Imperial College
London

[MP2 2009]

B.Sc. and M.Sci. EXAMINATIONS 2009

SECOND YEAR STUDENTS OF PHYSICS

MATHEMATICS - M.PHYS 2

Date Wednesday 3rd June 2009 10.00 am - 12.00 pm
DO NOT OPEN THIS PAPER UNTIL THE INVIGILATOR TELLS YOU TO.
Do not attempt more than FOUR questions.

A mathematical formulae sheet is provided

[Before starting, please make sure that the paper is complete; there should be 4 pages, with
a total of SIX questions. Ask the invigilator for a replacement if your copy is faulty.]

© 2009 Imperial College London



[MP2 2009]

1. (i) Show that tanh(z) is periodic along the imaginary axis and determine the pe-
riodicity.
(ii) Consider
f(2) =U(z,y) +iV(z,y).
Show that if f(z) is a differentiable function, then the contours curves of U and
V' are orthogonal in the zy-plane.

Consider the functions h(z) and g(z) defined by

h(z) = e“%(z —20)

g(z) = (22 —4-—diz)(z +1i)?,
where A € R is a constant.

(iii) Find the singular points of
h(z)

9(2)

f(2) =

and determine their nature.
(iv) For all values of A € R except A = 0 determine the value of

I(A) = 1 g F 7

2. Consider g, f € S = C°([0, 1], R).
(i) Show that
w1 = [ dzg@s
defines a scalar product on §.

(ii) Let h(z) =z forz € [0,1]. Ishe S?

(iii) Find an example of a function g € S, which is orthogonal to h w1‘rh respect to
the above scalar product.

Use the scalar product in (i) to define a norm on S. Consider the sequence f, € S
given by

fulz) = 2™
(iv) Show that f, is a Cauchy sequence in S with respect to the above norm.

(v) Show that with respect to the above norm f, is strongly convergent towards

0 for0<z<1
f(ﬂ:)_{ 1 forz=1

(vi) Explain why S is not a complete space.
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Question 3
Consider three functions F(zx), G(z) and k(zx) related according to

E(zx) = ./_x. dz'G(z — =')h(z").

(i) Derive the relation between the Fourier transforms E (k), G (k) and ;x(k).
Assume that the function G(z) is the solution of
. “22# + M?Glz) = (z),
where M € R is a constant.
(ii) Find the Fourier transform é(k). X X
(i) For z > 0 and z < 0 express E(zx) in terms of A and the poles of G.
(iv) Assume

—(£)*

€ ‘a

h(z) =

1
Vra
Find E(z).
[You may use without proof the result

vx . ) 9 x .(
/ dte~ i) _/ dte™" = /7]
o0 o0

Question 4
The three orthogonal basis vectors e] (with i = 1,2,3) of the coordinate system S’ and the
three orthogonal basis vectors e; of coordinate systems S are related according to

e: = ai;€;,
where we have assumed Einstein's convention of summation over repeated indices.
(i) Let the vector v have the coordinates v; with respect to S and v] with respect to
S’. Express the relation between v} and v; in terms of the matrix A = {a;;}.
(i) Show that A" = A~
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(iii) Show that the following relations are fulfilled
aixajx = Oy
Qi = 6u-

(iv) Assume that Tj;; is a tensor of rank 3. Show that T is a tensor of rank 1, i.e. a
vector.
(v) Let ¢ = d x b, where d and b are vectors. Show that ¢ is a pseudovector.
[You may uses without proof the result

€15k BipQiqQim = detAcpgy, .|
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5. Consider a closed contour in the plane described by polar co-ordinates
=18}

We want to determine the contour that encloses the largest area for a given fixed
length of the contour.

(i) Use a Lagrange multiplier A and show that the relevant functional for this

extremal problem is
o \/_d
o L ity
J._G d9[2+/\ r+(d9)]._

(ii) Derive the Euler-Lagrange equation for the problem.
(iif) Show that a circle satisfies the Euler-Lagrange equation.

(iv) If you were to solve the Euler-Lagrange equation, how would you determine A?

6. Consider the integral I = f: dz f(z) .

(i) Derive Simpson’s Rule.

Consider the differential equation

d

[
a T f(:r,y).

(ii) Derive the Runge-Kutta iteration scheme

h
Yntl = Yn+ -2'(4'0'1 +kg) ,
kl == f(mn: yn) 1
k2 = f(ZTni1, yn + hki) .

_ (iii) Use the Runge-Kutta scheme with h = 0.01 to find the value of y at z = 0.03
given that

dy__ 4
a0

and y(0) = 0.
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