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Abstract

In this thesis we shall be considering a variety of problems set in the complex plane
whose common feature is that they involve domains of finite multiple connectivity.
We choose to focus on a particular canonical class of domains, namely circular
domains. We extend our results to more general domains using conformal mappings.
Results are derived for these circular domains by using the theory of Schottky groups.
Problems we consider include the construction of automorphic functions, Green’s
functions, and conformal mappings from circular domains to other commonly studied
canonical domains. The abstract function-theoretic results we derive are applied to

a number of physical problems of fluid dynamics.
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CHAPTER 1

Function theory of planar

multiply connected domains.

In this first chapter we shall introduce the general ideas of function theory which we

shall use in all subsequent chapters.

1.1 Canonical domains.

In this thesis we shall be considering a variety of problems set in the complex plane
whose common feature is that they involve domains of finite multiple connectivity. A
common approach when solving such problems is to first focus on some “canonical”
domain characterized by simple geometries which simplify the problem to be solved,
and then to make the extension to more general domains using conformal mapping
theory. This of course relies on there existing a conformal map to the general domain
from the canonical domain chosen. We shall say that two domains are of the same
conformal class if there exists a conformal mapping which maps one onto the other in
a “one-to-one” manner. We shall also refer to two such domains as being conformally

equivalent.

Any domain of connectivity N > 1 is conformally equivalent only to domains of
the same connectivity, [54]. In the case N = 1, the Riemann mapping theorem [1]
states that in fact all simply connected domains are conformally equivalent to one
another. Therefore, we may choose just one particular simply connected domain as
a model for all others. A natural choice is the unit disc. However, for N > 1, not
all domains of connectivity N are of the same conformal class [54], and thus in this
case there is no single N-connected domain to which all other N-connected domains

are conformally equivalent.



Fig. 1.1: Schematic of a multiply connected circular domain D, consisting of the
region bounded by the circle Cy of unit radius centred on the origin, and circles
C1, C5, C3 in the interior of Cj.

1.1.1 Circular domains.

There are in fact a number of commonly studied varieties of canonical multiply
connected domains, see [54], [62], [37] for example. Each has different characteristics
which may make it more suitable than others in a particular context. The variety we
shall focus on are ones whose boundaries are all circles. Such domains are referred
to as circular domains. It is in fact true that for N > 1, every IN-connected
domain can be mapped with a one-to-one conformal map onto a circular domain.
(This result was proved by Koebe and details of the proof can be found in [37].) In
particular we may consider a (NN + 1)-connected circular domain D¢ consisting of
the region bounded by a circle Cjy of unit radius centred on the origin, and N other
circles C1, ..., Cy in the interior of Cy. For ¢ = 1, ..., N we label the centre and radius

of C; as §; and g; respectively. A schematic in the case N = 3 is shown in figure 1.1.

Many of the other common varieties of canonical domains have boundaries which are
not Jordan curves but “slits”, i.e. finite line segments. However, we choose to work
primarily with circular domains firstly because of their greater geometrical simplicity,
but secondly because associated with domains bounded by Jordan curves (of which

these circular domains are of course a special case) there is a theory of functions
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developed by Schottky and Klein which we shall exploit to derive the main results
of the thesis. This theory shall be described shortly. Note however that in chapter
4 we shall in fact discuss how to conformally map our chosen circular domains onto

other commonly studied canonical domains.

Before proceeding, for clarity we shall briefly make the following remarks. Often we
will want to study the effect of say, a transformation 7" on a set of points S perhaps
representing a domain or a line. We denote by T'(S) the set of points which is the
image of S under T'. When considering compositions of transformations we write
say 1175 to denote the composition of first applying 7> and then applying 7;. We
shall sometimes refer to a composition of maps as a product and to the maps in the
composition as factors. We shall also use terminology such as the right- and left-hand
ends of a composition, where this is meant in the obvious sense. So for example, the
right-most map in a composition is the map applied first, while the left-most map
is the map applied last. We use exponent notation, writing for example 7! for the
inverse of T, and T2(() for the composition T'T, etc. We also take the convention

that 70 is just the identity transformation.

1.2 Schottky groups constructed from circular domains.

Consider our (/N +1)-connected circular domain D¢ described in §1.1.1. We shall now
describe an associated group of transformations of the extended complex plane which
depend purely on the geometry of D.. These transformations can be constructed as

follows.

Consider the reflection of D¢ in Cp, where we define the transformation of reflection
in a circle in Appendix A. Reflection in Cy is given by,

reo(¢) = % (11)

Denote this reflection of D as ﬁg. The boundaries of DC are of course the reflections
of the circles {C}|j = 1,..., N} in Cp. From §A.2, we see that under reflection in Cj,
Cy of course maps onto itself, while for j € {1,..., N}, the image of C} is a circle in
the exterior of Cy which we denote as C’;. A schematic for a case of N = 3 is shown

in figure 1.2.
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Fig. 1.2: Schematic of a typical circular domain D, and its reflection in its boundary
Co.

Using the formulae (A.14) of §A.2, C’ has centre §; and radius ¢; given by

05 q;
o =— ¢ =—=r. (1.2)
o2 g3 716412 = 45

Consider now the map 6; which is the composition of reflection in Cy followed by
reflection in C;. Using the transformations ¢;(¢) introduced in Appendix A, where

in particular

00(0) = ¢ (13)
we have from (A.4),
0;(¢) = rc;(rcy(€))
= ?(%(C)) (1.4)
= ¢j(¢0(C))
=6;(¢7)
and thus from (A.5),
;¢
() =+ (1)
j
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This may be written in the form

(1.6)
bj = d;;
¢j = —0j;
dj =1
It is also easy to see that this may be written in the form,
()=t - L (17)

I T TTE
6;(¢) is a Mé&bius transformation of (. Md&bius maps are a very important class of
transformations of the extended complex plane. Some important facts about them
which we shall call upon are given in the appendix B. Note that reflection in a
circle is not a Mobius transformation of { as it involves conjugation of (. However,
two successive reflections involves conjugating twice and thus leads to a Mobius
transformation. Denoting the inverse of 6;(¢) by 6_;(() it is clear by geometrical
arguments that this is given by the composition of reflection in C; followed by

reflection in CY, i.e.

0]_1(C) =TC (TC]‘ (C)) (18)
It is straightforward to show that
1
071(¢) = '
=50 (1.9)

By geometrical arguments we make the following observations. Since reflection in
Cy maps CJ‘ onto C}, and reflection in C; leaves C itself invariant, then obviously
0;(C}) = Cj. Furthermore, if ¢ is in the exterior of C’; then clearly r¢,(¢) is in the
exterior of Cj, and so r¢;(r¢,(¢)) is in the interior of Cj. Thus §; maps C’ onto
C;, with the exterior of C;- mapping onto the interior of C;. Note that ; must thus

map the interior of C? onto the exterior of Cj.

There are N such maps {0;|j = 1,..., N} where for j = 1,..., N 6;(¢) “pairs” C}

and C} in the sense just described, i.e. §; maps C} onto C; with the exterior of C
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mapping onto the interior of C;. Consider the set © consisting of all compositions
of these N maps and their inverses. This is obviously group. We say that this
group is generated by the maps {6;|i = 1,..., N} and refer to these maps as its
generators. The order of the group is its number of generators N. In fact this
is an example of a special type of group of transformations known as a Schottky
group. For more on Schottky groups the reader is referred to [8], [52], [6], [9]. More
general Schottky groups are generated from mutually disjoint pairs of Jordan curves
[9]. The Schottky groups considered here where these Jordan curves are in fact all

circles are examples of what are sometimes referred to as classical Schottky groups.

Thus we have shown how to construct a Schottky group from a N-connected circular
domain D¢ by reflecting it in one of its N + 1 boundaries Cy and then constructing

the Mobius maps which pair each of the other N boundaries C; with its reflection
;.

But suppose now that we had chosen to initially reflect D¢ in a different one of
its boundaries; would we arrive at the same Schottky group? As shall now be
demonstrated, the answer to this question is yes. For i € {0,1,..., N} consider the
reflection of D¢ in C;. Denote this region ﬁg) (- note that the region ﬁéo) is the
region we have previously labelled DC) The boundaries of 1321) are of course the
reflections of the circles {Cj|j = 0,1,...,N} in C;. Under reflection in Cj;, C; of
course maps onto itself, while for j € {0,1,..., N} \ {i}, the image of C; is also a
circle. Denote this C](-i) (- note that CJ(.O) is the circle we have previously labelled
C’;) Consider the map HJ(-i) which is the composition of reflection in C; followed by
reflection in C; (- again we must make a point regarding our notation; here and in

what follows, transformations and sets of transformations with the superscript ‘(0)’

(0)

are those previously labelled without a superscript. Thus for example, Oj is simply
6;). We have
0(C) = re, (re,(0))
= 6;(5:(0) (1.10)

)
= ¢;(¢i1(¢))
This is clearly a Mobius map. Denoting the inverse of 0](-i) (¢) by i )(C) it is clear

by geometrical arguments that this is given by the composition of reflection in CJ(-i)

13



followed by reflection in C;. In fact the maps {95»”\ j=0,1,...,N,j # i} generate a
Schottky group, O say.

Proposition 1.2.1 Fori=0,1,...,N, 0 is the same group.
Proof: For i,j,k € {0,1,..., N},

0;(;) =Tcy (TCZ(C))

=10, (r0;(re;(re;(€)))) (1.11)

where the first and third equalities follow by definition and the second equality
follows from the fact that reflection in a circle is a self-inverse transformation. Now,

)

suppose k # i. Then 0,(: is one of the generators of ©(. Now, also suppose j # i.

()

Then obviously 6/ is the inverse of one of the generators of 0U). And (9,(3 ) is one
of the generators of ®U), unless k = j in which case it is the identity. In either
case, since k # i then 0(_JZ) is not the inverse of 9,(5 ). Thus 0,(3 )(0(_]2) is a non-identity
composition of the generators of ©U). Hence by (1.11), each generator of 0 may
be expressed as a composition of the generators of ©), Thus in fact, any map in
O may be expressed as such a composition, and is thus also contained in ©), i.e.,
0™ C O, But by a similar argument we may deduce ) C ©@. Hence in fact,

0 = ©U), This completes the proof.

Thus, starting with the N + 1 circles {C}|j = 0,1,..., N} bounding our circular
domain D¢, no matter which one we choose to reflect the N others in, the resulting

Schottky group is the same group O say.

1.3 Properties of Schottky groups.

Using the general theory of Schottky groups as described for example in [8], [52], [6]
we can now state the following facts about our Schottky group © constructed from

a circular domain Dg.

Note first that none of the generating maps {6;|¢ = 1,..., N} can be expressed

as a non-trivial composition of the other generating maps and their inverses. It
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follows that, the composition of each map in © in terms of the maps {0;|i =
1,..,N,—1,...,—N} is unique. It shall prove useful to categorize the maps in ©
in the following way: for ¢ > 0 an integer, we say that a map 6 € O is of level / if its
unique composition in terms of the generating maps and their inverses is a product
of ¢ factors. The identity map is considered to be of level zero while the generating
maps and their inverses are of level one. The level two maps are all possible com-
positions of any two of the level one maps which do not reduce to the identity. So,
for example, the composition of one of the level one maps with its inverse is not a

level two map. Similarly for maps of all higher levels.

It can be shown that every non-identity map in © is loxodromic (- see §B.4 for the
definition of this term). Thus, in particular, for j = 1,.., N the generator ¢;(¢) has
two distinct fixed points, say A; say and Bj, where these are respectively its source

and sink, so that for any point ¢ in the plane other than A; or Bj,

0,77 =45, 670 =B (1.12)

It can be shown that A; is contained in the interior of C']’~, while B; is contained in
the interior of C}j. Also, as explained in §B.4, an alternative representation for 6;(¢)

is

0;(Q)—Bj _, ¢~ B
0;(Q)—4; (-4

where ); is some complex constant, A # 0, 00, where |);| < 1.

(1.13)

Now note that the connected region D¢ U 154 exterior to the 2N circles {C}, Cé- l7 =
0,1,..., N} has the following special significance. Label this region F. Consider the
image of F under maps in ©. It can be shown that the images of F' under two
different maps in © are mutually disjoint. Also, for # € O, as the level of 8 tends
to infinity, so the image of F' under 6 shrinks to a point. In fact it can be shown
that the union of the regions in set {#(F')|0 € O} covers the whole of the extended
complex plane. F' is referred to as a fundamental region of ©. Every point in the
plane can be reached as the image of some point in F' under a unique map in ©. We
now make the following distinction. Points in the plane which may be reached as
the image of a point in F' under a map of finite level are referred to as the ordinary

points of ©. Points in the plane which may only be reached as the image of a point
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in F' under a map of infinite level are referred to as the singular points of ©. A
Schottky group has infinitely many singular points; each is the image of F' under
a different infinite level map of ©. Each of these singular points lies outside of F.
These singular points occur in clusters, i.e. as close as we desire to any singular
point there are infinitely many others. In fact, it can be shown that the singular

points of © are precisely the fixed points of all the non-identity maps in ©.

It should be noted that, F' is not unique in having the property that its images
under all maps in © cover the whole of the extended plane without overlapping. For
example, it is clear that for any 6 € © (where 6 is of finite level so that the region
6(F) is not a single point), §(F') also has this property and so is a fundamental
region of ©. Note, furthermore for our particular Schottky groups, for j = 1,...,. N
the region D¢ U ﬁéj ) which we shall denote as FU) is a fundamental region of ©0),
However as shown above in Proposition 1.2.1, ©@) = ©, and thus FU) must be a

fundamental region of ©. Hence in fact we can state

Proposition 1.3.1 For our particular Schottky group ©, we can take as a funda-
mental region the region consisting of D¢ and the reflection of D¢ in any one of its

boundaries Cy,C1,...,Cx.

1.3.1 Additional properties of our particular Schottky groups.

Note that the properties of Schottky groups described so far in §1.3 hold for general
Schottky groups. The particular Schottky groups which we have constructed from
circular domains have additional properties which Schottky groups in general do not
possess. These are due to the fact that the associated fundamental region F' can be
regarded as consisting of two “halves”, namely D and IA)C, where the transformation
rc, (€) of reflection in Cy provides a one-to-one map of each of these halves onto the
other, leaving Cj invariant. We shall now present some of the additional special

properties of these Schottky groups.

The first of these is that for the generator 6;((), j € {1,..., N} its fixed points A;
and B, are in fact reflections of one another in the unit circle Cy, i.e.

1

Aj=B; (1.14)
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This result is stated and proved in an appendix as Proposition C.0.1. Furthermore,
these fixed points in fact lie on the same ray as the centre d; of the circle C; (- see
Proposition (C.0.2)) Also, the constant \; in the representation of 6; in the form
(1.13) is in fact real. This result is stated and proved in an appendix as Proposition

C.0.3. Thus 6;(¢) is in fact hyperbolic (- see §B.4 for the definition of this term).

Next we point out that for the inverse §_;(¢) of 6;(() we have
0-(¢) = rco(ro; (€))
=TCy (er( Co (TCO (C))))

— 1y (605(rey (0))) (1.15)
1

0(7)
I\ ¢
where note that the second equality follows from the fact that reflection in a circle

is self-inverse. Obviously it follows from (1.15) that,

0,(¢) = ———no (1.16)

1
- (+)
In fact, consider a general transformation # € © expressed as a unique composition

of the generators of © and their inverses

0(¢) = 0;,0;, ,...0i,6;,(C) (1.17)

where i1, i9,...,70-1, iy € {1,...N,—1,...,—N}. Then on repeated use of (1.15)
and (1.16) we have

071(C) = 0-i,0_i...04,_, 04, (C)
-1 (1.18)
_ (eilew...euz_leiZ (Z‘l))

We now introduce the notation ,.6 to denote the map whose composition as a product

of the generators of © and their inverses is the reverse of that of §. Thus given 6(()
of the form (1.17) then

r0(C) = 0;,0i5...0;,_,0,(C) (1.19)
We shall refer to .0 as the reverse of 8. Obviously, for 6 € O, ,.0 is also contained in

©. Thus from (1.18) it follows that

671() = ——o (1.20)
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1.4 Functions associated with Schottky groups.

We shall now describe some special functions associated with a general Schottky
group ©. The first we mention is known as the Schottky-Klein prime function
[6]. We shall henceforth refer to this simply as the prime function. This is a function
defined with respect to two variables ¢, v € CU{oco}. We shall denote it w((,~). It

has the following properties:

e For any ¢ and + it is single-valued.

e It has the property
w((,7) = —w(v,¢) (1.21)

e As a function of ( it has the following properties. It is analytic everywhere in
the extended (-plane except for at (i) the point { = oo, unless v = oo in which
case this is not a singularity; (ii) the singular points of ©. The singularities at
the singular points are not poles as the singular points occur in clusters, i.e.
as close as we wish to any singular point is another singular point. However, if
the point ( = oo is not a singular point of © and if v # oo, then this singularity
is a simple pole. The prime function vanishes only at the points {6(v)|6 € O},
i.e. at v and all images of v under non-identity maps in ©. These zeros are

simple zeros.

w(¢, ) can be thought of as generalising the irreducible factor (¢ — 7).

We shall now present an explicit representation of the prime function in terms of
the elements of the associated Schottky group ©. To do this we first introduce the
following notation. For a Schottky group © we shall need to consider the following
subgroups. The notation ;0; is used to denote all transformations of the full group
which do not have a power of 6; or 6, L on the left hand end or a power of ; or
Gj_l on the right hand end. As a special case of this, the notation ©; simply means
all substitutions of the group which do not have any positive or negative power of
6; at the right hand end (but with no stipulation about what appears on the left
hand end). Similarly, ;© means all substitutions which do not have any positive

or negative power of #; at the left hand end (but with no stipulation about what
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appears on the right hand end). In addition, the single prime notation will be used
to denote a subset where the identity is excluded from the set; thus ©) denotes
all substitutions, excluding the identity and all transformations with a positive or
negative power of 61 at the right hand end. The double prime notation will be
used to denote a subset where the identity and all inverse substitutions are excluded
from the set. This means, for example, that if 605 is included in the set, the
transformation 6, 101_ ! must be excluded. Thus, ©” means all substitutions of the
group excluding the identity and all inverses. Similarly the notation 10 denotes all
substitutions of the group, excluding inverses and the identity, which do not have
any power of 6 or 6, ! on the left hand end or any power of 65 or 05 ! on the right
hand end. In the same way, @3-’ denotes all substitutions of the group, excluding the
identity and all inverses, which do not have any positive or negative power of ¢; at

the right hand end.

It can be shown (see [6]) that for a Schottky group © for which the following infinite

product converges, it represents the associated prime function w(¢,~)

W) =C-v I (€ —=0()(v—0(<)

seon (€= 0(0)(y = 0(7)) (1.22)

An immediate question to ask is for what Schottky groups does the infinite product
(1.22) converge. On this issue we make the following remarks. Associated with a
Schottky group © one may construct special infinite series known as Poincaré theta
series which are discussed in [10],[6],[9],[8] for example, and also in appendix D of
this thesis. The representation (1.22) of the prime function derives directly from a
particular Poincaré theta series [6], and under conditions where this series converges
this representation (1.22) of the prime function is also well-defined. Some criteria are
known for which this series converges. For example, it is known to converge under
certain conditions on the circles {C;|i = 1,..., N} associated with ©. These are
described for example in [10], [6], [9]. They state that convergence is guaranteed if,
roughly speaking, the circles {C;|i = 1, ..., N} are far enough apart. However, precise
criteria for which convergence is assured and hence the representation (1.22) of the
prime function is valid remain to be determined. Furthermore, it would be valuable
to know alternative explicit representations for the prime function which are well-

defined under conditions where the representation (1.22) does not converge. These
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are issues for further investigation. However it is emphasized that in all explicit
computations made using the representation (1.22) of the prime function presented
later in the thesis, no major convergence problems were encountered. Many of
these computations were checked using completely independent methods as shall be
shown. It appears that for a wide range of distributions of circles {C;|i = 1,..., N}

the convergence of the infinite product in (1.22) is adequate for practical purposes.

We shall proceed under the assumption that the infinite product (1.22) converges.
We point out that to actually compute the expression (1.22) for the prime function,
one must of course truncate the infinite product to a finite product. This may be
done in a very natural way by including all maps in © of up to some chosen level

and truncating the contribution to the product from all higher-level maps.

Recall as stated above that w((, ) can be thought of as generalising the irreducible
factor ({—+). Suppose we consider the trivial case of N = 0 so that Dy is simply the
unit disc and F' is the entire extended complex plane. Then the associated Schottky

group contains just the identity, and indeed (1.22) reduces to (¢ — 7).

Also, note that an expression of the form

(€1 —Ca) (3 — C2)
(€1 —¢2)(¢3 —Ca)

is called a cross-ratio of the points (i, ..., 4 ([1]). We introduce the following notation

(1.23)

to denote such a cross-ratio,

(€1 = Ca)(G3 — C2)
(€1 = C2)(C — Ca)

Notice that in (1.22) each term in the product is a cross-ratio. Thus, using the

= {¢1, (2, (3, Ca} (1.24)

notation (1.24), (1.22) may also be written as

w(¢) = (=) [T {¢000),7. 600} (1.25)

6co”
Now note that it is known ([1]) that the cross-ratio of four points is invariant under
a Mobius transformation. That is, for a Mébius map T'(¢), denoting ¢! = T(&),
1 =1,...,4, we have

{C1,¢2, G5, G} = {€1, G2, €3, G} (1.26)
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Note that in the product in (1.22), for each non-identity map 6 € © we may include
in ©” either A or #~! - the value of the product does not depend on the choice we

make. This can be seen as follows

w(¢,y) == ] 6,600,761}

6ce’

== [[{07°©).¢.07 ().} (1.27)
fco’

= (C - 7) H {C:eil(g)af}/?ail(’}')}
6ce’

where the second equality follows from the fact that the cross-ratio is invariant if we
apply the Mobius transformation §~! to each of the four arguments, and the third

equality follows simply from (1.24).

Note that the representation (1.22) of the prime function can be rearranged as

follows. Consider a general map 6 in ©” of the form

aC+b
== 1.2
00) = 2, (1.28)
o)
_ d¢ —b
Q)= ———. 1.2
00 = S (1.29)
By straightforward rearrangements it is possible to show that
1 cC+d
— = — 1.
c=0 = (£50) (- 000 (1.30)
Also, the two fixed points of 8, Ag and By say, are the solutions of
¢—6(¢)=0. (1.31)
It is straightforward to show that
c¢+d
(¢ = e - B = (52) (€~ o) (1.52)

Thus from (1.30) and (1.32) it is clear that the representation (1.22) of the prime

function can be rearranged into the form

C=0()C—=0"'(7)
(¢ — Ap)(¢ — By) (1.33)

WM =EC¢-7 ]

0ce”

where K is a factor independent of (.
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Finally, let us introduce the following notation which will be useful later in the

thesis. We may write
w(Cy) = (€= MW7) (1.34)

where we define the function w/({,7) as

e 1T =0 =00
€= 1 oo —om)

= ] {¢.0(0),7.6(n)}-

0coe”

(1.35)

Note that w’(¢,~y) does not have a zero at ( = . As a special case when v = co
(1.35) becomes

/ _ 1 () =9
W' (¢, 00) _91_@[” 00 0 (1.36)

This has simple zeros at the images of co under all non-identity maps of ©, but not
at oo itself. It also has singularities at the singular points of ©. Indeed,

d _1

c-00) = (¢+2) (¢~ - B
¢ (1.37)
= (¢ —=07"(00)) "1 (¢ — Ag)(¢ — Bo)

where the first equality follows from (1.32) and the second equality from (1.29).
Thus it is straightforward to write (1.36) as

: _ 17 (€= 0(00))(¢ = 071 (00))
W' (¢, 00) —9!@[” =4~ Bo) (1.38)

Also, we mention that later in the thesis we shall be considering products of prime

functions and it shall prove convenient to introduce the notation wy,({,~) as

n—1

wn(¢,7) = [ w(¢, e *™). (1.39)
k=0
Let us now describe some further properties of the prime function derived from its

representation as (1.22).

First we ask how the value of w((,7y) changes if we transform ¢ by one of the
transformations of ©. Following [6] let us introduce for ¢ = 1,..., N, the function
V;(¢) which has simple zeros at the points {0(B;)|0 € ©} and simple poles at the
points {§(A4;)|6 € ©}. We may write

o =TI (5a)) (1.40)



Note that obviously since A; and B; are fixed points of 6; (1.40) is the same as

—0(B;
w0 11 (&5n) =
Also introduce
MGG = 5 (142

which from (1.41) may be written as

T (G BB G — B(A)
wae= 11 (=t

= [ (¢, 004, G, 0B:)}).

0cO;

(1.43)

Notice
Vi(Ca, 1) = (VilG1,62)) (1.44)

It can be shown ([6]) that for i,5 =1,..., N,

Vi(0;(C),€) = Ti; (1.45)

where, for i,j = 1,..., N, we may write

7;,j = H {Aj?H(Bi)7Bj70(Ai)}7 i F ]
0€j®i
(1.46)

2

([US] i@;/
where J; is the constant in the representation (1.13) of 6;(¢). Note in particular that

for i,5=1,...,N, 7;; and thus V;(0;((), () are independent of (.

We also point out a property that will be useful later which is

Tij

= T (L.47)

)

A proof of this is proved in [6].

We can now state the following result whose proof is given in [6].

Proposition 1.4.1 If ; is one of the generators of © then

w00 = - (W) v ) (B o ey
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Note that the transformation of the prime function for any 6 € © obviously follows

by considering 6 as its composition in terms of the generators of © and their inverses.

In fact, where we use the prime function later in the thesis, it most commonly
appears in products of ratios of the form w({,v1)/w(¢,v2), where v1 # 2. It follows
easily from (1.48) and (1.42) that for v; # o,

w(b:(¢),m) _», w(¢ 1)
w(0;(¢),72) VZ(%WQ)W(C,%) (1.49)

We shall use the property (1.49) of the prime function frequently throughout the

thesis.

We point out the special case of (1.49) when either 7, or 7 is the point at infinity.
Writing the left-hand side of (1.48) as

(0:(Q) =)' (0:(0), )
(€ =Mw'(¢) (1.50)

we see that as v — oo so this tends to

e
On the other hand, as v — 00 so
Vi(y) — 1. (1.52)
Thus, from (1.48) it follows that
WO () () o
Hence, from (1.48) and (1.53) we have
w(0:(¢),7) ZVi(v)M (1.54)

Another property that will be useful later is the following.

Proposition 1.4.2 Consider w(0(¢),0(vy)) where 6 € ©. Writing 0(() in the form

0(¢) = Zgiz (1.55)
it can be shown that
D(010)60)) = D wlc) (1.56)
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Proof: From (1.25) we have
w(0(¢),0(7)) = (0(¢) — 0(7)) ] {0(0),9(6(C)),0(~), 0(6(7))}- (1.57)
pce”

Then, from the invariance of cross-ratios under Mobius transformations stated by

(1.26), we have

w(6(¢),0(v) = (0(0) = 0() [T {¢.07 (@(6())), 7,07 (2(0(1)}.  (1.58)

(pe@“

But since 6 € © then it is straightforward that
{67 phlp € ©} =0 (1.59)

and thus it follows from (1.58) that

0(¢) —0(v)
C—n

But now note that from the form (1.55) of 6 it is straightforward to show that

w(6(0), 0(7)) = ( ) w(C,) (1.60)

o= - 28
_ (ad—be)(C )
(€ T d)(ey + d)

Thus the result follows from (1.60) and (1.61). This completes the proof.

(1.61)

1.4.1 Additional properties of functions associated with our partic-

ular Schottky groups.

The functions and their properties described so far in §1.4 are for general Schottky
groups. However, for the particular Schottky groups we have constructed from circu-
lar domains these functions possess some additional special properties which we shall
now present. Note that these arise from the special properties described in §1.3.1 of
these particular Schottky groups which result from the reflectional symmetry of its

associated fundamental region.

A very important additional property of the prime function in this case is stated as

follows.
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Proposition 1.4.3

wC A = ——=w((,7) (1.62)

Proof: From (1.25) we have

W) == ] {¢000), 7.6} (1.63)

96@//
Recall from (1.27) that in writing the prime function in the form (1.25), for any
given non-identity map in © it does not matter whether we choose this map or its

inverse in ©”. Thus we may write

w(¢,y) == [] 166071007 (M} (1.64)
0O
And so,
W@ AN =@ [T @A e E . (e)
0o

Now consider a general map 6 € ©”. From (1.20) we have

071(¢) = 1 (1.66)

)
where ,.0 is the reverse of 6 defined as the map whose composition as a product of
the generators of © and their inverses is the reverse of that of 6. Hence from (1.65)
and (1.66) we have

W@ a1y (7 a1 é 1 1 1 . 67
CoT= )gg,,{c’ 00) 7 (Fe<v>>} (167)

Now, using the invariance of cross-ratios to Mdobius transformations we have

wC A= 7Y [ € GO00), 7, GO} (1.68)

0ce”

Let us now argue that we may choose ©” such that for any 6 € ©”, .0 is also
contained in ©”. Thus, suppose # € ©” and we suppose we choose to include in ©”
0 rather than its inverse (,0)~!. Then we must check that the reverse of (.0)~! is
certainly not in ©” as otherwise this would contradict our required property of ©”.

But it is of course clear that, for any 6 € ©

-0t = .07 (1.69)



i.e., the inverse of the reverse of 6 is the same as the reverse of the inverse of 6. Thus
the reverse of (,0) ! is §~! and this is indeed not in ©”. Thus in defining the prime
function, we may indeed choose ©” such that for any § € ©”, .0 is also contained in

e".

Thus from (1.68) it follows that

=1

wC A= Y [ {C @), 7 60
fce”
B ey (1.70)
-7
1
= *ﬁw(éﬁ)

This completes the proof of (1.62).

From the explicit formulae (1.6) for the generating maps, it can be shown that if
the distribution of the circles {C;|i = 1,.., N} in the interior of Cj possesses certain
symmetries then the associated prime function exhibits these too as illustrated by

the following results.

Proposition 1.4.4 Suppose the distribution of the circles {C;li = 1,..,N} in the
interior of Cy is reflectionally symmetric in the real axis, i.e., for each i € {1,..., N},

the reflection of C; in the real axis is C; for some j € {1,..., N}, possibly j =i. Then

w0(¢,y) = w(C,)- (1.71)

Proof: Suppose that for i,j € {1,..., N} (possibly i = j) the reflection of C; in the

real axis is Cj. Then, clearly
5_1' = 5j and qi = qj- (172)

Thus from (1.6) it follows that
0:(¢) = 6;(C) (1.73)

Hence, if the distribution of the circles {C;|i = 1,.., N} is reflectionally symmetric

in the real axis then it is clear that
{8(0)16(¢) e ©} = O, (1.74)
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and so

w((,’y) = w(277)
==y [[ {60,700} (1.75)

6ce”

=w(G7)-

where the third equality follows from (1.74). This completes the proof.

Proposition 1.4.5 Suppose the distribution of the circles {C;|li = 1,..,N} in the
interior of Cy is reflectionally symmetric in the imaginary axis, i.e., for each i €
{1,..., N}, the reflection of C; in the imaginary axis is C; for some j € {1,...,N},
possibly 7 = 1. Then

w(=¢, =) = —w((,7)- (1.76)

Proof: Suppose that for ¢,5 € {1,..., N} (possibly ¢ = j) the reflection of C; in the
imaginary axis is Cj. Then, clearly
—0; =4; and ¢; = g;. (1.77)

Thus from (1.6) it follows that

—0i(=0) = 0;(0) (1.78)

Hence, if the distribution of the circles {C;|i = 1,.., N} is reflectionally symmetric

in the imaginary axis then it is clear that

{-0(=Q)l6(¢) e ©} = O, (1.79)
and so
~5(—¢,—7) = —w(=C, =)
= (- J]{¢-6(=0),v,—0(—)} (1.80)

0ce”
=w((,7)-

where the third equality follows from (1.79). This completes the proof.

From propositions 1.4.4 and 1.4.5 we may deduce
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Proposition 1.4.6 Suppose the distribution of the circles {C;li = 1,..,N} in the

interior of Cy is reflectionally symmetric in both the real and imaginary axes. Then

LU(—C, _7) = —W(C,’}/) (181)

1.5 A special case.

It can be shown ([1]) that any doubly-connected circular domain is actually confor-
mally equivalent to a concentric annulus bounded by circles of radius 1 and ¢; < 1
both centred on the origin. It follows that, any doubly connected domain is con-
formally equivalent to a concentric annulus. In fact, for N > 0, any domain of
connectivity N + 1, is conformally equivalent to a circular domain which is the in-
terior of an outer circle Cy and exterior of N inner circles, where one of these inner

circles C; say is concentric with the outer circle Cj.

So suppose our circular domain D¢ is bounded by the unit circle Cy and N other
circles in the interior of Cy where one of these say C; is also centred on the origin

of radius ¢; < 1. In this case by (1.6) the generating map 6, is given by

61(¢) = ¢i¢ (1.82)
It is clear that the fixed points of this map 6;(¢) are
B1 = 0, A1 =0 (183)

where By is the sink and A; the source. Also, it is clear that,

(01(Q) = B1)((— A1) 4
00— AN By 4 (1.84)

Thus writing 61 (¢) in the form (1.13) we have

A =gt (1.85)

Furthermore, note that we must slightly modify our expression (1.41) of the function
V1(¢) in this case. V;(¢) must have simple zeros at all images of B; under maps in
O and simple poles at all images of A; under maps in ©. In this case By = 0 and

A1 = oco. So in this case we should replace the term in (1.41) corresponding to the
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identity map of © simply by ¢ which of course has a simple zero at ( = 0 and a
simple pole at ( = oo as required. So in this case our expression for V;(() is
¢ —0(0)
Vi(€) =¢ <— 1.86
R (1:56)
1
Thus, (1.43) reduces to

Vi(C1,¢e) = %
_ % I {¢i,0(0), ¢2,0(0)}

!/
0ce)

(1.87)

where the second equality follows from (1.86). Also from (1.46),

me I G)

Oc 1@1'

SR

9c 107

2 (1.88)

where we have made use of (1.85).

1.5.1 Doubly connected case

Suppose D¢ is in fact doubly connected and Cy and C; are its only boundaries. To
simplify the notation, we now denote the radius of Cy as ¢ rather than g;. In this
case the above theory simplifies greatly. 6;1(¢) is the only generating map of the
Schottky group ©. (1.22) thus simplifies to

w(6) =~ g P o) (1.89)

where we define

(1—=¢*O)(1—¢* ¢ (1.90)

3

P q)=(1-0)

=
Il
—

and the constant C' is given by

C= ﬁ(l — ¢ (1.91)
k=1
We may also write



where we define
o0

=[Ja -0 - ¢ (1.93)

k=1

Let us now show how some of the properties of w((,) stated earlier simplify in
this doubly connected case. First consider (1.48). In this case, the left-hand side of

(1.48) is
w(01(€),7) _ P(¢*¢y'.q)
w(¢,7) P(¢y1,q)

and since O consists only of the identity map, the right hand-side of (1.48) simply

(1.94)

reduces to
g (1.95)
Thus (1.48) becomes
P(¢*¢yv 1 9) = —¢ T P(¢y ) (1.96)
equivalently,

This may also be easily checked directly from the expression (1.90) for P((,q).

Note that in this case 1(¢) = 61(¢) and so from (1.75) we have @((,7) = w((, 7).
Obviously from (1.90) we can see that P(¢,q) = P((,q).

Now, consider the property (1.62). Simply using (1.89) it is clear that

G(C,V)Zw(c,v)———P(C 9 (1.98)

and

—yw(h T = éP(WC‘l,Q) (1.99)

Hence, by (1.62), it follows that

P(v¢lq) = —%P(C’y‘l,Q) (1.100)

equivalently,

P((hq) = —('P(¢yq) (1.101)

This may also be easily checked directly from the expression (1.90) for P((,q).
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From (1.97) and (1.101) it of course also follows that

P(¢*¢,q) = P(C"',q) (1.102)

This may also be easily checked directly from the expression (1.90) for P((,q).

Furthermore, in this case (1.86) reduces to

Vi(€) =¢ (1.103)
and (1.43) reduces to
Vi(G1,G) = 51223 = % (1.104)

where the second equality follows from (1.103). And (1.45) reduces to
Tin=V1(01(¢),0)) = ¢F (1.105)

where the second equality follows from (1.104).

The function P((,q) is in fact related to the first Jacobi theta function ([69]) which

is given by the expression:

Y1(7,q) = 2CsinT H(l — R (1 — ¢PReT) (1.106)
k=1
Indeed if we define
T = —log( (1.107)

then it is straightforward to show that

1

a Cql/4

P(¢,q) = e 29, (i1 /2, q) (1.108)

Further properties of the function P((,q), including its relations with elliptic func-

tions are discussed for example in Chapter 2 of [42].

32



CHAPTER 2

Automorphic functions.

2.1 Introduction.

We begin this chapter by stating the following definition.

Definition 2.1.1 Automorphic function

If a function is invariant under every element of a group of transforma-

tions, we say it is automorphic with respect to the group.

Automorphic functions are thus generalizations of periodic functions. We shall in
this chapter present explicit representations for functions automorphic with respect

to a Schottky group of transformations.

2.2 Representations of automorphic functions.

Consider a general Schottky group © of order NV with associated fundamental region
F'. Suppose a function f({) is automorphic with respect to ©. Every ordinary point
in the plane may be reached as the image 6(¢) of a point ¢ in F' under a map 6 € ©.
By the automorphicity of f, f(6(¢)) = f(¢). Thus, if the behaviour of f(({) is known
in F', then so is its behaviour at every ordinary point in the plane. Suppose also
that f is meromorphic in F. An explicit representation for f({) is known (see [6]

and [11] for example), and will now be described.

Before writing down such a representation, one should be aware of the following
facts stated as Propositions 2.2.1 and 2.2.2 which may be deduced about f({) and

which are proved in for example [10].

Proposition 2.2.1 f(¢) takes every value in CU {oo} the same number of times.
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So, in particular, f({) has the same number of poles as zeros in F', say M. Label

these as {ag|k = 1,..., M} and {Bx|k = 1, ..., M } respectively.

Proposition 2.2.2 There are N relations between the poles and zeros in F of f(().

These may be written as

N
Iy Vi(Be) =1[77, i=1..,N (2.1)
Hk 1 Vila j=1

where {my|k = 1,...,N} are integers, and where V;(¢1,¢(2) and T;; are given by
(1.41) and (1.46) respectively.

The N conditions (2.1) will be referred to henceforth as the automorphicity con-

ditions of the function f(().

Now following for example [11] and [6], let us show how f({) may be represented in

terms of the associated prime function w((, ). Consider the following expression.

I, @ (. Br) (2.2)

f(©) :T(C)Hklew@,ak)

where the pre-factor (() is given by

€)= RI[0c) ™ (2.3

where R is a multiplicative constant and {my|k = 1,..., N} are integers and V;(¢) is

given by (1.41).

By the properties of w((,~) as described in §1.4, it is straightforward to check that
f(¢) as defined by the expression (2.2) has the following properties. First, notice
(2.2) is clearly single-valued at every point ¢. Also, it is analytic in F' except at the
points {ag|k = 1,..., M'} where it has simple poles. Also it has simple zeros at the
points {Bx|k = 1,..., M'}. Also, by the properties of V;(() the factor r(¢) has poles
at {A;]¢ = 1,..., N} and all images of these points under maps in ©, and zeros at
{Bilt = 1,...,N} and all images of these points under maps in ©. However, these
are all singular points of © and thus lie outside F. Thus f(() is single-valued at

every point in F' and also meromorphic in F.
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Now suppose that the poles and zeros of f satisfy the conditions (2.1). Let us check
whether f(() is automorphic. Take one of the N generators of ©, say 6,,. Then,

N
Hk lw( (C) ﬁk)
Qn =R Vi Hn
£02(0)) ( [T )Hk 0 (0,(0) o)

N
—my; Hk 1w C ﬁk)
=|R Vz lnn ‘ V , O
( il;[l( (O Tin) > <H (Br, )Hk oG o)
N M N
s _m Hk 1w(< /Bk)
= Tin) ™ Vi (Bk, @ R i) 22A=L A PR
([ﬂ g )(,E ﬂ’“ ’“)( [ )Hk (o)
= f(¢)
(2.4)

where the second equality follows by the transformation properties (1.45) and (1.49),
and the final equality follows from (1.42), (1.47) and (2.1).

So the expression (2.2) where {ag|k = 1,..., M} and {Bk|k = 1,..., M} satisfy the

conditions (2.1) represents an automorphic function.

Note that in the special case where one of the poles or zeros of f(() is at the
point at infinity we must modify our representation (2.2) for f(¢) by replacing the
corresponding factor w(({, 00) by w’({, 00). For example, if a3 = 0o and the remaining
poles {ag|k = 2, ..., M} and the zeros {fk|k = 1,..., M} are all at finite points in F

then we may write

H]k\/lzl w(Ca ﬂk‘)
W' (¢, 00) [TpLy w(C, o)

where the pre-factor r(() is still given by (2.3). Recalling (1.36) notice that as

(2.5)

¢ — o0 80 W'(¢,00) — 1. Also, recalling the properties of the prime function stated
in §1.4, w(¢,~y) has a simple pole at {( = oo (-provided this is not a singular point of
©). Hence the expression (2.5) has the required simple pole at ¢ = oco. Furthermore,
recalling (1.41) we see that V;(y) — 1 as 7 — oo, and thus the N conditions (2.1)
satisfied by the poles {ax|k = 2, ..., M} and the zeros {0k =1, ..., M} are

11:[[: ;E H7; i=1,..,N. (2.6)
]:

It is straightforward to check following almost the same steps as in (2.4) together with
the transformation property (1.54) that the expression (2.5) where {ag|k = 2,..., M}
and {Ok|k = 1, ..., M} satisfy the conditions (2.6) is automorphic with respect to ©.
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Similarly, if 81 = oo and {ag|k =1,..., M} and {Bk|k = 2,..., M } are finite then we

may write

(@ (6 00) TTito (S, k)
e =r© [Tl (¢, )

where {aglk =1,..., M} and {Bk|k = 2, ..., M} satisfy the conditions

Hk QV
jr 1V(

2.7)

T i=1,..,N. (2.8)
117

It is straightforward to check these representations are correct in the case N = 0.
In this case, the Schottky group consists only of the identity transformation, and
the associated fundamental region F' is the whole extended complex plane. In this
case, clearly any function f(¢) which is single-valued at every point in the whole
extended complex plane is invariant under the identity map and thus automorphic
with respect to this trivial Schottky group. If furthermore, f({) is meromorphic
everywhere in the extended complex plane then in fact f(() is a rational function.
Thus we can represent f as a constant multiple of a ratio of products of factors
of the form (¢ —~). And indeed, in this case the prime function w(¢,~y) of course
reduces to ((—y) and the factor r({) given by (2.3) reduces simply to a multiplicative
constant R. Thus, (2.2) indeed reduces to a rational function. Also, from the fact
that w'(¢,v) reduces to 1, (2.5) and (2.7) also reduce to rational functions with
respectively a simple pole and simple zero at the point at infinity. Note that in this
simply connected case there are no conditions on the zeros and poles of the function

f(C): there exist rational functions with any possible choices of poles and zeros.
Example 2.2.1

For general N, taking the integers {my|k = 1,..., N} in the pre-factor r({) (2.3) all

to be zero, the function given by

Hk 1w (¢, Bk)
Hk 1w(Cvak>

represents an automorphic function with poles {ay|k = 1,..., N} and zeros {8x|k =

1,..,N} in F where for i =1,...,. N

f(Q) = (2.9)

M
H (Br, o) = 1 (2.10)

36



Example 2.2.2

Alternatively, for general N, taking m; = —1 and {my|k = 2,..., N} all to be zero,

so that
r(¢) = RV1(¢)
(2.11)
=R
6g1 ( )
then
¢—0(B1) | Ity w (¢ Br)
R 2.12
0£@[1 Al Hi\/lzl w(Ca ak) ( )

represents an automorphic function with poles {ay|k = 1,..., N} and zeros {fk|k =

1,..,N} in F where for i = 1,..., N

M
[T ViBe o) =77 (2.13)
k=1

Example 2.2.3

Let us consider the representation of functions automorphic with respect to our
Schottky groups constructed from circular domains. In particular, consider those of
the form considered in §1.5 where one of the boundaries of the circular domain, C
say, is concentric to the outer boundary Cy. In this case, by the expression (1.86),

(2.11) becomes

r(¢) = RV1(¢)

B ¢ —0(0) (2.14)
= i)
0eo),
so that (2.12) becomes
10 = | me TT £200) | I (6. 6 (2.15)
oo’ ¢ —0(c0) H£i1 w(C, o)

and from (1.87) and (1.88) the N conditions (2.13) become

H M H {Br,0(c0),ar, 000y =a;* [ ] 0 (2.16)

91@
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plus for ¢ = 2,..., N,

M .
[[ven = 11 (G5) (217

0ec 10;

Furthermore, if C; is the only inner boundary of D, then from (1.103), (2.9) reduces

to

_ [1aly P(S/Bra1)
T =R T P (2.18)

and from (1.104) the relations (2.10) reduce to

M M
Is=1[er i=1..N (2.19)
k=1 k=1

Also, from (1.103), we have

r(¢) = RV1(¢) = R¢ (2.20)

and so (2.12) reduces to the form

]k-wzl P(C/ﬁk?Ql)

f(Q) = R¢ (2.21)
[Taly P(¢/an, qn)
and from (1.104) and (1.105), the relations (2.13) reduce to
N N
[Mer=a]]8 i=1..N (2.22)
k=1 k=1

Crowdy [20] has explicitly constructed automorphic functions using this last repre-

sentation.

2.2.1 An alternative representation: Poincaré theta series.

A function f automorphic with respect to a Schottky group ® may be represented in
forms other than those presented above which are written in terms of the associated
prime function w({,7). One alternative representation ([10], [6], [8]) is in terms of
Poincaré theta series. This is described in appendix E. Note that as described in
§1.4, Poincaré theta series are in fact related to the prime function. We prefer to use
the representation of in terms of the prime function for a number of reasons. Firstly,
we find it conceptually more attractive since as described above it is the natural

generalization of the trivial case of rational functions written in the forms described,
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with the prime function w((, ) generalizing the factor (¢ —+). Furthermore, we find

it the easier of the two representations to use in practice, as described in appendix

D.

2.3 Summary

Given a circular domain D¢ of our chosen form with associated Schottky group ©
and associated fundamental region F', we have in this chapter presented an explicit
representation for a function f(¢) with the properties that it is meromorphic in F
and furthermore automorphic with respect to ©. This representation is in terms of
the prime function w((, ) associated with ©. This representation is precisely of the

form stated for example in [6] and [11].
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CHAPTERJ

Green’s functions for Laplace’s

equation.

3.1 Introduction.

In this chapter we turn our attention to Green’s functions for Laplace’s equation
in planar domains of finite connectivity. These functions are of great importance
in applied mathematics and the physical sciences since so many situations in the
“real world” can be mathematically formulated in terms of Laplace’s equation. It
is desirable to have explicit formulae for these functions not only from a purely
mathematical point of view but also for the purpose of their computation in practical
use. Formulae are known for the Green’s function of any simply connected domain.
However, for domains of connectivity N > 1 explicit representations of the Green’s
function are known only in certain cases. In this chapter we shall derive formulae for
Green’s functions of general domains of arbitrary finite connectivity up to conformal
mapping from the canonical class of circular domains. These formulae are also

presented in [26] and [30].

3.2 Definition of Green’s function.

Throughout the chapter we shall make use of well-known results on Green’s functions

discussed for example in [54] and [62].

For an arbitrary (N + 1)-connected planar domain D in a z-plane, bounded by the
N + 1 mutually disjoint curves {0D;|j = 0,1,..., N} it can be shown that there
exists a unique function G(z;«) defined with respect to points z and « in D with

the properties that it is real-valued and:
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(i)

G(z;a) + logro (3.1)
is harmonic with respect to z throughout D including at the point «, where
ro 18

ro = |z — al; (3.2)

for € Dj, j=0,1,...,N.
G(z;a) = 0. (3.3)

G(z; @) is known as the Green’s function of D. This is in fact sometimes referred

to as the first-kind Green’s function of D to distinguish it from what are known as

its modified Green’s functions which we shall now define.

3.3

Modified Green’s functions.

For j = 0,1,...,N, it can be shown that there exists a unique function G;(z;«)

defined with respect to points z and « in D with the properties that it is real-valued

and:

(i)

Gj(z;a) +logro (3.4)

is harmonic with respect to z throughout D including at the point «, where

7o is given by (3.2);

for z € OD;
Gj(z;a) =0, (3.5)

while for z € 0Dy, k=0,1,..., N, k # j,
Gj(z; ) = vj(a), (3.6)
for some real 7;;(a) which is independent of z but not necessarily o, and

G,
i gs =0, 3.7
faDk a (3.7)

where n and s denote directions normal and tangential to a curve.
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G,(z,) is known as a modified Green’s function of D. Clearly there are N + 1
different modified Green’s functions associated with the (N 4 1)-connected domain
D. For j = 0,1,...,N, the boundary 0D, has a special significance with respect
to the function G;(z; ), namely that G;(z;a) vanishes along it. Note that the
conditions (3.7) force the values of the quantities {v;;(a)|k = 0,1,...,N, k # j} and

these will generally be non-zero. Similarly, the constraint (3.5) forces the value of

0G;
——=ds 3.8
ﬁDj on (38)

which will generally be non-zero.

For a general domain D it was in fact shown by Koebe [49] that its first kind
Green’s function G(z,a) can be constructed from its modified Green’s functions
{Gj(z,a)|j = 0,1,...,N}. Thus, if explicit formulae are known for the modified
Green’s functions then one can derive an explicit formula for the first kind Green’s
function. We shall now describe this construction of G(z,a) from {G;(z,a)|j =

0,1,..,N}.

3.4 A construction of Green’s functions in terms of mod-

ified Green’s functions.

In this section we describe the construction due to Koebe [49] of a first-kind Green’s

function of a general domain D in terms of its modified Green’s functions.

For i,57 € {0,1,..., N}, ¢ # j consider the function given by the difference of two

modified Green’s functions,
Gi(z;a) — Gj(z; ). (3.9)

From the properties of the modified Green’s functions described in §3.3, clearly
the function given by (3.9) is a real-valued function of z and « which is harmonic
everywhere in D including at z = «, and furthermore on each boundary component
of D its value is independent of z. In fact, adding any function of « to (3.9) the

resulting function still has these properties. In particular, for j = 1,..., N consider
6j(z;0) = Go(z; ) — Gj(z; ) +vj,0() (3.10)
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where v; () is as in (3.6), i.e. the value of G;(z; ) for z € 0Dy. 6;(2; ) has the
properties that it is a real-valued function of z and « which is harmonic everywhere

in D including at z = «, and

5 (2:0) { 0 for z € 0Dy (3.11)
Gi(z;a) = .
bij(a) for z€ 0Dy, k=1,..,N

where we introduce for j,k € {1, ..., N},

b.j(@) = v0,k(@) = vjr(a) + 7j0(a) (3.12)

Now consider a linear combination of the N functions 6;(2;a), j = 1,..., N of the

form

Zaﬂ a)dj(z; o) (3.13)

where {a;j;(a)|j = 1,..., N} are real-valued. o;(z; ) also has the properties that it
is a real-valued function of z and « which is harmonic everywhere in D including at

z = .

From (3.11) it is clear that o;(z; ) vanishes on 0Dy. But we shall now show that it

is in fact possible to pick {a;;(a)|l,j =1,..., N} such that for l =1,..., N

1 for z € 0D,
o(z;a) = (3.14)
0 forzedDy, k=1,...N, k#I

To see this, first note that from (3.13) and (3.11) it follows that for k =1, ..., N, for
z € 0Dy,

Z aji(a)byj(a (3.15)

Letting A and B denote the Nx/N matrices with entries in the j-th row and k-th
column of a;;, and b;; respectively, it is clear that the right-hand side of (3.15) is
the entry in the k-th row and [-th column of the matrix BA. Thus if B is invertible
and we pick {a;;(c)|l,j = 1,..., N} such that A is the inverse of B, then it follows
that BA equals the NxN identity matrix I. It is straightforward to see from (3.15)
that this is equivalent to (3.14).

So it remains to show that B is invertible. First note that this is equivalent to
showing that,
Bx =0 (3.16)



does not possess a non-trivial solution for an Nx1 column vector z. Suppose that
such a solution does exist. Writing = = (ml,azg,...,zN)T, where the superscript
T denotes transpose, then it is straightforward to show that this implies that the

function

N
o (z;a) = Z xj0;(z; ) (3.17)
j=1

is zero on the N boundaries 0Dy, k = 1,..., N. But also, from (3.11) it follows that
0*(z; @) is zero on 0Dy too. Hence o*(z; «) vanishes everywhere on the boundary of
D. But the function o*(z; ) given by (3.17) is clearly harmonic everywhere in D.
Hence, it follows from the maximum and minimum principles of harmonic functions
[53] that 0*(z; @) must be identically zero in D. Thus the analytic extension 5*(z; a)

of 0*(z; @) must be a constant. But from (3.17) we have
N ~
7 (z;a) = Z:L'j&j(z; a) (3.18)
j=1

where for j = 1,..., N, 5j(z; a) is the analytic extension of ;(z; ), which from
(3.10) is given by
6j(za) = Go(z;a) — Gj(2;a) + vj0(a) (3.19)

where for j =0,1,..., N, éj(z; «) is the analytic extension of the modified Green’s

function Gj(z; ). For j =0,1,..., N we shall write

Gj(z;0) = Gj(za) +iHj(z; ) (3.20)

where H;(z; a) is the harmonic conjugate of G;(z; ). Now note that it is clear that

for j,k=0,1,...., N,
f d[éj]zf G, 4
oD, oD, 0s
0G;  .O0H;
= — 4+ i—|d
ngk( 0s Tt 0s ) s
:ij{ %ds
oDy, 85

= z}{ %ds
8Dy, 8n

where the third equality follows from the fact that G; is constant on 90Dy, and

(3.21)

the fourth equality follows from the Cauchy-Riemann relations satisfied by G; and
Hj. Note that, the integral on the left-hand side of (3.21) is the change in G; on
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traversing 0Dy. From the properties of the modified Green’s functions described at
the start of §3.3 it follows that for j,k = 0,1, ..., N, the change in éj on traversing
0Dy, is zero for all k except k = j. It follows from (3.19) that for 5,k = 1,..., N,
on traversing 0Dy the change in 3]- (z; ) is zero except if k = j. Hence it follows
from (3.18) that since 6*(z; @) is a constant, then for k = 1,..., N, on traversing 0Dy,
7*(#; o) must not change and so zj must be zero. So the vector z must be zero.

But this contradicts our original assumption. Hence B is indeed invertible.

So we have demonstrated that in terms of linear combinations of the modified Green’s
functions of a general (N + 1)-connected domain D one can construct functions
oj(z;), 7 = 1,..., N which are real-valued and harmonic everywhere in D, and

furthermore have the property that

1 for z € OD;
0 forz€0Dy, k=0,1,...N, k#j

oi(z0) = { (3.22)

Furthermore, it is straightforward to see that one may define

N
oo(z:a)=1— Z 0;(2; ) (3.23)

where this clearly has the properties that it is real-valued and harmonic everywhere

in D, and furthermore by (3.22), has the property

1 for z € 9Dy
oo(z;a) = (3.24)
0 forzedDy, k=1,..,N,

The functions o;(z; @), j = 0,1, ..., N associated with D are known as its harmonic

measures.

Now notice that we can express the first kind Green’s function G(z,«) of D in terms
of the modified Green’s functions {G;(z,a)|j = 1, ..., N} and the harmonic measures

{oj(2)|j =1,...,N} as follows. For any j € {0,1,..., N},

N
G(z,a) = Go(z, o) — Z’yojaj(z) (3.25)
j=1

where the constants {vp;j|j = 1,..., N} are as in (3.6). This expression follows easily
from the properties described above for the modified Green’s functions and the

harmonic measures. It is clear that the function on the right-hand side of (3.25) is
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harmonic everywhere in D except for the same logarithmic singularity at z = «a as
the modified Green’s function G(z; ). Also, for z € 9Dy, this function vanishes
since Go(z; ) and the harmonic measures {o;(z)|j = 1,..., N} vanish there. But
furthermore, this function vanishes on each of the N other boundaries {0D;|j =

1,...,N} since for j =1,...,N, for z € 0D; Go(z; ) = v9; while —yp;0;(2) = —70;-

So we have described how for a general domain D, in terms of its modified Green’s
functions one can construct its harmonic measures and then its first kind Green’s
function. Thus, it remains to find explicit formulae for the modified Green’s func-

tions of D.

3.5 Conformal invariance of Green’s functions.

But now suppose that z(() is a one-to-one conformal map of a domain D¢ in a
¢-plane onto a domain D in a z-plane, where the boundary of D¢ maps onto the
boundary of D. Suppose that G(C)(C,a) is the first kind Green’s function of D,
with a singularity at o € D¢. Then it is straightforward to show that the first kind

Green’s function G(z, z,) of D with a singularity at z, = z(«) is given by
G(z,2a) = GO(2); a) (3.26)

where ¢ = ((z) is the inverse of the one-to-one conformal mapping of D¢ onto D.
Thus, if we can construct Green’s functions for some canonical class of domains,
formulae for Green’s functions for general multiply connected domains follow up to
conformal mappings. We shall construct Green’s functions for multiply connected
circular domains. We shall do this by deriving explicit formulae for their modified

Green’s functions and then using the construction described in §3.4.

3.6 Green’s functions of circular domains.

Let D¢ be a circular domain of our chosen form bounded by the unit circle Cp and
N other circles {C}|j = 1,..., N} in the interior of Cj. As usual, label the associated

Schottky group generated by N Mobius maps of the form (1.6) as ©. And recall
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that for j = 0,1, ..., N, denoting the reflection of D¢ in C; by ﬁéj), the region F)
consisting of D, and ﬁéj ) is a fundamental region of ©. Finally, recall we may

construct the prime function w((, 7).

3.6.1 Modified Green’s functions of a circular domain.

It will now be argued that for j = 0,1, ..., N an explicit expression for the modified

Green’s function G;((; @) is

G a) = —%log: _'w_ ' )( ; . (3.27)

where recall the function ¢;(¢) is defined as in (A.5), so that ¢;(C) is the reflection
of ¢ in C;. It follows that the analytic extension éj(C ;) of this modified Green’s

function is given by

,a).w_(cbj(C),d)j(a))). (3.28)

Let us prove the that the representation (3.27) for the modified Green’s function

G;(¢; @) is correct. First define for j =0,1,..., N the functions

D . cq) = w(C7a)
BGo) = e @)

It is clear from the properties of the prime function w((,~) that for j =0,1,..., N,

(3.29)

Rj(C ;) has the following properties. First, it is analytic everywhere in D with a
single isolated simple zero at { = a. It has a simple pole at { = qb_J(gT ) but since « lies
in D¢, then d)_j(f ) lies outside D¢, in fact ¢_](5 ) lies in ﬁé] ). For 0 a non-identity map
in ©, Rj (¢; @) also has a simple zero at ¢ = 6(a) and a simple pole at ¢ = 0(¢;(()).
However, these points lie in the image 6(F (j)) of the fundamental region FU) of ©,
and hence in particular lie outside D¢. Thus, the zero at ( = « and the pole at
¢ = #;({) are the only zeros and poles of Rj(C :a) in the fundamental region F()
of ©. It is clear that if Rj(( ;) is multiplied by a factor independent of ¢ (but not

necessarily «) then the resulting function still has these properties. It can in fact be

shown that for j = 0,1..., N, the function

05(2)) (5.30)



is simply R](C ; ) multiplied by a factor independent of {. A proof of this is given

in §F.1. Thus, )
1/2
w(¢, )w(e;(¢), dj())
R:(¢ 3.31
(Ge= ( EACIEI) >> .
is also Rj(C ; o) multiplied by a factor independent of (.
So for j =0,1..., N,
—log |R;(C; )| (3.32)

is harmonic in D; except for a logarithmic singularity at ¢ = @. And in the neigh-

bourhood of this point we have
—log|R;(¢; )| = —log|¢ — a| + O(1), (3.33)

In fact, as we shall now show, R;((;«a) is the correct multiple of Rj(C; a) such
that for j = 0,1,..., N, (3.32) satisfies the boundary conditions (3.5), (3.7), (3.7)
required of the modified Green’s functions of D¢. First, it is shown in §F.2 that for
k=0,1,...,N, for ¢ on the circle Cj,

Vi(4i(@). ) '
Vi(95(@), @)
where recall Vj(v1,72) is given by (1.43) and we adopt the convention that Vo((, o) =

|Rj (G o) = ‘ (3.34)

1. It is immediate that for { on Cj}, |R;(¢;)| = 1 and so —log |R;((;a)| = 0 as

required. Furthermore, for ¢ on Cy, k # j, we have

~log |R;(¢;a)] = 5 log (3.35)

which is independent of . Finally note that from (3.21) it follows that for k& =
0,1,...,N

}[ 9% 45 — ml[G,le, ] (3.36)
OC 871

where [éj]ck denotes the change in Gj on traversing the circle C. Thus it is required
that
m[[Gj]c,] =0 for k=0,1,...N, k # j. (3.37)

Consider now R;(¢;a) given by (3.31). In the fundamental region FU) associated
with the Schottky group ©, R;((;«) has precisely two logarithmic singularities of
equal and opposite strength: one at ¢ = a in D¢, the other at ¢ = d)]( @) in DW. A
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natural way to define a branch of R;((; ) is therefore to join by a branch cut this
pair of logarithmic singularities in the fundamental region, and furthermore for 6 a
non-identity map in ©, to join 6(c) and 6(¢;(a@)). It follows that for k =0,1,..., N
the change in R;((; o) on traversing Cy, is zero for all k except k = j. Hence, R;((; )

satisfies the remaining condition (3.37).

Thus we have demonstrated that for 7 = 0,1, ..., N, the function (3.32) satisfies all
the defining properties of the modified Green’s functions of D. It is straightforward
to show that any function satisfying these properties is unique. Indeed, if there are
two functions with these properties then their difference is harmonic everywhere in
D¢ including at «, and zero on the whole boundary of D;. Hence the difference
is identically zero in D¢ by the minimum and maximum principles for harmonic

functions ([53)).

Note finally that for j,k = 0,1,..., N, the values v; (o) of (3.6) for the modified

Green’s functions of the circular domain D, are given by (3.35), i.e.

Vi(94(a), @) (3.38)
Vk(¢] (@), )

1
Yjk(a) = — 3 log

Note that in the special case of j = 0, the circle Cj is the circle |(| = 1 so that
$0(¢) = ¢! and so the function Go(¢, @) takes the form

1 —(r—1 -1
Go(Gia) =~ log| 22 20 (339)
which, on use of (1.62), reduces to
Go(¢;a) = —log % . (3.40)

Its analytic extension is then simply

Go(Ca) = — 1og<M>. (3.41)

lalw(¢,at)

3.6.2 First kind Green’s function of a circular domain.

Having derived explicit formulae for the modified Green’s functions of a circular
domain we now use these to construct an explicit formula for its first kind Green’s

function as described in §3.4.
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First we define for j =1,..., N,

i (G a) = Go(G; @) — G4(¢; @) + vj,0() (3.42)

where now the modified Green’s functions {G;((;a)|j = 0,1,..., N} are given ex-
plicitly by (3.27) and {v;0()|j = 1, ..., N} are given by (3.38). Then the harmonic

measures {o;(z; )|l = 1,..., N} are given by

N
oz ) = Z a;1(a)6; (¢ a) (3.43)

where for j,l = 1,...,N, a;;(a) is the entry in the j-th row and [-th column of
the inverse of the Nx/N matrix whose entry in the k-th row and j-th column for

k,j7=1,...,N is given by

brj () = vox(a) — vj k() +v50(c) (3.44)

Note that from (3.38) it follows that
) _
o B0
Vi

bi,j(a) = 5 - :Z;

(6(@)

1 R
- 51og|Vk(c‘fl,<z5j(@))!

2 (3.45)
=3 log |Vk(@_1, Hj(d_l))|

1
= 5 log [T

where the third equality follows from (1.4) and the fourth equality follows from
(1.45). Ty is given by (1.46). Note that 7y ; is in fact independent of a and

depends only on the parameters {g;,d;|j = 1,.., N} defining the circular domain

De.

Note incidentally that the harmonic measure og(z;a) of D¢ is given by (3.23) in

terms of oy(z; ), l =1,...,N.

Finally, the explicit formula for the first kind Green’s function of D is given by
(3.25). Note that all the geometrical information on the shape of the circular domain

D¢ is encoded in this formula by the prime function w((,~).
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3.6.3 The simply connected case.

It is instructive to see how the general theory just presented reduces to perhaps more
familiar formulas in the simply connected case. In this case the circular domain D,
is just the disc bounded by the unit circle Cy centred on the origin. In this case D¢
has just one boundary component and so it has just one modified Green’s function

which is also its first kind Green’s function. From (3.40) this is given by

G(Ga) = Go(G )
w(¢ a)
aw(¢,a1)
(—«
al(—at)

where the last equality follows from the fact that in this case the prime function

= —log (3.46)

= —log

reduces simply to w((,7y) = ¢ —~. It is straightforward to check that for |(| =1,
(—a

a(¢—at)

so that the function given by (3.46) vanishes on the boundary of D¢ as required.

=1 (3.47)

3.6.4 The doubly connected case.

We now present details of a doubly connected case. Consider the circular domain
which is the annulus bounded by the circles |(| = 1 and |{| = ¢ for some ¢ < 1,
denoted respectively Cy and C;. The Schottky group we construct from such a
circular domain is as in §1.5.1. In particular, recall that the associated prime function
w(¢,y) can be written in terms of the function P((, ¢) which is defined by (1.90). It

follows that in this case
w(¢, (¢t
w(¢,a w1t a)

1
= ——log

1
GO(C7a) = __log 9

2

I

‘P(Ca‘l, q)P(a¢ ™, q)
P(Ca,q)P(¢tat,q)

1
= —5 log

Gi(¢,0) = — - log

‘ w(¢ )w(¢*¢C g*a)
2

w((,g*a~Nw(g*¢ 1, a)

P(Ca !, q)P(a¢ !, q) ‘
P(Caq=2,q)P(¢*¢ta—t,q)|
(3.48)

Also, it can be shown that the harmonic measure o1(¢) of D¢ which takes the value

1 on C; and 0 on (Y is given by

o1(¢) = : (3.49)



Finally, the first-kind Green’s function of D¢ is given by

D)) L]

1
ClGo) =5 (log P(¢Ca, q) log ¢

(3.50)

3.7 Examples.

In this section we present evidence of numerical computation of the above formulae
for Green’s functions of multiply connected domains. Figures 3.1 and 3.2 show the
contours of the Green’s functions of circular domains of the form of D.. Figures
3.3-3.8 show the contours of the Green’s functions of other multiply connected do-
mains constructed as the image under a conformal map of such circular domains.
The conformal maps to the domains in figures 3.3 and 3.4 are simply Mdbius maps.
However, the conformal maps to the slit domains in figures 3.5-3.8 are more com-

plicated. These maps are described in §G.2.

Note that in the left of all these figures are shown the critical “separatrix” contours
which separate the domain into qualitatively distinct contour types. Points at which
these critical contours intersect themselves are referred to as critical points of the
Green’s function. Note that in all these examples the domain is triply connected
and the Green’s function exhibits two critical points. This is consistent with the
general result ([55]) that the Green’s function of an (N + 1)-connected domain has

precisely N critical points in the domain.

3.8 A numerical check.

It is important to give some quantitative validation of our new construction of
Green’s functions. Note that Shen, Strang and Wathen [66] have studied the Green’s
functions of domains of the type shown in figures 3.5-3.8 bounded by slits in a line.
At points in the intervals between the slits, the Green’s function may be expressed
in terms of formulae first stated by Widom [70] which were derived from Schwarz-
Christoffel mappings. Based on this formulation, Shen et al [66] have developed a
means for determining the positions of the critical points of the Green’s function of

such slit domains. This method is now briefly described. Then as an independent
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-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Fig. 3.1: Domain bounded by the unit circle and circles of radius 0.1 centred at
40.5. The singularity is at 0.4s.
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-05 ¢}

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Fig. 3.2: Domain bounded by the unit circle and circles of radius 0.1 centred at
+0.5. The singularity is at 0.4(1 + 7).
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3 2 1 0o 1 2 3 3 2 a1 o 1 2 3
Fig. 3.3: Domain exterior to three circles each of radius 0.5 centred at +2 and 0.
The singularity is at infinity.

4 2 0 2 4 ! 2 0 2 4
Fig. 3.4: Domain exterior to three circles each of radius 0.5 centred at +2 and 0.
The singularity is at 0.5(1 — 7).
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Fig. 3.5: Domain exterior to three slits between [—1,—0.5],[—0.2,0.2] and [0.5, 1].
The singularity is at infinity.

2 2
15} — 15}
1} — 1}
05} | 05
Of m 1 0
05 | | 05 |
a1l — |
15 | — 15 |
2 1 0 1 2 ) 1 0 1 2

Fig. 3.6: Domain exterior to three slits between [—1,—0.5],[—0.2,0.2] and [0.5, 1].
The singularity is at —0.1513¢ (whose pre-image in the (-plane is ¢ = 0.57).
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Fig. 3.7: Domain exterior to three slits between [—1,—0.8],[—0.1,0.1] and [0.8, 1].
The singularity is at infinity.
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1t 1/\
0.5} 0.5
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'1'-51.5 1 05 0 05 1 15 l'-51.5 1 05 0 05 1 15
Fig. 3.8: Domain exterior to three slits between [—1,—0.2],[—0.1,0.1] and [0.2, 1].

The singularity is at infinity.
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check on our formulae for Green’s functions stated above, we shall compare the val-
ues for the critical points of the Green’s functions of such slit domains computed

using both our formulae and this alternative method.

Consider a set of N +1 disjoint slits [—1, ai], [b1, a2, ..., [bN—1, an], [bn, 1] on the real
axis. The region exterior to these slits is a (N + 1)-connected domain. Recall as
stated above the general result on Green’s functions in multiply connected domains
which says that the Green’s function of an (N +1)-connected domain D has precisely
N critical points in D (see [55]). Let {sx|k = 1,..., N} be the critical points of

the Green’s function associated with the domain exterior to these slits. Define

polynomials
N
Q) = (z* - 1) H(z —ag)(z — by),
v (3.51)
P(z) = H(z —) =2~ N =N ey

Let {Ix|k = 1,..., N} denote the N gaps between the slits, so for example I; denotes
the interval of the real axis given by [ai, b1]. Then, according to Theorem 3 of [66],

if we define an Nx/N matrix M and a Nx1 column vector b by

tN—k ¢ tNdt
M; b / (3.52)
I

Pl vew L Vaw

then the vector ¢ = (c1, ca,...,cn) 7 solves the linear system Mc = b. Having solved

for c, the values {¢t|k = 1,..., N} can then be determined.

The following table gives data for a symmetric distribution of three slits [—1, —b], [—a, a], [b,1]
along the real axis together with the position, ¢i, of one of the two critical points
in this case (by symmetry, the other critical point is at —¢;). The values of the
second column of the table are computed using our new Green’s function formu-
las presented above and Newton’s method to find the zero of the derivative of this
Green’s function in the gaps between the slits. The values of the third column are
computed using the formulas of Shen et al [66]. In all cases, agreement to several

decimal places of accuracy is found.
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Geometry (a,b) New method o Shen et al oy,
(0.1, 0.2) 0.150077 0.150067
(0.1, 0.3) 0.200123 0.200119
(0.1, 0.4) 0.250416 0.250414
(0.1, 0.5) 0.301591 0.301591
(0.1, 0.6) 0.473644 0.473644
(0.1, 0.7) 0.550757 0.550757

Table 2. Comparison of critical point positions of differing right-left symmetric

distributions of three equipotential slits on the real axis.

Table 3 gives the data for a symmetric distribution of five slits [—1, —d], [—¢, —b],
[—a,a], [b,c] and [d, 1] along the real axis and the positions o1 (between a and b)
and o9 (between ¢ and d) of the critical points in the gap-intervals as calculated by
our formulae above and by the formulae of Shen et al [66]. Again, there is good

agreement to several decimal places.

Geometry (a,b,c,d)

New method (o1, 02)

Shen et al (o1, 02)

(0.05, 0.15, 0.25, 0.35)

(0.100161, 0.299993)

(0.100071, 0.299885)

(0.1,0.35,0.55, 0.8)

(0.226884, 0.683378)

(0.226896, 0.683390)

(0.18, 0.23, 0.59, 0.64)

(0.205137, 0.613791)

(0.205067, 0.615306)

Table 3. Comparison of critical point positions of differing right-left symmetric

distributions of five equipotential slits on the real axis.

3.9 Summary

We have constructed explicit formulae for the modified Green’s functions, harmonic
measures and first kind Green’s function of a multiply connected circular domain.
Formulae for the Green’s function of more general multiply connected domains fol-
low using conformal mapping. Numerical checks against alternative independent

formulations validate our formulae.
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CHAPTERA4

Mappings to canonical domains.

4.1 Introduction.

The theory of Green’s functions has underlying connections with the theory of con-
formal mappings to multiply-connected domains of certain canonical classes. These
connections were first made by Koebe [49] and are described for example in [54] and
[62]. However, explicit formulae for these conformal maps do not seem to appear in
the existing literature. In this chapter we shall use the explicit representations for
the Green’s functions presented in the previous chapter to construct such formulae.

Note that these formulae are also presented in [29].

As referred to in §1.1 there are a number of canonical classes of multiply connected
domains other than circular domains. Each is characterized by different geometries
which make it more suited to particular situations than others. The most common of
these are found listed in standard texts on function theory and conformal mapping
such as [54] and [62]. The five most important are, for domains of connectivity
N +1, N > 0: (a) the region bounded by a circle with N enclosed circular arc slits
all centred on the centre of the circle; (b) the region bounded by a concentric circular
ring with N — 1 concentric circular arc slits between the two circumferences of the
ring; (c) the circular arc domain bounded by N + 1 circular arc slits all centred on
the origin; (d) the parallel slit domain bounded by N + 1 finite-length slits aligned
at the same angle to the real axis; (e) the radial slit domain bounded by N + 1

finite-length slits lying on rays emanating from the origin.

It is very useful to have explicit formulae for the conformal maps from an arbitrary
domain onto the conformally equivalent domain of each of these classes. Or, which
is almost as desirable, is to have explicit formulae for the conformal maps between

conformally equivalent domains of each of these classes so that given an arbitrary
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domain if one can determine, possibly by numerical means, a conformal map to a do-
main of one of these classes then the conformal maps to domains of each of the other
classes follow easily. Such formulae do not however appear to be documented. How-
ever, as referred to above, it turns out that these maps may in fact be constructed
using modified Green’s functions [54],[62]. We shall in fact explicitly construct con-
formal maps from a general circular domain to domains of the classes (a)—(e) just

described using the modified Green’s functions associated with the circular domain.

4.2 Mathematical formulation.

Let D¢ be the usual circular domain bounded by the circle |¢| = 1 which we label
Co and N other circles {C}|j = 1,...,N} in the interior of Cp. As usual we can
construct an associated Schottky group © generated by N Mobius maps of the form
(1.6). And recall that for j = 0,1, ..., N, denoting the reflection of D; in C; by Déj),
the region F) consisting of D¢ and ﬁé] ) is a fundamental region of ©. Finally we

may construct the prime function w(¢,~).

Recall, we may express each of the N + 1 modified Green’s functions G;((; ) of
D¢ in the form (3.27), j = 0,1, ..., N. The analytic extension of G;({; a) is éj(C; a)
which is given by (3.28).

4.2.1 The circle with concentric circular slits.

For j = 0,1,..., N, let R;((;a) denote the conformal map from D, to the region
bounded by an outer circle and M inner concentric circular slits, where C; maps to
the outer circle and the point {( = a maps to the origin. It can be shown ([54],[62])

that in terms of G;({; «) we have

R;j(G; @) = exp(—G4(¢; ), (4.1)

so that from (3.28) we have

Ri((a) =




The mappings (4.2) have been normalized to take the boundary circle C; to the unit

circle in the image domain.

Note that in the special case j = 0, (4.2) simplifies to

Ro(¢ra) = =69 (4.3)

| w(¢, at)

4.2.2 The circular ring with concentric circular slits

Let S;;(¢) denote a conformal mapping which maps C; and C; respectively onto
the outer and inner circumferences of a circular ring domain while the remaining
N —1 circles bounding D are mapped to circular arc slits between these two bounding
circumferences. It can be shown ([54]) that in terms of the modified Green’s functions

of DC
Sii(¢) = exp(G;(¢; @) — Gi(G; ) (4.4)

4.2.3 The circular slit domain.

Let P(¢;a, 3) be the conformal mapping from D¢ to a circular slit domain where
the point ( = a maps to the origin and the point ( = 8 maps to infinity. Following
Schiffer [62], the required mapping is given by

exp(=G;(¢; )
exp(=G;(¢; B))

Any of the N + 1 modified Green’s functions {G;(¢;)|j = 0,1..., N} can be used

P((a,8) =

(4.5)

in these formulas but let us use Go(¢; a) which is given by the simple form (3.41).

An explicit formula for the required mapping is thus

_ wl( @)

P(¢a,8) (4.6)
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4.2.4 The parallel slit domain

Consider the conformal mapping from D. to a parallel slit domain where each slit
makes an angle x to the real axis in the image domain. Each boundary circle of D,
maps to a different slit. Suppose the point { = « is the point mapping to infinity.
Let this conformal mapping be ¢,(¢;a). It is shown in Schiffer [62] that such a

mapping is given by

dx (¢ ) = €X [cos xp((; @) — isin i (¢; )] (4.7)

where
)= 19 & o) = 2 Ee 48
¢(<,O[) - ;a_y(] J(Cva)a QP(C,OZ) - 8_.170 J(C>a) ( : )

with o = zo+iyo. Note that any of the N+1 modified Green’s functions {G;((; a)|j =
0,1...,N} can be used in these formulas but let us use Go(¢;a) which is given by

the simple form (3.41). By a simple change of variables, (4.8) can also be written

0 0\ ~ 0 0\ ~
0G) = (55 - g JGolcia), vGa) = (5= + 50 )GulGia) (49
so that (4.7) takes the form
0 " 0] ~
0u(6i0) = | 50~ | GulGi ) (1.10)
From (3.41) it follows that
0Go(Ga) 1 walCya)
~8a 20 w((a)’ (4.11)
0Go(Go) 1 1 wa(a)
da  2a a2 w(C,al)

where the notation w, (¢, «) denotes the derivative of w((,«) with respect to its

second argument. Combining all this leads to the final formula

. — i 1 1 wa(C,@_l) 1 wa(c, a)
¢X(Caa)—€2x<%—§m) +%—m. (4.12)

4.2.5 The radial slit domain.

Let Q(¢; o, B) be the conformal mapping from D¢ to a radial slit domain where the

point ( = a maps to the origin and the point {( = § maps to infinity. Neither Nehari
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[54] nor Schiffer [62] give a simple way to construct this mapping from the modified

Green’s functions, but it turns out to be given by

_ wl(Gaw(¢a

To establish this, the formulae (1.62), (1.9) and (1.49) can be used to demonstrate

QG B) (4.13)

that, on each boundary circle {Cj|j = 0,1,..., M}, the argument of Q((;a, () is
constant (this is easily done by computing m on each circle and showing
that it is proportional to Q((; a, 3)). This shows that the images of each circle are
rays emanating from the origin. Then, standard arguments based on the argument
principle can be used to show the univalency of the mapping on use of the fact that

it has just one zero and one pole inside the original circular domain.

4.3 Examples.

As illustrative examples of the above mapping formulas in action, Figure 4.1 shows
the case of an arbitrarily chosen triply connected circular domain and its images
under the five mappings of §4.2.1-4.2.5. Figure 4.2 shows the case of a quadruply

connected domain.
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Fig. 4.1: Conformal mappings from a triply connected circular domain with pa-
rameters d; = 0.4,q1 = 0.075,52 = 0.5¢3™/4 ¢y = 0.075 with parameters y = /4,
a = —0.15 and 8 = 0.1 to five types of conformally equivalent slit domains.
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Fig. 4.2: Conformal mappings from a quadruply connected circular domain with
parameters §; = 0.4,q; = 0.075,82 = 0.5¢, g2 = 0.05, 55 = 0.4¢5™/4 ¢, = 0.05 with
parameters x = 7/4, a« = —0.15 and 8 = 0.1 to the five types of conformally
equivalent slit domains.
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CHAPTER O

Applications to fluid dynamics

In this chapter we present some applications to fluid dynamics of the theory pre-

sented in the previous chapters .

5.1 Multiply connected quadrature domains.

In this section we consider a particular class of domains known as quadrature do-
mains. An excellent introduction to quadrature domains with an extensive bibliog-

raphy on the the subject is given by [41].

The simplest example of a quadrature domain is a disc. Recall the well known result
referred to as the “mean value theorem” [1] which states that for a disc D in a z-
plane with centre z = a and radius r, for any function h(z) integrable and analytic
in D

//Dh(z)dmdy:WTQh(a), (5.1)
where z = x + iy. Thus the two-dimensional integral on the left-hand side of (5.1)
reduces simply to the evaluation of the integrand at a single point. General quadra-
ture domains are characterized by special integration properties such as (5.1) which
are referred to as quadrature identities. A classical quadrature domain D is a special
type of quadrature domain whose quadrature identity is of the form that for any
function h(z) integrable and analytic in D,

M nk—l

/ /D h(z)dwdy =Y Y cp ;b9 (z) (5.2)

k=1 j=0
where {zx|k = 1, ..., M} is some set of points in D, h(9) denotes the j-th derivative
of h, and ¢ ; € C, and M, ny € Z. That is, the two-dimensional integral on the left-
hand side of (5.2) reduces simply to the evaluation of the integrand and derivatives
of the integrand at a finite set of points in D. Thus for example, a disc is a classical

quadrature domain.
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Quadrature domains are interesting in their own right, but they also happen to be
relevant to the mathematical study of a wide range of physical problems, particularly
in fluid dynamics. An account of such applications is given by [21]. These include
Hele-Shaw flows, free surface Stokes flows, free surface Euler flows, viscous sintering
and vortical flows. Indeed, later in this chapter we shall present a new class of
equilibrium vorticity distributions of planar flows of ideal inviscid fluids obtained

using quadrature domain theory.

All this motivates our interest in quadrature domains. In particular, we consider
the problem of finding explicit formulae describing quadrature domains of arbitrary
multiple (finite) connectivity N. Most of the existing literature consists only of the
cases N = 1 and N = 2. One way of parameterizing any domain is in terms of a
conformal map from a domain of some canonical class of the same connectivity. We
choose the canonical class of circular domains which we have so far been studying.
It turns out that the conformal map from such a circular domain D¢ to a quadrature
domain D of the same connectivity NV > 1 is a function which is automorphic with
respect to the Schottky group © constructed from D, as in chapter 1. In chapter
2 we describe how to represent such functions explicitly for any finite N. Thus we
may use these formulae to parameterize quadrature domains of any finite multiple
connectivity. A range of explicit examples are presented to demonstrate the efficacy

of this method.

But parameterization in terms of conformal mappings is not the only means of
constructing quadrature domains. It turns out that the boundary of a quadrature
domain is an algebraic curve [4] and based on this fact Crowdy [16] has presented
yet another alternative method. For purposes of comparison we have constructed

quadrature domains using conformal maps as well as this algebraic curve method.

5.1.1 Properties of a conformal mapping from a circular domain to

a quadrature domain.

Any domain is the image under a conformal map of a circular domain. In this
section we shall describe the properties of a conformal map from a circular domain

to a quadrature domain. In particular, we shall show that given a circular domain
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D¢ of our chosen form described in chapter 1, with associated Schottky group © and
a fundamental region F, the image D of D¢ under a conformal map z(¢) which is

automorphic with respect to ® and meromorphic in F, is a quadrature domain.

To begin, consider a general domain D (not assumed to be a quadrature domain) of
connectivity (N +1) in the z-plane bounded by analytic curves {0D;|i = 0,1, ..., N }.
Denote the complete boundary of D given by UfioaDi as 0D. For i = 0,1,...,. N
label as D; the region bounded by 0D; disjoint from D. We sometimes refer to these
regions as the “holes” of D. Now consider D as the image under a conformal map
z(¢) from our (N + 1)-connected circular domain D, in a ¢-plane. Suppose that for

i=0,1,..., N, C; maps to dD;.

Now consider an integral over D of the form appearing on the left-hand side of (5.2).

/ /D h(z)dwdy, (5.3)

where h(z) is integrable and analytic in D. Using Green’s theorem, this is equal to

That is

1

%h. h(z)zdz. (5.4)

And we may write this as

1 _
% jz% 7{91)]- h(z)zdz. (5.5)

Now note that for any analytic curve C there exists a function S(z) known as its

Schwarz function which satisfies
S(z) =%, (5.6)
for any point z on C, and which is analytic in a neighbourhood of C' ([32]).

For j =0,1,...,N let Sj(z) denote the Schwarz function of 9D;. Thus we can write
(5.5) as

1 N
% ]z; ﬁé N h(2)S;(z)dz. (5.7)

Now parameterizing in terms of { we have,

z = z(¢) = z(C) (5.8)
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where we define
Z(¢) = 2(¢) (5.9)
Now, for ¢ on C,
C=¢1, (5.10)

C=¢;(¢) =0;(¢7). (5.11)
So, on 0Dy,
z=2(¢C1), ¢€C (5.12)
And on 0Dy,
z=2(0(¢"")), C€Cj (5.13)
So we deduce,
So(z) =2(¢7)
_ (5.14)
Si(z) =z(0;(¢"Y), =1, N

where note that for ¢ in D¢ or on its boundary, ¢ = ((z) defines some function of z,
which is analytic for z in and on the boundary of D, so that the expressions on the

right-hand sides of (5.14) are indeed functions of z.

Now suppose that z(¢) is automorphic with respect to the Schottky group ©. Then
forj=1,...,N,
2(¢) = 2(0;(<)), (5.15)

and

=2(0;(¢ )
=2(C (5.16)
=z(¢h)
= So(2)
So we deduce
So(2) = S1(2) = ... = Sn(2) = S(2)  say, (5.17)



where we define

S(z) =Z(¢C7h). (5.18)

So then we can write (5.7) as

1

% h(z)S(z)dz. (5.19)
oD

where 0D denotes the whole boundary of D.

Now note that z(() is conformal in D¢ and thus meromorphic in this domain. But
furthermore suppose that z(() is also meromorphic in DC, and thus everywhere in
the fundamental region F'. Then clearly Z(Z_l) is meromorphic for ¢ € Dy, since
for ¢ € D, Z_l is contained in DC’ Thus z(¢™1) is meromorphic for ¢ € D¢, and
hence S(z) is meromorphic for z € D. But then the integrand h(z)S(z) in (5.19) is
analytic in D except for the singularities of S(z) which are just poles. Hence we can
simply apply the residue theorem [1] and so (5.19) and hence (5.3) simply reduce to

a discrete sum of the form on the right-hand side of (5.2), and so D is a (classical)

quadrature domain.

In particular, suppose the poles of z({) in F' are at {aglk = 1,..., M}. If D is finite
then these must all be in 154. Otherwise, if D is infinite, all of these except one
must be in 154. (Note that since z(() is a conformal map of D¢ onto D, it must map
D¢ onto D in a one-to-one manner, and thus no more than one pole of z({) can be
contained in D.) Suppose ay is a pole of z(¢) in lA?C. Then S(z(¢)) has a pole at
ar L So let

2, = 2@ ) (5.20)

Obviously z; € D. And S(z) has a pole at z;. Suppose ay is a pole of z({) of order
ng (ng a finite integer > 1). Then it follows that S(z) has a pole of order ny at the

point z;. In the neighbourhood of the point z; we have

ne—1

S(z) = Z skj(z — 2) U 4 0(1) (5.21)
=0

for some sy, ;. Then the corresponding quadrature identity of D is of the form (5.2)

where ¢y, j = sy, ;, where sy ; is defined by (5.21).

So to summarize the above, given a circular domain D¢ of our chosen form, under a

conformal map z(¢) which is automorphic with respect to the associated Schottky
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group © constructed as in §1.2 and meromorphic in the associated fundamental

region F', the image D of D¢ is a (classical) quadrature domain.

But recall we presented explicit representations for such functions in chapter 2. Thus
we may use these to construct quadrature domains of any finite connectivity. Note
that in the simply-connected case our circular domain D, reduces simply to the unit
disc, and as described in (2.2), these functions are simply rational functions. This
agrees with the well-known ([4]) fact that the conformal map from a disc to a simply

connected quadrature domain is a rational function.

5.1.2 Examples

We shall now construct some explicit examples of quadrature domains using the
method described above. These examples have previously been presented in [23].
Most of them have been considered by Richardson [60] in a physical context, namely
singularity-induced Hele-Shaw flows. Singularity-driven flows in a Hele-Shaw cell are
flows induced by injecting fluid in or out of the cell. In this context these quadrature
domains represent connected regions of fluid formed from circular “blobs” of fluid
which have coalesced. These quadrature domains are generalizations of the simple
case of a single circular disc. Note that as a numerical check on our work, com-
putations were checked using constructions of the conformal maps in terms of both
the prime function and Poincaré theta series as described in §2.2.1 and also using a
constructive method proposed by Crowdy [16] which is based on the fact that the
boundary of a quadrature domain is an algebraic curve. Good numerical agreement

was found in all cases.

Example 5.1.1

The quintuply-connected quadrature domain D in Figure 5.1 is the image under
a conformal map z(() of a circular domain D¢ in the ¢-plane bounded by the unit
circle labelled Cy, and four circles (', .., Cy4 in the interior of Cy where for k =1, ..., 4
Cy, is of radius g centred at 6e?("/4+(E=17/2) " where § is real. The conformal map is

an automorphic function which written in terms of the prime function is of the form
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Fig. 5.1: A quintuply connected quadrature domain constructed using the conformal
map (5.22) constructed in terms of the prime function.

(2.5). Specifically,
_nr w(¢, 0)ws(C, B1)wa(C, B2)
W' (¢, 00)wy (¢, a1)wa(C, az)”

where oy, (1 are real, and ao, (2 lie on the ray arg[(] = m/4. The associated

z(Q) (5.22)

automorphicity conditions on the zeros and poles of the map are of the form (2.6).
Note that the associated quadrature identity is of the form (5.2) with M = 9 and
ng=1fork=1,.., M.

Example 5.1.2

The septuply-connected quadrature domain D in Figure 5.2 is the image under a
conformal map z(¢) of a circular domain D, in the (-plane bounded by the unit

circle labelled Cy, and six circles C1, .., Cg in the interior of Cy where for k =1, ...,6

i(m/64-(k—1)

C} is of radius g centred at de’ 7/3) where § is real. The conformal map is

an automorphic function which in terms of the prime function is of the form (2.5).

Specifically,
_ (6 0ws(C B)

B uﬂ((? OO)“-’G(Caal),

where R is a multiplicative constant. The associated automorphicity conditions on

z(¢) (5.23)

the zeros and poles are of the form (2.6). This automorphic function may also be
represented in terms of Poincaré theta series. Indeed, Figure 5.2 shows the images
of the conformal map represented in the form (5.23) but also in terms of Poincaré

theta series. As can be seen, these images are virtually indistinguishable.
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Fig. 5.2: Septuply connected domain constructed using the prime function (top left)
and Poincaré theta series (top right) at level 2, together with their superposition
(lower).

Example 5.1.3

The quintuply-connected quadrature domain D in Figure 5.3 is the image under a
conformal map z(¢) of a circular domain D¢ in the (-plane bounded by the unit
circle (| = 1 labelled Cy, and four circles C1, .., Cy in the interior of Cy where C is
also centred on the origin and is of radius ¢;, while C is centred at some point on
the ray arg[(] = § and C3 and Cj are the rotations of C through 27/3 and 47 /3

respectively.

The conformal map z({) is an automorphic function which in terms of the prime
function is of the form (2.15) and whose poles and zeros satisfy relations of the form
(2.16) and (2.17). Specifically
C_GO w3 C?/B w3 Caﬁ2
2(¢) = <R< 11 = 0(( )) (6, B)ws(¢, 2) (5.24)

9o’ 00) J w3 (¢, a1)ws(C, a2)

where

01(¢) = ai¢ (5.25)
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Fig. 5.3: Quintuply connected domain constructed using prime function (top left)
and Poincaré theta series (top right) at level 2, with superposition (lower).

is the Md&bius map associated with the inner circle C centred on the origin, and

R is a multiplicative constant. Also, a1, (1 are real, and s, (2 lie on the ray

arg[(] = 7/3.

The image of the conformal map constructed using both conformal mapping methods
is shown in Figure 5.3 along with their superposition. Again, the plots are virtually
indistinguishable. Note that the quadrature identity associated with such a domain

is of the form (5.2) with M =6 and npy =1 for k=1,..., M.

Example 5.1.4

The quintuply connected quadrature domain D in Figure 5.4 is the image under
a conformal map z({) of a circular domain D¢ in the ¢-plane bounded by the unit
circle labelled Cy, and four circles C1, .., Cy4 in the interior of Cy where for k =1, ..., 4

i(m/A+(k—1)

C}, is of radius g centred at de’ 7/2) where ¢ is real. The conformal map is
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Fig. 5.4: A quintuply connected quadrature domain constructed using conformal
maps in terms of the prime function (top left) and using algebraic curves (top right).
The superposition is shown in the lower diagram.

an automorphic function which in terms of the prime function is of the form (2.5).

Specifically,
_n w(¢, 0)wa(C, 1)
W'(¢,00)wa (¢, a)’

where a1 and (7 are real. The associated automorphicity conditions are of the form

(2.6).

z(¢)

(5.26)

Figure 5.4 shows the quadrature domain constructed as the image under the con-
formal map (5.26) of the circular domain D, and also the same quadrature domain
constructed using the algebraic curve method presented by Crowdy [16]. Again, the

plots are virtually indistinguishable.

To summarize, so far in this section §5.1 we have demonstrated that given a circular
domain D¢ of our chosen form, under a conformal map z(¢) which is automorphic

with respect to an associated Schottky group © and meromorphic in an associated
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fundamental region F', the image of D¢ is a quadrature domain. In chapter 2 we
give explicit representations for such functions, and thus using these we are able to

explicitly construct quadrature domains of any finite connectivity.

5.1.3 Vortical solutions of the Euler equations.

One of the problems of fluid dynamics which can be interpreted in terms of quadra-
ture domain theory is the study of equilibrium vortical solutions of the Euler equa-
tions for two-dimensional flows of ideal inviscid fluids in a completely unbounded
plane. We shall now present explicit formulae describing a new class of such solu-
tions using the results on quadrature domains presented above. These results also

appear in [24] and [25].

The simplest vorticity distributions are those consisting purely of point vortices.
These are describable in terms of explicit mathematical formulae. The next simplest
vorticity distributions are vortex patches by which we mean connected finite-area
regions of constant uniform vorticity surrounded by irrotational flow. Few exact vor-
tex patch equilibrium solutions are known. Perhaps the most famous vortex patch
solution is the Kirchoff elliptical vortex patch ([50]). More complicated vorticity dis-
tributions usually require numerical treatment and cannot be described in terms of
explicit mathematical formulae. While computational methods for vortex dynamics
are highly sophisticated exact solutions are still important. The new equilibrium
vortical solutions we shall present here consist of point vortices and vortex patches
and are described by explicit formulae. Essentially, the unbounded region of irrota-
tional flow exterior to the vortex patches is a quadrature domain, and thus may be
parameterized in terms of a conformal map as described in §5.1. We point out that
these new solutions appear to be the first examples of exact solutions of the Euler

equations involving multiple interacting vortex patches.

We briefly remark that such vortical solutions have applications to physical problems

such as modelling atmospheric flows (see [51] and [7] for example).
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5.1.4 Mathematical formulation.

We consider two-dimensional flows of ideal inviscid fluids. These are of course in-
compressible and may be described in terms of a streamfunction ¢ (z,%), which is a
real-valued function. Suppose at an initial instant we have N 4 1 mutually disjoint
patches {D;|i = 0,1,..., N} in pure solid body rotation with the same vorticity w,
with the flow in the (N + 1)—connected infinite region D exterior to the patches
purely irrotational except possibly for point vortex singularities. Label the boundary

of D; as 0D; and the complete boundary of D given by Ug\ioaDi as 0D.

At this initial instant the patches are rotating about the origin with angular velocity
w/2. Do there exist such vortical configurations of vortex patches and possibly
point vortices which rotate about the origin with constant angular velocity w/2 for
all subsequent time without change of form? Suppose we use a frame of reference
which rotates about the origin with this constant angular velocity w/2. Then in this
frame the configuration of patches and any point vortices must be stationary, and

furthermore, the velocity field at points inside the patches must be zero.

Suppose that in fact D is initially a quadrature domain. Then for ¢ = 0,1,..., N

denoting the Schwarz function of dD; by S;(z) we have
So(z) = S1(2) = ... = Sn(z) = 5(2) (5.27)

for some S(z), where S(z) is meromorphic in D. Suppose that at this initial instant,

the streamfunction for this flow in this rotating frame of reference, is given by:

$(22) { 0 zeD;, i=0,1,.... M (5.28)
2,Z) = L .
%(zZ—fZS(z’)dz'—fZS(z’)dz') z€D
The associated velocity field is then given by
, . _ 0 z€D;,1=0,1,..,.N
u—w=20,(2,2) =< (5.29)
“(z-5() =zeD

Of course the velocity field must be continuous everywhere in the flow, including at
points along the boundaries of the vortex patches where there is actually a “jump”
in the vorticity field. This means that in this rotating frame of reference, since

the flow inside the patches must actually be stagnant, the velocity field must be
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zero everywhere along the boundaries of the patches. Note that this automatically
guarantees that the boundaries of the patches are streamlines of the flow, and so the
patches do not change shape or position in this rotating frame. But this requirement

is indeed satisfied since recall S(z) = Z everywhere on the boundary of D.

Furthermore, it is clear from (5.29) that any singularities of S(z) in D correspond to
flow singularities in D. Since the only flow singularities in D are the point vortices,

then S(z) must be analytic in D except for j = 1,..., M, for z near z; we must have

. oIy 1
u—w=——
2wz — zj

+ terms analytic at z; (5.30)

All that remains is to ensure that in the rotating frame of reference, for j =1,.... M
the non-self-induced velocity of the point vortex at z; is zero so that it is stationary.
This leads to M conditions to be satisfied. We shall refer to these conditions as the
stationarity conditions on the point vortices. These stationarity conditions are

stated explicitly in appendix G.

Then in the rotating frame of reference the arrangement of vortex patches and
point vortices will remain fixed. Thus, in the “laboratory” frame of reference, the
arrangement will rotate about the origin with constant angular velocity w/2 without
change of form. Thus these are equilibrium solutions of the Fuler equation, and we
can write down ezplicit formulae describing them. Formulae for the circulations of
the vortex patches and point vortices can also be written down. These are given in

Appendix H.

Briefly, let us now reinterpret the Rankine vortex solution. This solution consists
of a single vortex patch D; which is a disc, say centre the origin and radius a,
which is in pure solid body rotation with vorticity w, with the flow in the region
D exterior to D; completely irrotational and no point vortices. This is known to
be a equilibrium solution, with D; rotating about the origin with constant angular
velocity w/2. Now note that it is well-known that the exterior of a circle (in fact
any ellipse) is a simply-connected quadrature domain. The Schwarz function of the

2,-1

circle is S(z) = a“z~"'. Notice this has no singularities in the region D. Thus the

Rankine vortex is of precisely this class of vortical solutions just described.
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/ point vortex

patch

Fig. 5.5: Schematic illustrating the vortex configuration of interest consisting of two
point vortices at i and two rotationally-symmetric uniform vortex patches.

Note that Crowdy [19] has already constructed solutions of this form with a single
vortex patch so that the infinite region D is simply connected, but unlike the Rankine

vortex, this patch is surrounded by a distribution of satellite point vortices.

Let us now present some explicit examples of solutions of the form just described.

5.1.5 Solutions with two patches.

The explicit formulae we present in this section for a class of solutions of the form
described above are also presented in [24], and the reader is referred here for further

discussion of these.

Consider at an initial instant, a rotationally symmetric configuration as shown
schematically in Figure 5.5 consisting of two point vortices at z; = 4,20 = —i,
together with two vortex patches D and Dy whose centroids lie on the real axis. In
this case D is doubly connected so we take our circular domain D¢ to be an annulus

p < |¢| < 1, with |¢|] = 1 mapping onto dD; and |¢| = p mapping onto dDy. The
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form for z(() is

P(—C\/ﬁ_l,p)P(—C\/ﬁ, p)P(C\/ﬁ, p)
Py L APy, ) P(C e, 1)

where ¢ and R are parameters. A derivation of this map is given in appendix G.

2(Q) =R

(5.31)

Observe that (5.31) is an automorphic function of the form (2.18). The associated
automorphicity condition is of the form (2.19), and indeed it can be easily checked
that the poles and zeros of (5.31) satisfy this, in fact for any choice of R,p and ¢.
Thus for any choice of R,p and ¢, (5.31) represents a function automorphic with
respect to ©. The only conditions on the parameters R, p and ¢ are that in the
rotating frame of reference the point vortices are at +i and are stationary. For
a fixed p these two conditions force the values of ¢ and R. We have found that

solutions exist for p in the interval
p € [0, perit = 0.735] (5.32)

Hence there exists a continuous one-parameter family of equilibria. In the limit
p — 0, it is found that the two vortex patches become invisibly small and essentially
disappear, leaving just the two point vortices. Thus these solutions can be regarded
as continuations of the classical co-rotating point vortex pair. As p increases, so does
the size of each vortex patch. As p — perit S0 the configuration approaches a limiting
state in which the two vortex patches touch at three distinct points, the points of
contact taking the form of three cusp singularities in the patch boundaries. At
0P = Perit, to within numerical accuracy, it is found that the patches touch and enclose
two exactly circular regions of irrotational fluid with the point vortices located at
their centres. To test this, Figure 5.6 shows the critical configuration superposed
with the three circles |z & i = 1 and |z| = 2. The boundaries of the limiting

configuration are indistinguishable from these three circles.

This feature of the limiting two-patch solutions suggests that the class of solutions

can be continued even past this limiting state as follows.

Point vortices and vortex patches are related. The circulation of a patch of uniform
vorticity is equal to its area multiplied by its vorticity. A point vortex may be
regarded as the limit of a patch of uniform vorticity of the same circulation as the

area of the patch shrinks to zero while its vorticity tends to infinity in such a way
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Fig. 5.6: Critical configuration for two satellite patches and two satellite point vor-
tices for p = perit = 0.735 (drawn in solid lines) shown with the three circles |z+i| = 1
and |z| = 2 superposed (drawn with dashed lines). The solid and dashed curves are
indistinguishable.

that its circulation remains fixed. Conversely, we may regard a vortex patch as a
point vortex of the same circulation whose vorticity has been “smeared out” over a
non-zero area. This is sometimes referred to as “desingularizing”, or “regularizing”
the point vortex. In fact, some equilibrium vorticity distributions involving point
vortices and vortex patches can be continued to different equilibria by continuing
point vortices to vortex patches or vortex patches to point vortices. However, even if
an equilibrium vorticity distribution involving point vortices is describable in explicit
form, any new equilibria found from it by desingularizing point vortices cannot
usually be described explicitly and is normally only obtainable numerically. This is
because it is not always straightforward to see into what shape one should “smear”

the point vortices.

It is conceivable that any of the equilibria of the family of solutions found here could
be continued to different equilibria by desingularizing the point vortices. As stated,
these new equilibria would probably only be obtainable numerically and not in ex-
plicit form. However, in the particular case of the critical equilibria, the streamlines
around each of the point vortices are exactly circular. Furthermore numerical com-
putations (-see [24]) show that in this limiting configuration, the circulations of each
point vortex and each vortex patch become equal, in fact to 7. Thus in this case,
replacing each point vortex by a Rankine vortex patch of the same circulation m

the resulting vorticity distribution is an equilibrium, and in fact one which may be
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described explicitly since the boundaries and vorticities of all the patches are known.
If the radius of one of these Rankine vortices is r then obviously since its circulation
must be 7, we deduce it must have vorticity w(r) where

won = 712 (5.33)
Figure 5.7 shows several configurations for different values of p. The seventh diagram
in Figure 5.7 shows the configuration where for both Rankine vortices » = 0.4. r may
of course take any value from 0 up to a maximum of 1 which is when the boundaries
of the Rankine vortex meets the circular boundaries of the satellite patches. When
r = 1, the enclosed Rankine vortex has vorticity 1. But this is of course also the
vorticity of the satellite vortex patches. Hence, if both Rankine vortices have radius
1, then the equilibrium is essentially a single circular Rankine vortex of radius 2,
uniform vorticity w = 1 and total circulation 47. This is shown in the eighth diagram

in Figure 5.7.

So we have in fact shown that two classical equilibrium solutions of vortex dynamics,
that is the co-rotating point vortex pair and the Rankine vortex patch, are in fact
connected by a continuous branch of non-trivial vortex equilibria, and moreover,
the entire branch of solutions is describable in explicit mathematical form (although
of course to obtain the intermediate solutions consisting of two point vortices and
two vortex patches, the parameters appearing in these formulae must be determined

numerically).

5.1.6 Solutions with more than two patches.

We can construct similar vortical solutions with more than two patches. The explicit
formulae we present in this section for a class of solutions of this form described above
are also presented in [25], and the reader is referred here for further discussion of

these.

Consider an N-fold rotationally symmetric configuration consisting of N point vor-
tices and N vortex patches {D;|j = 1, .., N} surrounding an additional central vortex

patch Dy. In particular, in the co-rotating frame, the positions of the point vortices
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N =6.255, ' =0.028 I =6.011, I =0.272
S sp S Sp

I =5.530, =0.754 I =4.620, =1.663
s sp s sp

I =3.542, =2.741 I =3.142, ' =3.142
s sp s sp

8,

M =3.142, ' =3.142
s sp

Rankine vortex

Fig. 5.7: A continuous branch of rotating vortex arrays connecting the co-rotating
point-vortex pair to the Rankine vortex. The sixth figure is the limiting state of the
solution where p = p¢r;+ and where the two patches develop cusps and touch at 3
distinct points enclosing circular irrotational regions centred on the point vortices.
The last two figures illustrate the desingularization of the point vortices to form a
single Rankine vortex. The circulations I'y; and Iy, of respectively the satellite point
vortices and vortex patches are also shown.
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vortex patches

point vortices

/

Fig. 5.8: Schematic showing the vortex configurations under consideration in the
case N = 4. A central vortex patch is surrounded by an alternating distribution of
N point vortices and N satellite vortex patches. The central vortex patch is Dy, the
N satellite patches are {D;|j =1,..,N}.

are {zj|j =1,..., N} where

2rG-D/N 5 =1 . N, (5.34)

ije

while the centroid of Dy is at the origin and the for j = 1,.., N the centroid of D;
is on the ray

arg[z] =m(1+2(j —1))/N. (5.35)
Figure 5.8 shows a schematic in the case N = 4. Note that explicit formulae for

similar vortical solutions without a central vortex patch have been derived in [16].

We parameterize the unbounded N + 1-connected region D exterior to the patches
in terms of a conformal map z(¢) from a circular domain D, bounded by the unit
circle |¢] = 1 labelled Cp and N inner circles which we label {C}|j = 1,..., N}, where
for j = 0,1,..., N, C; maps onto 9D;. For j = 1,...,N let §; and g; respectively

denote the centre and radius of the circle C;. We take
§; = 6eH20=D)im/N =g — g for j=1,..,N. (5.36)

for some real parameters J and ¢ to be determined.
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We take z(¢) to be of the form

w,(Ca OO)WN(Cv /6)
w(Cv O)U)N (C7 Oé)

where «, ( are real parameters and R is a multiplicative constant, and where

z(()=R (5.37)

wn (¢,7) is a product of N prime functions given by

N
wn(¢,y) = [Jw(¢, e =D, (5.38)

j=1
and where recall we define w'({,00) by (1.36). This map has poles and zeros in F
at the points {o;|j =1,...,N + 1} and {f;|j = 1, ..., N} respectively. Note that we
require o > 1, 8 > 1 so that these poles and zeros are contained in DC rather than

De¢. z(¢) also has a pole at ¢ = 0 and a zero at { = oo.

The map (5.37) depends on the parameters
q, 6, o, B, R. (5.39)

First note that of course we must guarantee that z(¢) is automorphic with respect
the the Schottky group ©. Recalling (2.9), note that the poles and zeros of an
automorphic function of the form (5.37) must satisfy conditions of the form (2.10).
In this case, due to symmetry, these conditions are in fact all the same. Also, we
specify that the satellite point vortices are unit distance from the centroid of the
central vortex patch. We need only impose this normalization at one of the point
vortices since by the form of the map (5.37) and the symmetry of D¢ the other point
vortices are symmetrically placed. Also we must satisfy the stationarity conditions
on the point vortices. Due to the symmetry of the vorticity distribution, if in the
co-rotating frame one point vortex is stationary then the others will necessarily be

too, and the stationarity conditions on the point vortices are all the same.

These three conditions are the only conditions we must impose. So we are free to
pick two of the five parameters (5.39), and then the remaining three are determined

by these three conditions.

Vortical solutions of this form have been found to exist for all integers N > 3 (note

that the solutions of [16] were only found to exist for NV > 3).
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critical case with cusps on both central and satellite patches

- a®=1959, q"¥=0.170

q®(2.2)

crit

q®(2.8)

crit

o 0.1 —‘\
©

qcrit

cusps form on satellite patches

(2.2)

cusps form on
central patch

AN

1 15 2 2.5 3 3.5 4 4.5 5 5.5 6

Fig. 5.9: (a, q)—parameter space indicating region where equilibria exist in the case

N = 4. The vertical dot-dash line at a = 2.8 shows that solutions exist for q €
ciit

5.10. The vertical dot-dash line at a = 2.2 shows that solutions exist for ¢ €

[qéigt(2.2),qgigt(2.2)]. Typical configurations along this dotted line are shown in

Figure 5.11. Also clearly marked is the intersection point of the two branches of

limiting solution where the limiting state exhibits cusps in the boundaries of both

the central and satellite patches. This critical configuration is shown in Figure 5.12.

[0, ") (2.8)]. Typical configurations along this dot-dash line are shown in Figure

Roughly speaking the parameter g governs the size of the satellite vortex patches. In
the range of parameter values for which solutions exist it is found that as q increases
so the area of the satellite patches increases. When ¢ = 0 so the satellite vortex
patches disappear, and the solutions reduce exactly to solutions already obtained
by Crowdy [16]. Thus these new solutions can be obtained as continuations of those

found by Crowdy [16].

For clarity, we shall now present the solutions for N = 4 in detail. Figure 5.9 shows

the (a, g)-parameter space for which equilibria have been found to exist.
When g = 0, the solutions reduce to solutions of [16] with no satellite patches. In
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this case, in [16] it is shown that in the limit & — oo, the central patch becomes
vanishingly small, while as a decreases, the size of the central patch generally gets

bigger until a reaches a minimum possible value at which the central patch has

developed cusp singularities in its boundary. This value is found in [16] to be aggt =

2.565. So for ¢ = 0, equilibria exist for « in the interval

) ). (5.40)

ac [acrit7

For fixed o > a(4)

orit> 38 q increases from 0 the area of the satellite patches increases.

In general, it is found that equilibria exist for ¢ values below some critical value

where the limiting vortex configuration exhibits cusp singularities on the satellite

patches. This critical value of ¢, which is a function of «, is denoted qgigt(a). So,
for fixed o > a((;zt, it is found that equilibria exist for ¢ in the interval
q € [0.q (). (5.41)

Figure 5.10 shows vortex configurations for such a value o = 2.8 for different values

of ¢ in the interval ¢ € [0, qé‘:zt(2.8)].

(4)

It is found that equilibria exist for a less than a,, .,

for ¢ > 0. Indeed, they exist in
a range which is denoted

aea® o) (5.42)
For « in this range it is found that, while no solutions exist for g just above zero,
there is nevertheless a window of ¢-values for which solutions do exist. The limiting
solutions are found to exhibit cusp singularities in the boundaries of either the

central or the satellite vortex patches. For a fixed « in the range (5.42), this window

of admissible ¢ values (which depend on «) will be denoted

g € [¢%,(), %) (). (5.43)

It is found that the lowest admissible value of ¢ yields a limiting state where the
central patch exhibits four cusp singularities in its boundary while for the highest
admissible value of ¢, the four satellite vortices exhibit boundary cusps. Figure 5.11
shows a range of vortex configurations for such a value o = 2.2 for different values of
g in the interval g € [qut(2.2), qéizt(2.2)]. This range of ¢ values is clearly indicated
by a dotted vertical line (the line a = 2.2) in Figure 5.9 intersecting the region of

parameter space where solutions exist.
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(@) [ =1.899,I =0.295, =0
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(c)F =1.822, =0.307, _=0.138
s cp sp

il M4 - W
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(e) T =1.699, I =0.321, =0.441
s cp sp
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0 -
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Fig. 5.10: Vortical equilibria for « = 2.8 and ¢ = 0,0.02,0.04,0.06,0.08 and q¢ =

(s)

Qerit =

satellite patches I's, are shown. Figure (a) shows a solution found in [16]. Figure (f)
is the limiting state where four cusps form simultaneously on the satellite patches

(b)r =1.877, =0.298, =0.037
s cp sp

2
1 o . L Y
0 . . .
1 9 . [ 4
-2
2 0 2

at the points closest to the central patch.
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(@)T =1.652,T =0.384,T =0.431 (b)T =1.643, =0.388, =0.452
s cp sp s cp sp
2 2

2 2

2 2
1 . 1 .
0 . l . 0 . ! .
-1 . 1 o
-2 -2
-2 0 2 -2 0 2

Fig. 5.11: Vortical equilibria for a = 2.2 and ¢ = q(c) = 0.106, 0.11,0.12,0.13,0.14

crit —
and qs,gt = 0.144. The circulations of the point vortices I'y, the central patch I'c, and
satellite patches I'y, are shown. In Figure (a), the limiting configuration exhibits
four symmetric cusps in the boundaries of the central patch while in Figure (f) the
limiting configuration exhibits cusps in each of the four satellite patches at the points
closest to the central patch.
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Fig. 5.12: Critical configuration, exhibiting the simultaneous formation of cusps
on both the central and satellite patches, corresponding to parameters N = 4,
a = a>(k4) =1.959,q = q£4) = 0.170. The cusps do not touch.

There exists a critical choice of parameters o = a>(k4) and ¢ = qi4) at which the two

solution branches just described meet. In the corresponding critical state, cusps
form simultaneously on both the central and satellite vortex patches. This point in
the (v, ¢)-parameter space is clearly marked on Figure 5.9. The critical configuration
is shown in Figure 5.12. The cusps which form on the central and satellite patches

in this limit do not touch each other.

The solutions for N = 4 have been described in detail but the features of solutions

for other values of N > 3 are qualitatively similar.

Finally, note that numerical checks have been carried out ([24],[25]) to test these
solutions presented in §5.1.5 and §5.1.6 are indeed equilibrium solutions. A detailed
analysis of the stability of these solutions remains to be performed, but preliminary

investigations ([24],[25]) suggest that they are stable.

5.2 Vortex motion in bounded domains.

As an application of the explicit formulae for Green’s functions of multiply connected
domains presented in chapter 3, we now consider the problem of describing the
motion of point vortices in general multiply connected domains. The results we
shall present also appear in [26], [27] and [28], and the reader is referred to these

references for further discussion.
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The motion of point vortices in a completely unbounded plane is fairly straightfor-
ward to describe. It is well-known ([61]) that the equations of motion of the point
vortices form a Hamiltonian system, where an explicit form for the Hamiltonian is
known. Furthermore, given the instantaneous positions of the point vortices, it is
straightforward to write down a streamfunction which describes the overall flow.
However, a basic question to ask is what is the effect on the motion of the point

vortices if a solid boundary is introduced into the plane?

The problem of finding explicit formulae describing the motion of an arbitrary num-
ber of point vortices in an arbitrary domain with boundaries is one which has pre-
viously only been resolved in very simple cases. The simplest example is of a single
point vortex in a half-plane bounded by an infinite straight wall. It is well-known
that the effect of the wall is to cause the point vortex to move at constant speed
in a direction parallel to the wall. Another very simple example is the motion of
a point vortex in the region exterior to a circular cylinder. In both these cases it
is straightforward to write down explicit forms for the streamfunctions of the flow.
One method of arriving at these forms is by the “method of images”. In these simple
cases the distribution of “image” vortices is straightforward. However, this is not
so for domains with boundaries of more complex geometry and so in these cases a

more sophisticated approach is required.

It turns out that the motion of point vortices is also Hamiltonian in bounded do-
mains and may be described in terms of what is known as the Kirchoff-Routh path
function (henceforth referred to as the path function) which is essentially the Hamil-
tonian of the motion. The motion of a single vortex in bounded simply connected
domains is relatively well-studied. A number of examples involving simply con-
nected fluid regions are given in Chapter 3 of [56] and in [61]. However, for domains
of connectivity IV > 1 very few results are known. Among these we mention recent
results obtained by Johnson and McDonald [46], [47], [48] for the motion of vortices
in a domain exterior to two circular cylinders and also in domains bounded by an
infinite straight wall with gaps in it. They use elliptic function theory to derive

these results.

We shall consider the general problem of the motion of an arbitrary number of point
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vortices in an arbitrary bounded domain. Making use of results derived by Lin [44],
[45] we construct explicit formulae for the path function describing the motion of

the point vortices.

Finally, we point out that the study of point vortex motion in bounded domains
has applications to physical problems. For example, oceanographers are interested
in understanding the motion of ocean eddies in the presence of coastal barriers (see
for example [33], [57], [64], [65]), and point vortices in planar domains provide basic

models for studying these ocean flows.

5.2.1 Mathematical formulation

The flows we shall be considering are two-dimensional flows of ideal inviscid fluids
in a multiply connected domain D with fixed boundaries in a z-plane. Such flows
obey the Euler equations. Furthermore we suppose that the flows are irrotational
except for point vortices. We may describe such flows in terms of a streamfunction
¥ (z,Z) or equivalently a complex potential W (z). 1(z,%) is a real-valued function
which is harmonic in D except for logarithmic singularities at the point vortices.

W (z) is the analytic extension of ¢(z,Z) such that
W(z) = ¢(z,2) +ip(z, 2) (5.44)

where ¢(z, Z) is the associated velocity potential. W (z) is analytic (though note not
necessarily single-valued) everywhere in D except for logarithmic singularities at the

point vortices.

Note also that for a boundary C' in the flow domain, introducing the usual coor-
dinates n and s at each point z on C where these are directed respectively in the
directions of the normal and tangent of C' at z, then the circulation round C in

terms of the streamfunction is given by

9y

) T (5.45)

or equivalently,

Re[[W(z)]c] (5.46)

where [W(z)]c denotes the change in W(z) on traversing C.
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5.2.2 The path function

As stated above, the motion of any number of point vortices in a unbounded plane
is Hamiltonian and can be described in terms of a path function. But in fact Lin
[44] established that the motion of any number of point vortices in a domain with
any number of boundaries is also Hamiltonian and there exists a generalized path
function in terms of which one may write the equations of motion of the point
vortices. Specifically, if there are M point vortices of strengths {I'x|k = 1,..., M}
and respective positions {z;, k = 1,..., M } in a domain D with fixed boundaries then

there exists a path function H ({zx,Zx}) such that

d.%‘k oH dyk o0H
= I =E___= 5.47
k dt 8yk’ b dt 8.7%’ ( )

where zp = xi + yi. Note that in rescaled coordinates (vI'yzk, vIryk), (5.47) is a

Hamiltonian system in canonical form.

5.2.3 Transformation properties.

Suppose z(() is a one-to-one conformal map of a given region D¢ in a (-plane onto
a region D in a z-plane. Suppose that there are point vortices of strengths {I'y|k =
1,...,M} in D¢ at points {(x, k = 1,..., M} and in D at the points {z;,k =1,..., M},
where for £ = 1,..., M, 2z = 2((x). Then denoting the complex potentials of the
flows due to these point vortices in D¢ and D as W) (¢) and W?(z) respectively, it

is straightforward to show that
W (z) = W9(((2)) (5.48)

where note that the one-to-one conformal map z({) can in principle be inverted so

that ¢ may be written in terms of z.

Note additionally that recalling (5.46) it follows from (5.48) that the circulation
round a boundary 0D; of D is the same as the circulation round the boundary C}

of D¢ which maps onto 0D; under z(().

What about the transformation properties of the associated path functions? If H(¢)

and H®) respectively denote the path functions for the point vortices in D¢ and D,
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Lin [45] showed that these are in fact related by the formula

M
F2
H (21, . zn) = HOC, oo, Cur) + ; ﬁ log |2¢(Cr)| (5.49)

Hence, if we can find an explicit formula for the path function for some canonical
class of multiply connected domains then explicit expressions for the path functions
in all domains follow up to conformal mapping. Note that even when z(¢) is not
known analytically (and must be computed numerically, for example), this function
is independent of the instantaneous point vortex positions and can be computed
once and for all at the start of any calculation (assuming the boundaries of the
flow domain are not changing in time) and so we may still use (5.49) to compute the
associated path function. We shall construct explicit formulae for the path functions

for the canonical class of circular domains.

5.2.4 The path function for circular domains.

Lin [44] introduced a special Green’s function G((; ) with respect to the two points
¢ and « in a general domain D with fixed boundaries. G({; ) is the streamfunction
of the flow induced by a point vortex of unit strength at the point ( = a in an
incompressible fluid in D. Flucher and Gustafsson [39] refer to Lin’s special Green’s
function as the hydrodynamic Green’s function and we will adopt this terminology.
Lin [44] showed that the path function for point vortex motion D can be expressed

in terms of the hydrodynamic Green’s function of D.

Suppose now D¢ is a N + 1 connected circular domain of the usual form we have
considered in previous chapters, i.e. bounded by the circle |(| = 1 which we denote
Co and N other circles {C;|i = 1,..., N} which lie in the interior of Cy. In the
case where the flow is such that the circulations round the inner boundaries {C;|i =

1,...,N} of D¢ are zero, the hydrodynamic Green’s function is in fact given by

G(Ga) = %Go(C;a) (5.50)

where Go((; @) is the modified Green’s function presented in chapter 3 and which is

given explicitly by (3.39). Thus an explicit representation for G((;a) is

ooy L w(C )@ ah)
N P Rk

(5.51)
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So, an explicit expression for the associated complex potential W ((; ) is

/) w(C, a)w(¢at
W((;a):——wlog< (G 0)(e ™ )). (5.52)

Note that on use of (3.40), it is also possible to write G({; ) and W((;«) in the

alternative equivalent forms

1 w(¢a)

Q(C;a):——l am

2T

o) e e (L @G a)
, W(Ga) %lg(’aw(c’a_l)). (5.53)

Note that G((; «) is the streamfunction of the flow in D¢ induced by a point vortex
at ¢ = a of unit circulation. And indeed, from the properties of Go({; ) described
in §3.6.1 it is clear that close enough to the point {( = «, where the effects of the
boundaries of D are insignificant, G((; ) resembles the streamfunction of the flow

induced by a unit strength point vortex at this point. In fact we can write,

9(G:0) = G(¢;) + 5 Tog|¢ —af (5.54)

where ¢({;«) is harmonic in D¢. Furthermore, the property (3.6) implies that the
boundaries of D¢ are streamlines of the flow corresponding to G({;«), and also,
recalling (5.45) we see that (3.7) implies that the circulations round the inner circles
{C;|li =1,..., N} are zero, though by fixing a value for G((; @) on Cy this constrains
the circulation round Cjy and this will generally be non-zero. If we wanted non-zero
circulations round all the boundaries of D we could simply add to (5.51) a suitable
linear combination of the N harmonic measures {0} ({)|k = 1,..., N} defined in
§3.6.2. The resulting function will still be a streamfunction with the same flow
singularities since recall the harmonic measures are harmonic in D¢ and constant
on all the boundaries of D¢. But for k € {1,..., N} the addition of some constant

multiple of oy (¢) will contribute a non-zero circulation around Cj.

Now, from [45] the path function H((, ..., {ar) for point vortices in D¢ at (1, ..., (s,

where for k = 1, ..., M the circulation of the point vortex at (i is I'g, is given by

M
H(Cy oo i) = Zrkwo G+ Y ThTrG(Cri G

ky,kg=1

i1, (5.55)
| M
t3 ; T29(Crs Cr)-
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where ¢g((; ) is defined by (5.54) and 1y(¢) denotes the streamfunction for any
background flow in D, induced by agencies other than the point vortices. In the
subsequent examples we shall impose no background flows. Furthermore, we shall
impose that if the image domain D is either finite with an outer boundary 0Dy, or
infinite but with a boundary 9Dy which extends to infinity, then in both these cases
we take the exceptional boundary 0Dy to be the image of Cj so that the circulation
is non-zero round this boundary but zero round all the others. But if D is an
infinite domain and none of its boundaries extend to infinity, that is they all bound
finite “islands” of the plane, then we shall insist that the circulation round all these
boundaries is zero. This corresponds to a case where for example all point vortices
start off at infinity so that with no imposed background flows the flow around the
islands is initially trivial so that all circulations round the islands are initially zero
and thus must remain zero for all subsequent times by Kelvin’s circulation theorem.
So how can we render the circulation around Cy and hence dDg equal to zero? To
do this we add in D, another point vortex of equal but opposite circulation of the
total circulation of the original M point vortices. We place this additional vortex
at the point { = (o, which maps to z = co. Thus in the case where there is M =1

point vortices of circulation I', the complex potential becomes

SO (St P AN B (SY 29 =Y =
WO =gy 18 <w<<aal>5<<—1,6>>+4wlg( (¢, (¢ ,cTo))
(

(5.56)

T, (w ¢ (c ol T I lcoo>>
(BB B G

where the branch of W (() is chosen so that a branch cut joins a to { inside D¢ while

another branch cut joins a~! to CTO_l in ﬁg (with analogous choices of cuts being
made in all other images of the fundamental region) so that indeed the circulation
round Cp and hence 0Dy is also zero. Note that Johnson and McDonald [46] employ
this same approach to render the circulation around all boundaries of a multiply

connected flow domain equal to zero.

Finally, using conformal maps from circular domains we can use the formulae above

to plot point vortex trajectories in a variety of bounded domains.

We shall focus on the case of the motion of a single vortex of strength I' at { = a. We

point out that the Hamiltonian of any Hamiltonian system is a conserved quantity.
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Fig. 5.13: Typical vortex paths in the unit disc with two cylinders of radius 0.1
centred at £0.2.

Thus in the case of a single vortex, the trajectories of the vortex are simply the

level-lines of the path function.

When just a single vortex is present, the double sum in (5.55) disappears and the
path function for a circulation I" point vortex in the absence of any background flows
due to other agencies is given by,
T2
HO(a) = —?g(a,a). (5.57)

Some algebraic manipulations reveal

1 W (a, @)@ (a7t a™t)
= — 1 . .
9(a,@) = —log Zulo.a Vo T.a) (5.58)
On use of (5.58), we have
2 W'(a, @)@ (ot o)
HY(a) = ——1 ’ : : 5.59
(@) 8 8 cw(a,a Hw(a1, @) (5.59)

Using (5.59) we can plot the possible trajectories of a single point vortex in circular

domains of the form of D;. Figures 5.13-5.15 show such examples.

Now let z(¢) be a conformal map from the circular domain to a conformally equiva-
lent multiply connected domain D. Then, by (5.49), the Hamiltonian in the z-plane
is given by

2
HO(2) = HO(a) + Z— log | () (5.60)
T
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Fig. 5.14: Typical vortex paths in the unit disc with four cylinders of radius 0.1
centred at +0.4, +0.41.
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Fig. 5.15: Typical vortex paths in the unit disc with two cylinders, one of radius
0.25 centred at 0.3, another of radius 0.2 centred at 0.6:.
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where z, = z(«). Equivalently,

2 / (=l o1
H(Z)(za):—g—log 1 wlaajola™,a”) 1 . (5.61)

T a? wloe,a w(ata) z(a)?

If the conformal map z(¢) is known explicitly, (5.61) gives the Hamiltonian in explicit

form.

In the case where we impose that the circulation round Cjy is zero by adding an
additional point vortex of strength —I' at some point (.., the complex potential is

given by (5.56) and the path function is

. (5.62)

5.2.5 Vortex motion around circular boundaries.

Let us consider the motion of a single point vortex around an arbitrary finite number
of circular cylinders either in a half-plane bounded by an infinite straight line or in an
otherwise unbounded plane in the special case when the circulations around all the
cylinders are zero. Such domains could be regarded as modelling groups of islands
either near a coastline or far from shore. Note that the examples we shall present

in this section also appear in [27].

Recall that Mobius transformations map circles to circles. It is straightforward to
show that the particular Mobius transformation

_1-¢

z(¢) = m

(5.63)

maps Cp onto the imaginary axis and any other inner circular boundaries of D onto
circles in the right-half plane. Using this conformal map from the circular domain
D¢ and the formula (5.61) we can compute the path function for the image domain

D. Figures 5.16-5.19 show a variety of such examples.
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Fig. 5.16: Typical trajectories for a single vortex in a half-plane bounded by the
imaginary axis and two cylinders.
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Fig. 5.17: Typical trajectories for a single vortex in a half-plane bounded by the
imaginary axis and three cylinders.
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Fig. 5.18: Typical trajectories for a single vortex in a half-plane bounded by the
imaginary axis and two and three cylinders.

Fig. 5.19: Typical trajectories for a single vortex in a half-plane bounded by the
imaginary axis and three cylinders.
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Fig. 5.20: Typical trajectories for a single vortex in the region exterior to three
cylinders.

Now suppose D is the N + 1-connected region exterior to N + 1 circular cylinders,
so none of its boundaries extend to infinity. This could be regarded as modelling
N + 1 islands far from shore. The circulation around these islands will be taken to

be zero.

The conformal map from a circular domain D¢ to such a domain is of the form

2(¢) = g +b (5.64)

where the real parameter a is chosen to fix the radius of the island corresponding to
the image of Cj and the (generally complex) parameter b is chosen to appropriately
locate its centre. Clearly, ¢ = 0 maps to physical infinity. Thus, using (5.62), taking
(oo = 0, we can compute the path function for such domains. Figures 5.20 and 5.21

illustrate examples.

5.2.6 Vortex motion around straight boundaries.

In this section we consider the motion of a single point vortex around an arbitrary
number of finite straight-line slits, either in a half-plane bounded by an infinite
straight line or in an otherwise unbounded plane, or possibly lying between two
semi-infinite lines. We consider the case where the circulations around the slits
are all zero. Such domains can be regarded as modelling groups of islands either
in the presence of a coastline or far from shore, or a chain of islands between two

headlands. We use conformal maps from circular domains to such slit domains of
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Fig. 5.21: Typical trajectories for a single vortex in the region exterior to three
cylinders.

the type presented in appendix F. Note that the examples we shall present in this

section also appear in [28].

Using the conformal map given by (G.1) together with (5.61) we can consider point

vortex motion in a half-plane with slits. Examples are shown in figures 5.22-5.25.

Now using the conformal maps presented in §G.2 we can consider the case of point
vortex motion in a region exterior to a chain of finite slits. Figure 5.26 shows typical

point vortex trajectories in such a domain.

Johnson and McDonald have discussed the general problem of vortex motion around
a chain of slits between two semi-infinite axes. In [47] the problem of point vortex
motion through a single gap in an infinite straight axis is solved explicitly while the
generalization to two gaps is solved in [48]. We now consider the general case of any
number of gaps using the conformal maps presented in §G.2. Figures 5.27 and 5.28

show two such examples.

Note that referring back to the familiar “method of images”, it is worth pointing
out that the prime functions that appear in the formulae for the Hamiltonians auto-
matically do everything necessary to place an appropriate distribution of infinitely
many “image vortices” throughout the plane in such a way that the conditions on

all the disjoint boundaries are simultaneously satisfied.
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Fig. 5.22: Typical trajectories for a single vortex in a half-plane bounded by the
imaginary axis with a single slit along the real axis.

25

2

15

1

0.5

0

-0.5

-1

-1.5

-2

I I
0 1 2 3 4 5 6 7

25 I I Il

Fig. 5.23: Typical trajectories for a single vortex in a half-plane bounded by the
imaginary axis with two slits along the real axis.
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Fig. 5.24: Critical trajectories for a single vortex in a half-plane bounded by the
imaginary axis with three, four and five slits along the real axis.
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Fig. 5.25: Typical trajectories for a single vortex in a half-plane bounded by the
imaginary axis and two slits of making angles of +7/6 with the real axis.

Fig. 5.26: Typical trajectories for a single vortex in the region exterior to two finite-
length slits.
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Fig. 5.27: Critical trajectories of a single vortex in the domain bounded by the real
axis with two gaps and a slit of lengths 0.2,0.4,0.8 and 1.4.
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Fig. 5.28: Critical trajectories for a single vortex in the domain bounded by the real
axis with three gaps. The slits are between —1.5 and —0.5 and between 0.5 and 1.5.
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CHAPTERGD

Conclusion.

Among all multiply connected domains, circular domains are a canonical class in
the sense that every multiply connected domain D is conformally equivalent to
some circular domain D¢. Given a circular domain D¢, we have shown how one
may explicitly construct an associated Schottky group © and hence prime function
w(¢,7y). In terms of w((,7y) one may construct explicit formulae for a number of
important functions. These in turn may be used to address a number of problems

of fluid dynamics.

We have shown how to construct functions automorphic with respect to the as-
sociated Schottky group ©. Using these we may parameterize multiply connected
quadrature domains. Construction of quadrature domains using these conformal
mappings has been checked independently using a method of construction based on
the fact that the boundaries of quadrature domains are algebraic curves. Further-
more, these parameterizations of quadrature domains lead to explicit descriptions of
vortical solutions of the two-dimensional Euler equations exhibiting multiple point
vortices and vortex patches. However, a full stability analysis of these solutions

remains to be performed.

We have also obtained explicit formulae for the modified Green’s functions, harmonic
measures and Green’s functions of multiply connected circular domains. Such formu-
lae for arbitrary domains follow by conformal mapping. In terms of these modified
Green’s formulae one may construct the path functions for the motion of point vor-
tices in bounded domains. It would be of interest to generalize the formulae herein
to this more general case where background flows are incorporated. However, Lin
[44] has demonstrated that this circumstance simply implies the addition of a further
contribution to the total Hamiltonian - one that does not depend on the instanta-
neous point vortex positions. Thus this additional contribution can be determined

(e.g. numerically) at the start of any calculation and will remain fixed during the
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calculation if the contribution from the external agencies is time-invariant. The
explicit formulas presented here can still be employed to give the “point vortex
contribution” to the Hamiltonian. In this way, the formulas employed here should
simplify the numerical computation of vortex trajectories even in the presence of

background flows.

We have also derived explicit formulae for the conformal maps from the canonical
class of multiply connected circular domains to various other commonly studied

canonical classes of multiply connected slit domains.

Note that an issue which remains to be resolved is that of determining the condi-
tions under which the representation of the prime function as an infinite product
converges. This is an area for future work. A better understanding of the conver-
gence properties of this representation may improve the numerical efficiency of the

formulae presented in this thesis.
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APPENDIX A

Reflections in circles.

A.1 Definition.

Consider a circle C; of centre §; and radius ¢; in the (-plane. We define the reflection

of a point ¢ in C; as

¢
=0 =—— Al
Note that for points ¢ on C;,
¢ — b = g, (A.2)
and thus
A A3
C—5i+<_5i. (A.3)

It follows from (A.3) and (A.1) that for points ¢ on Cj, r¢,(¢) = ¢, i-e. as would be
expected reflection in C; leaves each point on C; invariant. Also,it is straightforward

to check that rg;(¢) is a self-inverse transformation.

We may write

o (A.4)
= ¢i(¢)
where we define
2
i(G) = 0i : A
i(C) %t T (A.5)
and the conjugate function ¢;(¢) by
6i(¢) = ¢i(C) (A.6)
Note that for points ¢ on C;,
¢ = ¢i(¢)- (A.7)
It is straightforward to see that we may write
5i¢ + ¢ — |6
$i(¢) = di¢ + a7 — 10:f° (A.8)

¢—9;
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and, B
_6CH g — 0]

== (A.9)

TCi(¢)

A.2 The image of a circle under reflection in another

circle.

What is the image of a circle under reflection in another circle? Take a circle C; of
centre 0;, radius ¢; and a circle C; of centre d;, radius g;. Let ¢’ = r¢,(¢) denote
the reflection of ¢ in the circle C;. Since reflection in a circle is self-inverse then of

course ¢ = r¢;(¢’). So from the definition (A.1),

g:@+_ﬁ_ (A.10)
¢ =0
Now, for points ¢ on Cj,
(C—5)C-8) = (A-11)

Substituting (A.10) for ¢ in (A.11) leads to the following equation for points ¢’ on
re; (Cj)a

@ <~ @ = 2
<51+?_15_5]) (5¢+C/_15‘ (53') =q;. (A.12)

Following straightforward manipulations, (A.12) can be shown to simplify to

4 (6 — ;)

2
10; = ;| — ¢f

= 5| = S
¢ 6 — 6,7 — ]

which of course represents a circle of centre d7, radius ¢} given by

5 W09
Jg 8.2 427
|05 — 05 q;
9 (A.14)
’ q; 4

q. = -
710 = 657 — g5

112



APPENDIX B

Mobius transformations

B.1 Definition.

A very important class of transformations of the extended complex plane are Mébius
maps (also called bilinear maps, or linear-fractional maps). These are discussed in
most books on complex analysis, for example [54], [1]. A particularly clear descrip-

tion of M&bius maps is also provided by [52].

A general Mébius map 7'(¢) may be written in the form

T(¢) = %, ad —be 0 (B.1)

where a,b,c,d € C. Note that the condition ad — bc # 0 is necessary, as otherwise

T'(¢) reduces to a constant. This can be seen by simply rearranging (B.1) into the

form
a bc — ad

T©) = P c(eC+d)

(B.2)
Note that there is an alternative way of representing Mobius transformations in
terms of matrices as follows. To any point ¢ in the plane we may associate a vector

v¢ say, by writing

G
=8 B.3
¢-4 ®.3)
for some (1,2 (an obvious choice being (; = (,{2 = 1) and then taking
ve = a) (B.4)
G2
And to a Mobius map T'(¢) of the form (B.1) we may associate a matrix My say,
where
a b
My = . (B.5)
c d



Then the vector given by the action of M7 on v is,

Myve — agy + bCe (B.6)

cC1 + do

But by the above association this is the vector associated with the point

aC1 + bGy
T e B.7
(1 + da (B.7)
which by (B.3) is clearly the same as
aC+b
B.
c +d (B-8)

ie. T(C).

Note that the determinant of the matrix My is the quantity ad—bc. This quantity is
thus sometimes referred to as the determinant of the Mobius map 7. By definition
(B.1) this quantity is non-zero. We can of course always normalize a Mdbius map

so that its determinant is whatever (finite, non-zero) value we wish.

Note furthermore that by the above association between Mobius transformations
and matrices, Mt is invertible, and its inverse is in fact the matrix associated with
T—1; the identity matrix is associated with the identity transformation; and for two
Mobius transformations the matrix associated with their composition is precisely

the composition of their associated matrices.

This representation of Mobius transformations in terms of matrices is particularly
helpful for computational purposes since programs such as MATLAB can perform
matrix manipulations very quickly. Indeed most of the computations carried out for

the thesis were performed in precisely this way.

B.2 Decomposition of a Mobius transformation.

Consider a Mobius map of the form (B.1). If ¢ = 0 then this is a linear transforma-

tion. Otherwise, we may write

b L (be — ad
o + :2+c2(c—d“) (B.9)
c«+d ¢ ¢+4




Thus, letting ¢’ denote the transformed point, this shows that the Mobius transfor-

mation may be decomposed into the following three successive transformations:

G=¢+ %l (B.10)
G = é (B.11)
¢ = % n (C—lz(bc - ad)) G (B.12)

The map (B.11) is an inversion while the maps (B.10), (B.12) are both linear trans-

formations.

B.3 Image of a circle under a Mobius map.

The image a circle C under a Mobius map is another circle C’. In the case where C
and C’ are both non-degenerates circles (i.e. neither is an infinite straight line) we
now give explicit formulae for the centre and radius of C’.

Suppose C' has centre §, radius q. C' is described by the equation

(C=0)(-0)=¢ (B.13)
Under a Mobius map (B.1) C maps to another circle C’. Let us first consider

separately the cases where the map is either a linear transformation or an inversion.

B.3.1 Image of a circle under a linear transformation.

Consider a general linear transformation.
¢ =al+b. (B.14)

So,
¢=a"t¢ —bat. (B.15)

Thus substituting for ¢ in (B.13) using (B.15), it is straightforward to show that C’
is given by
2
|¢" = (a0 +b)|" = (|alg)” (B.16)

which is a circle of centre ' and radius ¢’ where

8 =ad+0, q = |alq. (B.17)
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B.3.2 Image of a circle under an inversion.

Consider an inversion
¢ =¢ (B.18)
So,

c=¢ (B.19)
Thus, substituting for ¢ in (B.13) using (B.19), it is straightforward to show that

(' is given by

/ 5 ? q2
i B (s (220
which is a circle of centre ' and radius ¢’ where
5 q
0 = 5> = B.21
P T Tr- (21

B.3.3 Image of a circle under a general Mdobius transformation.

Now, to determine the image C’ of C' under a general Mobius map (B.1), consider
the map as a composition of linear transformations and an inversion as in §B.2 and

use the formulae (B.17), (B.21).

The first map (B.10) in the composition is a linear transformation and maps C to a

circle Cy with centre 07, radius ¢; which by (B.17) are

d
01 =0+ o g1 =4q. (B.22)

The second map (B.11) is an inversion and maps C to a circle Cy with centre Js,

radius go which by (B.21) are

o1 ¢

b2 =53 2=
012 — g’ 1017 = g

(B.23)

The final map (B.11) is another linear transformation and maps Cs to the circle C’

with centre ¢ and radius ¢ which by (B.17) are

1 1
o= (Hle-atba+?). /= |G0c-ad]m (B2
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Thus, combining the formulae (B.22),(B.22), (B.24) we get

_ d bc — ad
5/: ((5+:> ,
c/\e(jo+4 - )
J=q bc — ad
c2 (‘54— %|2 —q2>

(B.25)

B.4 Fixed points of a Mobius transformation.

The fixed points of a Mébius transformation 7'(¢) of the form (B.1) are of course

the solutions of the equation

(= (B.26)
or
2+ (d—a)—b=0. (B.27)

Clearly, if ¢ = 0 then T'(¢) has just one fixed point (namely b(d — a)~!, or oo if
d = a). But if ¢ # 0 then T'(¢) has two fixed points given by

—d+ —a)2+4
a—d \/(;l a)? + bc' (B.28)
&

If (d — a)? — 4bc = 0, these two points coincide, but otherwise they are distinct.

Suppose now that 7'(¢) is a M&bius map with two distinct fixed points, labelled A
and B say. It can be shown ([54],[1],[52]) that an alternative representation to (B.1)

for T'(() is
T(Q)-B _ (B
T(()—A (-4

where )\ is some complex constant, A # 0, co. Consider any point ( in the extended

(B.29)

complex plane other than A or B. It can be shown ([54],[1],[52]) that as & — oo,
if T*(¢) converges then its limit is one of the fixed points A or B, and furthermore
its limit as k — —oo is the other fixed point. We refer to these limits as the
sink and source of T, respectively. In this case T is called a loxodromic M&bius
map. This case corresponds to A # 1 in the representation (B.29). In particular,
|A| < 1 corresponds to the case where B is the sink and A the source, while |[A\| > 1
corresponds to the case where A is the sink and B the source. In the special case

where A # 1 and ) is in fact also real, then T is called a hyperbolic Mébius map.
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ApPpENDIX C

Properties of our Schottky
groups constructed from

circular domains.

In this appendix we state and prove some properties of our Schottky groups con-
structed from circular domains. Note that these results do not hold for all Schottky

groups in general.

Proposition C.0.1 The fized points B; and A; of the map 0; given by (1.6) are

reflections of one another in the unit circle.

Proof: Aj and Bj are respectively the source and sink of ;. Of course A; = 6;(A4;),
and so obviously A_] = E(A_]) So repeating the same argument with B; we see that
the transformation @ has fixed points A_j, FJ The fixed points of 6_; are of course

the same as the fixed points of 8;. So,

Aj=0-5(4;) (C.1)
But, by (1.15),
1
0_;(A;) == . C.2
Hence it follows that
0;(A7") = A7 (C.3)

ie, A;l is a fixed point of E But from earlier arguments we know that the fixed
points of E are A_j, Fj

And Aj_1 # Aj since otherwise it follows that |A;| = 1, which is not possible.
Hence it follows that

A7t =B, (C.4)
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or,

1

Aj=B; . (C.5)

Thus, the fixed points A;, B; are reflections of one another in the unit circle. So
they lie on the same ray, and the product of their moduli is 1. This completes the

proof.

Proposition C.0.2 A; and B; lie on the same ray as ;.

Proof: A;, B; are the two distinct solutions of

0,(0)~ ¢ =0 (C.6)
which using from (1.6) can be written as
(d; — aj)C _ b_] —0. (C.7)

where aj, bj,c;,d; are given by (1.6). Thus we must have

b. '
AjBj = 76—3 = g=f (C.8)
i 05

But from Proposition C.0.1, B; = A_j_l. Thus it follows from (C.8) that A; and B;

lie on the same ray as ;. This completes the proof.

Proposition C.0.3 The map 0; given by (1.6) is a hyperbolic Mébius map.

Proof: For j =1, ..., N, since the map 6; given by (1.6) has two distinct fixed points
A; and Bj where A; is its source and Bj its sink, then [54] it can be written in the

form
0;(Q)—Bj | (=B

= C.9
0;(0) —4; ¢4 (©9)
where ); is a non-zero complex constant and |\;| < 1. So
(C) — BC — A
00 - B - 4) 10

(6;(0) = 4;)(C = By)
Taking ¢ = 0 in this identity we get

N = B A (C.11)



where from (1.6) we see that

=

0;(0) = =L = ¢; (C.12)
)
So,
A;(6; — B;)
N\, = N9 ) C.13
7 Bj(65 — 4) (G13)

But from Propositions C.0.1 and C.0.2, A;, B; are reflections of one another in the
unit circle and furthermore they lie on the same ray as J;. Thus, we deduce

10;] — | By

o= |A 22 1701
i = 141 1051 — 4]

(C.14)

which is clearly real. This completes the proof.
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APPENDIX D

Poincaré theta series.

Consider a Schottky group ©. We may express each map 6 € O in the form (B.1)

with unit determinant, i.e.

b
6(0) = Zgid

where ad — bc =1 (D.1)

Then, for Q(¢) a rational function and m an integer consider the infinite series

Q0(¢))
) (b2

Such a series (D.2) is called a Poincaré theta series. A Poincaré theta series (D.2)
defined with integer m is sometimes referred to as a (—2m)-dimensional Poincaré

theta series.

In all cases for m > 1, and in certain cases for m = 1 it can be shown [6],[10],[9]
that this series converges for all ¢ except at (i) the singular points of ©; (ii) the
points ( = —d/c (which it is straightforward to see are all the images of the point
¢ = oo under maps in O, including the point { = oo itself) - at these points it has
polar singularities; (iii) the singularities of Q({) and the images of these points under
maps in © - at these points it has polar singularities. Thus when (D.2) converges it

represents a single-valued continuous function of (.

For a Schottky group ©, the representation () for the prime function w((,~) can be
derived directly from consideration of a (-2)-dimensional Poincaré theta series of the
form (D.2) with m = 1 and Q(¢) = (¢ — a)™!, where a is some ordinary point of
© (see [10],[6] for further details). Under conditions where such a series converges
the infinite product (1.22) converges too. Some criteria sufficient for convergence are
known (-see [10],[6],[9]); roughly speaking these state that convergence is guaranteed
if the circles {C;|i = 1,..., N, —1, ..., — N} defining the Schottky group are far enough

apart.
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We briefly point out that in order to carry out computations with Poincaré theta
series, one must of course truncate the infinite sum (D.2) to a finite sum. As in
truncating the infinite product representation (1.22) for the prime function, this
may be done in a very natural way by including all maps in © of up to some chosen

level and truncating the contribution to the product from all higher-level maps.

122



APPENDIX K

Representing automorphic
functions in terms of Poincaré

theta series.

In chapter 2 we describe the representation a function automorphic with respect to
a Schottky group in terms of the associated prime function. We shall now briefly
describe an alternative representation of such a function in terms of Poincaré theta
series. Indeed it was the consideration of automorphic functions that led Poincaré
to study these series, and the construction we describe is precisely the one suggested

by him. Further details are given in [10],[6],[8].

From the definition (D.2) of a Poincaré theta series P(¢) of a Schottky group © it

is straightforward to show that for any map 6 € © represented in the form

_aC+b
0(¢) = 1 d (E.1)
we have
P(0(C)) = (¢ + d)*™P(C) (E.2)

Suppose P, (¢) and P4({) are two Poincaré series of the form (D.2) with the same
value of m but different choices for the rational function Q(¢), say @n(¢),Q4(¢)

respectively. Then from (E.2) it is clear that their ratio,

Pn(¢)
Pa(C)

represents a function which is automorphic with respect to ©.

(E.3)

For the purposes of their numerical computation we find the representation of auto-
morphic functions in terms of the prime function to be preferable to that in terms

of Poincaré theta series for the following reasons.
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(i)

(i)

(iii)

Presented with an automorphic function, its zeros are not explicit if it is repre-
sented in terms of Poincaré theta series, but are so if it is represented in terms
of the prime function. Furthermore, note that for a Poincaré theta series (D.2),
labelling the number of its zeros and poles in the fundamental region as Z and

P respectively, it is known [60] that
Z — P =2mN (E.4)

where N is the order of the associated Schottky group. Having chosen Q4(¢)
we have no control over the positions of the zeros of Py({) in F' and they will
give rise to possibly unwanted poles of the ratio (E.3) unless we choose @, (¢)
in such a way that these are also zeros of P, ((). However, these zeros of P4(()
are not known explicitly and must therefore be found (numerically) as part of
the solution. Furthermore, note that clearly a zero of Q,(¢) is not necessarily
a zero of Pp(¢). Thus it is not straightforward to pick Q,(¢) so that P,(()

possesses the same zeros as Py(¢) in F.

A particular advantage of using the prime function representation of auto-
morphic functions concerns changes of topology, specifically, changes in the
connectivity N of the domain. Any function f(¢) with a given distribution
of poles {aglk = 1,..., M} and automorphic with respect to some Schottky
group O may be represented in the form (2.2) regardless of ©. If © changes,
for example if its order N changes, then of course the prime function changes,
but the form of the representation of f(¢) in terms of this prime function does
not. However, such changes in © do alter the form of the representation of
f(¢) in terms of Poincaré theta series. Note that by (E.4), any changes in
N mean that the number of zeros in the fundamental region of Py({) alters,
and thus we must modify @,(¢) in order that the zeros of P4(¢) do not give
rise to unwanted poles of the ratio (E.3). Note that such changes in topol-
ogy are relevant for example, in the context of constructing conformal maps
to quadrature domains which represent regions of fluid, where the number of

holes in the fluid region may change as it evolves.

Finally, it must be mentioned that in the computations performed for §5.1 it

appeared that the Poincaré theta series representations converged better than
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the prime function representations, by which we mean they reached conver-
gence for fewer maps in the truncation of the infinite group ©. However, as
is illustrated in the figures produced, even at very low levels of truncation the

two different representations appear to agree.
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APPENDIX F

Properties of R;((; )

In this appendix, properties of the prime function are used to establish properties of
the function R;({;a) given by (3.31) in terms of which we write our representation

(3.27) for the modified Green’s function G;((; a) of a general circular domain.

F.1 An alternative expression.

For j =0,1,..., N, let us show that R;((; ) can be expressed as the function Rj(C; a)
given by (3.29) multiplied by a factor which is independent of ¢, though not neces-
sarily a. Comparing (3.31) and (3.29) we see that this is so if

W(9;(C), #j(a))
w(65(0), @) (1)

is Rj(g ; o) multiplied by such a factor.

w(¢;(Q), d5(e)) _ i (©)
w(;(¢),a) a  w((ei(¢
] (

We have
@) _ $3(e) @((8(O) 7 (@5 ™) e

_ dila)_w((@ |
sl 0i) g
T w(0-5(0).0_5(65(a))
_ ¢Jé°‘) (wi‘ﬁzd) R;(¢) by (1.56) and (3.29)
where ¢, d are coefficients of 0_;(¢) written in the form
050 = (F.3)

Thus, (F.1) is clearly Rj (¢; @) multiplied by a factor which is independent of (,

though not a. Hence R;(¢; ) is also R;(¢; o) multiplied by such a factor.
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F.2 Boundary values of R;((;a).

Let us consider the values of R;((;a) for ( on the boundaries of the circular domain

D¢. Begin by considering the complex conjugate of R;((; ). From (3.31) we have

(B, a)w3;0),8;@))
Rﬂ“’“)‘(w(c,@(a))w(aj(o,a)) | (4

Now suppose ¢ € C;. From (A.7) we have

¢=9;(¢) (F.5)

and so from (F.4),

SR (X (=) A
FylGie) = (w 55(0). &5(a))w ,a>> "B Ga) 0
This confirms that
|IR;(¢;a)| =1 for ¢ € Cj. (F.7)
Consider next ¢ € Cy. From (F.4),
(@ a6, 6(a)\
R = (ST gt ) s
_ (w@%a)w(@j(c),aj(a)))”?
B¢, 65(@)w(8;(0), )

from (1.49),
w(9;(¢), ¢;(@))
w(0;(C), )
where recall Vj(v1,72) is given by (1.41). Similarly,

V(@@ ) (F.9)

(F.10)

or equivalently,

(F.11)

where we have used the property (1.44) of V;(y1,72).
On use of (F.9) and (F.11) in (F.8), we get

|Rj(¢G )] = [Vi(6;(@), )| /? for ¢ € Co. (F.12)
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But by (1.49),

Then on use of (F.11) and (F.14) in (F.13) we get

Vi(¢;(a), )

1/2
20, @) for ¢ € C, k # j.
vk<¢j<a>,a>> orCECh k7

Bl - (

To summarize all the above results, we conclude that for j,k € {0,1, ...
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APPENDIXG

A particular class of slit

mappings.

We shall now present some conformal maps from circular domains to domains with
straight boundaries. In particular we shall construct maps to three different types
of such domains: (i) “slit half-planes” bounded by a single infinite straight line and
slits; (ii) domains exterior to chains of slits; (iii) domains bounded by an infinite
straight line with gaps. As will be seen, these mappings can be represented in terms
of the prime function associated with the circular domain. Note that these maps
are special cases of Schwarz-Christoffel mappings to multiply-connected polygonal

domains.

G.1 Domains bounded by slits in a half-plane.

Let D¢ be a circular domain of the usual form. Now consider the conformal mapping

given by the simple form

. _ w(¢,71)
z((ﬂ’71772) =R w(47’72)7 (Gl)

where R € C is a complex constant and ; and o are taken to be two distinct
points on the unit (-circle. Let us now describe the main properties of this map
(G.1). First, notice (G.1) clearly has a simple zero at ( = 1 and a simple pole at
¢ = 2. Now consider the argument of z(¢) for points on the circular boundaries of

D¢. First, for ¢ on Cp,

R(Cv)
(C’Y)

pTw(C ,W‘l)

,Y_ wC Y (G.2)
(
(

2(CGm,72) =

_grwlem) ¢m)
1w(¢,72)

R
- EEZ(C7WI772)
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where the second equality follows from (1.62) and the third equality follows from
the fact that v1, 2 and also ( lie on the unit circle. From (G.2) it follows that the
argument of z({;71,72) is constant for ¢ on Cp, except that at ¢ = 1 and ¢ = 72,
since z((; 1, 72) has respectively a simple zero and a simple pole, its argument jumps
by m at each of these points. Thus, the image of Cy under z({;~1,72) is an infinite
straight line through the origin z = 0, where the argument on the section of this

line on one side of the origin is

ongls(Gi )] = anelF] + qare| 2], ce G @3)

while that on the other differs from (G.3) by 7. Now, for ¢ on one of the inner circles
Cj, j €{1,...,N} we have

Z‘—:_w(C771)
(Ca71572) M
w(0;(C )L
B Tl
) .
= RV, (71,72)(i711)
w(C 7Y
By 2w, 1) (C 71)
- ijj(%”y )'7 w(¢,72)
- g—v (71 72) 2 2(G 71, 72)

where the second equality follows from the fact that for ( € Cj, ( =6; (Z_l); the
third equality follows from (1.49); the fourth equality follows from the fact that
and v lie on the unit circle; and the fifth equality follows from (1.62). It follows
from (G.4) that the argument of z({;71,72) is constant for ¢ on C;. Notice also
that, taking the modulus of both sides of (G.4) shows

Vi(y1,7%2)| =1, for v1, 72 € Co (G.5)
Thus, in fact
1
ongle (G )] = el + garg| 2|+ Jarg[Viwom)|. cec; @)

Thus z(¢;v1,72) maps each of the interior circles {Cj|j =1, ..., M} to a finite-length

radial slit on some ray emanating from the origin z = 0. For j = 1,..., N, notice
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from (G.3) and (G.6) that the angle made by the slit image of C; with the infinite
straight line image of Cj is

%arg [Vj (71, 72)} (G.7)

Suppose we fix 71, 72 and R. This fixes the orientation of the infinite straight line
image of Cy. Now suppose we wish the inner circles C1, ..., C; to map to a specified
distribution of slits. Specifically, suppose for j = 1,...,N we wish C} to map to a
slit oriented at an angle ¢; to the image of Cy with its two endpoints at distances
aj, b; from the origin. In general, it is not known a priori which two points on Cj}
map to the end-points of the slit in the z-plane. The end-points of the slit in the
z-plane are

a;e'%, biedi (G.8)
where the real parameters a;,b; and ¢; are specified. Let the two pre-image points

on C corresponding to the end-points of the slit be
0 + Qjeirj, 05 + qjeisj, (G.9)

where r; and s; are real parameters. The latter parameters must be found as part
of the solution. The required additional equations are provided by the fact that, at
these pre-image points, the derivative of the conformal mapping must vanish. Thus,
the equations to be solved in this case for the parameters {g;,d;|j = 1,..., M}, as
well as the subsidiary parameters {r;,s;|j = 1,..., M}, are
A / i\ —

‘Z(5j+Qje.J)‘ = aj, \Z(5j+q]'6'3)\ =0, (@.10)

|2(0; + qje'™)| = bj, |2'(; + q;e'™)| =0,
(where 2'(¢) denotes the derivative of z(¢) with respect to (), along with the real
equation

6= gaus Vi, ) (@)

which follows from (G.6). Note that (G.10) and (G.11) represent five real equations
for the five real unknowns, i.e. Re[d;],Im[d;], g;,r; and s;. These nonlinear equations

are readily solved using Newton’s method.

Now suppose we in fact pick R to be real and make the particular choices
Nn=1 rn=-1 (G.12)

131



Then under (G.3) Cy maps to the imaginary z-axis. It turns out that if we pick R
to be negative then the interior of Cy maps to the right half-plane. Otherwise, if
we pick R to be positive then the interior of Cy maps to the left half-plane. Now
suppose also that the inner circles C,...,Cy are all centred on the real (-axis so

that the circular domain D¢ is reflectionally symmetric in the real axis. Then,

€

S0 S0 S

N

2((571,72) = R==—5

€
v

1
=
gl &l
|~ | ||
Y P R PN RN 1N

N

(G.13)

€

I
=y
=
~— I~ ~— |~ ~—~||~—

€

= 2(¢;71,72)
where the third equality follows from proposition 1.4.4. Thus it follows that points
in D¢ on the real ¢-axis map to points on the positive real z-axis, with ( =~ =1
mapping to the origin and { = 72 = —1 mapping to the point at infinity. Further-
more, for j = 1,..., N the points J; £ q; where C} crosses the real (-axis must map
onto the real z-axis, and so since the image of C} is a slit, this slit must lie along the
real z-axis. In fact, the section of C; in the upper half (-plane maps to the upper
half of this slit, while the section of €} in the lower half {-plane maps to the lower
half. And if we label the endpoints of the slit as a; and b;, where |a;| < |b;|, we

have

So in this particular case, to solve for the two real parameters §; and ¢; we need
only solve the two real equations (G.14), rather than the five real equations (G.10)
and (G.11).

G.2 Domains bounded by slits in a line

We shall now describe a conformal mapping from a circular domain D¢ to a domain

D bounded by slits in a line. We construct this map as a sequence of maps, including
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the map (G.1). Specifically, consider the map given by the sequence of mappings

(o) = R%;
() = 1;—2; (C.15)
3(¢2) = g(é + C2>.

where R and L are real, and in fact R is negative. Also it is assumed that for
J = 1,..., N the inner circle Cj is centred at ¢; on the real (-axis, of radius g;, so

that the circular domain is reflectionally symmetric in the real (-axis.

As just argued in the previous section, the first mapping in the sequence (G.15)
maps Cy onto the imaginary (; axis and the interior of Cy onto the right half (3
plane, while for j = 1, ..., N the inner circle C; maps onto a slit lying on the positive

real (1-axis.

The second map in the sequence (G.15) is a Mobius map. It is straightforward to
show that this maps the imaginary (;-axis onto the unit circle given by |(2| = 1, with
¢1 = 0 mapping to (o = 1 and {; = oo mapping to (o = —1. The right half (; plane
maps onto the interior of this circle, with the positive real (;-axis mapping onto the
section of the real (o-axis between (3 = +1. Thus the slit images of Cy,...,Cy in

the (1 plane map onto slits on this section of the real (, axis.

Finally, it is straightforward to check that the third map in the sequence (G.15)
maps the unit (o circle onto a slit on the real (3 axis with endpoints L and —L
which are respectively the images of (o = 1 and (, = —1. This slit is of course the
image under the whole sequence of mappings of the unit circle Cy of the original
circular domain D¢. Also, the interior of the unit (2 circle maps onto the whole of
the plane exterior to this slit, with (; = 0 mapping to (3 = co. The section of the
real (o axis between (o = 41 maps onto the sections of the real (3-axis either side
of the slit between +L. Thus the slit images of C1, ..., Cy in the {» plane map onto

slits on the real (3-axis.

A schematic illustrating an example of this composition of mappings is shown in

figure G.1.
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Z-plane Zl-plane

z-plane {,-plane

Fig. G.1: Schematic illustrating an example of the sequence of conformal mappings
(G.15). The origin in each plane is shown as a dot.
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Taking z = (3, it is straightforward to show that the composition of the sequence of

maps G.15 is given by

(Cv_l) R (Ca1)2
(P - Rw(c, 17

2(0) = (G.16)
To summarize the above, for any choice of R or L, the map (G.16) given by the
sequence of mappings (G.15) always maps the unit ¢ circle Cy bounding the circular
domain D¢ to a finite slit with endpoints =L on the real z-axis, with the interior of
Cy mapping onto the whole plane exterior to this slit. The inner circles Cf,...,Cn

bounding D are mapped to slits on the real z-axis.

Note that the sequence of maps (G.15) may of course be supplemented by additional
mappings. For example, if we applied the Mébius map (4((3) = (5 ! which is simply
an inversion, then the image of the unit circle Cy in the (4 plane consists of two
semi-infinite slits which join up at the point at infinity and which have endpoints at
(4 = =L~ !, The images of the inner circles Cj,...,Cn are all finite slits along the

real (4-axis between (4 = +L71.

Note that in particular, taking R = —1, (G.16) becomes

w(¢ —1)* +w(¢, 1)
W(C7 _1)2 - w(<7 1)2

Now suppose also that the distribution of circles Cfi,...,Cn is also reflectionally

z(¢) = 2L

(G.17)

symmetric in the imaginary (-axis. Then,

( gv _1)2 (_C’ 1)2
Z( C) 2 ( C? _1) ( C? )2
_ @G+ w(G —1)? :
- sz( = (G.18)
= —2(0)

where the second equality follows from proposition 1.4.6. Thus in this case, in the
z-plane, the image of Cj is a slit with endpoints L and —L, while it follows from
(G.18) that the distribution of the slit images of the circles Cj,...,Cy on the real z
axis is reflectionally symmetric in the imaginary z-axis. Note that in this case, if N
is odd, then one of these circles in the interior of Cy, say C7, must be centred on the

origin. But by proposition 1.4.6
w(0,-1)? —w(0,1)2 =0 (G.19)
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and thus (G.17) maps ¢ = 0 to z = co. Thus, in this case C1 maps to two semi-

infinite sections of the real z-axis which join up at infinity.

We point out that these maps from circular domains to slits domains provide an

alternative to those presented in §4.2.4 and §4.2.5.
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APPENDIX H

Further details of the vortical
solutions of §5.1.3.

In this appendix we present further details of the vortical solutions of the Euler

equations described in §5.1.3.

H.1 Stationarity condition

Recall from (5.29) that in the co-rotating frame the velocity field in D is given by

u—ivz%(?—S(z)) zeD

(H.1)

We shall now derive the conditions for the point vortices to be stationary in the

co-rotating frame?

Suppose in D there is a point vortex of circulation I'y at z = 2z = 2((x), where

¢k € D¢. Then S(z) must have a simple pole at z = z;. For this point vortex to be

stationary the non-self-induced velocity must be zero at z = 2,

For z near z; we have the Taylor series expansion,

5-1

S(z) = + 50+ s1(2 — z) + O(z — z)?

z— 2
Hence for z near zj the velocity field (H.1) is given by
Tw

u— v = 5 (2— Zs:lzk — 50 —s1(z—zk)+(9(z—Zk)2>

The contribution due to the point vortex at z = zj is of course

W S_q

22—z

Thus, the non-self-induced velocity on the point vortex at z = z;, is exactly

W,
7(% — 50)
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(H.4)

(H.5)



So the condition for the point vortex at z = z; to be stationary in the co-rotating

frame is

Zr— 8o =0 (Hﬁ)

So we must determine the expansion (H.2). Of course we have an explicit expression

for S(z(¢)) in terms of ¢. Can we use this?

The map z(¢) is a conformal map and so may be inverted to give us ¢ as a function
of z. If we could invert our expression in terms of ¢ for S(z({)) into an expression
in terms of z, possibly even only valid for z near z;, then we could determine the

coefficient sg.

Since S(z) has a simple pole at z = 2z, S(2(¢)) must have a simple pole at a point

¢ = (. So, we can write

A
C— Gk
where A(() is analytic at { = (. Note that this expression is valid for all (.

S(2(¢)) (H.7)

For ¢ near ( we have the Taylor series expansion,

2(¢) = 21 + (¢ — Cr) 2 (G) + %(C — ()% 2cc(Cr) + O(C = G)? (H.8)

Alternatively, considering ((z), for z near z; we have the Taylor series expansion,

C(2) =C+ (2 — 26)C(z) + Oz — z1,)2 (H.9)

From (H.8) we have for ¢ near (y,

z— 2k

z¢(Ck)

But from (H.9), for z near zj terms of order (¢ — (x)? written in terms of z are of

(-G = +0(¢ — ) (H.10)

order (z — z;)2. So for z near z; we have the following expansion in terms of z

Z— 2

—Z 2 .
&) +0(z — ) (H.11)

C—C =

For ¢ near (i, since A(¢) is analytic at (; we have the Taylor series expansion

A(Q) = A(G) + (€ = G Ac(&r) + OC = G)? (H.12)
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Hence, from (H.11), we have the following expansion for A(() in terms of z for z

near 2,

Ac(Cr)

—Z 2 .
2e(C) + O(z — z) (H.13)

A(Q) = A(Gk) + (2 — z)

Now, note that from (H.8), we have the following expansion for ¢ near (y,

1 _ ZC(Ck) 1/¢—Ck
=G z-m 2 (—Zk> 2¢¢(Ge) +O(C = Gr) (H.14)

2 —
Hence, using (H.11) we have the following expansion in terms of z for z near zj

L2612l o,y (H.15)

C—CG z—z 2 2(C)

It follows that, we have the following expansion in terms of z for z near z

_ L AdG) Loz (2 L ze(Gr) L
5) = (466) + — ) 25 + 0 - a?) (21 + JE o - )

— 2 2 2z¢(Ck)
(H.16)
Thus
1 2¢¢(Cr)
S0 — A Ck +——A Ck H.17
(4cta) + 328 A (m.17)
So recalling (H.6), the stationarity condition is
_ 1 2¢¢(Ck)
Zn— | Ac(G) + = A(G)) =0 H.18
(4cte + 55 a0 (H18)
H.2 Circulations
We now derive formulae for the circulations of the vortices.
H.2.1 Circulation of satellite point vortices
Recalling (H.4), the circulation I'y, of the point vortex at z = zj, is given by
Fk = TTWSs_1 (H.lg)
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From (H.16) we have
s—1 = A(Cr)z(Cr) (H.20)

Thus,
[y = mwA(Ck)z¢ (Cr) (H.21)

H.2.2 Circulation of vortex patches

The circulation of any vortex patch is just its vorticity multiplied by its area. The

area of a patch D; of one of our solutions may be computed as follows.

/] dady (H.22)

It follows from Green’s theorem that this is equal to

The area of D; is of course

L - (H.23)
where we integrate round 0D; in a positive direction (i.e., so that D; is on the left).

Now parameterize z in terms of (. 0D; is the image of the circle C; centre J;, radius

qj- Then we have

1 —
area of D; = ‘5% Z(Q)z¢(¢)d¢ (H.24)
Cj
And, for ¢ on Cj,
¢(=0;+ Qjeie (H.25)
for 6 between 0 and 27. Thus, for ( on Cj,
d¢ = igje”do (H.26)
and so
. 2T o ) X
area of D; = %]/ Z(6; 4+ gje )2 (5; + g;¢)do (H.27)
0

H.3 Solutions with two patches.
In this section we shall provide further details of the solutions discussed in §5.1.5.
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H.3.1 Derivation of conformal map.

We shall now provide a justification for the form chosen for the conformal map

(5.31).

There are two point vortices in D at z; and z3. Label the pre-images of these points
in D¢ as (1 and (2 respectively. Then it follows that z(¢) must have simple poles at
the points a; = C_j_l, j=1,2in ﬁg. Note also that D is infinite. Thus z({) must
also have a pole in D¢, say at a3. These are all the poles of z(¢) in F. It follows that
z(¢) must have three zeros in F. Note D contains z = 0. Thus one of these zeros
must be contained in D¢, say at #3. The two remaining zeros must be contained in

154, say at (51 and [s.

We choose

ap = /p e
ay=./p e
as =+/p
Br=p"
Bo=—p '
B3 =—Vp

(H.28)

where ¢ is some real parameter to be determined. Notice that as required, ag, 83 €
D¢, while the remaining poles and zeros are in 154. Let us justify our choices (H.28)

for the poles and zeros a1, s, as,B1, B2, O3 for the map z(¢).

We consider D as the image of the annulus D¢ bounded by the circles |¢| = 1 and
|| = p, which map respectively onto dD; and dDs. But it is perhaps more natural
to consider D as the image of a circular domain D say, in a parametric ¢ plane,
where D is the infinite region exterior to two circles, C1,Co of the same radius §
say centred on the real axis at say 6 and —6 respectively, where C maps onto 8D,
and Cs maps onto 0Dy. As we shall now demonstrate, there is such a domain D in
the C~ -plane which is conformally equivalent to our chosen annulus domain D in the

(-plane. In fact it can be shown that the conformal map between the two is given
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by

- (P
=M=V (H.29)
equivalently,
s C+1
¢C=MTC)=Vp (—5 - 1) (H.30)

Notice M is a Mobius map and so it obviously a one-to-one conformal transformation
of the plane onto itself. So we may consider D as the image of D. By symmetry
we expect the positions of the point vortices z; = 7,29 = —¢ to be the images of
points 51 =ik, 52 = —ik respectively, for some real k. What can we say about the
corresponding points 1 and (2 in D¢ in the ¢ plane? It is in fact straightforward
to show that M maps the circle described by [{| = \/p onto the imaginary ¢ axis,
with ¢ = ,/p mapping to C~ = 00, ( = —,/p mapping to é = 0. And furthermore for
| =P, M({) = M(C). Tt follows that the points (; = ik, C» = —ik correspond to
points (1 = \/ﬁe*i‘f’, (= \/ﬁeid’ for some real ¢. Hence, since aj = @71, k=1,2,
we choose o = \/ﬁ_lew and ag = \/ﬁ_le_i¢. Furthermore, by symmetry we expect
z = 0 to be the image of ¢ = 0, and z = co to be the image of { = co. And as stated
above, under the map M, the point 5 = 0 corresponds to ( = —,/p, and (N = 00
corresponds to ¢ = ,/p. Thus we choose a3 = \/p and 33 = —,/p.

We propose that our conformal map z(¢) from D¢ onto D is of the form

o) = plliza P/ Bs.p)
= I, P(Cfasn) (H.31)

where R is some multiplicative constant. Note that this is of the form (2.18).

It remains to choose (31, B2. First note that the automorphicity condition associated

with (H.31) is of the form (2.19). In particular it is given by,

=1 (H.32)
13- 8
With the above choices for o, ag, ag and s if
Bify = —p! (H.33)

then (H.32) is satisfied for any choice of R,p and ¢.
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Now note that using the relations (1.97), (1.101) of P((, p) it is possible to show
that if

pi=p=p" (HL.34)

then for all values of R, p and ¢, the form (H.31) possesses the property

2(p¢Y) = —2(0) (H.35)

And if we pick R, 31, 82 to be real then it is straightforward to see that for all p and

¢ we have

zZ(¢) = z(¢) (H.36)

where the conjugate function z(() is defined as usual as z(¢) = z(().

And if z(¢) has the properties (H.35) and (H.36) it can be shown that the circle
|| = \/p maps to the imaginary z-axis. In particular, the points o ! and ag !
map to points on the imaginary axis symmetrically placed either side of the origin as
required. Furthermore, considering D¢ divided into the two halves \/p < |¢| < 1 and
p < [¢| < /p, these are separated by the circle || = \/p and so clearly must map to
the left- and right-half z-planes. In fact, notice that the transformation ¢ — p¢~!
maps /p < [(| < 1 onto p < [(| < /p. By (H.35) it follows that for the images
under z(¢) of these two halves of D; are rotations of one another through =. In
particular, the images of the circles || = 1 and |(| = p are rotations of one another

through 7. Thus the mapping produces two rotationally-symmetric vortex patches

as required.

Thus together, (H.33) and (H.34) imply that there must be zeros at /p ' and

_\/ﬁila say ﬂl = \/5717/62 = _\/ﬁil-
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