
M3S4/M4S4: Applied probability: 2007-8

Solutions 6: Continuous time Markov processes

1. We have,

Q =



















0 0 0

ν −ν 0 0

0 2ν −2ν 0 0

iν −iν 0



















We calculate p0j(t), 0 < j, by solving

d

dt
P (t) = P (t)Q

i.e.









d
dt
pij(t)








=








pij(t)



























0 0 0

ν −ν 0 0

0 2ν −2ν 0 0

iν −iν 0



















Giving
d

dt
pij(t) = −jνpij(t) + (j + 1)νpi,j+1(t)

Multiply by sj and sum over j to give

∂

∂t

∞∑

j=0

pij(t)s
j = −ν

∞∑

j=1

jpij(t)s
j + ν

∞∑

j=0

(j + 1)pi,j+1(t)s
j

Note that,
∂

∂s
Πi(s, t) =

∂

∂s

∞∑

j=0

pij(t)s
j =

∞∑

j=1

jpij(t)s
j−1.

So, we have

∂

∂t

∞∑

j=0

pij(t)s
j = −νs

∞∑

j=1

jpij(t)s
j−1 + ν

∞∑

j=1

jpij(t)s
j−1

∂

∂t
Πi(s, t) = ν(1− s)

∂

∂s
Πi(s, t)

as required.
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2. From lectures the differential difference equations for general birth and death process

are given by,

d

dt
p0(t) = −β0p0(t) + ν1p1(t)

d

dt
pj(t) = βj−1pj−1(t)− (βj + νj)pj(t) + νj+1pj+1(t) j ≥ 1

(a) When βn = λ, νn = 0, we have for j > 0:

d

dt
pj(t) = λpj−1(t)− λpj(t).

(b) When βn = βn, νn = 0, we have for j > 0:

d

dt
pj(t) = (j − 1)βpj−1(t)− jβpj(t).

3. (a) 1
λ
.

(b) 3
λ
+ 2
ν
.

(c) 1
λ2
.

(d) 3
λ2
+ 2
ν2
.

4. (a)

P(wake during δt) = βδt+ o(δt)

P(sleep during δt) = νδt+ o(δt)

If there are i awake then N − i are asleep.

i→ i+ 1 = (N − i)β (one of the (N − i) wake)

i→ i− 1 = νi (one of the i sleep)

Giving

Q =

0

1

2

3
...

N



















−Nβ Nβ 0 0

ν −ν − β(N − 1) β(N − 1) 0

0 2ν −2ν − β(N − 2) β(N − 2)
. . . . . . . . .

Nν −Nν
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(b) For the stationary distribution, solve πQ = 0, from notes, for a general birth and

death process we have

πn =
βn−1βn−2 . . . β0

νn . . . ν1
π0 n ≥ 1

πn =
(Nβ)(β(N − 1))(β(N − 2)) . . . (β(N − (n− 1)))

ν(2ν)(3ν) . . . (nν)
π0

=
βn

νn
N !

n!(N − n)!
π0

πn =

(
N

n

)(
β

ν

)n

π0 n ≥ 1

also,
∑N
n=1 πn = 1, giving

π0 =
1

1 +
∑N
n=1

(
N
n

) (
β
ν

)n

(c) For one individual we have

Q =
s

w





−β β

ν −ν






(d) From the Forward Differential Equations:

d

dt
P (t) = P (t)Q

d

dt
(1− psw(t)) = −β(1− psw(t)) + νpsw(t)

⇒ −
d

dt
psw(t) = psw(t)(β + ν)− β

⇒
∫

dpsw(t)

psw(t)(β + ν)− β
=

∫

−1dt

⇒
log(psw(t)(β + ν)− β)

β + ν
= −t+ c

From psw(0) = 0 we find c =
log(−β)
(β+ν)

giving

psw(t) =
β

β + ν
(1− e−(β+ν)t)

Also
d

dt
(1− pww(t)) = −β(1− pww(t)) + νpww(t)

same solution as above, except we have pww(0) = 1 giving

pww(t) =
β + νe−(β+ν)t

β + ν
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(e) From the hint, we have

E(Xm(t)) = mpww + (N −m)psw

= m

(
β + νe−(β+ν)t

β + ν

)

+ (N −m)

(
β

β + ν
(1− e−(β+ν)t)

)

= me−(β+ν)t +
Nβ

β + ν
(1− e−(β+ν)t)

5. (a) The Backward Differential Equations are given by,

d

dt
P (t) = QP (t)

For the linear birth and death process we have

Q =



















0 0 0 . . .

ν −(ν + β) β 0

0 2ν −(2ν + 2β) 2β 0

0 0 3ν −(3ν + 3β) 3β
. . . . . . . . .



















.

Thus,

d

dt
p0j(t) = 0 ∀j

d

dt
pij(t) = iνpi−1,j(t)− i(ν + β)pij(t) + iβpi+1,j(t) ∀j (i > 0)

Multiply by sj and sum over j to give

∂

∂t
Πi(s, t) = iνΠi−1(s, t)− i(ν + β)Πi(s, t) + iβΠi+1(s, t) i > 0.

(b) Πi(s, t) is the pgf of Xi(t) – the number of individuals at time t given that X(0) =

i. We can write

Xi(t) = X1(t) +X1(t) + . . .+X1(t)︸ ︷︷ ︸
i times

(a colony of size i can be thought of as i colonies of size 1).

So, by standard pgf results, we have

Πi(t) = [Π1(t)]
i
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(c) When i = 1,

∂

∂t
Π1(s, t) = νΠ0(s, t)− (ν + β)Π1(s, t) + β [Π1(s, t)]

2
.

Π0(s, t) = p00(t) + p01(t)s+ p02(t)s
2 + . . .

= 1 (as p00(t) = 1 and p0j(t) = 0 ∀ j).

Let y = Π1(s, t),

dy

∂t
= ν − (ν + β)y + βy2 = (βy − ν)(y − 1).

Case β = ν:

dy

dt
= β(y − 1)2

∫
dy

(y − 1)2
=

∫

β dt

−1
y − 1

= βt+ c⇒ y = 1−
1

βt+ c

⇒ Π1(s, t) =
βt+ c− 1
βt+ c

Initial condition Π1(s, 0) = s gives s = (c− 1)/c and

Π1(s, t) =
βt+ s(1− βt)
βt+ 1− sβt

which agrees with the lecture notes.

Case β 6= ν:

dy

dt
= (βy − ν)(y − 1)

∫ (
β

ν − βy
−
1

1− y

)

dy =
∫

(β − ν)dt

− log(ν − βy) + log(1− y) = (β − ν)t+ c

Π1(s, 0) = s⇒ c = − log(ν − βs) + log(1− s)

So (after some algebra!)

Π1(s, t) =
ν(1− s)− (ν − βs)e(ν−β)t

β(1− s)− (ν − βs)e(ν−β)t

again in accordance with lecture notes.
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