
APS/DFD Chica go 2005

Generalizing the Kutta-Jouk owski lift theorem

to multiple aerofoils: an analytical appr oach

Darren Crowdy

(Imperial Colleg e London)

d.crowdy@imperial.ac.uk



Basic aerodynamics
Circulation � + Unif orm flo w

�

= LIFT!

from Batc helor (1967)

Kutta-Jouk owski: lift force = - � � �

Lift independent of aerofoil shape



Multiple aerofoils?

Single aerofoil case is rather boring!

Much more interesting, and non-trivial, is the case of multiple

aerofoils

In contrast to single aerofoil case:

� “interf erence forces” exist between aerofoils

� forces on individual aerofoils depend, in nontrivial way, on

global geometr y, aerofoil shapes and relative cir culations

� forces can exist between aerofoils even without cir culations

around them

Impor tant to have an analytical theor y of multi-aer ofoil case



Intr oduce “cir cular domains”
Intr oduce a (canonical) multiply connected cir cular domain
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Fact: a domain of this type can be conf ormall y mapped to the

fluid region outside any collection of aerofoils.

Let conf ormal map be � �� �
. Let

� � �

map to � � �.
Example: � � � � � � �� ���� � maps to the fluid outside cir cular aerofoils



The “Sc hottky-Klein prime function” � � � �

Associated with suc h a domain is a special function � � �! " �
depending on
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The maps

0 	 �� �

are simpl y Möbius maps of the form

0 	 �� � � 1	 � 2 3	
4	 � 2 5	
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Key result 1: unif orm flo w past multiple cylinder s?
The comple x potential

DFE �� �

for unif orm flo w past any number

of circular aerofoils can be written in terms of � � �! " � :

� � � � � 1
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DE � � � � U 2 VW � � 1 9 XTY Z
Z [� ( 9 � X Y Z
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where

�

is speed and ^ is angle of unif orm flo w.

�

maps to

� � �.
In case of a single cylinder , with

� � _

, form ulas reduce to

� �� � � 1
�  DE � � � � � � 2 %
�

and mapping is from unit

�

-disc. This is well-kno wn classic result.



Example streamline distrib utions:
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plotted using new form ulae

But, to get lift, also need to add cir culation around aerofoils...



Key result 2: cir culation around the aerofoils

To add a non-z ero cir culation �dc around the

e

-th island, the

required comple x potential is

Dgf � � � � V
hji

k
cml ]

�dc OS \ � � � � �

� ��! 0 c � [�� ] � �

The total comple x potential

Don � � �

theref ore takes the form

Don �� � � DFE �� � 2 Dgf � � �

MAIN RESULT: The comple x potential for ANY number of

aerofoils can be written in terms of the prime function
� ��! " �



Two (biplane) aerofoils (unsta ggered stac k)
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Two aerofoils with graduall y increasing cir culation

Note: there is an attractive force between aerofoils even if �	 � _



Two (biplane) aerofoils (in tandem)
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Two aerofoils with graduall y increasing cir culation

There is a repelling force between aerofoils even if �	 � _



Some of the “doub ly connected” literature:
W.M. Hicks, On the motion of two cylinder s in a fluid, Q. J. Pure Appl. Math.,

(1879)

A. G. Greenhill, Functional images in Cartesians, Q. J. Pure Appl. Math., (1882)

M. Lagall y, The frictionless flo w in the region around 2 cir cles, ZAMM,

(1929).

C. Ferrari, Sulla trasf ormazione conf orme di due cerchi in due profili

alari, Mem. Real. Accad. Sci. Torino, (1930)

T. Yamamoto, Hydr odynamic forces on multiple cir cular cylinder s, J. Hydr.

Div, ASCE, (1976).

E.R. Johnson & N. Robb McDonald, The motion of a vor tex near two

cir cular cylinder s, Proc. Roy. Soc. A, (2004)

Bur ton, D.A., Gratus, J. & Tucker, R.W., Hydr odynamic forces on two

moving discs, Theor. Appl. Mech., (2004)

No prior analytical results for more than two aerofoils



Three (triplane) aerofoils (unsta ggered stac k)
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Three aerofoils with graduall y increasing cir culation

in unif orm flo w



Blasius theorem to compute force distrib ution:
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Three (triplane) aerofoils (in tandem)
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Three aerofoils with graduall y increasing cir culation

in unif orm flo w

Crowdy, “Calculating the lift on a finite stac k of cir cular aerofoils”,

(preprint)



Summar y

� There are now analytical form ulae for the comple x potential for

unif orm flo w past any number of obstac les;

� These potentials can be written in a natural way in terms of a

special transcendental function � ��! " � ;

� The comple x potentials for adding cir culation around the

aerofoils can also be written in a natural way in terms of this

function;

� The streamline distrib ution, lift forces, interf erence forces,

tor ques etc. can now be computed in a straightf orwar d fashion

without the need for boundar y integral form ulations.

� using more comple x conf ormal maps, form ulae can be applied

to aerofoils of any shape .
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