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Abstract—We study the problem of coexistence of a countable number of periodic orbits of
different topological types (saddles, saddle—centers, and elliptic) in the case of four-dimensional
symplectic diffeomorphisms with a homoclinic trajectory to a saddle—focus fixed point.

INTRODUCTION

This paper studies symplectic diffeomorphisms and Hamiltonian systems with homoclinic tan-
gencies. Namely, we speak about the structure of the set of orbits in a small neighborhood of a
homoclinic orbit at the points of which the stable and unstable manifolds of a saddle periodic orbit
have a quadratic tangency. In a sense, this paper continues the series of papers of the authors
where this problem was studied in the framework of general smooth dynamical systems. It was
established in [1-3] that one of the main properties of multidimensional systems with homoclinic
tangencies is the coezistence of periodic trajectories of different topological types (i.e., with different
dimensions of unstable manifolds). This includes the well-known phenomenon [4-6] of coexistence
of hyperbolic sets and stable periodic orbits near homoclinic tangencies. Final criteria for the birth
of stable periodic orbits at the bifurcations of a quadratic homoclinic tangency in the case of general
dynamical systems were obtained in [1, 2, 7].

When studying analogous problems in the conservative case, some peculiarities and differences
appear. First, usual conditions of general position often exclude the conservative case; therefore, the
results obtained in the theory of general systems can rarely be applied to conservative ones. This is
true for the systems with homoclinic tangencies as well. Moreover, certain technical difficulties also
appear here. The problem is that the study of the behavior near a homoclinic orbit is reduced to the
study of the first-return map near some homoclinic point. Usually, this map is written in the form
T = TlTé“ , where Tj is the Poincaré map near the saddle periodic orbit and T} is a map defined by
the orbits near the global piece of the homoclinic trajectory. Here, k may take all positive integer
values starting with some k. Since the values of k are not bounded from above, difficulties in the
computation of Tok appear. In the case of general systems, the use of smooth linearization theorems
here may look as the most attractive approach. However, if such an approach can be justified in a
certain sense in the case of general systems, in the conservative dynamics, one usually cannot get rid
of small-order resonances whose presence makes the smooth linearization impossible. Typically, the
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EXISTENCE OF INFINITELY MANY ELLIPTIC PERIODIC ORBITS 107

normal form of a symplectic map in a neighborhood of a saddle fixed point is essentially nonlinear.
Therefore, for example, the well-known Smale theorem from [8] about the complex structure of the
set of orbits in a neighborhood of a transverse homoclinic orbit could not be applied to symplectic
diffeomorphisms since the conditions of the theorem included assumptions on the existence of a
smooth linearization near the saddle fixed point. These problems completely disappear when one
computes the iterations of the local map 7Tj in the so-called cross-form [9, 10]. This was the
approach that allowed the second author to solve the Poincaré-Birkhoff problem on the structure
of the set of orbits lying near a transverse homoclinic orbit for arbitrary systems, including the
Hamiltonian case [9]. On the other hand, in the case of conservative systems with homoclinic and
heteroclinic tangencies, even a formal removal of the nonlinear terms in the map near a saddle fixed
point may be inappropriate: these terms may essentially influence the dynamics. Thus, the study
of two-dimensional symplectic maps with a nontransverse heteroclinic cycle has shown [11] that
the invariants of the Birkhoff-Moser normal form enter the formulas for the 2-moduli (continuous
invariants of the local Q-conjugacy).

The main goal of the present paper is finding conditions under which a symplectic diffeomorphism
with a homoclinic tangency to some fixed point has an infinite set of elliptic periodic points. Here,
we follow Poincaré, who raised the question of the existence of stable (elliptic) periodic orbits as one
of the main questions of the classical nonlinear dynamics. We must immediately note that, among
codimension-1 bifurcations of a homoclinic tangency, only two cases are interesting in this connec-
tion, a two-dimensional case and a four-dimensional case; moreover, the fixed point must be a saddle—
focus in the four-dimensional case. This is associated with the fact that, in other codimension-1
cases, there exists an invariant manifold, either two- or four-dimensional, that contains the orbit of
homoclinic tangency and all the orbits that stay close to it for all, backward and forward, iterations
of the map [1, 7]. This manifold is saddle, which excludes the existence of elliptic points.

The case of two-dimensional symplectic diffeomorphisms with a homoclinic tangency was con-
sidered in [12, 13|. It was shown there that generically (namely, if some invariant 7 is not an integer)
the set of orbits that lie entirely in a small neighborhood of the homoclinic orbit has a nonuniformly
hyperbolic structure; hence, it does not contain elliptic points.*

In the four-dimensional case, when there is an orbit of homoclinic tangency to a saddle—focus
fixed point, the birth of elliptic orbits after the tangency is split was established in [18]. In the
present paper, we investigate the question of the existence of an infinite set of elliptic periodic
orbits at the moment of tangency itself. Moreover, we also consider the question of the coexistence
of periodic trajectories of different topological types. It is known that periodic orbits of four-
dimensional symplectic diffeomorphisms, structurally stable in the linear approximation, may be of
the three following types:

1) saddle, for which one pair of the multipliers lies inside the unit circle and the other pair
of multipliers lies outside it; among the saddle periodic orbits, one distinguishes saddles, whose
multipliers are real, and saddle—foci, whose multipliers are complex (one also distinguishes three
types of saddles, (+,+), (—, —), or (4, —), for which, respectively, all the multipliers are positive,
negative, or two multipliers are positive and the other two are negative);

2) saddle—centers (or 1-elliptic), which have one pair of real multipliers (different from 1 in the
absolute value) and one pair of complex-conjugate multipliers on the unit circle (one can distinguish
two types of saddle—centers: saddle-centers (4) and saddle—centers (—), depending on the sign of
the real multipliers);

3) elliptic (or 2-elliptic), all of whose multipliers v, ...,v4 lie on the unit circle: vy = et

V34 = eTw2 where 0 < wi2 < mand wy # we. In symplectic polar coordinates, the map near

4t is well known, however, that elliptic points indeed appear here when the homoclinic tangency is split [14, 11,
15-17].
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108 S.V. GONCHENKO et al.

an elliptic fixed point may be brought to the following Birkhoff normal form if there are no strong
resonances (i.e., if wy # wa, w1 # 2we, w1 # 3we, we # 2w1, we # w1, W1 + wy # T, wy + 2wy # 2,
2wy + wg # 27, 3w £ wy # 2, 3wy £ wy # 2T, wy g # 21/3,7/2):

p=p+olp®), O=0+w+Q+op), (1)

where p € R?, 0 € T? w = (w1,ws), and  is a 2 x 2 matrix. When Q is nondegenerate (i.e.,
det  # 0), the corresponding fixed point is called a generic elliptic point.

It is obvious that the periodic orbits of the first two types (saddle orbits and saddle-centers) are
unstable. In the case of a generic elliptic periodic point, the KAM theory gives a definite positive
answer to the question of the eternal stability only in the two-dimensional case. For the four-
dimensional case, the KAM theory implies that, for the majority (in measure) of initial conditions,
the trajectories never leave a neighborhood of a generic elliptic orbit. However, for the rest of initial
conditions, one cannot exclude a situation when the corresponding orbits leave the neighborhood
due to the so-called Arnold diffusion. Therefore, below, when speaking about the stability of elliptic
points, we will have in mind the KAM stability. Of course, to use the KAM theory, one should
require that the map is sufficiently smooth.

In this paper, we consider C"-smooth (r > 7) symplectic diffeomorphisms with a saddle—focus
fixed point, whose two-dimensional stable and unstable invariant manifolds have a quadratic tan-
gency at the points of some homoclinic orbit. In the space of C"-smooth symplectic maps, such
diffeomorphisms fill bifurcational surfaces of codimension 1. Let H be such a surface.

Main theorem. In H, there exists a subset H., dense (residual) in the C"-topology, such that
every diffeomorphism from H. has

(i) an infinite set of generic elliptic periodic orbits,
(ii) an infinite set of saddle—center periodic orbits, and
(iii) an infinite set of saddle periodic orbits (both saddles and saddle—foci).

The proof is based on the study of parametric families of diffeomorphisms in H (i.e., families for
which the original homoclinic tangency is not split). It is important to note that we choose, as the
parameters, (2-moduli, i.e., continuous invariants of topological conjugacy on the set of orbits lying
in a small neighborhood of a homoclinic tangency. By definition, 2-moduli are natural governing
parameters because any change in the value of an (2-modulus leads to a change in the structure of
the set of nonwandering orbits, i.e., to bifurcations of periodic, homoclinic, etc., trajectories.

Because of the importance of the 2-moduli for the bifurcation theory in general, let us dwell on
this subject. Note, first, that the existence of {2-moduli is a characteristic feature of systems with
homoclinic tangencies [19-21, 1, 22]. Namely, such invariants exist in systems with a homoclinic
tangency of the so-called third class [4, 23|. In the case of the first two classes, one can give
a complete description of the set N of trajectories lying in a small neighborhood of an orbit of
homoclinic tangency [4]: here, N either has a trivial structure (for systems of the first class), or
admits a complete description in the language of symbolic dynamics (the second class). In the case
of homoclinic tangency of the third class, the set N does not generally admit a complete description,
and its structure changes with any change in the values of the so-called main 2-modulus

In |A|

g=——"1
In ||

where X and ~ are the leading multipliers of the saddle periodic orbit (JA| < 1, |y| > 1). This fact
was first noticed in [4] in the case of three-dimensional flows (two-dimensional diffeomorphisms).
Another effectively computed Q-modulus is the invariant 7 (see [12, 20, 21]|). This Q-modulus is
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expressed via the coefficients of the Poincaré map near the global piece of the homoclinic orbit.
In the multidimensional case, when the saddle periodic orbit is a saddle—focus, i.e., when we take
A = [MeT¥ (¢ # 0,7) and/or v = |y|e*™ (1 # 0,7) as the leading multipliers, the corresponding
angular arguments ¢ and v are Q-moduli too [1, 22]. Knowing these moduli helps one to give, in
many cases, reasonable answers to the questions concerning the structure and the main bifurcations
of the set V.

Notably, conservative systems have moduli of local -conjugacy as well. Of course, for a sym-
plectic map, 6 is always constant: # = 1; moreover, ¢ = 1. Therefore, if the leading multipliers
are complex (this is possible for symplectic maps starting with dimension 4), the main Q-modulus
is the invariant ¢ [22, 24]. Other Q-moduli, analogous to 7, exist here as well. They are certain
functions of the coefficients of the Poincaré map near the global piece of the homoclinic orbit; these
are, for example, invariants « and [ (see (1.28) below). In this paper, we consider exactly the
families where the governing parameters are, along with ¢, the Q-moduli « or 5.

The proof or the main theorem consists of two main steps.

At the first step, we mainly use the results of our previous paper [18| (collected here in Section 2).
Here we consider the possibility of the birth of (one) elliptic periodic orbit as a result of bifurcations
of a homoclinic tangency to a fixed point of the saddle-focus type. We consider two-parameter
families F),,, of symplectic diffeomorphisms, which are transverse to H. As the governing parameters,
we choose the splitting parameter p (roughly speaking, it measures the distance to H) and the
angular argument .5 For the original diffeomorphism Fy € H, we denote the saddlefocus fixed
point by O and the orbit of homoclinic tangency by I'. Let U denote a sufficiently small fixed
neighborhood of the set O UT'. This neighborhood is the union of a small neighborhood Uy of the
point O and a finite number of small neighborhoods of those points of I' that do not belong to Uy.
A trajectory that is periodic or homoclinic to O and lies entirely in U is called p-round if it has
exactly p intersection points with every component of the set U \ Uy. At the first step, we consider
bifurcations of the single-round (p = 1) periodic orbits in U. As it follows from [18| (see Theorem 1
in [18], or a more general Theorem 1 in Section 2 of the present paper),

in any neighborhood of the point (. = 0, = @g) in the plane of parameters (u, ), there
exists a region of parameter values for which the corresponding diffeomorphism F,, has a
single-round periodic orbit in U of any preassigned type (generic elliptic, saddle—center (+),
saddle—center (—), saddle (+,4), saddle (+,—), saddle (—, —), or saddle—focus).

Note that different regions corresponding to the existence of single-round elliptic periodic orbits do
not generally intersect. This means that the diffeomorphisms close to Fy cannot, in general, have
more than one single-round elliptic periodic orbit in a sufficiently small fixed neighborhood of T’
(see Proposition 1 in Section 2).

The second step is the study of the possibility of the coexistence of multiround generic elliptic pe-
riodic orbits (as well as periodic orbits of other types) for the diffecomorphisms in H close to Fy. This
step is the main part of the paper. Essentially, we consider double-round periodic orbits. We will
employ the following logic. First, we include Fj in some one-parameter family F, of diffeomorphisms
in H. Thus, we take a family of symplectic diffeomorphisms such that the homoclinic tangency is
not split when the parameter varies, while the angular argument ¢ of the complex multipliers of
the saddle—focus changes monotonically. Since ¢ is an -modulus, its arbitrary variations lead to

5An analogous situation takes place in the case of general systems with homoclinic tangencies. For example, for
diffeomorphisms with a nontransverse homoclinic orbit to a saddle—focus fixed point (in contrast to the case
of a saddle with real leading multipliers), the study of the bifurcations of single-round periodic orbits requires
at least a two- or three-parameter analysis [1, 2]. Moreover, the Q-moduli, which are the angular arguments
(¢ and %) of complex multipliers of the saddle—focus, are considered as governing parameters along with the
splitting parameter (which is naturally a governing one).
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110 S.V. GONCHENKO et al.

the creation of secondary homoclinic tangencies. Namely, we show that (see Theorems 2 and 2’ in
Section 3),

under general assumptions, in any sufficiently small interval of values of @, the values of ¢
are dense such that the corresponding diffeomorphism F, has a double-round homoclinic orbit
corresponding to a simple quadratic tangency of the invariant manifolds of the saddle—focus
fized point.

The general assumptions here are the assumption that the original homoclinic tangency of the
manifolds W*(O) and W*(O) at the points of I' is simple and quadratic (see the definitions in
Section 1) and that the inequality

sin(a — ) # 0 (2)

holds. The method of the proof (see the proof of Theorem 2’ in Section 3) allows one to find
four different series of double-round homoclinic tangencies; the values of ¢ corresponding to each
series are dense in any interval.® All these tangencies are simple and quadratic. Moreover, for
fixed ¢, the tangencies of the first two series split with nonzero velocities under any variation
in 8, while the tangencies of the third and fourth series split with nonzero velocities under any
variation in « (see Section 3). Recall that the original homoclinic tangency does not split here,
whereby we can study the bifurcations of the obtained double-round homoclinic tangencies without
leaving the bifurcational surface H. Here, it is sufficient to apply the results of the first step
related to bifurcations of the homoclinic tangency in general two-parameter families of symplectic
diffeomorphisms with a fixed saddle-focus point. To this end, we can consider any two-parameter
family F,, of diffeomorphisms in H, where the parameter v is chosen so that

9 (0.8 #0 Q
This ensures that either a or § change monotonically as v varies. Hence, the homoclinic tangencies
of at least two of the above series will always split with a nonzero velocity. Since the parameter
values corresponding to the double-round homoclinic tangencies in F,, are dense and since these
tangencies split with nonzero velocities as v varies, it follows from Theorem 1 that the existence
regions of double-round periodic orbits of any given type are dense in the plane of parameters (v, ¢).
Near any point inside any such region, we find (by virtue of Theorem 2’) the values of parameters
corresponding to some double-round homoclinic tangency; hence (by Theorem 1), we find there
a small region for which the system has one more double-round periodic orbit of any preassigned
type. Thus, we obtain that, in the parameter plane, those regions are dense in which the system
has a pair of double-round periodic orbits of arbitrarily chosen types. Repeating the procedure, we
obtain that, in the parameter plane, those regions are dense that correspond to the existence of
three, four, etc. double-round periodic orbits of arbitrary types; then, passing to the limit proves
the main theorem.

In fact, some generalizations of the main theorem are possible (see Theorems 3 and 4 in Sec-
tion 4).

Note also that all the results remain valid both for the case of four-dimensional symplectic
diffeomorphisms having a saddle—focus periodic point with a homoclinic tangency and in the case
of Hamiltonian systems of three degrees of freedom which have, at some level of a constant value of
the Hamiltonian, a saddle—focus periodic orbit with a curve of homoclinic tangency (see Section 1.3
for more details).

6Condition (2) is very essential here because the case sin(aw — 3) = 0 is quite special. For example, if a = 3, it
may happen that the diffeomorphism Fi, in U does not have homoclinic orbits other than I' [24].
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1. PRELIMINARY RESULTS:
THE LOCAL AND GLOBAL MAPS Ty, AND T

Consider a C"-smooth (r > 2) symplectic diffeomorphism F{y for which the following conditions
hold.

A. Fy has a saddle-focus fixed point O with multipliers vy 9 = Xoet™0 and U3y = )\aleiwo,
where 0 < Ag <1 and 0 < ¢y < 7.

B. The two-dimensional stable and unstable invariant manifolds W* and W*" of the point O
have a simple tangency at the points of some homoclinic orbit I'. Namely, let 73;W denote the
tangent space to a manifold W at a point M € W. Let M* be one of homoclinic points from the
orbit I'. Then, we require the following;:

B.1. dim(7p+W* N Tp=WH) = 1.
B.2. The tangency of the manifolds W*® and W* at the point M™* is quadratic.

Conditions B.1 and B.2 can be reformulated as the requirement that, in some local C?-coordi-
nates (£1,&2,m1,72) near the point M*, the equations of W* and W* have the following form:

W*={n =0, o =0} and  W*={& =0, g =&3). (1.1)

If one considers one-parameter families that depend smoothly on some parameter v and split the
given tangency, then C2-coordinates near M* can be introduced in such a way that the equations
of W*(v) and W*(v) near M* take the form

W ={m =0, no =0} and W ={& =0, m =puv)+ 5%} (1.2)

The quantity u(v) in (1.2) is called a splitting parameter for the manifolds W* and W* near M*:

when p(v) > 0, the tangency disappears and the manifolds W* and W* do not intersect, whereas,

when p(v) < 0, two points of a transverse intersection appear. The tangency is said to split
: . dp(0)

generically if =5-= # 0.

Let U be a sufficiently small fixed neighborhood of the set O UT'. It is the union of a small
neighborhood Up of the point O and a finite number of small neighborhoods of those points of the
orbit I' that do not belong to Uy. An orbit that is periodic or homoclinic to O and entirely lies
in U is called p-round if it has exactly p points of intersection with each of the components of the
set U \ Up. According to this definition, I" is a single-round homoclinic orbit. Condition B implies
that the diffeomorphism Fy has no other single-round homoclinic orbits in U.

It is obvious that any diffeomorphism close to Fy has a saddle-focus fixed point O' € U
close to O. The diffeomorphisms close to Fy (in the C"-topology) may also have a single-round
orbit I, homoclinic to O, which is close to I" and corresponds to a simple tangency of the invariant
manifolds of O’. Such diffeomorphisms form a bifurcational surface H of codimension 1 in the space
of four-dimensional symplectic C"-diffeomorphisms. In the present paper, we study the dynamical
properties and the bifurcations of diffeomorphisms from the set H.

As we noted in the Introduction, our analysis is based on the study of the first-return maps and
their iterations. As usual, these maps are represented as compositions of some iteration of the local
map Ty that acts in a small neighborhood of the fixed point O and the global map 77 defined by the
trajectories lying in a small neighborhood of some finite segment of the homoclinic orbit I'. Below,
we recall some facts (mostly from [18]) concerning the properties of local and global maps. Note
that, along with the diffeomorphism Fj satisfying conditions A and B, we also consider parametric
families” F. of symplectic C"-smooth diffeomorphisms that include the diffeomorphism Fy at e = 0.

"We consider here either families transverse to the bifurcational surface M or families lying within H.
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Let the family F. be also C"-smooth with respect to €. Then, for any small ¢, the diffeomor-
phism F. has a saddle focus fixed point O, € Uy with multipliers A(e)e**(®) and \~!(g)e* ()
where A\(0) = Ag and ¢(0) = g. Naturally, the local and global maps will also smoothly depend
on ¢ in this case.

1.1. Properties of the local map 7. Denote by Ty(e) the restriction of the diffeomor-
phism F. onto the neighborhood Uy of the point O, i.e., Ty = F.|y,. The map Tj is called a local
map. Obviously, one can introduce local coordinates in Uy such that the point O, lies at the origin.
Moreover, the following result holds.

Lemma 1 [18|. Let r > 2. Then, there exist g > 0 and a neighborhood Uy of O such that, for
all ||| < eq, the local map Ty(g) is written in the following form in certain symplectic coordinates
in Uy, of class C" with respect to the phase variables and C"~2 with respect to the parameters:

T

L(e)x + f(z,y,¢)x,
T (1.3)
7=L" " (e)y+g(x,y,e)y,

where

Y (e« ) BN PR IET (e v ) B

Here, x and y are two-dimensional: x = (x1,22) and y = (y1,%2); the C""-smooth functions f
and g satisfy the following conditions:

(1.5)

We will use the coordinates of Lemma 1 because the iterations of the local map Tp, written
in the “cross’-form, will be close in this case to the iterations of a linear map. Namely, denote
(21, yr) = T& (20, y0). It is well known [9, 25, 26] that, for a sufficiently small d, for any k£ > 0 and
xo, Yr such that [|zo|| < /2, ||ykl| < /2, the corresponding segment (a;j,yj);?zo of an orbit of the
map Tp is defined uniquely, and all its points lie in the d-neighborhood of the fixed point O(0,0).
Moreover, the following result holds true (see [18] and [21, 10]).

Lemma 2. Let r >3 and let identities (1.5) hold.® Then,

ax = L(e)"xo + kA Py (20, yi, €) w0,

(1.6)
Yo = (L(E)T)kyk + /cAQka(!Uo,yk,E)yk,

where the functions Py and Q. are uniformly bounded for all k along with all the derivatives up to
the order r—2; the derivatives of order r— 1 of the right-hand sides of (1.6) with respect to (xo, yx)
tend to zero as k — +oo0.

1.2. Properties of the global map 7;. In the coordinates of Lemma 1, the equations for
the two-dimensional manifolds W (O(e)) and W% (O(e)) in Uy are y; = y2 = 0 and 1 = 29 =0,
respectively. By assumption, the diffeomorphism Fy has a homoclinic orbit I" at the points of
which the two-dimensional invariant manifolds of the saddle—focus O have a simple tangency, i.e.,
conditions B.1 and B.2 hold. The points of I' accumulate to O, so that there is an infinite set of
homoclinic points both in W _(O) and in W (O). Take any pair of these points, MT(zT,0) €

loc

8For r > 3, identities (1.5) mean that f(z,y,¢) = O(||z - |lyl}) and g(z,y,e) = O(||z| - |y]).
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WE(0)N Uy and M—(0,y~) € W .(O) N Uy, where 2™ = (2f,23) and y~ = (yi,y, ); here,
(z1)% + (23) # 0 and (y7) + (y3)* # 0.

Let II™ and II~ be some neighborhoods of the points M ™ and M ~, respectively, that lie in U.
We assume that the neighborhoods ITT and IT~ are sufficiently small, so that, in any case, Tp(ITT) N
It = @ and T, }(IT")NII~ = @. By construction, F°(M~) = M~ for some positive ng. Consider
the map T} = F: II- — II'", which is defined by the orbits of the diffeomorphism F. near the
global piece of T'. We will call T} a global map. By definition, T3 (M~) = M at e = 0. Denote
the coordinates in II™ by (xo,y0) = (201,02, Y01, Y02), and the coordinates in I~ by (z1,y1) =
(z11,212, Y11, Y12). Let us write the Taylor expansion of the global map T3 at the point M~ (0,y7)

for e = 0:
To—x" =ary +by1 —y )+ ..., Yo=cr1+dyi —y ) +..., (1.7)

where the dots stand for the terms of the second order and higher; here, a, b, ¢, and d are some
2 x 2 matrices. Together, these matrices comprise the following symplectic 4 x 4 matrix:

a b
s=(ca)

hence, the following relations hold (see, e.g., [18]):

(1) a'c=¢c"a,

(2) b'd=d"p, (1.8)
3)da—b'e=1,

(1) ab” =ba',
(2) ed" =de, (1.9)
(3) da' —cb' =1.

For the matrix that is inverse to S (it is also symplectic), we have the following formula:

g1 _ (_dCTT _abTT> . (1.10)
Note that a linear rotation in Uy,
Tnew = RoT,  Ynew = Roy, (1.11)
where
Ro=(Gns et ) (112

is a symplectic coordinate transformation. Moreover, this is a unique symplectic transformation
that preserves the form of the matrix L of the linear part of the local map Ty and identity (1.5).
Thus, we are allowed to make linear rotations in Uy with arbitrary angles 6, and we will use them
in order to simplify the matrix S, i.e., to nullify as many entries of d as possible.

Note that such a rotation transforms the matrix d as follows:

dpew = R_pdRy. (1.13)
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By condition B.1, for ¢ = 0, the surface T7(W}%.) is tangent to the plane W  at the point
M (x*,0) along a single direction. Consider the linear part of T} at the point M ~:

To—x" =axy +by1 —y), To =cx1+dyr —y~). (1.14)

Condition B.1 reads now as follows: the image of the plane {x; = 0} under this linear map intersects
the plane {yp = 0} in a straight line. In other words, the equation

0=d(y—y) (1.15)
has a one-parameter family of solutions. In this case,

detd =0 and rankd = 1; (1.16)

d— <d11 d12>
da1 da2
are linearly dependent, but not all its entries are zero. Obviously, one can choose 6 in (1.13) (and,
accordingly, in (1.11)) such that the matrix d will transform into

0 0
dnew = ’
<d21 d22>

where d%l + d§2 # 0. We assume that doo # 0. If this is not the case (i.e., if dos = 0 and dgy # 0),
then one can take another pair of homoclinic points, namely, (7 M=, M™) instead of (M~, M).
The new global map will be 7] = T1Tj, and, taking into account that the function g from the
formula (1.3) for Ty vanishes identically on W} _, it is easy to see that the corresponding matrix d’
will have the form

d — )1 0 O0) [cosp —sinep ! 0 0
do1r 0O sinp  cosp dopcosp —doysing )’

Since sin ¢ # 0, it follows that dhy(= —da; sin) # 0.
Thus, we may assume that the Jacobi matrix S of the global map T} computed at the point M~
for € = 0 has the form

i.e., the rows of the matrix

a1 a2 b b2
a1 az2 bar b2

S = 1.17
ci1 c2 0 0 |7 (L.17)
c21 C2 do1 da2

where dyy # 0. Since S is a symplectic matrix, in view of (1.8) and (1.9), its entries satisfy the
following equalities:

a) bardag — baaday =0,
)

c11do1 + crada2 = 0,

d) ci2(biadar — biidar) = —do1,

(
(
(c) c11(b12da1 — br1daa) = da, (1.18)
(
(e) azidar — barcor = 1+ bricn.

Since daa # 0, it follows from (c) in (1.18) that
ci1 70, binda — biady # 0. (1.19)
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Taking into account quadratic terms in the equation for 7, we can write the map 7 as
Tor — 2 = anzir + a1oz12 + b1 (yin — vy ) + bia(yiz —v3 ) + ..,
To2 — T3 = a1 @11 + @212 + bar(y11 — yy ) + boa(vi2 — 3 ) + - .,
o1 = et + cizaiz + Di(yn — 1 )2 + Doy — v1 ) (12 — y3) + Dalyiz — 45 )> + -,

To2 = 21711 + c22%12 + do1(y11 — yy ) +doa(y12 — 5 ) + .- - .
(1.20)
Since 11 = x12 = 0 on W}, the equation of the surface T7(W}%,) can be written as follows:

ol — :L‘l = bu(yu -y )+ b12(y12 — Yo ) +o

(1.21)

yor = Di(y1n — y1 )* + Dalynt — y1 )iz — v3 ) + Ds(yiz —y5 )2 + ...,

)
202 — 3 = bar(y11 —yy ) +b2a(yiz —ys ) + ...,
)’
Yoz = da(ynn —yr ) +doa(yi2 =y ) + ..,
where (y11 —y; ) and (y12 — y5 ) are the coordinates on W} . The equation for T7(Wy%.) can be

written in an explicit form as well. Namely, since dgg # 0, it follows that the last equation of (1.21)
can be resolved with respect to yi12 — v, :

_ 1 doy _
Yi2 — Yy = —Yoo — — W —y; )+ ... (1.22)
doo doo

Plugging (1.22) into (1.21), we obtain

d _ b
zo1 — xf = <b11 - 512ﬂ> (yin—yy) + P
da2 da2

do1 b
Toy — T4 = <521—bz2 >(y11—y1)+d2y02+.,.,

doo
B da doy 27 - = 9
yo1 = | D1 — Do + D3 (y11 — w1 )"+ Da(y11 — ¥1 Jyo2 + D3ygo + - - -
das dag

(1.23)
d21>2
D =
K <d22

d 1 d
b1 — blzdz; = ba1 — bao dQ; = 0.

Denote

d
Dy =Dy — D2< 21) +
da2

Since daa # 0, we deduce from (1.18) that

Now, formulas (1.23) can be rewritten as
. —y, bz 12
o1 — ) = ——(yn —y; )+ d—yoz + O([|y02\ + |y — |] )7
i1 22
4+ bao 12
Toy = Ty = Yoz + O([|y02| + ly11 — yi ] ),
22
_ ~ _ ~ 3
o1 = Do(y11 — y7 )* + Da(y11 — 7 )yo2 + D3yds + O<[|y02| + |y —y1 |] >,
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or, finally,

b
+ V22
To2 — Ty = ——Yo2 + Ry,

daa (1.24)
yor = (zo1 — 27)?[c31 Do + Ro] + Da(xo1 — =] )yoa + Daydy + yo2 Ra,

where R12 = O([|yoz| + |zo1 — 27 []?) and Ry = O(|wo1 — x7|). If we introduce now local coordinates
near the point M,

bao
& = (zo1 — x7)y/ ¢} Do + Ry, & = (wo2 —23) — d—myoz — Ry,
m = yo1 — Da(zo1 — 2 )yo2 — D3ygs — Yoo Ra, N2 = Y02,

then equations (1.24) are rewritten as
&=0,  m=¢&. (1.25)

Thus, the equations of W* and W™ in the coordinates (&1, &2,11,72) in a small neighborhood of M+
are the same as (1.1) provided that Dy # 0. Hence, our condition B.2 of the quadraticity of the
homoclinic tangency is equivalent to the requirement

Dy # 0. (1.26)

We may always assume that Dy > 0 (because the sign of Dy can always be changed by the coordinate
transformation (z,y) — (—z,—y)).

We see that the global map 7 can be written in the form (1.20), or it can be written in the
following cross-form (with respect to the coordinate ys):

1 b1 _

— + =~ ~ —
Tor —x] =anzn +aerie — — Y —y; ) + d_y()Q +...,
c11 22

_ b~ - baa _
Tp2 — Ty = 021711 + a22x12 + d—y02 +...,
22 (1.27)

o1 = ciwin + a1z + Do(ynn — vy )* + Doy — v o2 + Ds¥ioa + -,
_ 21 22 1 _ d21 _
Y12 =Yg = —5T11— T2+ Yoo — 5 W11 — ¥y, )+ --.

2 da2 da2 daz "% d22( ) ’
where a;; = a;; — bi202jd2_21; here, the dots stand for the terms of order two and higher (with respect
to the coordinates x11, z12, y11 — Y7 , and Ygy) in the first, second, and fourth equations, and for the
terms quadratic in x1; and z15 and all the terms of order three and higher in the third equation.

Note that, when the map Tp is brought to the form (1.3) and the map T, to the form (1.20) (i.e.,

when there is no term linear in g in the equation for? 7j,, and Dy > 0), any symplectic coordinate
transformation that preserves these conditions will have the following form in the restriction onto

the stable manifold:
=P )
€2 X2

9This means that the common tangent vector of T1(Wi%.) and Wi, at the point M ™ coincides with the zo1-axis.
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whereas, being restricted onto the unstable manifold, it will have the form
<y1> 1 <y1>
= p
Y2 Y2
for a certain p > 0. It is obvious then that the quantities o, 3, and A/B defined by the formulas

A= (yl_)2+(y2_)2, SiHOé:y—2’ cosa:y_l’
. 4 (1.28)
+ + n LW
B = \/[(xf)2 + (x3)2][c3, + ], sin 8 = % 7 cos § = %

are invariant with respect to such coordinate transformations; hence, they are defined uniquely
by the given diffeomorphism for a fixed choice of a pair of homoclinic points. When we choose
another pair of homoclinic points, « and § get the same increment, proportional to ¢, so that the
difference v — 8 remains invariant. It is also easy to verify that the following formulas are valid for
the diffeomorphism F~!:

B(F) _ A(F)

oF ) =BF)+m  BE D =alB)+m  ZET = 5 (1.29)

At nonzero values of the parameter ¢, formulas (1.20) and (1.27) for the global map are changed
as follows. First, all the coefficients (i.e., x,y7,...,da2), as well as the terms denoted by dots,
depend now on ¢ (at least C"~2-smoothly; see details in [18]). It is also easy to see that, since
Dq # 0, the values of y; (¢) and y; (¢) can be chosen so that the equation for 7y, does not contain
a constant (i.e., zero—order) term and, moreover,

detd(e) = det % =0
Y110.0.47 92)

(note that the corresponding values of y; (¢) and y, (¢) are uniquely defined by these conditions).
Next, as in the case € = 0, by means of a linear rotation (1.11) through a small angle 6 = O(¢), we
can always eliminate the term linear in (y; — y~) in the equation for 7y, i.e., di1(e) = da1(e) = 0.
Thus, the Jacobi matrix S(e) of the global map T} at the point M~ (e) = (0,0,y; ,y5 ) will preserve
its form (1.17). Since S(e) is symplectic, equalities (1.18) remain valid for all small €.

We see that the main difference from the case ¢ = 0 is attributed to the possible appearance of
a nonzero constant term in the equation for 7,,. We denote this term by p(e). So, equation (1.20)
for the map 77 will take the following form for € # 0:

Tor — ) = a1 + a12z12 + b1y — vy ) +biz(yiz —ya ) .-y
Tz — T3 = a21Z11 + a2 + bar (Y11 — Yy ) +bo2(yi2 —ya ) + ...,
To1 = 1+ cr1z11 + crax12 + Di(yin — yf)2 + Da(y11 — y1 ) (12 — vy ) + D3(y12 — y2_)2 +.o

To2 = 21711 + 2212 +do1 (Y11 — ¥ ) +do2(y12 — vy ) + ...,
(1.30)
where all the coefficients, as well as all the terms denoted by dots, depend C"~2-smoothly on e.
It is easy to see that u is the splitting parameter for the manifolds W#(O) and W"(O) because
the equations of W#*(O) and W"(O) in a small neighborhood of the point M can, in certain local
coordinates, be written in the form (1.2); this is done in absolutely the same way as we proceeded
when deriving (1.25) from (1.21).
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Since dgg # 0 for any small e, we can also rewrite (1.30) in the cross-form (see (1.27)):

_ - - 1 _y ., bia_
Tor — 2] = anxi + aex12 — — Y11 — Yy ) + —Yoa + - - -
c11 da2
_ v~ ~ baa _
T2 — T9 = G21711 + G227T12 + d—yoz +...,
22 (1.31)

Yo1 = M+ ez + ciaziz + Do(yi1 — 91_)2 + 152@11 — Y1 o2 + 133@%2 +...

_ 21 €22 1 _ do1 _
Y12 —Yp = —d—223311 — d—22$12 + d_22y02 - d_22(y11 —y) ...

1.3. Local and global maps for Hamiltonian flows. Let a Hamiltonian system with
three degrees of freedom have a saddle periodic orbit Ly. Let Uy be a small four-dimensional
cross-section to Lg in the corresponding five-dimensional level of the Hamiltonian. Denote by Tj
the Poincaré map on Uy. Then Ly N Uy will be a fixed point of Ty. We assume that this fixed
point is a saddle—focus. Assume also that the stable and unstable manifolds of the orbit Ly have a
simple (quadratic) tangency at the points of some homoclinic curve I'y. Then the global map T3 is
defined as a map by trajectories close to I'g that start in a small neighborhood (in Up) of some point
M~ eT'oNUy C WiE.NUp and end in a small neighborhood of some point MT eTyNUy C WE.NUy.
The maps Tj and T preserve the standard symplectic structure, and the statements of Sections 1.1
and 1.2 hold true for these maps as well. Therefore, the results below will hold true both for the
case of symplectic maps and for the case of Hamiltonian flows in a fixed level of the Hamiltonian.
Note that the value h of the Hamiltonian serves as a natural parameter in the latter case. Here, for
small variations of h, the saddle periodic orbit does not disappear, while the homoclinic tangency
splits in general. In that case, it is natural to take h as the splitting parameter pu.

2. ON BIFURCATIONS OF SINGLE-ROUND PERIODIC ORBITS

In this section, we consider the bifurcations of single-round periodic orbits in two-parameter
families of diffeomorphisms that are transverse to H. Most of the results were obtained in [18], but
we repeat them here because they play a key role in the proof of the main theorem.

Consider a diffeomorphism Fjy satisfying conditions A and B in Section 1. Embed Fj in the
family F},,, where p is the splitting parameter for the pieces T1 (W) and W}? _ of invariant manifolds
of the saddle—focus O near the homoclinic point M ™ and ¢ is the angular argument of the complex
multipliers of the saddle—focus. We assume that p varies in a small neighborhood of ;= 0 and ¢
varies in a small neighborhood of the point ¢ € (0,7). Now, the local map 7 and the global map
T; depend smoothly on the parameters € = (u, ¢). The map Tj is given by (1.6), and T} is defined
by (1.30) and (1.31).

The study of single-round periodic orbits of F),, is reduced to the study of the fixed points of
the maps T}, = TlT(‘;f : 02 — 02 (i.e., the first-return maps) for all sufficiently large k. Here, 02 is
a four-dimensional strip that is the domain of definition of the map Té“ acting from II" into II™.
In other words, 02 = To_k(H_) NIIT. Analogously, the image of the strip 02 by the map Tok is the
four-dimensional strip o} = T} (0¥) lying in IT~.

Let the neighborhoods IT™ and II™ be defined as follows:

I = {(z0,50) | llzo — 2™ < o, [lyoll <o}, I~ = {(z1,91) | llz1ll <o, lln —y | < o}
(2.1)
with some small §y > 0. If the boundary (2.1) is plugged into the right-hand side of (1.6), then it
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Wige(z1 = 22 = 0)

(yla y2)

1
Ok+t1

Fig. 1. A four-dimensional picture that gives an idea of the structure of domains and ranges of the
maps Té’“: O+t —II-, k=k,k+1,.... Here, II* and II~ are small neighborhoods of the homoclinic
points M+ € W NIy and M~ € W%, NIy, respectively. The two-dimensional invariant manifolds
W# and W* of the saddlefocus O intersect transversely at the point O: W}’  has the equation
y1 = y2 = 0 and W)X has the equation ;1 = xz» = 0. For simplicity, the two-dimensional areas
W . NIIT near the point M+ and W% NII~ near the point M~ are depicted as (one-dimensional)
segments. The domain of definition of T} is a four-dimensional strip o) C II'" and the range of values
of T} is a four-dimensional strip of C II7. The strips o9 lie inside a four-dimensional roll Ry C II*
that is winded about the area W N IIT and, thus, the strips o) are accumulated on this area as
k — oo. Analogously, the strips o lie inside a four-dimensional roll R, C II~ that is winded about
the area W  N1I~ and the strips are accumulated on this area as k — oo

is immediately seen that

02 = {(mo,yo) ‘ lzo — 2| < 6o, |yo1 — )\kACOS(kgo— a) < Moo, Y02 +)\kAsin(kg0 —a)] < )\kéo},

(2.2)
where A and « are given by (1.28).
Analogously, the image of 02 under the map Té“ is the strip J,i in II™ defined by the following
inequalities:

o} = {(ml,yl) ‘ |z11 — M¥(cos kg - a7 — sinkg - 23)| < A*6,
|21 — N¥(cos kg - 23 +sinkep - 217)| < M¥d, [ly1 —y7 || < 50}. (2.3)

As k — +o0, the strips o} accumulate on W% (O) and the strips 0% accumulate on W _(O) as is
shown in Fig. 1.
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According to (1.31), the images Ty (o) of the strips o} have a shape of four-dimensional “horse-
shoes,” winding about the two-dimensional surface T7 (W (O))NIIT. Namely, these horseshoes are
given by the inequalities
by "

2 ~ ~ ~ ~ .
To2 — 33; - d—22902 + Ry — \F [(amwf + agxs ) coskyp — (CLQL’L‘; — aggajf) sinkep|| < C’)\kéo,

‘901 — p— (zo1 — x])?[¢} Do + Ro] + c11Da(zo1 — 27)yo2 — D3y — yo2 Re

— BXfcos(kp — B)| < ONF&,
(2.4)
where B and [ are given by (1.28), C is a constant, and the functions R ;2 are estimated as
RLQ = O([|y02| + |1‘01 — l‘ii_ ]2) and Ry = O(|1‘01 — I‘TD (Cf. (1.24)).

It is clear that the mutual position of the strips and horseshoes in II* essentially depends on the
values of the parameters p and ¢. Hence, one can expect that the variations of these parameters
can lead to various bifurcations, in particular, the bifurcations of periodic and homoclinic orbits.
Among the main such bifurcations are bifurcations of single-round periodic orbits, i.e., bifurcations
of the fixed points of the maps T}, at large k. In order to study these bifurcations, it is convenient
to make, first, a rescaling: the map T} is written in new coordinates and with new parameters
(obtained from the old ones by affine transformations), which are no longer small and may take
arbitrary finite values. Namely, we will use the following statement (see [18, Lemma 4]).

Lemma 3. For all sufficiently large k, by a smooth transformation of coordinates and param-
eters, the map T), can be made asymptotically C"2-close (as k — +oo uniformly in any bounded
region of the values of X1, Xa,Y1,Ys and My, Ms) to the following four-dimensional quadratic map:

Xo=X;, Xi1=Ys, Y=Y, Yi=MW+X))-Xo—Y+M, (2.5)
where
M, = )\_k(dgg cos kg — doy sin ko + r,lg),
1 (2.6)

Vs + d3,

where r,i’Q — 0 as k — oo. The ranges of values of the new coordinates and parameters cover, in
the limit as k — oo, all finite values.

M,

~ A3, Dy (N + Ne[z3 (eradar — cr1dan) — yy dor — y5 doo + 7’;%]) ,

The main (i.e., codimension-1) local bifurcations of symplectic maps are [27]:
(1) bifurcations of a fixed point with a double multiplier (+1);
(2) bifurcations of a fixed point with a double multiplier (—1);

(3) bifurcations of a fixed point with a double complex multiplier on the unit circle (i.e., with
a quadruple of multipliers of the form 175 = v34 = e, w # 0,7), the so-called resonance
1:1.

The bifurcation diagram for map (2.5) is shown in Fig. 2. There are five curves there (three
bifurcation curves and two auxiliary ones). The curve

Lt My=—(M; —1)? (2.7)
corresponds to the bifurcation of the fixed point with a double multiplier (+1). The curve
L™ My, = (Ml + 1)(3M1 — 1) (28)
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A Las

L+

>

Dy

NI

Fig. 2. The bifurcation diagram for the fixed points of map (2.5) on the parameter plane (My, Ms).
Bifurcation curves L*, L™, and L“ that correspond to the existence of fixed points with double
multipliers +1, —1, and e*™ respectively, and auxiliary (nonbifurcational) curves Lqy and Ly that
correspond to saddles with double real multipliers (positive and negative, respectively) divide the
plane of parameters (M, M) into nine regions. In the region D, map (2.5) has no fixed points.
In the regions Do, ..., Dg, there exist exactly two fixed points. The type of the corresponding fixed
points is indicated by showing the position of their multipliers with respect to the unit circle: bold
points denote the multipliers of one of the points and small circles denote the multipliers of the other
point; boxes correspond to double multipliers
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corresponds to the bifurcation of the fixed point with a double multiplier (—1). The curve

2
L¥Y: My = % <1 + %) (M? — 16 M + 24), |M;| < 4, (2.9)
corresponds to the bifurcation of the fixed point with double complex multipliers on the unit circle.
Note that the same equation (2.9) with |M;| > 4 defines the (nonbifurcational) curves Lg; and
L4 that correspond to the existence of a fixed point with double real multipliers 11 = 5 and
VU3 = vy = U] ! The curve Lgy lies in the region M; > 4 and corresponds to positive vy, and the
curve Ly lies in the region M7 < —4 and corresponds to negative vs.

The plane of parameters (M, M) is divided by the curves L™, L™, L*, and Lyt into nine
regions D1, ..., Dy (Fig. 2). For (Mj, Ms) in the region D1, map (2.5) has no fixed points. In the
other regions, there exist exactly two fixed points of the following types.

Region Dsy. A saddle (+,—) (i.e., it has a pair of positive and a pair of negative real multipliers)
and a saddle—center (—) (i.e., a fixed point that has a pair of complex-conjugate
multipliers on the unit circle and a pair of real negative multipliers).

Region Ds. A saddle (+,—) and an elliptic point.
Region Dy. A saddle—center (4) and an elliptic point.
Region Ds. A saddle—center (4) and a saddle-focus.
Region Dg. A saddle (+,+) and a saddle-center ().
Region D7. A saddle (+,—) and a saddle (—, —).
Region Dg. A saddle (+,—) and a saddle-focus.
Region Dg. A saddle (+,—) and a saddle (+,+).

Note also that there are four codimension-2 points on the bifurcation diagram: the point Bj,
where map (2.5) has a fixed point with the multipliers (—1,—1,—1,—1); the point Bs, where the
map has a fixed point with the multipliers (=1, —1,+1,41); the point By, where the map has a fixed
point with the multipliers (+1,+1,+1,+1); and the point Bs, where one fixed point of map (2.5)
has a double multiplier (—1) and the other fixed point has double complex multipliers on the unit
circle.

Note that, for the parameter values in the regions D3 and D4 (dashed curvilinear triangle in
Fig. 2), map (2.5) has an elliptic fixed point. It was shown in [18] that the elliptic fixed point of (2.5)
is generic for almost all parameter values from the region D3 U Dy, with the possible exceptions of
the parameter values that lie on some set of finitely many curves.

Recall that, in the coordinates of Lemma 3, the map T} is sufficiently close to (2.5) for large k.
Therefore, the structure of the bifurcation diagram for the fixed points of the map T} is the same
as that of the above-described bifurcation diagram for map (2.5). Thus, returning to the original
parameters (u, @) by formulas (2.6), we obtain the following statement.

Theorem 1. Let F,, be a two-parameter family of diffeomorphisms that includes, at p = 0
and ¢ = g, the diffeomorphism Fy satisfying conditions A and B. In the plane of parameters
(1, ), there exist eight infinite sequences of regions A%, [ =2,...,9, that accumulate at the point
(11, 0) = (0,¢0) and are such that the diffeomorphism F, has, for (u,¢) € AL, two single-round
periodic orbits of the same type as the fized points of map (2.5) with (M, Ms) from the region Dj.
If r > 7 (where r is the smoothness of the map F,), then the regions Az and Ai consist of a finite
number of open regions such that F,, has a generic elliptic single-round periodic orbit when (1, @)
belongs to these regions.

Note that systems in H (i.e., with = 0) correspond, in general, to large (of order A=#) values
of My, while map (2.5) may have an elliptic fixed point only for a bounded interval of Mj. Thus,
by an immediate computation, one can prove the following proposition.
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Proposition 1. If ro = {L‘;(Clgdgl — ci1da) — yp do1 — y, dog # 0 for the diffeomorphism Fy,
then, for a sufficiently small and fized neighborhood of the homoclinic orbit T,

(1) neither Fy nor diffeomorphisms from H that are close to it may have single-round elliptic
periodic orbits;

(2) no diffeomorphism close to Fy may have more than one single-round elliptic periodic orbit.

This fact is the main reason why we further consider double-round periodic orbits (for diffeomor-
phisms from H). We prefer to do this not immediately but by analyzing double-round homoclinic
tangencies.

3. SECONDARY HOMOCLINIC TANGENCIES
FOR DIFFEOMORPHISMS FROM H

The goal of this section is to establish the following result.

Theorem 2. In the set of four-dimensional symplectic diffeomorphisms satisfying conditions A
and B, those diffeomorphisms are dense that, along with the original orbit of homoclinic tangency T,
have a double-round homoclinic orbit that corresponds to a simple tangency of the invariant mamni-
folds of the saddle—focus O.

Theorem 2 follows immediately from Theorem 2’, which we formulate below for one-parameter
families of diffeomorphisms for which the original tangency is not split. Therefore, we will focus on
the proof of Theorem 2’.

We will consider one-parameter families of diffeomorphisms in H. Namely, let Fy be a symplectic
diffeomorphism satisfying conditions A and B, and let the following inequalities hold:

a#f3 and a#pBEm,

where o and (3 are the angles from (1.28). Embed Fj in a one-parameter family F, of diffeo-
morphisms in H (i.e., the original homoclinic tangency is not split). Let ¢ vary in any interval
I = (po—e1,900+¢€1) C(0,m). The following theorem is valid.

Theorem 2'. In I, the values of ¢ are dense such that the corresponding diffeomorphism F,
has a double-round homoclinic orbit that corresponds to a simple tangency of the invariant manifolds
of the saddle-focus O,,.

Proof. Since 1 = 0 on W}%_, we obtain from (1.27) that the equation of the two-dimensional
surface T7 (W, ) NIIT can be written in an implicit form as follows:

1 _, b2 _
—a(yn —y1) + o2 + O[(lyo2| + ly11 — v1 )?],

+ _
ZTor — I =
dao

bao -
Lo — a:; = d—22ﬁ902 + O[(|y02| + |ly11 — yq |)2]7

yo1 = Do(y11 — yf)2 + 132(2,/11 — Y1 )yo2 + 532/(2)2 + O[(|y02| + |y — yf|)3],

where (y11 — y; ) is the coordinate on Wi N1II7; i.e., it runs through the interval |y1; —y; | < do.

The strip 02 C II™, the domain of definition of the map T, é“: IIT — II7, is defined by inequali-
ties (2.2). Hence, the intersection T} (W,) No? is defined by system (3.1) under the condition that
the coordinates yp; and yo2 in (3.1) satisfy the inequalities

lyor — A" Acos(kp — a)] < Ndo,  |yoz + N Asin(ke — a)] < A¥dp, (3.2)
where the coefficients A and « are defined by (1.28).
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51 TH(Wi?)
i T1(oy,)
T ul
THW) e
=
T (W) /
Wl W2 M+ Wie
| L\ / | o8 o)
_ \ Tl(VVliéc)
e < =
Y

(a)

Fig. 3. Schematic illustration to Theorem 2': formation of double-round homoclinic tangencies of the
first type. (a) The intersection of T} (W} (0O)) with ¢ consists of two connected components W
and W2, (b) The intersection of the horseshoe T1(cL) with the piece Wi of the stable manifold
of O consists of one component. In this case, either Ty T (W) or TyT(W¥?) may have a tangency
with W35, (0)

It follows from the third equation in (3.1) that if &k is sufficiently large and if the inequality
Acos(kp — a) < —01 (3.3)

holds with some fixed d; > &y, then the surface Tj (W.) does not intersect the strip o%: when (3.3)
holds, the left- and right-hand sides of the third equation in (3.1) have different signs (recall that
Dy > 0). On the contrary, if k satisfies the inequality

Acos(kp —a) > 01, (3.4)

the surface T7(W}",.) intersects the strip 02 twice; we denote the two connected components of the
intersection by ngl and ngz (Fig. 3a). Each of this components can be defined by an explicit
expression. Namely, the third equation of (3.1) can be resolved with respect to y;; in the following
way:

_ D>
Yy —y; = _2—Doy02(1 +..)+ (_1)l+1

1
V' Dy

[ = 1,2. Since we assume that inequality (3.4) holds, the expression under the square-root sign
is, by virtue of (3.2), positive for sufficiently large k. Hence, the function ®;(yo1,yo2) is smooth
(of the same smoothness as the right-hand side in (3.1); i.e., it is at least C"~2 with respect to
all variables and parameters). Let us fix [ = 1 for definiteness; i.e., we will deal with the compo-
nent W,;Ll. Accordingly, we omit the index “1,” assuming now that W,gl =W, &, = @, etc. For
the component W]gQ, all the construction remains the same.

We obtain from (3.1) and (3.5) that the surface W} is given by the system of equations

\/yo1 — (D3 — D3/4Do)yd, + ... = ®i(yor, vo2), (3.5)

1 b12
zo1 — ) = —aq)(ym,yoz) + dLmyoz + O[(|y02| + |‘I)(y01,y02)|)2],

b
digzyoz +O[(lyo2| + | (yor, yo2) )]

where the range of values of the coordinates yo; and yg2 is given by inequalities (3.2).

+
:L’og—:L’z =
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The map T} takes the surface W} into the two-dimensional surface Té“(W,Zf) lying in the vertical
strip o C II™. Let us show that T¥(W}) is given by the equations

T = A cos ke - :vf — Msin ke - 33; + Akébllg@na?m), (3.7)
3.
T12 = A cos ke - 513; + Msin ke - a:f + Akéb%@na?m),

where (T1,7;) are the coordinates on I~ (i.e., [|[7; —y~ || < dp, in particular) and the functions ¢,1€’2
are small along with their derivatives up to the second order. Indeed, by (1.6), we have the following
relations for T (W)

T11 = A cos ke - zo1 — A¥sinkg - 2o + kAQkPk} (z0,71)x0,
(3.8)
T = A cos ko - 2o + A¥sinke - zo1 + k)\QkP,f(:ro,gl):ro,

where (xg1,x02) are defined by (3.6) as functions of the coordinates (yo1,yo2) which, in turn, are
defined as follows:

yo1 = A cos ke - 7y + A sinke - 7o + kA Qp(20,71)71,
(3.9)
Yo2 = M cos ko -y — A sin ko -9 + k)\szi(l’Oa%)?l,

and |73 — y~|| < eo. It is now immediately seen that the equations for TF(WY) can indeed be
written in the form (3.7) with

o0 (Y11, y12) = O (yor, yoz)| + kAF) (3.10)

and yo1 and yoe satisfy (3.9). From (3.10), using (3.4), (3.5), and (3.9), we obtain the following

estimate:
1 1)
gkl < CrhA* + ‘/Fo ‘/EIM — oAk < C30/6 N2, (3.11)

where Cy, Cy, and C3 are some positive constants and d; is taken from (3.4). Next, we have

~ ~1/2
o9} 1 5. D3 oo yo
< — | Dy — — +... -
Haﬂn,aﬂm ~ 2V Dy vt 274D, ) 2 Iy,
w (k0 ~1/2 /2
<O (X < Cs8, PR, (3.12)
Analogously, we obtain the inequality
0%l _
T e (3.13)
9y119y1;

where p € {0,1,2}.
These three inequalities and (3.7) imply that

for those k for which inequality (3.4) holds, the surfaces TH(W) accumulate, as k — oo,
on (W, NII7) = {x13 = 0,215 = 0} in the C%-topology.
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Thus, it follows that, for all sufficiently large k satisfying (3.4), when the surface 775 (W)
is tangent to the surface W2 NIIT, this tangency will satisfy conditions B.1 and B.2, just as the
original homoclinic tangency of T7(W}%.) and W  does. Let us prove that the tangency of such
type indeed exists for a dense set of values of .

According to (1.27) and (3.7), the equation of T1TF(W}) can be written in the form

1

=0 = 97) + T + O N (ool + (711 = w7 ([l + 11— w7 7).

Tou - o = X6 () - :
22

= * b22: = — — = — —
Top — T3 = Ak&kQ(@) + d_22y02 +0 )\k(|y02| + 1711 — 1 ) To2| + W11 — w1 |)2]7 (3.14)

o1 = Mi(9) + Doy — v1)* + Doy — 1 oz + Dslioy
+ O [Nl + 710 = w7 ([Toa| + 701 = w7 D).

where £, and &, are constant (independent of the coordinates) terms, uniformly bounded for all &.
The constant term in the third equation of (3.14) is written as

My (o) = BA¥ cos(kp — ) + O(N3#/2), (3.15)

where the coefficients B and 3 are given by (1.28). Note that formulas (3.14) and (3.15) hold true
only for those k for which (3.4) holds with §; bounded away from zero, because the constant factors
in the O(+)-terms may depend on §; (see (3.11)—(3.13)).

Let us now write system (3.14) in an explicit form, resolving the first equation with respect to
(y11 — y7 ). We obtain the following equations for the surface TyTF (W) (to simplify the notation,
we remove bars from z and y):

Top — g = O(N") + O(yo2),
- R R (3.16)
yo1 = My () + Doty (wor — & = Ne&)*(1+ Olawor — a7 — M&]) + O(yon),

where &, is a bounded coefficient (close to &) and M\k(go) is a new constant term in the equation
for yo1, which still satisfies (3.15) (for this reason, we will further denote this term simply by Mj(p)).
It is obvious that one can introduce local coordinates

& =xo1 — a2 —OONF) = Oyoa), & = (w02 — af — NE)(1+..)),

m = yo1 — O(yo2), 72 = Y02

(3.17)

in a neighborhood of the point
(xo1 = 2 + Negy, xop = z3, yo1 = 0, Yoz = 0),
such that system (3.16) is rewritten as
& =0,  m= M)+ Doct, & (3.18)

These equations define the piece Ty T (W) of the unstable manifold of O in coordinates (3.17). In
the same coordinates, the piece Wi NIIT of the stable manifold of O has the form 7y =17, =0
(this corresponds to yp1 = yo2 = 0 in the old coordinates).

Since Dy # 0 and ¢j3 # 0, the two-dimensional surfaces T3TF(WY) and W, N IIT have a
quadratic tangency at the point (§,m7) = 0 for My(¢) = 0; they do not have intersections for
My(p) > 0 and have two intersection points for My (¢) < 0. It is obvious that the quantity Mj(p)
serves as a splitting parameter for the given tangency.
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Thus, the diffeomorphism Fi, has a double-round homoclinic orbit corresponding to a simple
tangency of W and W* if My(¢) = 0. By (3.15), this condition can be written as

+ L J k/2
=p,=t+—+ -+ 275 A 3.1
where j runs through arbitrary integer values. By construction, the sought-for homoclinic tangency
corresponds to those values of ¢ = gofj that satisfy inequality (3.4). When ¢ is given by (3.19),

inequality (3.4) reduces to
+Asin(a — 8) > 6, + O(A\F/?).

It is clear that an appropriate d; > g, independent of k, always exists, provided sin(a — 3) # 0.
Thus, the sought-for homoclinic tangency corresponds to the values go,fj of ¢ in the case sin(a—(3) >0

and to the values ¢, in the case sin(a — ) < 0. Since both sequences gpzj and @, are dense in
any interval, this completes the proof of Theorem 2'. [

Analogous computations for the second component WﬁQ of the intersection T1(W¥.) N 02
(see (3.5)) show that the homoclinic tangency of the surface TyT (WE?) with W exists for the

values of ¢ that also satisfy the asymptotic relations (3.19). Hence, if sin(a — ) # 0, there exist

two sequences p = gp,ilj-) and ¢ = gp,(? corresponding to a simple double-round homoclinic tangency.

Recall that
B

T B ol L opk in(or —
RN + 3 + 27Tk +O(\**)  when sin(a—f) >0,
ki ™ B J
~o% + T + 27rE + O(\*/?) when sin(a — 3) <0,

(3.20)

where j and k run through arbitrary integer numbers such that go,(glj’z) € I (we must also require
that k is sufficiently large and positive).

It follows from (3.20) that there exist, in fact, two more series of homoclinic tangencies. Namely,
the corresponding values of ¢ are given by the formula

~(1,2) _ 27T_k + % * 27T% + O(|)\|k/2) when sin(a — ) < 0,

P = @y (3.21)

GEC /2 in(a —
o + ’ +27Tk + O(JA]*/*) when sin(a— ) >0,

where j and k run through the integer values such that @21]-72) € I (both sequences QZ,(CIJ) and gb’,(f]) are

dense in T).

Indeed, as it follows from (1.29), formula (3.20) transforms into (3.21) if one considers the
diffeomorphism F~! instead of F.

Thus, when studying double-round homoclinic tangencies, we have two different cases:
sin(a — ) > 0 and sin(a — ) < 0. In both cases, for one-parameter families F,, C H, there
are four sequences of values of the parameter ¢ that correspond to homoclinic tangencies. These
sequences are given by formulas (3.20) and (3.21).

Note that we have two types of homoclinic tangencies here. The tangencies of the first type
correspond to ¢ given by (3.20), and the tangencies of the second type correspond to ¢ from (3.21).
The difference is clearly seen in Figs. 3 and 4, where we present a two-dimensional schematic diagram
for the behavior of the stable and unstable manifolds of the saddle—focus. In the first case (Fig. 3),
we obtain a double-round homoclinic tangency as a result of the following disposition of invariant
manifolds, strips and horseshoes: the intersection of the piece T7(W}.) of the unstable manifold
of O with the strip 02 is regular: it consists of two connected components W ! and W,;“LQ; while the
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# Wix W5, ; Wi \/ Wi,
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Fig. 4. Schematic illustration of the formation of double-round homoclinic tangencies of the second
type. The intersection of the piece T1(Wy.) with of consists of a single connected component W},

while the intersection of Tj(c}) with W _ consists of two segments W,ﬁl and W,fz Double-round
homoclinic tangencies of the second type correspond to the tangency of the surface T3 TF (W) either
(a) with W, or (b) with W},

intersection of the horseshoe T (ot) with the piece Wi . of the stable manifold of O is irregular and
consists of a single component. Therefore, either T3 TF(WL) or Ty T (W) may have a tangency
with W} in this case, which corresponds to the tangency of the first type. It is exactly this type
of tangency the existence of which we established in the proof of the theorem. In the second case
(Fig. 4), we have the following geometry: the intersection of the piece T7(W}%.) of the unstable
manifold of O with the strip ak is irregular and consists of a single component Wk“, while the
intersection of the horseshoe T (ak) Wlth the piece W}’ of the stable manifold of O is regular and
consists of two segments kal and . The double-round homoclinic tangencies of the second type
correspond here to the tangency of the surface 7171 é“(Wk“) either with W,fl (Fig. 4a) or with W,f2
(Fig. 4b). Formally speaking, the proof of the existence of homoclinic tangencies of the second type
and of their quadraticity for the diffeomorphism F' requires a method different from that we used for
the tangencies of the first type. We, however, noticed that a tangency of the second type becomes
a tangency of the first type for the diffeomorphism F~!; the denseness in H of the diffeomorphisms
with double-round homoclinic tangencies of the second type follows automatically, by virtue of the
natural symmetry between the symplectic maps F and F~! (see (1.29)).

4. PROOF OF THE MAIN THEOREM AND SOME COROLLARIES

First, note that, when proving Theorem 2’, we not only showed that diffecomorphisms with
double-round homoclinic tangencies are dense but also determined the families in H where these
tangencies are split in a generic way. Namely, the splitting parameter here is either (see (3.18)
and (3.15)) the quantity

My () ~ X cos(kp — B) + O(A3F/2)

for the homoclinic tangencies of the first type, which correspond to the values of ¢ given by (3.20),
or the symmetric quantity

Mk(gp) ~ \F cos(kp —a) + O()\?’k/2)
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for the homoclinic tangencies of the second type, which correspond to the values of ¢ from (3.21).
Hence, in any two-parameter family F,, of diffeomorphisms from H for which inequality (3) holds
(i.e., either o/, # 0 or 3/, # 0; see the Introduction), the tangencies of at least one of these two types
will split generically (for all sufficiently large k) for arbitrarily small variations of v and fixed values
of ¢. This means that Theorems 2’ and 1 apply to these families. Thus, applying Theorem 1 to a
double-round homoclinic tangency gives us the existence of (eight) regions in the plane of parameters
(v, ) near the point corresponding to the given secondary tangency for which the diffeomorphism
has periodic orbits of different types. These periodic orbits are double-round in U (they are single-
round with respect to a small neighborhood of the secondary homoclinic tangency). We see that,
in the analysis of homoclinic bifurcations in the class of diffeomorphisms from H, it is natural to
take ¢ and [ or ¢ and « as the governing parameters. For definiteness, we will consider below
two-parameter families of diffeomorphisms from H that are parametrized by ¢ and S.

Let Fy be a symplectic diffeomorphism satisfying conditions A and B, and let the inequalities
a # 3 and a # 3+ m hold. Consider a two-parameter family F, g of diffeomorphisms from H such
that the range of values of ¢ contains an interval Iy = (pg — 1y, 9o + o) and the range of values
of # contains an interval By = (8y — v1, Bp + v1), where vy and vy are sufficiently small. Denote
J = Iy x By. Let us show that, in J, there exists a dense subset J such that if (p,3) € J, then
the diffeomorphism F, 3 has, simultaneously, infinitely many (double-round) periodic orbits of all
generic types (saddle, saddle—center, and elliptic). This will give us the main theorem.

We will prove the theorem by the embedded domains method. Take any point P, € J. Let Ag
be its small neighborhood in J. By Theorem 2’, there exists a point P = (4, 88) in Ag such that
the diffeoniorphism F@(l) e has a double-round orbit Sf homoclinic tangency I';,;. By Theorem 1,
the point P is the limit of a sequence of regions AL (Py) in the plane of parameters ¢ and 3 which
correspond to the existence of double-round periodic orbits of the same type as the fixed points in
the parameter regions D;, [ = 2,...,9, for map (2.5). Consider a region Ai(ﬁl) C Ap. Here, the
diffeomorphism F, g has two periodic orbits of the saddle (4, —) and saddle—center (—) types. In the

region Az, we again find a point ﬁl(m

such that the corresponding diffeomorphism F, 5 has a double-
round orbit of homoclinic tangency I';,. Near this point, we find a region Azl (ﬁl(z)) C Az(ﬁl) C Ay
such that, when the parameters belong to this region, the diffeomorphism F, g has, along with the
previously constructed saddle (+, —) and saddle—center (—) periodic orbits, two new periodic orbits:
a new saddle (4, —) and an elliptic orbit. Inside Azl, we find again a point ﬁl(g) corresponding to
a new double-round homoclinic tangency and a region AiQ (]51(3)), and so on, until we construct a

region A27(ﬁ1(8)). For (y,03) € A27, the diffeomorphism F, g has, by construction, double-round
periodic orbits of “all types.” Now, we repeat this procedure infinitely many times. We obtain a
sequence

A27DA2%D...DA9?3...

of nested regions. For a point of intersection of these regions P* = (¢*, 5*) € Ay, the diffeomorphism
F« g« has infinitely many double-round periodic orbits of all types. Since the original point Py
is chosen arbitrarily and the point P* is found in an arbitrarily small neighborhood of Pj, this
completes the proof of the theorem. [

Let us now discuss some generalizations of the main theorem. Recall that Theorem 1 from
Section 2 is proven by analyzing the fixed points of the first-return maps near the orbit of homoclinic
tangency. The main result here is Lemma 3, which says that the first-return map is sufficiently close,
in specially chosen coordinates (X1, X2,Y7,Y>), to the quadratic map (2.5), where the coordinates
(X,Y) and the parameters My and M; can take arbitrary finite values (actually, these are the small
parameters that govern the splitting of the tangency and the variation of ¢, divided by some small
factors so that the range of their values becomes large; see (2.6)). We call a quadruple of nonzero
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complex numbers (A1, A2, A3, Ay) symplectic if it is invariant (up to a permutation) with respect to
both inversion (A1, A2, A3, \g) — ()\1_1,)\2_1,)\51,)\11) and complex conjugation (A1, Ag, A3, \g) —
(AT, A5, A5, A7), It is well known that the multipliers of a periodic point of a real four-dimensional
symplectic map always form a symplectic quadruple. It is easy to verify that, when the parameters
M; and Ms vary, the multipliers of the fixed points of the map (2.5) may run through all symplectic
quadruples. Hence, due to the closeness of the first-return maps to map (2.5), we immediately
obtain the following result (an analogue of Theorem 1).

Theorem 3. Let F,, be a two-parameter family of diffeomorphisms that includes, at p = 0
and @ = g, a diffeomorphism Fy satisfying conditions A and B. Let u be a splitting parameter for
the invariant manifolds of the saddle—focus near a point of homoclinic tangency and o be an angular
argument of the multipliers of the saddle—focus. For any symplectic quadruple (A1, A2, A3, A1), in any
neighborhood of the point u = 0, ¢ = g in the plane of parameters (u, ), there exist parameter
values for which the corresponding diffeomorphism has, in a small neighborhood of the orbit of
homoclinic tangency, a single-round periodic orbit with the multipliers (A1, A2, Az, Aq).

Based on this result and on Theorem 2’ and using exactly the same construction with nested
domains as in the proof of the main theorem, we obtain the following generalization of the latter.

Theorem 4. For any two-parameter family F,, of diffeomorphisms in H that satisfies (2)
and (3), those values of the parameters are dense for which the corresponding diffeomorphism has
an infinite set of double-round periodic orbits whose sets of multipliers form a dense subset in the
set of all symplectic quadruples.
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