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Bifurcations of a heteroclinic contour composed of two equilibrium points of saddle-focus type
and two heteroclinic orbits are considered. The case is selected where dynamics of the system
is simple, i.e., no more than one periodic orbit is born at bifurcations in a small neighborhood
of the contour. In spite of the simplicity of dynamic behavior, the structure of the bifurcation
set corresponding to multi-round heteroclinic orbits is shown to be rather complicated. The
complete bifurcation analysis is done under some conditions of a general position.

1. Introduction

We consider bifurcations of dynamical systems
possessing a contour composed of two saddle-focus
equilibrium points and two heteroclinic orbits con-
necting the equilibria (see Fig. 1). Such a contour
can be considered as a generalization of a homo-
clinic loop with one saddle-focus (Fig. 2). Accord-
ing to the Shil’nikov theorem, saddle-focus homo-
clinic loops can be of two essentially different types.
The homoclinic loops of the first type are associated
with chaotic dynamics: in any neighborhood of this
loop there exist non-trivial hyperbolic sets including
infinitely many saddle periodic orbits, non-trivial
recurrent orbits, etc. [Shil’nikov, 1965,1970]. In
fact, the complex behavior near such a loop is far to
be exhausted by the presence of hyperbolic sets (see
details in Ovsyannikov & Shil’'nikov [1986,1991])
and, till now, the homoclinic loops of a saddle-focus
remain as one of the most complicated objects of the
modern theory of dynamical systems.

The homoclinic loops of the second type belong
to systems with simple dynamics: bifurcations of
such loops can lead to the appearance of at most
one periodic orbit [Shil’nikov, 1963,1968]. The two
types of homoclinic loops are distinguished by the
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so-called Shil’nikov condition: if the characteris-
tic exponent! nearest to the imaginary axis has a
non-zero imaginary part, then the presence of a ho-
moclinic loop implies chaos; otherwise, dynamics is
simple near the loop.

Analogously, the set of dynamical systems with
a heteroclinic contour containing two saddle-foci can
also be decomposed into two classes. The first class
is composed of systems for which the Shil’nikov con-
dition is fulfilled at least at one of the saddle-foci.
The peculiarity of systems of this class is that ei-
ther the system itself or a close system has non-
trivial hyperbolic sets in a small neighborhood of
the heteroclinic contour (this assertion follows ob-
viously from the Shil’nikov theorem, since a homo-
clinic loop of any saddle-focus can be formed when
the contour is split).

The second classjconsists of systems with sim-
ple dynamics, bifurc?tions of which can lead to the
appearance of at most one periodic orbit in a small
neighborhood of thé contour. The main result of
this paper is that the structure of the bifurcation

!We assign the term characteristic ezponents for the roots of
the characteristic equation of the system at the saddle-focus.
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Fig. 1. The stable manifolds Wi and W3 of the saddle-
foci O7 and Oj intersect with the unstable manifolds Wy
and W7 along the orbits I'; and I'y respectively, forming a
heteroclinic contour C.

Fig. 2. The unstable manifold W* of the saddle-focus O
intersects the stable manifold W* along the orbit I' forming
a homoclinic loop.

set corresponding to the formation of multi-round
heteroclinic orbits of the saddle-foci turns out to
be rather nontrivial even for systems of the sec-
ond class. Specifically, for systems of the second
class, we establish that the two-parameter bifur-
cation diagram contains a countable set of bifur-
cation curves corresponding to multi-round hetero-
clinic orbits. Moreover, these curves intersect the
bifurcation sets corresponding to homoclinic loops
at an infinite set the closure of which has cardinality
of continuum (see Fig. 4 and Theorem 2.1).

Note an evident application of the obtained re-
sults: since heteroclinic orbits of an ODE describing
plane travelling waves of an extended system corre-
spond to the kink type solutions, our results could
allow one to prove an existence of an infinite se-
ries of multi-kink solutions (and to investigate their
structure) in some cases.

A more precise statement of the problem and
the main result of this paper (Theorem 2.1) are
given in Sec. 2. We reduce the problem to the three-
dimensional case using the existence of an invari-
ant smooth three-dimensional manifold in a small
neighborhood of the heteroclinic contour. The proof
of Theorem 2.1 is based on the study of the Poincaré
map defined by the orbits belonging to the invari-
ant manifold. This map is described in Sec. 3. The
main property of the Poincaré map that we use in
the proof is that the map is contractive. Some in-
termediate results implied by the contractivity of
the map are proved in Sec. 4. The construction of
the bifurcations sets is given in Sec. 5.

2. Statement of the Results

Let X, be a two-parameter family of three-
dimensional dynamical systems. We suppose that
the vector field of X, depends smoothly (C” where
r > 1) on phase variables and parameters. Let

(A) the system X, has two structurally stable
equilibrium points O; and O2 of the saddle-
focus type; namely, the characteristic ex-
ponents of O are (AL, A2) = —a, + iw,, (a5 >
0, ws > 0) and v, > 0.

In this case the unstable manifolds W}* and Wy
of O; and Oy are one-dimensional. Each of them
consists of three orbits: the saddle-focus itself and
two separatrices leaving the saddle-focus in opposite
directions. The stable manifolds W and W3 are
two-dimensional, and all orbits of W have a shape
of spirals tending to O; as t{ — +o00.
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Assume that

(B) at p = 0, the system Xy has a contour C com-
posed of the equilibrium points Oy, O and by
two separatrices I'1 C W*NW3, T’y C W3nW7
(Fig. 1).

As we have mentioned, homoclinic loops of the
saddle-foci Oy and O, can arise at bifurcations of
the system Xj. If at least one of the points O; or Oy
satisfy the Shil’nikov condition (in our case it is the
inequality a; < <;), then in a small neighborhood
of the loop there will exist non-trivial hyperbolic
sets. Furthermore, as it follows from Ovsyannikov
& Shil’nikov [1986,1991] homoclinic tangencies may
arise in the neighborhood of the loop which cause
the appearance of infinitely degenerate periodic or-
bits {Gonchenko et al., 1991,1993]. It is clear that
the complete description of bifurcations of system
Xy is inadmissible in this case.

Here we consider the opposite case where only
one periodic orbit can appear at the bifurcations
of the heteroclinic contour C. According to what
has been said, we shall assume that the Shil’nikov
conditions do not hold. Namely, we require

(C) the saddle values (y; — o;) (¢ = 1, 2) are both
strictly less than zero.

We assume also that the two-parameter family
X, is in a general position; i.e.

(D) in the space of dynamical systems the family
X, is transverse to the codimension two bifur-
cational surface composed of systems having a
heteroclinic contour close to C.

This condition guarantees that splitting parameters
for the orbits I'; and I's can be chosen to be the
control parameters. It is convenient to denote the
splitting parameter for the separatrix I'; as p2 and
the splitting parameter for the separatrix I's as u;.
Specifically (see Fig. 3), if G} is the point of inter-
section of the separatrix I'; with some cross section
S; constructed near the point O; (j = 3 — i), then
pi is the distance? between G and the line of in-
tersection of W7 with the same cross section.

We will show (Lemma 4.3) that there exists a
small neighborhood U of C such that the system X,
has no more than one periodic orbit in U for x small

2Taken with a positive sign if G¥ lies “above” W;, and with
negative sign if G} lies “below” W;.

Fig. 3. Condition (D) guarantees that parameter y; (i =
1, 2) can be chosen to be equal to the distance (taken with
the sign) from the point G} to the stable manifold W of the
equilibrium state O; where G} is the first point of intersec-
tion of the separatrix I'; (; = 3 — i) with cross section S;
constructed near O;.

enough (the analogous result was earlier proved in
Chow et al. [1990]. The periodic orbit is attractive
(its multipliers lie strictly inside the unit circle) and
it bifurcates merging in a homoclinic loop of one of
the saddle-foci.

We denote the curve on the plane (u1, p2) that
corresponds to the presence of a homoclinic loop
of O; as L;. The curves L; will be proved (see
Egs. (5.2)) to be the graphs of some smooth func-
tions p1 = hi(u2) and pa = ho(u1), respectively,
hi(0) = h{(0) = 0. In the region between L; and
L (i.e., in the region {u1 > h1(u2), p2 > ha(p1)})
the system X, has the unique periodic orbit and
X, has no periodic orbits if x does not belong to
this region.

The bifurcation diagram (Fig. 4) for the
family X, contains also the curves C}, and C¥, (k =
0,1,2,...) such that for 4 € Cf the system has
an orbit of the heteroclinic connection which goes
from the saddle-focus O;, makes k rounds along U
and enters the saddle-focus O;. The curves Cf, and
C%, are given by equations uz = h¥,(u1) and g =
h&, (u2), respectively, where hfj are some smooth
functions such that the derivatives of Af; are
bounded by a small constant, independent of k,
which can be made arbitrarily small as u tends to
Zero.
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Fig. 4. The bifurcation diagram for the system X,. The
curve L; corresponds to a single-round homoclinic loop of the
saddle-focus O;. The curve Cf‘]- corresponds to a heteroclinic
orbit which goes from the saddle-focus O;, makes k rounds
along the contour and enters the saddle-focus O;.

The following theorem gives a description of the
bifurcational set corresponding to the multi-round
saddle-foci connections.

Theorem 2.1. The set of the curves C¥, and C§, is
organized according to the following tnductive rule:

1. py =0 is the line CYy, 1 = 0 is the line CY;

2. The lines CY, and C9; intersect, respectively, Ly
and L1 infinitely many times;

3. For each k = 0,1,2,..., any two points of in-
tersection of Ly and C% (Ly and CF,) such that
the inequality hy(p2) > h5 (u2) (respectively,
ho(u1) > h%,(u1)) holds between these points,
are connected by a piece of the curve Chyt
(respectively, C{“; 1Y which, in turn, intersects Ly
(respectively, L) infinitely many times.

The limit set of the points L; N C]'-“i, (k =
0,1,2,...,i=1,2,7=1,2,1# j), has cardinal-
ity of continuum and corresponds to the presence of
an orbit homoclinic to the saddle-focus O; and an
orbit which goes from the point O; and winds to the
homoclinic loop.

Note that the analogous result holds for the
multi-dimensional case. This can be proved by re-

duction to a global invariant three-dimensional
“center” manifold the existence of which can be
established under certain conditions. If X, is a
two-parameter family of C"-smooth (r > 1) (n+m)-
dimensional (n > 1, m > 2) systems possessing two
equilibrium states O; and Oy with characteristic ex-
ponents AT',... AL 4l ... 4" (s =1, 2) ordered so
that

ReA™ < ... <Rel! <0 < Req! < Rey™,
then Condition (A) is rewritten as

(A O = —o, 2w, (0 > 0, ws > 0),
’73 =7 >0,

Re A" < -.- <ReX) < —a, <0 <7, <Re??
<---<Reny

Conditions (B)—(D) remain unchanged.

In this case the dimensions of the stable man-
ifolds W} and Wy are equal to m, and the dimen-
sions of the unstable manifolds W§* and Wy
are equal to n. In W there exists an (n — 1)-
dimensional strong-unstable invariant manifold
W4, The main feature characterizing the strong-
unstable manifold is that all orbits in it tend to O;
(as t — —o0) being tangent to the eigenspace cor-
responding to the eigenvalues 72, ...y whereas all
orbits of W*\WH* are tangent, as t — —oo, to the
eigendirection corresponding to the leading eigen-
value 7}

In W7 there exists an (m — 2)-dimensional
strong-stable manifold W?* such that all orbits of
WE\W?* have a shape of spirals which tend to O; as
t — oo approaches the two-dimensional eigenspace
corresponding to the pair of leading eigenvalues
(AL, N,

Assume that

(E) the orbits I'; and I'y do not lie in the subman-
ifolds W* W$* and W3, W7, respectively.

This assumption means that the orbits I'; and I’y
leave and enter the saddle-foci O; and O; along
eigenspaces corresponding to the leading eigenval-
ues (Fig. 5).

The next (and final) assumption is necessary
for the presence of the three-dimensional global in-
variant manifold (as well as Condition (E)). De-
note by EfT ¢ R™*! and E}* C R*2, (i =1, 2)
the eigenspaces of the linearization matrix of the
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Fig. 5. Condition (E) means that, at 4 = 0, the separa-
trix I'; (i = 1, 2) leaves O; along the eigen-direction cor-
responding to the leading characteristic exponent v = ;.
The separatrix I'; (j = 3 — i) enters O; approaching the
two-dimensional eigen-plane corresponding to the complex-
conjugate leading characteristic exponents A} and )\?.

Y

Fig. 6. There exists a C'-smooth invariant manifold M+,
containing W/, which is tangent at O; to the eigenspace cor-
responding to characteristic exponents A™,..., A}, vi. The
manifold M{* is not uniquely defined, but any two of such
manifolds have a common tangent everywhere on W7. The
strong-unstable manifold W** is uniquely embedded in a
smooth invariant codimension one foliation F* on WQ.

Fig. 7. There exists an invariant C'-manifold M:‘+, con-
taining W}*, which is tangent at O; to the eigenspace corre-
sponding to the characteristic exponents A2, A}, v,...,+F.
The manifold M is not unique, but any two of them have a
common tangents everywhere on W*. The strong-stable sub-
manifold W;* is uniquely embedded into a smooth invariant
codimension two foliation F? on W¢.

system Xy at the point O; which correspond to the
eigenvalues ™, ..., AL 4} and M2, Al 9t ... 90,
respectively. It is well known [Hirsh et al., 1977]
that there exists an invariant Cl-smooth manifold
M?" tangent to Ef* at O; (Fig. 6). The mani-
fold Mf* contains W§. It is not uniquely defined
but any two of them have the same tangent at each
point of W#. Analogously, there exists an invariant
C'-manifold M}t tangent to E'* at O;, contain-
ing W and possessing a uniquely defined tangent
at each point of W}* (Fig. 7).

Moreover, it is known that the strong-unstable
submanifold W}* is uniquely embedded into the
smooth invariant foliation F* on the manifold W}
(Fig. 7), and the strong-stable manifold W;* is
uniquely embedded into the smooth invariant fo-
liation F¥ on W (Fig. 6). We require the following
condition to be fulfilled.

(F) At each point of I'y the manifolds M5 and
Mp* are transverse to the leaves of the foli-
ations, respectively, F}' and F3, and at each
point of I’y the manifolds M+ and M3+ are re-

spectively transverse to the leaves of F}
and F}.
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Note that Condition (F) must be verified only
at one point on I'; and at one point on I'y, because
the manifolds M**, M* and the foliations F, F?
are invariant with respect to the flow defined by the
system Xp. It should be noted also that the dimen-
sion of the manifold M} (M) and the dimension
of the leaves of the foliation F} (respectively, F*)
complement each other. It means that Condition
(F) is a condition of a general position as well as
Conditions (A), (D) and (E).

By the methods of Turaev [1984], Shashkov
[1991], Homburg [1993], and Sandstede [1994] where
analogous results were proved for some different
types of homoclinic loops and heteroclinic contours,
the following theorem can be established (we post-
pone the proof for a forthcoming paper [Shashkov
et al., 1995])

Theorem 2.2. If Conditions (A’), (B), (E), (F)
are fulfilled, then there exists a small neighborhood
U of the heteroclinic contour C such that, for all
p small enough, the system X, has a three-
dimensional invariant Cl-smooth manifold M,
smoothly dependent on u and such that any orbit
not lying in M3, leaves U as t tends either to +o0o
or to —oo. The manifold M, is tangent at the point
O; to the eigenspace corresponding to the leading

characteristic exponents (A}, A2, }).

By this theorem the study of multi-dimensional
systems satisfying Conditions (A')—(F) is reduced
to the study of the three-dimensional system on
the invariant manifold M. Evidently, the reduced
system satisfies Conditions (A)—(D), therefore,
the main Theorem 2.1 holds true for the multi-
dimensional case.

3. Poincaré Map

According to the reduction Theorem 2.2 we may
restrict ourselves to the three-dimensional case. In
a neighborhood of the saddle-focus O; there can be
introduced local coordinates (z;, yi, 2;) such that
the system X, takes the form

T =YX+ -
Yi = —ouyi —wizi + (3.1)
Zi = wilYi — izt

where dots stand for nonlinearities. Here v; > 0,
a; > 0 and w; > 0. By Condition (C) we have

-0 +7: <0. (3.2)

The stable manifold W of O; is a two-
dimensional surface which, when p = 0, is tangent
to the plane z; = 0 at the point O; = (0, 0, 0). This
means that W is locally the graph of a C'-function

T; = m;(yia Zi, /1/) (33)
where

0z (y; Ty
24(0,0, ) =0, 2ZEWo Z k) =0.
a(yl’ z'i) (yi,z,-,u)=0
(3.4)
The unstable manifold W;* of O; is locally the
graph of a C!-function

(%3, z1) = (¥ (zi, 1)y 2 (2iy 1)) (3.5)
where

(yzy(ov /")) zzy(07 N)) =0,

a(y;‘(xi) /-”), z;y(xi’ /l')) =90. (36)
3.’I:i (zi,18)=0

The manifold W consists of three orbits: the
saddle-focus O; and two separatrices one of which
is the orbit I'; connecting O; and O; (j = 3 — i)
at 4 = 0. Without loss of generality we assume
that the orbit T'; leaves O; tangent to the positive
T;-axis.

In this case, if 6 > 0 and z; > 0 are small
enough, then the surface

Sfut.:{(xi, Vi, z,~)|:ci=x,~_, ”'yi - yi_> Zy — Z:H S‘S}’
(3.7)

is, for small u, a cross section for the orbits close
to T';; here (z;,y; , 2; ) is the point of the first
intersection of I'; with the plane z; = x; .

At u = 0, the orbit I'; tends to O; (j = 3—1) as
a spiral intersecting the plane z; = 0 in a countable
sequence of points accumulating at O;. Take one of
these points with the coordinates (z}, y7, 0). The
surface

8; = {(z5, ¥j» %)12; = 0, |lzj — =, y; — y;ll < 6}
(3.8)

is a cross section for the orbits close to I'; if § and
u are sufficiently small.

Thus, we have constructed four cross sections:
Sf“t and S; to the separatrix I'; and Sg"t and S1.
to the separatrix T's. The surfaces S; and S{¥ lie
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in a small neighborhood of O;, and the surfaces S;
and S§*¢ lie in a small neighborhood of Oy.
Let us introduce a coordinate u; instead of the
coordinate z; on S; such that
Ui = Ti — mf(yi, 0, /-l’) . (39)
The intersection of the stable manifold W7 with S;
is the line {u; = 0} which divides S; into two parts:
S;" = {u; > 0} and S; = {u; < 0}. We will also
use the notation S? for the line {u; = 0}.

On the cross section S7% we introduce coordi-

nates (v?*, wg**) such that

out

W=y -yl (@, p), wit =z 2 (a0, ).

(3.10)

The coordinates of the point of the first intersection
of T; with S are now (vf¥t = 0, wi*t = 0).

We study bifurcations in a small neighborhood
U of the heteroclinic contour C = O; UO, U1 UT,
which exists at 4 = 0. Any orbit that stays in U
for all times intersects one of the cross sections S;
at least once. This intersection point cannot lie be-
low W (in the region S; ), because the orbit would
leave U in this case. If the intersection point be-
longs to W7 (i.e., if u; = 0), the orbit is asymptotic
to O;. If, finally, the coordinate u; of the intersec-
tion point is small and positive, the orbit will pass
near O; and intersect the cross section S¥* (the
smaller the starting value u;, the closer is the inter-
section with S2* to the point (v{* = 0, w®t = 0)).
After that, the orbit will pass near the orbit I'; and
intersect the cross section S; (j = 3 — ¢) near the
point G} =T'; N Sj.

Thus, the flow near the heteroclinic con-
tour C defines a pair of the half-Poincaré maps:
Ty : St — Sy and Ty : S§ — S;. Moreover, dy-
namics near the contour is completely determined
by behavior of their superposition 7507} (or T}0T%).
Since limy,_, 4o T3(ui, ¥;) = G, we may assume
Ti|u,-=0 = G: .

The main result of this section is given by
the following lemma which, mainly, says that the
maps T; are contracting. If the system were at
least C?, this result would follow from Shil’nikov
[1963]. We have to consider the C!-smooth case
because the invariant manifold in Theorem 2.2 is, in
general, only C!. Correspondingly, the reduced
three-dimensional system may be only C! also,
independently of the smoothness of the initial mul-
tidimensional system.

Lemma3.1. The half-Poincaré map T; : (ui, y;) —
(uj,y;j) can be written in the form
wi — i = filui, Ui
T, :{ j M Filwiy 93, 1) (3.11)
i — ui(w) = gi(ui, ¥i, 1)

where the functions fi, g; are C! with respect to
(ui, yiy ) at all small u; > 0, the function y; de-
pends smoothly on u, and the following identities
hold

gi(ui =0, Yis ll') =0,
(3.12)

filui =0, i, ) =0,

a(fh gi)

— =0. 3.13
Ha 'U'za Yis ,u,) ( )

u; =0

Proof. The map T; is the superposition of two
maps: Tj; acting from S;° to S and T;; acting
from S?* to S; (j = 3 —¢). The flight time from
St to S; is bounded, therefore, the map Tj; :
(2%, wZ*) > (uj, y;) is a diffeomorphism and it
can be written in the form

uj — ul pout
T..:{(J J):A-(" )+
1 yj—y; 1 w;mt

where (u7, y;) are the coordinates of the point G} =
I';NS; which depends smoothly on ; dots stand for
nonlinear terms. The matrix A; is non-degenerate,
i.e., det(A4;) #0.

By definition, the value uj is the splitting pa-
rameter for the orbit I'; (see Fig. 3). Condition
(B) that guarantees the existence of the heteroclinic
contour C' at p = 0 implies that ] =0 and u3 =0
at 4 = 0. Condition (D) of the transversality of the
two-parameter family X, to the codimension two
bifurcational surface means that the Jacobian

O(ui(p), u3(p))
dt” (p1, p2)

(3.14)

p=0

is not equal to zero. Therefore, without loss of gen-
erality we may assume

ui(p) = m, up(p) = pa. (8.15)

Formula (3.14) for the map T;; is now rewritten as

u; — pout
T-‘:{( 3~ Kj )=A-< g )+ 3.16
Wy — gy () P\ wt (3.16)
where y7(u) is a smooth function of p = (u1, p2).
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The study of the map Tj; is not so easy be-
cause the flight time from S; to S is unbounded
(it tends to infinity when the starting point tends
to the stable manifold W). The regular method
of the study of such kinds of maps near a saddle
equilibrium state is based on the solution of the so-
called Shil’nikov problem which can be formulated
in our case as follows:

For given 7 > 0 and small z}, 42, 22, to
find an orbit {z;(t), y:(2), 2:(t)}, lying in
a small neighborhood of the equilibrium
state O;, such that z;(t) = =z}, 4i(0) =
y?, 2:(0) = 20.

According to Shil’nikov [1967], the unique solu-
tion of this boundary-value problem exists for any
7 > 0 if z}, y? and 2? are sufficiently small. More-
over, the solution depends smoothly on the data
7, z}, 99, z? and p. In other words:

There ezist smooth functions X;, Y; and
Z; such that the orbit which, at t = 0,

If we fix x} = 27 and 2? = 0, the last two
equations of system (3.17) will give us the map
T;; : S;" — St where 7 should be expressed from
the first equation of system (3.17) as a function of
(9, ¥?) € S;" and u:

¥ =Yz, ), 0, T(20, 4P, 1), 1),

t 0 0,0 (3.18)
z;m = Zi(z:? ¥i, 0, T(xi’ Yis l")7 )
where
o) = Xi(e7, 99, 0, (ad, v9, w)y ). (3.19)

We will show (formula (3.35)) that %—)ﬁi # 0.
Therefore, the flight time 7 can be found from
Eq. (3.19) instead. Notice the relations which
follow from Eq. (3.19):

o _ (Bi)
8:1:? “\ or ’

starts with a point (x, y, z0) reaches a or _ (9X:\ 7' 0X; (3.20)
point (x}, y}, z}) at t = 7 if and only if E A (’57) ENR :
o} = Xi(zi, o, 4 o 1) or __(%)—1%
v =Yi(el, o), 2, o), (3.17) Op or /]  Ou
2t = Zi(xl, 49, 20, 7, ). By Egs. (3.18) and (3.20)
|
Ay, ) _ (i, Zi) ot _ AN, Zi) (3Xi)—1
9z? T ar o) or or ’
By, 20 oYy, Zi)  O(Yi, Zi) O _ 8(Yi, Zi) Yy, Zi) (9X:\ ™! 9X: 3.91
BT et Yo = ap o \ar) apr O
Vs Yi T Oy Y; T g Ys
o™, ™) _ 0¥, Zi) | OV, Zi) 81 _ 0(Yi, Z)) _ 3(Y;, Zi) (6%)‘1 8Xi
du T O dr du O or or op

out ,out
We will show that all the derivatives %u—;
have a limit as the flight time 7 tends to ihﬁnity.

Moreover

007, 22

rotoo 9(a}, 17)

=0. (3.22)

Note that the limit 7 = +oo corresponds to the
starting point on the stable manifold W, or, what
is the same, to the coordinate u; = 29 —z3(y?, u) of

the starting point equal to zero. Thus, the presence
(shown below) of a finite limit for the derivatives as
T — 400 means that the map Tj; remains smooth
for all small u; > 0. The same holds true for the
superposition T; = T;; o Tj; (since the map T;; is
smooth, see above). This is the first part of the
statement of the lemma.

The second part of the lemma consists of iden-
tities (3.12), (3.13). Formulas (3.12) follow from

the definition of 4; and y}(u): as the coordinate u;
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of the starting point tends to zero, the image of the
point by the map T; tends to the point G} =I'; N
S; whose coordinates are, exactly, (u:, y7(p)). To
prove identities (3.13), note that since the functions
fi, gi vanish identically at u; = 0, their derivatives
with respect to y; and u also vanish (their existence
is given by the first part of the lemma). As for
the vanishing of the derivative with respect to u,,
it follows from the vanishing of derivatives of Tj;
(formula (3.22)) and from the boundedness of the
derivatives of T;;.

To complete the proof of the lemma, we need,
thus to obtain suitable estimates for the deriva-
tives in Egs. (3.21). Note that the solution of the
Shil’nikov problem is found as a fixed point of some
integral operator which is defined and uniformly
contracting for all 7 > 0, including 7 = +o00 (see
Shil’nikov [1967]). Therefore, all derivatives in the
right-hand side of formula (3.21) have a finite limit
as 7 — 400 and it is, therefore, sufficient for our
purposes to prove that

O 20

Jim =g =0 (3.23)

and

lim (3.24)

T—+o0  OT

oY;, Z;) (3Xi)_1
=0
or
We use the following result which can be

extracted from Shil’nikov [1967]:
The functions X;, Y; and Z; satisfy the

estimates
oxX; (Y;, Z:) ,
< Be=(=01 v < Be— (=6
3at ” a0, )| <P
xX; oY, Z;)
Tt | <B, [|Z-4Z<p,
|a(y1,) z”"’) a(m‘}’p’)

(3.25)

where B and £ are positive constants; moreover, £
can be made arbitrarily small by diminishing the
size of the neighborhood of the equilibrium state
where the considerations are carried out.

Note that Eq. (3.23) follows immediately from
the upper right of inequalities (3.25). Therefore, it
remains to prove only relation (3.24).

To find estimates for the derivatives of X, Y;,
Z; with respect to 7 we use the following trick. Note
that if {z;(t) y,(t) zi(t)} is the orbit that starts
with the pomt (x9, 49, 2)) at ¢ = 0 and passes

through the point (z}, ¥}, 2}) at t = 7, then the evi-
dent identity follows from the deﬁnltmn of functions
(Xi, Yi, Z;) as the solutions of the boundary-value
problem (see Eq. (3.17)):

Xi(zi(r + A7), 02, 22, 1+ AT, p) = 20,

Yi(a}, 4i(=A7), z(=AT), T+ AT, p) = y;

Zi(x}, yi(—AT), z(—AT), T+ AT, p) = 2}
(3.26)

The differentiation of Eqs. (3.26) with respect
to A7 at At = 0 gives us the following identities:

0X; _  0X;
—(_9;' 6 1-'1:z|t =r (327)
and
or a(yl . 29) (yu zi)|t=o0 - (3.28)
Now, by (3.25) we have
o, Z:) _ ~(ei=&)T
5 = Ole )—0 (3.29)
as T — +o00.

Note that all the time that the orbit {z;(¢),
yi(t), zi(t)} lies in a small neighborhood of the equi-
librium state O;, the following estimate holds

O(xi(t), y:(t), 2i(t))
oz?

a(xz (t)a Yi (t)a 2 (t))
oz

dt
30)

S(’Yi+6)|

due to the fact that the spectrum of the lineariza-
tion matrix of the system at the point O; lies to the
left of the straight line Re(-) = ~; on the complex
plane; here € > 0 is some small constant. Inequality
(3.30) implies that

ax,(t)

’L

< Byelmitelt (3.31)

for some constant B;.
By differentiating the equality

.’L‘? = Xl(wzl’ yzpa Z?a T, N) = X,'(.'L‘,;(T), y?’ Z'?a T, ,u) )

we have
0X; Ox;
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This means that

0X;
55}- #0 (3.33)
and, by (3.31),
0X; 1 :
—_ > — —(71+5)T_ .
51| 2 B¢ (3.34)

Since the orbit {x;(t), yi(t), z:(t)} intersects the
cross section SY%* : {z; = ;" } transversely at t = 7,
it follows that &;|;=, # 0. Therefore, by (3.33) and
(3.27)

X,
or
and, due to (3.34), (3.29),

#0 (3.35)

oY;, Z:) (3Xi
or or

Condition (C) guarantees (see (3.2)) that —o;+
vi+e+& < 0if € and ¢ are sufficiently small. Thus,

-1
) — Ol HTHeOT) | (3.36)

out ’_:-_
S, 4
e
»
de.
o e e
g dl\"
/ 1
[
0O,

estimate (3.36) implies relation (3.24), which gives
the lemma. ®

The proven lemma establishes that the deriva-
tives of the right-hand sides of the half-Poincaré
maps T; are small for sufficiently small values of
u;; 1.e., these maps are contracting and the contrac-
tion constant ¢ can be made arbitrarily small if the
size of the neighborhood of the contour under con-
sideration is taken to be small. We will show in
the next section that the contractivity of the half-
Poincaré maps imposes strong restrictions on the
dynamics near the contour. Besides the contractiv-
ity, we will also use the following evident property
of these maps:

The Spiral Property. If the starting point
(us, ;) on S{" approaches the stable manifold W}
(i.e., if u; — 40), then its image (u;, y;) by the map
T; tends to the point G} (uj, yj) = I'; N S; along a
spiral-like curve (see Fig. 8).

S 4
LR O

Fig. 8. When the initial point P € S; tends to the stable manifold (staying in S;), the image of the point under the action

of the map Ti1 traces a spiral on the cross section S¢*¢

which is mapped onto a spiral on S; by the map Ti2.
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Note that the spiral property holds indepen-
dently of the behavior of the coordinate y; of the
starting point and of the parameters y (they are
assumed to change in some continuous way). This
property is a simple consequence of the fact that
the characteristic exponents (A}, A?) corresponding
to the coordinates y; and z; have a non-zero imag-
inary part (Im)\! = w, ImA\? = —w). To prove the
property, let us introduce the coordinates

vi =y — Y (xi, )y, wi =2 — 2 (x, p)  (3.37)
in a small neighborhood of O;, where (y;, z;) =
(¥ (ziy p), 2¥(zs, p)) is the equation of the local
unstable manifold W} (see Eq. (3.5)). In the new
coordinates W takes the form (v; = 0, w; = 0).
Since it is an invariant manifold, we have that (v; =
0, w; = 0) at (v; = 0,w; = 0). Thus, we can write
(see (3.1))

(% (az + )Uz (wz + )wz y (3.38)

W = (wi+ v — (o + - Jwi

where dots stand for terms vanishing at the origin.
For the polar angle ¢ = Arctan (w;/v;) and for

the polar radius p = 4/v? + w? we have

. w
p=wt+-> §>0,
(3.39)
P o
—=—-a+ < —-=>0
p 2
and w
<P1 >‘p0+_7-a
2 (3.40)
pl <pOe—-%‘r

where (¢ = 9%, p = p°) corresponds to the starting
point on S;" and (¢ = ¢, p = p!) corresponds to
its image on S?** by the map Tj;. If the starting
point tends to W7, the flight time 7 tends to infin-
ity. According to (3.40), the image of the starting
point traces a spiral on S?*!. Since the map Tj; is
a diffeomorphism, this spiral is moved by T;; in a
spiral also, which was to be proved.

4. Some Lemmas

In this section we will prove a number of inter-
mediate statements based on Lemma 3.1 of the
previous section. As mentioned, identity (3.13) im-
plies that, if the size of the cross section S; is suf-
ficiently small, the half-Poincaré map T; is strongly

contracting, i.e., for any two points P, € S}t U S?
and P, € St U S?

dist(T;(P1), Ti(Py)) < gdist(Py, P2),  (4.1)
where the constant ¢ can be made arbitrarily small
if the u;-coordinate is small for the points P; and
P,.

The contractivity of the maps T; imposes strong
restrictions on the dynamics of the system X, in
a small neighborhood U of the heteroclinic con-
tour C. For instance, if there exists a periodic or-
bit, it must be attractive; i.e., all its multipliers
must lie inside the unit circle because the Poincaré
map near such an orbit is exponentially contracting
as a composition of the exponentially contracting
maps 11 and T>. Moreover, the periodic orbit must
be single-round (i.e., homotopic to C in U). The
last assertion follows directly from a more general
statement:

Lemma 4.1. If an orbit of X, stays in U for all
positive times, then it tends either to one of the
equilibrium states O; or to an invariant set homo-
topic to C in U: a single-round periodic or homo-
clinic orbit, or the heteroclinic contour C itself (the
latter if p = 0).

Proof. The orbit under consideration intersects the
cross sections S; and S2 in a sequence of points
P, B,...

T1Pog_1 = Py € Sy, Ty Por, = Popy1 € 57

If the orbit does not tend to the saddle-foci O; and
O3, then the sequence is infinite. By the contractiv-
ity of the maps T and T; the sequence dist( Py,
P;) decreases as a geometric progression. There-
fore, there exists a unique limit point P(1) =
lim Pyr1y € S and a unique limit point P =
limg o0 Por € Sz. Evidently, P = T3 P(1) and
PO = 7,P? e, P is a fixed point of the
Poincaré map T o Tj. Hence, if P(V) ¢ Wi and
P2 g W3 ., then the orbit passing through P
comes to P{1) again after one round in U. This
means that it is a single-round periodic orbit. Oth-
erwise, if P € W _and P® ¢ W, or P® €
W5 and P ¢ Wi | then it is a single-round ho-
moclinic orbit. If, finally, P(V) ¢ W¢ _ and P® ¢
W3, then PO = Ty(S9) = Gj and P® =
Ti(S?) = G where S = S;NW; and G} is the
point of the first intersection of the separatrix I';
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with S;. We got that GT € W3 . and G5 € W},
which means that (u;,p2) = 0 and the separatrices
compose of the heteroclinic contour C. This com-
pletes the proof. H

The proven statement implies, in particular,
that the only recurrent orbit in U (except for the
equilibrium states O; and O2) can be a single-round
periodic orbit. Note that this orbit is unique be-
cause it corresponds to the fixed point of the
Poincaré map which is contracting and which
cannot have more than one fixed point therefore.
By the same reason, the periodic orbit cannot co-
exist with a homoclinic loop or with a heteroclinic
contour. Note also that a homoclinic loop in U must
also be single-round and unique: any point of inter-
section of the homoclinic loops with S; is a periodic
point for the Poincaré map T, o 7 and, since the
contracting map cannot have more than one peri-
odic point, it follows that the homoclinic orbit in-
tersects S; only once. Analogously, if a heteroclinic
contour exists in U, it can coexist neither with ho-
moclinic nor with periodic orbits and it, moreover,
must also be a single-round, i.e., the system can
have a heteroclinic, contour only at u = 0.

Lemma 4.2. Any orbit that stays in U for all times
lies in the closure of the set 'y UTs.

Proof. Denote as {I';} the set of points of intersec-
tion of the separatrix I'; with the cross sections S;
and Sy. Note that {I';} N Sy contains, at least, the
point G7 and it is therefore not empty. Analogously,
{T3} N'S; # 0. For any point P € S; there can be
defined a distance to the set {I'1} U {T'2}:

dist (P, {1} |J{T2}) =
For any point P € S}t U S? the following in-
equality holds

dist(Z;(P), {T'1} U {T'2}) < gdist(P, {T1} U {I2}).
(4.2)

Indeed, let G be an arbitrary point in {I'; } U {T'2}.
It follows from (4.1) that if G € S}t U S?, then

dist(T(P), T:(G)) < gdist(P, G). (4.3)
If G € ST, then dist(P, S?) < dist(P, G), and
dist(T3(P), GT) = dist(Ti(P), Ti(S}))

< qdist(P, S9) < qdist(P, G)
(4.4)

inf dist(P, G).
Ge({I1}u{l})NS;

where G =T;NS; (j = 3 — i). Inequalities (4.3),
(4.4) imply (4.2).

Let some orbit stay for all negative times in the
neighborhood U. Suppose that the orbit does not
coincide with the equilibrium states O, O2 or with
separatrices 'y, I's (otherwise, the lemma is trivial).
In this case a backward semi-orbit intersects the
cross sections S; and S» infinitely many times. Let
P; be the sequential points of the intersection: Py; €
S1, Paiy1 € Sa,

plp&fip X .
By (4.2)
dist(Py, {T'1} U{T2}) < ¢*dist(P;, {T1} U {T2}).

Since ¢ < 1 and since ¢ can be taken to be arbi+
trarily large whereas dist(P;, {I'1} U {I'2}) remains
bounded for any i, it follows that

diSt(P(), {Fl} U {F2}) =0. (4.5)

which gives the lemma.

This lemma shows that the behavior of the or-
bits of the system X, in U is determined by the
behavior of the separatrices. In particular, if there
exists a periodic orbit in U, then at least one of
the separatrices tends to it as ¢ — 4+-o00. Summariz-
ing the results above we obtain the following list of
possible types of behavior of orbits in U.

Lemma 4.3. Let N be the set of all orbits lying
in U entirely. At p = 0 the set N coincides with
the heteroclinic contour C. If u # 0, then the set
N\{O1 U O3} can consist of

1. no orbits (in this case both separatrices I'y and
Ty leave U) (Fig. 9);

2. a single-round periodic orbit Il and two separa-
trices T'y and 'y tending to I1 (Fig. 10);

3. a single-round periodic orbit II and one of the
separatrices that tends to K (the other leaves U)
(Fig. 11);

4. g single-round periodic orbit I1, one of the sepa-
ratrices that tends to Il and the other separatriz
that forms a heteroclinic connection (Fig. 12);

5. a single-round homoclinic loop formed by one of
the separatrices T'; (the other leaves U) (Fig. 13);

6. a single-round homoclinic loop formed by one of
the separatrices I';, and the other separatriz that
forms a heteroclinic connection (Fig. 14);
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Fig. 9. The separatrices I'y and I'; leave the neighborhood
U.

Fig. 10. The separatrices I'y and I'; tend to a single-round
periodic orbit.

7. a single-round homoclinic loop formed by one of
the separatrices I'; and the other separatriz that
tends to the loop (Fig. 15);

8. one orbit of a heteroclinic connection (the other
separatriz leaves U) (Fig. 16).

Proof. At p = 0 the closure of the set I'y U5 is the
heteroclinic contour C. Therefore, V = C in this
case by virtue of Lemma 4.2.

Fig. 11. The separatrix I'; tends to a periodic orbit, and I';
leaves U.

Fig. 12. The separatrix I'1 tends to a periodic orbit and
the separatrix I'; forms a heteroclinic connection (this is
a schematical picture: in general, the connection may be
multi-round).

Now let 4 # 0. If both separatrices leave U
(in particular, this takes place if both #y < 0 and
p2 < 0), then N\{O1 U Oz} = 0 by Lemma 4.2.
This corresponds to item 1 of the present lemma.

If one of the separatrices (say, I'1 ) does not leave

U, then, by Lemma 4.1, it may

1. tend to a single-round periodic orbit,
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O,

Fig. 13. The separatrix I'; forms a single-round homoclinic
loop, and the separatrix I'; leaves the neighborhood U.

Fig. 14. The separatrix I'; forms a homoclinic loop, and Iy
forms a heteroclinic connection.

2. tend to an equilibrium state and form a single-
round homoclinic loop,

3. tend to an equilibrium state and form a hetero-
clinic connection,

4. tend to a single-round homoclinic loop formed
by the other separatrix.

In the last case of this list the closure of the set
I'1 ULy consists of the orbits Oy, Oz, I'1 and I'y. By

Fig. 15. The separatrix I'; forms a homoclinic loop and the
separatrix I'; tends to the loop.

Fig. 16. The separatrix I'; leaves the neighborhood U and
the separatrix I's forms a heteroclinic connection.

Lemma 4.2, the set N equals to {O;, Og, T'1, T's};
this corresponds to item 7 of the present lemma.
If the separatrix I'; forms a heteroclinic con-
nection (Case 3 of our list), the other separatrix
may, by Lemma 4.1, tend to a single-round peri-
odic orbit, or tend to an equilibrium state and form
a homoclinic loop, or it may leave U (it cannot
form another heteroclinic connection because there
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cannot be heteroclinic contours at u # 0). This
corresponds, respectively, to items 4, 6 and 8 of the
present lemma.

If the separatrix I'; forms a homoclinic loop
(case 2 of the list), the other separatrix may tend
to the homoclinic loop (item 7 of the lemma), or
tend to an equilibrium state and form a heteroclinic
connection (item 6), or it may leave U (item 5).

If, finally, the separatrix I'; tends to a periodic
orbit IT (case 1 of the list), the other separatrix may
also tend to II (item 2 of the lemma), or it may form
a heteroclinic connection (item 4), or it may leave
U (item 3). We considered all possibilities and the
lemma is proved. W

Note that items 1-3 of the lemma correspond to
the case where the system X, is structurally stable
and it is structurally unstable in the other cases.
Thus, we have

Corollary 4.1. The bifurcation set of the family
X, is composed of those p for which:

1. the separatriz T'; forms a single-round homoclinic
loop to the equilibrium state O; (we denote the set
of such p’s as L;);

2. the separatriz T'; leaves O;, makes k rounds in U
and enters O;; t.e., it forms a k-round hetero-
clinic connection (we denote the set of such pu’s
asCl,i=1,2,=3—-1,k=0,1,...).

In the next section we will show that all these
sets are non-empty and study the structure of these
sets.

5. The Construction of the
Bifurcation Set

Consider the sequence {I';} of points at which the
separatrix I'; intersects consequently the cross sec-
tions S; and S3. The points of this sequence will be
denoted as G1, G?,... (we used the notation G? for
the first point G} in the previous sections). By defi-
nition, the points G}, G?, G3,...liein S; (j = 3—1)
and the points G?, G4, G¢,... lie in S;. Here,
GIH =T(GF), GF =Ty(GF™).

The sequence {I';} may be infinite and in this
case all points {G}, G,...} lie in S U S5, or it
may be finite and in this case the last point in the
sequence belongs to S? U ST or to S§U S, and the

other points lie in Sf' U S;’ . In principle, one can
imagine the case where the last point lies in S;rUSS,
but sufficiently high, so that it does not belong to
the neighborhood U. The following lemma shows
that it is impossible for small .

Denote ||p|| = max(|pal, |p2l)-

Lemma 5.1. The set ({T1}U{T2})NS; (i=1,2)
lies in the open disk with the radius ||u|| and with the
center at the point G5 (j = 3—1); i.e., dist(P, G}) <
|| for any P € ({T1}U{T2}) N S;.

Proof. The points G} = G} themselves belong to
these disks. Let some point G (s > 1) belong to
such a disk. For more definiteness, assume that the
point G} lies in S;. Then,

dist(G3, S%) < dist(G3, S9) + [|ull < 2/ul

(by definition, dist(G3, S?) = pa < |lg|l). If the
point G is not the last in the sequence {I';}, then,
by the contractivity of the map 7 (formula (4.1)),
we have

dist(Gi+', G7) = dist(T1(GY), T1(8Y1))

< qdist(GS, S < 2qllull < |l

if g is taken less than 1/2. In other words, the next
point Gf"'l also belongs to the open disk with the
radius ||p|| but, now, with the center at the point
G7. This, by induction, gives the lemma. B

According to this result, in the region {us >
0, u2 > p1} none of the points of {I'1} U {T'2} can
lie on S9. Therefore, in this region neither the sep-
aratrix I';, nor the separatrix I'; can belong to W3.
Thus, in this region on the parameter plane, there
is no parameter values corresponding to heteroclinic
orbits going from O; to Os, or to a homoclinic loop
of O2. Analogously, in the region {u1 > 0, p1 > po}
there is no parameter values corresponding to het-
eroclinic orbits going from O; to O;, or to a homo-
clinic loop of 0.

We see that in the region {us > 0, pa > p1}
there may exist only the bifurcation sets L; and
Ck (k=1,2,...) corresponding, respectively, to a
single-round homoclinic loop of O; and to hetero-
clinic orbits connecting O3 and O;. In the region
{#1 > 0, 1 > po} there may exist only the bifur-
cation sets Ly and Cf, (k =1, 2,...).

As we mentioned in the previous section, no bi-
furcations happen in the region (u; < 0, y2 < 0)
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because there both separatrices leave the neighbor-
hood U. The rest of the parameter plane is divided
by the line u; = po into two parts, and we may
restrict ourselves by the study of the part {u2 >
0, p2 2 p1) due to the symmetry of the problem.

The bifurcational curve L; is easily found.
The corresponding homoclinic loop exists if (and
only if)

G? = Ty(G}) € 8.

By Lemma 3.1, this is equivalent to the equality

(5.1)

Since f, tends to zero along with its first deriva-
tives as pu2 — +0, this implicit equality is uniquely
resolved at all small py2 > 0 and it can be
rewritten as

p1+ fa(po, y3(u), 1) =0

p1 = hi(u2) (5.2)

where hi is a smooth function defined at all small
p2 > 0, and such that Ay — 0, ] — 0 as py — +0.

Moreover, if 41 < hy(u2), then the point G2 =
Ty(G?) lies below the line SY = §; N Wy _. There-
fore, the separatrix I'; leaves U in this case. If, oth-
erwise, ;1 > hy(pz), then the point G? lies above
the line SY. In this case, if u1 — hy(p2) is small, the
separatrix I'; tends to a single-round periodic orbit
which is born from the loop, according to Shil’'nikov
[1963]). Actually, the separatrix tends to the pe-
riodic orbit for all 3 of the interval (hi(us2), p2).
This follows from Lemma 4.1 because the separa-
trix cannot leave U when p belongs to this interval:
it cannot intersect S§ by virtue of Lemma 5.1 and it
cannot intersect S since in this case a multi-round
homoclinic loop would exist which is forbidden by
the contractivity of the Poincaré map (see the pre-
vious section).

Note the important property of the curve Lj.

Lemma 5.2. The graph of the function p; =
hi(p2), defining the bifurcational curve Ly, inter-
sects the line C9: w1 = 0 infinitely many
times; moreover, the sets {pa2|h1(n2) > 0} and
{u2|h1(p2) < 0} are both non-empty and consist of
an infinite number of intervals.

Proof. Fix p1 = 0 and let the parameter ji9 tend to
zero from the positive side. The coordinate ug of the
first intersection point G} = Gi of the separatrix
I'; with Sy is identically equal to p2. Therefore,
uy — +0 which means that G} — Sg as [g —
+0. According to the spiral property of the map
Ty (see Sec. 3), the point G? = T»(G}) winds as

a spiral to the point G5 = G} which belongs to
59 because u; = 0. Thus, the point G? = T»(G1)
intersects, as pa — 40, the line S infinitely many
times moving from S] to S; and back. Since the
condition G? = T3(G}) € S? corresponds to the
presence of the homoclinic loop, this completes the
proof.

We have studied how the separatrix I'; behaves
in the region {2 > 0, p2 > p1}. The behavior of I'y
is less trivial in this region. As we mentioned, when
u lies in the region {u2 > 0, pu2 > p1}, the separa-
trix ['s may form a k-round (k = 0, 1, 2,...) hetero-
clinic connection, i.e., it may make & rounds along
U and enter the equilibrium state O;. For instance,
at uy = 0, the orbit I'y forms a zero-round connec-
tion. Further efforts are aimed at the construction
of the bifurcational sets C& (k =0, 1, 2,...) corre-
sponding to such connections.

Suppose the orbit I's makes k& (k = 1,2,3,...)
rounds along U and intersects the cross section S
at some point. We have that [’y intersects the cross
sections S, and Sy consequently at the points G3,
G3,...,G¥, G*(Gs e S1ifs=1,3,5,...,2k+
l,and G3 € S if s =2,4,...,2k). W

Lemma 5.3. For the coordinates (u®, y*) of the in-

tersection points G5, (s =1, 2,...,2k + 1) the fol-
lowing estimate holds

where the constant (3 is independent of k and of s.

d(v®, y°)

i <8,

(5.3)

Proof. We have

Gt = Tu(G3) (5.4)
wherei =1ifs =1, 3,5,...,2k+1,(Gj € S1), and
i=2ifs=2,4,6,...,2k, (G5 € Sy).

Formula (3.11) for the map T; allows one to
rewrite Eq. (5.4) in the form

wt = i+ filu®, ¥5, ),
{ i + fi(u®, y°, ) (5.5)

Y =yr + gi(u, v°, b)),
By virtue of Lemma 3.1, the derivatives of the func-

tions f; and g; can be made arbitrarily small if the
neighborhood U of the contour is taken to be small.



Int. J. Bifurcation Chaos 1996.06:949-968. Downloaded from www.worldscientific.com
by IMPERIAL COLLEGE LONDON on 02/04/13. For persona use only.

On the Complez Bifurcation Set for a System with Simple Dynamics 965

Therefore, we can write

d(wtt, y ) 190k, 95) ‘3(1‘“ gi ”
du - ou
o(us, y ) d#
d(u®,y®
7|~ (5.6)

where K and ¢ are positive constants and ¢ can be
taken to be arbitrarily small. By induction, from
inequality (5.6) we get a uniform boundedness for
the norm

a(u’, y°)
dp
The lemma is proved. B

(5.7)

Lemma 5.3 is used in the proof of the following
result:

Lemma 5.4. If the set C¥ (k = 1,2,...) of the
parameter values corresponding to a k-round hete-
roclinic connection is not empty, then

1. the set C¥, is given by equation pu1 = h& (u2)
where hE, is a smooth function defined on some
open set D, of values of uy and the derivative of
Rk, is bounded by a small constant independent
of k;

2. the connected components of the domain DY, are
open intervals such that the corresponding con-
nected components of the curve C§ are ended
at points which belong to the set {U*=2 C35 N
Li} U{x = (0,0)};

3. the inequalities h§;(p2) < h1(u2), (s =0,1,...,
k —1) hold everywhere on D,.

Proof. Suppose that for some value of y the sepa-
ratrix I's forms a k-round heteroclinic connection.
In this case, 'y intersects the cross sections S

and Sy successwely at the pomts G2, G%,...,G%
G+l Here G3, G3,...,G3¥ € 57, G}, G2,Gg,
G2’° 'e st and G§k+1 € 59. By Eq. (3.11)

uH =y + fr(u®, g7, ),

and, since G2F*! ¢ §9,
i.e., we have

it follows that u2¢+1 = 0,

w1+ fa(u®*, 4%, 0) = 0. (5.8)

2k .2k
Note that the norm |42 | is small,
nce

df2(u2k7 y2k < "gfl
du — 9
8f2 d(u2k7 y2k)
“ O(u?k, y2k) dp  (59)

and the norms II%%H and ”a(T?’PFF)” are small by

virtue of Lemma 3.1 and the norm ||£i:’ﬂl| is
uniformly bounded by virtue of Lemma 5.3.

One can apply the Implicit Function Theorem
to Eq. (5.8) which gives that if Eq. (5.8) is fulfilled
for some p, then in a small neighborhood of this
point on the parameter plane the implicit relation
(5.8) is resolved and take the desired form p; =
h%, (u2) where the norm |Jﬂl| is small. This gives
item 1 of the lemma.

Let us write the condition u € C§, in the form

(T, o Ty)*G} € S9. (5.10)
Obviously, for the end point of a connected com-
ponent of the curve C§;, formula (5.10) remains
valid and, moreover, at least one of the points G3
(s = 1,2,3,...,2k) lies on the line S¢ (if s =
1,3,5,...,2k — 1) or on the line S (if s = 2, 4,
6,...,2k). By Lemma 5.1, in the region {u2 >
0, 2 > p1} which we consider here, the points G3
cannot lie on S§ (unless u; = 0).

Thus, at the end point, at least one of the points
G3,G3,G3,...,G%¥! lies on the line S?, i.e., the
separatrix I'; is an s-round connection for some s <
k — 1. The latter statement means that

(T, 0 T1)°G; € SY. (5.11)
Formulas (5.10) and (5.11) imply that (T} o T )*~*
(89) € 89, i.e., the separatrix I'; forms a homoclinic
loop.

Thus, we have proved that if the end point is
not the point g = (0, 0), then it corresponds to the
presence of an s-round heteroclinic connection (s <
k) formed by the separatrix I'; and a homoclinic
loop formed by the separatrix I'y. This gives item 2
of the lemma.

To prove item 3 consider a sequence of points
Gl, G?, G%,... defined by the rule: G' = G} (it
is the first point of intersection of the separatrix
['; with cross section S;) and G**! = T(G?®) if
§=2,4,6,...,and G*t! =T1(G*)ifs =1, 3, 5,..
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(the process is stopped if G° € §; or G* € S;). By
definition, if the separatrix I's does not form a hete-
roclinic connection, this sequence coincides with the
sequence {G3} of the points where I'; intersects Sy
and S,. If the heteroclinic connection exists, then
a point of this sequence lies on Sy and the sequence
is continued by the points of intersection of the sep-
aratrix I’y with S; and Ss.

Let (u%¢, y?°) be the coordinates of the point
G% € S? and let (u2*11, 425t1) be the coordinates
of the point G2**! € §1. By Eq. (3.11)

uPt =y + fo(u®, y%, p). (5.12)

We showed that the norm ”ﬁ}%yj”—”ln is uni-
formly small with respect to s, therefore

df2 (UZka y2ka ﬂ')
dp

du2s+l
—_—>1—
dpa

>0. (5.13)

This means that for fixed ps > 0 the coordinate
u2**! is an increasing function of p;.

Suppose now that there is a value p3, belonging
to the domain D§; of the function h%;, such that

h31(k3) > hi(p3)

forsome s =0, 1,...,k—1. For the parameter value
(p1 = h$,(u3), na = p3) the sequence G*,G2,...
is infinite. Indeed, since the separatrix I'y forms
an s-round heteroclinic connection, the point G?5*!
belongs to S). The image 715y is the point G}
where the separatrix I'; intersects S3. .Therefore,
the point G***2 in our sequence coincides with G}
(by definition, G?**2 = T1G?**1) and the successive
points in the sequence are the iterations of the point
G7. We proved that the sequence of these iterations
is infinite in the region us > py > hi(u2)?, but it
is the region to which the parameter value (u1 =
h31(u3), 2 = p3) belongs by virtue of (5.14)).

In particular, u?**1 > 0 for the given value of
p. Since u?**! is an increasing function of ui, we
get that u?**1 > 0 for py > h$;(u}). This implies
that the separatrix I'y cannot form a k-round hete-
roclinic connection for p; > h$;(u3).

If uy < h$,(u3), the value u?**! must be less
than zero (since it is equal to zero at pu; = h$;(p3)
and it must decrease when u; decreases). This

(5.14)

3If w2 > hi{2), then the separatrix I'; tends to a single-
round periodic orbit, and if uz = hi(uz), I't forms a loop
and the iterations of G form the infinite periodic sequence
Gi, T»Gy, Gy, T2G1, G1 . ...

means that the sequence G1,G?, ... cannot contain
more than (2s+1) points. In particular, we get that
the separatrix I's cannot form a k-round hetero-
clinic connection for p1 < h$;(p3) (because k > s).
We arrive at the contradiction: for the given u3
there is no value p; corresponding to the k-round
heteroclinic connection but p3 was supposed to be-
long to the domain of the function A%;. Thus, we
must conclude that inequality (5.14) does not hold.
The lemma, is proved.

Now we can prove Theorem 2.1. Evidently, the
bifurcation set C9; is the line p; = 0. We have also
established (see Eq. (5.2)) that the bifurcation set
L, is a smooth curve pu; = hy(p2)ug > 0 intersecting
the line py = 0 infinitely many times (Lemma 5.2).

To complete the proof of the theorem it is nec-
essary to construct bifurcation sets C¥, : {u; =
rE (u2)}, (k = 1,2,3,...). Let, for some k, the
following conditions be fulfilled:

1. the domain D% of the function h%; is not empty.
2. The graphs of the functions p; = hj{u2) and
p1 = hE (u2) intersect each other in infinitely
many points; moreover, the sets {p2|hi(u2) >
51} and {palh1(p2) < h$;} are non-empty and
both consist of a countable number of intervals.

(These conditions are fulfilled for £k = 0). Let us
show that these conditions are fulfilled for the value
(k + 1) (this, by induction, would give the theo-
rem). Let P = (4f, b)) and Q = (uf, pd) be suc-
cessive points of intersection of the curves L; and
C3, (which are given by the equations p; = h1(p2)
and p1 = h3;(p2), respectively). Assume that p} <
pd. It follows from item 3 of Lemma 5.4 that if
h1(p2) < % (u2)} on the interval (ub, u3), then this
interval does not intersect with the domains of func-
tions h%, for k' = k+1, k+2,...). Therefore, below
we will consider only the points P and @ such that
hi(p2) > h3;(u2) on the interval (pb, ul).

Let 1 = hi(u2), (o € L1) and let py tend to
ph +0 (to uf — 0). In this case, the u-coordinate of
the point G2¥*? of intersection of the separatrix T'y
with the cross section S; tends to +0.

According to the spiral property, the image
ng” = T1G§k+1 winds along a spiral curve to the
point G} = I'1 N S;. Since G} ¢ S9 here, the map
T; is a diffeomorphism near the point G7. Conse-
quently, the point G323 = ThGZ**? traces a spiral
on S; winding to the point T5G7 (Fig. 17). We take
parameters on the line L, corresponding to a single-
round homoclinic loop formed by the separatrix
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SEH ? O,

Fig. 17. When the initial point G € S} tends to the stable manifold (staying in S;), the image of the point under the action

out

of the map T}; traces a spiral on the cross section S7** which is mapped onto a spiral on Sz by the map T13. The map T3
transfers this spiral to the cross section S1. The image point winds now to the point on S7 where the separatrix I'1, that forms
a homoclinic loop for the given parameter value, intersects S;. Thus the image point intersects S infinitely many times.

I';. Therefore, the point TG} lies in S9. Accord-
ingly, the spiral behavior of the point G2k+3 means
that this point infinitely many times intersects the
line S moving from S; to ST and then to S again.

When the point G2¥*3 lies on S, this means
the presence of the (k + 1)-round heteroclinic con-
nection. Thus, we find that on the arc of the curve
L; which corresponds to p2 € (u}, nj) there exists
infinitely many points of intersection with the bi-
furcational set C4;™), i.e., the domain D% of the
function h¥f! is not empty and intersects with the
interval (uf, ul).

Let us show that the function h5f! is defined
for all pa € (uh, ). Indeed, it follows from item 2
of Lemma 5.4 that the end points of the domain of
h’;i” correspond to the end points on the graph of

h&F! which are some points of intersection of the

graph of the function h; (¢ € Ly) with the graph of
the function h3; (1 € C§;) forsome s =0, 1,...,k.4

By construction, the points P and @ are suc-
cessive points of intersection of the curves L; with
C¥,. This means that on the interval (uf, u3) there
is no other point of intersection Ly N C%,. Also,
we have that the interval (u5, ud) lies in the do-
main D5, of the function h%;. According to item 3
of Lemma 5.4, everywhere on the domain must be
h3; < hq for all s < k. Thus, the equality 23, = A1
is impossible on the interval (u}, 4d) and there are
no intersection points of L1NC3; (s =0, 1,...,k-1)
for pa € (4, pf).

“Evidently, the point g = (0, 0) is not the end points of the
graph of A%} because 0 ¢ (p3, p).
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Thus the function A5 is defined for all y, €
(45, nd). We have also already shown that the
graph p1 = RS (ug) (u € C5fY) intersects py =
hi(u2) (0 € L) infinitely many times and the
sets {pa|h1(ug) > h3f'(u2)} and {polhi(u2) <
R3] (uz)} are not empty and they contain both an
infinite number of intervals. The theorem is proved.

[ |
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