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An example of a wild strange attractor

D. V. Turaev and L. P. Shil’nikov

Abstract. It is proved that in the space of C"-smooth (r > 4) flows in R" (n > 4)
there exist regions filled by systems that each have an attractor (here: a completely
stable chain-transitive closed invariant set) containing a non-trivial basic hyperbolic
set together with its unstable manifold, which has points of non-transversal inter-
section with the stable manifold. A construction is given for such a wild attractor
containing an equilibrium state of saddle-focus type.

Bibliography: 22 titles.

§1. Statement of the problem and main results

In this paper we single out a class of dynamical systems with a strange attractor
of a new type distinguished by the condition that it can contain a wild hyperbolic
set (in the sense of [1]). Namely, we determine regions in the space of C"-smooth
(r > 4) flows in R™ (n > 4) that are filled by systems that each have an attractor
(here this is a completely stable chain-transitive closed invariant set) containing
a non-trivial basic hyperbolic set together with its unstable manifold, which has
points of non-transversal intersection with the stable manifold.

As shown in [1]-[5], the presence of a wild set causes highly non-trivial behaviour
of the orbits. We show, in particular, that the attractor we construct can contain
periodic orbits with non-transversal homoclinic curves, and the order of tangency
of the stable and unstable manifolds along a homoclinic curve can be arbitrarily
high. Since a description of the bifurcations of an nth-order tangency requires n
independent parameters, the result means, in particular, that a complete description
of the dynamics and bifurcations of the attractor constructed is impossible in any
finite-parameter family. Another reflection of this property is that the attractor can
contain non-hyperbolic periodic orbits of arbitrarily high orders of degeneracy in
the non-linear terms. Moreover, it can simultaneously contain periodic orbits with
different dimensions of the unstable manifolds (dim W* = 2 and dim W* = 3).

Our construction is close to that of the geometric model of the Lorenz attrac-
tor constructed in [6] and [7], with the difference that it is essentially non-three-
dimensional and that here the equilibrium state is not a saddle but a saddle-focus.
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Namely, let X be a C"-smooth (r > 4) flow in R® (n > 4) having an
equilibrium state O of saddle-focus type whose characteristic exponents are =,
—A =+ iw, —aq,...,—0n_3, where v > 0, 0 < A < Req;, and w # 0. We assume
that

v > 2A (1)

when one of the separatrices returns. This condition was introduced in [8], where,
in particular, it was shown to be necessary in order that, in the case when the
separatrix returns to the saddle-focus as t — +oco (forms a homoclinic loop), no
stable periodic orbits can arise in a neighbourhood of the loop.

Let us introduce coordinates (z,y,2) (z € Rl, y € R?, z € R*3) so that
the equilibrium state is at the origin of coordinates, the one-dimensional unstable
manifold of the point O is tangent to the z-axis, and the (n — 1)-dimensional
stable manifold is tangent to the plane {z = 0}; further, the coordinates y; and y»
correspond to the leading exponents A £ iw, while the coordinates of z correspond
to the non-leading exponents a.

We shall assume that the flow possesses a cross-section, say, the surface
II = {|ly] = LJ)z|| £ 1,|z] £ 1}. Since the stable manifold W* is tangent at O
to the surface {z = 0}, it is given locally by an equation of the form z = h%(y, 2),
where h*® is some smooth function and h*(0,0) = 0. We suppose that such a rep-
resentation is valid at least for (Jy]] < 1, ||z|| € 1) and that |h*| < 1. Thus, the
surface II serves as a cross-section for W}, and the intersection of W _ with II
has the form Ily: z = ho(yp, z), where @ is an angular coordinate, y; = ||y|l cos e,
y2 = |ly||siny, and hg is a smooth function with —1 < hg < 1. By a change of
coordinates we can make hg = 0 and we shall assume that this is satisfied.

We assume that all orbits starting on II \ Il return to II, thereby determining
the Poincaré maps: Ty : Iy — IT and T—: II_ — II, where II; = IIN {z > 0} and
IM_ =IIn{z < 0}. It is clear that if P is a point on II with coordinates (z, ¢, z),
then

. 1 : _ pl
Jm T-(F) = P!, lim, T.(P) = Pl
where P! and P}r are the points where the one-dimensional unstable separatrices
of the point O intersect II. Correspondingly, we can extend the maps T and T—
by continuity, so that

T (o) =P,  Ty(lo) = P;. Nt

Obviously, the region D filled by the orbits starting on II (plus the point O and
its separatrices) is an absorbing region for the system X in the sense that the orbits
starting on 0D enter D and remain there for all positive values of the time ¢t. By
construction, D is the cylinder {|ly|| < 1, |lz|| € 1, |z| € 1} with two attached
handles enclosing the separatrices (Fig. 1).

We assume that the (semi)flow in D is pseudohyperbolic. (Here it is more conve-
nient for us to include in this concept a meaning stronger than the usual one [9].)
Namely, we propose the following.
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Figure 1

Definition. A semiflow is said to be pseudohyperbolic if the following two condi-
tions hold:

(A) at each point of phase space the tangent space decomposes into a direct sum
of subspaces N; and N depending continuously on the point, in an invari-
ant way with respect to the linearized semiflow and so that the maximal
Lyapunov exponent corresponding to Nj is strictly less than the minimal
Lyapunov exponent corresponding to Na, that is, for any point M and for
any non-zero vectors u € N1(M) and v € Ny(M)

llvell

1 1
limsup = In e < liminf = In — |
totoo ¢ Jlull Tttt o]

where u; and v; are the shifts of © and v by the semiflow, linearized along
the orbit of M;
(B) the linearized semiflow exponentially expands volume in restriction to Na.

The novelty here lies in the introduction of the condition (B), which guarantees
the absence of stable periodic orbits. Generally speaking, the definition does not
exclude the case when the maximal Lyapunov exponent corresponding to N is
everywhere non-negative: then the linearized semiflow is, a fortiori, expanding in
restriction to Ny, and the condition (B) holds trivially. By contrast, this paper
will take up the case when the linearized semiflow is ezponentially contracting in
restriction to N1, and here the condition (B) is essential.

We remark that the property of being pseudohyperbolic is preserved under small
smooth perturbations of the system: according to [9], the invariant decomposition
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of the tangent space is preserved under small perturbations and the subspaces N;
and N, vary continuously. It is obvious that the property of exponential expansion
of volumes in N, is also stable under small perturbations.

This definition is sufficiently broad; in particular, it includes hyperbolic flows,
for which we can set (N1, N2) = (N°,N* & Ng) or (Ni,Nz) = (N° @ Ny, N¥),
where N?® and N* are the stable and unstable invariant subspaces, and Ny is the
one-dimensional invariant subspace spanned by the phase velocity vector. The
geometric model of the Lorenz attractor in [7] or [10] also relates to this class: here
N; serves as the tangent to a contracting invariant foliation of codimension two,
and the expansion of areas in the two-dimensional subspace V3 is ensured by the
fact that the Poincaré map is expanding in a direction transversal to the contracting
foliation.

In this article we assume that the subspace N7 has codimension three, that is,
dim N; = n — 3 and dim N5 = 3, and that for ¢ > 0 the linearized flow is expo-
nentially contracting on N;. Here the condition (A) means that even if contraction
takes place for vectors in Ny, it is weaker than on Ny. To underscore the last
circumstance, we say that N is the strongly contracting subspace, while N, is the
centre subspace, and we denote them by N*° and N¢, respectively. In addition we
assume that the coordinates (z,y, z) in R” are introduced in such a way that at each
point of the region D the space N*¢ has non-zero projection on the z-coordinate
space and N°¢ has non-zero projection on the (z, y)-coordinate space.

We note that the requirements of being pseudohyperbolic are initially satisfied at
the point O: here N*° coincides with the z-coordinate space and N¢ with the (z, y)-
coordinate space, and the condition (1) just ensures the expansion of volures in the
invariant (z,y)-subspace. These properties of the linearized flow are automatically
inherited by the orbits in a small neighbourhood of O. In essence, we have required
that the properties be inherited in the large neighbourhood D of the point O.

According to [9], exponential contraction in N*®° implies the existence of an
invariant contracting foliation N** with C"-smooth leaves tangent to N®®. It can
be shown similarly ([11], [12]) that this foliation is absolutely continuous. When the
quotient by the leaves is taken, the region D becomes a branched three-dimensional
manifold: since D is bounded, and since the quotient semifiow expands volume, the
orbits of the quotient semiflow must obviously be pasted together on certain surfaces
in order to stay bounded (cf. [10]).

The properties of pseudohyperbolicity and expansion of volumes are inherited in
a natural way by the Poincaré map T = (T%,7-) on the cross-section II. Here the
following hold.

(A*) There is a foliation with smooth leaves of the form (z,p) = h(z)|41 <ol
where the derivative h'(z) is uniformly bounded, and it has the following
properties: it is invariant in the sense that T '(I N Ty (Il4 U Ilp)) and
T-Y(INT_(II_ U Tp)) are leaves of the foliation if I is a leaf (provided
that they are non-empty sets), it is absolutely continuous in the sense that
the projection map along leaves from one transversal of the foliation
onto another transversal changes areas by a finite multiple, with the corre-
sponding ratios of areas bounded away from infinity and zero, and it
is contracting in the sense that if two points belong to a single leaf,
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then the distance between their iterates under the action of the map T
tends exponentially to zero.

(B*) The quotient maps T+ and T_ exponentially expand area.

Satisfaction of the properties (A*) and (B*) and the relation (2) for the Poincaré
map T is sufficient for the validity of Theorems 1-3 below. As in [7], where an
analogous result was proved for the Lorenz attractor, it is possible to establish
conditions sufficient for (A*) and (B*) to hold.

Lemma 1. Let the map T be written in the form
(E’G):g(z’(p7z)7 E:f(w7<p7z)’

where the functions f and g are smooth for z # 0 and have discontinuities at z = 0:

11_1>II_10(gaf) = (.'E_,QD..,Z_) = Pl’ zhm (gvf) = (1"+7(P+7Z+) = P—}l—
Suppose that 5
g
det —— # 0. 3
) 7 ®
Let
_of 6f<6g ‘1@Baf<a -
T 0z Ax,p)\O(z,0)) Oz’ d(x,p) \ 0 ’
() & P= (g
\0(z,p)) 0z’ d(z, )
If
limC'=0,  lm[lAlID] =0, (4)
sup /A[]IDIl + \[ sup ||Bl sup IO <1, (5)
Pel\, Pell\Il, Pell\Il,

then the map has a continuous invariant foliation of smooth leaves of the form
(z,0) = h(z)|_,,q> where the derivative h'(z) is uniformly bounded. If, more-
over,

sup || Al + \/ sup ||B] sup |C|l <1, (6)
PeI\II, Pell\Il, Pell\Ilp

then the foliation is contracting, and under the additional condition that for some
B8>0

the functions A|x|_ﬁ, D|a:|ﬁ7 B, C are uniformly bounded and Hélder,

dIndetD dlndetD 7
nee , nee D\xz|? are uniformly bounded, @)
0z o(z, )
it is absolutely continuous. If, furthermore,
sup \/detD-i-\/ sup ||B|l sup ||C| <1, (8)
PeI\IT PeM\I, PEM\IIp

then the quotient map T expands area.
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We remark that, as follows from [8], in the case when the equilibrium state is a
saddle-focus, the Poincaré map can be written in the form

(ﬂ@) :Q:i:(Y!Z); E:Rﬂ:(Y7Z) (9)
near Iy = II N W?* for a suitable choice of coordinates. Here

Y = |aff ( cos(QIn|z| + ¢) sin(Qln|z| +<p)> -0y () 0, 2)

—sin(Qn|z| +¢) cos(Qln|z| + ) (10)
Z = \1’2(-’17;(/7’ Z)v
where p = A/ <  (see (1)), @ = w/~, and for some n > p
or+la g,
|| = nr < <r-2
oo | =0t o< prld < G

the @+ and Ry in (9) (“4+” corresponds to z > 0, that is, to the map 77, and
“—” corresponds to z < 0, that is, to the map T_) are smooth functions in a
neighbourhood of (Y, Z) = 0 for which we can write the Taylor expansions

Qi:(xi,tpi)+ai)’+biZ+---, Ri=z4y+cetY +deZ +---. (12)

It is clear from (9)—(12) that if O is a saddle-focus satisfying (1), then T satisfies
the conditions (4) and (7) with 8 € (p,n) if ay # 0 and a— # 0. Moreover,
analogues of the conditions (3), (5), (6), and (8) hold, where the supremum is
taken not over |z} < 1 but only over small z. It is not hard to extend the map (9),
(10), (12) to the whole of II in such a way that the conditions of the lemma hold
in entirety. For example,

Z = 0.9|z|” cos(In |z| + ¢),
? = 3|z|’ sin(ln |z] + ), (13)
Z=(0.5+0.1z|z|") sgn z,

where 0.4 = p < 7, is such a map.

As already noted, the expansion of volumes for the quotient semiflow imposes
restrictions on the possible types of limit behaviour of the orbits. Namely, D cannot
contain stable periodic orbits. What is more, any orbit in D has a positive Lyapunov
exponent. Consequently, in this case we must speak of a strange attractor.

We first recall some definitions and simple facts from topological dynamics (see,
for example, [13] and [14] and the literature cited there). Let X, P be the shift
of a point P along the orbit of the flow X during the time ¢. For given £ > 0
and 7 > 0 we define an (e,7)-orbit to be a sequence of points P, Ps,..., By
such that P;y; lies at a distance less than ¢ from X,;P; for some t > 7. A
point () is said to be (g, 7)-accessible from a point P if there exists an (e, 7)-orbit
joining P and @, and accessible from P if for some 7 > 0 it is (g, 7)-accessible
from P for any e (this definition obviously does not depend on the choice of 7).
A set C'is accessible from a point P if it contains a point that is accessible from P.
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A point P is said to be chain-recurrent if it is accessible from X, P for any t. A closed
invariant set C is said to be chain-transitive if, for any points P and @ in C and
for any € > 0 and 7 > 0, C contains an (e, 7)-orbit joining P and (. Obviously, all
points of a chain-transitive set are chain-recurrent.

A compact invariant set C is said to be orbitally stable if for any neighbourhood
U of it there is a neighbourhood V(C) C U such that the orbits starting in V do
not leave U for ¢ > 0. An orbitally stable set is said to be completely stable if
for any neighbourhood U(C) there exist g > 0 and 7 > 0 and a neighbourhood
V(C) C U such that the (o, 7)-orbits starting in V' do not leave U (it is clear that
this is none other than stability with respect to constantly acting perturbations).
It is known that a set C is orbitally stable if and only if C = 0;0:1 U;, where the
U, form a system of nested invariant open sets, and it is completely stable if and
only if the sets U; not only are invariant but also are absorbing regions (that is,
orbits starting on OU; enter U; in a time not exceeding some 7;; here it is obvious
that (e, 7)-orbits starting on dU; always remain inside Uj if € is sufficiently small
and 7 > 7). Since a maximal invariant set (a mazimal attractor) contained in
each absorbing region is clearly asymptotically stable, every completely stable set
either is asymptotically stable or is an intersection of countably many nested closed
invariant asymptotically stable sets.

Returning to the original system X, we define the attractor of the system to
be the set A of points accessible from the equilibrium state O (in particular, A
contains the separatrices of O and their closure). The specific choice of the set A is
due to the fact that, as shown in the next section, A is chain-transitive, completely
stable, and accessible from any point of the absorbing region D; moreover, A is the
unique chain-transitive completely stable set in D, and it is the intersection of all
the completely stable invariant subsets of D (Theorems 1 and 2).

These assertions follow mainly from the fact that points asymptotic to O as
t — 400 are dense in D (that is, the stable manifold of O is dense in D) (Lemma 2),
which follows in turn from the fact that the quotient of the Poincaré map T with
respect to the leaves of the contracting foliation expands areas. We note that an
analogous property holds for the Lorenz attractor, too. Also, by analogy with the
Lorenz attractor, we show (Theorem 3) that the number of connected components
of the intersection of the attractor A with the cross-section is bounded, and we give
for the number of components an estimate that is analogous to the estimate for the
number of lacunae in the Lorenz attractor [7].

This estimate is important for the proof of Theorem 4, where we construct a
wild set contained in the attractor A. That theorem is our main result.

We remark that the wild set in Theorem 4 is determined in a completely con-
structive way. For this we introduce the extra assumption that the system X has a
homoclinic loop of the saddle-focus O (Fig. 2). More precisely, we consider a one-
parameter family X, of the form described and we assume that for y = 0 there is a
homoclinic loop, that is, one of the separatrices returns to the point O as t - +o0.
The systems with a homoclinic loop form bifurcation surfaces of codimension 1 in
the space of dynamical systems and it can be assumed without loss of general-
ity that for u = 0 the family X,, intersects the corresponding surface transversally.
Theorem 4 asserts that p = 0 is an accumaulation point of a sequence of intervals A;
such that for p € A; the attractor A, contains a wild set and, further, for any
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O-O=---=0
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Figure 2

p* € A; the attractor A of any system close to X,» in the C"-topology also con-
tains a wild set.

The proof of the theorem is based on the following arguments. It is well known
that a neighbourhood of a homoclinic loop of a saddle-focus contains a non-trivial
transitive hyperbolic set A [15]. This is a non-closed set, and its closure contains
the equilibrium state O. Further, it is clear that any point of A is accessible
from O, and thus A lies in the attractor for 4 = 0. Since A is non-closed, it is
not entirely preserved under small changes of u, though its closed invariant subsets
are preserved, of course. These are basic hyperbolic sets, they are unstable, and
they are bounded away from the point O. Nevertheless, we explicitly single out
a subset which we can prove (Lemmas 3 and 4) belongs to the attractor for all
small ¢ > 0 (here positive values of y correspond to an inwards splitting of the
loop) and for all systems close to X, for 4 > 0. In the spirit of [8] we next
show that p = 0 is an accumulation point (from the positive side) of values p = p;
corresponding to a homoclinic tangency of the invariant manifolds of a periodic orbit
in the indicated subset (Lemma 5). On the basis of [16], this implies the existence
now not of isolated values p but of intervals on which the given subset is wild
(that is, for each p in such an interval its unstable manifold has points of tangency
with the stable manifold, and this property is preserved under small perturbations
of the system). This concludes the proof of the theorem. We remark that the
use of results from [16] requires the verification of a number of non-degeneracy
conditions for a homoclinic tangency when p = p;; this is done in Lemma 5. Results
analogous to [16] are proved also in [17] under the additional assumption that there
is a sufficiently smooth linearization for the Poincaré map in a neighbourhood
of a periodic orbit whose invariant manifolds have a homoclinic tangency. In our
case, however, verifying this condition would be difficult and would possibly require
additional restrictions on the spectrum of the non-leading characteristic exponents
a; of O, and this is not related to the essence of the matter.

With regard to the generic case when the separatrices of O do not form a loop,
we remark that, as follows from the denseness of the stable manifold in D, the
separatrices of O are non-wandering orbits, and hence it is natural to suppose that
they can be closed by a small perturbation. A similar problem arose already in the
case of the Lorenz map, and it was overcome by using the specific nature of the
Poincaré map. At the present time we have a very important lemma of Hayashi [18]
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that also permits this problem to be solved. Therefore, here we have the following
result.

Assertion. Systems with a homoclinic loop of the saddle-focus O are dense in
the C'-topology in the class of systems under consideration.

As already mentioned, the existence of non-transversal homoclinic orbits in the
attractor leads to very non-trivial dynamics. For instance, using results in [4]
and [5], we deduce from Theorem 4 that systems whose attractor contains non
-transversal homoclinic orbits of arbitrarily high order of tangency are dense in
the regions constructed in the space of dynamical systems (Theorem 5), as are
systems whose attractor contains non-hyperbolic periodic orbits of arbitrarily high
order of degeneracy (Theorem 6). As a special case of Theorem 6 we can see that
for the family X, the values of u for which the attractor of the system contains a
periodic orbit of saddle-saddle type together with its three-dimensional unstable
manifold are dense in the intervals A; constructed in Theorem 4 and, correspond-
ingly, for these values of p1 the topological dimension of the attractor is equal to
three (Theorem 7). The latter means, in particular, that the given class of systems
provides an example of so-called hyperchaos.

§ 2. Preliminary description of the
attractor of a pseudohyperbolic flow

In this section we define the attractor of the system X and give an estimate of
the number of connected components of its intersection with the cross-section II
(analogous to the estimate of the number of lacunae in the Lorenz attractor 7).

Definition. We define the attractor of the system to be the set A of points acces-
sible from the equilibrium state O.

This definition is justified by the following theorem.

Theorem 1. The set A is chain-transitive, completely stable, and accessible from
any point of the absorbing region D.

The stability of A follows immediately from the definition: it is known that for
any initial point (and for the point O, in particular) the set of points accessible
from it is completely stable (a system of absorbing regions is formed by the sets of
points that are (g, 7)-accessible from the initial point, with arbitrary €; — +0 and
T > 0).

To prove the remaining part of the theorem we note the following result.

Lemma 2. The points asymptotic to O ast — +oo are dense in D (in other words,
the stable manifold of O is dense in D).

Indeed, we take an arbitrary point on I and let U be an arbitrary neighbourhood
of it. If U did not intersect the inverse images of the surface IIp = Wi NI,
then for all ¢ the map TiIU would be continuous, and for the sets T°U the areas
of the projections on z = () along the leaves of the invariant foliation would grow
exponentially (in view of the property (B)), which contradicts the boundedness of II.
Thus, the inverse images of Il (and this is the intersection of the stable manifold
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of O with the cross-section II) are dense in II, and hence the stable manifold of O
is dense in D.

It follows at once from Lemma 2 that the point O is accessible from any point
in D. In particular, for any points P and @ in A the point O is accessible from P,
while @ is accessible from O by the definition of the set \A. Thus,  is accessible
from P, and for the proof of the chain transitivity of A it remains to show that
the (g, 7)-orbits joining P and @ can be selected to be contained in .A. The latter,
however, follows from the complete stability of A: as follows from the definition, for
any 6 > 0 an (g, 7)-orbit joining P and @ does not leave the d-neighbourhood of A
if € is sufficiently small, and hence this orbit can be approximated by an (', 7)-orbit
lying entirely in A, where €' can even be larger than e, though clearly ¢/ — 0 as
e —=0andéd—0.

It follows from Theorem 1 that A is the smallest completely stable set in D:
since any completely stable set must contain all the points accessible from any one
of its points, Theorem 1 implies that any completely stable set in ‘D must contain
O and together with it the set A. Thus, A is the intersection of all the completely
stable sets in D.

The next theorem shows that A is the unigue chain-transitive completely stable
set in D.

Theorem 2. Any orbitally stable set in D containing points outside A contains
points that are not chain-recurrent.

Proof. Since the stable manifold of O is dense in D, O obviously belongs to any
orbitally stable subset of D. A connected component of an orbitally stable set is
itself orbitally stable, so each such set contains O and thus any orbitally stable
subset of D is connected. Let C be such a set and suppose that P € C and
P ¢ A. Because A is completely stable, there is an absorbing region U containing
A and not containing P. Since O belongs to A and to C, we have obtained that ¢
contains both interior points of U and points outside U. The set C is connected,
80 it contains at least one point on 9U; but as we have already pointed out, the
(e, 7)-orbits starting on U always remain inside U at a finite distance from U
for sufficiently small € and sufficiently large 7, that is, there are no chain-recurrent
points on oU.

‘The next theorem carries the result in part 1 of Theorem 1.5 in [7] over to
the multidimensional case and gives a description of the partition into connected
components of the intersection of the attractor A and the cross-section II; we use
this in the proof of Theorem 4. We denote by g > 1 the coefficient of area expansion

by the quotient map (T): if V' is a connected region in II disjoint from Iy, then
S(TV) > qS(V), (14)

where S denotes the area of the projection of the region on the surface {z = 0}
along leaves of the invariant foliation. According to (B*), ¢ > 1. Moreover, since
S(I) = 28(11) and TI, C II, it follows that S(TTI,)/S(Il;) < 2 and hence

l<g<2.
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We denote the separatrices of O by I't and I'” and we let {P*} be the points
of successive intersection of 't and II. These sequences can be infinite or finite;
the latter happens if the corresponding separatrix forms a loop (returns to O as
t — +00).

Theorem 3. The number N of connected components of the set A NIl is finite
and satisfies the estimate

|ing —1)|

2<N<2+
Inq

(15)

Each connected component contains at least one of the points Pf. Furthermore,

for some integers Ny > 1 and N_ > 1 such that Ny + N_ = N and
g +q V>, (16)
the set ANTII can be represented in the form
ANT=AfU---UAL, UA U UAY , (17)

where .Aj' and A are the components containing the respective points Pi+ and P .
In this formula all the components Af‘: are distinct,

Aj’ﬂHO:@ fori < N¥, A Nllp =@ fori< N7,

18
A, No #2, Ay NI # 2, (18)

and
Ty ((Ay_ UAL,) N (I UTL)) = A,

T_((Ay_ UAL, )N (M- UI)) = AT, (19)
A7 =T7YAD fori<N™,  Af =T"'Af fori<NT.

Proof. Since the set A is orbitally stable, it can be represented as the intersection
of a sequence of nested invariant regions. Correspondingly, the set A N 1II is an
intersection of nested neighbourhoods that are invariant with respect to the positive
iterates of the map T. Let U be one of these regions: ANII C U, TU C U. We
can remove from U the connected components not containing points in A N II,
whereupon U remains an invariant set. And since A NII is compact, only finitely
many components remain in U. Let V;* and V;~ be the components of U containing
Pt and P, respectively. Since P e T, (I1y UTlp) and P € T_(T1_ UIlp) and
since the sets T (IT; U TIp) and T (II_ U Tlp) are bounded away from each other,
V" and V|~ are distinct.

We remark that since TU C U and T is continuous on II \ IIy, it follows that if
some component of U is disjoint from IIp, then its image lies entirely inside some
other component (or coincides with it). More precisely, if a point P; and the point
P, = TP, belong to the respective components V; and Vz and if Vi NIlp = &, then
TV: CV,. Butif Vj intersects Ilg, then V5 = Vfr or Vo = V|7, depending on whether
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Py = Ty P, or P, = T_P; (this follows from the fact that T (Ily) = P;" ¢ V;*
and T_(Ilp) = P € V;7). Thus, if {P;} is some orbit of T, and the V; are
the components of U containing the P;, then T*V; C V;y4 for k > 1 if all the
components Vj, ..., Vi 1 are disjoint from ITp. But if V;NIIy # & for some 7, then
each component with index greater than j coincides with one of the components Vii.

We now show that there are no connected components of U other than the
sets Vii. Suppose that some component V does not contain any points Pii.
By definition, V contains at least one point P in A. Since A N II is invari-
ant, that is, it consists of entire orbits, it then contains the reverse semiorbit
Py = PP_1,Py,... (TP_(j11) = P_;) of P. Let Vo = V,V_{,V_,,... be the
sequence of connected components containing the points P_;. By assumption,
V does not coincide with any of the components V%, so the V; do not intersect I,
and TV_(;41y € V_j for j = 0,...,00. Because U only has finitely many compo-
nents, the sequence V_; must be periodic, that is, V = V_; for some k > 0. This
would mean that T* is continuous on V and T*V C V, which is impossible, since
S(V) > ¢*S(V) by virtue of area expansion by the quotient map (see (14)). Thus,
the set U is exhausted by the components Vii.

Since TPt = P} and TP_, = P, it follows that TV, C V/* as long as
Vfl NIl = @. As we pointed out (Lemma 2), the inverse images of the line IIy
are dense in II. In particular, they intersect V1+ and V;~. This means that some
iterates of the regions Vl+ and V|~ intersect II,. Consequently, there are integers
Ny(U) > 1 and N_(U) > 1 such that V} Ly and Vi _(uy intersect ITp and the

components V-jt with smaller indices do not intersect IIO Thus,

Vinlly =2 for i< NTU), V NI =@ for i< N~ (U),

- (20)
Vi o #2, Vi NI # 2,

and
(( N_(U) U V+ )) N (I UHO)) c V1+7
T_((Vy_ Y V1¢+ vy) N (- UTlp)) C V7, (21)
V.o STy for i< N™(U), VECTTWVE for i< NYU).
It follows from (21) that
U=Vi"U--UVS (y UV U UV g (22)
We show that N, (U) and N_(U) satisfy the inequality
g VO o N-U) 5 (23)
Indeed, it is clear that

S((Va_ @y Y Vo)) NTL4)

> ST = max{S(V NI,.), S(V+ y NI,
N )
S(VN @y YVn, ) NI-) = 8

T =max{S(Vy_ ) mH-),S(VM(U)nH_)}
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(recall that S denotes the area of the projection on the surface {z = 0} along the
leaves of the invariant foliation). Hence, using (21) and (14),

SV @) > P87, S(VF, @) > M5+,
Since S(Vy_ (1)) <57+ St and S(Vy, (1)) <57 + S+ we get that

S- St
-N_(U) 5, 2 “Np(U) 5 2
g " ror 1 Y
which implies (23).
It clearly follows from (23) that the number of connected components of U is
finite and bounded above by a constant independent of U:

|In(g - 1)

N (U)+ N-(U) < 2+ =

(24)

Since the neighbourhood U is arbitrarily close to ANII, this implies that the number
of connected components of ANII is also finite. Correspondingly, if U is sufficiently
close to ANII, then each component of U contains exactly one component of ANIL
The relations (15)—(18) now follow from (20)—(24), and, moreover,

Ty ((Ay. UAL,) N (04 UIL)) C AT,
T-((Ay_ VAR, NI UIL)) C AT, (25)
A7 CT AT for i<N-, AfCT'Af for i<N*

The set A NI is invariant with respect to T: TANII = ANI. From this and the
fact that T is a homeomorphism of the set IT \ Il onto its image T4 11 UT_II_ it
follows that the image of any connected component of ANII disjoint from Il is also
a connected component of A NII. For the components intersecting IIy the union
of the images of their intersections with II U Il makes up AT, while the union of
the images of their intersections with II_ UII, makes up A; . Thus, in (25) we can
replace the inclusion sign by equality and this yields (19). Since A1+ and Aj are
distinct, we now get that all the components in (17) are distinct. The proof of the
theorem is complete.

It is clear from the proof that the theorem remains valid for an arbitrary invariant
orbitally stable set in D. We remark also that in proving Theorems 1-3 we did not
use at all the fact that the equilibrium state O is a saddle-focus, that is, they
remain true also under the condition that O is a saddle, provided only that there
is an invariant foliation and that the quotient map expands areas. Here it is not
essential that the foliation has codimension two: Theorems 1- 3 remain true also in
the general case when T has an invariant absolutely continuous contracting foliation
of codimension k > 1 and the quotient map expands k-dimensional volumes. The
Lorenz attractor (k =1 and O a saddle) is thus included in this scheme.
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§ 3. Construction of a wild attractor

In this section we prove our main result. Let us return to the case when O is
a saddle-focus and the contracting foliation has codimension two. We show that
in this case the attractor A can contain a wild hyperbolic set. In particular, this
means that it is different from the Lorenz attractor (and from other well-known
attractors).

We take a one-parameter family X, of systems of this form and assume that
for u = 0 there is a homoclinic loop of the saddle-focus O, that is, one of the
separatrices (say I'}) returns to O as t — 400 (Fig. 2). In other words, we assume
that for 4 = 0 the family X, intersects the bifurcation surface of systems with a
homoclinic loop of a saddle-focus in the space of dynamical systems and we suppose
that the intersection is transversal. Transversality means that as p varies the loop
splits and that if M is the index of the last point where the separatrix T'y intersects
the cross-section for =0 (P;f, € IIy for u = 0), then the distance from PAT, to Il
varies ‘at a non-zero rate’ as p varies. We choose the sign of u so that Pj, € 1,
for pu > 0 (respectively, Py; € II_ for p < 0).

Theorem 4. There is a sequence of intervals A; accumulating at u = 0 such that
for p € A; the attractor A, contains a wild set (a non-trivial transitive closed
hyperbolic set whose unstable manifold has points of tangency with the stable mani-
fold). Further, for any p* € A; the attractor A of any system close to X« in the
C"-topology also contains a wild set.

Proof. By our condition, for 4 = 0 the separatrix I'y intersects II at finitely many
points P;" and the last point P;; belongs to Ily. Without loss of generality it can
be assumed that the number M is sufficiently large. Namely, for all small u the
quotient map T expands areas and it is clear that the expansion coefficient q is
bounded below by a constant independent of u. Correspondingly, by Theorem 3
the number of connected components of the attractor in the intersection with the
cross-section I is bounded above by a constant N independent of ;2 and we shall
assume below that the number M of points of intersection is at least N + 1. This
condition is not a restriction, because according to [19] a homoclinic loop of a
saddle-focus can be split in such a way as to result in a loop of arbitrarily many
circuits with respect to the original loop. More precisely, surfaces corresponding to
homoclinic loops of arbitrarily many circuits accumulate at the bifurcation surface
corresponding to a homoclinic loop of a saddle-focus. The family X, which is
transversal to the surface corresponding to the original loop, remains transversal
to all C*-close surfaces. Correspondingly, if for 1 = 0 the number M of points
of intersection of the loop I'y with II is less than NV + 1, then by an arbitrarily
small change in p it is possible to get a loop for which M > N + 1 (and the family
X, remains transversal to the corresponding bifurcation surface). Therefore, after
proving the theorem for such loops, we automatically obtain the statement of the
theorem also in the general case.

As is known [15], in any small neighbourhood of a homoclinic loop of a saddle-
focus there are countably many single-circuit (that is, homotopic to the loop in
the given neighbourhood) saddle periodic orbits (in general this assertion holds
only under certain additional conditions of general position, which, however,
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hold automatically in our case; see below). Each of these orbits intersects a small
cross-section transversal to the loop at a single point (we take a small neighbourhood
of o = W2, NI in IT as such a cross-section). The given orbits L;, La, ... can be
numbered in such a way that the intersection points R;, Rg, ... will lie at a distance
dist(Rg, Wi.) ~ C exp(—TLk) from WS, where C is some constant (recall that the
characteristic exponents of the saddle-focus are v, —A £ iw, —ox, ..., —n—3, where
v>0,0< A< Reqj, and w #0).

It is shown in [15] that on a cross-section it is possible to single out ‘strips’
accumulating at the intersection of the cross-section with W] _: neighbourhoods
01,02,... of the respective points R;, Rz2,... such that for 4 = 0 and for any
p' > p = \/v there exists a k such that for any ¢ > k the image of the strip o;
under the action of the Poincaré map (in our case this is the map 7' = T™ | where M
is the number of points of intersection of the loop with II) regularly intersects all the
strips with indices j > p's. Here “regularly” means that the intersection T'o; N o;
is connected and the map T"|,,~7/-1,, is & saddle map in the sense of [20]. This
means [15] that in a small neighbourhood of the loop there is a hyperbolic invariant
set A that is in one-to-one correspondence with the set of all possible two-sided
infinite sequences of integers {j,} satisfying the conditions js > k and jsi1 = p'Js:
corresponding to a sequence {j,} is an orbit whose successive points of intersection
with the cross-section lie in the strips with indices {js}. In particular, the sequence

It should be noted that the set A is not closed — its closure contains the equilib-
rium state O, the separatrix ', and orbits in the stable manifold. For an arbitrary
integer k > k we single out in A the closed subset Ay corresponding to the sequences
{js} satisfying the condition j; < k. Since for each fixed k the set Ay is bounded
away from W}, this is a closed hyperbolic set, and hence it is preserved for all
small x4 (and depends continuously on g). We have the following result.

Lemma 3. There exists a C such that if k is sufficiently large and k > k, then the
set Ay is preserved for all p with

1l < C exp(~T22k). (26)

To simplify the notation we denote by A, the set A corresponding to the smallest
k for which (26) holds. The arguments used to prove Lemma 3 involve maps close
to the homoclinic loop of the saddle-focus and are not connected with the specific
nature of the given problem. By contrast, the following result makes essential use
of Theorem 3 and the assumption that the homoclinic loop has sufficiently many
circuits.

Lemma 4. For all small pp > 0 the set A, belongs to the attractor A,,.

We remark that for each fixed p the set A, is a closed hyperbolic set and therefore
it is preserved under small perturbations of the system. It becomes clear from the
proof of Lemma, 4 that this set remains in the attractor for all sufficiently close
systems.

The unstable manifold of the hyperbolic set A, also belongs to the attractor
(in view of its complete stability). We prove the theorem by showing that the
intervals of values of  (Newhouse regions) for which the set A, is wild accumulate
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at 4 = 0 (from the positive side), that is, its unstable manifold is tangent to its
stable manifold. According to [16], for this it suffices to show that 4 = 0 is an
accumulation point of a sequence of positive values of y such that the unstable
manifold of some periodic orbit in A, is tangent in a non-degenerate way to its
stable manifold (we make more precise the non-degeneracy conditions below). As
such a periodic orbit we choose the single-circuit orbit L; € A,. The desired result
follows directly from the next two lemmas.

Lemma 5. There is a sequence p; — +0 such that for p = p; the family X,
intersects transversally the bifurcation surface on which the separatriz Ty falls on
the stable manifold of the orbit L; € A, and further, the unstable manifold of L;
intersects W*(O) transversally.

Lemma 6. There are values of p arbitrarily close to p = p; such that the stable
and unstable manifolds of the saddle periodic orbit have a non-degenerate tangency.

We proceed to proofs of Lemmas 3-6. Lemmas 3, 5, and 6 are proved by com-
putations analogous to those in [8] and [15]; therefore we leave out the details and
confine ourselves to the scheme. By our condition, the separatrix '} forms a homo-
clinic loop for pn = 0: P3; (the Mth point of intersection of I';. with II) lies on ITy.
We remark that this loop satisfies the general position conditions in [15]. One of
these conditions is that the separatrix goes to O (as t — +00) while being tangent
to the leading plane, that is, it does not lie in the strongly stable invariant manifold
of O. We remark that the strongly stable manifold is the unigue (n —3)-dimensional
smooth invariant manifold passing through O and tangent at O to the eigenspace
corresponding to the non-leading characteristic exponents —c;. In our case the leaf
of the foliation N** passing through O is such a manifold. By assumption, it has
the form (z,y) = h**(z) and does not intersect the cross-section II, so I'; cannot
lie in it. Another general position condition is formulated in [15] as the condition
that a certain quantity be non-zero, and is equivalent (see [21]) to the existence
of a strongly contracting foliation in a neighbourhood of the loop; in our case this
condition is satisfied by assumption. We note that, as follows from {21] and [22],
the given general position conditions ensure that for all small i the system has in
a neighbourhood of the loop an invariant three-dimensional C*-manifold M, that
is transversal to the foliation N** and that contains all the orbits that remain in a
small neighbourhood of the loop as t - —oo.

According to [8], in suitable coordinates the Poincaré map 7' = T™ |H+ can be

written near Ily in the form

T=z*+az’sin(Qnz + ¢ — p*) +¥1(x, 9,2, 1),
P=¢" +Vaf cos(Qnaz + ¢ — " +0) + Ya(z, 9,2, 1), (27)
z=2z" +1/’3(37a<.0,27u)a

where (z*,¢*, z*) are the coordinates of PAJ,“,, a', b, and 6 are certain quantities,
and
l P tlaly,

e I A "
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for some 1 > p. All the constants in (27) depend on p. By our condition, P el
(that is, * = 0) for y = 0. The transversality of the family X, to the bifurcation

ad # 0. Without loss
O | =0

1 (29)

We observe that coordinates in which the representation (27), (28) is valid can
be introduced in such a way that in the restriction to Wy}  the derivative g is
independent of z (see [8]). Therefore, the leaves of the invariant foliation N*¢ in
the intersection with W}’ _ have the form {¢ = const}. From this it is obvious that
the invariance of the foliation N NTI with respect to the map (7”)~! is equivalent

to the condition

surface corresponding to homoclinic loops means that

of generality we can let

m*

Hl

a #0, b #0, cosf # 0. (30)

The fixed points of T are found from the condition (Z = z, § = ¢, Z = 2).
Consequently, in this case the last two equations of the system (27) can be used
to express ¢ and z as functions of z and u for small z and p (see (27)-(30)), after
which the equation in the coordinate z takes the form

z = p+a'z’ sin(QInz) + o(z”).

For p1 = 0 we have for the fixed point R; that

z; = exp(— %) + o(exp(-F)) (31)
and
p;=¢" +olexp(—H)), 2 =z"+olexp(—F)), (32)

where (z;, ¢;, 2;) are the coordinates of the fixed point and the index j runs through
all natural numbers beginning with some sufficiently large k. Obviously, the rela-
tions (31) and (32) remain valid also in the case p # 0 if ,uexp(%i) is sufficiently
small. The multipliers of the fixed point can be estimated as follows:

vy~ (—1)ja'Qx§_1,

., pcost
vy ~ —(—1)‘7blp—Q—£E§,
vm = o(z¥), m=3,...,n—1. (33)

We note that vq is the only multiplier greater than 1 in absolute value, and the
others are interior to the unit disc. Therefore, the unstable manifold of the point R;
is one-dimensional and the stable manifold (n—2)-dimensional (correspondingly, the
single-circuit periodic orbit L, intersecting II at R; has a two-dimensional unstable
manifold and an (n — 1)-dimensional stable manifold).

To find the stable manifold W¢ of R; we proceed as follows. We take a small
piece of the surface ¢ = z; containing R; and consider its inverse image with respect
to the map 7. According to (27)-(32), it can be represented in the form

sin(Qlnz + ¢ — ") = 0(& + K +wnp)
TP xP
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if z is sufficiently small. We assume that
T <2 exp(— %k) ,

where k is sufficiently large. Also, if z is not too small, namely, if z;/z* and u/z*
are small, then the equation of the given surface takes the form

= —7j— * i B s
Oz =-71j—p+yp +O(xp+xp+z )

z = exp(— £=5H ) (1 4 - ), (34)

where the dots stand for a function of ¢ and u that is small together with its
derivatives up to order r — 2. As we noted, the representation is valid if =, zj/zP,
and p/x? are sufficiently small, that is, on the region of values of ¢

Tk < — p* +mj < 7k, (35)

where k is an arbitrary sufficiently large integer independent of j and p, and k can
be chosen to be much larger than j under the condition that

|| exp(72 k) and exp(&(pk — j)) are small (36)

(the last condition can be satisfied for k£ much greater than j because p < 1). Using
the formulae (27)—(32), we can verify that the inverse image under 7! of a small
piece of this surface containing the fixed point R; can be represented in the very
same form on the very same interval of values of ¢. The same remains valid for all
successive iterates, and the quantity o(1) in (34) stays uniformly small. Since the
manifold W} is the limit of a sequence of such iterates, we get as a result that on the
region (35), (36) the stable manifold of the point R; is given by the equation (34).
For the unstable manifold W}* of R; it is possible to show (by taking the image
of a small piece of the line ¢ = ¢; and estimating the correction for the successive
iterates) that it is C"~2-close to the spiral determined by a parametric relation of
the form
T = p—a exp(—§u)sinu,
¥ =" + b exp(—§u) cos(—u + 0), (37)

z=2z"

on the region corresponding to the parameter values u > 7p'j, where p' > p (and
can be chosen arbitrarily close to p), under the condition that j is sufficiently large
and |u|exp(&j) is small. We remark that the spiral winds onto the point P and
intersects Ilp transversally. It is clear from the formulae (34)-(37) that W} has
points of transversal intersection with W# for i > p'j. In particular, there are
points of transversal intersection of W} with W7, and hence the points R; are
included in a non-trivial hyperbolic set.
We choose a small £ > 0 and consider the neighbourhoods

oj: et < xexp(%)exp(%ﬁ)exp(w@) <e™E, Jp—etl<nw
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of the points R; (informally speaking, we have excluded from consideration the
values of z corresponding to extrema of the function z*sin(Q2lnz)). Using the
formulae (27) and (28) we can verify that for 4 = 0 and for any p' > p there
exists a k such that for any j > k the image of the strip ¢; under the action
of T’ intersects regularly all the strips with indices ¢ > p'j in the sense that the
intersection T'oj No; is connected and the map T Ia,« — is a saddle map in the
sense of [20] (it is strongly expanding with respect to the coordinate z and strongly
contracting with respect to the coordinates (¢, z)).

Let {P,}:=*% be an orbit of T’ lying entirely in the union of strips |J;25 05
P, € 0j,. We call the sequence {j;}5=732 a coding of the given orbit. By the lemma
on a sequence of saddle maps [20], to each coding satisfying the conditions js; > k
and js41 > p'js there corresponds precisely one orbit with that coding. The union
of all such orbits forms a hyperbolic invariant set A that contains, in particular, all
the points R;. It is not hard to verify that, as before, for p # 0 the image of the
strip o; intersects the strips o; with ¢ > p'j regularly if |u|exp(§J) is sufficiently
small, and this gives us the statement of Lemma 3 by virtue of the lemma on a
sequence of saddle maps [20].

To prove Lemma 5 it suffices to observe that the desired values p; ~ exp(—%i)
for which the point Pj; falls on the stable manifold of R; can be found with the help
of the formula (34), where in place of = and ¢ one should substitute the coordinates
of PAJ,}: 1 and ¢*, respectively. Since p < 1, it follows that pu; exp(%i) is small and
the approximation (34) is indeed applicable for W;.

To prove Lemma 6 we note that, because the unstable manifold W} has the

form of a spiral winding onto the point PI\JSI, there are values of p near p; for which
W} is tangent to W7. We can see from (34) and (37) by a direct check that the
tangency is quadratic and that this tangency splits in a generic way as p varies.
We must also verify the additional conditions of non-degeneracy that are necessary
for using Theorem 2 in [16], namely, that near the values of u corresponding to a
homoclinic tangency there are intervals of values of u for which the corresponding
hyperbolic set is wild.

We remark that the fixed point R; has (see (33)) exactly one multiplier (v2)
closest to the unit circle from inside (that is, R; is a saddle of type (1,1) in the
terminology of [16]). Here only one multiplier lies outside the unit disc. In this
case the non-degeneracy conditions reduce to two requirements: the orbit of the
homoclinic tangency must not lie in the non-leading manifold of R;, and everywhere
at the points of thdt orbit the extended unstable manifold W¢ of R; must be
transversal to the strongly stable foliation of the stable manifold. Locally, the non-
leading manifold W;* is a smooth invariant manifold tangent at R; to the eigenspace
corresponding to the non-leading multipliers v3,...,v,. In our case the leaf of
the foliation N*¢ N TI passing through R; is just such a manifold and therefore it
coincides locally with W?* (by the uniqueness of the latter). It is known that the
non-leading manifold of the fixed point is included in the strongly stable invariant
foliation and since this foliation is uniquely determined everywhere on the stable
manifold, it coincides with N** N1II on the stable manifold of R;.

As we remarked, the foliation is transversal to the three-dimensional manifold
M,, which contains all the orbits that lie entirely in a small neighbourhood of the
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homoclinic loop of the saddle-focus. In particular, M, N II contains the point R;
and the orbit of the homoclinic tangency under consideration. By transversality, R;
is an isolated point of the intersection of W?* and M, N1I, so W}? cannot contain
orbits that are asymptotic to R; and lie in M, N II. Consequently, the orbit of the
homoclinic tangency under consideration does indeed not lie in wpe.

The two-dimensional manifold M, N1 is invariant and transversal to W* and, as
a consequence, it is tangent at R; to the two-dimensional eigenspace corresponding
to the multipliers (v1,v2). Any invariant manifold tangent at the fixed point to the
eigenplane corresponding to the unstable and to the leading stable multipliers can
be regarded as the extended unstable manifold W}¢: any one of them contains the
unstable manifold and any two of them are tangent to each other everywhere on the
unstable manifold (see [21] for details). Since M, N1I is transversal to the foliation
N#? N 11, we get that at any point of the non-transversal homoclinic orbit under
consideration the extended unstable manifold is indeed transversal to the strongly
stable foliation. Thus, the non-degeneracy conditions are satisfied and Theorem 2
in [16] really is applicable in our case.

To conclude the proof of the theorem it remains to prove Lemma 4. We represent
the solid torus II as the strip Il = D=2 x R! (where (z,z) serve as coordinates
in D2, and ¢ serves as a coordinate in R') in which the points (z,2z,¢) and
(z,z,¢+ 2mk) are identified for any integer k. We take the lifting of IT onto II and
let P be the image of the set T (I, UTIy) U T (II_ UIly) under this lifting. Since
Ty (IIy UIly) UT_(TI- UIl) is contractible to a point in II, P lies in the bounded

region 1I for all u, that is, for some integer s
Pc{-nms<p—-¢* <ns}

For the attractor A, of the system X, the intersection A, NII is contained in
Ty (I UTT,) UT_(TI_ UTly), so the lifting to II of the intersection of the attractor
with the cross-section is contained in P and hence lies entirely in the bounded region
{—-7ms < ¢ —* < 7ms}.

As shown above, the stable manifold of R; contains the piece given by the rela-
tions (34)—(36), where k is sufficiently large and is fixed, while k increases in propor-
tion to j as j increases and as p tends to zero. We can assume that (k—k) is divisible
by 2s and that (j —k—s) is even, and we can slice the lifting of W? into pieces corre-
sponding to the values of (¢p—*) in the intervals (mk—mj+27sl, rh—mj+2ns(l+1)),
wherel =0,...,(k—k)/(2s—1). Since we identify points whose @-coordinates differ
by a multiple of 27, we can shift the piece with index [ by —2;r(sl —(j~-k—1s)/2).
As a result we get a collection of surfaces W; of the form

T = wl(‘Pv ENOR
where the functions w; are defined for —7s < ¢ — p* < 7s and

_p—p" +m(k+s)F2msl )
Q

wy ~ exp(
(see (34)). In particular, for the upper surface wy we have that

> %exp(_nf-awrs)
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and for the lower surface wy, where [ = (k — k)/(2s — 1), we have that

z < 2exp(-—%).

It is obvious that the restrictions (36) do not hinder (since p < 1) choosing k
and k in such a way that the lifting of the point P}y, whose z-coordinate is equal
to u, lies below the surface wy and above the surface w;. We remark that on both
these surfaces the coordinate z is small. The point P;; belongs to the attractor A,
(since this point is on the separatrix). Let V' be the connected component of A, NIl
containing PX}, and let V be its lifting to II. As noted, the set V lies entirely in
the region {—ms < ¢ — ¢* < ws}. By Theorem 3, V contains one of the points
P, ... ,Pf\; or P ,...,Py, where N is the number of connected components of
the set A, NII. Since M > N by assumption, the points Pi+, 1=1,...,N, lie at
a finite distance from IIy for all small p. If for 4 = O the separatrix I'_ does not
form a loop, then the same is true also for the points P;", ¢ = 1,..., N. Thus, in
this case the component V' together with the point Pﬁ contains a point lying at
a finite distance from IIy, that is, the coordinate z of this point is bounded away
from zero. The coordinate z is small on the surfaces wo and wy, so the lifting of the
given point to P lies outside the region bounded by the given surfaces (the region
wi(p, 2, ) < < wo(p, z,p)). At the same time, the lifting of Py, lies interior to
this region. Since V is connected, this set intersects at least one of the surfaces wy
or ’LUl—

We recall that the given surfaces are pieces of the lifting of the manifold W}
to ﬁ, that is, we have obtained that for all small y the attractor contains at least
one point on the stable manifold of the orbit L;. This implies that the attractor
contains L; itself, its unstable manifold, and the closure of the latter. In particular,
it contains the hyperbolic set A,,.

If for ;1 = O the separatrix I'_ also forms a loop, then in a completely analogous
way the hyperbolic set A; lies in a neighbourhood of this loop for all small u. For
the pieces of the stable and unstable manifolds of a single-circuit periodic orbit
in A, we have representations of the form (34) and (37) with a change of the sign
of z from positive to negative. If Nt < N < M is the number in Theorem 3, then
the point PJ*\,'Jr belongs to a component V' of A, NII intersecting IIy. As we noted,
P}, lies at a finite distance from IIo. Since V' contains both Py, and some point
on Iy, it follows just as above that V intersects the stable manifold of either one
of the periodic points in A} (if P]¢+ € II) or one of the periodic points in A} (if
P;Jr € I1_). Consequently, either A;LL or A7 lies in the attractor. But since the
unstable manifolds of the periodic orbits in A} intersect Ilp transversally (see (37)),
while the stable manifolds of the periodic points in Aj get arbitrarily close to Il
for sufficiently small p (see (34)—(36)), it follows that the unstable manifold of A
intersects the stable manifold of A}, that is, in either case A} is in the attractor
and this concludes the proof of the theorem.

We have determined regions in the space of dynamical systems in which the
attractor contains a wild set along with its unstable manifold. These regions contain
densely systems for which one of the periodic orbits of the wild set has the orbit of
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a homoclinic tangency of the stable and unstable manifolds. According to [4] any
neighbourhood of such a system contains systems for which the stable and unstable
manifolds of this periodic orbit have tangencies of arbitrarily high order. Since the
homoclinic orbits belong to the unstable manifold and hence are in the attractor,
we obtain the following result.

Theorem 5. Systems whose attractors contain non-transversal homoclinic orbits
of arbitrarily high orders of tangency are dense in the regions constructed.

This theorem shows that the bifurcations of the attractor under consideration
cannot be completely described in any finite-parameter family. Another reflection
of this property is that arbitrarily degenerate periodic orbits can be in the attractor.

Theorem 6. Systems whose attractors contain non-hyperbolic periodic orbits with
one multiplier equal to 1 and an arbitrarily large number of Lyapunov coefficients
equal to 0 are dense in the regions constructed.

This theorem is also a corollary to the denseness in the regions constructed of
systems with homoclinic tangencies: according to [4] any neighbourhood of a system
with a homoclinic tangency contains systems with arbitrarily degenerate periodic
orbits. The next lemma refines a result in [4] (in order not to make the exposition
too cumbersome, we do not reproduce the proof here).

Lemma 7. Suppose that some system has a saddle periodic orbit L with multi-
pliers vi,va,. .., Vs, and assume that 1] > 1 and 1 > |vg] > |vm| form =3,...,n
(this means, in particular, that v; and vy are real). Also, let

|1 - v > 1.

Suppose that the unstable and stable manifolds of L have a tangency of order k
along some orbit. Then for any k-parameter family in general position containing
the given system there are parameter values corresponding to the ezistence of a
non-hyperbolic pertodic orbit with one multiplier equal to 1, one multiplier greater
than 1 in absolute value, and the remaining multipliers interior to the unit disc,
and for the restriction of the Poincaré map to the centre manifold (corresponding
to the multiplier 1) the first (k — 1) Lyapunov coefficients are equal to 0. Further,
the stable manifold of the given periodic orbit has orbits of transversal intersection
with the unstable manifold of L.

To apply this lemma to the proof of Theorem 6 we observe that saddle periodic
orbits with non-transversal homoclinic orbits of arbitrary orders of tangency are
in the attractor according to Theorem 5 (for a dense set of systems in the regions
under consideration). As is clear from (33), the given saddle periodic orbits (the
orbits L;) satisfy the conditions of Lemma 7. Consequently, the indicated regions
contain densely systems for which the unstable manifold of a saddle periodic orbit
in the attractor intersects the stable manifold of some non-hyperbolic periodic orbit
of arbitrarily high previously specified order of degeneracy. Since this orbit belongs
to the closure of the unstable manifold of an orbit in the attractor, it is itself in the
attractor.

Applying Lemma 7 to the one-parameter (k = 1) family X, in Theorem 4, we get
that the values p for which the attractor contains a non-hyperbolic periodic orbit of
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saddle-saddle type are dense in the intervals A;. For such an orbit one multiplier is
greater than 1 in absolute value, one multiplier equals 1 and the corresponding first
Lyapunov coeflicient is non-zero, and the remaining multipliers lie interior to the
unit disk. The unstable manifold of such an orbit is three-dimensional. Since each
orbit is in the attractor together with its unstable manifold, we get the following
result.

Theorem 7. The values of u for which the topological dimension of the attractor
A, equals three are dense in the intervals A;.
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