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1. (i)
(if)
Let

(i)
(iv)
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Define cos(z) and cosh(z) for a complex variable z =z + iy € C.
Show that cos(iz) = cosh(z).

1

ez —1"°

fz) =

Identify all the poles of f(z) and determine their nature.

Determine the first three terms of the Laurent series of f(z) about the point
z2=0.

2. (i) Let

(i)

(iii)

f(z) = Z K, 2",

n=—oo

where K, € C are constants.

Show by direct calculation that the integral

I = /Cf(Z)dz,

around the unit circle C with centre at the origin and positive orientation, is
given by
I = 2miK_, .

Let f(z) be a complex function. Consider the integral
I(R) = / %% £(2) dz
n

around the semicircle in the upper half-plane from (R,0) to (—R,0). Assume
k > 0 and that |f(2)] « R® for |z2| = R.

Show that limpg ,0 I (R) =0 when a <O0.

m

/2 )
You may use, without proof, Jordan’s lemma / g~ieml gy o R
0

Use contour integration to compute the integral

o) 1,2
J = dz .
/0 2+ 1)(z2+4)
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3. Dirac’s d-function is defined as follows
b
Vf € C%a, b], C) AVzo € (a, b) : / §(z — zo) f(z)dz = f(z0) .

(i) Show that
* dk
dim) = / — ethe
—oo 2T
(ii) Calculate the Fourier transform of sinzx.
(iii) Show that if the Fourier transforms satisfy

filk) = Falk)fa(k)

then the functions fi(z), fa2(z) and f3(z) are related as follows

fi(s) = /_°° fale — y) faly) dy

(iv) Assume the function f(z) satisfies the equation

2 oo
Hormi@ [ e ) = o)

dz? -

Express the Fourier transform of f(z) as a rational function of k.

4. (i) Show that any strongly convergent sequence is also a Cauchy sequence.
(i) Let  fn(z) = tanh(nz) € C°(R) withn € N.

Use the I3 norm to show that
lim fu -l = 0

where
1 for >0,

¢z} = {—1 for 2 <0.

Hint:  Consider the behaviour of fn(z) for n large.  Consider the two
cases £ >0 and z <0 separately.

(iii) Explain why the result in (ii) proves that C°(R) with the I, norm is not a
complete space.

iv) Let (z, denote a scalar product on a complex vector space S.
)
Show that |z|| = (x, z)'/? defines a norm on S.
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5. (i) Use calculus of variations to find the shortest distance between two points in
the plane.

(ii) Consider a function y(z) which satisfies
ylz) > 0 for —a<z<a,

y(z) = 0 for |z|>a.

Assume also that for a given specified length of the curve between (—a, 0) and
(a, 0) the function y(z) maximizes the area between the z-axis and the graph
of y(z). Use calculus of variation under the constraint to derive an equation
for y(z) and thereby show that for |z| < a the function y(z) is part of a circle
through (—a, 0) and (a, 0).

6. (i) Derive the Newton-Raphson algorithm .
(ii) Find to two significant digits the roots of the equation

cosh(z) + 2z = cos(z) .

(iii) Derive the trapezium rule.

(iv) Derive the first order Runge-Kutta iteration scheme for the equation

W = @),
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