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3 M3-4-5 A34 Assessed Problems # 3 Mar 2012|

Please budget your time: Many of these problems are very easy, but some of the more interesting ones
may become time consuming. So work steadily through them, don’t wait until the last minute.

Exercise 3.1. Exterior calculus operations

Vector notation for differential basis elements: One denotes differential basis elements dx’
and dS; = %eijkdwj Adzx¥, fori,j, k =1,2,3, in vector notation as

dx = (dz',d2?, dz?),
dS = (dSi,dSs,dSs3)
= (dz® Ada?, dad A dat, dat A dx?),
1 .
ds; = §eijkdxﬂ A da®
d3z = dVol :=daz' Ada® AdaB.

(a) Vector algebra operations

(i) Show that contraction with the vector field X = X78; =: X -V recovers the following familiar
operations among vectors
X ldx = X,
X _1dS = X xdx,
(or, X _1dS; = eiijjd:L‘k)
Y 11X 1dS = XxY,
X 1d%z = X-dS=X*dS;,
YV 1X Jd3z = X xY-dx=epX'Yidat,
ZAY 41X 1d*z = XxY Z.

(ii) Show that these are consistent with
X J(aAB) =X da)AB+ (-DFan (X 1p),

for a k-form a.
(iii) Use (ii) to compute Y 14X A(aAB) and Z 1Y 1X 1(aApB).

(b) Exterior derivative examples in vector notation
Show that the exterior derivative and wedge product satisfy the following relations in components
and in three-dimensional vector notation

df = f;dil =Vf-dx
0=d*f = fjpda®Ada?
df Ndg = f;da? Agpda® = (VfxVg)-dS
df Ndgndh = fida? Aggda® Ahydal = (Vf-Vgx Vh)d3z
Likewise, show that
d(v-dx) = (curlv)-dS
d(A-dS) = (divA)d3z.
(c) Verify the compatibility condition d*> = 0 for these forms as

0=d’f=d(Vf-dx) = (curlgradf)-dS,
0=d*(v-dx)=d((curlv)-dS) = (diveurlv)d’s.
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(d) Verify the exterior derivatives of the following contraction formulas for X = X -V

(i) d(X dv-dx)=d(X-v)=V(X-v)- dx
(ii) d(X Jdw-dS) =d(w x X -dx) = curl (w x X) - dS
(iii) d(X - fd3x) = d(fX -dS) = div (fX)d3z
(e) Use Cartan’s formula,
£xa=X Jdda+d(X Ja)

for a k—form a, k =0,1,2,3 in R3 to verify the Lie derivative formulas:

(i) £xf=Xddf =X -Vf

(i) £x (v-dx)=(— X xcurlv+V(X-v))-dx
(iti) £x(w-dS) = (curl (w x X) 4+ X divw) - dS

= (—w-VX—i—X-Vw—i—wdivX) -dS

(iv) £x(fd3z) = (div fX)d3x

(v) Derive these formulas from the dynamical definition of Lie derivative.

(f) Verify the following Lie derivative identities both by using Cartan’s formula and by using the

dynamical definition of Lie derivative:

(i) £rxa= f€xa+df N(X da)

(it) £xdo=d(£xa)
(i1i) £x(X Ja)=X 1 £L£xa

(v) £x(Y da)=(£xY)da+Y J(£xa)

(v) £x(aNpB)=(Lxa)ANB+aN £xp

FExercises in exterior calculus operations

Answer

Problems (a)-(c) are easily verified by direct computation, as are parts (i-iii) in problem

(d).

However, the linked parts (iv € v) in problem (d) require a bit more thought, although
both of them are easy from the dynamical viewpoint, by differentiating the properties of
the pull-back ¢y, which commutes with exterior derivative, wedge product and contraction.
That is, for m € M,

d(gia) = ¢ida,
pr(anB) = ¢rangB,
¢ (X(m) da) = X(¢t(m)) L gra.

Setting the dynamical definition of Lie derivative equal to its geometrical definition by
Cartan’s formula yields

d *
Lxa = %t:o(@a)

= X dda+d(X da),

where « is a k-form on a manifold M and X is a smooth vector field with flow ¢; on M.
Informed by these identities and this equality, one may now derive
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(d) The general form of the relation required in part (iv) follows immediately from the
product rule for the dynamical definition of the Lie derivative. Since pull-back commutes
with contraction, insertion of a vector field into a k-form transforms under the flow ¢; of
a smooth vector field Y as

¢; (Y(m) da) =Y (¢r(m)) ddrax.

A direct computation using the dynamical definition of the Lie derivative above

Lya =

(¢ra),

dt |y

then yields
d . d
@‘tzo(pt (Y da) = (@‘tzoy(ét(m))) —a
d *
Y (%‘t=0¢ta> '
Hence, we recognise that the desired formula in part (iv) is the product rule:
£X(Y_|Oz) = (ny)_lOé+Y_|(,£XOé).

Part (v) in problem (d) is again simply a product rule, proved the same way.

Exercise 3.2. Operations among vector fields
The Lie derivative of one vector field by another is called the Jacobi-Lie bracket, defined as

LxY =[X,Y]:=VY -X-VX YV =—£yX

In components, the Jacobi-Lie bracket is

LY LOXTY D
ox!

d d
X, V] =X vi—|=(XxF— —
X, Y] ok’ axl} ( ozk Dk

The Jacobi-Lie bracket among vector fields satisfies the Jacobi identity,
(X, Y, Z|]+|Y,[Z,X]|+[Z,[X,Y]]=0
Verify the following formulas
(a) X 1(Y Ja)=-Y J(X Ja)
(b)) [X,Y]da=£x(Y da) =Y A (£xa), for zero-forms (functions) and one-forms.
(¢c) £ix yjo=£xLya— Ly Lxa, as a result of (b). Use (c) to verify the Jacobi identity.
(d) Verify formula (b) for arbitrary k—forms.
(e) For a top form « and divergenceless vector fields X and Y, show that
[X,Y]da=d(X 2 (Y da))

and write its equivalent as a formula in vector calculus.
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Operations among vector fields

Answer

(a) By direct substitution

X1 da) = XlYmamlismikd:nii* Ao A dzt
= — XlYmOzlmi&,_ikd%ig VANRIVAN d.fUZk
= —-Y_1(Xda),

by antisymmetry of ays,. 4, in its first two indices.

(b) For zero-forms (functions) all terms in the formula vanish identically. So that’s easy
enough.

For a 1-form a = v - dx the formula
(X, Y]da=£x(Y da)-Y d(£xa),
is seen to hold by comparing
[X,Y]da = (X*Y}-Y*X v,
with
£xY da)-Y Jd(£xa)
= X*0p(Y'o) = YI(X P o + 0, X7)

(c) Given [X, Y] da = £x(Y da) - Y J(£xa), as verified in part (b) for zero-forms

(functions) and one-forms, we use Cartan’s formula to compute
Lix yja = d([X,Y]da)+[X, Y] Jda

= d(£x(Y Ja)-Y Jd(£x0))
+ £x(Y Jdda) - Y 1 (£xda)

= £xdY Ja)—d(Y 2 (£xa)
+ £x(Y dda) - Y Ad(£xa)

= £x(fya)— Ly(£xa),

as required. Thus, the product rule for Lie derivative of a contraction obtained in
answering problem (b) provides the key to solving (¢). =

Consequently,

"E[Z,[X,YHO‘ = £LzfxLtya—LzLyLxa
— LxLyLza+ LyLxLya,

and summing over cyclic permutations immediately verifies that
Lz, xomat Lix,y,zna+ Ly z,xe=0.

This is the Jacobi identity for the Lie derivative.

(d) The product rule
,fx(Y_la) = (fxy)_lOé—FY_l(.fXa),

found in part (d), subpart (iv) of the previous problem has already solved this part,
since £xY = [X, Y] allows us to rearrange this product rule as

(X, Y]|da=£x(Y da)-Y A (£xa),

as required, for any arbitrary k-form .
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(e) From formula (b) we have

(X, Y]da=£x(Y da)—Y d(£xa)
=dX dY da)+ X J4d(Y Ja) =Y d(£xa)
=dX Y da)+ X Jd(£ya—-Y dda) =Y I (£xa)
=dX (Y Ja)
since £xa =0= £Lya for divergenceless vector fields X and Y

and da = 0 for a top form «
This is equivalent to the vector calculus formula

(X-VY-Y -VX)-dS=—curl(XxY)-dS for V-X=0=V-Y



