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M3/4A16 MSc Enhanced Coursework Darryl Holm
Solutions Tuesday 11 January 2011

[#1] R3 bracket for the spherical pendulum

(1a) Identify the degrees of freedom for the spherical pendulum in TR3 and show that the constraint

of constant length reduces the number of degrees of fredom from three to two by sending
TR3? — TS2.

(1b)  Formulate the constrained Lagrangian in TR3 and show that its symmetry under rotations
about the vertical axis implies a conservation law for angular momentum via Noether’s theo-
rem.

(1c) Derive the motion equations on TR? from Hamilton’s principle. Note that these equations
preserve the defining conditions for

TS*: {(x,%) € TR*| [|x]|* =1 and x - X = 0} .

That is, TS? is an invariant manifold of the equations in R®. Conclude that the constraints
for remaining on TS? may be regarded as dynamically preserved initial conditions for the
spherical pendulum equations in TR3.

(1d)  Legendre transform the Lagrangian defined on TR? to find a constrained Hamiltonian (Routhian)
with variables (x,y) € T*R3 whose dynamics preserves T'S®.

(1e)  There are six linear and quadratic variables in T*R?/S*
o1 = T3 o3 = yitys+y3 05 = T1Y1 + T2y2
02 = Y3 oy = x] + 73 06 = T1Y2 — T2Y1

However, these are not independent. They satisfy a cubic algebraic relation. Find this relation
and write the T'S? constraints in terms of the S invariants.

(1f)  Write closed Poisson brackets among the siz independent linear and quadratic S'-invariant
variables
o €T'R?*/S', k=1,2,...,6.

(1g) Show that the two quantities

o3(1 —0})—05—05 =0 and o

are Casimirs for the Poisson brackets on T*R3/S?.

(1h)  Use the orbit map TR? — R®

T (x,y) = {oj(x,y), j=1,...,6} (1)
to transform the energy Hamiltonian to S'-invariant variables.

(1i)  Find the reduction T*R?*/S* N TS? — R3. Show that the motion follows the intersections
of level surfaces of angular momentum and energy in R3. Compute the associated Nambu
bracket in R® and use it to characterise the types of motion available in the motion of this
system.
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(15)

(1k)

(11)

(1m)

(1n)
(10)

Write the Hamiltonian, Poisson bracket and equations of motion in terms of the variables
op € T*R3/SY, k =1,2,3.

Interpret the solutions geometrically as intersections of Hamiltonian level sets (planes in
R3) with a family of cup-shaped surfaces (Casimirs of the R3 bracket depending on angular
momentum) whose limiting surface at zero angular momentum is a pinched cup.

Show that this geometrical interpretation implies that the two equilibria along the vertical azis
at the North and South poles have the expected opposite stability. Fxplain why this was to be
expected.

Show that the unstable vertical equilibrium at the North pole is connected to itself by homo-
clinic orbits.

Show that all other orbits are periodic.

Reduce the dynamics on a family of planes representing level sets of the Hamiltonian to
single particle motion in a phase plane and compute the behaviour of its solutions. Identify
its critical points and their stability.

[#1] R3 bracket for the spherical pendulum

Clip in from 2nd edition of GM1

(1a) The configuration space is S? and the Lagrangian (or Hamiltonian) is defined
on the tangent bundle T'S? of S? € R3, which has dimension dim (7'S?) = 4, not 6:

TS* ={(x,%) e TR* ~R® | 1 — [x|* =0, x- % = 0}. (2)
(1b)  We begin with the Lagrangian L(x, %) : TR?® — R given by
L(x,x) = %|X\2 —gé3-x — %,u(l —x/%), (3)

in which the Lagrange multiplier ;4 constrains the motion to remain on the sphere
S? by enforcing (1 — |x|*) = 0 when it is varied in Hamilton’s principle.

S! symmetry and Noether’s theorem The Lagrangian in (3) is invariant under
S1 rotations about the vertical axis, whose infinitesimal generator is 6x = &; X X.
Consequently Noether’s theorem, that each smooth symmetry of the Lagrangian
in an action principle implies a conservation law for its Euler-Lagrange equations,
in this case implies that the equations (5) conserve

J3(X,X) =X -0x =X X X - &3, (4)

which is the angular momentum about the vertical axis.
(1c) The Euler-Lagrange equation corresponding toLagrangian (3) is

X = —gés + pux. (5)

This equation preserves both of the T'S? relations 1 — |x|? = 0 and x - x = 0,
provided the Lagrange multiplier is given by

p=gé&-x— % (6)



D. D. Holm Tuesday 11 January 2011 Solutions to MSc Enhanced Coursework for MA16

(1d)
The fibre derivative of the Lagrangian L in (3) is
oL .
Y =57 =X (7)

The variable y will be the momentum canonically conjugate to the radial position
x, after the Legendre transform to the corresponding Hamiltonian,

H(x,y) = gly* + & - x + 5(98; -x — [y[) (1 — [x]), (8)
whose eanonical equations on (1 — |x|?) = 0, are
x=y and y=—g& + (9& x— [y[’)x. (9)
(1e)  The six S'-invariants above satisfy the cubic algebraic relation
oz +0f = o4(03 — 03) . (10)
They also satisfy the positivity conditions
o4>0, o3> ag. (11)
In these variables, the defining relations (2) for T'S? become
oy+o?=1 and o5+ 0,00=0. (12)

As expected, being invariant under the S! rotations, 7'S? is also expressible in
terms of S'-invariants. The three relations in equations (10) — (12) will define the
orbit manifold for the spherical pendulum in RS.

(1f)
{ Ty } 01 02 03 04 Os O¢
01 0 04 20’2 0 —0104 0
09 0 —20’10'3 20’10’4 09204 0
03 0 4oy09 2(03 —0%03) 0
04 0 20%04 0
05 0 0
O¢ 0

(1g)  The variable og is obviously a Casimir. It remains to check whether the S'-

invariant o3(1 — 0?) — 03 — 02 = 0 is one, too. This could be accomplished with

the 3 x 3 bracket table:

{'7 } 01 02 03
ol 0 1— 0% 209
o9 —1 —i—a% 0 — 20103
O3 —20'2 20’10'3 0

However, it’s actually simpler to use the larger bracket table and check that the
Casimir is 0304 — 05 — 02 = 0. This works easily and it was guaranteed, because it
is simply the cubic relation among the six S'-invariants.

(1h)  In S'-invariant variables the energy Hamiltonian is

H = o3+ goy. (13)
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(1i) The motion may be expressed in Hamiltonian form by introducing the follow-
ing bracket operation, defined for a function F of the S'-invariant vector o =
(01,09,03) € R3 by

(rpy__0C OF O __ oCOFoH

el R 14
Jo Oo % oo €ij kaai do;j doy, (14)

where
C=o03(1—0})—03—0;=0

is the Casimir and one treats the other Casimir (o) as a parameter.

(1) The individual components of the equations of motion may be obtained from
Poisson bracket (14) with Hamiltonian (13) as

o1 = —09, d220103+9(1—0%)7 03 = 290 .

(1k)  The motion is along intersections of the Hamiltonian planes with the pinched
cup given by C' = 0.

(11) The two equilibria lie along the vertical axis at the North and South poles, and
they are the only ones. Moreover, they are expected to have opposite stability,
because one corresponds to the pendulum down and the other to the pendulum up.

(lm,n,0)  Substituting o3 = 2(H — goy) from equation (13) and setting the acceler-
ation of gravity to be unity g = 1 yields

61 =30 —2Ho, — 1, (15)
which conserves the energy integral
161+ V(o) =E, (16)

with cubic potential
V() = -0} + Hoj + oy (17)

Hereafter, the problem reduces to the o; phase plane for the “fish” and everything
else is elementary.

[#2] The Hopf map

In coordinates (ay,as) € C?, the Hopf map C?/S1 — S3 — 5% is obtained by transforming to the
four quadratic S*-invariant quantities

(a1,a2) — Q)i = ajay,, with j,k=1,2.
Let the C? coordinates be expressed as
aj = qj +ip;
i terms of canonically conjugate variables satisfying the fundamental Poisson brackets

{a@r, pm} = Ok with k,m =1,2.
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(2a)  Compute the Poisson brackets {a;,a}} for j, k= 1,2.
(2b)  Is the transformation (q,p) — (a,a*) canonical? Explain why, or why not.
(2c)  Compute the Poisson brackets among the Qj, with j, k =1, 2.
(2d)  Make the linear change of variables,
Xo=Qu +Qn, Xi+iXo=0Qn, X3=0Q1—Qn.
Compute the Poisson brackets among the (Xo, X1, X2, X3).

(2e)  Ezpress the Poisson bracket {F(X), H(X)} in vector form among functions F and H of
X = (X17X27X3)

(2f)  Show that the quadratic invariants (Xo, X1, X2, X3) themselves satisfy a quadratic relation.
How is this relevant to the Hopf map?

[#2] The Hopf map

Answer

(2a) The C? coordinates a; = g; + ip; satisfy the Poisson bracket

{a;, ap} = —2idy,, forj k=12.

(2b) The transformation (¢,p) — (a,a*) is indeed canonical. The constant 2i is
inessential.

2c) The quadratic S! invariants on C? given b . = aj;a; satisfy the Poisson
g Yy 7% y
bracket relations,

{Qjr, Qun} = 20(0uQjm — 0jmQu), J k,I,m=1,2.

Thus, they do close among themselves, but they do not satisfy canonical Poisson
bracket relations.

(2d) The quadratic S* invariants (Xo, X1, X2, X3) given by
Xo=Qu +Qxn, Xi+iXy=0Qn, Xz=0Qn —Qx,
may be expressed in terms of the a;, j = 1,2 as
X2 = |ay|* + |ao?, X1 +iXy=2aas, Xs3=|a1]*— |ao]*.
These satisfy the Poisson bracket relations,
{Xo, X} =0, {X;, Xy} =—€uX
(2e) The Poisson bracket {F(X), H(X)} is given in vector form as

OF OH
[F(X), HX)} = =X o= x o
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(2f) The quadratic invariants (X, X1, Xo, X3) satisfy the quadratic relation
Xg=X7+ X7+ X5.

This completes the Hopf map, because level sets of X are spheres S? € S3.

A
[#3] Dynamics of vorticity gradient
(3a)  Write Euler’s fluid equations in R?
du+u-Vu=-Vp, divu=0, (18)

in geometric form using the Lie derivative of the circulation 1-form.
(83b)  State and prove Kelvin’s circulation theorem for Euler’s fluid equations in geometric form.
(3c)  The vorticity of the Euler fluid velocity u = (u,v,w) € R? is given by w := curlu. Write
the Euler fluid equation for vorticity by taking the exterior derivative of the geometric form

i part abowve.

(3d)  For Euler fluid motion restricted to the (x,y) plane with normal unit vector z, the vorticity
equation for w = wz with scalar vorticity w(x,y,t) simplifies to

Ow+u-Vw=0 with u=(u,v,0).

Using this scalar vorticity dynamics, compute the equation for

0
— 4+ £, | (dz N\ dw
(5 + )@ nde)
and express it as a 2D vector equation for the quantity

B:=2%x Vwe R

(3e) How is B related to u? Compare the result of part for the dynamics of B with the dynamical
equation for the vorticity vector in part and the defining equation for the flow velocity in terms
of the stream function.

(3f)  Find a conserved integral quantity associated with B andu.
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[#3] Dynamics of vorticity gradient

Answer

(3a) Euler’s fluid equations in R® may be written in a nice geometric form as

(% + £u> (u-dx) = (gu— uxcuwlu+ Viul)-dx

= (Qu+u-Vu+ ViluP)- dx
by Euler’s motion equation (18) = —d (p — %]uP) : (19)

(3b) Kelvin’s circulation theorem states that the Euler equations (18) preserve the
circulation integral I(t) defined by

[(t):%()u-dx, (20)

where c(u) is a closed circuit moving with the fluid at velocity u.

The dynamical definition of Lie derivative yields the following for the time rate of
change of the Kelvin circulation integral,

d 0
7 " u-dx = 7{(11) (a + £u) (u-dx)

N c(u) 825 6xju uJ 8X x

1
by Euler’s motion equation (18) = — 7{ V(Z? - 5’“’2> -dx
c(u)

= — jg(u)d(p—%hﬂg) =0.

(8c) With w := curlu the exterior derivative of Euler’s fluid equation and the Cartan
formula for the Lie derivative yields

0 0
d<§+£u> (u-dx) = (a—i-fu) (w - dS)
= (Qw — curl(u x w) + udivw) - dS
by Euler’s motion equation (18) = —d* (p - %\u\Q)
= 0.

Thus, the vorticity satisfies the vector equation
Ow — curl (u X w) =0,

since divw = divcurlu = 0.
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An alternative: By introducing the divergenceless vector field w = w - V, one
may also write Euler’s vorticity equation by substituting w 1 d*z = w - dS, as

0 (0 .
(§+£u)(w-d8) = <§+£u> (v d)
(Ow) Ad?z + (£Lw) JdPx +w 1 (£,d°7)
= (Ow+ [u,w] + (divu)w) Jd’z
0.

Thus, the vorticity also satisfies the vector equation
ow+u-Vw—w-Vu=0,
since divu = 0.

Setting the two final expressions for the vector vorticity equation equal to each
other and substituting the equation for the Jacobi-Lie bracket yields the vector
identity,

—curl(uxw)+u(divw) =u-Vw —w-Vu+w(divu).
This calculation supplies the geometric meaning of that famous vector identity:
Ly(w-dS) = £,(w_Idz).

These relations simplify for the Euler fluid theory, because both divergences vanish;
that is, (divw) = 0 = (divu).

(3d) For Euler fluid motion restricted to the (x,y) plane with normal unit vector Z,
the vorticity equation for w = wz with scalar vorticity w(zx,y,t) simplifies to

Ow+u-Vw=0 with u=(u,v,0).
The 2D flow equation yields

0= (@t + £u) (dz Ndw) = (at + £u) (Vz x Vw - dS)
= (dB— curl(uxB)+udivB) -dS,
with 2D vector B := Z x Vw, so that div B = 0. Equivalently, the vector B also

satisfies
oB+u-VB—-B-Vu+ B(divu) =0, (21)

with divu = 0. Substituting divu = 0 results in the following equation for the 2D
divergenceless vector field B =B -V,

OB+ [u,B)=0= (0, + £.)B,

so B is an invariant vector field under the 2D Euler flow. Thus, B satisfies an
equation in the same form in 2D as w satisfies in 3D.
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(8e) The divergence-free 2D vector B stands in relation to the scalar vorticity w in
B:=2x Vw=(—wy, w,,0),

as the divergence-free 2D Euler flow velocity u stands to the stream function v in
the defining relation

u =1z X V¢ = (_wya w:mo)

In fact, since w =z - curlu = Ay, we may identify B = — curl curlu in 3D.

For the stream function ¥ (x,y) one may compute this relation by alternating ac-
tions on vdz with exterior derivative (d) and Hodge dual (x) in R3,

d(pdz) = .dx Ndz+pydy N dz

xd(dz) = —iydy+Pyde =—u-dx
dxd(pdz) = —tgedr Ady+y,dy A dz
= —AvdrANdy
= —wdrNdy=—w-dS (22)
xdxd(dz) = —wdz
dxdxd(dz) = —d(wdz)

= wydz Ndx —wydy Ndz =B -dS
xdxd*d(ydz) = wydy—wydr =B-dx andso forth ...

We recognize that these equations imply a series of these higher curl quantities,

with ¥, A, A%, . ...

(3f) To find a conserved integral quantity associated with B andu, we note that
Euler’s equations
(0 -+ £)(w-dx) = —d (p— 2fuf)

along with (9 + £,)(B - dS) = 0 and divB = 0 also imply that
(O + £4)(B-dSAu-dx) = —B-dSAd(p—3[u]’),
so that
0+ £) (u-Bd's) = (9(u-B)+ div((u-Bu)) d
— —div((p— }juP)B) d’x.

Hence, we have the conservation law for the integral,

4 dz/u-dedy:—/dzj{ <(u-B)u+(p—%]u]2)B>-ﬁds:O,
dt D oD

in which the right-hand side vanishes for Neumann boundary conditions; that is,
u-n=0=B-n=Vw- -0 XxZ onthe boundary.

Therefore, the integral of the cross product of the 2D vectors Vw and u, namely

/dz/u-dedy:/dz/2~Vw><udxdy,
D D
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is conserved by the Euler equations for planar incompressible fluid flow, provided
the velocity u is tangential to the boundary and the gradient Vw is normal to the
boundary. From the formulas in (22) above we compute the relation,

u-dx A\NB-dS = (—¢,dz+ ,dy) N (wedz A dx — wydy A dz)
= (div(wVy) — w?)dzdydz.
The vertical integral may be ignored, since the integrand is independent of z. This

relation shows that [, u-Bdrdy = — [,w?®dzdy is actually minus the well-known
enstrophy, up to a boundary term. In vector notation, this is

/ u- Bdxdy = —/ curl N (w2) - curl (wz) dody = —/ w? dxdy,
D D D

again up to a boundary term. Lastly, we confirm the expected preservation of the
enstrophy,

4 wdrdy = 2/ w@twd:vdy:—Q/wu-dexdy
dt Jp D D

= —/div(wQu)d:cdy:—j{ wu-nds=0,
D

oD

on using divu = 0 and Neumann boundary conditions.

[#4] The C. Neumann problem [1859]

(4a)  Derive the equations of motion
% = —Ax + (Ax-x — ||X*)x

of a particle of unit mass moving on the sphere S~ ! under the influence of a quadratic

potential
2

n?

_1 1, 2,1 2 1
V(x) = 3AX - X = 50127 + 50275 + - -+ + 50,7

for x € R™, where A = diag(ay,as,...,a,) is a fired n x n diagonal matriz. Here V(x)
1s a harmonic oscillator with spring constants that are taken to be fully anisotropic, with
ar < g < -+ < Q.

Hint: These are the Fuler-Lagrange equations obtained when a Lagrange multiplier u is used
to restrict the motion to a sphere by adding a term,

L(x,%) = 5[1%[1* — A% - x — u(1 — [x[]*) (23)
on the tangent bundle

TS" ' ={(x,%) e R" x R"| ||x||* =1, x-% = 0}.
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(4b)  Form the matrices o o o
Q= (z'27) and L= (') —2'3"),

and show that the Euler-Lagrange equations for the Lagrangian in (23) are equivalent to

Q=[,Q and L=[QA].

Show further that for a constant parameter \ these Fuler-Lagrange equations imply

CQ LA AN) = [FQ+ LA+ AY, L — AN

Explain why this formula is tmportant from the viewpoint of conservation laws.
(4¢)  Verify that the energy
E(Q,L) =— itrace(ﬁ) + %trace(AQ)
15 conserved for this system.

(4d)  Prove that the following (n — 1) quantities for j = 1,2,...,n— 1 are also conserved

1 (i3 — 273")?
_ 2
‘Dj—f%'+§z—a._a. )
i#j J t

where (x,X) = (x1,Z2,...,Tp, T1,T2,...,5,) € TS" ! and the a; are the eigenvalues of the
diagonal matriz A.

[#4] The C. Neumann problem [1859]

All of these are straightforward verifications.

(4a)
(4b)
(4c)
(4d)

[#5] Three-wave equations
The three-wave equations of motion take the symmetric form

iA=B*C, iB=CA*, iC=AB, for (A/B,C)eCxCxC~C®. (24)
(5a)  Write these equations as a Hamiltonian system. How many degrees of freedom does it have?
(5b)  Find two additional constants of motion for it, besides the Hamiltonian.

(5c)  Use the Poisson bracket to identify the symmetries of the Hamiltonian associated with
the two additional constants of motion, by computing their Hamiltonian vector fields and
integrating their characteristic equations.
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(5d)  Set:
A= [Alexp(i€), B=|Blexp(in), C=Zexp(i(§+n)).
Determine whether this transformation is canonical.

(5e)  Emxpress the three-wave problem entirely in terms of the variable Z = |Z|e, reduce the
motion to a single equation for |Z| then reconstruct the full solution as,

A= |Alexp(i€), B =|Blexp(in), C=|Z]exp (i(§+n+()).

That is, reduce the motion to a single equation for |Z| then write the various differential
equations for |A|, &, |B|, n and n.

[#5] Three-wave equations

Answer

(5a) The three-wave interaction equations (24) may be written in canonical form with
Hamiltonian H = R(ABC*) and Poisson brackets

{A, A"} = {B,B*} = {C,C*} = —2i.

There are 3 complex-canonical degrees of freedom.

(5b)  The three-wave equations conserve the following three quantities:

H = %(ABC*JFA*B*C):%(ABC*), (25)
J = |AP —|BJ?, (26)
N = |AP+|B]*+2|C*. (27)

(5c) The Hamiltonian vector field Xy = {-, H} generates the motion, while X; =
{-, J}and Xy = {-, N} generate S* symmetries S' x C* — C? of the Hamiltonian
H. The S symmetries associated to J and N are the following:

A e 2o A A e 2 A
J B — 24 B N B — e~ 2R
C C C e 4V

The constant of motion J represents the angular momentum about the vertical
in the new variables, while NV is the new conserved quantity arising from phase-
averaging in the Lagrangian L to obtain (L).

The following positive-definite combinations of N and .J are physically significant:

1 1
Ny =o(N+ D) =|AP+|CF,  N.=5(N-J) =B +|C[.
These combinations are known as the Manley- Rowe invariants in the extensive

literature about three-wave interactions. The quantities H, N, and N_ provide
three independent constants of the motion.
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(5d)  The transformation

A = |Alexp(if),
B = |[Blexp(in), (28)
C = Zexp(i(§+n)).

is canonical, since it preserves the symplectic form
dANdA* +dB NdB*+dC NdC* =dZ NdZ™ .

In these variables, the Hamiltonian is a function of only Z and Z*

H_ (Z+2%)- /Ny —|Z|2-\/N_ —|Z]2.

The Poisson bracket is {Z , Z*} = —2i and the canonical equations reduce to

OH

7 =i{Z HY =2 .
1 i{Z,H} 57

This provides the dynamics of both the amplitude and phase of Z = |Z|e®.

(5e) The amplitude |Z| = |C| is obtained in closed form in terms of Jacobi elliptic
functions as the solution of

dQ\?
() =10 -2e*+a- g0+ 2), (29)
where O, J, £ and 7 are normalised by the constant of motion N as
2|72 J 4H?
= = — = — = V2Nt.
Q="h, g=L, E=-Tn, T=V (30)

Once |Z] is known, |A| and | B| follow immediately from the Manley-Rowe relations,

Al= VN, —12P,  |Bl=VN_—|Z].

The phases £ and n may now be determined. Using the three-wave equations (24)
together with (28), one finds
H , H

—_— = — — 1
|A|27 n |B|27 (3)

i
so that £ and n can be integrated by quadratures once |A|(t) and |B|(t) are known.

Finally, the phase ¢ of Z is determined unambiguously by

d|Zf?
dt

Hence, we can now reconstruct the full solution as,

= |Alexp(i€), B =|Blexp(in), C=|Z|exp (i(¢+n+()).

= —2H tan( and H = |A||B||Z]| cos( . (32)
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