO(XIr(mn VsubK®wan+Mn) C HO(XII?II’I Vsub}(@wanJrMn) C HO(XII?IH VsubK®wan+Mn)
we have
H (Xmln Vsub l;{NnJrMn)/HO(XIr?m ‘/sub1 K® anJrMn) HO()(mm VSH?WZ N K® anJrMn)

Hecke equivariantly.
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Next consider the short exact sequence of sheaves on X"

0= V'R B VIR = Vol /7" — 0.

Tensor with w

}%’“N"JFM" and take cohomology. We see that

1 min sub an+Mn o
H (X", Vo' @ wi )=0

as it is a finitely generated R-module and the cokerenel of multiplication by 7" on it embeds
into

HY (i, vstb, @ Nt ) = 0.

Hence we conclude that the Hecke equivariant reduction mod 7" map

0 i b ke Ny +M, 0 i b kNp+M.
H (XII'?H’I’ VpS/l’IK ® wK nt n) — H (X;’(I}ll’l, ‘/’EII,IK ® WK n+ n/ﬂ_'r)

is surjective.

Finally from Proposition we have a section
A, € H(X,,w®"| ¢ )

which is Hecke stable and a nonzero divisor on V), k| as in the proof of Proposition [7.2.1]

Hence we have an injective map

Ak

~ A - -
HY (X, (VIR @w')[5,) < HO (X, (VIR © W tMm| 2 )

n

which is Hecke equivariant by the Hecke stability of A,.

To summarize we have:
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A Hecke equivariant surjection

HO (X, (Vi @ 0 ,) = HM (AR VER).

A Hecke equivariant injection

~ A - -

A Hecke equivariant surjection
H (X, Vg @ Wit M) — HO(Xo, (VIR @ wid ") 5 ).

A Hecke stable filtration

0C My C M, C H'(X™ V3'y @ whlintMn /7

for which we have
Ml/MO ~ HO(x]r{nin’ ‘/;71;? ® wl;{NnJrMn)
Hecke equivariantly.

e A Hecke equivariant surjection

0 i b ENnp+M, 0 i b kN +M
H (X;(l’lll’l’ Vpsll,lK ®WK nt n) - H (X]réun, ‘/;’1,1K ®WK n+ n/ﬂ_T)

Thus H"(Xp™, V3R) is a Hecke equivariant sub quotient of H°(XG™", Vit & whNntMn) and

hence theorem [7.0.5|is proved.
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